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ABSTRACT. It is well known that distributions whose symmetrized gradient is a bounded Radon
measure belong to the space BD on bounded domains with C! boundary. In this work, we
extend this result to a broader class of first-order linear elliptic operators. More precisely, let
A be a first-order linear elliptic operator satisfying the rank-one property. We prove that if
a distribution defined on a Lipschitz domain has bounded .A-variation, then it belongs to the
space BV4.
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1. INTRODUCTION

The study of regularity properties for functions and distributions subject to linear constant-
rank differential constraints is a central topic in modern analysis, with important connections
to the calculus of variations, geometric measure theory, and partial differential equations. In
particular, spaces of functions with bounded variation adapted to elliptic differential operators
provide a natural framework to investigate weak regularity phenomena beyond the classical
Sobolev setting.

The prototypical example is the space of functions of bounded deformation, BD({2), which
corresponds to the case where the differential operator is the symmetrized gradient (cf. [Tem80]).
This concept has been extended in various directions by replacing the gradient with more general
linear complex elliptic differential operators. More precisely, given a linear differential operator

of the form
A= Au0”
la|=k

with coefficients A, € Lin(V; W) for some finite dimensional vector spaces V' and W, the space
BVA(Q) consists of all vector fields in L' whose A-distributional derivative is a bounded Radon
measure. These spaces have proven to be particularly useful in the study of variational prob-
lems with linear growth and in the analysis of fine properties of vector fields under differential
constraints (see, e.g., [DT84; GR19; AS25|).

In this paper, we focus on first-order elliptic operators A acting between finite-dimensional
vector spaces and satisfying the so-called rank-one property introduced by A. ARROYO-RABASA
in [Arr20] (cf. Definition [3.1)). This structural condition plays an important role in the validity of
one-dimensional slicing techniques which have been introduced to study the space of functions of
bounded variation (cf. [AFP00|). It is closely related to the algebraic mixing condition and can
be seen as a natural generalization of properties enjoyed by classical operators like the gradient
or the symmetrized gradient (cf. |[Arr20; |SV19)).

Classical regularity results, such as those for functions with bounded deformation (cf. [Tem80),
Chapter II, Theorem 2.3]), typically require the boundary of the domain to be C!. In contrast, the
goal of this work is to establish analogous regularity results under weaker geometric assumptions,
namely for domains with Lipschitz boundary. In particular, we build on earlier results in the
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literature concerning trace operators and regularity in BV spaces (see [BDG20]) and slicing
techniques for the symmetrized gradient |[Dall3} /Arr20]. Our main result reads as follows.

Theorem 1.1. Let  C R™ be a bounded domain with Lipschitz boundary and let A be a first-

order elliptic operator such that it satisfies the rank-one property as in Definition [3.1. If u €
D'(Q; V) and Au € M(Q; W) then u € BVA(Q; V).

A key ingredient in the proof is the interplay between the rank-one structure of the operator
and the polarization provided by the slicing theory developed in [Arr20|. This allows us to reduce
the analysis to one-dimensional sections, where classical BV/BD techniques can be applied.

The paper is organized as follows. In Section [2] we introduce the necessary notation and recall
basic definitions concerning elliptic operators and BV spaces. Section [3|is devoted to a recap of
the rank-one property and its equivalent formulations. In Section [d] we establish a compactness
result that plays a fundamental role in the proof of the main theorem. We remark here that
a similar result has been obtained by |GR26|, but stronger tools for the proof were required.
Finally, in Section |5, we combine these tools to prove the desired regularity result.

1.1. Notation. Given V, a finite-dimensional euclidean space of dimension N, and €2 C R" an
open set, we denote with M(€2; V') the set of bounded V-valued Radon measures on  and with
D' (Q; V) the set of V-valued distributions. We denote with |- | : M(Q; V) — [0, +00) the total
variation of a measure. The notation (-,-) denotes both the duality pairing of V' with its dual
space V*, and the scalar product in R"™. We indicate the norm of a vector in the space V', or its
dual space V*, by | - |. If V C V is a subspace of V we will write V < V., and we denote by Py

the orthogonal projection on V.

