CLOSING THE GAP: MAZ’YA-SHAPOSHNIKOVA AND ASYMPTOTICS
OF FRACTIONAL PERIMETERS
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ABSTRACT. We prove a generalization of the Maz’ya-Shaposhnikova formula in the case p =
2 for functions that may not belong to L?*(R?) and, thus, might not vanish at infinity. By
introducing a notion of mass at infinity, we explicitly characterize the limit as s — 0T of
Gagliardo seminorms localized on a bounded Lipschitz domain 2. By ‘localized’, we mean here
that we account only for interactions involving at least one point in 2. The identified limiting
functional provides a unifying framework to link the classical Maz’ya-Shaposhnikova formula
and the asymptotics of nonlocal perimeters. On the one hand, it reduces to the classical L2 norm
for functions that are globally integrable on R%. On the other hand, it recovers the pointwise
limit of s-fractional perimeters when evaluated on characteristic functions of sets. We further
show that the same functional encodes the asymptotic behavior of Gagliardo seminorms in the
sense of Gamma-convergence with respect to the weak-L? topology. Finally, we provide an
extension to the setting of metric measure spaces.

1. INTRODUCTION

The study of the asymptotics of the Gagliardo seminorms is a central topic in nonlocal anal-
ysis, since it allows to provide a quantitative meaning to the idea that the Sobolev-Slobodeckij
space W5P should be, in some sense, close to LP when s is close to zero and close to WP for s
close to 1.

The first result in this direction is the Bourgain-Brezis-Mironescu (BBM) formula [3, Theorem
2], which deals with the case s — 17. The formula states that for every function u € LP(Q),
with © C R? bounded smooth domain, and for every p € (1, 400),

lim ( // |“ d£ W ey Kap|[Vull?, g (1.1)
axQ  |r — P

s—>1*

with the convention that the right hand side equals +o0 if u ¢ WP(£2). Here, the constant K,
depends only on p and d. An analogous characterization for p = 1 was also proved in [3], but
only under the a priori assumption that v € W!(Q). This result was successfully extended to
functions in BV (Q2) by Davila |9, Theorem 1] (see also the development by Leoni and Spector
[35]). An analysis of the asymptotics in the sense of I'-convergence was carried out by Ponce in
[42].

Recently, the validity of the BBM formula has been investigated beyond the Euclidean setting,
encompassing, for example, metric measure spaces satisfying a Poincaré inequality [15, |39} 40],
thin films 4], as well as general anisotropic convolution kernels [10, 11, |26} 33].

The Maz'ya-Shaposhnikova (MS) formula [36] provides a counterpart to for the asymp-
totics of the s-Gagliardo seminorm as s approaches zero. To be precise, given a function
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u € WoP(RY) for some sg and p € (1, +00), we have

u(z) — u(y)l dwd
sliI(I)1+ 2//IRd><Rd |d+sp T e 02 —|lu ||Lp(]Rd)? (1.2)

where wy is the Lebesgue measure of the unit ball in RY. We stress that only holds if
u € LP(R?), and so only if u vanishes at infinity in a measure theoretic sense. The multiplicative
factor dwg, which is the d — 1 Hausdorff measure of the unit sphere S¥~!, accounts for the fact
that, as s approaches zero, the fractional kernels

() °
ps(x,y) = ———
|$_y| +sp

concentrate their mass at infinity (in a measure-theoretic sense). Note, also, that wy encodes the
asymptotic volume ratio (henceforth abbreviated AV R) of the metric measure space (R?, dg, £L%)
with respect to the standard volume function V'(t) = t¢. The role played by the AV R was made
much more evident by the works [27, 28, |29], where the MS formula was generalized to the
metric measure setting. Notable examples of spaces for which the formula holds are finite-
dimensional (non-Euclidean) Banach spaces, Carnot Groups and MCP(K, N) spaces (which
are metric spaces satisfying a synthetic upper bound on the dimension and a lower bound on
the curvature, see [38, 44]).

The choice of restricting the analysis in the classical MS formula to functions with global LP-
integrability on the whole RY comes with a structural limitation: forcing a function to vanish at
infinity artificially suppresses its tail behavior, which the MS formula should intuitively empha-
size. Roughly speaking, as s — 07, the kernel s |z — y|~ (d+sp) decays very slowly at the infinity,
causing long-range interactions to account for most of the energy. In fact, as s — 0T, the tail of
the function |-|_( +sp) approaches the threshold of non integrability, given by the exponent —d.
From the point of view of the Gagliardo seminorm, this means that the interactions that prevail
in this regime are the ones between points that lie “at infinite distance”. This suggests that, in
the limit, we should see an interaction energy between points of R? and points “at infinity”. As
an intuition, one can think that the fractional kernels force one of the two Lebesgue measures
appearing in the integral to become a d — 1-Hausdorff measure concentrated on a sphere
representing all the possible (oriented) directions of R%. In the classical Maz’ya-Shaposhnikova
formula, this phenomenon is completely hidden and the interactions at infinity disappear within
the LP norm.

To properly overcome this limitation, i.e., to treat functions that may not vanish at infinity
(and therefore fully capturing the highly nonlocal nature of the small-s regime), we consider the
Gagliardo seminorm with interior-exterior interactions:

!u u(y)[”
i = [, ey (13)

Here, Q is a bounded, Lipschitz domain and Qo = (R% x R?) \ (¢ x Q°). We say that a
measurable function u : RY — R belongs to W*P(Qq) for some p € [1,400) if it belongs to
LP() and [u]sr(g,) < +oo. Note that WP(Qq) C LY (R?). In fact, since Q is bounded,
there exists a constant C' = C (€, s, d) such that, for every y € Q and x € R?,

1 1
o=y = Tl
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Let now u € W5P(Qq) and assume, without loss of generality, that « has zero mean in Q. Then,
by Jensen’s inequality,

1
p
lyenige = C | T [, 1u@) —uw)Pdyda

w1+ ] dop

This extension of the Gagliardo seminorm, as evident from the decomposition

uy)l”
eniey = miey +2 [ [ |x_y‘d+sp ule) = W)L 4,4, (1.4)

isolates the energy arising from interactions involving at least one point in 2 and ignores all the
exterior-exterior contributions. Far from being a mere technical variant, this is the functional
used to model nonlocal phenomena on bounded domains. Indeed, it is the natural energy for
minimization problems with Dirichlet boundary conditions (where the value of the function
needs to be prescribed on the whole Q¢ rather than just on 9Q) [14, 25, 41]. It also appears
as singular perturbation in phase-transition models [43|, and in the theory of nonlocal minimal
surfaces [17, (18] |19} 20, 21]. In particular it allows to define the fractional perimeter:

1
PGI'S(E; Q) = 5 [XE]WS,I(QQ),

which approximates the De Giorgi perimeter functional as s — 17 |1} [23].

