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Abstract

We study wrinkling patterns in a thin elastic annulus subjected to radial stretching within
the framework of the Foppl-von Karmén theory. Building on the analysis of the Lamé problem
in Bella and Kohn [7] (see also [6]), we investigate the asymptotic regime h — 0 and establish a
I’-convergence result for suitably rescaled energies after subtraction of the relaxed membrane en-
ergy. The limiting functional is a scalar convex measure-valued energy coupled with a constraint
on the marginal of the limiting measure, describing the distribution of wrinkle frequencies. We
also prove existence and qualitative properties of minimizers of the limiting functional.
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1 Introduction

Thin elastic sheets subjected to compression tend to buckle rather than compress, thereby giving
rise to wrinkle patterns. Understanding the formation and organization of such patterns is a
fascinating problem that has attracted considerable attention in both the physics and mathematics
communities over the last decades. Beyond providing insight into morphogenetic processes in plant
leaves and animal epithelia, wrinkling phenomena also play an important role in the development
of small-scale technologies.

Wrinkle patterns are typically highly complex and may develop across multiple length scales.
One source of this complexity is the competition between the preferred wavelength A\, namely the
distance between two adjacent peaks, and the preferred director i, that is, the direction along
which the sheet oscillates. The wavelength A is a microscopic quantity determined by the local
bending rigidity and by the stiffness of a possible substrate attached to the film, whereas 77 is a
macroscopic object governed by the lateral forces acting on the sheet.

From a mathematical perspective, wrinkle patterns may be interpreted as minimizers, or approx-
imate minimizers, of suitable elastic energies.
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Figure 1: Elastic annular membrane subjected to radial stretching by dead loads of magnitude
Tin > Tout applied on the inner and outer boundaries, respectively.

In this work we adopt this variational viewpoint and study a model describing the deformation
of a thin annular sheet subjected to radial stretching and allowing for the formation of wrinkles,
motivated by physical experiments such as those in .

More precisely, given parameters 0 < Ry, < Rout and 0 < h < Ry, we consider the annular
domain

Q:={z € R?: Ry, < |z| < Rows },

representing the mid-surface of a thin elastic sheet of thickness h. We assume radial dead loads of
magnitudes Ti, > Tout, satisfying (2.2]), acting on the inner and outer boundaries, respectively (see
Figure . To describe the deformation we introduce the in-plane and out-of-plane displacements

w= (up,uz): Q — R% £&:Q—R.

To each pair (u,§) we associate the Foppl-von Kdrmén energy with boundary loads
1
Bu(u.8) i= [ (le(w) + §VE® Ve + WVP) da
Q
+ Tin/ u(x) - 2 do — Tout/ u(x) - 2 do,
Tin ’.CL" Tout ‘:L"

where

Vu+ VTy
e(u) := —

denotes the symmetric part of the gradient, and
'™ .= {|z| = Ri.}, " .= {|z| = Rout}-

The first term in corresponds to the membrane energy, accounting for stretching and compres-
sion, while the second term represents the bending energy and penalizes out-of-plane curvature.
The boundary terms determine the radial stresses and therefore influence the onset and orientation
of wrinkling patterns.

The above model may be viewed as a linearized version of the fully nonlinear elastic model
studied in Eﬂ, although a complete rigorous derivation of from three-dimensional elasticity
remains open (see, for instance, [41]).



Figure 2: The red dotted curve of radius Ry marks the transition between the inner wrinkled
(relaxed) region and the outer stretched (unrelaxed) region.

A key feature of the Lamé problem is that purely radial loading generates azimuthal compression.
Indeed, when stronger radial loads are applied at the inner boundary, concentric material circles are
forced to move closer to the center. This creates an excess of arclength in the azimuthal direction,
which must either be stored through compression or released through the formation of wrinkles.
Near the outer boundary, on the other hand, the material remains under tension and no wrinkling
occurs. Equivalently, the amount of “excess arclength” is positive close to the inner boundary and
negative near the outer boundary, and therefore necessarily vanishes along an intermediate free
boundary separating the wrinkled and tensile regions. In ﬂ§|,, this excess arclength is characterized
as the minimizer of a one-dimensional variational problem and is, in particular, nondegenerate near
its zero set.

A central question is to understand the asymptotic behavior of minimizers of Ej, as h — 0: what
is the minimum energy, how is compression released, and what geometric features characterize
optimal wrinkle patterns?

Experiments suggest that minimizers of exhibit pure stretching in the outer region of €2 and
wrinkling in the inner region. More precisely, there exists a free boundary of radius Ry, < Ry < Rout
separating the tensile region from the wrinkled one (see Figure . In connection with this picture,
it was shown in [7] (and in [6] for the nonlinear analogue) that

£+ Coh < inf By(u,€) < & + Cih, (1.2)

for some constant & € R and 0 < Cy < (4.

The quantity & represents the minimum value of the relaxed elastic energy in the limit h — 0,
where compressive strains may be released at no energetic cost and only stretching contributes to
the energy. The correction of order h in represents the leading energetic cost associated with
the formation of wrinkles, resulting from the competition between bending and stretching effects.

The proof of the upper bound in relies on a construction in which a cascade of wrinkles
is superimposed onto the relaxed solution through a branching mechanism in order to release
compression in the inner region R;, < r < Rg. However, such branching patterns are not typically
observed experimentally. By contrast, the ansatz proposed in the physics literature consists of a
single family of wrinkles with slowly varying wavelength and yields a higher energetic cost, namely
a correction of order h(|logh|+ 1) (cf. [27]).

This discrepancy reveals that scaling laws alone are insufficient to identify the effective wrinkling
mechanism. In particular, they do not distinguish between branching constructions and experi-



mentally observed configurations, nor do they describe how wrinkle frequencies are distributed in
the asymptotic regime.

A central goal of this paper is therefore to determine the exact prefactor in the linear correction
term in and to characterize the limiting variational problem governing the optimal wrinkling
patterns.

To this end, we perform the I'-convergence analysis, as h — 0, of the rescaled energies

Ep(u,&) — &
——

We also prove existence of minimizers for the limiting functional and establish equipartition prop-
erties.

(1.3)

Our analysis builds upon the measure-theoretic approach introduced in [12] (see also [10]) for
a related toy model. Although considerably simpler than the original annular setting, the model
introduced in [12] retains its essential geometric features. The idea is to focus on a neighborhood of
the free boundary separating the stretched and wrinkled regions and replace it with a thin elastic
sheet of thickness h occupying the rectangular domain [—1,1]2 € R?, with the transition region
corresponding to {0} x [—1,1]. The sheet is stretched in the horizontal direction and subjected to
a suitable vertical prestrain, chosen so that the left half of the rectangle is stretched whereas the
right half is compressed. In this way, the model captures the geometric need to “waste arclength”
responsible for wrinkle formation in the original Lamé problem.

In |12] it was proved that the corresponding rescaled energies, of the form , I"-converge to a
scalar convex functional defined on measures satisfying a suitable constraint. At a heuristic level,
the limiting functional emerges by rewriting the energy in terms of the Fourier coefficients of the
out-of-plane displacement. As the thickness tends to zero, increasingly many frequencies become
energetically relevant and, in the limit, generate a diffuse measure describing the distribution of
wrinkle frequencies. The associated constraint encodes the amount of arclength that must be
wasted in order to accommodate the wrinkles.

A key feature of the problem is that the excess arclength vanishes linearly near the free boundary
between the wrinkled and planar regions. In the toy model this profile is therefore replaced by its
first-order Taylor approximation. As will become apparent in the analysis, this linear behaviour is
precisely what leads to the appearance of infinitely many frequencies in the limit. Indeed, if the
excess arclength vanished more slowly, for instance quadratically, one would expect the optimal
configuration to involve only a single frequency. By contrast, in the present regime higher and
higher frequencies become energetically relevant as one approaches the transition region.

Our model belongs to the class of variational problems exhibiting energy-driven pattern forma-
tion, namely the emergence of complex microstructures resulting from the competition between
different energetic mechanisms acting at different scales [35]. Typically, one energetic contribution
favors smoothness or uniformity, while another favors oscillations, localization, or phase separation.
The interplay between these competing effects gives rise to highly nontrivial patterns character-
ized by multiple length scales. In many situations, scaling laws determine the dominant energetic
regime but do not characterize the geometry of minimizing configurations. A finer asymptotic
analysis, often based on I'-convergence methods, is therefore required to understand the effec-
tive pattern-selection mechanism. In this perspective, the limiting variational problem obtained
through I'-convergence describes the selection of wrinkle patterns beyond the information provided
by scaling laws alone.

A first landmark result in this direction is the seminal work of Kohn and Miiller [34] on domain
branching in martensitic phase transformations, later extended by Conti [22]; see also e.g., [19,20,



33.48//49] for further developments. Similar multiscale mechanisms arise in several other variational
models, including magnetic domain patterns in micromagnetics [18,44,/47|, superconducting vortex
patterns [51], block copolymer microstructures [21], dislocation networks in crystal plasticity [23,28],
phase separation [39] and gradient damage models [2-4,40].

Within the context of thin elastic sheets, wrinkling problems may be broadly divided into two
classes, depending on whether compression is present in one or in two directions. In compressive
wrinkling problems, such as blistering and delamination [5,14-16,32,36,45|, crumpling [24,55], and
conical singularities [42,43], the relaxed energy is often highly degenerate: its minimum is zero and
is attained by many different configurations. This degeneracy makes the analysis of the next-order
expansion of the energy particularly delicate.

This strong degeneracy sharply contrasts with the structure of tensile wrinkling problems, where
the relaxed energy typically admits a distinguished minimizer. In such problems, compression
may arise from boundary conditions, as in the raft problem [17,|30], twisted ribbons [37], hanging
drapes [854], or compressed cylinders [52]; from prescribed incompatible strains [11,38]; or from
curvature effects [9,[13,[53].

The Lamé problem considered in this paper belongs to the latter class. Indeed, stronger radial
loads applied at the inner boundary force concentric material circles to move closer to the center,
thereby inducing azimuthal compression in an inner region of the annulus, while the outer region
remains tensile. Equivalently, the geometry of the deformation creates an excess of arclength that
must either be stored through compression or released through wrinkling. The corresponding re-
laxed problem is governed by a one-dimensional radial minimizer, and the goal of the present work
is to identify the next-order energy and the limiting variational problem describing the distribution
of wrinkle frequencies.

We now describe the structure of the limiting problem and the main ideas underlying the analysis.
In order to study the asymptotic regime h — 0, we first rewrite the energy (1.1)) in polar coordinates

(ur,ue,f)(r, ‘9) (Rina Rout) X {777777) - R37

where u, and uy denote the radial and tangential components of the in-plane displacement. Owing
to the radial geometry, it is natural to assume that the displacement is 27-periodic in the angular
variable 6.

The next step consists in rescaling the angular variable according to the characteristic wavelength
of the wrinkles. Balancing the stretching and bending contributions suggests that the optimal
wavelength is of order v/ (cf. [6,/10]). We therefore introduce the scaling parameter

L:=h1?

and perform the asymptotic analysis in the limit L — oco. After rescaling, the rescaled displacement
becomes 27 L-periodic in 6, and the rescaled energy takes the form

L2 (J_-.L(u’mueag) - 50)7

defined on the enlarged domain
(Rin, R(]) X [—7TL, 7TL),

see for the precise definition of Fy,.
As L — o0, the leading contribution to the energy is given by

L Ry n ) 52
Trf—’ﬂ'L /Rin (u (7“)(87{)2—}—7( 9:4) >Tdrd9,
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where u* denotes the one-dimensional relaxed solution and the dot denotes differentiation with
respect to r. The above expression reflects the competition between radial stretching and azimuthal
bending of the out-of-plane displacement £. At the same time, the excess arclength that must be
released through wrinkling gives rise to the constraint

L
][ (805)2 do ~ _Tu*(r) in (Ril’U RO)
—7L 2

Since the angular domain becomes larger and larger as L. — oo, it is convenient to exploit
periodicity and rewrite the problem in terms of Fourier coefficients of £&. Denoting these coefficients
by ax(r), with frequencies k € Z/L, the leading-order energy and the constraint formally become

Ry
> [ (slr)? + o)),

keZ/L

and
Z ak;(r)gkz2 ~ —ru*(r) in (Rin, Ro).
keZ/L

As the grid Z/L becomes finer and finer, the wrinkle frequencies become asymptotically dense, and
the natural limiting framework is therefore measure-theoretic. In order to linearize the constraint,
we introduce the measure

pEE) = > ap(r)? kL L(Rin, Rout) X O,
ke€Z/L

which are naturally interpreted as measures describing the distribution of wrinkle frequencies. The
limiting functional F., is then defined on weak limits of the measures . Correspondingly, the
arclength constraint is encoded in a condition on the marginal of the limiting measure; see Section [3]
for the precise formulation.

Our I'-convergence result is complemented by a coercivity statement ensuring compactness for
sequences with uniformly bounded energy. We next outline the proof strategy and discuss the main
analytical challenges. On the one hand, the I'-liminf inequality is relatively direct, as it follows
from Reshetnyak’s lower semicontinuity theorem for measures. On the other hand, the proof of the
I'-limsup inequality is considerably more involved, and we summarize its main steps below. The
strategy is inspired by the construction developed for the toy model in [12], although the radial
geometry introduces several additional technical difficulties.

Given a limiting measure, the basic idea for the upper bound is to discretize it in the k-variable
(which denotes the Fourier counterpart of ). While the Fourier variable & is discretized, the radial
variable r remains continuous and enters the construction through the weights appearing in the
energy and in the arclength constraint. A key role is played by the introduction of an intermediate
scale Ly, satisfying

1< Lok L,

which determines the period of the building blocks used in the construction. This intermediate scale
separates the microscopic wrinkle oscillations from the macroscopic radial variation and allows
one to localize the construction while still capturing the limiting measure-valued distribution of
frequencies.

One then constructs the Fourier coefficients of the out-of-plane displacement and subsequently re-
covers the in-plane displacement so that all terms in the energy, except for the leading contribution,
vanish in the limit.



Since the energy contains higher-order derivatives, the Fourier coefficients must have suf-
ficient regularity. For this reason, after discretizing the limiting measure, we regularize the coefhi-
cients by mollification at a suitably chosen small scale € = £(L). Since this operation modifies the
arclength constraint, it is more convenient to mollify the quadratic coefficients af(r) rather than
the coefficients ay(r) themselves.