2. PRELIMINARIES

Let us consider a homogeneous linear partial differential operator A of order k£ € N on R" with
constant coefficients, namely

A:D'(R";V)— D'(R"; W),
where V' and W are finite-dimensional Euclidean spaces of dimensions N and M, respectively.

More rigorously, for a multi-index o € (Ng)™ with order |o| = a1 + ... + oy, = k, we consider
differential operators of the form

Au = Z An0%u for u € D'(R™; V), (2.1)

|laf=k
where 0% represents the distributional derivative 9% ... 3* and where the coefficients A, €
W @ V* = Lin(V; W) are constant tensors. Given K € {R,C}, we call the principal symbol

associated to the operator A the tensor-valued k-homogeneous polynomial A : K™ — Lin(V; W)
defined as

A=) A, for £ € K",
la|=k

where £% = 1 ... 9.

Definition 2.1. Let K € {R,C}. Given an operator A as in (2.1), we say that A has constant
rank if and only if there exists 1 € N such that

rank A(§) =r for every £ € K"\ {0}.
Equivalently, A has constant rank if and only if dim(Im (A(£))) = r independently of £ € K™\{0}.



A REGULARITY RESULT FOR BVA(Q) 3

Definition 2.2. Let K € {R,C}. Given an operator A as in (2.1)), we say that A is K-elliptic
if and only if
ker(A(¢)) = {0} for every £ € K"\ {0}.
Equivalently, A is K-elliptic if and only if there exists a positive constant C' such that
|A(&)v] > ClEIF|v] for every £ € K" and v € V.
The concept of complex-ellipticity has been introduced in [Smi61} |Smi70| and has been proven
to be a necessary and sufficient condition for the existence of trace operators on BV A-spaces, see

(2.2)), when A is a first-order operator. The next definition, first introduced in [SV19|, is about
an algebraic mixing condition on the principal symbol of our operator.

Definition 2.3. Let A be an R-elliptic operator as in (2.1)). We say that the principal symbol of
A satisfies the algebraic mixing property if and only if

m span{A(n)v : nem, ve V}={0}. (m)
T <R"™
dimm=n—1

Let us now state the following lemma relating the ellipticity concept with the algebraic mixing
property. For the second implication we refer to |[Arr20, Remark 3.1].

Lemma 2.4. Let A be an operator as in . Then, we have that
A is C-elliptic = A is R-elliptic.
If, in particular, A is a first-order operator, then
A is R-elliptic and satisfies = A is C-elliptic.

Remark 2.5. Note that the converses of both implications in Lemma are not true, see
respectively [BDG20, Example 2.2 (c)] and [Arr20, Examples 10.1 and 10.2].

We now need to recall the definition of the function space BV, introduced in [GR19]. Let
Q0 C R™ be open and let A be defined as in (2.1)). Then, the space BV4 of functions of bounded

A-variation is defined as
BVAQ V) = {ue LY V) : Aue M(Q; W)} (2.2)
Note that this is a Banach space if endowed with the norm
lull pyavy = lullLr@v) + [Aul(2).

If we consider A to be a C-elliptic differential operator of order k, then the space BV4 is a
generalization of the V¥ B space introduced in [DT84]. We recap below the notion of directional
spectrum, which is essential when discussing the slicing technique we use.

Definition 2.6. The directional spectrum 0o (A) is defined as the set of every (§,v*) € R" x V*
such that there exists w* € W* for which

(W, A(n)v) = (£, n)(v",v)
holds for every (n,v) € R™ x V.

Now, we present the slicing theorem technique that we use for proving our result (cf. [Arr20,
Proposition 2.1]). We use the notation

Qg::{tGR Dyt e}
for ¢ € S*~ ! and y € {&}*.
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Proposition 2.7. Let A: C®(R™; V) — C*(R™; W) be a first-order, homogeneous and elliptic
differential operator satisfying the algebraic mizing property (mi). Let u € BVA(Q;V) and
suppose that there exists (§,v*) € do(A) with w* € W* such that

(W, A(n)v) = (§,n)(v",v)
holds for every (n,v) € R™ x V.. Then, we have
uZTE = (t— (" u(y +t8))) € BV(Q%)
for H" -almost every y € {£}* and

