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STABILITY OF THE BALL IN ISOPERIMETRIC INEQUALITIES BETWEEN TWO
FRACTIONAL PERIMETERS

GIOVANNI ALBERTI!, GIACOMO COZZI?, ANNALISA MASSACCESI?, JEREMY MIRMINA'

AssTRACT. We consider the isoperimetric inequality involving the s-perimeter and the t-perimeter
with0 < s < t < 1, and show that the ball is a local minimizer of the (scale-invariant) isoperimetric
ratio

Py(E)7
P(E)7s

among sets E that are nearly spherical. To this end, we rewrite # as a functional of u, where u is
a scalar function on the unit sphere in R” that parametrizes JE, and prove a quantitative stability
result for ¥ around u = 0 with respect to a suitable Sobolev norm (Theorem 1.2). This parallels
known results where the s-perimeter is replaced by the volume.
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1. INTRODUCTION

For a € (0,1), the fractional a-perimeter of a Borel set E C IR" is defined as the square of the
H?%-seminorm of the characteristic function of E, that is,

1 f f |;<E<x>—xE<y>| f dudy
2 " " |x_y|n+a Ee |x y|n+a

The notion of fractional perimeters was introduced in [3, 20], and represents a nonlocal
analogue of the classical perimeter functional, as it takes into account interactions between
points in the set and points in the complement arbitrarily far apart. The functional P,(E) can
be thought of as a (1 — @)-dimensional perimeter in the sense that P,(AE) = A""%P,(E) for any
A > 0. One may see the class of fractional perimeters {P,},c(0,1) as a collection of functionals
ranging between the usual notions of volume (@ = 0) and perimeter (a« = 1) of a set. Indeed,
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let us recall that (see [1], [2], [6]) for any E C IR" of class C' for some y > 0,

. 1-a
}}f} ﬁ P4(E) = P(E),
where P(E) denotes the classical perimeter of the set E. On the other hand (see [19], [10]),
i o
EE’(I) @Pa(E) = |E|,

where |E| stands for the Lebesgue measure of E. The nonlocal analogue of the classical isoperi-
metric inequality relates the a-perimeter with the volume and it is by now well understood:
the problem consists in finding the optimal constant C, , for which it holds

(1.1) |E|i < CpaPa(E)™  for every E C R".
, y

Using the Riesz rearrangement inequality, it can be shown that C,, , is the constant achieved by
the ball and that equality holds if and only if E is the ball (see [13, Theorem 4.1]). A quantitative
version of this inequality, formulated in terms of Fraenkel asymmetry (see Corollary 1.3 for
the definition), was later established in [16], and subsequently refined with the sharp decay
estimate in [12].

In this paper we investigate a natural extension of (1.1). Namely, given 0 <s <t <1 we
want to find the optimal constant C,, s ; for which it holds

(1.2) P(E)7 < CpePi(E)i  for every E C R".

We remark that, by fractional Sobolev embeddings (see for instance Theorem 1.1 in [11]), one
can prove that (1.2) holds for some (possibly non - optimal) constant C;, ;. The problem of
finding the optimal constant in (1.2) is equivalent to the problem of finding the minimum of
the scale -, rotation - and translation - invariant functional,

Py(E)7

(13) ForlE) = ———,
Py(E)

namely to show that

E) >
Fsi(E) > Coe

When the parameters s, t have been fixed, we will simply denote ¥ by 7. In [8], it is shown
that the functional ¥ admits a minimum and that every minimizer is bounded with boundary
of class Cf for some f8 € (0, 1). We expect that balls are the unique global minimizers of F for
all 0 < s < t < 1. This would mean that the sharp constant in (1.2) is C,s; = F(B)7L.

The main result of the present work establishes a local version of this conjecture, namely the
local stability of the ball for the functional . More precisely, we prove that balls are the
unique minimizers of ¥ among competitors that are small C! graph perturbations of a ball.
Let us clarify what we mean by C! perturbation of a ball: let B(y, r) denote the Euclidean ball
centered at y € R", with radius r > 0, and let B denote the unit ball at the origin. We say that
E is a graph over the ball B(y, r) if there exists a C! function u: 9B — R such that

(1.4) E:={y+ A1 +u(x)x:A €[0,r],x € dB}.

In the literature these sets are also known as nearly spherical sets.
We prove the following

for every E C R".



STABILITY OF THE BALL IN ISOPERIMETRIC INEQUALITIES BETWEEN TWO FRACTIONAL PERIMETERS 3

Theorem 1.1. Let 0 < s <t < 1land n > 2. Then there exists ¢1 > 0, depending only on s, t, and n,
such that, if E is a graph over any ball via a function u € C1(dB), with |[ullc < €1, then

F(E) 2 ¥ (B),
and equality holds if and only if E is a ball.

Actually, Theorem 1.1 is a consequence of a more precise statement that goes in the direction
of a quantitative isoperimetric inequality:

Theorem 1.2. Let 0 < s <t < 1and n > 2. Then, there exist constants ey, co > 0, depending only
on s, t, and n, such that the following holds. Let E be a set, and let B(y, r) be the ball having the same
barycenter and volume as E. If E is a graph over B(y, r) via a function u satisfying |[u||c< o, then

(1.5) F(E) > F(B) + c0||u||fﬁ.

Theorem 1.1 in turn implies the following
Corollary 1.3. If E C IR" is as in Theorem 1.2, then there exists ¢ > 0 such that
(1.6) F(E) > F(B) + cA(E)?,

where

e JIEABy| o }
A(E) = xg{fﬂ{ B :|Bx|= |El} .

The quantity A(E) is commonly known as the Fraenkel asymmetry of E and it measures
the L!-distance of E from a ball. Theorem 1.2 simply implies Corollary 1.3 from the fact that

the H' -norm of a function controls its L!-norm. Observe moreover that the exponent 2 in
(1.5) and in (1.6) is sharp. An inequality of the form (1.6) is the sharp isoperimetric inequality
that we conjecture to hold true even when considering arbitrary sets E C IR”. While replacing
||u||H 1 with the Fraenkel asymmetry weakens the inequality at the perturbative level, this

choice is motivated by the geometric significance of A(E) and by the fact that this is the most
common and historically relevant notion of asymmetry in the literature.

Remarks and open problems.