The radial setting introduces additional difficulties. In the toy model, the amount of arclength
to be wasted was replaced by its first-order Taylor expansion near the free boundary, which con-
siderably simplifies the analysis. In the present annular problem, however, this quantity is given
by

—ru*(r) = —=TinRin 7 log L,
Ry

and its nonlinear dependence on 7 creates further complications. One issue is that, in order to
mollify the coefficients, they must first be extended outside the interval (Riy, Rp), and this extension
has to be chosen so as not to significantly alter the prescribed arclength profile.

A second difficulty arises in the construction of the in-plane displacement. Unlike in the toy
model, the radial energy depends explicitly on u, and ug, and not only on their derivatives. As
a consequence, the two components of the in-plane displacement cannot be chosen independently;
rather, they must be correlated in order to make the non-leading terms in the energy vanish in the
limit.

Our second main result concerns the structure of minimizers of the limiting functional. In
particular, we prove existence of minimizers, establish regularity properties through a disintegration
of measures with respect to the frequency variable, and derive an equipartition identity between
the two terms appearing in the limiting energy. We also show that minimizers cannot concentrate
on arbitrarily small frequencies.

The existence result is obtained via the direct method of the calculus of variations, exploiting
the fact that the stretching contribution to the limiting energy can be interpreted as a particular
instance of the Benamou—Brenier functional arising in optimal transport theory, and is therefore
convex. The equipartition identity is instead proved through a contradiction argument, which in
turn implies that minimizers do not have small frequencies. Since these arguments closely follow
those developed in [12], we omit the proofs here.

The paper is organized as follows. In Section [2| we introduce the notation and collect several
preliminary results. In particular, Subsection is devoted to the relaxed problem, while in
Subsection we introduce the rescaled energy and discuss the main heuristics underlying the
analysis.

In Section |3| we introduce the measure-theoretic framework and state the main I'-convergence re-
sult, Theorem [3.5] Section [4] contains the compactness result for sequences with uniformly bounded
rescaled energy (Proposition together with the I-liminf inequality (Proposition . The con-
struction for the I'-limsup inequality is carried out in Section [b, where Proposition [5.1] is proved.
Finally, in Section [6] we study existence and qualitative properties of minimizers of the limiting
functional (Theorem [6.2).

2 Preliminaries

In this section we introduce the notation and preliminary results needed throughout the paper.

2.1 Notation

(a) a < b denotes a < Cb for some constant C' > 0;



(b) x4 denotes the characteristic function of the set A;

¢) L' denotes the 1-dimensional Lebesgue measure;

0 denotes the Dirac measure on k € R;

(
(d
(

) X
)
)
e) My(A) denotes the space of bounded Radon measures on A with A C R? Borel measurable;
) M (A) denotes the subspace of M,(A) of positive bounded Radon measures;

)

(f
(g) For a function f: A C R — R we denote by f(r) and f(r) the first and the second derivative,
respectively;

(h) For a function u: A C R*? — R we denote by 9, .9 gf its partial derivative
1 times j times

47 d

)= 35 ar

D" f(r,0 f(r60), 4,jeN,1<i+j<3;

(i) For a measure 1 € Mj(A) we denote by p, its distributional derivative with respect to the
first variable;

(j) For a measure pu € M,(A) we denote by |u| € M;(A) its total variation;
(k) For = (p1,p2) € (Myp(A))? we analogously denote by || € M;"(A) its total variation;

(1) For py € My(A), ps2 € MZF(A) we write uq < o if pq is absolute continuous with respect to
w2 and we indicate by g—l’j; € L'(A, us) the associated density (Radon-Nikodym derivative);

(m) f*g(r) denotes the convolution between two functions f and g.

2.2 The relaxed problem

We begin by recalling the characterization of the relaxed energy in the limit A — 0. In [25] (see
also [46]) it was shown that the functionals in (1.1)) T'-converge, as h — 0, to the relaxed functional

Erel(u,€) : / Wrel )+ vg®vg> dz

X

x
+ T /in u(x) - mda—Tout /Fout u(x) - mda,

where Wi (F) denotes the square of the Frobenius norm of the positive part of F'; namely
Wea(F) i= inf{|F + AP A = AT > 0} = (\(F))2 + Oa(F)2.

Here A\i(F), A\2(F') denote the eigenvalues of the symmetric matrix F', and Ay := max{\,0}.

The minimization over positive semidefinite matrices in the definition of W, corresponds to the
relaxation of compressive strains through arbitrarily fine oscillations. In particular, W, vanishes
on all contractions, reflecting the fact that, as h — 0, the bending contribution disappears and
compression can be released through increasingly fine wrinkling patterns at negligible energetic
cost. Moreover, the density W, is convex.



Passage to polar coordinates. Since both the domain and the applied loads are radially sym-
metric, it is convenient to rewrite the energy in polar coordinates (r,6) € (Rin, Rout) X [—m, 7). We
introduce the orthonormal basis (e,, eg, e¢) given by

er := (cosf,sinb,0), ep = (—sinb, cosb,0), e¢ == (0,0,1).
Under the change of variables
x =x(r,0) := (rcosf,rsinb),

we define
('&1(7’, 9)? ’112(7“, 9), é(ﬁ 0)) = (ul (.Z‘(T, 9)): ’U,Q(x(?“, 0))7 §(x(r, 6)))

and write

(ﬂl,ﬂg,f) = UT(Ta e)er + U@(Tv 9)69 + S(T’ 9)65’

where u, and ug denote the radial and tangential components of the in-plane displacement.
In these coordinates, the functional F,.. becomes

1 s Rout
Bualursuo€) =5 [ [ WaaF(ur,ug, ) rdrds
- Rin

™

+ T’inRin ur(Rina 0) de - ToutRout ur(Rou‘m 0) d97

—Tr —T
with
Orur + %(87"5)2 %aGUT + %&”u@ - %UG + 2*1,,37“5305
F(ur,u@,ﬁ) =
%&;ur + %&u@ — Q%UQ + %87{895 % + %(%U@ + ﬁ((%ﬁ)?

Observe that, in the relaxed problem, it is energetically favorable to choose the out-of-plane
displacement £ = 0. Indeed, the nonlinear contribution

1
§V§®V§

is positive semidefinite and therefore cannot decrease the positive part of the eigenvalues appearing
in the relaxed density W,... Moreover, the boundary loading depends only on the radial component
u,, while nontrivial angular dependence of the in-plane displacement produces additional shear
contributions through the off-diagonal term

1 1 1

—Ogu —0pug — —Ug.

g (Ot g Ortie = 5 o
This quantity measures the tendency of neighboring material elements to slide tangentially relative
to each other. Such distortions are energetically unfavorable since they increase the positive part
of the strain. Consequently, minimizers of the relaxed problem may be sought among radially
symmetric configurations, namely

Uy :UT(T)) ug =0, §=0.
We next consider the one-dimensional minimization problem

inf Epe(u,,0,0).

ur(r



One-dimensional solution to the relaxed problem. Assume u, = v(r), then
Erel(vv 07 0) = F(U)

with

1 [ Rout " v 2
F(v) := 2 <2 /R ((v)+ n (;)Jr)rdr + T Rinv(Rin) — ToutRoutv(Rout)> .

We then look for a solution to the one-dimensional minimization problem

= inf F(v). 2.1
Myad ’UEWLQI(IIl%m,Rout) (U) ( )

For the reader’s convenience we recall the following result in [7].

Lemma 2.1 (Existence of a solution to myaq). Let Tin > Tout > 0, Rout > Rin > 0 be fized.

If )
] 1 ‘li;

TinRin < Tout R d - out 2.2

inftin < Loutflout an Tout > Rlzn R(Z)ut ) ( )

then (2.1) has a unique minimizer u*. Moreover u* satisfies the following:
(71) u* € Wl’Q(Rina Rout) N C(Rina Rout);
(i) There exists Ry € (Rin, Rout) such that

uw* <0 in (Rin,Ry) and u* >0 in (Ry,Rout);

(1i1) u* satisfies the Fuler-Lagrange equation

L= (") i B Bow),
i (Rin) = Tin. (2.3)
*(Rout) = Tout ;
(iv) For every r € (Rin, Rout)
T <) < T 2
(v) For every r € (Rin, Ro), the function 5(r) := \/—u*(r)r satisfies

i 1 . 1
B S VRo—7, |B(r)] < N 1B(r)| S Ve

If TinRin = TouwtRout then (2.1) has a unique negative solution (up to additive constant). In all
other cases (2.1) has no solution.

Remark 2.2. The solution to the Euler-Lagrange equation ({2.3)) is given by

Tin Rin log <T> in (Rin, Ro),
Ry
Ti — 4Lout 1 Touthut - TinRiZH

R_2 R'_2 r * Rgut - R12n

out ~ “lYin

u(r) = (2.4)

r in (R, Rout) -

10



Therefore, under the assumption (2.2), the relaxed problem admits a unique minimizer u* explicitly

given by (2.4).

We then set
1 Rout 52 u* 2 % *
£ =2 2/R ((u )2+ (7>+)rdr+TmRinu (Rin) — Tout Roustt* (Rout) | - (2.5)

The corresponding relaxed configuration exhibits two qualitatively different regimes separated
by the radius Rj.

Indeed, property (iv) implies that
W >0 for every r € (Rin, Rout),

so the radial strain is always tensile. Physically, this reflects the fact that the applied loads stretch
the sheet in the radial direction. On the other hand, by (ii) the azimuthal strain «*/r changes sign
across the annulus. More precisely

u*(r)

r

w(r)

<0 in (Rin,Ro),

>0 in (Ro, Rout).

Thus, the outer region is under azimuthal tension, while the inner region undergoes azimuthal
compression. The latter is precisely the mechanism responsible for wrinkle formation in the full
elastic problem. The radius Ry therefore identifies the free boundary separating the wrinkled region
from the purely tensile one.

2.3 Scaling of the energy and heuristics
In this section we will perform several change of variables in the energy (1.1)) which are convenient
to our purposes.
First change of variables: passage to polar coordinates. Let
(UT,UQ,S) € W1’2((RinyRout) X [F,?T);R2) X W272((Rin7Rout) X [7T77T))

be a displacement in polar coordinates, such that (u,,ug,§) is 2m-periodic in the §-variable. Then
the functional (1.1)) equals

Ep(ur,up,§) = ;/7; /Ijout [(&ur + %(&5)2)2 + (% n Jgug " (395)2)2

r 2r2

gy Orug _ Ug 0r£0p€\ 2 2 2 2(8%)5)2 (6005)2 2.6
+2( T+ T = 2 SO (0,0 + Sy + 1 ) [rdrdd (26)

+ TinRin Uy (Rim 9) do — ToutRout Ur(Rout7 9) de.

—T —T

Therefore the excess energy is

™ Rout
Bn(urun§) =80 =5 [ [ [u (0.6 + (e + (@067 i)
n (u*)+ (3p€)? i (% n Opg n (966)* (U*)+>2

r r 2r2 r

72

Ogur  Orug  up | 0rE0pE
o T2 2o

+ 2( )2 + h2((8rr5)2 + 2(8;35)2 + (89:f)2)} rdrdd.

This follows by observing that:

11



e the first integrand on the right hand-side of (2.6 can be rewritten as

S (o 0.07) = 5 [u (0.6 + (D + (@167 i) — (i) + Qaruru*} ;

e the second integrand on the right hand-side of (2.6)) can be rewritten as

1rur | Ogup | (3p8)°\2 _ L[ (u*)4 (9€)* | (ur | Opug | (9p€)*  (u*)1)2
2(r+r+2r2>_2 r 72 +(r+r+2r2_r)
B (U*2)2+ +2%(U*)+ L 9 0bue (U*)+];
r T T T T

e for § € [—m,m) the integrand of the boundary term on the right hand-side of (2.6) can be
rewritten as

ﬂnRinur(Rina 9)_ToutRoutur (Routa 0) = u*(Rin)Rinur(Rinv 9) - 7:’I*(Rout)Routh/r(-Rout; 0)
Rout Rout Rout
= / O, (urml*) dr = / O (ra”) dr + / Orurra” dr

Rin Rin Rin

Rout * Rout

u, (U .

= / ur (W) rdr+ / Opupru” dr,
R, T T Rin

where we used ([2.3));

e analogously for 6§ € [—m, ) the integrand of the boundary term on the right hand-side of
(2.5) satisfies

* * Hout (U*)?&- Rou © %\ 2
TinRint* (Rin) — Tout Routt™ (Rout) = 3 rdr+ (W) dr :
Rin Rin

e since u* is independent of # it holds

/27r /BOut ot (u*)+7“dr d9 =0
o Jr. r r '

Second change of variables: rescaling the wrinkle length-scale. From [6,/7] it is known that
the excess energy Ej — & scales linearly in h. This naturally suggests working with the rescaled
excess energy EhT% For Ry < r < Ry one expects that the sheet develops out-of-plane wrinkles
oscillations in the #-direction. The linear-in-h energy scaling implies that the bending term satisfies
h%|V2E|2 ~ h; in particular, its dominant component £ gg should be of order h=1/2. Consequently,
the characteristic wavelength of the wrinkles in the bulk is expected to be of order h'/2. Not sur-
prisingly, this coincides with the scale employed in the upper-bound constructions of [64|7].

To analyse the limiting structure of the wrinkles as h — 0, we therefore rescale the angular
variable @ by the factor L := h~/2. Equivalently, this choice ensures that the characteristic wrinkle
wavelength becomes of order one in the new angular variable. More precisely, after performing the
change of variables

Gy (r,0) == u,(r, L710), 1g(r,0) := Lug(r, L76), é(r, 0) := L&(r, L710),
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The energy Ej — & becomes the functional
Ep: AP x AP — [0, +00],
where the function spaces describing admissible deformations have the form

iL“ = {(ur,ue) c Wk 2((Rm,Rout) X R;Rz): (up(ry-),ug(r,-)) is 2w L-periodic Vr € (Rin,Rout)},

loc

loc

ASHt = {f c W2 2((Rm,Rout) R): &(r,-) is 2m L-periodic Vr € (Rjp, Rout)} )

and
Rout 1 2 2
Er(ur,ug, &) —7T][ / [ (8,, Uy + 2(312) _u*>
(U*)+ (06€)* | (ur  Opus _ (9p€)*  (u*)4)2
+ r 72 +<r + r + 2r2 r )
Ogur ~ Orug  ug  0pE0pEN\2
+2<L o oL 2wl T 2L )

1.2 r2

+7(( 35 N 2(9,06)* +L2(afff>2)}rdrd€.

