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Abstract. We consider the isoperimetric inequality involving the s-perimeter and the t-perimeter
with 0 < s < t < 1, and show that the ball is a local minimizer of the (scale-invariant) isoperimetric
ratio

F (E) B
Pt(E)

1
n−t

Ps(E) 1
n−s

among sets E that are nearly spherical. To this end, we rewrite F as a functional of u, where u is
a scalar function on the unit sphere inRn that parametrizes ∂E, and prove a quantitative stability
result for F around u = 0 with respect to a suitable Sobolev norm (Theorem 1.2). This parallels
known results where the s-perimeter is replaced by the volume.
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1. Introduction
For α ∈ (0, 1), the fractional α-perimeter of a Borel set E ⊂ Rn is defined as the square of the

H
α
2 -seminorm of the characteristic function of E, that is,

Pα(E) B
1
2

∫
Rn

∫
Rn

∣∣∣χE(x) − χE(y)
∣∣∣2

|x − y|n+α
dxdy =

∫
E

∫
Ec

dxdy
|x − y|n+α

.

The notion of fractional perimeters was introduced in [3, 20], and represents a nonlocal
analogue of the classical perimeter functional, as it takes into account interactions between
points in the set and points in the complement arbitrarily far apart. The functional Pα(E) can
be thought of as a (n − α)-dimensional perimeter in the sense that Pα(λE) = λn−αPα(E) for any
λ > 0. One may see the class of fractional perimeters {Pα}α∈(0,1) as a collection of functionals
ranging between the usual notions of volume (α = 0) and perimeter (α = 1) of a set. Indeed,
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let us recall that (see [1], [2], [6]) for any E ⊂ Rn of class C1,γ for some γ > 0,

lim
α→1

1 − α
P(B)

Pα(E) = P(E),

where P(E) denotes the classical perimeter of the set E. On the other hand (see [19], [10]),

lim
α→0

α
P(B)

Pα(E) = |E|,

where |E| stands for the Lebesgue measure of E. The nonlocal analogue of the classical isoperi-
metric inequality relates the α-perimeter with the volume and it is by now well understood:
the problem consists in finding the optimal constant Cn,α for which it holds

(1.1) |E|
1
n≤ Cn,αPα(E)

1
n−α for every E ⊂ Rn.

Using the Riesz rearrangement inequality, it can be shown that Cn,α is the constant achieved by
the ball and that equality holds if and only if E is the ball (see [13, Theorem 4.1]). A quantitative
version of this inequality, formulated in terms of Fraenkel asymmetry (see Corollary 1.3 for
the definition), was later established in [16], and subsequently refined with the sharp decay
estimate in [12].

In this paper we investigate a natural extension of (1.1). Namely, given 0 < s < t < 1 we
want to find the optimal constant Cn,s,t for which it holds

(1.2) Ps(E)
1

n−s ≤ Cn,s,tPt(E)
1

n−t for every E ⊂ Rn.

We remark that, by fractional Sobolev embeddings (see for instance Theorem 1.1 in [11]), one
can prove that (1.2) holds for some (possibly non - optimal) constant Cn,s,t. The problem of
finding the optimal constant in (1.2) is equivalent to the problem of finding the minimum of
the scale -, rotation - and translation - invariant functional,

(1.3) Fs,t(E) B
Pt(E)

1
n−t

Ps(E)
1

n−s

,

namely to show that

Fs,t(E) ≥
1

Cn,s,t
for every E ⊂ Rn.

When the parameters s, t have been fixed, we will simply denote Fs,t by F . In [8], it is shown
that the functional F admits a minimum and that every minimizer is bounded with boundary
of class C1,β for some β ∈ (0, 1). We expect that balls are the unique global minimizers of F for
all 0 < s < t < 1. This would mean that the sharp constant in (1.2) is Cn,s,t = F (B)−1.
The main result of the present work establishes a local version of this conjecture, namely the
local stability of the ball for the functional F . More precisely, we prove that balls are the
unique minimizers of F among competitors that are small C1 graph perturbations of a ball.
Let us clarify what we mean by C1 perturbation of a ball: let B(y, r) denote the Euclidean ball
centered at y ∈ Rn, with radius r > 0, and let B denote the unit ball at the origin. We say that
E is a graph over the ball B(y, r) if there exists a C1 function u: ∂B→ R such that

(1.4) E B {y + λ(1 + u(x))x:λ ∈ [0, r], x ∈ ∂B}.

In the literature these sets are also known as nearly spherical sets.
We prove the following
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Theorem 1.1. Let 0 < s < t < 1 and n ≥ 2. Then there exists ε1 > 0, depending only on s, t, and n,
such that, if E is a graph over any ball via a function u ∈ C1(∂B), with ∥u∥C1≤ ε1, then

F (E) ≥ F (B),

and equality holds if and only if E is a ball.

Actually, Theorem 1.1 is a consequence of a more precise statement that goes in the direction
of a quantitative isoperimetric inequality:

Theorem 1.2. Let 0 < s < t < 1 and n ≥ 2. Then, there exist constants ε0, c0 > 0, depending only
on s, t, and n, such that the following holds. Let E be a set, and let B(y, r) be the ball having the same
barycenter and volume as E. If E is a graph over B(y, r) via a function u satisfying ∥u∥C1≤ ε0, then

(1.5) F (E) ≥ F (B) + c0∥u∥2
H

1+t
2
.

Theorem 1.1 in turn implies the following

Corollary 1.3. If E ⊂ Rn is as in Theorem 1.2, then there exists c > 0 such that

(1.6) F (E) ≥ F (B) + cA(E)2,

where
A(E) B inf

x∈Rn

{
|E△Bx|

|Bx|
: |Bx|= |E|

}
.

The quantity A(E) is commonly known as the Fraenkel asymmetry of E and it measures
the L1-distance of E from a ball. Theorem 1.2 simply implies Corollary 1.3 from the fact that
the H

1+t
2 -norm of a function controls its L1-norm. Observe moreover that the exponent 2 in

(1.5) and in (1.6) is sharp. An inequality of the form (1.6) is the sharp isoperimetric inequality
that we conjecture to hold true even when considering arbitrary sets E ⊂ Rn. While replacing
∥u∥

H
1+t

2
with the Fraenkel asymmetry weakens the inequality at the perturbative level, this

choice is motivated by the geometric significance of A(E) and by the fact that this is the most
common and historically relevant notion of asymmetry in the literature.

Remarks and open problems.

Remark 1.4. Observe that (3.1) implies that Pα(Eu) ≤ C
(
∥u∥L∞+[u]2

H
1+α

2

)
, for some C > 0.

Therefore, the conditions u ∈ H
1+α

2 (∂B) and ∥u∥∞≤ 1
2 are sufficient to ensure that Pα(Eu) < +∞.

Remark 1.5. In Theorem 1.2, we impose the constraints on volume and barycenter in order
to ensure a quantitative estimate: the volume constraint excludes constant non-zero functions
u, which would simply correspond to a rescaled ball (so the quantitative estimate would
fail). One could remove this assumption by considering the homogeneous Sobolev seminorm
instead of the full norm. However, even with this modification, the barycenter constraint
would still be needed to rule out translations of the function u, that is, translations of the ball
itself.

Remark 1.6. Consider the rescaled functional

F
∗

s,t(E) B

(
1−t
|∂B|Pt(E)

) 1
n−t(

s
|∂B|Ps(E)

) 1
n−s

.
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As we said above, when s → 0 and t → 1, this quantity converges to P(E)
1

n−1 /|E|
1
n . As a

consequence the locally optimal constant Cn,s,t in (1.2) that we obtain when E = B, converges
as s→ 0 and t→ 1 to the optimal constant in the classical isoperimetric inequality. A similar
consideration holds true also for the single limit s→ 0.