Remark 1.4. Observe that (3.1) implies that P,(E,) < C(||”||L°°+[M]ZM) , for some C > 0.
2

Therefore, the conditions u € H'3" (@B) and ||u|| < % are sufficient to ensure that P,(E,) < +o0.

Remark 1.5. In Theorem 1.2, we impose the constraints on volume and barycenter in order
to ensure a quantitative estimate: the volume constraint excludes constant non-zero functions
u, which would simply correspond to a rescaled ball (so the quantitative estimate would
fail). One could remove this assumption by considering the homogeneous Sobolev seminorm
instead of the full norm. However, even with this modification, the barycenter constraint
would still be needed to rule out translations of the function u, that is, translations of the ball
itself.

Remark 1.6. Consider the rescaled functional
1
FaPe)"”
. oB| "t
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As we said above, when s — 0 and t — 1, this quantity converges to P(E)#1/|Eli. As a
consequence the locally optimal constant C,, s in (1.2) that we obtain when E = B, converges
ass — Oand t — 1 to the optimal constant in the classical isoperimetric inequality. A similar
consideration holds true also for the single limit s — 0.

Remark 1.7. When proving quantitative isoperimetric inequalities, the typical ingredients are
the following (see for example [14], [15]):

(i) a strict qualitative inequality, showing that the ball is the unique minimizer;
(i) a reduction to the small asymmetry regime, establishing that it is sufficient to prove
(1.6) for sets whose L!-distance from a ball is small;
(1ii) a Fuglede-type stability result, showing the quantitative isoperimetric inequality in the
class of “nearly spherical” sets, i.e., sets that are ! graphs over the unit ball.

From this, and also applying a selection principle in the spirit of [4], one might get the global
quantitative inequality in the form of (1.6). Theorem 1.2 represents step (iii) in the above
program.

Remark 1.8. Unlike the classical case, fractional isoperimetric inequalities remain meaningful
even in dimension 1, both for P; versus P; and for P; versus volume. It would be interesting
to understand if points (i) and (ii) of Remark 1.7 could be more accessible.

Remark 1.9. Observe that symmetrization techniques, which are classical tools in the proof of
isoperimetric inequalities and in the characterization of balls as optimizers, are still effective
when dealing with the inequality between the s-perimeter and the volume. Indeed, rearrange-
ment preserves the volume while decreasing the s-perimeter. By contrast, for the inequality
(1.2), these techniques are no longer helpful, since both the s and ¢ perimeters decrease under
rearrangement and it is not possible to determine whether the s-perimeter decreases “more”
than the t-perimeter.

Sketch of the proof. Our approach relies on a second-order analysis of the functional 7.
Two key estimates play a central role: the coercivity (Proposition 4.1) and a weak form of
continuity for the second variation (Proposition 5.8).

The coercivity estimate is established in the H "' -norm, which is the natural and optimal
norm for the problem. In contrast, the continuity estimate requires additional control in the
stronger C!-norm. More precisely, we obtain a bound of the form

|6°F () [, u] = 8 F (), ulI< Crt IIullclllulli 1y

This discrepancy between the norms is not specific to our setting, but a common feature in
shape-variation problems. For example, it already appears for the classical perimeter, which is
naturally differentiable in W', whereas coercivity may hold only in the H'-norm. A detailed
and clear discussion of this phenomenon can be found in [5].

Organization of the paper. Section 2 provides some preliminary tools and presents a useful
formula describing the Sobolev norm of a function defined on the sphere, in terms of its
spherical harmonic decomposition. In Section 3 we explicitly compute the first and second
variations of the functional # in a neighborhood of the origin. The two key estimates of
coercivity and continuity along rays for the second variation of # are established in Sections 4
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and 5, respectively. Finally, we provide the proofs of Theorem 1.1 and Theorem 1.2 in Section
6.

2. PRELIMINARIES

Let B denote the closed unit ball in R”, and 0B its boundary. For a € (0,1), we define the
fractional Sobolev space H*(dB) as

H*(@B) = {u € L2(@B): [ul}, 55 < +o0},

(9B)

where [1] is the Gagliardo seminorm of u and it is defined as

2 . (u(x) — u(y))>
[u]Ha(aB) o fanaB |x — yfr—1+2a d0xdoy.

Here do denotes the surface measure on the sphere. H*(dB) is a Hilbert space if endowed with
the norm

2
H*(9B)

1/2
llsgeom= (0 oy B o)
It is well known that, for 0 < s < t < 1, the embedding H'(dB) — H®*(dB) is continuous,
meaning that H'(dB) C H*(dB) and it holds ||ullp=p < C lluellgr 9By for a constant C depending
only on n,s, t. For general references on fractional Sobolev spaces, see for instance [18, 9].

We now turn our attention to spherical harmonics and Sobolev functions on the sphere. For

k € IN, let d(k) denote the dimension of the space of homogeneous harmonic polynomials of
degree k over R", namely the set of polynomials P of the form

J
P(x) = Z cjx¥, AP(x) =0,
j=0
with | € N and a; a multi-index such that |aj|= k for any j € {0,...,J}. In particular, d(0) = 1

and d(1) = n. The spherical harmonics of degree k are the collection Sy = {Yi }‘.if?, obtained as
the restriction to dB of an orthonormal basis (with respect to the inner produc_t on dB) of the
homogeneous polynomials of degree k on R” (notice that, therefore, Y} = |9B|"!/?). One can
prove that {Si}xen is an orthonormal basis for L?(dB). For a given u: 9B — R of class L?, let us
denote by a;;(u) the Fourier coefficient of u corresponding to Y, namely af{(u) = faB u(x)Y;;(x) dx.
Then, we can write

d(k)

TOEDIWANACH
kelN i=1
and
(k)
g = Y, Y ak@)?,
kelN i=1
(k)

faB u(x)do = Z Za;;(u) = |0B|2a ().

keN i=1
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Moreover, following [12], we have that

oo d(k)
1) ? o ZZ/\kaak(u)
k=0 i=
where
(22) M = 211‘171"7_1 r(%) [ L(k+ %) r(x)
e (M) 1)

and I is the Euler Gamma function.