Furthermore, Eh;&’ turns into Fz: AR x A9 — R defined as

J L(UT,UQ,@ : L28L(UT,U9,£)
L Flout 1 (&“5)2 . 2 ( ) (805)
— 2 - ek 2
_W][ﬂL/Rin {L <8rur+2 u) + L

L? r o or2

ny (% ALY (96€)* (U*)-‘!—)Q

r +2r2 r

Ogur  Orug  up  0rE0pEN2
27
2(L 2r 2 2r + 2r )

+ (u*(aré*)2 + (89:402)
+ L12((8rr§)2 + 2(8;25)2” rdrdf.

L2

Heuristics of the asymptotics. Before turning to the rigorous analysis, we briefly discuss the
heuristic structure of the functional F;, and the expected limiting regime. Recall that the limit
h — 0 corresponds to L. — oo. Since most terms in the energy are quadratic and the relevant
configurations oscillate on intervals whose length diverges with L, it is natural to analyse the
problem in Fourier variables.

Assuming that the limit of F; exists, and in particular that minimizing sequences remain uni-
formly bounded as L — oo, the first four terms in the energy must vanish asymptotically. The first
term can be made small by choosing

Optty ~ W 4+ o(L71)

and keeping 0,.¢ sufficiently small. The smallness of the second term reflects the fact that (u*)y =0
n (Rin, Roy), while the out-of-plane displacement &, and therefore dgp&, is expected to vanish in
(Ro, Rout), corresponding to the unwrinkled region.
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Integrating the third term with respect to 6 and using the periodicity of (u,,ug) yields the
constraint
L
f (06€)?d0 = —2ru*(r) +o(L™Y)  in (R, o), (2.8)
—nL
which represents the excess arclength that must be accommodated through wrinkling. The fourth
term can also be made negligible, whereas the last term is expected to vanish as L — co.
By contrast, the remaining contribution — corresponding to the competition between radial
stretching and azimuthal bending generated by the wrinkles — is of order one and therefore survives
in the limit. This suggests that the limiting functional should arise as the I'-limit of

7L Ro 2
71'][ / <a*(ar§)2 + (8""4 ) ) rdrdf
—nL J Riy, r

subject to the constraint .

To obtain a formulation stable under the limit L — oo, it is convenient to work with the squares
of the Fourier coefficients and with suitably defined measures as the primary objects of study. This
choice is natural since the arclength constraint involves quadratic quantities, and therefore becomes
linear when expressed in terms of the squared Fourier coefficients. In what follows, we denote by
k € R the Fourier variable associated with the #-direction; the same notation will also be used for
the second variable in the measure-theoretic formulation.

Finally, let us remark that one could also include in the energy a term accounting for the presence
of a substrate. Typically, such a contribution takes the form

s Rout 1 7L Rout N
Ksub/§2d:c:Ksub/ / Erdrdd = — / 2 rdrde,
Q = JRiy L? | =1 JR,,

where Ky}, is a nondimensional parameter measuring the relative stiffness of the substrate with
respect to the film. After multiplication by the prefactor L?, this contribution becomes of order one
and therefore persists in the limit. Since this term behaves trivially in the I'-convergence analysis,
we omit it from the present discussion.

3 Passage to measures ['-convergence

In this section we collect the main result of the paper Theorem In order to do that, we need
to pass to a measure-theoretic framework.

To each £ € A" we associate a measure ul e M;((Rin, Rout) X R) defined through the Fourier
coefficients of 9p€. Let ar(r) be the k-th Fourier coefficient in the f-variable for &k € %, that is

L 7,
V2 §(r,0)sin(k0)d0 k€ =,k >0,
—nL
L 7
ap(r) == V2 L§(r,9)cos(k0)d9 ke Z’k<0’
mL
&(r,0)de k=0.
—nL

Let also

a(r, k) := k*ai(r)  for (r,k) € (Rin, Rout) X — - (3.1)

=N
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Then we have

§r0) =ao(r)+ > ap(r)V2sin(k6) + > ap(r)v2cos(kd)
keZ k>0 keL,k<0
= ao(r) + Z sign(ay(r \/ism kg) + Z sign(ay(r)) ————= \/icos (k0) .
keZ k>0 keZ k<0

Remark 3.1 (Plancherel’s Identity). From Plancherel equality we have

L alr
g Lg2d9:a§(r)+ Yo oam=an+ > (k’f). (3.2)

keZ k#0 keZ k40

The same holds for partial derivatives of £, that is

£ wera=mamis Y (o aene)

-l ke Z k40
€7 o , (3.3)
« 2 as—1
= (D%ap(r))” + Z <8r0‘1( a(r, k))k? ) ’
ke Z k#0

with @ = (a1, @) multi-index with || < 2. In case ¢ has higher regularity, i.e., £ € W*2((Riy, Rout) X
R) with k& > 2, then the same applies for the higher derivatives, i.e., for |a| < k. For later conve-
nience we also note that

ora(r, k)

Opra(r, k Ora(r, k))?
(Vi) = 2o (k) (@.alr,k))

Orr (VValr,K)) T2 a(r, k) 4\/a3(r k)

(3.4)

Definition 3.2 (Measures p and pl). Let & € AP, We denote by p(€) € My ((Rin, Rout) X R)
the measure given by

pE(€) = > a(r, k)L L (Rin, Rout) X 0,

keZ
with a(r, k) defined as in (3.1)) Moreover we denote by uﬁ,(ﬁ) the distributional r-derivative of u”(€).

Remark 3.3. (i) The distributional r-derivative of a measure p € M; (I x R) (with I C R
interval) is defined as follows: for all ¢ € C2°(I x R) we have

(Hrs ) = —/ @ du.
IxR

Moreover by a density argument f, can be extended to functions p(r, k) = ¢(r)xa(k) with
¢ € CX(I) and A C R bounded and measurable as

(i, d(r)xa(k)) == — o(r)dp;

IxA

If p, < p we denote by ddL;f the Radon-Nikodym derivative.
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(ii) Let u € M; (I x R) be of the form
= Z a(r,k)LY LT x &,
keK

with K C R countable and a(-, k) € WHL(I) for all k € K. Then

pr =Y Oralr,k)L LT x 5.
keK

Moreover as dra(-, k) =0 a.e. in {r € I: a(r,k) = 0} it follows p, € M(I X R), p, < p and

duy ora(r, k)
du — a(r k)

Definition 3.4 (Convergence). For L > 0 let (ul,u}, &) € AP x A, We say a sequence
(ul,ul, €L) converges, as L — oo, to p € My ((Rin, Rout) X R), if

(1P (€5), 1E(ER)) weakly-* converge to (p. i)

We introduce the class of measures

Moo = {'u’ GM;—((RinyRout) X R): M([R(LROH‘E) X R) = 07 Mo € Mb(<Rin7Rout) X R)v

Ro
< [ o) aulrk) = = [ 2oy ar Vo € O (o)}
(Rin ,Ro) xR Rin
(3.5)
and the functional F: Moo — [0, +00]
B w*(r)  dpy 2 k2
Foolp) = /( Rm,RO)XR[ o ( e B) + | rdutr. ). (3.6)

We are now ready to state our main result.
Theorem 3.5. Let Fr, and Foo be as in (2.7) and (3.6 respectively. Then the following holds:

a) (Compactness). For L > 0 let (ul,ul, &F) € A x A be such that

sup Fr(uk, uf, F) < +o0.
L

Then there exists a subsequence (not relabeled) and p € Moo such that (uk,u}, &) converges
as L — +00 in the sense of Definition[3.4] to p.

b) (I'-convergence). As L — +oo the functionals Fr, T'-converge, with respect to the convergence
in Definition to the functional Foo.

Remark 3.6. (i) Before giving the rigorous proof of Theorem 3.5 we outline the underlying the
heuristics. For & € A% let ul = % (€) be defined as in definition Recall that

va(r k) = kag(r) ke z

L
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(i)

(i)

corresponds to the k-th Fourier coefficient of 9p&(r, ). From the heuristic discussion above, we
expect & to vanish on the interval (Rp, Rout) for L large, which in turn implies y/a(r, k) = 0
for each k in this region, and therefore pu’ = 0 on (Rg, Rout)-

Combining this observation with Plancherel’s identity (3.3)) yields

L

Z a(r k) = ][ L(agg(r, 0))2d0 = —2ru*(r) + o(L™Y)  for r € (Rin, Ro),
keZ -

which, in the limit L — oo, leads precisely to the integral constraint in (3.5]) satisfied by the
limit measure. Similarly using again (3.3)), (3.4)), we compute

w][_z /RR (i@, + (8ff4 )z)rdr a0
=7y /RO (u*(r)ai(r) + ai(z)k4)rdr

kel Bin "
L
AL T
- “ J R 42 a(r, k) ri — Sl

and this expression converges, as L — 0o, to the claimed I'-limit.

The constraint

Ro

/ o(r)du(r, k) = —/ 2u*(r)ré(r)dr Vo € C°(Rin, Ro) (3.7)
(Rin,Ro) xR Rin

may be interpreted as a condition on the marginal of the measure u with respect to the radial
variable. Moreover it is equivalent to

/ o(r) du(r, k) = — / o “*(”(p(r) dr Ve € C°(Rin, Ro) , (3.8)
(R r

2
inv}%O)X]R 27' Rin

Indeed, assume (3.8) holds true and let ¢ be a test function. Then using that (;AS = 7"295 is still
a test function we can prove (3.7). The vice-versa can be proven analogously using ¢ = 7%

When convenient we will identify the class Mo, with the class of measures

{,U, S M;((Rin,Ro) x R): Hr € Mp((Rin, Ro) x R), oy << W,
(3.9)

Ro u* r
/ ) dpatr, ) = / ") peydr v e C§°<RimRo>} ;
(Rin,Ro)

2
xR 2r Rin r

The functional F, admits the alternative representation

w(r)r o dp N—1/dp,N\2 | . k2
Foo (s :77/ — — | d|p +7r/ — du, 3.10
(v) (Run,Ro) xR 4k? ( d|M|) ( d\#\) a (Rin,Ro) xR T° (3.10)

where fi := (p, i) and |fi| denotes its total variation. Indeed, since p, < p < |fi], we have

dpy  dpy dp
dial dp dla)’
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and therefore

wr(r)r ¢ dpry2 ar(r)r dp \Lrdpgy2? o
k2<d )d“: 2 <d~) (d~>dw'
(Rin,Ro)xR 4 Iz (Rin,Ro)xR 4 || i
This representation highlights that the stretching contribution to the energy is a particular
instance of the Benamou-Brenier functional arising in optimal transport theory; see [50L

Proposition 5.18]. In particular, it follows that the functional F, is 1-homogeneous, convex
and lower semicontinuous.

The next two sections are devoted to the proof of Theorem For the reader’s convenience,
we divide the argument into three parts: the compactness result, the I'-liminf inequality, both
contained in Section [ and the I-limsup inequality, proved in Section 5]

4 Compactness and lower bound

We begin by establishing the compactness of sequences with uniformly bounded energy.

Proposition 4.1 (Compactness). Let L >0 and let (ul, uk, &) € AR x AN satisfy
sup Fr(uk, uf, €F) < +o0.
L
Then, up to a (not relabeled) subsequence, there exists € Moo such that (ul,ul, &%) converges to
w, as L — 400, in the sense of Definition[3.4).
Proof. Let p" := p’ (&%) and /L’Lr = ,u7LT(§L) be defined as in Definition Then there exist
functions a”(r, k) such that a(-, k) € WH(Riy, Rout) and
ph =" al (r k) L' (Rin, Row) X 0k, = al(r, k)L L (Rin, Rout) X 6 -
keZ keZ

Step 1: we show that there exists u € M;((Rin,Rout) x R) with p, € Mp((Rin, Rout) X R) and

such that (u, k) = (u, ).
Since
0 < Cp := sup Fr(ul, ul, £¥) < +o0,
L

we obtain the energy bound

L Rout L\ 2 9 N N9
Co > w][ / [LQ (&ﬁ i 1(o€")" u*) L2 (u*)+ (0p€”)
—nL Rin

2 L2 r r2
L a L ) LN\2 * 2
+L2(ui+ oUy +( 952) ~(u )+)
r r 2r r
L L
TTPAR A S 1
2r 2 2r 2r

+ ((9¢)" + (80f,§L)2>
1 (<8TT§L)2 N 2(0,9¢5)?

+ 12 L2 7r2

)}rdrd@.

From Lemma 2.1] we have that

w* < 0in (R, Ry), uw* >0in (Ro, Rout), w*>c¢>0.
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This combined with the bound of the second term on the right-hand-side of (4.1]) yields

Rout 1
][ / (0peF)2drdl < =
Ro+p ~ L2

for 0 < B < (Rout — Ro)/2 fixed. Next we show that

‘][ (u*(r) — ul(r,0)) dﬁ‘ < % for all r € (Rin, Rout) -
—nL

To this purpose set

7L

vl 0) == u*(r) —ul(r,0) and VE(r):= ][ vl (r,0)de.
—7L
From we deduce that
Rout L N2 2 1
][ / 9“9 G ) rdras <
Ro+8 2r L

R
out L (8&') 1
][ / a + 5 ) rdrdf S -

This together with (4.2) and Holder’s inequality imply

Rout Rout
/ ‘ ][ —7‘ drdé
Ro+4 Ro+8 T

‘][ Rout UL aeug B (69§L)2>Tdrd0'

2
Ro+6 r 2r

Rout L
][ / O ) arap < L
Ro+8 2r? L

Then by the mean value theorem there exists 7 = 7#(L) € (Ry + 3, Rout) such that

1
vER < =,
| (r)\NL

In a similar manner we get for any R, < rp < 11 < Rout

VE(r) = VE(ro)| = ’][ 8 derd9’
—nL

Rout L
(0,0 +—(a7"5 ), )rarag
Rou: 1 (9,68 1
5Trrdrdd| S 7

Therefore combining (4.4]) and (4.5) we find for all r» € (Rin, Rout)
L
] F oo - u,%(r,e))de\ V)] < VEG) - VEE)] + VEE)] <
—nL

19
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and (4.3]) is proven. Then by Hélder inequality, (4.1) and (4.3]) we find
Ro a é-L Ro

rdrdf <
A A

][_ () = uk(r6) de‘ dr

up 39”5 (Dp&™)?
_|_
r 2r2

rdrdf

in (46)
0
/ u* dr
Rin
< l +1<1
~Y L Y
and
L Rout LN\2 L Ro L ) L LN\2 *
][ / (8952) rdrd0<][ / Yr | %% (8952) ~Ylraras
—xL J Ry 2r T r 2r AT
Rout U L ( * )
wo Uy < =
][_ / " rdrdf < L

Hence by (3.3) and the two above estimates we infer

|F‘L|((Rlna Rout) X R) = Rm, Rout) X R)

Rout Rout
/ Z rk‘dr—][ / (9p€)2 dr do

Rout L
][ / 895) rdrdo <1.