. 1Dl dy < | Aul o],

3. RANK-ONE CONDITION

In this section, we give a short recap and introduction of the rank-one condition introduced by
ARROYO-RABASA in [Arr20|. Let A be a first-order linear partial differential operator as in
(2.1), namely A : D'(R™; V) — D'(R™; W) defined by

n
A= ZA,@Z (3.1)
i=1
where A; : V — W for every ¢ = 1,...,n are linear maps between the two euclidean spaces V'

and W. We define the bilinear map
fal&v) =AEv for £ eR" andv eV,
and denote by f4 its extension to R” ® V. Furthermore, let
W - R"QV)*ZR"®@ V",
9ATY . (3.2)
w —w o fA-

We call w* € W* a rank-one vector if g 4(w*) corresponds to a rank-one tensor or, more precisely,
if there exists £ € R™ and v* € V* such that the relation
<g-/4(w*)7 n& ’U> = <€7 77> <v*7 1))

holds for every 0 # n € R" and 0 # v € V. We denote the set of rank-one vectors by AY.
Moreover, we define

W4 := span U Im A(§)
gesn—1

Definition 3.1. Let A be defined as in (3.1). We say that A fulfills the rank-one property, or
equivalently that A is rank-one, if
span Ay = (W4)*.

If A is rank-one we can freely pass between the notions of rank-one vectors and directional
spectrum since

9o (A) = ga(A7),
where do(A), namely the directional spectrum of A, is defined in Definition

The following two statements are direct consequences of the theory recalled so far.

Lemma 3.2. Let A be defined as in (3.1). We have the following:
(i) The map ga defined in (3.2)) is injective on (W.4)*.
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(ii) Suppose that A fulfills the rank-one property and consider the two-dimensional subspaces
II C R7?, VCv. Then, the restricted differential operator .,4 induced by the symbol
A(§v with £ € T1 and v € V, has the rank-one property.

Proof. (i): Indeed, let w*, w* € (W4)* with w* # w*. This means that there exist £ € R™ and
v € V such that

(w* o fa,§ @v) = (W', A(§)v) # (W, A(§)v) = (0" 0 fu,§ @ v).

(ii): Let w* € (W3z)* C (Wx4)*. By the rank-one property, w* can be written as a linear
combination of w} € A} with corresponding 7; € R" and v} € V*. But for any ¢ € Hand v € V

<P(WZ)*wj7A(§)U> = <w:7A<£)U> = <77i7£><02k>v> = <PHni7§><P‘7*U;k7U>7

where, given E and F finite-dimensional vector spaces, Pg«f* := f* o1 € E* for f* € F* with ¢

being the inclusion of F in F'. In particular, w* = P(Wj)*w* is a linear combination of P(WZ)*w’?

which are rank-one, which in turn implies (W z)* C span .,Z? O

It has been shown in |Arr20, Lemma 4.1| that we have the following characterization of the
rank-one condition. We recall the proof for convenience.

Lemma 3.3. Let A be defined as in (3.1). Then the following are equivalent:

(i) A satisfies the rank-one property,
(ii) A satisfies the mizing condition .

Proof. Let us begin by proving (i) = (). Suppose that

w E ﬂ span{A(n)v : nem, veV} (3.3)

T <R"
dimm=n—1

Let w* € AP, and let n € S"~! and v* € V* be such that
ga(w®) =n@v*.

By (3.3) we then find € € {n}- NS" ! and & € V such that w = A(£)5. Now, we can infer

<w*7w> = <§,’)7><’U*,'U> =0.

Since span A} = (W,4)* holds by the rank-one condition, it follows that (w*,w) = 0 for every
w* € (Wy)* Wthh in particular, implies w = 0.

In order to prove that (i) = (i), let us consider w* €
dim(7) = n — 1. This implies

ner Ker(A(n)*) for 7 < R™ with

(w* of7)|7r®v = 0.
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In particular, we have g4(w*) € 7+ ® V* which implies that w* is a rank-one vector. Now, the
mixing condition directly implies

(Wa)* = ({op)*

with which we conclude. O

Now, we state the polarization |Arr20, Proposition 4.4| property of first-order operators that
are elliptic and satisfy the rank-one property, which is essential in proving the compactness and
regularity theorems in Section [4] and Section [, We provide a short proof for the convenience of
the reader.

