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Abstract

We study the homogenization of a class of non-local functionals featuring a
rapidly oscillating periodic weight. By means of two-scale convergence, we explicitly
evaluate the Γ-limit for constant target functions, revealing how the interplay be-
tween periodicity and non-locality forces the minimizing sequences to develop highly
oscillating microstructures. As a natural consequence, we establish that the effective
macroscopic functional fails to admit a standard double-integral representation.
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1 Introduction

The macroscopic behavior of materials and physical systems is often linked to energy
minimization. However, as pointed out in [4, 11, 14], competing interactions at the mi-
croscopic level prevent the formation of homogeneous ground states and instead induce
the formation of patterns and microstructures, leading to non-trivial and often unex-
pected macroscopic properties. This complex phenomenology naturally leads to the
study of long-range interactions, whose features are effectively captured by the mathe-
matical framework of non-local functionals. Furthermore, this class of functionals has
recently attracted significant attention within the Calculus of Variations. Indeed, beyond
the aforementioned long-range interactions, non-local energies – typically formulated as
double integrals – naturally arise in models involving peridynamics [12, 16] and image
processing [10,13]. In this context, recent works by Braides and Dal Maso have investi-
gated some fundamental properties of functionals taking the form

Fk(u) =
∫︂

Ω×Ω
fk(u(x) − u(y)) dµk(x, y) +

∫︂
Ω
gk(x,∇u(x)) dx,
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defined on W 1,p
0 (Ω) with p > 1, where Ω is a bounded open set in Rd for d ≥ 1. In [5],

the authors provide suitable conditions on the measures µk guaranteeing the stability of
the Γ-limit, while in [7] it is shown that the Γ-limit retains a decoupled integral form,
highlighting how the effective local part arises from the interaction between local and
non-local terms. The integral representability of the limit, however, is a delicate issue:
while positive results can be achieved for p = 2 [6], non-representability counterexamples
emerge for p ̸= 2 [6] or when the local term is dropped [3].

A natural further step in this investigation is to understand how these non-local en-
ergies behave when the interaction itself oscillates at a microscopic scale ε > 0. When
dealing with materials exhibiting a heterogeneous yet periodic microstructure, homoge-
nization provides a powerful tool to derive the effective macroscopic behavior. We refer
to [2] for an in-depth analysis via Young measures, and to [8, 9] for the homogenization
of convolution-type energies.

Motivated by these results, in this paper we study the asymptotic behavior of the
sequence of non-local functionals Fε : L1(Ω) → R ∪ {+∞} defined by

Fε(u) =
∫︂

Ω×Ω
a

(︃
x− y

ε

)︃
f(u(x) − u(y)) dxdy. (1)

Here, f is the same triple-well potential considered in [3], given by

f(z) =

⎧⎪⎪⎨⎪⎪⎩
0 if z ∈ {−1, 1},
1 if z = 0,
+∞ otherwise,

(2)

while the periodic weight a ∈ L∞(R) is assumed to be strictly positive. To tackle this
problem, we apply the theory of two-scale convergence introduced by Nguetseng and
Allaire [1, 15], which allows us to effectively capture the microscopic oscillations during
the limit process. By explicitly characterizing the Γ-limit for constant target functions,
which identify the ground state energy of the system, we prove that energy minimization
strictly enforces the emergence of highly oscillating step-like microstructures.

The paper is organized as follows. In Section 2, after reformulating the problem
using characteristic functions, we compute the two-scale limit of the functionals, high-
lighting the structural properties of the minimizing sequences. In Section 3, we solve
the cell problem, showing how the minimizing profiles strongly depend on the structure
of the kernel a. While proving that the minimum of the energy is attained by constant
functions, we illustrate how interactions associated with the zero-cost wells of the po-
tential f are energetically favored. Finally, in Section 4 we establish that the Γ-limit of
the sequence of functionals defined in (1) does not admit a standard non-local double
integral representation.