In the same spirit of the Maz’ya-Shaposhnikova formula, the asymptotic behavior of the
fractional perimeter as s — 07 has been investigated by Dipierro, Figalli, Palatucci and Valdinoci
in [16]. To be precise, they proved that, for any measurable set E such that the quantity (also
known as nonlocal tail |30, [31])

. x5 (y)
a1(E) = lim s/ Sdy (1.5)
=0+ Jpro) y|**
is well-defined (that is, such that the limit in (1.5 exists), one has
sPerg(E; Q) = (dwg — a1 (E)LYENQ) + a1 (E)LYQ\ E). (1.6)

We stress that a1(F) = 0 for every bounded set E. This implies that and give the
same result when a bounded set is considered. We also recall that, as shown in [16], the object
on the right-hand side of does not define a measure.

The result in [16] confirms the previously described intuition that whenever a function u has
nonvanishing mass at infinity (in particular, « may not be integrable on the whole R?), we

should not expect s[u]a,s?p(QQ) to converge to some multiple of HuH’ip(Q), but rather that its tail

contributions should play a role in the asymptotics as s — 07.

In this paper, we make the above intuition rigorous and prove an extension of the Maz’ya-
Shaposhnikova formula to functions which may have nonzero mass at infinity. We focus here
on the case p = 2. For the case of a general p > 1, a different approach is required; this is the
content of the companion paper [12].

To state our main result, we need to introduce the notion of p-mass at infinity.

Definition 1.1. Let p € N, and let u : R — R be a measurable function. We define the p-mass
at infinity of u as

. u(y)
ap(u) ;== lim s/ dy, (1.7)
’ B1(0) [y "7
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whenever this quantity is well-defined.

Note that ay,(u) exists for some p > 1 if and only if o, (u) exists for every ¢ > 1 and, in that
case

1
ap(u) = Eal(u) (1.8)

for every such u and p > 1. To simplify notation, since in the present paper we focus on the
hilbertian case, we write a(u) instead of as(u). The notation a,(u) € R will implicitly mean
that a,(u) exists and is finite; in this case, we say that u has finite mass at infinity.

Remark 1.2. A direct computation in polar coordinates shows that, for every p > 1, o, (1) = ‘h;fd.
In the rest of the paper we will denote with u™ = max{u,0} and u~ = max{—u, 0}, respec-

tively, the positive and negative part of u. We can now state the main result.

Theorem 1.3. Let u € L7 (RY) be such that u € H*(Qgq) for some so € (0,1). Assume that
a(ut),a(u”),a(u?) € R. Then,

2
< S0 _ 2 ko k 2—k

Jim Sl gn) = kz_o <k>(—1) o(u )/Qu (z) d. (1.9)
The key novelty of Theorem is that it not only holds for functions belonging to L?(R%),
for which it reduces to (I.2)), but also for functions in L2 (R?) (such as periodic functions),
which may not be integrable and thus exhibit a different behaviour as |z| — oco. Moreover, an

application of Theorem to u = xg (assuming that a;(E) exists), leads to

lim 2 [u]%0,) = A(D)LUE N Q) — 2a(E)LYE N Q) + a(E)LY(Q),

s—0+ 2

which is (by (1.8) and a change of variable on the parameter s in the left-hand side)

1
lil%rl+ g Pery(E; Q) = 3 <(dwd —a1(B)LYENQ) + a1 (E)LYQ\ E)) : (1.10)
5
In this sense, Theorem generalizes the asymptotics for the fractional perimeter proved in
[16, Theorem 2.5] to a wider class of functions.

In Theorem [2.11) we complete our pointwise analysis by further showing that for functions
u(r,0) (where r > 0 and # € S?!) converging to us(f) as r — -+oo, the limit obtained in

Theorem can be written in the compact form

1 ulz) —u 2 drdH 1
L[ ) - o) a0,

thus providing a true interaction energy between the values of u in {2 and at infinity.

Our second result (see Theorem is to show that the limit in also holds in the sense of
Gamma-convergence with respect to the weak-L? topology. As a direct consequence, we deduce
that the functional appearing in provides also the Gamma-limit as s — 07 of the fractional
perimeters and it is therefore the lower semicontinuous envelope of the set functional appearing
in with respect to the same topology .

Our third contribution consists in an extension of Theorem to the setting of metric mea-
sure spaces (see Theorem . We conclude our study with an application to Carnot Groups
and a comparison with the results obtained for the Gaussian fractional perimeter [6].

The paper is structured as follows: in we build the technical infrastructure needed
to prove Theorem discuss possible extensions to the case p # 2, and prove Theorem [2.11
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Section [3]is devoted to the proof of Theorem whereas in we extend

to the setting of metric measure spaces.

2. THE EXTENDED MAZ’YA-SHAPOSHNIKOVA FORMULA IN THE EUCLIDEAN SETTING

In this section, we prove Theorem and we discuss possible extensions to the case p # 2.
Here and in what follows, H® will denote the space W*?2.