Lemma 3.4. Let A, defined as in (3.1)), be elliptic and satisfy the rank-one property. Suppose
that (&,¢e),(n, f) € 0o(A). Then, there exists v € R with v # 0 such that
(E+ A, e +9Af) € do(A)

for every A € R.

Proof. Let us assume that £ and 7 are linearly independent in R™ and e and f are linearly
independent in V*; otherwise, the statement is trivial as you can choose any v # 0. By Lemma
[3-2)(i), it is enough to consider the restriction of A to span{¢, n} and span{e, f} as the restricted
differential operator still fulfills the rank-one condition. In particular, we can assume n = 2 and
dim V' = 2. Notice that dim W4 > 2 because of ellipticity and the rank-one condition (mixing

condition). Since g4 is injective on (W4)*, cf. Lemma (z'), we also have that dim(W,4)* < 4.
If dim(W4)* = 4 we have

ga((Wa)") =R" @V~
which, in particular, implies 0o (A) = R™ x V* from which we derive the existence of a continuous
function h C do(A).
If dim W4 = 3 we have that g4((W4)*) can be spanned by the three vectors
(@en®f, alf®f)+Bnoe)
for some «, § € R. Furthermore, we notice that for a, b, c,d € R™ we have
(@& +bn) @ (ce+df) =ac(§ ®e) +bf(n® f) +ad(§ @ f) + be(n @ e).

If a,b are given, we can choose d = ab and ¢ = fa. With these choices of coefficients, we have

(ag +bn) ® (ce + df) € ga((Wa)®).
Setting a = 1, b = X\, v = /8 and dividing by 8 we derive

(E+An) @ (e +YAf) € ga(Wa)™).
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Lemma 3.5. Let A, defined as in (3.1)), be elliptic and satisfy the rank-one property. We have
Prn(00(A)) =R"™ and Py+(0c(A)) =V*.

Proof. Reducing again to n = 2 and dimV = 2 we infer the lemma from Lemma [3.4 As
before, by restricting the differential operator to planes, we derive the result for arbitrary n and

dim V. |

4. COMPACTNESS

In this section, we prove the compactness result. The proof of this result is based on a combina-
tion of ideas from [Arr20| and |[Dall3, Section 10].

Lemma 4.1. Let A, defined as in (3.1)), be elliptic and satisfy the rank-one property. Let K > 0
and let u € LY(R™; V) be such that

ull L1 @nyyy < K.

Suppose that for every (§,v*) € 9o (A)N(S"1 x V*) with [v*| = 1 there exists wg ) : RT — RT
non-decreasing with limp_,o w(e o+ (h) = 0 such that for every h € (0,1) we have

/n [, u(z + hE)) — (v, u(@))] de < wie ) (h).

Then, there exist hg € (0,1) and & : R™ — RT non-decreasing with limy,_,o@&(h) = 0 (only
depending on K and finitely many we ,+)) such that for every h € (0, ho) we have

/ |u(z + h§) — u(z)|dz < O(h). (4.1)
Proof. Let € € S*~!. Assume first that

/n |u(z + he;) — u(x)| de < @&;(|h])

holds for every i = 1,...,n and every h € (0, 1) for some modulus of continuity w;. Then,

N j j—1
/ |u(z + h§) — u(z)|dr < Z/ u (x—i—hZfiei) —u (ac—i—hzgei)
n =1 /R" i—1 i=1
N
‘Z/J (& + heje) — u(o)] do
v
Zw (h&1)

i (h). (4.2)

IA
M= T
R

=1

It therefore suffices to only check (4.1)) for a finite number of .

Let £ € S*~!. Choose v* € V* such that |[v*| = 1 and (§,v*) € do(A), which is possible due to
Lemma Moreover, choose (w} )1\i11 such that v*, w7, ...,wj_; form an orthonormal basis of

V*. Now, we again apply Lemma to get & € S"~! such that (&, w}) € do(A). Then,

.