From now on, and for the rest of the paper, we will consider sets E that are graph perturba-
tions of the unit ball B of some function u € C!(dB). Recalling definition (1.4), this means that
sets we will consider are of the form

= {A(1 + u(x))x: A € [0,1], x € IB}.

When u is given, we will call such a set E,,.

In the following lemma we show that, for any function u with the property that the perturbed
set E, has its barycenter at the origin and the same volume as the unit ball, the coefficients
ag(u) and aé(u) for 0 < i < n can be controlled by the square of the L>-norm of u.

Lemma 2.1. Let u € L*(dB) with ||ul|l< 1/2. There exist constants Co(n), C1(n) > 0 such that
(i) If |Eu|= ||, then |al(w)| < Co(n)llull?,;

(ii) If E, has barycenter in the origin, then |a1(u)| < C1(n)||ull? forany 1l <i<n.

L’

Proof. We prove (i). Assume that |E,|= |B| and recall that

(2.3) f (1 + u)"do = n|E,|= n|B|= H" ' (9B).
9B

We consider the function
f0= [ [+ oy - 11do
Expanding f via Taylor near t = 0, we ogl‘fain
f)=n f u(x)do + ”(” 1 f (1 + Aux))"2u(x)’do,
for a certain A € (0, 1). By (2.3§Ei/ve have f (1) = 0, therefore

__n-1 n-2_ 0 N2
LB u(x)do = 5 f;B(l + Au(x))"" u(x)“do.

From this we deduce

1 -1
0] = — | [ wtwydo] < St + oy 2l Cotmul.
|0B|2 1JaB 2|0B|2

Analogously, we prove (ii). Assume that the barycenter of E,, is in the origin, thatis fE xdx = 0.
For any i € d(1), one has

(2.4) 0 = bar'(E,) = ﬁ f xi(1 + u(x))"*! do.
JB
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As before, consider the function
f0= [ ntrs oy
JB

and expand it via Taylor near ¢ = 0. We obtain

n(n+1)

0=f(1)=n+1) fa ) xju(x)do + fa ) xi(1 + Au(x))"u(x)*do.

’f x;u(x)do| = 'Ef xi(1 + Au(x)) tu(x)’do
I8 2 Jop

Finally, by definition, for any 0 < i < 1, the spherical harmonic of degree one Yi is such that
Yé (x) = c(n)x;. Therefore,

Hence,

< C)lful?,.

< CLmllul?,. 0

|a§(u)| = ‘LB Yi(x)u(x) do

3. ASYMPTOTICS OF THE FRACTIONAL PERIMETER NEAR THE BALL

In this section we explicitly compute the first and second variations of the functional of the
fractional perimeter P,, which we use to derive the corresponding variations of the functional
¥ near the unit ball. All the formulas of this section hold under the minimal assumptions of

ueH% and [|u]|co < % The first assumption guarantees that P,(1) < oo, and the second that E,,
is a well-defined set. With a slight abuse of notation we define the functional P,(u) := P,(E,)
fora € (0,1) and ¥ (1) := F (E,).

First, using polar coordinates and rearranging terms (see [12]), we can represent the a-
Perimeter of a nearly spherical set as follows

P (1) _P “((B) ) (1 +u)"%do
(3'1) 14(x)
f (f f Fpy(+ 1,1+ p)drdp| doydoy,
9BxdB \Ju(y)
where
n-1 n—-1
(3.2) Fug(np) = —2 i =

rx — pyl+e ((r—p)2+rplx—yP) =

3.1 First variation of P,. The first variation of P,(u) has already been computed in [7, Lemma
2.1]. We include the computation here for completeness. Recall that, for any ¢ € C'(dB)

OPa()lpl = | _ Palit + Ag).
By differentiating the first term in (3.1) under the 1ntegral sign, we obtain
4| Lu® f na . _ Pa(B) f s
dA |A:0 P(B) 33(1 +u(x) + Ap(x)" " do = P(B) S (m—a) | )1+ u(x)) do.
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For the second term in (3.1),

(9 u(x)+Ap(x)  rulx)+Ap(x)
&— f f f Fpy(I +1,1+ p)dp dr)daxdoy
anaB W+Ap(y) Ju)+Aip(y)

LB B (f ) ((P(X)F|x_y|(1 +1,1+u) — () F—y (1 + 1,1+ u(y))) dr) do doy
X u(y

1 f ( fu(x) P u(X)+A@(x)
2 _‘ f Fix—y(1 + 7,1+ p)d )do do
2 Japxas \Ju@y) 9A1I1=0 Juiyerepm) =yl p)p|doydo,

11(x)
=3 LBxaB (f;(y) (@(X)F|x_y|(1 +1,1+u(x) = e(Y)F—y(1+7,1+ u(y))) dr) doydo,

1
2
1
2

1 u(x)
"2 fanaB (fu(y) (POFyi(1+ (), 1+ p) = P(y)Fi—y (1 + u(y), 1+ p)) dp) dodo,

u(x)
:Zf (f (p(x)F|x_y|(1 +71+ u(x))dr) doy day.
dBxdB \Ju(y)

The last equality follows from the symmetries of the domain dB X dB and of the function F,
namely

Fy—y((r, p) = Fi—yi(p, 7) = Fly—x (1, p).

Hence,
(u)[(P] (7’1 a)I;DZ(BB)) - (P(x)(l + u(x))n—(x—l do
(3.3) »
*2 LBX&B (L(y) PO Fx—y (1 +u(x), 1 + p)dp|doy doy.

3.2 Second variation of P,. By differentiating (3.3), for any ¢, € C!(dB) we obtain
(3.4)

?Po(w)[p, W] = (n — a)(n — a — 1) =2 Pa(B)

P(B)
+2 ﬁB . (PP Py (1 + u(x), 1+ u(x)) = QNP(Y)Fumyy (1 + u(y), 1 + u(x))) do o,

*2 \L‘BXQB Q(X)lp(x) ( u

3.3 First variation of #. Recalling the expression of # in (1.3), we obtain

[ g +ucor==as

(%)

O1Fp—y(1 + u(x), 1+ p)dp) doydoy,.
)

_ 1 P 1 Pyw)m
65 oF (u)le] = n—tmépt( u)lel - TSW(SPSW)[(P]
| _ [ 2RIl oPwlg]
- (n—t)Pi(u)  (n—s)Ps(u))
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We observe that the unit ball is a critical point of this functional. Indeed, setting u = 0, equation
(3.3) reduces to

P,(B
66) o, 0] = - [ o)
Substituting (3.6) into (3.5), we obtain that
(3.7) SF(O)lp] = 0,

for every ¢ € C}(dB).