As a consequence there exists a (not relabeled) subsequence and p € M;((Rin, Rout) X R) such

that u* = p. Combining (4.1)) with . and . we find

Co > Wf /Rout (0 fL (809€L) ) drde

Rout (r, k)) at(r, k)k?
2 7r/Rin ( Z 4k2 aL (r k) * Z r4 >rdr (4.8)

ke k#0 ke

Z
L

v

Rout ( )1/2
w/ S 0 (r, k)| dr > CluE|(Rin, Rowt) X R),
Rin
k’E*

where the last inequality follows by Young’s inequality. Hence, up to subsequence, we may

deduce that there exists o € My((Rin, Rout) X R) such that u{; X fi. Moreover given any
v € C°((Rin, Rout) x R), it holds

(RinyRout)XR L—+o0 (RinyRout)XR ’
=— lim Orpdul = —/ Orpdp
L—+too (PlinaRout)X]R (RmyRout)XR

which in turn implies gt = p .
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Step 2: we show that p, < p. By Remark we have that uﬁ < pF. Let N € N be fixed
and define the restricted measures

pk = P L(Rin, Rout) X (=N, N) and  py = pl(Rin, Rout) X (=N, N).
Then we have that
N&r = N,Lr L(Rin, Rout) X (=N, N),  pny = frr L(Rin; Rout) X (=N, N),

Wy < i (s ) = (s ) (4.9)
and . ;
dluNr dlu r
d,u% (r,k) = a L( k)L (Rin, Rout) X (=N, N).

Hence from the definition of u” and (4.8) we have

1 ,dug, 2 1 duk 2
oo em) ank < [ (k) d
/(VRinyRout)X(NyN) 4N2 ( dﬂ% ( )) N (RinyRout)X(fNyN) 4]{:2 ( d’LLL ( )>

Rout 1 (0ya”(r k))?
< — 2 dr<C.
/R. Zz: 4k?  al(r k) "=

™ keZ k0

From (4.9)), (4.10)) and [1, Example 2.36 pg. 67, and discussion at pg. 66] we deduce that uy,, < pn
for every N € N and hence p, < p.

(4.10)

Step 3: we show that p € M, ((Rin, Ro) x R), that is, p((Ro, Rout) x R) = 0, and that

/ L o) R (4.11)
7¢ r d/"L = —/ 7(?1) T dT, 4.11
(Rin,Ro) xR 272 Ry T
for all ¢ € C°((Rin, Rout)). For any fixed 0 < § < Ry/2 by (4.1]) we have
Rout

1" ((Ro — 6, Rowt) X R) / Z al(r, k) dr

Rout
][ / (9pEF)2 dr do
Rout
][ / (DpE%)? drd@—i—][ / (9peL)2 dr db
—7nL

<=
L+C5

where the last inequality follows by estimating the two terms as in (4.7) and (4.6 respectively and
using that —u* < C in (Ry — 0, Ry) for some C' > 0. Now using the lower semicontinuity with
respect to the weak™ convergence we deduce

#((Ro, Rou] x B) < u((Ro = 8, Rout) x R) < liminf u*(Ro — 8, Rous) x R) < C3.
—00

By sending § — 0 we deduce pu((Ro, Rout] X R) = 0. It remains to show (4.11). Given ¢ €
C°(Rin, Ro) it holds

o(r) _[Fo 1 - Ro
/mm,zeom oz = /R 6) (52 kZ ab(r. k) + =) dr - /R L () dr
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From (3.3), (4.1) and (4.3) it follows that
Ry 1 U* Ro
ol
[ 19050 EZ: k) + S hole

rdr

7L (a fL)Q u*
" dé + —
][ . 2r? + r

—Tr

Ro L a 67' LN\2 Ro wL
S ||¢||oo/ ][ My 9u9 4 252) ‘rd@dr—f—”qﬁﬂoo/ ][ (u” — ul) 6| dr
Rin J—nL r Rin 'J—mL
< -
17 — 0,
as L — +o0, so that
Ro ,
lim qb(rz) dpt = —/ u—gf)(r) dr. (4.12)
L—+00 J(Ryn,Ro)xR 2T R, T

Next we fix K > 1 and choose g € C°(R) such that 0 < ¢x < 1, ¥ (k) = 1 if |k| < K and
Y (k) = 0if |[k| > K + 1. Thus

/ = | vyt + [ %) (1~ () dpit . (4.13)
(R (Rin,Ro) (Rin,Ro)

2 2 2
s Ro) xR 2T xR 2T xR 2T

The weak™® convergence implies

lim @

L—+o00 (Rin,RO) <R 27‘2

ot = [ S

%R 27‘2

whereas for the second term on the right hand-side of (4.13]) we estimate

[ hema et s [ LY ate) ar
2 ~ 2 )
(Rin, F0) <R 27 R 27 kel |k|>K
H(bHOO Z al(r, k)k?) dr
e [ (3 sn)
H¢||oo /RO 7[“L 3@95L dedr<%,

where the last two inequalities follow from (3.3) and (4.1). We now pass to the limit as L — 400

in and get
/ Mw;((k) dp — C < m ¢(r) dp®
(R

in,RO)XR 27'2 K2 T Lo+ (Rin7R0) R 2T2
C
lim ¢(2)d L</ ¢(2),¢ ()d _1_72
L——+o00 (R R())XR 2r (Rm R())XR 2r K
Finally by letting K — +oo
lim ¢(r2) b :/ <Z>(T2) du.,
L=+00 J(R;,,Ro) xR 2r (Rin,Ro) xR 2r
which together with (4.12)) yield (4.11)). O

We now proceed with the I' — lim inf inequality.
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Proposition 4.2 (Lower bound). Let Fr, and Foo be as in (2.7)) and (3.6) respectively. Let L > 0
and let (ul, ué:,fL) C AR x A be a sequence converging to 1 € Moo in the sense of Definition
[5.4. Then there holds

lim inf Fr,(ul, uf, ) > Foo(n).

L—o0

Proof. Let (uk, u£,§L) be as in the statement and let p’ := p” (%) and ,uﬁ = M’LT(EL) be defined
accordingly to Definition that is,

Z a”(r, k)L L (Rin, Rowt) X 0, ph = 0pa”(r, k)L L (Rin, Rout) X 0 -

keZ

Combining (3.3)) with (| we find
Rout
Fr(uk,uf,€b) >7r][ / r)(0:6)" + (3995 i S ) dr as

Rout wr(r )(8Ta (r,k))? a (r, k)k?
B /R. ( Z 4% al(r k) +Z rd )rdr
n keZ k#0 keZ
2

i*(r)  du 2k .
rk ~|rd
W/(RinaRout)XR ( 4k2 (d L( )) + 7«4>T K

W (r)r o du d,ur 2 . / 12
= — (1, k rk)) d|g”|+m ~—dp*,
/(Rin,Rout)xR 4k? <d|ﬂL|( )> ( d|f L|( )> 1A (Rin, Rout) xR T°

where gl := (u*, ,u{;), and the last equality follows from Remark [3.6)((iv)} Now we invoke Reshet-
nyak Theorem (cf. |1, Theorem 2.38]) and obtain

(4.14)

o K2 k?
lim inf —dp” > —dp, (4.15)
Lotoo (Rinvl%out)X]R r (Rin,Rout)XR r
and
w*(r)r o dut ~1, duk 2.
hmlnf/ —(r, k d|j
L—+o00 (leRout)XR 4k‘2 (CUML|( )) (d’ L’( )> | | (4 16)
u (r)r ¢ du dpsr 2 '
2 T~ rjk‘l ,j, T,k: d 5
S ronren 7 G 0) (G 0)
with fi := (p, pt.r). Gathering together (4.14)), (4.15) and (4.16) we find
lim inf Fp, (u, uf, %) > Foo() -
L—oo
O

5 Upper bound

In this section we prove the I' — lim sup inequality.

Proposition 5.1 (Upper bound). Let i € Moo. Then for L > 0 there exists a sequence (ul,ul, L) €
A A that converges to 1 € Moo in the sense of Deﬁmtzon and such that

limsup]:L(uf,ug,ﬁL) < Foolpt)

L—oo

with Fr, and Foo defined as in (2.7) and (3.6]) respectively.
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Description of the proof strategy. The proof of Proposition is lengthy and technically
involved, and proceeds through several steps which we outline below. While the overall strategy is
inspired by [12], significant modifications are required to account for the radial geometry and the
presence of the nonlinear constraint ru*(r).

Let 1 € My be given. Our goal is to construct a recovery sequence (uk, ug, b e A A9 We
begin by defining a sequence of out-of-plane displacements (£7)z~o via their Fourier coefficients
aé, with k € L%:

i o)=Y ap(r)V2sin(k®)+ > af(r)V2cos(kd).

ke%,kw ke%,l«o
Here Lo := L/n(L), where n(L) € N is suitably chosen so that
l< Ly« L.

The parameter Ly determines the period of the elementary building blocks used in the recovery
sequence. It introduces an intermediate scale separating the microscopic wrinkle oscillations, which
occur at scale one in the rescaled variables, from the macroscopic radial variation of the limiting
measure. This scale makes it possible to localize the construction while keeping the error terms
negligible in the limit. Moreover, every 2w Lg-periodic function is also 27w L-periodic, so the above
construction is compatible with the admissibility conditions defining .AiLn and A",

The coefficients are required to satisfy the following properties:

e sufficient regularity to ensure £ € A

e fulfilment of the constraint

mL L )2
Al(r) .= ][WL (89557“,)) df = ;;(aﬁ(r))QkQ ~ —ru*(r) for a.e. € (Rin, Ro) ;
€T

e quantitative control of the derivatives of £, as required for estimating the energy Fy.

To achieve this, we proceed in several steps. First, we disintegrate and discretize (Lemma and
Lemma 5.5 4 in the k-variable. This yields a sequence of discrete measures (u”)r~q of the form

ph =" b (r, k)L L(Rin, Ro) X 0, .

keZ
In the second step, each coefficient b”(r, k) is regularised by convolution with a mollifier p.(r)

at scale ¢ = ¢(L) — 0. The latter represent the square of the Fourier coefficient of the partial
derivative 9p&%. More precisely we define

ak(r) = /(B B) o) (1)

and construct £* accordingly (cf. Lemma [5.6). Since the convolution requires b(r, k) to be defined
for all r € R, we need to extend appropriately so as to preserve the constraint as accurately as
possible.

The smoothing step introduces a small error in the constraint, leading to

AL(r) = —ru*(r) +or(1).
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To correct this and enforce the constraint exactly, we rescale £& by the factor

—ru*(r)

L —
f (7“) T AL(T’) .

Finally, once the out-of-plane displacement is constructed, we define the corresponding in-plane
displacement so that the first, third, and fourth terms in (2.7)) vanish in the limit as L — oo. We
refer to the proof of Proposition for the detailed construction.

Disintegration and discretisation of u. We recall the notion of disintegration of measures only
in the specific form required for this work, and refer to [1] for a comprehensive treatment of the
general theory.

Definition 5.2 (Disintegration of measures in the r-variable). Let I C R be an interval and let
w € My(I x R). We say that the family

(vr,9(1))rer € Mp(R) x R

is a disintegration of p (in the r-variable) if r — v, is Lebesque measurable, |v,|(R) = 1 for every
rel,ge L'(I), and

[ rrian= /I /R £(r, k) duy (k) g(r) dr

for every f € LY(I x R; |ul).
Formally it simply means du(r, k) = dv,(k)g(r) dr. We then recall |12, Lemma 3.2]
Lemma 5.3. Let I C R be an interval and let p € M;(I x R). Then
o) du= [ gryotr)ar vo e C2(1).
IxR I

for some non-negative g € L'(I), if and only if there exists r — v, € M;(R) Lebesgue measurable
such that (vy, g(1))rer is a disintegration of pu.

Corollary 5.4 (Disintegration of y € My in the r-variable). Let u € Mo,. Then there exists
r— vy € M (R) measurable such that (vy, —2u*(7)7)re(Ryn,Ro) 15 @ disintegration of pu.

Proof. The proof follows by Lemma [5.3] and from the fact that
Ro
/ o(r)dp = / —2u*(r)ro(r)dr V¢ € C°(Rin, Ro) .
(Rin,Ro)XR Rin
O

Lemma 5.5 (Discretisation of 1 € M in the k-variable). Let yu € Moo with Foo(p) < +00. Then
there exists (u*) C Mo with the following properties:

(i) 1" =Yz 5" (r, k) LY (Rin, Ro) X 8y with
B"( k) € W (Rin, Ry) and > B"(r,k) = —2ru*(r), Vr € (Rin, Ro), (5.1)

keZ

by [ () @05 (k) | R N
Ful )_W/Rin ke%ﬂ( BT et ,k:)) dr; (5.2)
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(id) (5 ph) = (o o)
(#41) Hmsup;_, o Foo(pl) < Foo ().