u(z + h&) —u(z)| <[, u(z + he) — u(x |+Z| u(z + h§) — u(x))|.
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We directly estimate
[(wi', u(z + h) — u(x))]
< [(wf, u(w + hE) — u(z + Vh&))| + [(w], u(x + Vhé) — u(@))].
Now, define ¢; € S*~! and 32 € R for every i =1,..., N — 1 via the equation
x+ hé =z + Vh& + 506G

or, equivalently,

= (& +\/H§)\S/Z-E
h

By Lemmafor every i = 1,..., N —1 there exists v; € R such that g} := (w} +~v;vVhv*)/|w! +
vivVho| fulfills (¢, gf) € do(A). We now notice that |si| < 2v/h from which we further infer

& — & < 2v/h. By construction, we also have |w} — g*| < L|v;||v/h| for a constant L > 0 and
small A > 0. From this, we now derive

[(w; = g5 ula + hE))| + (g7, ulx + hé) — u(x + VhE))| + |(w] — gf, u(e + Vhe))]
< (Ju(z + h)| + Julz + VRE) Nl VE+ (g7 ulz + VRE + 54,G) — ulz + VRE))].

Integrating gives

/n |u(z + h§) — u(z)|dx

<Z/ (gF,u x+\F§+shQ)—u(m—i—f§)>|dm+2K(Zh@)
| N =1
= Z/ (g7 u(z + s3,Gi) — u(w))|dv + 2K (Z !%l) Vh
i=1 /R" i=1

N N
<D wiegn(h) +2K <Z |%|) Vh
i=1 =1

This yields (4.1)) with we(h) := SV w(¢g)(h) + 2K (Zf\il ]'yz|> V' for an arbitrary ¢ € S"71,
Defining

N
0i= ) e ()
i=1
we infer ([4.1)) for general £ € S*~! from (4.2)). O

As a direct consequence, we now derive a compactness theorem for BVA(Q' V).

Theorem 4.2. Let Q C R™ be a Lipschitz domain, and let A be defined as in , be elliptic
and satisfy the rank-one property. Then, for every sequence {um, ymen C BVA(; V) with

lumll Bya@vy < K
there exist a subsequence {um;}; and u € BVA(Q; V) with
U, — U
in L1 (V).
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Proof. By the trace theorem for C-elliptic operators (cf. [BDG20]), we know that we can extend
U, to R™ (without renaming it). Now, let ¢. be a mollifier, choose &, — 01 such that for
Um = U * @g,, € Cc(R™; V') we have

lom = tall s vy + [ Dol (R?) = | Du|(R?)] < —. (4.3)

1
m
In particular,

| Dv|(R?)
for some large enough constant K. For h € (0,1)
and Theorem 2.7 to derive

/ (0", w(@ + he) — w(z))| da
R’ﬂ

<K
and w € {uy,}, we apply Fubini’s Theorem

=/ /|<v*,w<y+<t+h>s>—w<y+ts>>|dtdy
{&+ IR

t+h .
<[ [ twyeasaa
Rr—=1 JR Jt

§hC/ |Aw| dz
RN

< hCK
We have shown that
wiewr) = (b hCK)

is a suitable modulus of continuity for Lemma Therefore, applying Lemma we infer for
every m € N

/ |Um ( 4+ hE) — v ()| dx < ©(h)
Rn

for a modulus of continuity @. Applying the Fréchet-Kolmogorov compactness theorem, we infer
the existence of u such that v,, — u in L*(R™; V) up to a subsequence (without renaming).
Since Av,, are uniformly bounded as measures they converge weakly* to some p € My(R™; W)
and since v, — u in D'(R™; V) we infer Au = p, ie., u € BVAR"; V). Recalling (£.3), we
conclude. O

Remark 4.3. In [GR19, Theorem 1.1] it was shown that for p <n/(n—1)=1*
[ull o svy < Cllullro,v) + [Aul(2)) (4.4)

holds for v € BVA(Q; V) for Q = B for a ball B. By using (£.4)), the compactness result can be
transferred to LP(Q; V). Indeed, applying the generalised Holder inequality

17
lullze < Jull flull 2,
for
1 _ 1
_p I*
o = 1 — 1

g

one can immediately deduce that bounded sequences in BVA(Q; V) that converge in L' (V) also
converge in LP(Q; V) for p € [1,1%). As another direct consequence of (4.4)), we obtain for any
two open sets 2, Q with Q CC <)

lull 1=y < CEQ) (Il vy + [Au] ().
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5. PROOF OF THE MAIN RESULT

In this section, we prove the main result of this paper, namely Theorem As a first step, we
establish a local regularity result for distributions with Au being a bounded measure.