Remark 1.7. When proving quantitative isoperimetric inequalities, the typical ingredients are
the following (see for example [14], [15]):

(i) a strict qualitative inequality, showing that the ball is the unique minimizer;
(ii) a reduction to the small asymmetry regime, establishing that it is sufficient to prove

(1.6) for sets whose L1-distance from a ball is small;
(iii) a Fuglede-type stability result, showing the quantitative isoperimetric inequality in the

class of “nearly spherical” sets, i.e., sets that are C1 graphs over the unit ball.
From this, and also applying a selection principle in the spirit of [4], one might get the global
quantitative inequality in the form of (1.6). Theorem 1.2 represents step (iii) in the above
program.

Remark 1.8. Unlike the classical case, fractional isoperimetric inequalities remain meaningful
even in dimension 1, both for Pt versus Ps and for Pt versus volume. It would be interesting
to understand if points (i) and (ii) of Remark 1.7 could be more accessible.

Remark 1.9. Observe that symmetrization techniques, which are classical tools in the proof of
isoperimetric inequalities and in the characterization of balls as optimizers, are still effective
when dealing with the inequality between the s-perimeter and the volume. Indeed, rearrange-
ment preserves the volume while decreasing the s-perimeter. By contrast, for the inequality
(1.2), these techniques are no longer helpful, since both the s and t perimeters decrease under
rearrangement and it is not possible to determine whether the s-perimeter decreases “more”
than the t-perimeter.

Sketch of the proof. Our approach relies on a second-order analysis of the functional F .
Two key estimates play a central role: the coercivity (Proposition 4.1) and a weak form of
continuity for the second variation (Proposition 5.8).

The coercivity estimate is established in the H
1+t

2 -norm, which is the natural and optimal
norm for the problem. In contrast, the continuity estimate requires additional control in the
stronger C1-norm. More precisely, we obtain a bound of the form

|δ2
F (u)[u, u] − δ2

F (0)[u, u]|≤ Cn,s,t ∥u∥C1∥u∥2
H

1+t
2
.

This discrepancy between the norms is not specific to our setting, but a common feature in
shape-variation problems. For example, it already appears for the classical perimeter, which is
naturally differentiable in W1,∞, whereas coercivity may hold only in the H1-norm. A detailed
and clear discussion of this phenomenon can be found in [5].

Organization of the paper. Section 2 provides some preliminary tools and presents a useful
formula describing the Sobolev norm of a function defined on the sphere, in terms of its
spherical harmonic decomposition. In Section 3 we explicitly compute the first and second
variations of the functional F in a neighborhood of the origin. The two key estimates of
coercivity and continuity along rays for the second variation of F are established in Sections 4
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and 5, respectively. Finally, we provide the proofs of Theorem 1.1 and Theorem 1.2 in Section
6.

2. Preliminaries
Let B denote the closed unit ball in Rn, and ∂B its boundary. For α ∈ (0, 1), we define the

fractional Sobolev space Hα(∂B) as

Hα(∂B) =
{
u ∈ L2(∂B): [u]2

Hα(∂B) < +∞
}
,

where [u]2
Hα(∂B) is the Gagliardo seminorm of u and it is defined as

[u]2
Hα(∂B) :=

∫
∂B×∂B

(u(x) − u(y))2

|x − y|n−1+2α
dσxdσy.

Here dσ denotes the surface measure on the sphere. Hα(∂B) is a Hilbert space if endowed with
the norm

∥u∥Hα(∂B)B
(
∥u∥2L2(∂B)+[u]2

Hα(∂B)

)1/2
.

It is well known that, for 0 < s < t < 1, the embedding Ht(∂B) ↪→ Hs(∂B) is continuous,
meaning that Ht(∂B) ⊂ Hs(∂B) and it holds ∥u∥Hs(∂B)≤ C ∥u∥Ht(∂B) for a constant C depending
only on n, s, t. For general references on fractional Sobolev spaces, see for instance [18, 9].

We now turn our attention to spherical harmonics and Sobolev functions on the sphere. For
k ∈ N, let d(k) denote the dimension of the space of homogeneous harmonic polynomials of
degree k over Rn, namely the set of polynomials P of the form

P(x) =
J∑

j=0

c j xα j , ∆P(x) = 0,

with J ∈ N and α j a multi-index such that |α j|= k for any j ∈ {0, . . . , J}. In particular, d(0) = 1

and d(1) = n. The spherical harmonics of degree k are the collection Sk =
{
Yi

k

}d(k)

i=1
, obtained as

the restriction to ∂B of an orthonormal basis (with respect to the inner product on ∂B) of the
homogeneous polynomials of degree k on Rn (notice that, therefore, Y1

0 = |∂B|−1/2). One can
prove that {Sk}k∈N is an orthonormal basis for L2(∂B). For a given u: ∂B→ R of class L2, let us
denote by ai

k(u) the Fourier coefficient of u corresponding to Yi
k, namely ai

k(u) =
∫
∂B u(x)Yi

k(x) dx.
Then, we can write

u(x) =
∑
k∈N

d(k)∑
i=1

ai
k(u)Yi

k(x),

and

∥u∥2L2(∂B) =
∑
k∈N

d(k)∑
i=1

ai
k(u)2,

∫
∂B

u(x) dσ =
∑
k∈N

d(k)∑
i=1

ai
k(u) = |∂B|

1
2 a1

0(u).
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Moreover, following [12], we have that

(2.1) [u]2

H
1+α

2 (∂B)
=

∞∑
k=0

d(k)∑
i=1

λk,α ai
k(u)2,

where

(2.2) λk,α =
21−απ

n−1
2

1 + α

Γ
(

1−α
2

)
Γ
(

n+α
2

)  Γ
(
k + n+α

2

)
Γ
(
k + n−2−α

2

) − Γ (n+α
2

)
Γ
(

n−2−α
2

) ,
and Γ is the Euler Gamma function.

From now on, and for the rest of the paper, we will consider sets E that are graph perturba-
tions of the unit ball B of some function u ∈ C1(∂B). Recalling definition (1.4), this means that
sets we will consider are of the form

E B {λ(1 + u(x))x:λ ∈ [0, 1], x ∈ ∂B}.

When u is given, we will call such a set Eu.
In the following lemma we show that, for any function u with the property that the perturbed

set Eu has its barycenter at the origin and the same volume as the unit ball, the coefficients
a0

0(u) and ai
1(u) for 0 ≤ i ≤ n can be controlled by the square of the L2-norm of u.

Lemma 2.1. Let u ∈ L∞(∂B) with ∥u∥∞≤ 1/2. There exist constants C0(n),C1(n) > 0 such that
(i) If |Eu|= |B|, then

∣∣∣a1
0(u)

∣∣∣ ≤ C0(n)∥u∥2
L2 ;

(ii) If Eu has barycenter in the origin, then
∣∣∣ai

1(u)
∣∣∣ ≤ C1(n)∥u∥2

L2 , for any 1 ≤ i ≤ n.

Proof. We prove (i). Assume that |Eu|= |B| and recall that

(2.3)
∫
∂B

(1 + u)n dσ = n|Eu|= n|B|= Hn−1(∂B).

We consider the function

f (t) =
∫
∂B

[(1 + tu(x))n
− 1] dσ.

Expanding f via Taylor near t = 0, we obtain

f (1) = n
∫
∂B

u(x)dσ +
n(n − 1)

2

∫
∂B

(1 + λu(x))n−2u(x)2dσ,

for a certain λ ∈ (0, 1). By (2.3) we have f (1) = 0, therefore∫
∂B

u(x)dσ = −
n − 1

2

∫
∂B

(1 + λu(x))n−2u(x)2dσ.

From this we deduce∣∣∣a1
0(u)

∣∣∣ = 1

|∂B|
1
2

∣∣∣∣∣∫
∂B

u(x) dσ
∣∣∣∣∣ ≤ (n − 1)

2|∂B|
1
2

(1 + ∥u∥∞)n−2
∥u∥2L2≤ C0(n)∥u∥2L2 .

Analogously, we prove (ii). Assume that the barycenter of Eu is in the origin, that is
∫

Eu
x dx = 0.