Proof. Let
(VT) —2TU* (r))TE(Rin’RO)

be the disintegration provided by Corollary (5.4). We introduce a measure u” € My ((Rin, Ro) X R)
by setting
b =3 (k)L L (Rin, Ro) x 6,

keZ
where, for (r,k) € (Rin, Ro) x £ we set
0 ifk=0, (k— 1.k ifk>0,
b (r, k) = and [ = (5.3)
=2ru*(r)v.(IF) ifk#0, k,k+ 1) ifk<0.
For each k € %, the map BL(-, k) belongs to W1(\, Ry), and its derivative satisfies

0 ifk=0,

argL(r¢ k) = d'u A ~
vt (r) / A By v By ik £ 0.
Ik dp

This identity is immediate when & = 0. For k # 0, given ¢ € C2°(Rin, Ro), the definition of v,
together with Remark [3.31(¢)| yields

Ro X Ry . R n
/ 5" (r, k)d(r) dr = / —2ru* (r)d(r) /R Xz (k) v () dr

Rin Rin

- / e (B)(r) dys = — / xae (B)b(r) dpey
(Rin,Ro)xR " (Rin,Ro)xR ¥

== L (k dpy, s

N /(Rm,RO)XR Xz (k)o(r) s (r, k) dp
Ro

= —/ —27’u*(r)¢(1")/ %(r’ ];1) dl/r(]%) dr.
Rin ;

Applying Young’s inequality, we estimate

Ro _ d
/ \6TbL(r,k)dr§/ Shrl g
R; IE X (Rin,Ro)

dp

in

1/ 1 (d,“)? )
<= () k2 ) au<c.
2 J I % (Rin,Ro) <k2 dp

Summing over all k gives

Ro .
/ 10,85 K) dr < CFao() < C.
R<

in ke%
Consequently, p% € My((Rin, Ro) x R) with

uh =" 9,6 (r, k)L L (Rin, Ro) X 6.

keZ
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and Remark ensures that ,uﬁ < k.

Since each v, is a probability measure, we have
S b (k) = —QT’U*(T)( 3 VT(I,f)) = —2ru*(r), Vr€ (R, Ro),
z ke % k0

which shows that the constraint in the definition of My, is satisfied, and so pu’ € M. Property
(5.2)) follows immediately, concluding the proof of To establish let ¢ € C°((Rin, Ro) X R).

Using (5.3)) we obtain
Ro
/ / Z (r, k) (=2ru*(r)) v, (IF) dr
(RianO)X]R

Rin keZ k#0

Ro A
/ Z /]L (r, k) — p(r, k:))(—2ru*(r))dyr(k;) dr (5.4)

Rin keZ k£0

+/ pdu.
(Rin,Ro)XR

By uniform continuity of ¢, for every € > 0 there exists Ly > 1 such that for all L > Lg

~ 7, N
lo(r k) — p(r, k)| <e Vr e (Rm,Ro), Vk € 7 ke Ik,

Therefore,

Ro . .
/ Z / — o(r, k)‘(—Qru*(r)) dvy (k) dr < p((Rin, Ro) X R)e. (5.5)

ke L,k;éo Ty
Combining (5.4} , -, we deduce
pl Sy as L— +o0.
An analogous argument applied to uﬁ gives
uﬁxR)iu’T as L — 400
In remains to show For § >0 and k € I]g“, we have

1

~1\? . B
k2§<k+L> <A+ +(1+0 1)ﬁ’

from which we deduce that

Ro kQ*L Ro R
/ S5 (r,k)dr:/m $ /1”3 —oru*(r)) duy () dr

Rin kel ke k#0
_ / R aulr. b
3
keZ k40 (Bin,Ro)x I T
1 2
Z 3<(1+5)k: 1+ Z)du(rk)
% ko (Rin,Ro)xIL T L
2
= 1+5/ 2 dp + pu((Rin, Ro) x R)(1 + 6~
(1+9) e 78 1(( 0) x R)(1 )L2
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For the remaining term, we use that 1/|k| < 1/|k| on I* to get

-L
1 8b (rk) 1 dp, - . ][ 1 dp,, - .
- = 2 T’k dVT k S ~ ’ T,k dl/r k . 56
20kl R k) 21k du( ) dun(k) 1z 2|k| du( ) dun(k) (56)

Then, rewriting

O (rk)? _ (05" )\ e
k) ( o"(r k) ) k),

and combining this with (5.6)) and Jensen’s inequality, we estimate

/RO ) @ (k)

4k:2 7
1n ke %,k;ﬁ(} (T, k)
Ro 1 du,, - L\ 2
<[7 ¥ <][ - (r,k)dur(k)) Vo (IE) (=2 (1)) dr
L
Hin keZ k0 R (5.7)
Ro 1 /d SN2
/ Z u* / A2< ;’r (r, k:)) dv,. (k) (=2ru*(r))rdr
L
Rin kE kA0 T 4k H
_ / e (duy 1%))2@.
(Rin,Ro)xR  4k? dp 7
Combining the two bounds yields
lim sup Foo (1) < (1 + 6) Fao(1).
L—o0
Letting § — 0 concludes the proof of
O

Regularisation via mollification and construction of out-of-plane displacement. This
step is the most delicate part of the construction. In the next lemma, we improve the regularity
of the Fourier coefficients obtained in Lemma which in turn allows us to define a smoother
out-of-plane displacement. A key point is that the constraint depends on the sum of the squares of
the coefficients. For this reason, instead of smoothing the coefficients themselves, we smooth their
squares. This choice preserves the structure of the constraint and ensures that it is only slightly
affected by the regularisation.

Another important issue is the choice of mollifier. We need a kernel whose derivative can be
controlled in terms of the kernel itself, which rules out compactly supported kernels. Exponentially
decaying kernels, such as e I"l, have the required property and are therefore a natural choice. How-
ever, using such kernels forces us to extend the squared coefficients beyond the interval (Riy,, Ro).
This extension is straightforward for r > Rqy, where we simply set the coefficients to zero. For
r < Rin, the construction is more delicate: we effectively shift the region where they are active by
dilating the interval (Rin, (Ro + Rin)/2) into (Rin — v/&, (Ro + Rin)/2), and then suitably extend
the coefficients as constants for r < r. < Ry, (with r. suitably chosen). Although the constraint
is not satisfied in these auxiliary regions, the error introduced by the convolution is exponentially
small as long as we remain sufficiently far from them. On the interval of interest (Ri,, Rp), these
regions have little influence: the left boundary lies beyond the effective range of the mollifier, while
the neighbourhood of r = Ry, where the error is not negligible, is confined to a thin layer that can
be controlled.
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To restore the constraint exactly, we then rescale the construction by a correcting factor fL.
In addition, we introduce a finer cut-off near Ry to better handle boundary effects (see the proof
of Proposition . Although this procedure—first perturbing the constraint through smoothing
and then correcting it—may seem somewhat indirect, it is well adapted to the problem. A key
advantage is that the correction factor f¥ admits an explicit expression in terms of the mollified
quantities, which allows us to control both its size and its derivatives, and ultimately ensures the

desired regularity.

Lemma 5.6 (Construction of £). Let p € My be such that Foo(p) < +00. Let e = e(L) > 0 and

n=n(L) € N satisfy

Jim S(L) =0, lim (L) = lim o= oo

Define Ly := L/n(L). Then there exists
£ e APt N AR
such that, for every r € (Rin, Ro), setting
L cL 2
0, . —ru*
AL(T) ::f ( s (T’, )) a6, fL(T‘) — T (7“)
1 2 T
the following properties hold.
(i) Size of the constraint and correction factor.
max{(Ro —r),e} S A¥(r) S max{(Ro — )¢},

(Ro—1)

L 2
VTS (R =)o)

Moreover, for every N € N,

(fE)?=1+o0r(1) ifr€ (R, (Rin+ Ro)/2)

(frr)?=1+o0n(1) ifr e ((Rn+ Ro)/2, Ry — Ne) .

(fL(T))2 <1 ifr € (R() — NE,R())

(ii) Estimates on derivatives of fr.

_r=Rg _ 1 _[(Ro+R;y)/2—r|
(fL( ))2<max{e = ,e Ve, ee .
r
~ Ry — T)E ’
. 1
L 2 < -
(P00 S myie-

(5.10)

(5.11)

(iii) Bounds on EL. There exists a continuous increasing function w: [0, +00) — [0, +00) with

w(0) = 0 such that, if ac — 0, a. > Ne, then

—nL

29
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’ ~ Ro—r ifr e (Rin, Ry — ag)
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7wl
][ (EE(r, ) 40 < IR (max{(Ry — 1), £})? (5.13)

—7L
L R R 1
F (w7 + @&t rP) do s L (5.14)
—7L e
Tk [Heu SN2 P2 PLy2 1
][_ - /R ((@0€")? + (@10 €5)? + (D0 ")) rr df 5 (5.15)
Rout L2
][ / (8,65)4rdrdo < ?' (5.16)
(iv) Convergence and energy estimate.
(B (ER), (€)= (o pr)  in My((Rin, Rou) % R)?, (5.17)
Rout AL 2
liznjup][ / *(0,£0)? ((%fﬁ ) )rdr df < Fool(p) - (5.18)

Finally, since fL and all its derivatives are 27 Lo-periodic in 0, all the above estimates remain valid

if the averages over [—wL,wL] are replaced by averages over [—mLg, mLg).

Proof. Let 1 € Moo, € =¢(L), n=n(L) and Lo be as in the statement.
We construct £F € .Aout and then we extend it periodically in (Rj,, Rout) X [—7L, L], without

relabelling it. Let (u*0) C My be the sequence of discrete measures provided by Lemma for
the parameter L

uho = 578" (r, k) L1 (Rin, Ro) X 6.
ke%o

By the mean value theorem, for each e, we can find A = \(¢) € (Rj,, Rin + v/£/2) such that

k?2fL0 Rin++ve/2 k‘2fL0
> b (k) < ]@ > b (k) dr (5.19)
ke n ke
0 0

Let Mo := (Rin + Ro)/2 and let £.: [Rin, Mo] — [Rin — /€, Mo] be the linear dilation function such
that
EE(RH]) = Rin - \/g and ZE(MO) e M07

namely

Ro — Rin + 24/¢
Le(r) :==mg (r — Mo) + My, mg:= ORO—R- \[\1.

Observe that r. := (.(\) < Ri,. We define also gc: [Rin, Ro] — [Rin, Ro — V] to be

0(r)  if 7 € [Rin, Mo
g:(r) =
r ifre [Mo, Ro]
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Then we define b0 : R x L% — R as

bro(\, k) if r <wre
bEo(r, k) == blo (g1 (r), k) 1 <7 <Ry - (5.20)
0 if r > Ro
This operation allows to mollify the coefficients without changing the constraint too much. Let
now p(t) = %e"ﬂ and pc(r) := %p(g) = ie% and note that in particular
. 1
|pe(r)| = gpa(r)' (5.21)

Finally we let a’: R x L% — R be defined as

aL(r, k) := (bLO(-, k) * pe)(r),

and &L € A%‘(‘)t be the function

4 (r,0) == Z W\@Sin(lsﬁ)—l— Z aLk(T’k)\/ﬁcos(kG).

ke%,k>0 ke%,kd)

Since L = n(L)Lg it follows £(r,-) is 2rL-periodic and thus £ € A9™. We next organize the
proof into a number of steps.
Step 1: in this step we show (5.8)—(5.10). Since —ru*(r) = —TinRinrlog z- in (Rin, Ro), an easy
calculation shows

(Ro—7r) S —ru*(r) S(Ro—7) in (Rin, Ro) - (5.22)

Next, from (3.3) and (5.1)) we have

7L wLo R
AL(r) = ;][ (@90 = ;][ R
=2 Y k= 5 (X0 00k o) (52
ke% ke%0

= — (9 (M (92 (M) X o) + A" (W)X (o)) * pe(r).

We next prove that in (Riy, Ro)

_(Qa_l(T)U*(QQI(T))X(TE,RO) + A (A) X (—oors)) * Pe(T)

RN (5.24)
= 2 ()0 (0 )X ) + R0
where

£ |r—Rg| 1 « _|r—re
Re(r) == —3 —TimRine =  +m_ (TinRin +u*(N\))e™ =

-1 . _lr=g| Rol sl 4

(1= ) (TR + 0 (Mo))e™ 2™ 4 TRy [ e 5 ) e
A
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More precisely, we have

]_ Te s—r 1 re—r1
=AU (A)X(—oo0,r.) * Pe(T) = — 28)\u*()\)/ e ds= —iku*()\)e = (5.25)
and
R RO _lr=sl
B E (T)U (ga (r))X(Tg,RO)* = 5 ga ( ) = ds
- *(t)t Irge (0] () dt
n 25 witjte: 9e
My vt 1 [ .
:7%/ mmﬂemﬁ—— wt(t)te=E dt
2e 2e
(5.26)

Now we distinguish between r € (Rin, Mp) and r € (My, Ro). If r € (Rin, Mp), integrating by parts
and using that @*(t) = C/t with C' = T}, Ry, we get

Mo lr—te ()] 1 [Fo |r—t]
7%/ w(t)te™ e dt — — mmw”%&:
A

2e 2e
b= () e(t)-r Mo rte(t) 1 [Ro

_me w(1)te —mE/ *(fyte (1)t dt

2¢e A 2¢e E;l(r) 2e

-1 * —1 1 * 1 Te—T * 1 r—Mj

=~ (nu™ (7 (r)) + Gu (A (A = mgTe)em = Sut(Mo)(1 —mg")ee

]. ZE (T) elt)—r 1 MO r—te
+/ W (1)t — mZle)e e _/ (1)t +mIle)e = d

2 /5 2 15;1(1")

1 (o
—/ W (t)(t+e)e= dt

2 I,

1Ny x (=1 L. —1 .y, re=r * —1y,. =o

= —0_ (r)u* (£ (r))—i—iu ANAX—=m_ e)e = Tk (Mo)(1 —m_ )ee™ =

1 re—T r— r— Ro 1 e(t)—r
~50e <me‘16 o e m e [T e <ge<t>>‘1dt>'

A
(5.27)
If r € (Mo, Rp) in a similar manner we get
Mo r—~Le 1 Ro r—t
J%/ M@w'[wd—— wr(te=E dt
2e J5 2e
* L 1y re=r 1o —1y,. Mo=r

=—ru (7")+§u ANAN=m_ e)e = - Su (Mo)(1 —m_ " )ee™ =

1 re—r = —r Ro 1 lger|
— 30 (m S e (e m e+ / o <ge<t>>1dt> |

A
(5.28)

Therefore, by combining ([5.25)—(5.28]) we deduce (5.24). As a consequence we have that
Re(r) =0 and AL(T‘) — —QTU*(T)X(Rm,RO) )

Furthermore
|r—=rel |r—Rp| |r—Mg|

|R5(T)|§5max{e_ = e = e = },
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and, since u* < 0 in (Rin, Rp)

_ Ir—=Rg| _lr=re| _ Ir—=My|
€

—e € —\@e f)

Re(r) Z e (e
From this we deduce
AR (r) < AP ()] < =" (1)X (o, Ro) — 02 (MU (62 (M) X (Rigbtg) + [Re(r)]
< (Ro — )X (Mo, o) + (Ro — € (7)) X (Ryn,Mo) + €
S max{(Ro —r),e}.
For the lower bound in (5.8) we have

AL(r) Z (Ro = 7)X (Mo, Ro) + (Ro — £ ()X (Rip o) + Re(T)
2 (Ro—r)+Re(r).