Theorem 5.1. Let Q C R™ be a bounded domain and let A, defined as in (3.1)), be elliptic and
satisfy the rank-one property. If u € D'(Q; V) and Au € M(Q; W) then u € BVIfC(Q; V).

Proof. By Lemma it follows that A is C-elliptic. By |[GR19| Proposition 3.1] we know that
assuming that A is C-elliptic is equivalent to the fact that there exists an integer [ = [(A) such
that distributions satisfying Au = 0 in 2 are polynomials of degree at most [. Set

F := {polynomials of degree at most [}

and consider w CC . Observe that F' C L?(w) NC%(R™), thus we can consider an orthonormal
basis {b;}7, of F' with respect to L?(w). Now, let {1/*}; C C(Q;[0,1]) be a family of bump
functions such that

P N\ X
pointwise with ¢/* =1 on w and ¢*(z) = 0 for every = € 2 such that dist(z,w) > 7. Note that
this implies
(*b;, bi)r2(0) = 0ij

for every i,j € [0,m] N Ng. For w € L'(Q; V) we define the continuous seminorm

p(w) = Z Z Zk;k /Qz/)kbiw dx

=0 keN
¢k := max{1l, (w, wkbi>}.
Let us remark that for w € L'(; V) N L2(Q; V) we have
pw)=0 <= |[(Fb,w)p2q) =0 Vie[0,mNNg,VkeN
= [(bi, )2 =0 Vie[0,m] NNy
— wly L F

lim
k——+o0

where

meaning that ker A Nker p = 0. Note that p can be defined for v € L'(Q, V) for any Q C Q with

p(v) = p(0)
where 7 is
v Ju(x) ze€ Q,
d@) = 0 e\

In particular, by an application of Theorem [4.2, we have for Lipschitz domains w, Q with w cC
O CC Q C Q that for every v € BVA(Q; V)

1ol gy sy < CO)(p(0) + | Aul(E) (5.1)
and, consequently, by Remark [£.3] we have
[Vl ey < C@)(p(v) + | Av|(©2)). (52)

Now, let us consider nested domains
WwCCYyCCQ3CcCcQycCcCcycc

with €; being Lipschitz for every i = 1,...,4, and without loss of generality assume supp ¥* C
Q3. Given a function ¢ € C*°(£2) such that ¢ =1 on Q3 and ¢ = 0 on 2\ Q;, we define w := ¢u.
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@ (5.2) holds \ (5.1), (5.3) & (5.4) hold
Q4 %

FIGURE 1. The nested set sequence used in the proof of Theorem [5.1}

For every € > 0 consider the family of mollifiers ¢. € C*(R™). Notice that w. 1= ¢. *x w €
C>(£2; V) is well-defined for sufficiently small € > 0, and that
pluwe) = plwelay). (5.3)

Furthermore, we notice that
(Aw.)(x) = / e dAu (5.4)
Be(z)
for z € Q3 and € > 0 sufficiently small. By combining (5.2) with (5.3]), we infer
/Q we| da < C(Q3)(p(we) + [Awe|(23)) < C(€23) (p(we) + [Au|(2)).
3

and, therefore by ,
[we | Lr(s) < C(23)(p(we) + [Awe|(23)) < C(23) (p(we) + | Aul(2))

Since w. — w in D'(Q, R™) we obtain

m
1 k
plo) =33 s | [ b da
im0 ken 2 Cik 1o
& 1 0 1
k e~ k
= )| = (w0, 0%
2 e [l 2 B o
Since by construction
m
> g | utha] < om
i=0 keN < 0K

we have, in particular,
lwell Byavy < C
with a constant C only depending on the nested domains. Applying the compactness result,

namely Theorem and due to w. — w in D'(Qy; V) we infer w € BVA(Qq; V). Since the
nesting open sets can be chosen arbitrarily, we conclude v € B Vlfc(Q, V). U