2.1. Mass at infinity and Asymptotic Volume Ratio. To streamline the proof of Theorem
[1.3] we first prove some preliminary results regarding the p-mass at infinity and its connection
with the Asymptotic Volume Ratio of the Euclidean space equipped with a weighted measure.
This establishes a connection with the setting of [27].

The following lemma shows that the mass at infinity a(u) can be equivalently defined by
considering balls Br(x) centered at any x € R?, up to taking the limit as R — oco. This implies
that the quantity a(u), when it exists, is invariant under translations of w, thus clarifying the
terminology in Definition (1.1

Lemma 2.1. Let u € L} (R?). Assume that a(ut), a(u™) € R. Then,

loc

o u(y)
L,:=1 | f —7
wT R 132(1)3l S/BCR(Q:) |337y\d+2s Y

U
= lim limsups / %dy
R—oo g0+ JBg() |2 — Y|

is well defined and does not depend on x € R?. Moreover, L, = o(u).

(2.1)

Proof. We prove that, if a(u®) and a(u™) exist and are finite, then for any = € R? both limits
in exist and are equal to a(u).
Step 1. Let 0 < r < R < +o0. For any = € R? we have
lim sup

u(y) / u(y)
S 7dy — S 7dy
. Aﬁ(x) ‘.%‘ _ y\d+28 B () ’1’ _ y’d+2$
lu(y)|
/Bﬁ(w)\B%(w) |z — y|

u(y) / u(y)
s ——dy — s ——edy| < s
/13$<z> |z — y| Be(a) |z —y|?
S

< 5 / ()| dy,
a2 pe(an\Bg ()
1

which converges to zero as s — 07 since u € Lloc(Rd). In particular, choosing z = 0, by the
hypothesis on the existence of a(u’) and a(u™), we infer that o(|u|) exists as well, and for every
R>0:

=0.

In fact:

: [u(y)] : u(y)|
a(lul) = lim s/ dy = lim s dy. (2.2)
5207 gy [y 7T 50t g Jyl T
Step 2. We prove that for every x € R?, there holds
. u(y) u(y)
lim limsup s/ dy—s/ dy| = 0. (2.3)
Rotoo snot | JBg() |z —y|™ B0) [y|T
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Indeed, we estimate

u(y) / u(y)
S —— - dy —s - dy
' /w) |z — y| 7 B, 0) |y| ™
u(y) / u(y)
S — dy — s — dy
/Bg(m) |z —y| 2 B3, (0) |2 — y|*?

u(y) / u(y)
s ———dy — s —dy
/B;(O) |z — y|*? B (0) |y

We proceed by estimating each summand separately.
For the first term, we have that

u(y) / u(y)
s ——dy — s ——=dy
/Bg(m |z — y|*+? Be(0) |y — x|t

lu(y)|
of
Br(x)ABR(0) |z —y| "

For R > 0 big enough (depending on z), there exist 0 < d; < J2, (depending on R), such that
Br(x)ABR(0) C Bs, 0)N Bgl (z).

Hence,

<

+ =14+ 11.

I =

u(y S
r<s | Mty S [ ] an
Bs, (0)NB§ (v) [ — Y| 017" JBsy(0)

where the latter quantity converges to zero as s — 0%. For the second term, we rewrite

1 1
s/ u(y) ( - - S) dy| .
B5,(0) ly — a|™ |yt

Let us fix y € R? and call hy(x) = |y — :L“|7(d+25) for z # y. A direct computation yields

 (d+2s)
- |y _ $|d+28+1 :

For R > 2|z|, we have that |y — tz| > |y| /2 for every y € B(0) and t € [0, 1]. Thus,

11 =

| Dhs ()]

1 1 (d + 2s) x| 20+2s+]

= |hs(z) = hs(0)] <

‘y _ x,d—f—?s |y|d+2$ |y’d+2$+1 ]
Hence,
|u(y)| || (d + 2s) lu(y)]
IT <|z|(d+ 2s) s/ g dy < s - dy, (2.4)
B50) |yl R B0) |y "

which, by (2.2)), entails
lim lim I7T =0.

R—+00 5—07+

This completes the proof of (2.3). The statement of the lemma follows then by combining Steps
1 and 2. O
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(RY), and assume that a(ut),a(u~) € R. Then, for every p € N,

u(y)

LP .= lim liminf
v R ahor S/c( |z — y|4ToP
u(y)

= lim limsups / ——2——dy
R—oo 4 o+ ¢ (x) ’x _y’d-i-sp

is well defined and does not depend on x € R%. Moreover, Lk, = ay(u).

Corollary 2.2. Let u € L}

loc

(2.5)

Proof. We omit the proof of this result, for it follows by repeating verbatim the proof of Lemma
2.1 with different notational realizations. O

To prove Theorem we will exploit a corollary of [27, Proof of Theorem 2.2]. To keep this
paper self-contained, we recall its statement in the proposition below.

Proposition 2.3 (Theorem 2.2 in [27]). Let (M, d, m) be a metric measure space and let p > 1.
Suppose there exists a sequence of non-negative, symmetric, measurable functions (pn)neN de-
fined on {(x,y) € M x M : x # y}, such that:

A) there exists a constant L > 0 such that, for any x € M,

lim hmsup/ pn(x,y)dm(y) = lim liminf pn(z,y)dm(y) = L
f(@)

where By(z) ={y € M : d(z,y) = R},
B) for any uw € LP(M) such that there exists ng € N with

wi= [ / () — ()P oo (2, y)dm(z)dm(y) < +oo
(z,y):x,yeM,x7y}
we have

lim // lu(z) — u(y)|Pon(z, y)dm(x)dm(y) =0, VR >0,
z,y):0<d(z,y) <R}

n—o0

C) for any R > 0 sufficiently large, there ezists a constant C = C(R) such that, for any
r € M,neN,

/ pule, y)dm(y) < C.
¢ (x)

Then, if uw € LP(M) is such that Epy(u) < 400 for some ng € N, there holds
hm En(u) = 2LHu||I£p(M).

n—-+

Remark 2.4. Note that in [27, Proof of Theorem 2.2] assumption is only needed for the
application of Fatou’s lemma in the limsup estimate for the term I1,(R,n). If the function u
has compact support, it is therefore enough to show that for any R > 0 there exists a constant
C = C(R) such that, for every y € supp(u)

lim sup/ pn(z,y)dm(x) < C(R). (2.6)
Bg(y)

n—o0

If this is true, then the thesis of Proposition still holds even if Assumption |C)|is not fulfilled.