Next we distinguish the following cases: If r € (Ry — ¢, Rp)
re —Rg+e
AR(r) 2 (Ry =) e (7 = ™75 = VE) 2 e 2 max{(Ro — 1), ¢}

Ifre (Rin,Ro - E)
Al(r) > (Ry—7) 4 ¢ <6_Rin;R0 — e_% — \/§>
2 (Ro—7)+O0(eve) 2 (Ro — ) 2 max{(Ro —r),e}.

Then (5.8)) and (5.9) readily follow. Now we prove (5.10)). In (Rin, M) a straightforward compu-

tation gives

Lo () (1 () — Ra(r)
=1

(FH) = 1+ A0

where the last equality follows from | — ru*(r) + £ 1 (r)u*(¢21(r))] + |Re(r)| < /2 and (5.8). If
r € (My, Ry — Ne) for N € N fixed it holds

= 1—|—0L(1),

rroe = T - R o,

where the last equality follows from

_lr=rel _Ir=Rol
Ra(r) _ |R8(T)‘ - 6max{e s € € ,\/g} < ce—N < e~ N . (1)
AL(PY| — AL(p) ™ max{(Ry — r), ¢} ~"Ne © N N

Finally, if r € (Ry — Ne, Ry) we have

which implies
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Step 2: in this step we show ((5.11)). A direct computation shows that
. 2
L e ) AR @) 4 e () AR(r)|
= e (AT

(L (=rw (r) e () ur (21 (1) + rur (r) S (2 (r)u (61 ()]
—dru*(r)(AL(r))3 X(Rin,Mo)

(%(—ru*(r))Rg(r) + ru* Rg(r)>

2

A

i ~dru(r)(AF(r >>
2 r=Ry re—r  _|Mg—r|
< € (max{Ry —r,e})*max{e = ,e = ,ce -
~ 1 X (Rin, M) T 3
(Ro —1) (Ro — r)(max{Ro — r,e})
r—Rg  __1_ [Mg—r|
< max{e = ,e Ve, gce e
~ (Ro—r)e

Furthermore, by Young’s inequality and using (5.22)), (5.8]) and that
d
‘E(TU*(T))‘ + ‘ﬁ(TU
r r—Rg

AR S 1, AR S e max e e Ve

we have
L 1 (Ro — r)(AL(r))?
POV Ty —aty * - aroe
1 (AE(r))? (Ro — r)(AL(r)*
TR PR T R - @AKER T (AR
< 1 (Rg — r)e~2 max{e_%,e—T; 075}
~ (Ry — r)max{Ry — r,¢} + (max{Rg — r,e})3
4 1 + 1 + Ro - T
(Ro —r)®max{Ry —r,e} (Ro—r)(max{Ry—r,e})3 (max{Ry—r,e})>
Hence
. 1 1 1 1 1 .
(fL(T))2 5 (Rio — 7“)6 + 67 + (R(] — 7“)36 + (Ro — 7“)63 5 (Ro — ’r‘)36 ifre (Ro — €,R0) s
and
(ff(r)? < L : < ! if 7 € (Rin, Ro —€) .

~(Ry—1)2 (Ry—r1r)%e2 (Ry—r)* "~ (Ry—r)e
Step 3: in this step we show (5.12). By (3.2) it holds

nL Lo aL )
][ (fL(r, N2 dr :][ (fL(r,-))Q dr — Z E{:Q’k)

—7L —7Lo kG%,k#O
bLO('a k)
= ( Z k:2> * pe(T)
ke 15 kA0
flo bro(z, k
:/ ( Z ]({;2)>ps(r—z)dz.
- ke 1= k0
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Combining the fundamental theorem of calculus and Hoélder’s inequality it holds

tor o (N R otk T (R, (2 k)
b (z,k)—( bl (z,k)) _ / e ) < z)/z G4 (530

From (5.29)) and (5.30) it follows

][_:LL(éL(r,.)Fdeg/j( ZZ /ZROWd%(RO_Z)MT_Z)dZ'

ke 1= k0

Now we recall the definition of b ([5.20))

ablo (5, k)2 o (90" (g1 (2),F))* .
2 / 4k2bPo (2, >dz‘ 2 /wg k26T (g1 (2), k) 4

kel k#£0 ke]%,k;éo

fo b0t k))?
<me [ CEmeil
ke— k0 gs (2)VA ;

1 dMLTO 2 .
= e 12 ’ dp*0 =: ),
m /(E_l(z)\/)\,Ro)XR 4k2 < dML()) 14 W(RO z)

where the last inequality follows by adapting the argument in ([5.7). Therefore we deduce that

mLo Ro
][ (E5(r,))?do < / w(Ro — 2)(Ro — 2)pe(r — z)dz.

—7rL0 —00

Note that w(t) - 0ast — 0, w(Ro—2) < w(Ro—7:) S Foo(p) < C and w non-increasing function.
Let N > 2 be a natural number. Let a. > Ne, a. — 0. Assume r € [Ry — ac, Rp). Since w is non
increasing we have

RQ RO
/ w(Ro — 2)(Ro — 2)pe(r — 2z)dz < w(2a) /R ) (Ro — z)pe(r — 2z)dz
- i ERO*CLE
+ w(Ro —TE)/ (Ro — 2)pe(r — 2z)dz

< w(2a.) max{Ry — r,e} + ace” =
S max{Ry —r,e}(w(as) + %6_%) .

If instead r € (Rin, Ro — N¢), we get
Ro RO
/ w(Rp — 2z)(Ro — 2)pe(r — z)dz gw(Ro—rg)/ (Ro— 2)pe(r —2z)dz S Ry — .

—0o0 —00

Step 4: in this step we show (5.13)). Since &¥(r,-) is 2w Lg-periodic, for fixed r, we can find
0y = 90(?”) € [—ﬂ'Lo, TI'L()] such that

Lo
EX(r, o) =f E(r.0)dd =0,

—mLg
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By the fundamental theorem of calculus, Holder’s inequality and Plancherel

R o A mLo R . 3
1E(r,0)| = ’/e D€L (r,0) dﬁ‘ < \/2rLg (/ (89§L)2d9> = 2v2rLo\/ AL(r).

—mLg

This together with steps 1 and 2 yield
L Lo mLo
Fo@yran- ][ (€40 S 1AM f (€970 S Limax(Ro e}
—7L —mLg —mLg
Step 5: in this step we show . By . the definition of a” and ( -

L wLo
][ (Bgol™)? a0 :][ (D906")2d0 = D~ Kal(r,k) = Y E*bEO (k) * pe(r)

—7L —7L
0 ety k€1s
B Te Ry
= SR [ - a5 (8 [0 0 - 2 )
k€1s B k€1s "
TE—T Rin+§ l{j k2 L
< o= /\3][ > S k)dr—i—HngooRO/ Ot (5.31)
Hin s ke—
1)\ R 2_
<€ - / ligbLO( k) dr
\/g € Rin k‘el r
L,
1 1 1
< =) Fo(ufo) < =

Since the function (z1, 22) = 27/z2 is convex we can apply Jensen’s inequality and get
@0k (r )2 _ (@R 5 pe (D)’ @R
k) Ry bR

This together with (3.3) and (3.4)) imply
L ~ TI'LO “ L 2
][ (9,6")%do =7[ @.692d0 = Y 1 (Ga”(r, k)

_ _ 4k2 Lir k
7L 7 Lo ke— kA0 a (’I", )

1 (90" (-, k))?
ZZ: @ bLO('7k) *pg("ﬁ)
ke £ k£

_ 1 [ (bR (g7 (2), K))? r_ 0 de) (5:32)
keLZZ,k;éo <4k2 /Ts blo(gz ' (2), k) pel )d )
i 2
<”p€Hoo/ Z (r )(8b "(r k) rdr

4k2 blo(r, k)
ke— k0

1

1
N *JTOO(,ULO> N
3 13

Gathering (5.31)) and (5.32)) we deduce (5.14)).
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Step 6: in this step we show . By . .
Rout Rout 1 (8 (IL(T k.))?
L _ L _ T s
][ / AroEH)2r dr do = ][—m/m 0roE")2r dr do _/ > Tanh) rdr.

ke%,k;ﬁo
From (5.21)) we deduce
) . 1 1
(Ora® (r,k))? = (b5 (-, k) * pe(r)® < (0" (- k) % [pe|(r))* = ;Q(bL(-, k) # pe(r)? < ;Q(GL(T, k)2,
(5.33)
so that recalling (5.23]) we obtain
Rout °T 1 Rout 1
][ / (D0 )rdrd9<4€2 . Z (r k)rdr S — . (5.34)
In a similar way (3.3)) and (3.4) give
Rout Rout
][ / (8, E5)2r dr do —][ / (8,E5)2r drr db
1n 77TL0 1n
Rout 2
/ Z { ( al(r, k))} rdr
keis k;éO
Rout (8 al Rout 1 (8 CLL(T‘ k‘))4
S a — @ AL
N/ 72 dr+/ Z k2 (al(r, k))3
Rin ke— k;éo Rin ke— k#0
1 [fou 1 (0qa”(r k))?
< SRR e A S St
=N 2. e ik
n ke%,k;«éo
< 1 Rout wLo T2 < 1 Lo < 1
~ ? . _ﬂ-LO(aTé. ) rdedr ~ ?‘FOO(/’[’ ) ~ ?7
(5.35)

where the second inequality follows from

(Dra®(r, k) = (Bra”(r, k))* (b7 (-, k) * pe(r))? < éar(aL(ﬂ k) (a"(r, k))?,
and

(87’7"QL(73 k)? = (8TbL(’a k) % pe(r))? <
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Moreover appealing again to (5.33) we find

Rout Rout
][ / 8997{ )2rdrdf —][ / 699,{ )2rdrdf
—mLg
Rout 2
= 219 L
/Rin Z k {T( a (r,k))} rdr

ke— k£0
2 (aTaL(r7 k))z d?" (5 36)

Rout Z k
~Jn 4 al(rk
Rin ke%,k;ﬁo (r, k)

1 Rout
Z k2ak (r, k)rdr

S =
€ Rin
ke%,k;ﬁo
1 Rout Lo ALxD 1 I 1
< = 0, rdodr < < F )< —.
S Ouitirandr s S 5

Eventually gathering together (5.34)—(5.36]) we deduce (j5.15)).

Step 7: in this step we show ([5.16). As in step 4 we can find 6y € [—7Lg, wLg] such that
. Lo . R R
0.640.00) = { " 0,¢H(nd)ddi o,

—mLg

VI

so that by the fundamental theorem of calculus, Holder’s inequality it holds

A 60 R Lo .
|8T§L(T,9)| = '/ 0re&(r,0")d0'| < \/2mLg </ (6r9§L)2r d9’>
90 77TL0
_ (r,k))*
B ﬁﬂ“( 2 4 aL ) ) (5.37)
Z k20
1 2
< i L < =0
NLO<482 ZZ a (r7k)> ~ 5 )
keZ k0

where we used (5.33)) and (5.23). Therefore (5.37)) implies
Rout Rout 2
][ / (0,65 rdrdo < =0 ][ / (0:£5)*r drdo 73
—nLg J Rin —mLg v Rin

Step 8: in this step we show . By recalling Definition [3.2| we have
uL(éL) = )" a*(r, k)L L(Rin, Rout) X 0,
ke,

and
'[1’7[7: = L) = Z 8TaL(T7 k)‘cl I—(RinaRout) X 51@7

kze%0

Let ¢ € C°((Rin, Rout) X R). Then
/ wdﬂLz/ wdﬂL/ soduL°+/ dp*e
(RnnRout)XR (RinyRout) (RinyRO)XR (Rin:RO)XR
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By Lemma we have that

lim pduto = / pdu,
L—=00 J (R, Ro) xR (Rin,Ro)xR

hence it suffices to show that

lim (/ god/lL—/ <deL0> =0.
L—rtoo (Rianout)XR (RiruRO)X]R

Indeed by (5.23) and ([5.1) we have
’/‘ pdit— | o dpibo / ait - | dpibo
(Rin,Rout)XR (Rin,Ro)XR (Rin,Rout)XR (Rin,Ro)XR
Rout RO _
/ Z al(r, k) dr—/ Z bl (r k) dr
Rin ke L Rin ke%0

0
Rout
< Jgloo ' [ Reyar

< lelloo

= ”SOHOO

+velVe—=0 asL— +oo.

Moreover we have

/ wmﬁz—/ Oripdjit — - o= | pdur.
(Rin»Rout)XR (RinyRout)XR (RinyRout) R (RinyRout) R

Step 9: in this step we show . By (3.3 . - we have
R L R R L 2
out out k out b of. k; k
77’I’L0 m 1n
T

3
Rin ket "
Rout k2 B Rout pLlo(\. kK2
-/ X (3/ bL0<g;1<z),k>pe<r—z>dz> ars [Ty EEE T - dar,
Rin 7 r Te Rin 7 r -
kGLO keLO

(5.38)

By Fubini’s theorem, the change of variable t = “=2 and the fact that

1 1 1
m + CE‘t‘ < (1 —+ C€|t‘) fOI' z € ('I"E,RO),
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we estimate

/}'«:-DLOHt Z (711)2’ /RO BLO( 71( ), k)pe(r — z) d2> dr
1n ke VA
/Ro /iout < blo (g1 (2), k)p-(r — z)) drdz

Rout—=

/Ro/m = 5 < Zf; 0(951(2),k:)p(t)> dtd»
/RO/m"“ | <bL°( EI(Z)ak)(lJrCeltDp(t)) dt dz
< me(1+ Ce) /ARO ]gL:ZO ;Z_’L%Z’k) d

while from ([5.19)) we deduce

Rout #Lo 2 pre
/ Z b(/\’k)k/ pe(r — z)dzdr

Rin 7 7'3
HRout 7 blo (N k)k?
S/ / pg(r—z)dzdrz (>\’3)

kefo

R; —00 7
in kefo
4 VE =L
e re —Riy re—Rout Rint 2 b ’ ('I", k)kz
5 — (e e —e € E 73 dr .
2 R: r
in kel

Analogously, from (3.3)), (3.4) and Jensen’s inequality and using that

(z +te)i*(z + te) < zu*(2)(1 + Celt|) for z € (re, Ro),

it holds
Rout Rout o (8 aL(r k))2
8{1‘ Tdrdﬁ—/ = Nt AL Ly
][ﬂLO /m Z o 4k2 aL(r, k)
fo it (O (, k)
S /1% Z 4k2 bLO(',kf) *ps(r) dT
kel k0

Ro * (Db (r, K))?
< me(1+ Ce) / Z 4k2 DL (r ) dr.
ke— k#£0

Gathering together (5.38))—(5.41]) we obtain

Rout
][ / it (0,€5) (8‘)"§ r )rdrd9§m5<1+05+3;)]:00(#%),
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and hence by letting L — 400 and recalling Lemma we deduce (5.18) and the proof is
concluded.
O

Construction of the in-plane displacement. We conclude by constructing the in-plane dis-
placement and proving Proposition [5.1l The displacement is chosen so that the first, third, and
fourth terms in vanish in the limit. More precisely, the radial component u, is defined as the
relaxed solution u* plus a suitable correction term, chosen in such a way that the fourth term van-
ishes identically. The tangential component ug is then constructed so that the third term becomes
negligible, while remaining compatible with the smallness of the first term.