For any i ∈ d(1), one has

(2.4) 0 = bari(Eu) =
1

n + 1

∫
∂B

xi(1 + u(x))n+1 dσ.
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As before, consider the function

f (t) =
∫
∂B

xi(1 + tu(x))n+1 dσ,

and expand it via Taylor near t = 0. We obtain

0 = f (1) = (n + 1)
∫
∂B

xi u(x) dσ +
n(n + 1)

2

∫
∂B

xi(1 + λu(x))n−1u(x)2dσ.

Hence, ∣∣∣∣∣∫
∂B

xi u(x) dσ
∣∣∣∣∣ = ∣∣∣∣∣n2

∫
∂B

xi(1 + λu(x))n−1u(x)2dσ
∣∣∣∣∣ ≤ C(n)∥u∥2L2 .

Finally, by definition, for any 0 ≤ i ≤ n, the spherical harmonic of degree one Yi
1 is such that

Yi
1(x) = c(n)xi. Therefore, ∣∣∣ai

1(u)
∣∣∣ = ∣∣∣∣∣∫

∂B
Yi

1(x) u(x) dσ
∣∣∣∣∣ ≤ C1(n)∥u∥2L2 . □

3. Asymptotics of the fractional perimeter near the ball
In this section we explicitly compute the first and second variations of the functional of the

fractional perimeter Pα, which we use to derive the corresponding variations of the functional
F near the unit ball. All the formulas of this section hold under the minimal assumptions of
u ∈ H

1+t
2 and ∥u∥∞≤ 1

2 . The first assumption guarantees that Pα(u) < ∞, and the second that Eu
is a well-defined set. With a slight abuse of notation we define the functional Pα(u) B Pα(Eu)
for α ∈ (0, 1) and F (u) B F (Eu).

First, using polar coordinates and rearranging terms (see [12]), we can represent the α-
Perimeter of a nearly spherical set as follows

Pα(u) =
Pα(B)
P(B)

∫
∂B

(1 + u)n−αdσ

+
1
2

∫
∂B×∂B

(∫ u(x)

u(y)

∫ u(x)

u(y)
F|x−y|(1 + r, 1 + ρ) dr dρ

)
dσx dσy,

(3.1)

where

(3.2) F|x−y|(r, ρ) =
(rρ)n−1

|rx − ρy|n+α
=

(rρ)n−1

((r − ρ)2 + rρ|x − y|2)
n+α

2
.

3.1 First variation of Pα. The first variation of Pα(u) has already been computed in [7, Lemma
2.1]. We include the computation here for completeness. Recall that, for any φ ∈ C1(∂B)

δPα(u)[φ] =
d

dλ

∣∣∣∣
λ=0

Pα(u + λφ).

By differentiating the first term in (3.1) under the integral sign, we obtain

d
dλ

∣∣∣∣
λ=0

Pα(B)
P(B)

∫
∂B

(1 + u(x) + λφ(x))n−α dσ =
Pα(B)
P(B)

(n − α)
∫
∂B
φ(x)(1 + u(x))n−α−1 dσ.
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For the second term in (3.1),

1
2
∂
∂λ

∣∣∣∣
λ=0

∫
∂B×∂B

( ∫ u(x)+λφ(x)

u(y)+λφ(y)

∫ u(x)+λφ(x)

u(y)+λφ(y)
F|x−y|(1 + r, 1 + ρ)dρ dr

)
dσxdσy

=
1
2

∫
∂B×∂B

(∫ u(x)

u(y)

(
φ(x)F|x−y|(1 + r, 1 + u(x)) − φ(y)F|x−y|(1 + r, 1 + u(y))

)
dr

)
dσx dσy

+
1
2

∫
∂B×∂B

(∫ u(x)

u(y)

∂
∂λ

∣∣∣∣
λ=0

∫ u(x)+λφ(x)

u(y)+λφ(y)
F|x−y|(1 + r, 1 + ρ)dρ

)
dσx dσy

=
1
2

∫
∂B×∂B

(∫ u(x)

u(y)

(
φ(x)F|x−y|(1 + r, 1 + u(x)) − φ(y)F|x−y|(1 + r, 1 + u(y))

)
dr

)
dσx dσy

+
1
2

∫
∂B×∂B

(∫ u(x)

u(y)

(
φ(x)F|x−y|(1 + u(x), 1 + ρ) − φ(y)F|x−y|(1 + u(y), 1 + ρ)

)
dρ

)
dσx dσy

=2
∫
∂B×∂B

(∫ u(x)

u(y)
φ(x)F|x−y|(1 + r, 1 + u(x))dr

)
dσx dσy.

The last equality follows from the symmetries of the domain ∂B × ∂B and of the function F,
namely

F|x−y|(r, ρ) = F|x−y|(ρ, r) = F|y−x|(r, ρ).

Hence,

δPα(u)[φ] =(n − α)
Pα(B)
P(B)

∫
∂B
φ(x)(1 + u(x))n−α−1 dσ

+ 2
∫
∂B×∂B

(∫ u(x)

u(y)
φ(x)F|x−y|

(
1 + u(x), 1 + ρ

)
dρ

)
dσx dσy.

(3.3)

3.2 Second variation of Pα. By differentiating (3.3), for any φ,ψ ∈ C1(∂B) we obtain

δ2Pα(u)[φ,ψ] = (n − α)(n − α − 1)
Pα(B)
P(B)

∫
∂B
φ(x)ψ(x)(1 + u(x))n−α−2 dσ

+ 2
∫
∂B×∂B

(
φ(x)ψ(x)F|x−y|(1 + u(x), 1 + u(x)) − φ(x)ψ(y)F|x−y|(1 + u(y), 1 + u(x))

)
dσx dσy

+ 2
∫
∂B×∂B

φ(x)ψ(x)
(∫ u(x)

u(y)
∂1F|x−y|(1 + u(x), 1 + ρ)dρ

)
dσx dσy.

(3.4)

3.3 First variation of F . Recalling the expression of F in (1.3), we obtain

δF (u)[φ] =
1

n − t
Pt(u)

1
n−t−1

Ps(u)
1

n−s

δPt(u)[φ] −
1

n − s
Pt(u)

1
n−t

Ps(u)
1

n−s−1
δPs(u)[φ]

= F (u)
(
δPt(u)[φ]

(n − t)Pt(u)
−

δPs(u)[φ]
(n − s)Ps(u)

)
.

(3.5)
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We observe that the unit ball is a critical point of this functional. Indeed, setting u = 0, equation
(3.3) reduces to

(3.6) δPα(0)[φ] = (n − α)
Pα(B)
P(B)

∫
∂B
φ(x).

Substituting (3.6) into (3.5), we obtain that

(3.7) δF (0)[φ] = 0,

for every φ ∈ C1(∂B).

3.4 Second variation of F . Differentiating equation (3.5), we get

δ2
F (u)[φ,ψ] = F (u)

(
δPt(u)[φ]

(n − t)Pt(u)
−

δPs(u)[φ]
(n − s)Ps(u)

) (
δPt(u)[ψ]

(n − t)Pt(u)
−

δPs(u)[ψ]
(n − s)Ps(u)

)
+ F (u)

(
δ2Pt(u)[φ,ψ]
(n − t)Pt(u)

−
δ2Ps(u)[φ,ψ]
(n − s)Ps(u)

−
δPt(u)[φ] δPt(u)[ψ]

(n − t)Pt(u)2 +
δPs(u)[φ] δPs(u)[ψ]

(n − s)Ps(u)2

)
.

(3.8)

Evaluating equation (3.4) at u = 0 and ψ = φ, we get

(3.9) δ2Pα(0)[φ,φ] = (n − α)(n − α − 1)
Pα(B)
P(B)

∥φ∥2L2+[φ]2

H
1+α

2
≤ C(n, α)∥φ∥2

H
1+α

2
,

where C(n, α) is a constant depending only on n and α. Then, substituting (3.6) and (3.9) in
(3.8) we get

δ2
F (0)[φ,φ] = F (0)


[φ]2

H
1+t

2 (∂B)

(n − t)Pt(B)
−

[φ]2

H
1+s

2 (∂B)

(n − s)Ps(B)
− (t − s)

?
∂B
φ2
−

(?
∂B
φ

)2
 .(3.10)

4. Coercivity of the second variation of F
The main result is a coercivity result for F (Proposition 4.1). Our proof is based on an

explicit computation using the decomposition of u into spherical harmonics.