We now state three lemmata which will allow us to prove Theorem For completeness, we
state and prove them for every p > 1, since the proof doesn’t depend on the specific value of p
considered.

The next lemma shows that the contribution of the interior-interior interactions in the Gagliardo
seminorms vanishes as s — 0.
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Lemma 2.5. Let u € W*0P(Q) for some sq € (0,1). Then,

S

i[u]gvs,p(m -0 ass—0". (2.7)

Proof. The proof is a direct computation: for every s < sg, we have

‘U |p _ |u(z) - u(y)|p d+p(so—s)
// d+5p ddy—S 0 W|l‘—y| d.’]jdy

< diam ()P0 =5) 5[y ]P -0,

Ws0:P ()
which yields the thesis. O

Remark 2.6. The same argument as in Lemma also yields that

: Iu y)I”
lim s d —————=——dxdy = 0,
s—0t  Jo1 Jo2 x +Sp

for every pair Q', Q2 of bounded domains in R%.

We now show that, if sg is small enough, and f and g have finite mass at infinity, then the
characteristic function of €2 has finite so-Gagliardo seminorm with respect to the measure

Hfg = f(x)ﬁ\dn + g(l’)ﬁ\dgc' (2.8)

Lemma 2.7. Let p > 1, f € LY(Q) for some q > 1, g € Lloc(Rd), with f,g > 0, and assume
that a,(g) € R. Then, there exists so € (0,1) such that

Ixa(z) — xa)”
/Rd /Rd y|d+80p d'uf»g(y) d:“’f,g(x) < o009, (2.9)

where (g g is the measure defined in (2.8).
Proof. We rewrite the left-hand side of (2.9) as

()
2/9/ iz — y‘d+sopdy f(x)dx

By the Holder inequality, we obtain

/Q/ ”"g@(/%mdy floyde = /g </Q \:c—i%*sopd?f) Q/ dz " <[2f($)qu>;7

where ¢’ < oo is the Holder conjugate exponent of q. We only need to show that the first integral
is finite. For x € Q let ¢, = dist(z, 0€2). Then,

9(y) 1/ s9(y) s—s
————dy < — — 2R g — ylPlT0) gy
d > d
/Qc |z — y| oop § J Bse (2 |z — vy Top

1
< p(s0—s) / Sg(?il)-i-sp dy
50z Bse (x) |z — |

(lg) +1)

- So—S
855( 0
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for s < sq sufficiently small. Integrating now with respect to x in €2, we obtain

q q
[ 20 ) e (002 [ 1,
 \Jae |z —y|"T0P s o g7 Go=")
C(alg)+1\7 [liem@ . -
- <> /0 m% ({:L‘ €: 596 - ’I"})dr

)
s
1\ ¢ pdiam(Q) 1
< <a(g)—|—> / — HT {x € Q: 6, =r})dr
S 0 rp‘I( -

S0—S)
By [32, Section 3.2, Corollary 2], there exists C'(€2) > 0 such that
HI Nz € Q:d(z,00) =7} < C(Q) for every r € [0, diam()].

Hence, we can estimate:

90 g\ o < (CWHT) gy [H 1
ACA m—yrd+sopdy> s (M) et [T < e

if sg is sufficiently small. This concludes the proof. O
We conclude this subsection with an application of Proposition

Lemma 2.8. Let f € L4(Q) for some ¢ > 1, g € L} _(RY), with f,g > 0, and assume further-

more that a,(g) exists and is finite. Then, there holds:

: f(@)g(y) . 2V
81_1>%1+S/Q/C‘$_y‘d+spdyd$ p(g)/gf( )d. (2.10)

Proof. Let (sp)n C (0,1) be any sequence such that s, — 07. First, notice that the integral in
the right-hand side of (2.10]) can be rewritten, for s = s,, as

1
5 [ [ xa@) = xa()F puler.v) disg(w)dagy (),
Rd JRd
where fi 4 is is the measure defined in (2.8)) and
Sn

pn(l’, y) = W for every n € N.

We start by showing that Assumptions and of Proposition are fulfilled. Indeed,
Assumption holds due to Remark . As for Assumption by Lemma we know that
there exists so € (0,1), for which

Ixa(x) — xa(y)P
/Rd /]Rd y|d+sop (y)dy f(x)dac < +00.

Then, whenever s, < sg we have

. \XQ() xe )"
n//« W) 0<lz—y| <R} y\d+5"” o)y I

< s, R S0—5Sn)D /Rd /Rd ‘XQ y|d+5(()p)| (y)dy f(.%')dl‘

which converges to 0 as s, — 0". As for Assumptlon n (C)} this is not fulfilled in general without
further requirements on f and g. However, since the function xo has compact support, recalling
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Remark it is enough to show that for any R > 0 there exists a constant C' = C(R) such
that, for every x € Q,

limsupsn/c ’x_g(y)dng(R). (2.11)

n—00 y’d+5"p

Following the proof of we obtain that, for R > 0 big enough (depending only on
), there exist 0 < d1 < d2 (depending on R) such that Br(z)ABg(0) C Bs,(0) N B, (z) and
the following estimate holds:

9(y) / 9(y) |
o —IW g )_qy
/B;(:v) |z — y| TP B, (0) |y TP

Sn |lz| (d + snp) 9(y)
§S/ g(y)dy + ———F—sn o @
55 Iy o R B, (0) |y TP

Therefore,
d diam(€
lim sup sn/ %dy — Sn/ gd(fs) pdy‘ < iam( )ap(g).
o0 B(a) |z —y[T" Bg(0) [y R
By Lemma this entails
: 9(y) d diam(2) ey (9)
lim sup sn/ ————dy < ap(g) + ’
n—oo e ( ‘x_y‘d"" np R

which, in turn, gives (2.11)). We can now apply Proposition to obtain

;/Rd /Rd Ixe(®) — xa@W)|P pu(@, y) dusg(y)dpysg(z) = ap(g)/gf(m)dz

which concludes the proof. ]

2.2. Proof of Theorem We now prove Theorem Note that we will apply the previous
lemmata with f,g € {1,u",u™,u?}, with u € H%(Qq) (and thus in H*°(Q)) for some sq € (0, 1),
and such that a(u™), a(u™), a(u?) exist and are finite. This, by fractional Sobolev embedding
and since u € LIOC(RC[)7 ensures that all the assumptions of the lemmata above are satisfied.