3.4 Second variation of ¥. Differentiating equation (3.5), we get

oPywlel  OPs(u)le] )( oPwly] 6Ps(u)[¢])
(n=HPi(u)  (n—s)Ps(u) J\(n = HPi(u)  (n —s)Ps(u)

O*F (), 1 = T(u)(

3.8
9 N T(u)(ézpt(u)[% Yl 8*Psw)lg, ] SPy(u)l@] 5P (w)[Y] L OPsW)lel 5Ps(u)[¢])
(n=H)Pi(u)  (n—5)Ps(u) (n — )Py (u)? (n=s)Psu? |
Evaluating equation (3.4) at u = 0 and ¢ = ¢, we get
2 _ _ o Pa(B) 2 2 2
69 FPlOlp,gl = (1= @)~ a = DL lIpl P 1 < Con gl

where C(n, a) is a constant depending only on n and a. Then, substituting (3.6) and (3.9) in
(3.8) we get

) [(p];r%(as) [(Plilzﬁ@m 2 ’
10 T Ol eI =TON 6 hp®y - anae) ¢ (JSB(P -(£,7) ) |

4. COERCIVITY OF THE SECOND VARIATION OF 7:

The main result is a coercivity result for ¥ (Proposition 4.1). Our proof is based on an
explicit computation using the decomposition of u into spherical harmonics.

Proposition 4.1. Let u € H%(aB) with ||ul|e< % be such that |E,|= |B| and bar(E,) = 0. Then there
exist two constants ¢ = c(n,s, t) > 0, and &9 = eo(n) such that, if |[ul|;2< o,

1) L SO, ul = el ..
2 H?2

Remark 4.2. Similarly to what was said in Remark 1.5, the constraints on the volume and
barycenter in Proposition 4.1 are necessary to ensure coercivity, as the quadratic form 6*# (0)[u, u]
is otherwise only positive semidefinite. These specific constraints are preferred due to their
clear geometric interpretation.

Remark 4.3. The coercivity of the a-Perimeter functional for a € (0,1) with respect to the
H'#*-norm was established in [12, Theorem 2.1]. In our setting || ||H1 : remains the natural

2
and optimal norm for the coercivity of the functional ¥ .
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Proof. Step 1In this step we want to rewrite (3.10): we will make use of the expression of Sobolev
norms of a function in terms of its harmonic coefficients. For the Gagliardo seminorm, recall
that (see section 2)

(42) [0 1o = ) Ak Zak<u>2,

k>1 i=0
where
4.3) A, = 2l-an's (1_7“) F(k.,. nwzta) i F(MTQ)
, 1+a r(%) F(k+ n—g—z) T n_é_“)

We also recall that (see [17])

(4.4) Po(B) =

where w, = |B|= P(B)/n. Moreover it holds

d(k)

(4.5) quz—(f ) — nzzak(u)z

k>0 i=0

ao(u)z

We now substitute (4.2) and (4.5) in (3.10) and isolate the coefficients of degree k = 0 and k = 1:
defining

. Ak,a
and noticing that
t—s /\1 ¢ /\1 s 1
B ’ - - = —(t— A - A =
nwn (11— DPWB)  (n—35)P(B) 1oy (=(t=95) + A1 = As1) =0,
we obtain
d(k
SF (O)lu,ul _ 2(_t—s L M M )iai(u)z
7(0) =i\ nwy (n—HPy(B)  (n—s)P(B) L k
k)
t—s Al/t /\1/5 ; 2 F ,
+ (‘ nay, + (n—HPy(B) (n- S)pS(B)) ; ay(u)” + o 2ao(u)
(4.6) it (u) N
= Z l 0 % (t —5)+ Atrk - As,k) + ﬁag(u)Z
k>2 n*ws;
d(k) )

ZzOk

k>2

(=t =5)+ A — Ask).
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To conclude this step, notice that the coefficients A, x can be written just in terms of the Euler’s
I' function using (4.3) and (4.4):

o aoa(1CH) Tlee )
(47) Aa,k:a+1 > (1"(%) I‘(k+Vl—2T—£X)_1 ,
and that
Aak+1_A0¢k: a n—a-2 r(n_g_z) r(k+%)[k+gﬂ —1J
’ ©oa+l Znon p(k+nZ=e) r(me) (k+ 5
(4.8) e
_a n+a i+
_nwn2k+n—2—agj+%‘_2.

Step 2 We claim that there exists a constant ¢; = c1(n,s,t) € (0,1) such that, for any A > ¢y, it
holds

(4.9) —(t - S) + /\At,Q - AS,Z > 0.
By (4.7), we have
A a n—a-—-2 F(n_g_z) F(Z+%) a n—-a-—-2 MTH(MTH"'l) 1
2= -1]= —_
a4l 2 r(flzﬂ) 1"(2 + _n—%—a) a+1 2 n-2-a (n—%—a + 1)

_a n—a-—2 dn(a + 1) _ 2na
Ta+l 2 m-a)m-a-2) @n-a)

Therefore,

2 2
~(t—5) + App — Ay = (t—3) (—1 + 4)

(n—t)(n—s)
B n? +n(t+s)—ts
= =) =)
_ t—sn?+n(t+s)—t

S
o P App = (1 =c1)As,

where ¢; = c1(n,s,t) € (0,1). This implies, for any A > ¢,

—(t - S) + /\At,Z - As,Z > —(t — S) + ClAt,Z — A5,2 = O,

proving (4.9).
Step 3 We claim that there exists a constant ¢y = co(, s, t) € (0,1) such that, for every k > 2,
(410) —(t - S) + COAt,k - As,k > 0.