Proposition 4.1. Let u ∈ H
1+t

2 (∂B) with ∥u∥∞≤ 1
2 be such that |Eu|= |B| and bar(Eu) = 0. Then there

exist two constants c = c(n, s, t) > 0, and ε0 = ε0(n) such that, if ∥u∥L2≤ ε0,

(4.1)
1
2
δ2
F (0)[u, u] ≥ c ∥u∥2

H
1+t

2
.

Remark 4.2. Similarly to what was said in Remark 1.5, the constraints on the volume and
barycenter in Proposition 4.1 are necessary to ensure coercivity, as the quadratic form δ2

F (0)[u, u]
is otherwise only positive semidefinite. These specific constraints are preferred due to their
clear geometric interpretation.

Remark 4.3. The coercivity of the α-Perimeter functional for α ∈ (0, 1) with respect to the
H

1+α
2 -norm was established in [12, Theorem 2.1]. In our setting ∥ · ∥

H
1+t

2
remains the natural

and optimal norm for the coercivity of the functional F .
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Proof. Step 1 In this step we want to rewrite (3.10): we will make use of the expression of Sobolev
norms of a function in terms of its harmonic coefficients. For the Gagliardo seminorm, recall
that (see section 2)

(4.2) [u]2

H
1+α

2
=

∑
k≥1

λk,α

d(k)∑
i=0

ai
k(u)2,

where

(4.3) λk,α =
21−απ

n−1
2

1 + α

Γ
(

1−α
2

)
Γ
(

n+α
2

)  Γ
(
k + n+α

2

)
Γ
(
k + n−α−2

2

) − Γ (n+α
2

)
Γ
(

n−2−α
2

) .
We also recall that (see [17])

(4.4) Pα(B) =
21−απ

n−1
2 nωnΓ

(
1−α

2

)
α(n − α)Γ

(
n−α

2

) ,

where ωn = |B|= P(B)/n. Moreover it holds

(4.5)
?

u2
−

(?
u
)2

=
1

nωn

∑
k≥0

d(k)∑
i=0

ai
k(u)2

−
1

n2ω2
n

a0
0(u)2.

We now substitute (4.2) and (4.5) in (3.10) and isolate the coefficients of degree k = 0 and k = 1:
defining

Aα,k B
λk,α

(n − α)Pα(B)
,

and noticing that

−
t − s
nωn

+
λ1,t

(n − t)Pt(B)
−

λ1,s

(n − s)Ps(B)
=

1
nωn

(
−(t − s) + At,1 − As,1

)
= 0,

we obtain

δ2
F (0)[u, u]
F (0)

=
∑
k≥2

(
−

t − s
nωn

+
λk,t

(n − t)Pt(B)
−

λk,s

(n − s)Ps(B)

) d(k)∑
i=0

ai
k(u)2

+

(
−

t − s
nωn

+
λ1,t

(n − t)Pt(B)
−

λ1,s

(n − s)Ps(B)

) d(k)∑
i=0

ai
1(u)2 +

t − s
n2ω2

n
a0

0(u)2

=
∑
k≥2

∑d(k)
i=0 ai

k(u)2

nωn

(
−(t − s) + At,k − As,k

)
+

t − s
n2ω2

n
a0

0(u)2

≥

∑
k≥2

∑d(k)
i=0 ai

k(u)2

nωn

(
−(t − s) + At,k − As,k

)
.

(4.6)
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To conclude this step, notice that the coefficients Aα,k can be written just in terms of the Euler’s
Γ function using (4.3) and (4.4):

(4.7) Aα,k =
α

α + 1
n − α − 2

2

Γ
(

n−α−2
2

)
Γ
(

n+α
2

) Γ
(
k + n+α

2

)
Γ
(
k + n−2−α

2

) − 1

 ,
and that

Aα,k+1 − Aα,k =
α

α + 1
n − α − 2

2nωn

Γ
(

n−α−2
2

)
Γ
(
k + n−2−α

2

) Γ (k + n+α
2

)
Γ
(

n+α
2

)  k + n+α
2

k + n−2−α
2

− 1


=

α
nωn

n + α
2k + n − 2 − α

k−1∏
j=1

j + n+α
2

j + n−α−2
2

.

(4.8)

Step 2 We claim that there exists a constant c1 = c1(n, s, t) ∈ (0, 1) such that, for any λ > c1, it
holds

(4.9) −(t − s) + λAt,2 − As,2 > 0.

By (4.7), we have

Aα,2 =
α

α + 1
n − α − 2

2

Γ
(

n−α−2
2

)
Γ
(

n+α
2

) Γ
(
2 + n+α

2

)
Γ
(
2 + n−2−α

2

) − 1

 = α
α + 1

n − α − 2
2

 n+α
2

(
n+α

2 + 1
)

n−2−α
2

(
n−2−α

2 + 1
) − 1


=

α
α + 1

n − α − 2
2

4n(α + 1)
(n − α)(n − α − 2)

=
2nα

(n − α)
.

Therefore,

−(t − s) + At,2 − As,2 = (t − s)
(
−1 +

2n2

(n − t)(n − s)

)
= (t − s)

n2 + n(t + s) − ts
(n − t)(n − s)

=
t − s
2nt

n2 + n(t + s) − ts
n − s

At,2 C (1 − c1) At,2,

where c1 = c1(n, s, t) ∈ (0, 1). This implies, for any λ > c1,

−(t − s) + λAt,2 − As,2 > −(t − s) + c1At,2 − As,2 = 0,

proving (4.9).
Step 3 We claim that there exists a constant c0 = c0(n, s, t) ∈ (0, 1) such that, for every k ≥ 2,

(4.10) −(t − s) + c0At,k − As,k > 0.

First, we prove that there exists c2 = c2(n, s, t) < 1 such that, for any λ ≥ c2 and for each k ≥ 2
we have

(4.11) −(t − s) + λAt,k − As,k > −(t − s) + λAt,2 − As,2.
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This can be deduced by showing that for each k ≥ 2 we have

As,k+1 − As,k

At,k+1 − At,k
< c2 < 1.

To verify this, recall (4.8) and observe that

As,k+1 − As,k

At,k+1 − At,k
=

s(n + s)
t(n + t)

P(s, k)
P(t, k)

2k + n − 2 − t
2k + n − 2 − s

<
s(n + s)
t(n + t)

C c2 < 1,

where

P(α, k) B
k−1∏
j=1

j + n+α
2

j + n−α−2
2

.

Therefore (4.11) is proved. On the other hand, (4.9) provides the existence of a constant
0 < c1(n, s, t) < 1 such that −(t − s) + λAt,2 − As,2 > 0 for any λ ≥ c1. It is therefore sufficient to
take λ = c0(n, s, t) B max {c1, c2} in (4.11) in order to obtain

−(t − s) + c0At,k − As,k ≥ −(t − s) + c1At,2 − As,2 > 0,

namely to prove (4.10). Notice that c0 = c0(n, s, t) ∈ (0, 1).
Step 4. We prove (4.1): we apply to (4.6), in order, (4.10), the fact that At,0 = 0 and At,1 = t,

and Lemma 2.1, to obtain

δ2
F (0)[u, u] ≥

F (0)
nωn

∑
k≥2

(−(t − s) + At,k − As,k)
d(k)∑
i=0

ai
k(u)2

≥
F (0)
nωn

(1 − c0)
∑
k≥2

At,k

d(k)∑
i=0

ai
k(u)2


=
F (0)
nωn

(1 − c0)
∑
k≥0

At,k

d(k)∑
i=0

ai
k(u)2

− (1 − c0)

a0
0(u)2At,0 +

d(1)∑
i=0

ai
1(u)2At,1




=
F (0)
nωn

(1 − c0)
∑
k≥0

At,k

d(k)∑
i=0

ai
k(u)2

− (1 − c0)t
d(1)∑
i=0

ai
1(u)2


≥
F (0)
nωn

[
(1 − c0)∥u∥2

H
1+t

2
−(1 − c0)tC1(n)∥u∥4L2

]
≥

(1 − c0)
2nωn

F (0)∥u∥2
H

1+t
2
C c∥u∥2

H
1+t

2
,

(4.12)

provided ∥u∥L2≤

(
1

2C1(n)