Remark 5.2. We note here that the proof of Theorem only requires a compactness result
which is similar to Theorem [[.2 In fact, we do not use slicing techniques, but rely only on
basic distribution theory. We want to emphasize that the proof uses a different approach to the
usual reference for plasticity (cf. [Tem80]), which relies more on classical elasticity theory and
the specific form of the symmetrized gradient.
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Now, we have all the tools ready to finally prove Theorem [L.1]

Proof of Theorem[1.1l By Theorem we have u € LIIOC(Q; V). We have to show integrability
up to the boundary. Let xzy € 992 \ P, where P denotes the set of non-differentiability points
of 99. Denote with v(zp) the normal to the boundary of © at the point zp. Without loss of
generality, we assume that v(zg) = e,. Note that the set P has Lebesgue measure zero by Sard’s
theorem. Now, let @) be a cube centred at xg such that X := Q N I can be written as a graph
with respect to its basis, which is possible since xg ¢ P. Without loss of generality, using the
notation ' = (x1,...,2,—-1), we write

Y={(2 zn) : 2" € O,z = a(z)},

where O is a cube in R"™! and a is a Lipschitz function which is strictly positive on O, and we
suppose that

inf vy (z) =: p1 > 0. 5.5
Lot v (x) =1 p1 (5.5)

For every a > 0, we introduce the sets
Yo :i={(2' 1) : 2’ € 0,2, = a(z)) — a}
and
F,={(,z,): 2" € 0,a(2)) — a <z, <alx)},
see Figure [2

FIGURE 2. The sets ¥, and F, for o > 0 small.

Since A satisfies the rank-one condition and is elliptic, we find by Lemma [3.5| v* € V* and
w* € W* with |w*| = 1 such that

(w*, A(§)v) = (en, E) (v, v) (5.6)
for every v € V and ¢ € S""!. By Proposition we have
(t = (v*,u(@’,1))) € BVioo(Q))
for almost every ' € O. From this, we infer for every a € (0, ) and a.e. 2’ € O
0", (e, ala) — a0) — ule', a(e’) — a))| < |(w*, Buu(a?, - N(ale’) — av,ale’) ), (5.7

where the right-hand side is intended as the total variation of the measure (v*, d,u(z’, -)) over
an interval. For o sufficiently small (namely such that X, 3., C QN Q) we apply the co-area
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formula to infer

/ ) de
:/:0 (/ (v u(x)>|w> do!

= [ (ot t= T )

Q) — « * n— * / / / /
/E (", ua))| dH 1<m>+<ao—a>/or<v,anu<:c,->>r<a<x>—ao,a<x>—a>dx,

P1 ag

where in the last line we used (5.5)) and (5.7). Let now QCcc Qbe open and Lipschitz such that
2D 0 x (ag,a1) = Fy, \ Fa, with oy > g chosen such that ¥,, C Q, see Figure

Tn

F1GURE 3. In red the boundary of the set Q.
Since we know that u € L{ .(€; V), by the trace theorem for BVA(Q,V) (cf. [BDG20]) we derive

/Z 0, u@)) dH (@) < ol gy

@0
Furthermore, estimating the second integral on the right-hand side by applying Proposition [2.7]
we infer

/O [(v", Onu(a’, ) |(a(z') — ao, a(a’) — ) da’ < |Au|(Fo, \ Fa) < [Au|(Q).

Combining these last two estimates, we obtain

/ 0" u(2))| do < Jv7] 222
Fag\Fa

and passing to the limit as a — 0 we derive that (v*,u) € LY(F,,).

HUHBvA(ﬁ;V) + (040 - a)|Au|(Q)>

By Lemma we have that (¢;,v]) € 0o(A) for some v; such that v*,v],..,v5_; form a basis
of V*. By Lemma let ; be such that
(en + MG, v 4+ vidv)) € Do (A)

for every A > 0. Notice that for small A > 0 there exists a cube @); centered in xg with two
side orthogonal to v; := e, + A(;/|en + AG| such that @Q; C @ and 992 N Q; be written as a
Lipschitz graph with respect to the basis of @);. Repeating the same analysis while substituting
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the pair (en,v*) with (v;,v}) we derive that (vf,u) € L'(Q; N ), meaning on the intersection
RQ=0QnN ﬂf\gl ; we have u € L'(Q). By a standard compactness argument, we cover J€2 with

finitely many such neighborhoods @); to show integrability near the boundary. O
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