2 Two-scale Limit and Homogenization
Without loss of generality, we can choose Ω = (0, 1) for simplicity.
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Lemma 2.1. Let u ∈ L1(Ω) and let {uε} be a sequence weakly converging to u in L1(Ω)
such that supε Fε(uε) < +∞. Then, there exists a bounded sequence {zε} ⊂ R such that,
up to subsequences, zε → z ∈ R and

uε(x) ∈ {zε, zε + 1} for almost every x ∈ Ω.

Furthermore, the limit z satisfies

z ≤ ess-inf u and ess-supu ≤ z + 1. (3)

Proof. The strict positivity of a implies that the only way to achieve Fε(uε) < +∞ is
for f(uε(x) − uε(y)) to take values in {0, 1} for almost every (x, y) ∈ Ω × Ω. Therefore,
fixing a suitable y ∈ Ω, there exists zε such that uε(x) ∈ {zε, zε − 1, zε + 1} for almost
every x ∈ Ω. If both values zε −1 and zε +1 were taken on sets of positive measure, there
we would have Fε(uε) = +∞; hence we can restrict the values to uε(x) ∈ {zε, zε + 1}.
Since the sequence is weakly convergent, {zε} is bounded, and we can assume zε → z up
to subsequences. Given that zε ≤ uε ≤ zε + 1, integrating over any measurable subset
A ⊂ Ω and passing to the limit yields

|A|z ≤
∫︂

A
u(x) dx ≤ |A|(z + 1).

Since this holds for every measurable subset A, inequality (3) follows almost everywhere,
which in turn implies that u ∈ L∞(Ω).

Following Lemma 2.1, we define the characteristic functions

χε(x) :=
{︄

1 if uε(x) = zε + 1
0 if uε(x) = zε,

(4)

so that
f(uε(x) − uε(y)) = χε(x)χε(y) + (1 − χε(x))(1 − χε(y))

and the functional rewrites as

Fε(uε) =
∫︂

Ω×Ω
a

(︃
x− y

ε

)︃ [︂
χε(x)χε(y) + (1 − χε(x))(1 − χε(y))

]︂
dxdy. (5)

We pass to the limit by using a two-scale convergence approach.
Let Y := (0, 1) be the unit cell. Note that since χε ∈ {0, 1} almost everywhere

and Ω has finite measure, the sequence {χε} is uniformly bounded not only in L∞(Ω)
but also in L2(Ω). This allows us to apply classical two-scale convergence theory. By
[1, Theorem 1.2], we can extract a subsequence that two-scale converges to a limit in
L2(Ω × Y ), namely there exists a function ϕ ∈ L2(Ω × Y ) such that χε

2
⇀ ϕ.

Lemma 2.2. If χε
2
⇀ ϕ, then wε(x, y) := χε(x)χε(y) 2

⇀ ϕ(x, σ)ϕ(y, τ).
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Proof. We test the bounded sequence {wε} ⊂ L2(Ω × Ω) against functions in D(Ω ×
Ω;C∞

# (Y ×Y )), which is the space of smooth, compactly supported functions on Ω × Ω,
taking values in the space of smooth, (Y × Y )-periodic functions. By invoking the
Stone–Weierstrass Theorem, we may restrict our analysis to test functions of the form
Ψ(x, y, σ, τ) = ψ1(x, σ)ψ2(y, τ), with ψ1, ψ2 ∈ D(Ω;C∞

# (Y )). We obtain

lim
ε→0

∫︂
Ω×Ω

wε(x, y)Ψ
(︃
x, y,

x

ε
,
y

ε

)︃
dxdy

= lim
ε→0

(︃∫︂
Ω
χε(x)ψ1

(︃
x,
x

ε

)︃
dx

)︃ (︃∫︂
Ω
χε(y)ψ2

(︃
y,
y

ε

)︃
dy

)︃
=

∫︂
Ω×Ω

∫︂
Y

∫︂
Y
ϕ(x, σ)ϕ(y, τ)ψ1(x, σ)ψ2(y, τ) dσdτdxdy,

where we used the Fubini–Tonelli Theorem; the thesis follows by density.