First, we prove that there exists c; = c»(n,s,t) < 1 such that, for any A > ¢, and for each k > 2
we have

(4.11) —(t =)+ Ay — Agg > —(t—5) + AApy — Ag.
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This can be deduced by showing that for each k > 2 we have

As,k+1 - As,k
At,k+1 - At,k
To verify this, recall (4.8) and observe that
Ag i1 — Ask _s(n+s)P(s, k) 2k +n—2—t - s(n +s)
Apgs1 — A Hm+t) P(tk)2k+n—-2—-s  tn+t)

<c <1

=<1,

where
k-1 ]'+ n+a
P(a, k) = 2
i+ n—-a—2
]—1 ] 2

Therefore (4.11) is proved. On the other hand, (4.9) provides the existence of a constant
0 <ci(n,s,t) < 1such that —(t —s) + AA;o — Asp > 0 for any A > ¢;. It is therefore sufficient to
take A = ¢o(n, s, t) := max {c1,cp} in (4.11) in order to obtain

—(t—5) +coAp — Asi =2 —(t =) + c1A12 — Asp > 0,

namely to prove (4.10). Notice that co = co(n,s,t) € (0, 1).
Step 4. We prove (4.1): we apply to (4.6), in order, (4.10), the fact that A;o = 0 and A;1 = t,
and Lemma 2.1, to obtain

7O v
SF O, u] = —— Y (~(t=5) + A — Sk)Zak (u)?
Wn 95
d(k)
T(O)
> o |10 L A Y i
7_'(0) (k) d(1)
= (1—co) ) Ay ) a(w)—(1—co)|agw)* Ao + ) a(u)*Aa
412) o kZ;S t, lz(; k 0 ; 1 t
d(k) d(1)
7 '
=20 (1—00)2Atk2ﬂk(u A-cot ol
" k=0 i=0 i=0
()
L TO] (1 = Ol =(1 = coCa s |
nwy H™?2
(1 Co)
2 S R Ol = el s,
1
provided |[ul[;2< (ﬁ(n))z =: ¢9, where Cq(n) is the constant appearing in Lemma 2.1. O

Remark 4.4. We remark that the factor ¢ := 2111 is bounded away from zero whenever s < ¢,
also in the regimes s <t ~ 1and 0 ~ s < t: this follows by the fact that

1 s(n+s) t—sn>+n(t+s)—ts
tm+t)' n—s 2nt
forany 0 <s <t < 1. From this, we also deduce that, when s ~ ¢, it holds (1 — ¢p) = (f —s).

Cc =

2nwy,
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5. CONTINUITY OF THE SECOND VARIATION OF 7:

In this section we estimate the continuity of the second variation of # along rays and near

the origin, that is, for u € C! with |[ulle< 3,

(5.1) |62 ()1, u] — *F (O)[ut, u| < C ||u||c1||u||§{%,

where C is a constant depending only on s,t and n (Proposition 5.8). This estimate allows
us to bound the third-order remainder term in the Taylor expansion of ¥ around u = 0.
As an intermediate result, we establish an estimate analogous to (5.1) with P, in place of
¥ (Proposition 5.1). As a byproduct, Proposition 5.1 implies an Alexandrov-type estimate
contained in [7], as we show in Remark 5.7.

Proposition 5.1. If u € CY(dB) with ||ullc1< 1/2, and a € (0,1), there exists C = C(n,a) > 0 such
that

(5.2) |62Pa ()11, u] — 2Pa(O)[u, ul| < C ||u||cl||u||; 1

Moreover, for any |AI< 1,

(53) |6 Pa(Aw)[u, ]| < Clull?
H

JET
2

Proof. Throughout this proof, C denotes a positive constant depending only on n and a, and
may change from line to line.

Observe that (5.3) follows from (5.2). First, for A = 0 (5.3) follows directly from (3.9). For
A # 0, using again (3.9), we have

|6%Pa(Au)[u, u]| < % 6*Pa(Au)[Au, Au] — 8*Po(0)[Au, Au]| + [6*Pa(0) 1, ul

1
< C—llAullaliAul? o, +Cllul’ ., < Cllull® .
A H > H > H 2
Now we prove (5.2). We divide the proof into four lemmas: in the first, we rewrite the
expression we want to estimate:
Lemma 5.2. [t holds
(5.4) 6*Po(u)[u, u] — 5*Po(0)[u, u] = E1 + E» + E5 + Ey,

where
P,(B)

P(B) Jss
1

E, =2 LBX()B(u(x)Z —u(x)u(y)) (F|x_y|(1 +u(x), 1+ u(y)) - m) doydoy,

Ei:=(n-a)n-a-1) (@ +u()"™2 = 1) u(x)* do,

14(x)

E; = 2[ (u(x)? — u(x)u(y))( 1 Fp—y (1 + u(x), 1+ p) + 2F (1 + u(x),1 + p) dp) doydoy,
0dBxJB

uy)

u(x)
Ey4 = f u(x)u(y) (f Gl—y/(1 + u(x), 1+ p) = G-y (1 + u(y), 1 + p) dp) doydoy,
0BxdB u(y)

and
(5.5) Gp—y(1 + u(x), 1 + p) = d1Fjpy (1 + u(x), 1 + p) + daFp_y(1 + u(x), 1 + p).
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Proof. Recalling (3.4) we can write
8*Pa(u)[u,u] = 5°Pa(0)[u, u] = Ey + Eo,

where
Py(B)
P(B) Jas

Ey=2 f [ ey (1 + (), 1 + 1(x)) = u(@)u(y)Famy(1 + u(y), 1 + u(x))| dodo,
0dBxdB

Eit=(n—-a)(n—-a-1)

(@ +u@)" 2 = 1) u(x)* do,

1
— 2 _ - -
2 fanaB(u(x) u(x)u(y))| s doydo,

11(x)
+ 2f u(x)z( I1Fp—y(1 + u(x), 1+ p) dp) doydoy.
0dBxdB u(y)

By writing Fie—y (1 + u(x), 1 + u(x)) = Fie_yy(1 + u(x), 1 + u(y)) + [ fo 92Fjx—y(1 + u(x), 1 + p)dp,
and adding and subtracting the term

1(x)
2f u(x)u(y) I1F -y (1 + u(x), 1 + p) + d2F—y (1 + u(x), 1 + p)dp,
JBxdB u(y)

we have

1
Ep =2 L\BxaB(M(x)z - M(X)I/l(y)) (F|x_y|(l + M(X), 1+ M(y)) - W) dede
+ 2f (u(x)* - u(x)u(y)) (fum 91 Fp—y (1 + u(x), 1 + p) + 2Fj,—y(1 + u(x),1 + p) dp) do,do
JBxJB u(y) el ’ =l ’ Y

u(x)