Proof of Theorem [I.3 By expanding the square in the Gagliardo seminorm on Qq, and sepa-
rating local and mixed contributions, we rewrite

s s \u(a:)\Q
,[u]Q . :7[u]2 sy T S/ / — di9s dydz
9 MH(Qa) — o lMIHS(Q) o Jac |x—y|d+2

u(z)u(y) / / u(y)|? (2.12)
- 25/ / ———=dydr + s — = dydx
o Jac [z —y|*? o Jac [z — y|*T?
[+ [T+ II]+1V

We proceed by analyzing each of the above summands separately. First, by Lemma [2.5]
limg_,0 I = 0. In view of Lemma. with f =u? and g = 1), we find

lim I = dwd/ u(z)? d. (2.13)
s—0F Q
To estimate III, recall u™(x) = u(z) V 0 and u™ (x) = —(u(z) A 0). Clearly,

u(@)u(y) = (uh (@) —u (2))(u" (y) — v (y))
=u' (2)u’(y) —uT(@)u (y) —u (@) (y) + v (@)u (y).
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ut(@)u (y)
28// — 5. dydz,
aJoe o -yt

all the others being handled in a similar way. Applying Lemma (with f =ut and g = u™),

we find
+ —
lim 25// WdydmzZa(u_)/u+(m) dz.
aJoe |z —y7 Q

Consider, for example, the term

s—0+

Thus,

lim III:—a(qu)/Qqu(x) dm+a(u)/u+($) dx

s—0t Q

—l—a(uﬂ/gu_(x)dac—a(u_)/gu_(a:) dx
— —a(u) /Q u(z) da.

Eventually, a further application of Lemma (with f = 1 and g = u?), entails
lim IV = a(u?)£4Q), (2.14)

s—0+

which concludes the proof. O

2.3. Interaction energies. We now discuss a particular case of Theorem for functions
which admit limits at infinity in every direction. In particular, we will show that, assuming
further hypotheses on the behavior at infinity of the functions involved, one can rewrite the
formula in a more concise and natural fashion. This will also clarify the nature of the terms
including a(u) (or a(u?)) in (L.9).

We start by pointing out that, for functions u = u(r, ) admitting limit as r — 400 along
every half-line starting from the origin, the value «(u) can be characterized as the integral of
such limits along the angular component.

Lemma 2.9. Let u: [0, +00) x S™1 — R be a bounded and measurable function such that for
every @ € S the limit

Uoo(f) = lim u(r,0)

r—-+00
exists and, moreover,

Jim () = el sy = 0.

Then

U o
opf) =+ [ w0

Proof. Let ¢ > 0 and R > 0 be such that
[u(r, ) — “oo||Loo(sd71) <e Vr>R.

Assume first that u > 0. Then, by Tonelli’s theorem we can write

u(y) oo u(r, 0) d—1
/ dt-sp dy = / /dl TCH‘SP dH (0) dr.
B%(0) |y R Js
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Therefore we have

. u(y) i d—1
1 dy <1 d 0)dr
1msup/B irsp W 1msup/ /Sd 1 Td+sp H(0)

50+ e (0) |y 50+

< ( /S u(®)an o) +eHH (S ) Tim sup / L )

s—0t JR rd+sp

H /S u(0)an (0) + eHi ),

and analogously:

. u(y) 1 / d—1 d—1(gd—1
lim inf dy > — u(0)dH 0) —ecH S . 2.16
mint [ o= o, uoa o (s') (2.16)

Letting € — 0", we get the thesis. In the general case it suffices to write v = u™ —u~ and apply
the previous step separately to u™ and u™. O

corroborates the idea that the value a(u) only depends on the behaviour of u at
infinity, whenever such value is well-defined. This “integration at infinity” result is extended by
the following corollary.

Corollary 2.10. Let u satisfy the assumptions of [Lemma 2.9 Then, for every continuous
function ¢ : R — R, the value ap(Y(u)) exists for every p > 1 and is given by

U e o
= [ vt @), (2.17)

We can now exploit this fact to show that in the case of functions that admit a continuous
extension to the horizon the extended Maz’ya-Shaposhnikova formula admits a simpler
integral form, where the interaction between the part of u inside 2 and its radial limit at
infinity us, can be appreciated.

Theorem 2.11. Let 2 C R be a bounded domain and letu € L2 (R?) be such that u € H*(Qq)
for some s € (0,1). Moreover, assume that ujqe satisfies the assumptions of. Then:

lim 2 [u W s(Qq) = // ) — Uoo(0) PdHE(0) dx (2.18)
Sd-1

s—0+ 2

Proof. From 0l we know that all the assumptions of are satisfied. It

follows that )
502 _ 2 k(. k 2—k
S1_1)1%1+ g[u]Hs(QQ) = kzo <k>(_1) alu )/Qu (z) dz.

Note that, by the right-hand side can be written as

: 5 (Z) 0 [ koo /Q u*H () d

:% ( ) 2 //Sd ! O 6) de (2.19)
:;/Q/sdkzzo<k>( DFu2* ()b (0)dHEL(8) de
:;/Q/S () — oo (0] dHE(8) d
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U
Remark 2.12. Observe that for any function u € C°(R%), (2.18) reduces to
s Sa2 a1 qd 2
Jim Sl = gAY [ futa) P (2.20)

which is the classical Maz’ya-Shaposhnikova formula for p = 2.