We define the functional F : L∞(Y ; [0, 1]) → R by

F (φ) :=
∫︂

Y

∫︂
Y
a(σ − τ)

[︂
φ(σ)φ(τ) + (1 − φ(σ))(1 − φ(τ))

]︂
dσdτ. (6)

Proposition 2.3. Let u ∈ L1(Ω) and let {uε} be a sequence weakly converging to u
in L1(Ω) such that supε Fε(uε) < +∞. Let χε be the characteristic functions associated
with uε defined by (4), and suppose they admit a two-scale limit ϕ ∈ L2(Ω × Y ). Upon
defining φ(·) :=

∫︁
Ω ϕ(ξ, ·) dξ, we have

lim
ε→0

Fε(uε) = F (φ). (7)

Proof. While the two-scale convergence theorem [1, Theorem 1.2] typically requires test
functions to be in L2(Ω;C#(Y )), a standard density argument of C0 in L1 allows us to
use a ∈ L∞

# (Y ) as an admissible test function. Lemma 2.2 along with the Fubini–Tonelli
Theorem yields

lim
ε→0

∫︂
Ω×Ω

a

(︃
x− y

ε

)︃
χε(x)χε(y) dxdy =

∫︂
Ω×Ω

∫︂
Y

∫︂
Y
a(σ − τ)ϕ(x, σ)ϕ(y, τ) dσdτdxdy

=
∫︂

Y

∫︂
Y
a(σ − τ)φ(σ)φ(τ) dσdτ.

Defining vε(x, y) := (1 − χε(x))(1 − χε(y)), Lemma 2.2 similarly ensures vε(x, y) 2
⇀

(1 − ϕ(x, σ))(1 − ϕ(y, τ)), and the conclusion follows by linearity.

Corollary 2.4. Let u ∈ L1(Ω) and let {uε} be a sequence weakly converging to u in L1(Ω)
such that supε Fε(uε) < +∞, and let z ∈ R be the limit of the associated sequence {zε}
given by Lemma 2.1. By letting t :=

∫︁
Y φ(σ) dσ, the limit function u satisfies the relation∫︂

Ω
u(x) dx = z + t. (8)
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Proof. From [1, Proposition 1.6], the two-scale convergence χε
2
⇀ ϕ implies the weak

convergence χε(·) ⇀
∫︁

Y ϕ(·, σ) dσ in L2(Ω), and thus in L1(Ω). By integrating over Ω,
we get ∫︂

Ω
χε(x) dx →

∫︂
Ω

(︃∫︂
Y
ϕ(x, σ) dσ

)︃
dx =

∫︂
Y
φ(σ) dσ = t.

By Lemma 2.1, we can write uε(x) = zε + χε(x). Integrating and passing to the limit
yields the conclusion.

3 Minimization of the Cell Problem

To explicitly investigate the optimal microstructures governing the homogenized func-
tional, we specialize our analysis to a symmetric, non-trivial piece-wise constant periodic
weight. For fixed parameters β > α > 0 and a given λ ∈ (0, 1), we consider a symmetric
profile for the kernel aλ, centered around t = 1/2:

aλ(t) =
{︄
α if t ∈ [0, λ

2 ) ∪ [1 − λ
2 , 1)

β if t ∈ [λ
2 , 1 − λ

2 ),

extended periodically to R. Without loss of generality, we can restrict ourselves to the
case 0 < λ ≤ 1/2. The average of the weight is denoted by aλ = λα+ (1 − λ)β.

The sequence of non-local functionals associated with this weight is

F λ
ε (u) =

∫︂
Ω×Ω

aλ

(︃
x− y

ε

)︃
f(u(x) − u(y)) dxdy. (9)

As proved in Proposition 2.3, we have that

lim
ε→0

F λ
ε (uε) =

∫︂
Y

∫︂
Y
aλ(σ − τ)

[︂
φ(σ)φ(τ) + (1 − φ(σ))(1 − φ(τ))

]︂
dσdτ =: F λ(φ), (10)

which we aim to minimize over all admissible microscopic profiles φ subject to the volume
fraction constraint