) 1
2 C ε0, where C1(n) is the constant appearing in Lemma 2.1. □

Remark 4.4. We remark that the factor c B 1−c0
2nωn

is bounded away from zero whenever s < t,
also in the regimes s < t ≈ 1 and 0 ≈ s < t: this follows by the fact that

c =
1

2nωn
min

{
1 −

s(n + s)
t(n + t)

,
t − s
n − s

n2 + n(t + s) − ts
2nt

}
for any 0 < s < t < 1. From this, we also deduce that, when s ≈ t, it holds (1 − c0) ≈ (t − s).
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5. Continuity of the second variation of F
In this section we estimate the continuity of the second variation of F along rays and near

the origin, that is, for u ∈ C1 with ∥u∥∞< 1
2 ,

(5.1)
∣∣∣δ2
F (u)[u, u] − δ2

F (0)[u, u]
∣∣∣ ≤ C ∥u∥C1∥u∥2

H
1+t

2
,

where C is a constant depending only on s, t and n (Proposition 5.8). This estimate allows
us to bound the third-order remainder term in the Taylor expansion of F around u = 0.
As an intermediate result, we establish an estimate analogous to (5.1) with Pα in place of
F (Proposition 5.1). As a byproduct, Proposition 5.1 implies an Alexandrov-type estimate
contained in [7], as we show in Remark 5.7.

Proposition 5.1. If u ∈ C1(∂B) with ∥u∥C1< 1/2, and α ∈ (0, 1), there exists C = C(n, α) > 0 such
that

(5.2)
∣∣∣δ2Pα(u)[u, u] − δ2Pα(0)[u, u]

∣∣∣ ≤ C ∥u∥C1∥u∥2
H

1+α
2
.

Moreover, for any |λ|≤ 1,

(5.3)
∣∣∣δ2Pα(λu)[u, u]

∣∣∣ ≤ C ∥u∥2
H

1+α
2
.

Proof. Throughout this proof, C denotes a positive constant depending only on n and α, and
may change from line to line.

Observe that (5.3) follows from (5.2). First, for λ = 0 (5.3) follows directly from (3.9). For
λ , 0, using again (3.9), we have∣∣∣δ2Pα(λu)[u, u]

∣∣∣ ≤ 1
λ2

∣∣∣δ2Pα(λu)[λu, λu] − δ2Pα(0)[λu, λu]
∣∣∣ + ∣∣∣δ2Pα(0)[u, u]

∣∣∣
≤ C

1
λ2 ∥λu∥C1∥λu∥2

H
1+α

2
+C∥u∥2

H
1+α

2
≤ C∥u∥2

H
1+α

2
.

Now we prove (5.2). We divide the proof into four lemmas: in the first, we rewrite the
expression we want to estimate:

Lemma 5.2. It holds

(5.4) δ2Pα(u)[u, u] − δ2Pα(0)[u, u] = E1 + E2 + E3 + E4,

where

E1 B (n − α)(n − α − 1)
Pα(B)
P(B)

∫
∂B

(
(1 + u(x))n−α−2

− 1
)

u(x)2 dσ,

E2 B 2
∫
∂B×∂B

(u(x)2
− u(x)u(y))

(
F|x−y|(1 + u(x), 1 + u(y)) −

1
|x − y|n+α

)
dσx dσy,

E3 B 2
∫
∂B×∂B

(u(x)2
− u(x)u(y))

(∫ u(x)

u(y)
∂1F|x−y|(1 + u(x), 1 + ρ) + ∂2F|x−y|(1 + u(x), 1 + ρ) dρ

)
dσx dσy,

E4 B

∫
∂B×∂B

u(x)u(y)
(∫ u(x)

u(y)
G|x−y|(1 + u(x), 1 + ρ) − G|x−y|(1 + u(y), 1 + ρ) dρ

)
dσx dσy,

and

(5.5) G|x−y|(1 + u(x), 1 + ρ) B ∂1F|x−y|(1 + u(x), 1 + ρ) + ∂2F|x−y|(1 + u(x), 1 + ρ).
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Proof. Recalling (3.4) we can write

δ2Pα(u)[u, u] − δ2Pα(0)[u, u] = E1 + E0,

where

E1 = (n − α)(n − α − 1)
Pα(B)
P(B)

∫
∂B

(
(1 + u(x))n−α−2

− 1
)

u(x)2 dσ,

E0 = 2
∫
∂B×∂B

[
u(x)2F|x−y|(1 + u(x), 1 + u(x)) − u(x)u(y)F|x−y|(1 + u(y), 1 + u(x))

]
dσxdσy

− 2
∫
∂B×∂B

(u(x)2
− u(x)u(y))

1
|x − y|n+α

dσxdσy

+ 2
∫
∂B×∂B

u(x)2
(∫ u(x)

u(y)
∂1F|x−y|(1 + u(x), 1 + ρ) dρ

)
dσxdσy.

By writing F|x−y|(1 + u(x), 1 + u(x)) = F|x−y|(1 + u(x), 1 + u(y)) +
∫ u(y)

u(x) ∂2F|x−y|(1 + u(x), 1 + ρ) dρ,
and adding and subtracting the term

2
∫
∂B×∂B

u(x)u(y)
∫ u(x)

u(y)
∂1F|x−y|(1 + u(x), 1 + ρ) + ∂2F|x−y|(1 + u(x), 1 + ρ) dρ,

we have

E0 =2
∫
∂B×∂B

(u(x)2
− u(x)u(y))

(
F|x−y|(1 + u(x), 1 + u(y)) −

1
|x − y|n+α

)
dσxdσy

+ 2
∫
∂B×∂B

(u(x)2
− u(x)u(y))

(∫ u(x)

u(y)
∂1F|x−y|(1 + u(x), 1 + ρ) + ∂2F|x−y|(1 + u(x), 1 + ρ) dρ

)
dσxdσy

+ 2
∫
∂B×∂B

u(x)u(y)
(∫ u(x)

u(y)
∂1F|x−y|(1 + u(x), 1 + ρ) + ∂2F|x−y|(1 + u(x), 1 + ρ) dρ

)
dσxdσy

=E2 + E3 + E4,

where we used in the last line the symmetry of the integrals with respect to the variables x and
y. □

In the following lemma, we estimate the first three terms in the right hand side of (5.4):

Lemma 5.3. For i = 1, 2, 3, it holds

|Ei| ≤ C∥u∥C1[u]2

H
1+α

2
.

Proof. Regarding E1, we observe that

(5.6) |E1|= (n − α)(n − α − 1)
Pα(B)
P(B)

∫
∂B

(
(1 + u(x))n−α−2

− 1
)

u(x)2 dσ ≤ C∥u∥∞∥u∥2L2 .

In order to estimate E2, notice that∣∣∣∣∣F|x−y|(1 + u(x), 1 + u(y)) −
1

|x − y|n+α

∣∣∣∣∣ ≤ C
∥u∥C1

|x − y|n+α
.
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Indeed, arguing as in [7, Lemma 2.2], one can write

F|x−y|(1 + u(x), 1 + u(y)) =
(1 + (n − 1)u(x) +O(u2(x)))(1 + (n − 1)u(y) +O(u2(y)))

((u(x) − u(y))2 + (1 + u(x))(1 + u(y))|x − y|2)
n+α

2

=
1 + (n − 1)(u(x) + u(y)) + O(u2(x) + u2(y))

|x − y|n+α
((u(x)−u(y)

|x−y|

)2
+ (1 + u(x))(1 + u(y))

) n+α
2

=
1 + (n − 1 − n+α

2 )(u(x) + u(y))
|x − y|n+α

−
n + α

2
(u(x) − u(y))2

|x − y|n+α+2 +O

(
(u(x) − u(y))2

|x − y|2
+ u2(x) + u2(y)

)
.