+ 2f u(x)u(y) (f 1 Fp—y(1 + u(x), 1 + p) + daFp—y(1 + u(x), 1 + p) dp) doxdoy,
0dBxJdB u(y)

=E;, + E5 + E4,

where we used in the last line the symmetry of the integrals with respect to the variables x and

y. O
In the following lemma, we estimate the first three terms in the right hand side of (5.4):

Lemma 5.3. Fori=1,2,3, it holds

1lta *
2

|Eil < Cllullc: [u]?
H

Proof. Regarding E;, we observe that

P.(B e
(5.6) |Eil=(n-a)n-a-1) 15((3)) ] (@ + @)™ = 1) u(x)? do < Cllullsllull?,.
B
In order to estimate E,, notice that
1 ||l
P|X—y|(1 + u(x)/ 1 + u(y)) - |x _ y|n+a — |x _ y|n+a .
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Indeed, arguing as in [7, Lemma 2.2], one can write

_ (1 + (n = Du) + 0@ (x))(A + (n — Du(y) + Ow*(y)))

() = u(y))® + (L +u@)A +uy)lx -y =
1+ (n - D) + u(y)) + OW?x) +1(y))

n+a
2

le—yl(l + u(x), 1+ M(y))

=y (M2 1+ )1 + ()

1+ -1-59u®) +u)  n+a ) —uy) N ((u(X) —u(y))?
|x — y|n+a 2 |x _ y|n+a+2 |x _ y|2

+ 12 (x) + u*(y) |

From this we deduce that

1 Cllull
F|X—]/|(1 + M(X), 1+ “(y)) - |x _ y|n+a < |X _ mg—a :

Therefore, symmetrizing the double integral over the sphere and recalling that the function
(¢, y) = Fey(1 + u(x), 1 + u(y)) is symmetric,

|E2| = doydoy,

) B 1
2 fa | ? - uu(y) (F|x_y|<1+u<x>,1+u<y» —|x_y|m)

1
= —u(Y))? [Fy (1 + 1(x), 1+ u(y)) = ——e| doxdoy < C 2 -
[ 0= P P ), 14 ) = ] oo, < Ol
For the term E3, recalling (3.2), we have that
a1pr1 n-1 n+a 2@-b)+bx—-yp?
91Fpx—y|(a,b) = e ( e A z) ; 2y’
((a—b)2 +ablx —y) 5"\ a 2 ((a—-Db)*+ablx - yP)

for any a,b > 0. Notice that, by symmetry, doF|,_(a, b) = d1F|x_y(b, a). Therefore
Glx—yl(a/ b) = a1F|x—y|(5[/ b) + a11:|x—y|(b/ a)

g-lpn-1 a+b n+a
_ e bbby e G
|x _ y|n+a( |x_y|2 + ab) 2 |X—y|2 + ﬂb

Thus

quﬂ1+mnﬂ+pmwscgtam;

We hence deduce the following bound:
(5.7) |Es|< f () llu(x) = w(P IG—y (1 + 1(x), 1 + p)lleo doxday < Cllutlloo[u] ..,
IBxJB H'?2
O

The last two lemmas are used to estimate the term |E4|. In Lemma 5.4 we decompose this
term in two terms, controlling the first one as desired. The second one, instead, will be the
object of Lemma 5.5.
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Lemma 5.4. Forany u € CY(dB) with |jul|c1< 1, it holds

(5.8) IE4| < Cllullgo[u]il% + fa o u(x)u(y)LwJ(rz) (), u(y), n, @) dodo,,

where h is an explicit function.

u(x)+u(y) 5= u(y)—u(x) = 2p—u(x)—u(y)
2 [ 2 -

Proof. Letting o :=1+ MOETER

and recalling (5.5), we have

1(x)
f [G( + u(x),1+ p) — G(1 + u(y),1 + p)l dp
u(y)

1
=f [G(o = 6,5 + 0) — G(0 + 6, t5 + )] 5 dt
1

© 5@ =0t + o) 20+ (t-1)0 n+a20+(t-105_
:Il D [(n “Dooein 2 by ]dt
NCaUis Lt + o) 20+ (t+1)6 n+a2o+(t+1)6 )
- j:l D;Jﬁa [(Tl - 1)(6 1 0)(0 + £0) - 5 D, lx — y| ]dt,

where, for the sake of clarity, we defined
510 Dy = (t + 1)%6* + (0 = 8)(t + o)|x — yI?,
' Ds = (t — 1)%6* + (0 + 0)(t6 + o)lx — yI*.

Now, in (5.9), we can group together the terms with a factor 6* and those with a factor 6, which
will contribute to give, respectively, the first and the second term in the right hand side of (5.8).
Namely, we can write

14(x)
(5.11) f( ) [Gp—y(1 + u(x), 1+ p) = Gp—y(1 + u(y), 1 + p)ldp = G1 + G2
uly
where
’ (c=0)"" 1(156+0)”1 B n-1 n+a o
1=0 f ( 1)[(0—6)(a+t6) 2D, * Y Jat
2 (a+6)” L(to + o)t n-1 _n+a, o
0 f D (t+1)[(0+6)(0+t6) 2D, X ~ VPt
5.12
512 C f (o0 - 6”1(1‘(5+0)”1 [ n—1 _n+(x|x_ |2]dt
2= 20 G orm) 2D, Y

f’ (a+6)” 1(i,‘(§+a)”126[ n-1 n+a| B |2]
Gto)o+t0) 2D, 7Y

Recalling that 6 = E(u(y) — u(x)) and observing that, by (5.10)
Dy > (0 = 8)(td + 0)lx — yIP= (1 + u(0)(1 + p)lx — yI*> (1 = llullw)’lx = yl*,
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and the same holds for D,, one can deduce that

|u(x) — u(y)P?
Gl < WC
On the other hand,
_ ux) —uy)
G2 B |x - y|”+a h(u(x)/ M(y), n, 0(),
where
(5.13)
1 n-1 n-1
_ (0 =0)"*(td + o) ra n—1 nta,
o= -1 D? 2okl [(o —0)(o+td) 2D l vl ]
1 -1 n—1
(0 + 0)"1(t5 + o) . mia n—1 nt+a 5
5 20k =yl [(a+5)(0+t6) D, yP|at.