∫︁
Y φ(σ) dσ =: t ∈ [0, 1]. Thus, we define the cell problem energy:

γλ(t) := min
{︃
F λ(φ) : φ ∈ L∞(Y ; [0, 1]) with

∫︂
Y
φ(σ) dσ = t

}︃
. (11)

Proposition 3.1. The optimal profile minimizing the cell problem (11) is given by the
characteristic function φt(x) = χ[0,t/2)∪(1−t/2,1)(x) modulo 1, and the explicit minimum
energy is

γλ(t) =

⎧⎪⎪⎪⎨⎪⎪⎪⎩
2αt2 − 2aλt+ aλ if t ∈ [0, λ

2 ],

2β(t2 − t) − α−β
2 λ2 + aλ if t ∈ [λ

2 , 1 − λ
2 ],

2α(1 − t)2 + 2aλt− aλ if t ∈ [1 − λ
2 , 1].

(12)
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Proof. Let us expand the integrand defining F λ(φ):

aλ(σ − τ)
[︁
φ(σ)φ(τ) + (1 − φ(σ))(1 − φ(τ))

]︁
= aλ(σ − τ)

[︁
2φ(σ)φ(τ) − φ(σ) − φ(τ) + 1

]︁
.

Integrating this over Y × Y and noting that
∫︁

Y aλ(σ − τ)dτ = aλ for any fixed σ, the
functional simplifies to

F λ(φ) = 2Jλ(φ) − 2aλt+ aλ,

where Jλ(φ) :=
∫︁

Y

∫︁
Y aλ(σ − τ)φ(σ)φ(τ) dσdτ .

Since t and aλ are fixed, minimizing F λ is equivalent to minimizing Jλ . We can
rewrite the weight as aλ(x) = α+(β−α)χ(λ/2,1−λ/2)(x). Consequently, the functional Jλ

reads

Jλ(φ) =
∫︂

Y

∫︂
Y

[︁
α+ (β − α)χ(λ/2,1−λ/2)(σ − τ)

]︁
φ(σ)φ(τ) dσdτ

= αt2 + (β − α)
∫︂

Y

∫︂
Y
χ(λ/2,1−λ/2)(σ − τ)φ(σ)φ(τ) dσdτ

= αt2 + (β − α)
[︃
t2 −

∫︂
Y

∫︂
Y
χ(0, λ

2 )∪(1− λ
2 ,1)(σ − τ)φ(σ)φ(τ) dσdτ

]︃
,

so that minimizing it is, in turn, equivalent to maximizing (recall that β − α > 0) the
term

Kλ(φ) :=
∫︂

Y

∫︂
Y
χ(−λ/2,λ/2)(σ − τ)φ(σ)φ(τ) dσdτ,

where the intervals are understood modulo 1. Since the kernel χ(−λ/2,λ/2) is symmetri-
cally decreasing for any λ ∈ (0, 1/2], the Riesz–Sobolev rearrangement inequality implies
that Kλ is maximized when φ is also a symmetrically decreasing indicator function.
Hence, the optimal profile is

φt(x) := χ(−t/2,t/2)(x) ≡ χ[0,t/2)∪(1−t/2,1)(x) modulo 1,

which satisfies the constraint
∫︁

Y φ(σ) dσ = t.
Computing the integral Jλ(φt) =

∫︁ t/2
−t/2

∫︁ t/2
−t/2 aλ(σ − τ) dσdτ for the three regimes

t < λ/2, t ∈ [λ/2, 1 − λ/2), and t ≥ 1 − λ/2 yields the polynomial expressions in (12),
whose continuity with respect to t is immediate to verify.

Remark 3.2. It is worth noting that the assumption α < β drives the symmetric
rearrangement to concentrate the mass of the optimal profile φt around the boundary
of the unit cell (i.e., around t = 0), precisely where the low-cost kernel α is distributed.

If, conversely, one considers α > β, the energetic penalty is inverted. To minimize
the intersection with the expensive α-phase, the optimal profile concentrates its mass
symmetrically within the central low-cost plateau, yielding

φt(x) = χ(1/2−t/2,1/2+t/2)(x).