We emphasize that, unlike in the toy model, the radial geometry introduces a strong coupling
between w, and ug, since the energy depends explicitly on both quantities and not only on their
derivatives. As a consequence, the construction of the in-plane displacement is considerably more
delicate than in the flat setting considered in [12].

Proof of Proposition[5.1 Let u € My be as in the statement. We introduce some parameters
depending on L, which will be chosen later. Let ¢ = ¢(L) > 0 and n = n(L) € N be such that

Ll—lg-looE(L) - O’ L1—1>r—&r-loon(L) - L1—1>r—10—100 m = oo (5'42)
Let M = M(L) € N, M > 2 be such that
lim M(L)= lim M(L)e(L) = 4
Jim M(L)=+co, and  lim M(L)e(L) =0, (5.43)

Define also 6 = §(L) := AE}(LL) < &(L) and Loy := L/n(L). Consider the function €& € A" N At
given by Lemma Recall that

wL FL r. )2 —u*(r)r
Al(r) = ][ﬂL (8955,))(19 and  fL(r) .= ALET; for r € (Rin, Ro) .

We let 15 € C*°(R) be a cut-off function with
Y5 =0 in [Ro—6,400), #5=1 in(~o00,Ro—20], [ihs(r)| <CO™1, [dhs(r)] < CO7%. (5.44)
Then clearly ¥5 = 15 = 0 in (Ro — 26, Rg — 9)¢. We next define (uf, ug, §L) as follows:
&4(r,0) = ys(r) fH(r)E"(r,6)

ug (r,0) = ug™ (r,0) + uy"(r), (5.45)
1
uH(r,0) = () + 2l (r,6)
where
0 Ly2
at0) = o - [P ai,
0 T
Ro 1 wLo R
ug(r) =7 / ﬂ][ (Fruy™ — ™ + 0,6%00¢" ) ddar, (5.46)
r —mLg
0

udl(r,0) = —/ (ropuly —ul + 0,679¢%) db .
0
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Notice that ulr satisfies

Lo .
r@rué’L — uél)’L = —][ <r8rug’L - ug’L + @{L@gfL) df in (Rin, Ro)

—mLg

ué’L =0 in [RO, Rout)

(5.47)

For the readers convenience we divide the rest of the proof into a number of steps.

Step 1: we show that (ul,ul, &) € AR x AN AiLnO x AR

Clearly ¢F € A N AP, To see that (ul(r,-),uk(r,-)) is 2w Lo periodic we use the following
fact:

A differentiable function h is T-periodic if h' is T-periodic and h(t) = h(t +T) for some t.
The function dguf (z,-) is 27 Lo-periodic, since 9p&% (r, ) is, and from satisfies

Lo L ro 2
b 7o) — uf(r,—nLo) = ~2nLaviryur () - [P gy
= oty B oy — ()20 0) =0,

from which we deduce ueL (r,-) is 2w Lo-periodic. Using this periodicity, and in particular also of

Oruk (r, ), we see that dpul(r,-) is 2w Lo-periodic. Moreover from (5.47) we have
1 wLo

~72 (répul — ul + 0,6 0p¢") db

uTL(T, mLg) — uf(r, —7Ly) =
—mLg

27 Lo L 1L ko 0L 0L La eIy 14
=737 rOruy” —up + . (rOruy™ —uy™ + 0,£70p67)d0 ) =0.
Lo

Thus we deduce that u” is 27 Lo-periodic. For the reader convenience we divide the rest of the
proof into several steps. We will repeatedly use that the averaged integral over (—wL,7L) of a
27 Lo-periodic function is equal to the averaged integral over (—mLg,mLg) of the same function.

Step 2: we show that (uZ, ug, ¢1) converges to p in the sense of Definition We have that

e-(r,0) = Z ak (r)v2sin(kf) + Z ak (r)v2 cos(kf)

ke%o,k»() ke%,k<0
so that
i o)=Y () fF(r)ag (r)V2sin(k0) + Y s(r) fE(r)ag (r) V2 cos(kb) .
ke%,k>0 ke%,l«o

Therefore we get

b= ph () = 3T w3 () @k ()KL L (Rin, Rour) %

kefzo

= 3D (@b (r)*kL L (Rin, Bo = 8) x 6y )

ke%
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We show pu” = . We fix ¢ € C°((Rin, Rout) X R) and we write

/ pdpt = / pdp”
(RinyRout)XR (Rin,Ro—é)XR
= / wduL—/ pdu(€F)
(Rin,Ro—0) xR (Rin,Ro—0)xR

+/ pdu*(€F).
(Rin,Ro—(;)XR

By Lemma [5.6| and the fact that p([Ro, Rous) X R) = 0 it holds

lim pdu(€") =/ pdu.
L=+00 J(Ry,,Ro—8)xR (Rin,Ro) xR

Therefore it is sufficient to show that

lim / soduL—/ edut(Eh) ) =0.
L—+oo (Rin,Ro—0)xR (Rin,Ro—0) xR

Recalling that s = 0 in [Ry — 8, +00), 1s = 1 in (—o0, Ry — 26] and Me = M?§ > 25, we have

‘/ soduL—/ @ du*(EF)
(Rin,Ro—0) xR (Rin,Ro—0)xR

Ro—4
- ’ /R 2 (k) (ak ()% (B3I 0 = 1) ar

keL—O
Ro—Me

<lelle] [ (0H002 1) T (a2 ar
" ke s
Ro—0

Flielle] [ (020400 < 1) B (ak ) an
o He ket

Since .
S (@) = AH0) = 5 (@né(r)) o,

k€15
by and we have for r € (Rg — Me, Ry — 0)
(B2 =1) 3 (@E )R S (V301 +on(1) — 1) Me

k€1o
which together with ([5.43)) imply

<Me<M?*6—0 asL— 4.

Ro—46
H«/JHoo’ [ S R - var
0~ ‘Eke%0

Whereas ([5.10) with N = M and the fact that M = M (L) — 400 imply for r € (Rin, Ro — Me)

((FHE)?=1) D2 (ak ()2 < ou (1),

kefzo

43



so that
<or(l) >0 as L — +oo.

usonoo'/RO S R ) - D ar

kGf

Eventually by duality we have

/ pdul = —/ Qrdp” — — Qrdp= / odpu,
RX(RinyRout) RX(RinyRout) RX(Rin:Rout) RX(RinyRout)

which in turn implies uﬁ A -

Step 3: we show that
limsup}"L(uf,u(g,EL) < Foolp) -

L—oo

To prove this, we show that the fifth term in (2.7)) is the leading-order contribution and converges
to Foo(pt), while all remaining terms vanish in the limit. Since all variables are 27 L periodic, we

will replace the average in [—7L,wL] with the average in [—mLg, 7 Lg].

Step 3-(i): Estimate of second and fourth term. Since u* is negative in (Rj,, Ro) we have (u*)y =0

in the same interval. In addition ¢X = 0 in (Rg — 6, Rout) thus we have

][ /ROut 69£L) rdrdd =0.
—7mLo J Rin

Furthermore noticing that

rouf — g + 0,61 0€")

1
89UTL = —ﬁ(

we also get

7TLO Rout L a L L L L 2
][ / v Oy g OnE OpE ) rdrdf =0.
—nLo J Ry, 2r 2 2r 2r

Step 3-(i1): Estimate of the fifth/leading term. We show that

Rout L
lim supﬂ'][ / *(0 fL (0605 i > drdé
—mLo J Riy

L—+o00

<]-"oo( )+ C lim w(2M?8)log M .
L—+o00

We start by computing
0,65 (r,0) = s (r) f1(r)0:E (r, 0) + s(r) f£ (r) €5 (r,0) + s (r) f1(r) €5 (1, 0).

Therefore by Young’s inequality

7L Rout wLo Ro—6 R
][ / w*(0,65)2rdrdf < (1 + «) / (9% (0.68) % dr dg
—mLg in *TI'LO Riy

7Lo Ro— 5
+2(1+a )= / )2(65)2r dr do
—mLo 0 25
7 Lo Ro—
201+ a” ][ / V()2 rdrde,
7wLo J Ry
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for any a > 0. We now estimate each term on the right hand side of (5.52). In particular, (5.10)),

and (511) yield

RO 5 RO
][ / W (f92(8,6%)2rdrdd < (1 + or(1 ][ / (0,1 %r dr de, (5.53)
—nLg J Rin —mLg v Rin

1 ][ / oL Y Ro—06
— 2(¢ rdrdﬁg—é 2Me) + Me rdr
62 —nLg J Ro— 25 ) (52 ( ( ) ) Ro—26 (554)
< (w(2Me) 4+ Me M)
RO 6 RO 0
][ / a*(fE2(EN) 2 drdo < / R cw(2Me) + Me M) dr
—mLg v Rin Ro—¢ 0 - T
Ro—¢ T— RO s
s R Wy + (Va) e
Ro— \E RO - T
1
G
+ / 67(1%0 —r)dr (5.55)
(Rin,Mo—VE)U(Mo+v/E.Ro—vE) (o —T)e

Mo++/ c
+ ——(Rg —7)dr
/Moﬁ (Ro — 7‘)5< 0=7)

< log %(w(QMg) + Me ™M) +o.(1).

Gathering together (5.52)—(5.55) and recalling that 6 = /M we infer

Rout Rout
][ / w* (8,65 rdrdf < ( ][ / “(0.E1)2r drrdb
77TL0 1n 77TL0 m (556)
+ C'log M (w(2M?8) + Me ™) + 01(1),

with @ := a 4+ aor (1) + or(1). For the second term, since Aol = vs(r) fL(r) g™, from (5.10) it

follows
Rout L RO L
][ / 8995 drdf < (1+ or(1 ][ / 6995 drdo. (5.57)
77|'L0 m *ﬂ'LO m

By (5.56), (5.57), (5.18) and the fact that M — +oo we finally deduce

Rout L
lim supﬂ][ / *(9,€%)? (8095 > )rdr df < (1+ a)Foo(p) +C lim w(2M?8)log M .
L—+oo J—nLo /Ry, L—+oo

Eventually by the arbitrariness of o we infer the desired estimate.

Step 3-(iii): Estimate of the first term. We show that

mLo  rRout LN\2 2 A A
2 L, (087 . Lj 1 _I§ 1
L ][_WLO /R <arur + 972 — u*> rdrdf < ~ L2 62 N L2 63M (558)

By Young’s inequality we split in two terms

2 flout L @92 \?
L ][_WLO/ <8T U, 512 —u> rdrdf
Rout L\4 wLo Rout
5][ / (87“52) rdrd0+L2][ / (Orul —a*)*rdrdd.
Lo R L —wLo J Ry
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We start from the first term on the right hand-side of (5.59)). By (b.51]) we have

wLo Rout wLo Ro—6 .
fo [T eetarans £ [T o8t aras
—TI'LO Rin —TI'LO m

L Ro—
+14][ / (F9%EH) rdrd9+][ / (FE)4(EX) rdrds.
6 —nLg J Ry— —26 —7nLo J Rin

Therefore ((5.10) and (5.16|) give

Ro—6 2
][ ; / (fH 0,654 drde 73, (5.61)
—7mLo 1n

whereas from (5.10)), (5.13)), and the fact that r € (Ry — 25, Ry — §) we get

(5.60)

1 Ro— (5 1 52 Ro—9 L2
(547[ / Yirdrdf < S5 2LQ/ (max{(Rg — 7),e})*dz < =2 5 (5.62)
—nLg J Rp—26 Ro—26

Finally by (5.11) and (5.13))

][_WLO /RO (F*EN rdrdo < L3 /RO ? (max{(Ro —7),})? <12 <1 + 12>  (5.63)

Rin (Rg —1)%e?

Thus gathering together (5.60)—(5.63) we infer

Rout aEL) L2 1
][_WLO/ rdrdf < T2 (5 + €2> . (5.64)

We now pass to estimate the second term on the right hand side of ([5.59)). By definition we have

_ 1 1 /Y .
&«Uf — = ﬁ&ug’l’ = _L2/0 ar(rﬁrué: — ug + argLaggL) dé . (5.65)

From ([5.45)), (5.46)), (5.47)) and integrating by parts we find

Lo

ropul — ul + 0,61 05" = rouy”t — uy’ + 0,61 9pe" — ][

—mLg

(r@rug’L —udF 4 argLaggL) 0
L
_ / <(8"5 9 gLagrgL> A6 + 0,620y~ + BL(r)0 + C(r)
0

_/ <(39§L 4 el > Lo oL L L
= ool 0,8 ) A0 + 80,6595  |g—o + BL(r)0 + CL(r)
0

:/ <(‘99§L + po€"0,€" ) ()0 + D(r),
0
(5.66)

where

BY(r) i= —r(W3 (r)u* () + ¢35 (r)u’(r),

Cl(r) = — fﬂLO (rorug” —up™ + 0,6"05¢") a0

' —mLg o "

and

Lo 6 LN2
DE(r) o= CE(r) + 0,056 g = ][ / <(895 ) agggLar§L> a6de.
—7wLo J0 r
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Using we get
L ~ ~ . 2 .
ot — it = [ / / ( W) 4 g 95L0T5L> dd.dé + BL(T)% +DL(T)9]

L L L o
I [/ / < ) 200k f"ré +396r§L3r§L+599§L3w5L> dfag

. 62
+ BL(T')E

- DL(r)e} .