-1 1)2

We proceed to estimate the remaining term in (5.8):
Lemma 5.5. For h defined as in (5.13), it holds
h < Clu(x) — u(y)l.
In particular, we deduce
|E4|< Cllull%, [u]2 L
Proof. We need to show that the term / as described in (5.13) can in turn be estimated as
(5.14) h < Clol.
To see this, we first split i in two parts, namely we write
(5.15) h=20(n-1lx -y %1 +o(n+ a)lx — y[" “ys,

where

dt,

Vl+0{ VH’/X

. ‘f (0 =0y 2t +0)"2 | f (0 + 8)"2(td + o)"2

n+a +1 11+0t +1

f (- 5)” L(t5 + o)™ 1 ]/|2dt+f (o+6)” 1(ts + o) e Pt

17

We deal first with the term y;: recalling the definition (5.10), we can add and subtract the

terms
. f (0 + O)"2(to + 0)" 2
1((t+1)20% + (0 + O)(td + 0)lx — yP2)"2*
:fl (0 + 0)""2(—td + o) 2
1((—t+1)20% + (0 + O)(=t6 + o)lx — yP) "=
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and write
1 -2 -2
—0)"4(td + o)
p= [ GO 4
-1 Dz
+ A —

dt.

A f (0 +0) 210 + )2

n+a

We first notice that, by symmetry, A; — Ay = 0.
Then, we treat the term

1 _ s\n—-2 n-2
B, ::f (0 —0)"=(td + 0) it — A,

n+a

1 Dl 2
(5.16) _ fl [ (0= )" (td + 0)"2

n+a

((t + 1)26% + (0 — O)(t5 + o)lx — y2)"2*
(0 + 0)"2(td + 0)" 2 ]
((t +1)26% + (0 + 0)(td + o)lx — y2) "+

Introduce the function
n—Zk

(5.17) g(x) =
(c+xm)z2

n+a 4

18

where k = (t6 + 0)"2, ¢ = (t + 1)%6%, m = (t6 + 0)|x — y|*, so that By = f_ll [g(c —0) — g(o +0)].

Using |g(x1) — g(x2)I< sup(xl’x2)| g’llx1 — x2|, we can estimate

d x"%k
Iga+06) —glo—0)I<  sup 7 —m 2/0]
xe(o—8,0+0) AX (c +xm) 2
n-2)x"3k n+a+2 " 2km
=2|6| Sup n+a - n+a
x€(0—6,0+6) (c+xm) 2 2 (c+ xm)T+1
SLlél.
|x _ y|n+0¢
Therefore
| i o
|B1]= » g(G + (S) - g(G - 6) t < CW

Similarly, in order to estimate

n-2 n-2
By i= Ay — f(a+6) o + o) gt

n+a

_ f (0 + 5)” 2(=t6 + 0)"2 e (0 + O)"2(t5 + o)"2
B (=t + 1)262 + (0 + 8)(~t5 + o)|x — y2)"*

(t=1)202+ (0 +0)to+o)lx—yl?) 2

H+(¥
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we can use the same auxiliary function introduced in (5.17), with k = (5 +6)"72, ¢ = (—t + 1)?6?
and m = (0 + 6)|x — yI>. In this way, we get

By <c—
|x _ y|n+a
and hence
(5.18) [y11< 10IC.

To conclude, we notice that one can adapt the estimates used to obtain (5.18) for y, by
repeating verbatim the argument, which in turn gives

(5.19) [yal< l8IC.

Recalling (5.15), by estimates (5.18) and (5.19) we deduce (5.14), which provides the desired
estimate on the term Ejy:

|E4l < CllullZ[u]? 1., + f u(X)u(y)Mh(u(X),u(y), n,a)doydoy
H 0Bx0B

> |x — y|n+a

Ju(x) = u(y)
ittt v [ ) = uF
||1/l|| [u]H# IBxIB u(x)u(y) |x_y|n+a Gx Gy

< Cllull[u]® L., -
H 2

This concludes the proof of Lemma 5.5 and hence of Proposition 5.1.

Remark 5.6. Notice that the constant C(n, &) in Proposition 5.1 is finiteasa« = O or o — 1.

Remark 5.7. Before continuing our discussion, let us mention that Proposition 5.1 implies
Theorem 0.3 obtained in [7]: indeed, on the one hand, if ||ul|c: is small enough (and hence
|lull;2), by Proposition 4.1 and Proposition 5.1, we deduce

1
5Py ()] = 5Pa(O0)[u] + f &P (), u) dt
0
1
= f 82P 4 (0)[u, u] + 0*P(0)[u, 1] — 8% Py (u)[us, u] dt
0

1
> f 6*Poa(0)[u, u] — |6°Pa(0)[1t, u] — 5*Po(u)[ut, ul| dt
0

2
> clfull
H

l+a *
2

On the other hand, denoting by H*[u](x) the a-mean curvature of the set E, at the point x € JE,
(see [7] for the definition), and by H[u] the average of H*[u] over JE,, we have

Pl = [ (1) = FPLl) oy < 0o = Fa + Al

for any A > 0, and hence we deduce the following Alexandrov - type estimate (Theorem 0.3 in

[7])

2

||u||j{m < C(n, @) |H*Tul - B qul|[
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We conclude the section adapting the continuity property of Proposition 5.1 to the functional
F:

Proposition 5.8. If u € C1(dB) with ||ul|c1 < % and |E,|= |B|, then there exists C = C(n,s, t) > 0 such
that

(5.20) |527—'(u)[u, u] - 527—'(0)[u, u]| < Cllullc IIuIIi{% .