However, the minimum energy γλ(t) has exactly the same shape as in (12), except that α
and β are swapped, as well as λ and 1 − λ. In the sequel, it may be useful to take this
into consideration.
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We define the final homogenized functional evaluated on a generic function u ∈ L1(Ω)
as:

F
λ(u) := min

{︁
γλ(t) : t ∈ Iu := [ι(u), ς(u)]

}︁
, (13)

where ι(u) :=
∫︁

Ω u(x) dx − ess-inf u and ς(u) :=
∫︁

Ω u(x) dx − ess-supu + 1. Note that
if the essential oscillation of u is strictly greater than 1 (i.e., ess-supu − ess-inf u > 1),
the interval Iu is empty and F λ(u) = mint∈∅{γλ(t)} = +∞, which is consistent with the
conditions established by Lemma 2.1.

Theorem 3.3. Let u ≡ c ∈ R be a constant function. Then, the Γ-limit of the sequence
{F λ

ε } exists and evaluates exactly to the minimum energy of the cell problem:(︂
Γ − lim

ε→0
F λ

ε

)︂
(c) = F

λ(c) =
(︁
1 − (1 − λ)2)︁

α+ (1 − λ)2β

2 . (14)

Proof. Liminf inequality. From Proposition 2.3 and formulas (11) and (13), we deduce
that for any uε ⇀ c in L1(Ω) with bounded energy, it holds

lim inf
ε→0

F λ
ε (uε) = F λ(φ) ≥ γλ(t) ≥ F

λ(c).

Limsup inequality. For the constant function u ≡ c, we have that Ic = [0, 1]. The
optimal parameter t that minimizes γλ(t) over Ic imposes the optimal shift to be z =∫︁

Ω u(x) dx − t, see (8). Minimizing γλ(t) in (12) over [0, 1] yields that the minimizer is
t = 1/2; consequently the optimal shift is z = c− 1/2.

Recalling the definition of φt as the minimizer of the problem defining γλ(t) (see (11)
and Proposition 3.1), we construct the recovery sequence as

u∗
ε(x) := z + φt

(︃
x

ε

)︃
= c− 1

2 + φ1/2

(︃
x

ε

)︃
,

which weakly converges in L1(Ω) to c−1/2+
∫︁ 1

0 φ1/2(σ) dσ = c. Plugging u∗
ε into Fε and

passing to the limit as ε → 0 yields precisely the integral defining F λ(φ1/2). Since φ1/2
is the optimal profile for t = 1/2, this integral evaluates exactly to the cell-problem
minimum γλ(1/2). Furthermore, since t = 1/2 is the global minimizer of γλ(t) over the
interval [0, 1], we obtain that F λ(φ1/2) = F

λ(c). Thus, we have proved that

lim
ε→0

F λ
ε (u∗

ε) = F
λ(c) = F λ(φ1/2) = γλ(1/2) =

(︁
1 − (1 − λ)2)︁

α+ (1 − λ)2β

2 .

Remark 3.4. It is worth noting how the macroscopic energy forces the interactions into
the zero-cost wells of the potential f , rejecting a flat microscopic profile (which would
cost the full average weight aλ, strictly greater than the expression in (14)) in favor of
a highly oscillating recovery sequence to achieve the constant macroscopic state u ≡ c.
Therefore, taking the limit to the homogeneous cases, if λ → 1 (a(t) ≡ α), the high
oscillations of the optimal profile between c− 1

2 and c+ 1
2 halve the macroscopic energy:

F
1(c) = α

2 . Similarly, F 0(c) = β
2 for λ → 0.
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4 Consequences on Integral Representation
The explicit evaluation of the Γ-limit on optimal microstructures allows us to deduce a
strong property of the homogenized macroscopic energy: the loss of the classical double-
integral form. To prove this, the following lemma regarding the strong convergence of
characteristic functions will be useful.