From this we deduce that∣∣∣∣∣F|x−y|(1 + u(x), 1 + u(y)) −
1

|x − y|n+α

∣∣∣∣∣ ≤ C∥u∥C1

|x − y|n+α
.

Therefore, symmetrizing the double integral over the sphere and recalling that the function
(x, y) 7→ F|x−y|(1 + u(x), 1 + u(y)) is symmetric,

|E2| =

∣∣∣∣∣∣2
∫
∂B×∂B

(u(x)2
− u(x)u(y))

(
F|x−y|(1 + u(x), 1 + u(y)) −

1
|x − y|n+α

)
dσxdσy

∣∣∣∣∣∣
=

∫
∂B×∂B

(u(x) − u(y))2
∣∣∣∣∣F|x−y|(1 + u(x), 1 + u(y)) −

1
|x − y|n+α

∣∣∣∣∣ dσxdσy ≤ C∥u∥C1[u]2

H
1+α

2
.

For the term E3, recalling (3.2), we have that

∂1F|x−y|(a, b) =
an−1bn−1

((a − b)2 + ab|x − y|2)
n+α

2

(
n − 1

a
−

n + α
2

2(a − b) + b|x − y|2

((a − b)2 + ab|x − y|2)

)
,

for any a, b > 0. Notice that, by symmetry, ∂2F|x−y|(a, b) = ∂1F|x−y|(b, a). Therefore

G|x−y|(a, b) = ∂1F|x−y|(a, b) + ∂1F|x−y|(b, a)

=
an−1bn−1

|x − y|n+α
(

(a−b)2

|x−y|2 + ab
) n+α

2

(n − 1)
a + b

ab
−

n + α

2
(

(a−b)2

|x−y|2 + ab
) (a + b)

 .
Thus ∥∥∥G|x−y|(1 + u(x), 1 + ρ)

∥∥∥
∞
≤ C

1
|x − y|n+α

.

We hence deduce the following bound:

(5.7) |E3|≤

∫
∂B×∂B

|u(x)||u(x) − u(y)|2 ∥G|x−y|(1 + u(x), 1 + ρ)∥∞ dσxdσy ≤ C∥u∥∞[u]2

H
1+α

2
.

□

The last two lemmas are used to estimate the term |E4|. In Lemma 5.4 we decompose this
term in two terms, controlling the first one as desired. The second one, instead, will be the
object of Lemma 5.5.
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Lemma 5.4. For any u ∈ C1(∂B) with ∥u∥C1< 1, it holds

|E4| ≤ C∥u∥2∞[u]2

H
1+α

2
+

∫
∂B×∂B

u(x)u(y)
u(x) − u(y)
|x − y|n+α

h(u(x), u(y),n, α) dσxdσy,(5.8)

where h is an explicit function.

Proof. Letting σ B 1 + u(x)+u(y)
2 , δ B u(y)−u(x)

2 , t = 2ρ−u(x)−u(y)
u(y)−u(x) , and recalling (5.5), we have∫ u(x)

u(y)
[G(1 + u(x), 1 + ρ) − G(1 + u(y), 1 + ρ)] dρ

=

∫ 1

−1
[G(σ − δ, tδ + σ) − G(σ + δ, tδ + σ)] δ dt

=

∫ 1

−1
δ

(σ − δ)n−1(tδ + σ)n−1

D
n+α

2
1

[
(n − 1)

2σ + (t − 1)δ
(σ − δ)(σ + tδ)

−
n + α

2
2σ + (t − 1)δ

D1
|x − y|2

]
dt

−

∫ 1

−1
δ

(σ + δ)n−1(tδ + σ)n−1

D
n+α

2
2

[
(n − 1)

2σ + (t + 1)δ
(σ + δ)(σ + tδ)

−
n + α

2
2σ + (t + 1)δ

D2
|x − y|2

]
dt,

(5.9)

where, for the sake of clarity, we defined

D1 B (t + 1)2δ2 + (σ − δ)(tδ + σ)|x − y|2,

D2 B (t − 1)2δ2 + (σ + δ)(tδ + σ)|x − y|2.
(5.10)

Now, in (5.9), we can group together the terms with a factor δ2 and those with a factor δ, which
will contribute to give, respectively, the first and the second term in the right hand side of (5.8).
Namely, we can write

(5.11)
∫ u(x)

u(y)
[G|x−y|(1 + u(x), 1 + ρ) − G|x−y|(1 + u(y), 1 + ρ)] dρ = G1 + G2

where

G1 =δ
2
∫ 1

−1

(σ − δ)n−1(tδ + σ)n−1

D
n+α

2
1

(t − 1)
[ n − 1
(σ − δ)(σ + tδ)

−
n + α
2D1

|x − y|2
]

dt

− δ2
∫ 1

−1

(σ + δ)n−1(tδ + σ)n−1

D
n+α

2
2

(t + 1)
[ n − 1
(σ + δ)(σ + tδ)

−
n + α
2D2

|x − y|2
]

dt,

G2 =δ

∫ 1

−1

(σ − δ)n−1(tδ + σ)n−1

D
n+α

2
1

2σ
[ n − 1
(σ − δ)(σ + tδ)

−
n + α
2D1

|x − y|2
]

dt

− δ

∫ 1

−1

(σ + δ)n−1(tδ + σ)n−1

D
n+α

2
2

2σ
[ n − 1
(σ + δ)(σ + tδ)

−
n + α
2D2

|x − y|2
]

dt.

(5.12)

Recalling that δ = 1
2 (u(y) − u(x)) and observing that, by (5.10)

D1 ≥ (σ − δ)(tδ + σ)|x − y|2= (1 + u(x))(1 + ρ)|x − y|2≥ (1 − ∥u∥∞)2
|x − y|2,
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and the same holds for D2, one can deduce that

G1 ≤
|u(x) − u(y)|2

|x − y|n+α
C.

On the other hand,

G2 =
u(x) − u(y)
|x − y|n+α

h(u(x), u(y),n, α),

where

h(u(x), u(y),n, α) =
∫ 1

−1

(σ − δ)n−1(tδ + σ)n−1

D
n+α

2
1

2σ|x − y|n+α
[ n − 1
(σ − δ)(σ + tδ)

−
n + α
2D1

|x − y|2
]

dt

−

∫ 1

−1

(σ + δ)n−1(tδ + σ)n−1

D
n+α

2
2

2σ|x − y|n+α
[ n − 1
(σ + δ)(σ + tδ)

−
n + α
2D2

|x − y|2
]

dt.

(5.13)

□

We proceed to estimate the remaining term in (5.8):

Lemma 5.5. For h defined as in (5.13), it holds

h ≤ C|u(x) − u(y)|.

In particular, we deduce
|E4|≤ C∥u∥2∞[u]2

H
1+α

2
.

Proof. We need to show that the term h as described in (5.13) can in turn be estimated as

(5.14) h ≤ C|δ|.

To see this, we first split h in two parts, namely we write

(5.15) h = 2σ(n − 1)|x − y|n+αγ1 + σ(n + α)|x − y|n+αγ2,

where

γ1 =

∫ 1

−1

(σ − δ)n−2(tδ + σ)n−2

D
n+α

2
1

dt −
∫ 1

−1

(σ + δ)n−2(tδ + σ)n−2

D
n+α

2
2

dt,

γ2 = −

∫ 1

−1

(σ − δ)n−1(tδ + σ)n−1

D
n+α

2 +1
1

|x − y|2 dt +
∫ 1

−1

(σ + δ)n−1(tδ + σ)n−1

D
n+α

2 +1
2

|x − y|2 dt.