Proof. Fix u as in the hypothesis and let us define the scalar functions py ., psu, fu:[0,1] = [0, o)
by

pru(1)7

pru(A) = Pr(Au), psu(A) = Ps(Au) and  f(A) = N
Ps,u(A)7=s

Recalling (3.8) we have
~ P\ Pru(M) Psu(A)
‘ﬂ“ﬁ4m—mwmﬁ 2@—WWMMwwmAM]

p;,u(A) _ ps u(A) ]
(n=tpru(A) (1= 8)psu(A) |

) [

Therefore, by triangle inequality
(5.21)
|6%F (w)[w, u] - PFO)u,ul| = |/ (1) - £0)|
2| fu(D)| ;R 2| fu(D)] ,
< ——— |+ 1
T I T e Ty ey
2/ £u0)] 2 2|fu(0)]
————1p;,,(0 .. (0] |p; (O
=00 O G @@ POl
p;’u(l) ptu( ) pé,u(l) pg,u(o)
) = = fuO) |+ | fu() 5 = ful0) 5 —s .
o R R )] I e T P G R PR
First, we estimate the terms where only the first derivative of the perimeter appears. Using
(3.6), the volume constraint, and Lemma 2.1, we have

(5.22) PO Cln, )llul?, fora=s,t.

Throughout this proof C(n, a) denotes a positive constant that may vary from line to line. By
Taylor expansion, there exists A € (0, 1) such that Pau(1) = po,(0) + pt u()\) Hence, by (5.3) and
(5.22), we obtain

(5.23) Pl (IS Cln, )llull?.

Using (5.22) and (5.23) we get that the first four terms in (5.21) are bounded by C(1, s, t)IIuII%Z.
Next, we estimate the last two terms in (5.21). By triangle inequality, we obtain

L)

P () P4 (0) )
521 S G e O apn®| < G pan) oD i)
| )
Ol ] G e 0 - A0
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By Taylor’s formula, as before, by (5.3) and (5.22) we have

(525) Pau(1) = P O1= [p(©) + Pl (D] < Cln )P .y, A€ (0,1),
Moreover, since the function (x, y) — Xt y‘ﬁ is locally Lipschitz away from y = 0, we obtain
(5.26) Ifu(l) - fu(o)lS C(lpt,u(l) - Pt,u(0)|+|Ps,u(l) - Ps,u(O)D < C(n,s, t)”u”;%
Combining (5.2), (3.9), (5.25), and (5.26) we can bound (5.24) as
Pau(1) Pau(0) ( 2 4
u(l) ————= = fu(0) ————=| < C(n, ) {llullci [l o+l )
627 PV ape® M OGapea)| = O Wl e

< Cln, allulcallu? ;.
H?2
Finally, combining (5.22),(5.23) and (5.27), we conclude that
[0 ()l ] = S*F (O, ] < COvs, Hllllcallal .,

6. Proor oF THEOREMS 1.1 AND 1.2

We first prove Theorem 1.2 using coercivity and continuity of 6% (0) (Propositions 4.1 and
5.8, respectively). In order to prove Theorem 1.1, we need to remove the constraints on the
barycenter and the volume of E,, and this is achieved using Lemma 6.1.

Proof of Theorem 1.2. Since the functional ¥ is invariant under rescaling and translations, we
may assume without loss of generality that E is the graph over the unit ball B.

Consider the real function A = f(A) = F(Au) for A € [0,1]. By (5.20), f”(A) exists and it is
bounded for all A € [0, 1]. The Taylor expansion of f near 0 gives

1
1) - F0) = F0) + fo (1= B (Bt

Equivalently, in terms of the functional ¥, using also (3.7), we have

1 1
?wn—¢@=5¢@mn:fa—o¥¢mm%mm:jYy4w%wmmﬂuL
0 0

Then, by (4.1) and (5.20), we estimate
O*F (tu)[u, u] > 8*F (O)[u, u] — |0*F (tu)[u, ul — 5*F (0)[u, ul|
> (c = Cllulle)lul? . -
H?2
For |[u||c1 sufficiently small, this concludes the proof. O

Lemma 6.1. Let E be a graph over any ball via the function u, with |[ullcygp)< €. Then there exists
a constant ¢ = c(n) > 0 such that E is also a graph over B(y, r), the unique ball with bar(E) = y and
|E|= |B(y, 1)\, via a function v satisfying ||0llc1 (o)< c(n)e.
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Proof. Without loss of generality, we can assume that E is the graph over the unit ball via the
function u, thus, JdE = {(1 + u(x))x:x € dB}. Let y € R" and r > 0 be such that bar(E) = y and
|E|=|B(y, 7)|. By (2.3) and (2.4) there exists a constant c(1) > 0 such that

lyl< cllullc and  [r = 1< c(m)llullc-
We aim to show that there exists a scalar function v with |[v]|c1 (55 < ()¢ and such that
JE = {r(1 + v(&))¢ + y: £ € IB).
To this end, defining the map z:dB — dB as
2(x) = (1+ux)x—y ’
(1 + u(x))x -yl

and
1
(6.1) v(z(x)) = I + u())x - yl-1,
we obtain that
(1 + u(x))x = r(1 + v(z(x)))z(x) + y for any x € JB.
Assume that z is a local diffeomorphism. Since dB is compact and connected, z is a surjective
covering map. Moreover, since z is homotopic to the identity, it has degree one and is therefore

injective. It follows that z is a global diffeomorphism. Thus, by (6.1), the function v: B — R is
well-defined and of class C!, and satisfies

T+ 2lullc1) = 1 < e(m)||ullcr-

1
[ [ ———
=1 —cm)llulla

We now verify that z is a local diffeomorphism. Let x € dB and 1 € Ty(dB) be a unit tangent
vector to the sphere at x. If we denote by h(x) := (1 + u(x))x — y, we have
Iph(x) = xdju(x) + (1 + u(x))n,
and, sincex-n =0,

h(x) - Ih(x) = (1 + u()Iyu(x) + y - (xdpu(x) + (1 + u(@)n).

Therefore

J anh(x) h(x) |ar7h(x)| 1

=2z(x)| = - h(x) - dph(x)| > - h(x) - dph(x)| = 1 = c(n)llullc1.

i e T A e T e e B e S
This shows that z has non-vanishing tangential derivatives, and hence it is a local diffeomor-
phism. m]

Proof of Theorem 1.1. Let E be the graph over a ball via the function u satisfying |[u||»< &1. If
B(y, r) is the unique ball such that bar(E) = y and |E|= |B(y, r)|, by Lemma 6.1 E is also a graph
over B(y, r) via the function v satisfying ||v||c1 (55 < c(n)é1 < €0. Hence, by Theorem 1.2, we have

F(E)=F(B) + Collvlliﬁ,

and in particular

¥ (E) > F(B).
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