Lemma 4.1. Let {An} be a sequence of measurable subsets of Ω and let A ⊂ Ω. If
the sequence of characteristic functions {χAn} weakly converges to the characteristic
function χA in L1(Ω) as n → ∞, then the convergence is indeed strong in L1(Ω).

Proof. The weak convergence in L1 implies that for any test function v ∈ L∞(Ω),
we have

∫︁
Ω χAnv →

∫︁
Ω χAv. Choosing v ≡ 1, we get

∫︁
Ω χAn →

∫︁
Ω χA, which means

|An| → |A|. Choosing v = χA, we get
∫︁

Ω χAnχA →
∫︁

Ω χAχA =
∫︁

Ω χA, which means that
|An ∩ A| → |A|. We can now conclude by expanding the L1 norm of the difference:

lim
n→∞

∥χAn − χA∥L1(Ω) = lim
n→∞

(|An| + |A| − 2|An ∩A|) = |A| + |A| − 2|A| = 0.

Theorem 4.2. There exists no function g such that the Γ-limit of {F λ
ε } can be repre-

sented as an integral functional of the form(︂
Γ − lim

ε→0
F λ

ε

)︂
(u) =

∫︂
Ω×Ω

g(u(x) − u(y)) dxdy, (15)

for every u ∈ L1(Ω).

Proof. We argue by contradiction, similarly to [3], and suppose that such a representa-
tion exists. We already explicitly computed the exact Γ-limit for constant functions in
Theorem 3.3. Now, let s ∈ (0, 1) and define the target step function us as

us(x) :=
{︄

1 if x ∈ (0, s],
0 if x ∈ (s, 1).

We claim that for this specific profile, the Γ-limit evaluates to(︂
Γ− lim

ε→0
F λ

ε

)︂
(us) = aλ

∫︂
Ω×Ω

[︂
us(x)us(y)+(1−us(x))(1−us(y))

]︂
dxdy =: T λ(us). (16)

The value T λ(us) can be computed explicitly, noting that the integrand is 1 when x and y
are on the same side of the jump s, and 0 otherwise, yielding T λ(us) = aλ

(︁
s2 +(1−s)2)︁

.
Liminf inequality. Let {uε} be an arbitrary sequence weakly converging to us in L1(Ω).
As a consequence of Lemma 2.1, see (4), we can write uε = zε + χε . Since us ∈ {0, 1}
is itself a characteristic function, the weak convergence forces zε → 0 and χε ⇀ us

in L1(Ω). By Lemma 4.1, the convergence of {χε} to us is indeed strong in L1(Ω). This
allows us to pass to the limit in the term F λ

ε (uε), decoupling the strong convergence
of χε(x)χε(y) from the weak convergence of aλ

(︂
x−y

ε

)︂
⇀ aλ, achieving the expression

in (16).
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Limsup inequality. We choose the constant recovery sequence u∗
ε ≡ us. Applying the

Riemann–Lebesgue Lemma to the oscillating weight aλ

(︂
x−y

ε

)︂
, we immediately recover

the explicit value of T λ(us).
We now match these two exact evaluations with the hypothetical formula (15),

yielding a counterexample analogous to [3]. For the constant function u ≡ c, since
u(x) − u(y) = 0, formula (15) combined with Theorem 3.3 implies

g(0) =
∫︂

Ω×Ω
g(0) dxdy = F

λ(c) =
(︁
1 − (1 − λ)2)︁

α+ (1 − λ)2β

2 .

Now, evaluating (15) on the step function us and equating it to (16), we obtain

T λ(us) =
∫︂

Ω×Ω
g(us(x) − us(y)) dxdy =

(︁
s2 + (1 − s)2)︁

g(0) + 2s(1 − s)g(1).

By substituting the known values for T λ(us) and g(0), we obtain

aλ

(︁
s2 + (1 − s)2)︁

=
(︁
s2 + (1 − s)2)︁(︁

1 − (1 − λ)2)︁
α+ (1 − λ)2β

2 + 2s(1 − s)g(1),

and solving for g(1) gives

g(1) =
(︁
s2 + (1 − s)2)︁

2s(1 − s)
λ2α+ (1 − λ2)β

2 .