We deal first with the term γ1: recalling the definition (5.10), we can add and subtract the
terms

A1 B

∫ 1

−1

(σ + δ)n−2(tδ + σ)n−2

((t + 1)2δ2 + (σ + δ)(tδ + σ)|x − y|2)
n+α

2
dt,

A2 B

∫ 1

−1

(σ + δ)n−2(−tδ + σ)n−2

((−t + 1)2δ2 + (σ + δ)(−tδ + σ)|x − y|2)
n+α

2
dt,
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and write

γ1 =

∫ 1

−1

(σ − δ)n−2(tδ + σ)n−2

D
n+α

2
1

dt − A1

+ A1 − A2

+ A2 −

∫ 1

−1

(σ + δ)n−2(tδ + σ)n−2

D
n+α

2
2

dt.

We first notice that, by symmetry, A1 − A2 = 0.
Then, we treat the term

B1 B

∫ 1

−1

(σ − δ)n−2(tδ + σ)n−2

D
n+α

2
1

dt − A1

=

∫ 1

−1

[ (σ − δ)n−2(tδ + σ)n−2

((t + 1)2δ2 + (σ − δ)(tδ + σ)|x − y|2)
n+α

2

−
(σ + δ)n−2(tδ + σ)n−2

((t + 1)2δ2 + (σ + δ)(tδ + σ)|x − y|2)
n+α

2

]
dt.

(5.16)

Introduce the function

(5.17) g(x) B
xn−2k

(c + xm)
n+α

2
,

where k = (tδ + σ)n−2, c = (t + 1)2δ2, m = (tδ + σ)|x − y|2, so that B1 =
∫ 1
−1

[
g(σ − δ) − g(σ + δ)

]
.

Using |g(x1) − g(x2)|≤ sup(x1,x2)|g
′
||x1 − x2|, we can estimate

|g(σ + δ) − g(σ − δ)|≤ sup
x∈(σ−δ,σ+δ)

∣∣∣∣ d
dx

xn−2k

(c + xm)
n+α

2

∣∣∣∣2|δ|
=2|δ| sup

x∈(σ−δ,σ+δ)

∣∣∣∣ (n − 2)xn−3k

(c + xm)
n+α

2
−

n + α + 2
2

xn−2km

(c + xm)
n+α

2 +1

∣∣∣∣
≤

C
|x − y|n+α

|δ|.

Therefore

|B1|=

∣∣∣∣∣∣
∫ 1

−1
g(σ + δ) − g(σ − δ) dt

∣∣∣∣∣∣ ≤ C
|δ|

|x − y|n+α
.

Similarly, in order to estimate

B3 B A2 −

∫ 1

−1

(σ + δ)n−2(tδ + σ)n−2

D
n+α

2
2

dt

=

∫ 1

−1

 (σ + δ)n−2(−tδ + σ)n−2

((−t + 1)2δ2 + (σ + δ)(−tδ + σ)|x − y|2)
n+α

2
dt −

(σ + δ)n−2(tδ + σ)n−2

((t − 1)2δ2 + (σ + δ)(tδ + σ)|x − y|2)
n+α

2

 dt,
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we can use the same auxiliary function introduced in (5.17), with k = (σ+ δ)n−2, c = (−t+ 1)2δ2

and m = (σ + δ)|x − y|2. In this way, we get

|B3| ≤ C
|δ|

|x − y|n+α
,

and hence

(5.18) |γ1|≤ |δ|C.

To conclude, we notice that one can adapt the estimates used to obtain (5.18) for γ2 by
repeating verbatim the argument, which in turn gives

(5.19) |γ2|≤ |δ|C.

Recalling (5.15), by estimates (5.18) and (5.19) we deduce (5.14), which provides the desired
estimate on the term E4:

|E4| ≤ C∥u∥2∞[u]2

H
1+α

2
+

∫
∂B×∂B

u(x)u(y)
u(x) − u(y)
|x − y|n+α

h(u(x), u(y),n, α) dσxdσy

≤ C∥u∥2∞[u]2

H
1+α

2
+ C

∫
∂B×∂B

u(x)u(y)
|u(x) − u(y)|2

|x − y|n+α
dσxdσy

≤ C ∥u∥2∞[u]2

H
1+α

2
.

This concludes the proof of Lemma 5.5 and hence of Proposition 5.1.

□

Remark 5.6. Notice that the constant C(n, α) in Proposition 5.1 is finite as α→ 0 or α→ 1.

Remark 5.7. Before continuing our discussion, let us mention that Proposition 5.1 implies
Theorem 0.3 obtained in [7]: indeed, on the one hand, if ∥u∥C1 is small enough (and hence
∥u∥L2), by Proposition 4.1 and Proposition 5.1, we deduce

δPα(u)[u] = δPα(0)[u] +
∫ 1

0
δ2Pα(u)[u, u] dt

=

∫ 1

0
δ2Pα(0)[u, u] + δ2Pα(0)[u, u] − δ2Pα(u)[u, u] dt

≥

∫ 1

0
δ2Pα(0)[u, u] −

∣∣∣δ2Pα(0)[u, u] − δ2Pα(u)[u, u]
∣∣∣ dt

≥ c∥u∥2
H

1+α
2
.

On the other hand, denoting by Hα[u](x) the α-mean curvature of the set Eu at the point x ∈ ∂Eu

(see [7] for the definition), and by Hα[u] the average of Hα[u] over ∂Eu, we have

δPα(u)[u] =
∫
∂B

(
Hα[u](x) −Hα[u]

)
u(x) dx ≤

1
λ

∥∥∥Hα[u] −Hα[u]
∥∥∥2

L2 + λ∥u∥
2
L2 ,

for any λ > 0, and hence we deduce the following Alexandrov - type estimate (Theorem 0.3 in
[7])

∥u∥2
H

1+α
2
≤ C(n, α)

∥∥∥Hα[u] −Hα[u]
∥∥∥2

L2 .
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We conclude the section adapting the continuity property of Proposition 5.1 to the functional
F :

Proposition 5.8. If u ∈ C1(∂B) with ∥u∥C1≤
1
2 and |Eu|= |B|, then there exists C = C(n, s, t) > 0 such

that

(5.20)
∣∣∣δ2
F (u)[u, u] − δ2

F (0)[u, u]
∣∣∣ ≤ C∥u∥C1∥u∥2

H
1+t

2
.

Proof. Fix u as in the hypothesis and let us define the scalar functions pt,u, ps,u, fu: [0, 1]→ [0,∞)
by

pt,u(λ) = Pt(λu), ps,u(λ) = Ps(λu) and fu(λ) =
pt,u(λ)

1
n−t

ps,u(λ)
1

n−s

.

Recalling (3.8) we have

f ′′u (λ) = fu(λ)

2 ( p′t,u(λ)

(n − t)pt,u(λ)

)2

− 2
p′t,u(λ)

(n − t)pt,u(λ)
p′s,u(λ)

(n − s)ps,u(λ)


+ fu(λ)

[ p′′t,u(λ)

(n − t)pt,u(λ)
−

p′′s,u(λ)
(n − s)ps,u(λ)

]
.

Therefore, by triangle inequality

∣∣∣δ2
F (u)[u, u] − δ2

F (0)[u, u]
∣∣∣ = ∣∣∣ f ′′u (1) − f ′′u (0)

∣∣∣
≤

2| fu(1)|
(n − t)2|pt,u(1)|2

∣∣∣p′t,u(1)
∣∣∣2 + 2| fu(1)|

(n − s)(n − t)|ps,u(1)||pt,u(1)|

∣∣∣p′s,u(1)
∣∣∣ ∣∣∣p′t,u(1)

∣∣∣
+

2| fu(0)|
(n − t)2|pt,u(0)|2

∣∣∣p′t,u(0)
∣∣∣2 + 2| fu(0)|

(n − s)(n − t)|ps,u(0)||pt,u(0)|

∣∣∣p′s,u(0)
∣∣∣ ∣∣∣p′t,u(0)

∣∣∣
+

∣∣∣∣∣∣ fu(1)
p′′t,u(1)

(n − t)pt,u(1)
− fu(0)

p′′t,u(0)

(n − t)pt,u(0)

∣∣∣∣∣∣ +
∣∣∣∣∣∣ fu(1)

p′′s,u(1)
(n − s)ps,u(1)

− fu(0)
p′′s,u(0)

(n − s)ps,u(0)

∣∣∣∣∣∣ .