Remark 2.13. also clarifies why the limit of the fractional perimeters as s — 0T
may fail to be a measure, a phenomenon first observed in [16]. Indeed, unless one restricts to
functions that vanish at infinity, the limiting functional does not behave like a norm, but rather
has the structure of an interaction energy.

2.4. Beyond p = 2. As the reader might have noticed, the proof of Theorem|[I.3|exploits the fact

that |u(z) — u(y)|?* can be expanded by the Newton formula for binomials. In this subsection, we

show that an analogous result can be proved for any p € N even and the limitations to extending

it for p € N odd. Then, we discuss possible extensions to the case of a general p € (1, 4+00).
First of all, we sketch the proof of a version of Theorem [I.3] for every even p € N.

Corollary 2.14. Let p € N be even, and let u € LT (R?) be such that u € W0P(Qq) for some
so € (0,1). Assume that ap(u;),ap(u;),a(uk) € R, for every k € {1,...,p}. Then:

T o <Z> (~1)k o (ub) / () da, (2.21)

+2
s—0 =0 0

Proof of Corollary|2.1]]. Assume, for simplicity, that u only takes non-negative values. We start
by expanding s[u]%/s,p (Qa) 38

S S - (u(y))" (u(z)P~*
§[U]WW(QQ) :i[u]WS”’(Q) + S/Q/c kgo <Z> (—1)* |yx— Sl dydzx. (2.22)

First, note that Lemma [2.5] yields

5 [’U;]%/s’p(g) — 0

as s — 0. Then, by Lemma [2.8]

lims// >)pikdydac:a (uk)/ wPF () dx
s—0 c ’l’ - ’d+$p P (9] ’

which concludes the proof. O

If p € N is odd, we cannot recover a closed formula such as (2.21)). Indeed, for any u € C2°(2),
the classical Maz’ya-Shaposhnikova formula states that

. S dwq
lim 7[“]%/&?@9) = p/Q|u(x)|P dz,

s—0t 2

while the right-hand side of (2.21) would just reduce to [, u(x)Pdz. The following example
shows some technical difficulties which would arise if one tried to follow this approach.

Example 2.15. Choose any p € N. Take d =1 and Q = (—1,1). Consider:

x f—-l<z<l1
u(x) == .
0 otherwise,

and then set v = u + 1. Note that, for every =,y € R,
u(r) = u(y) = v(x) = v(y).
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Since ujge = 0, it follows that

[Whe(Qa) = [Whwer(@a) = Wiyengay:
Thus, by the Maz’ya-Shaposhnikova formula (|1.2]),
s 1 12 (! 2
lim —[v]? =— 1 b === Pder = ————.
T S0 = 5 1 sl = 5 [ el e = Sy

On the other hand, we have that:

;: (z) (—1)kap(vk)/gvp_kd:c = a,(1) /Q zp: <£> (—1)koPhda

k=0

2 2 [t
:/(U—l)pdx:/ aP dz,
PJa PJa

On the one hand, the example above suggests that an explicit formula as might be
beyond reach for general p # 2. On the other hand, it is natural to conjecture that the result in
Theorem [2.11] might extend to the case p # 2. The extent to which this result can be generalized
and the underlying assumptions can be relaxed is investigated in [12].

which is equal to zero if p is odd.

2.5. A critical case. It was shown in [16] that, for measurable sets F C R? such that
LYENQ) =LY NQ), (2.23)
the limit of s Pers(F; Q) exists independently of the existence of o (E) and
lim s Per,(E; Q) = dwsLYENQ).

s—0t

In this subsection, we prove that a similar result holds for the H*(Qgq) seminorm. Although
its formulation, having to encompass many more cases, is slightly more involved, it reduces to
(2.23) when restricted to characteristic functions of sets.

Proposition 2.16. Let so > 0 and let u € H*°(Qgq). For every y € Q°, define

fly) = /Q () — u(y)|? de.

Then, if a(f) € R, it holds

lim >[40, = olf)- (2.24)

s—0+ 2

Note that condition a(f) € R holds trivially if f is constant. This is the case, for example, if
u = xg for a set E satisfying (2.23]). Indeed,

/Q (@) — xe@)? dz = m(E0Q) - 2m(E N Qxpw) + mQyey)

=m(ENQ)xee(y) + m(E°NQ)xEe(y)
=m(ENQ).

(2.25)

This shows, in particular, that the critical case in [16] can be recovered as a corollary of Propo-
sition [2.16)
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Proof. Let R > 0 be such that Q C Br(0). Arguing as in the proof of (2.4) in Lemma we
obtain that, for every z € Q and y € B%(0),

Ju(z) — u(y)? / Ju(z) — u(y)?
s — = dy — s ———d
/ R i P T

< (d+ 23)diam(Q)S/ |u(x) — u(y)|2dy
z(0)

— R ’y|d+25

Hence, integrating with respect to x €

) iy u(y)P
S Jo o ve = [ [ s

2
(d+ 2s) dlam ]u u(y)| [u@) —u@)l”
e Iyld“S

By taking the limsup as s — 0T on both sides, recalling the assumption «a(f) € R, we obtain:

lim sup // d£28’2dydx—s// dHE )’2dydx
530+ < (0) \fﬁ— yl <o Yl
d diam(€2
< 18m®  p),

which goes to zero as R — co. We can therefore compute'
lim 2 [u]? = i / / Ju(z) — @),
im — s im s
s—0+ 2 H*(Qq) 50+ c ’33— ’d+25 Y
= lim lim s// ()Pd dy
R—+00 s—071 c ) ‘.’L’ — y‘d+28

= lim lim s// wdxdy
Rtoos—0t  Jo Jpeo)  [yPT*

= lim lim s/ ) dxdy

R—+00 s—0+ \y|d+25
=a(f),
where in the first equality we have used Remark O

3. GAMMA CONVERGENCE

In this section we show that the limiting formula identified in Theorem [1.3| also captures
the asymptotic behavior of the fractional Gagliardo seminorms in the sense of I"-convergence.
In particular, we prove that, provided that suitable solid boundary data are fixed outside the
bounded domain €2, T-convergence with respect to the weak-L?(€) topology can be proved with
little effort. In what follows, without loss of generality, we will always assume that §2 contains
the origin.