Consequently, the value of g(1) depends explicitly on the arbitrary jump point s ∈ (0, 1),
which is a contradiction.

Remark 4.3. Our main results rely on a function f that takes the value +∞ almost
everywhere. However, as pointed out in [3], an extension to finite functions occurs by
considering, for a fixed constant M > 0, the everywhere finite integrand

fM (z) =

⎧⎪⎪⎨⎪⎪⎩
0 if z ∈ {−1, 1}
1 if z = 0
M otherwise,

which is such that fM ↗ f . By choosing a sufficiently large M , one can easily show that
any deviation from increments in {−1, 0, 1} becomes strictly sub-optimal. Consequently,
the optimal profiles for fM rigidly coincide with those of the infinite function, yielding
the same macroscopic energy on our target functions.

Acknowledgments

The author thanks Andrea Braides, Valeria Chiadò Piat and Marco Morandotti for useful
discussions.

9



References
[1] Grégoire Allaire. Homogenization and two-scale convergence. SIAM Journal on

Mathematical Analysis, 23(6):1482–1518, 1992.

[2] Giacomo Bertazzoni, Andrea Torricelli, and Elvira Zappale. Homogenization of
non-local integral functionals via two-scale young measures, 2025.

[3] A. Braides. A simplified counterexample to the integral representation of the relax-
ation of double integrals. Comptes Rendus. Mathématique, pages 487–491, 2024.

[4] Andrea Braides, Andrea Causin, Margherita Solci, and Lev Truskinovsky. Beyond
the classical cauchy–born rule. Archive for Rational Mechanics and Analysis, 247(6),
November 2023.

[5] Andrea Braides and Gianni Dal Maso. Continuity of some non-local functionals with
respect to a convergence of the underlying measures. Journal de Mathématiques
Pures et Appliquées, 170:136–149, 2023.

[6] Andrea Braides and Gianni Dal Maso. Validity and failure of the integral represen-
tation of Γ-limits of convex non-local functionals. Journal of Functional Analysis,
286(6):110317, 2024.

[7] Andrea Braides and Gianni Dal Maso. Compactness for a class of integral function-
als with interacting local and non-local terms. Calculus of Variations and Partial
Differential Equations, 62:1–28, 2022.

[8] Andrea Braides and Andrey Piatnitski. Homogenization of quadratic convolution
energies in periodically perforated domains. Advances in Calculus of Variations,
14(1):1–22, 2021.

[9] Andrea Braides and Andrey Piatnitski. Homogenization of random convolution
energies. Journal of the London Mathematical Society, 104(1):295–319, January
2021.

[10] Haim Brezis and Hoai-Minh Nguyen. Non-local functionals related to the total
variation and connections with image processing, 2016.

[11] Sara Daneri and Eris Runa. Exact periodic stripes for minimizers of a local/nonlocal
interaction functional in general dimension. Archive for Rational Mechanics and
Analysis, 231(1):519–589, July 2018.

[12] Etienne Emmrich and Dimitri Puhst. Measure-valued and weak solutions to the
nonlinear peridynamic model in nonlocal elastodynamics. Nonlinearity, 28(1):285,
dec 2014.

[13] Guy Gilboa and Stanley Osher. Nonlocal operators with applications to image
processing. Multiscale Modeling & Simulation, 7(3):1005–1028, 2009.

10



[14] Alessandro Giuliani, Joel L. Lebowitz, and Elliott H. Lieb. Ising models with
long-range antiferromagnetic and short-range ferromagnetic interactions. Physical
Review B, 74(6), August 2006.

[15] Gabriel Nguetseng. A general convergence result for a functional related to the
theory of homogenization. SIAM Journal on Mathematical Analysis, 20(3):608–
623, 1989.

[16] S. A. Silling. Reformulation of elasticity theory for discontinuities and long-range
forces. Journal of the Mechanics and Physics of Solids, 48(1):175–209, 2000.

11


	Introduction
	Two-scale Limit and Homogenization
	Minimization of the Cell Problem
	Consequences on Integral Representation