This together with Young’s inequality give the estimate

wLg Rout 2
L? ][ / (Opul — ) rdrde
—mLo J Rin

2
Ro—46 L L L

12][ / [ / / < aeg 1 200870t )d&dﬁ] rdrdf
L Lo T
1 0—0 ? 7
+ ][ / / / (OporE“0E" + Dpp€=0pne™) G df| rdrdg  (5-67)

—7mLg
1 0- 5
][ / 04r dr dé
L —mLg

Lo Ro 1)

+ = / (D®(r))?6%r drdf.

L —nLg J Rin

We now estimate each term on the right-hand side of (5.67] - First, observe that D% (r) is defined as
the f-average of the quantity foe <(8‘9§ . Opo&™ ,{L) df . Hence, by Young’s inequality, the last

term in (5.67) can be controlled by the sum of two terms of the same form as the first and second
terms on the right-hand side of @ , with the integral over (0, 8) replaced by the corresponding
average and multiplied by a factor L2. Consequently, it has the same asymptotic behaviour of the
first and second term. For the third term it holds

BY(r) = —r(2(s(r)*u* () + 205(r) s (r)u” (r) + 45 (r) s (r)i* (r) + 03 (r)@*(r) .

This together with (5.44) and the identity u*(r) = C'log z- in (Rin, Ro) imply

Rout L 4 Roié- SL 2
][ / (BE(r))%0% drdo < L2/ ((B*(r))"rdr
—nLo J Rin Ro—26

Lo [T it ()2 (5.68)
+ (5 (r)a*(r))"rdr

in

L1 L
NL2<5 L2~ [2§°

We now estimate the first and the second term on the right hand-side of (5.67)). We first observe
that if a, b, ¢, d are 2w Ly-periodic then by applying in order Holder, Young and Jensen inequalities
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we have

0 b 2 6
[ cnadas] < | [ el a0 + el 1l 6]

2

0 2 0 2
< [ 1o Wlison 0]+ | [ Hellsg s 96)

e R A (5.69)
ST Nl s 0 L leliaqdl3s g 90

wLg Lo wLo Lo
5Lg[<][ a2d9><][ b2d9)+<7[ 02d9>(][ d2d0>] .
—mLg —Lo —mLo —nLg
Therefore it follows that
2
nLo Ro—6 0 (b L L L\2 o
ig / / / (2895 %or€ (8952 ) ) dfdé| rdrde
L —nLo J Rin o Jo r
0 -0 L mho L\2 (5 70)
—mLg —TLQ
-4 TI'LQ Lo
( (Dpe™)? 9> ( ][ (Dpel)? d9> dr.
Rin —7nLg —7mLo

1 wLo pRo—¢ 0 b o 2
72 ][ / / / (006" 0rr & + Oppr&™0,¢") ddA| rdrdd
L —nmLo J Rin 0 JoO
4 rRo—0 Lo Lo
s [ () ometran) (£ @neh2a0) ar 6.11)
L Rin —71'L0 _ﬂ-LO
L4 Ro—§ 7w Lo Lo
+ ﬁ ( ][ (Opor&™)? de) ( ][ (8,672 d0> dr .
1n —ﬂ'LO —7TL0

We show separately the following estimates for the partial derivatives of £%:

wLo wLo Lo _
f a4 owerast, f oepa g DS )

and

—mLg —mLo —7wLg (RO - 7")5
Ro—0 Lo 1 Ro—0 7 Lo 1
/ f (Orr&")? dOrdr < =, / ][ (DprE)? dOr dr < — (5.73)
Rin _ﬂ'LO 5 R —ﬂ'LQ 65
Ro—
/ ][ (Dpor€X)? dOr dr S5 (5.74)
m _7rLO

Since 9yl = wg(r)fL(r)ﬁgéL and Ogocl = 1bs(r) fE(r) 899§L by (5.10] , and we have
7Lo Lo 1
Flaerost 7 @uehraos .

—7TLO —7TLO

o
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By (5.51)), (5.10), (5.14), (5.12)) and (5.11)) we have

wLo Lo
f (0,652 d0 < f (FE()2 (0,52 do

—mLg —mLg
1 mLo . mLo . R
s e o HOREP a0+ £ (0 PER a0
—mLo —7mLo
1 19 max{(Ro —r),e}
S - + 2z max{(Ro — 1), €}X(ro—26,Ro—8) T (Ro—r)e
1 1 max{(Ry —r),e} < max{(Ry —r),e}

St FX 2R T TR S T (R — 1)
From we calculate the second derivative in r
Orr&" = 5 (r) F2 ()0 €™ + s (r) f7 (r) & + s (r) 2 (r)E"
+ 205 (r) f1(r)0,8" + 2005(r) 1 (r)€F + 2005(r) 7 (r) 0,6
Hence by (5.10), (5.15)), (5.11), (5.12)) and (5.18)) we have

Ro—46 Ro—46 Ro—46
/ ][ (812 dor dr < / ][ (fE(2)2(8,+6%)% dbr dr + / ][ (FE(r)2(E5)2 dor dr
—mLo —7mLg —mLg
Ro—6 Ro—6
/ ][ (fE(r)? (0,42 dbr dr + 54/ ][ (fEr)2EL)? dor dr
—7rLo Ro—26 J—mLg
L Ro—46 TI'L()
1o dordr + —= / ][ 5 dor dr
52/0 2 ][—WLO &y 62 Jry—26 J—nLy ’
Ro—o max{(Ry —r),¢} 1 1 [Fo=d Ry —r
52 +/Ri,, (Ro — 175 dr + 52 4+ — 5 e E max{(Ry —r),e}dr
max{(Ry —r),e} [Fo=0 1 1
+ (52 Ro—26 (R() — 7”)5 dr + (52
cl,1 1 1
~ g2 52 e ~ 2
(5.75)
Analogously by it follows
Dor&" = s (r) 17 (r)0ar€" + s (r) F5(r)06€" + s (r) ¥ (r)06€" (5.76)
and R . A ' .
Opor&™ = s(r) f*(r)Oper & + %(T)fL(T)aeeﬁL + s (r) f1 (r) Ogal™ . (5.77)
Therefore, recalling (5.15)), (5.10)), (5.14]) and we find
Ro—46 Ro—46 1 Ro—46 wLo R
/ ][ (Op 1) dOr dr < / ][ 2(0p, ") d0r dr + = ][ (0pEE)? dbr dr
—mLg —mLg 6 Ro—26 J—7wLg
Ro-5 el 1,16, 1 _1
< <
/ ][ﬂLO 89& ) dordr 2+ e + de ™ e’

and in a similar way

Ro—6 pmlg 1
[ et aorars -
Rw  J-rLo og
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Thus combining ([5.70]) with ( - we have

5 2
1 Lo Ro—9 6 ro 2(99§L89 §L (a@SL)Q . L4
— = . 5.78
Bfmémlﬁﬁ< " r?)“MTWMNH& (578)
Analogously (5.71)) together with (5.72)—(5.74) imply
Ro— L4 1
= ][ / / / (090" 01" + Opor€=0,6%) A0 AO| rdrd < Ta5s (5.79)
_7TLO m

Gathering together (5.67)), (5.68)), (5.79)) and (5.78)) we infer

7I'L0 Rout L4 1
L2][ / (Opul — ‘*) rdrdf < 125
—7nLo J Rin

which together with (5.64) and (5.59)) implies

7 Lo Rout X LN\2 L2 1 L4 1 L4 1
L27[ / (aru£+(8€) —@*)?rdrdf < (+€2>+0
_ﬂ'LO in

212 ~I2\6 L? 6% R L2 5%

Step 3-(iv): Estimate of the third term. we show that

Rout L 8 L LN\2 * 4 4
) W ok @R () i1 _ I 1
Lfm/m ; SO s B < e 68)

Recalling the definition of uX and u} it holds

ub Ok | (000?  ():

U
r r 2r2 r

u*
- 7(1 - wg(r))X(ROJzS,Ro)
0
_ [;/ (ropul — ul + 0,67 0p6%) df
0

Therefore

LZ][ /Rout 7[‘/ 89u9 + (aegL)z o (U*)+>2T dr do
—7mLo J Rin

272 r

sﬁ/% O (1~ g2y ar

Ro—25 T

1 7'('L0 Rout 0 ~ 2
+ 73 ][ / ( / (ropul — ul + 0,61 0€") d6) rdrdd.
—nLg J Rin 0

For the first term on the right hand side we simply have

Ro (u*)Q Ro (u*)Q Ro
L2/ (1 —2(r)*dr < L2/ ~—dr < LQ/ (r — Ro)*dr < L?6°.

Ro—25 T Ro—25 T Ro—26
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Recalling (5.66|) and ([5.69) the second term satisfies

Rout N 2
= ][ / / (rovul — ul + 0,6-9p€") da) rdr df
777140 Rin

R() ) L 7I'L0 7TLO 7|'LO
< L2 [7[ (9pEL? dO][ (9pELY2 d6 + ][ (9po€™)? dG][ (0,602 de} rdr
Rin —mLg —mLg —mLg —mLg
L4 Ro—46 L Ro—46

+= (BX(r))*rdr + ﬁ (DX (r))*rdr

L} 1 1 L1
<20 (1424 =
NL2< +5+55>NL2 =5’

where the second inequality follow from ({5.72)) and arguing similarly to step 3-(iii).
Step 3-(v): Estimate of the sizth term. From (5.73)) we have

Rout g (a 0&)? 1 /1 1 11
7‘7‘ T < i i < el
][_m/ . ) drdd S = <6 55> ST (5.82)

Conclusions. By Step 2 we have that (uZ , Up L ¢) converges to p in the sense of Definition
Moreover by collecting the estimates showed in Steps 3-(i)-3-(v), i.e., (5.48)), (5.49) (5.50), 5.58,

(680) and (5:82) we find

limsup L2(Er (w, u?) — &) < Foolp) + C lim w(2M?28)log M

L—+oo L—+o0

(5.81)

(5.83)

(Lg1 L31+1>

+O Im e T e T e

L—+o00

We now properly choose the parameters. We start by noticing that for every M € N there exists

Ly > M4 such that
w@M’L 3 <M VL > Ly (5.84)

Since LMH > L7 we set

Next we define
§i= — =L 2BM Y = o= [ 2B3NT/S,

and we choose

_ L 1/8 1/8 L L
Lo:= = € [M'*2M"%) @ne[mﬁ)
These choices ensures the validity of (5.42)) and (5.43). Indeed we have
1 1 1
= = < 1 I —
€= I2BA-T/8 L2 = e if L € [Lyz, Lyzyq)

where the last inequality follows from the fact that L > L7 > M4. Hence e — 0 and § — 0 as
L — +oc0. In a similar way we have M?§ = Me — 0 and Lg,n — +00 as L — +oo.
Recalling that w is monotone we find

w(2M?8) = w@M?L2AMV®) < w@M?L %) = w(@2M L% if L € (L, Lyzyy)

o1



which together with ([5.84)) imply

log Mw(2M?6) < log(M)Mfl

it L€ Ly Lypey) - (5.85)
Moreover if L € [Lz7, Lgz,,) it holds

—3/8

L2603 = L2L72M 38 =7, (5.86)
and 4 4 1/2
Li 1 Li 1 16M IRy p—
-0 <0 = 16M~Y® = 16M 5.87
L202M ~— L283M — MM-3/8 ’ (5:81)
Eventually collecting (5.83)—(5.87)) we infer
lim sup F, (uy, ug , €") = limsup L* (€L (uf, ug , €") — &) < Foolp) -
L—+00 L—+o0
O

6 Existence and regularity of minimizers of F

In this section, we address the existence of minimizers for the limiting functional F,, and discuss
some of their qualitative properties, including energy equipartition.

More precisely, the results of this section show, in particular, that minimizers of F,, admit a
one-dimensional structure after disintegration in the k-variable. More precisely, almost every fiber
is described by a BV density in the radial variable, and the two contributions appearing in the
functional balance exactly through an equipartition identity. Moreover, condition shows that
minimizers do not carry mass on sufficiently small frequencies.

To this end, we introduce the notion of disintegration of measures with respect to the k-variable,
which differs slightly from the disintegration with respect to the r-variable introduced in Section

The proofs of the results stated in this section are omitted, since they follow from minor mod-
ifications of the arguments in Section 6 of |12], together with the equivalent formulation of the
functional given in (3.10))

For a given interval I C R we denote by LY(I) the space of Lebesgue measurable functions g: I — R.
Moreover, we let mo: I x R — R denote the canonical projection, and for any u € My(I x R) we
write (o) € M (R) for the push-forward of y through ms.

Definition 6.1 (Disintegration of measures in the k-variable). Let I C R be an interval and let
w € Mp(I x R). We say that the family

(A, (gK)ker) with X € My(R) and gy € L°(I) Vk€R,

is a disintegration of p (in the k-variable) if k — gj, is A-measurable, [; gr(r)dr =1 for X-a.e.
k e€R, and

[ reman= [ [ R aam), (61)
for every f € L*(I x R;|u|).

With this definition in place, we can now state the main result of this section.
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Theorem 6.2 (Minimizers of F,). Let My and Fs be as in (3.5) and (3.6)), respectively. Then
there exists i € Mo such that

() = inf Foo(u).
Foo(ft) Me%wf ()

Moreover, every minimizer [i satisfies the following properties: there exist a constant C > 0 and a
(m2)gfi-measurable map k — gy, with g, € BV (Rin, Ro) for (m)sji-a.e. k € R, such that

((m2)sft, (gk)ker) is a disintegration of fi,

and

Ro 1.2 Ro % ~ 2
/ %gk(r) dr = / w(r)r (dd;> gr(r)dr  for (ma)sfi-a.e. k € R, (6.2)

and

(m)ﬁg({|k| < C}) ~0. (6.3)

Corollary 6.3 (Equipartition of the energy). Let ji € My, be a minimizer of Foo. Then

K2 () A2
—di= L) dj.
/(RimRO)XR rd ! /(Rin,Ro)xR 4k? ( dp ) a
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