For this purpose, let us start by defining the space in which we will set our analysis. Let

AQ) :={v e L®(Q° : Ta(vh), a(v™), a(v?)}, (3.1)
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be the set of all admissible boundary data. For any v € A(2), we consider the space
L (Qa.v) ={u€e L (R") :u=v on Q°}. (3.2)

Finally, for every s € (0,1) and every u € L? (R") we denote:

loc

s 2
FS(U, Q) = {Q[U]HS(QQ) ifue Lloc(QQ7v)a

+o00 otherwise.

First, we prove equi-coercivity for the functionals Fy(-, ) with respect to the weak-L?(Q2) topol-
ogy. This result is a consequence of the fractional Hardy inequality proved in |36, Formula (9)],
which we recall here in the case p = 2 (see also |8, Theorem 1.1]). For every s € (0, 1), let H(R%)
be the completion of C2°(R?) with respect to [/] ms(rd) (note that the Gagliardo seminorm i,
in fact, a norm in such space). By classical approximation results (see [34, Theorem 6.78]), we
have that, if s < 1, H(R?) = H*(R?Y). The fractional Hardy inequality in this setting reads as
follows.

Proposition 3.1 (Formula (9) in [36]). Let § € (0,1) and take s € (O,%). Then, for every
u € Hi(R?),

dwq(1 —5)2/ |u(x)]2d
R

Sro12
925+1 PRNPER mgg[u]HS(Rd)‘ (33)

Remark 3.2. Let Q C R? be a bounded domain with Lipschitz boundary. For any u € H*(Q)
let:
i(z) = u(x) %fac €N
0 it z € Q°.
For s < %, we can apply to @ to obtain:

doa1 =07 [ ()P, s,
92541 0 |z dr < i[u]HS(Rd)' (3.4)

Our compactness result reads then as follows.

Proposition 3.3. Let v € A(Q) and let (us)s C L} (Qa,v), s € (0,1), be such that

sup Fs(u) < 0.
s€(0,1)

Then, there exists a function u € L?(2) such that, up to subsequences, us — u weakly in L*(£)).

Proof. For any s € (0, 1), let 45 denote the zero extension of ug outside 2. We estimate:

s |us (@ ) |us (@
ol =3 [, [, e dydw“/ o

[us H*(Qo) T 28/ /C - y‘d“sdydx.

By the definition of A(2), the same argument as in 4)) implies that there exists § € (0,1)
such that, for every s < §

/ / z —y |d+zsdydx§a<v2)ﬁd<m+1:=c<9,v>,

and, therefore,
s
sup [US]HS(Rd) < sup s[us]Hb(QQ) +¢(Q,v) < oo. (3.5)
s<5 s<5
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By choosing s € (0,1/32), and applying (3.4]) with § = 1/2, we get, for s < 5,

dwq
225+3d1am |us P < [uS]HS(Rd)
which, together with , gives
sup [Jus72(q) < o0, (3.6)
<8
thus ending the proof. O

We now state and prove the main result of this section.

Theorem 3.4. Let Q C R? be a bounded domain with Lipschitz boundary and let v € A(Q).
Then, as s — 0T, the family of functionals Fs(u, ) Gamma-converges with respect to the weak-
L?(2) topology to the functional:

Fy(u, ) = {Zk oD Gat!) Jo ™ ()de il u & L2(@) (3.7)

400 otherwise.

Proof. By Theorem we only need to prove that whenever (us)s C L? (Qq,v) converges
weakly-L?(Q) to some u € L?(€2), then

lim inf F} (1, ) zi <Z>O‘(”k) /Q 2 (@)dr. (3.8)

Let us start by decomposing the energy in the same way as in the proof of Theorem [1.3}

us
Fis(us, Q) = Us HS(Q) +s / / | d+2s dydx

v(y) lo(y)I”
—25/ us(az)/ dedx—i—s// — . dydz
Q . |$—y|d+2 q Jae ’$—y|d+2

=1+ 11+ 1IT+1V.

The same proof as for (2.14)) yields that IV converges to a(v?)L£%4(Q) as s — 0. Now, notice
that: .

~ 12
We can therefore exploit the argument used in the proof of |8, Theorem 1.2]. Indeed by Propo-
sition [3.1] we have

81 12 dwa(1 = 0)* [ |us(z)?
§[US]H5(Rd) Z T oaerd q |z% dz
s dz,
— 22stldiam(2)%s /Q fus (2)"dz
which yields:
dwd
l;srg(l)lilf 2[ ]?{S(Rd) > —(1- / u(z)[*dz.
Letting § — 0T we finally obtain:
dwd
lim inf 2[ oo ey > / Ju()|*da. (3.9)
To deal with IT1, we start noticing that from [L 1] it follows that:

: v(y) _
lim S/QC mdy = Oé(U) (310)

s—0t
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For z € Q, we set

_ v(y)
o) i=s ||

and use the notation 0, := d(z,012). Let 0 denote the extension by zero of v to 2. For s < 1/8,
we estimate
< 1

o(y
gs(x) :s/c x_;’()#r%dydvr < vl e) dwds/d( ) 12

| dr
5(a) (@)

dwg 1
= ||UHL°°(QC)7W

dwd

X{5<1}(@)
< ol 52 () + <L) o= G,

‘We have that:
dw 2 diam(£2) 1 B
/ G(a)2dz = ( ol pmoe 24 [ c4@) + / LW (6(a) = rhar
9] 2 0 T /

dw 2 pdiam(Q) 1
< 0@ (Iollpmon Z2) [T i <o

for a suitable constant C'(£2) only dependent on the set Q. Thus, by the Dominated Convergence
Theorem we obtain