(5.21)

First, we estimate the terms where only the first derivative of the perimeter appears. Using
(3.6), the volume constraint, and Lemma 2.1, we have

(5.22) |p′α,u(0)|≤ C(n, α)∥u∥2L2 for α = s, t.

Throughout this proof C(n, α) denotes a positive constant that may vary from line to line. By
Taylor expansion, there exists λ̃ ∈ (0, 1) such that p′α,u(1) = p′α,u(0) + p′′t,u(λ̃). Hence, by (5.3) and
(5.22), we obtain

(5.23) |p′α,u(1)|≤ C(n, α)∥u∥2L2 .

Using (5.22) and (5.23) we get that the first four terms in (5.21) are bounded by C(n, s, t)∥u∥4
L2 .

Next, we estimate the last two terms in (5.21). By triangle inequality, we obtain∣∣∣∣∣∣ fu(1)
p′′α,u(1)

(n − α)pα,u(1)
− fu(0)

p′′α,u(0)
(n − α)pα,u(0)

∣∣∣∣∣∣ ≤ | fu(1)|
(n − α)|pα,u(1)|

∣∣∣p′′α,u(1) − p′′α,u(0)
∣∣∣

+
| fu(1)|
n − α

∣∣∣p′′α,u(0)
∣∣∣ ∣∣∣∣∣ 1

pα,u(1)
−

1
pα,u(0)

∣∣∣∣∣ + |p′′α,u(0)|
(n − α)|pα,u(0)|

∣∣∣ fu(1) − fu(0)
∣∣∣ .(5.24)
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By Taylor’s formula, as before, by (5.3) and (5.22) we have

(5.25) |pα,u(1) − pα,u(0)|=
∣∣∣p′α,u(0) + p′′α,u(λ̃)

∣∣∣ ≤ C(n, α)∥u∥2
H

1+α
2
, λ̃ ∈ (0, 1).

Moreover, since the function (x, y) 7→ x
1

n−t y−
1

n−s is locally Lipschitz away from y = 0, we obtain

(5.26) | fu(1) − fu(0)|≤ C
(
|pt,u(1) − pt,u(0)|+|ps,u(1) − ps,u(0)|

)
≤ C(n, s, t)∥u∥2

H
1+α

2
.

Combining (5.2), (3.9), (5.25), and (5.26) we can bound (5.24) as∣∣∣∣∣∣ fu(1)
p′′α,u(1)

(n − α)pα,u(1)
− fu(0)

p′′α,u(0)
(n − α)pα,u(0)

∣∣∣∣∣∣ ≤ C(n, α)
(
∥u∥C1∥u∥2

H
1+t

2
+∥u∥4L2

)
≤ C(n, α)∥u∥C1∥u∥2

H
1+t

2
.

(5.27)

Finally, combining (5.22),(5.23) and (5.27), we conclude that∣∣∣δ2
F (u)[u, u] − δ2

F (0)[u, u]
∣∣∣ ≤ C(n, s, t)∥u∥C1∥u∥2

H
1+t

2
.

□

6. Proof of Theorems 1.1 and 1.2
We first prove Theorem 1.2 using coercivity and continuity of δ2

F (0) (Propositions 4.1 and
5.8, respectively). In order to prove Theorem 1.1, we need to remove the constraints on the
barycenter and the volume of Eu and this is achieved using Lemma 6.1.

Proof of Theorem 1.2. Since the functional F is invariant under rescaling and translations, we
may assume without loss of generality that E is the graph over the unit ball B.

Consider the real function λ 7→ f (λ) = F(λu) for λ ∈ [0, 1]. By (5.20), f ′′(λ) exists and it is
bounded for all λ ∈ [0, 1]. The Taylor expansion of f near 0 gives

f (1) − f (0) = f ′(0) +
∫ 1

0
(1 − t) f ′′(t)dt.

Equivalently, in terms of the functional F , using also (3.7), we have

F (u) − F (0) = δF (0)[u] +
∫ 1

0
(1 − t)δ2

F (tu)[u, u]dt =
∫ 1

0
(1 − t)δ2

F (tu)[u, u]dt.

Then, by (4.1) and (5.20), we estimate

δ2
F (tu)[u, u] ≥ δ2

F (0)[u, u] −
∣∣∣δ2
F (tu)[u, u] − δ2

F (0)[u, u]
∣∣∣

≥ (c − C∥u∥C1)∥u∥2
H

1+t
2
.

For ∥u∥C1 sufficiently small, this concludes the proof. □

Lemma 6.1. Let E be a graph over any ball via the function u, with ∥u∥C1(∂B)≤ ε. Then there exists
a constant c = c(n) > 0 such that E is also a graph over B(y, r), the unique ball with bar(E) = y and
|E|= |B(y, r)|, via a function v satisfying ∥v∥C1(∂B)≤ c(n)ε.
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Proof. Without loss of generality, we can assume that E is the graph over the unit ball via the
function u, thus, ∂E = {(1 + u(x))x: x ∈ ∂B}. Let y ∈ Rn and r > 0 be such that bar(E) = y and
|E|= |B(y, r)|. By (2.3) and (2.4) there exists a constant c(n) > 0 such that

|y|≤ c(n)∥u∥C1 and |r − 1|≤ c(n)∥u∥C1 .

We aim to show that there exists a scalar function v with ∥v∥C1(∂B)≤ c(n)ε and such that

∂E = {r(1 + v(ξ))ξ + y: ξ ∈ ∂B}.

To this end, defining the map z: ∂B→ ∂B as

z(x) B
(1 + u(x))x − y
|(1 + u(x))x − y|

,

and

(6.1) v(z(x)) B
1
r
|(1 + u(x))x − y|−1,

we obtain that
(1 + u(x))x = r(1 + v(z(x)))z(x) + y for any x ∈ ∂B.

Assume that z is a local diffeomorphism. Since ∂B is compact and connected, z is a surjective
covering map. Moreover, since z is homotopic to the identity, it has degree one and is therefore
injective. It follows that z is a global diffeomorphism. Thus, by (6.1), the function v: ∂B→ R is
well-defined and of class C1, and satisfies

∥v∥C1≤
1

1 − c(n)∥u∥C1
(1 + 2∥u∥C1) − 1 ≤ c(n)∥u∥C1 .

We now verify that z is a local diffeomorphism. Let x ∈ ∂B and η ∈ Tx(∂B) be a unit tangent
vector to the sphere at x. If we denote by h(x) B (1 + u(x))x − y, we have

∂ηh(x) = x∂ηu(x) + (1 + u(x))η,
and, since x · η = 0,

h(x) · ∂ηh(x) = (1 + u(x))∂ηu(x) + y ·
(
x∂ηu(x) + (1 + u(x))η

)
.

Therefore∣∣∣∣∣ ∂∂ηz(x)
∣∣∣∣∣ =

∣∣∣∣∣∣∂ηh(x)
|h(x)|

−
h(x)
|h(x)|3

h(x) · ∂ηh(x)

∣∣∣∣∣∣ ≥ |∂ηh(x)|
|h(x)|

−
1
|h(x)|2

∣∣∣h(x) · ∂ηh(x)
∣∣∣ ≥ 1 − c(n)∥u∥C1 .

This shows that z has non-vanishing tangential derivatives, and hence it is a local diffeomor-
phism. □

Proof of Theorem 1.1. Let E be the graph over a ball via the function u satisfying ∥u∥C1≤ ε1. If
B(y, r) is the unique ball such that bar(E) = y and |E|= |B(y, r)|, by Lemma 6.1 E is also a graph
over B(y, r) via the function v satisfying ∥v∥C1(∂B)≤ c(n)ε1 ≤ ε0. Hence, by Theorem 1.2, we have

F (E) ≥ F (B) + c0∥v∥2
H

1+t
2
,

and in particular
F (E) ≥ F (B).

□
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