Jim, llgs — a(v)llr2@) = 0,

which together with the weak-L?(Q2) convergence of (us)s gives:

, v(y) _
lim s/gus(x)/cm_w%dyd:v— a(v)/gu(az)dm. (3.11)

s—0t

Then, the thesis follows by combining the convergence of all terms LILIII, and IV. ([

Remark 3.5. We point out that the same result holds under slightly weaker assumptions on the
boundary data. In fact, a careful inspection of the proof, as well as the continuity of the mass
at infinity with respect to the strong L°°-convergence of its argument, shows that an analogous
Gamma-convergence analysis can be established for the sequence of functionals

r 5lulF. if u € L?
.FWS(’UJ7 Q) = Q[U]H (QQ) 1w ‘loC(QQavs),
400 otherwise,

provided that there exists v € L®°(2¢) such that the data satisfy vy — v strongly in L% (Q°) as
s—0F.

Remark 3.6. The fact that the topology for the I'-limit is the weak L? topology (which appears to
be the optimal one even in the case of vanishing boundary data [8]) highlights that an extension
in the sense of I'-convergence of (see |16, Theorem 2.5]) would not lead to a functional
defined on sets, but one defined on measurable functions attaining values in [0,1]. In this
sense, provides the lower semicontinuous envelope (with respect to the weak-L?(£2)
topology) of the functional

) (dwa — a1 (E)LYQNE) + ar (B)LYQ\ E)  if u= xp and Jay(E)
plu) = 400 otherwise.
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Indeed, take a measurable set ' C R? such that xr € A(Q), i.e. a1(F) exists. Then the lower
semicontinuous envelope of y with respect to the weak-L?(£2) topology on the space L2 (Qq, XF)
is given by:
v, ) 2Fo(u,Q) if u:Q—10,1]
(w) = ~+00 otherwise.

where the multiplication by 2 comes from the identity 2as(u) = ai(u) for every u with finite
mass at infinity.

4. THE METRIC SETTING

In this section we extend [Theorem 1.3 to the metric measure framework. A metric measure
space is a triple (M, d, m) such that (M,d) is a Polish space and m is a positive Borel measure
which is finite on bounded sets. The validity of a Maz’ya—Shaposhnikova formula in the metric
measure setting was first established in [28].

In this context, the analogue of the Gagliardo seminorm is defined by means of a measurable
function p: M x M — [0,4+00). We set

[uf3;, = /M /M () — u(y)? plz, y)dm(z)dm(y) (4.1)

and, for any open subset {2 C M, the Gagliardo seminorm with interior-interior interactions is
defined as

(], = / /Q lu(z) — u(y)[? plz, y)dm(z)dml(y). (4.2)

Since our goal is, in a loose sense, to understand the behaviour of the H® Gagliardo seminorms
as s — 0%, it is natural to consider a family of convolution kernels {p,}, that ”spread out”
as n tends to infinity. We refer the reader to [13] for a detailed discussion of the structural
assumptions required for a Maz’ya—Shaposhnikova formula to hold.

The assumptions adopted here combine those in [27] with additional ones which ensure a
control on the interaction between the energies in the interior and the exterior of the reference
domain. Roughly speaking, these assumptions play the role of the results obtained in
by means of the fractional Sobolev embedding and of the coarea formula. Once again, we restrict
our attention to the case p = 2.

Let 2 be an open subset of M. For any pair of nonnegative, measurable functions v and w,
define the measure p, ,, on M as

pow(E) = / vdm + / wdm, (4.3)
oNE QeNE

which can also be expressed as

How = VX dm 4+ wxoe dm.

1
loc

Then, for any v,w € L; (M), we define y, ,, as the Radon functional given by

My = Pyt w+ + Hy= w— — Mot w— = Mo— wt-
Moreover, given a measurable function v, we define (whenever possible)
a(v)(z) = lim v(y)pn (@, y)dm(y). (4.4)

We can now state the main assumptions we make to extend to the metric measure
setting. In what follows, v will be a real-valued measurable function defined on M.

The first requirement is the content of
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Assumption 4.1. The limits a(x0)(z), a(x0r)(®), alu®xa:)(), alu™xoe)(@), alu?xo:)(x)
exist and are independent of = and R.

The second assumption is the (fractional) Sobolev-regularity of the characteristic function of
Q, which was established in the Euclidean setting through

Assumption 4.2. There exists ng € N such that the characteristic function yq satisfies

/ / X(@) — x0() 2o (2, 9) A, y) < +00 (4.5)
MJM

for every choice of (v,w) € {ut,u=}? U {(1,u?), (u?,1)}.

The last two assumptions are needed for the validity of the metric Maz’ya-Shaposhnikova
formula proved in [27].

Assumption 4.3. For any u € L?(M) such that there exists ng € N with

= ul\r)—u 2 X mlx)am 0
Eno(11) = / /{ e )~ ) g ) () <+

we have

n—oo

lim / / () — uly) Ppn(@, y)dm(@)dm(y) =0, ¥R>0.  (46)
{(x,y):0<d(z,y)<R}

Assumption 4.4. For any R > 0 sufficiently large, there exists a constant C' = C(R) such that,
for every x € M and n € N,

/ pula, y)dm(y) < C.
B (x)

We now state and prove the extension of Theorem to the metric measure setting

Theorem 4.5. Let (M,d,m) be a metric measure space, Q0 be an open subset of M and let
{pn}n be a sequence of of non-negative, symmetric, measurable convolution kernels and u such
that [u]Qg,p,, < t00. Assume that

o The kernels {py}n restricted to Q x Q satisfy Assumptions and [4.4;
o |Assumption 4.1 and [Assumption 4.2 hold;
e For every choice of (v,w) € {u™,u=}2U{(1,u?), (u? 1)}, the kernels {p,}n satisfy As-

sumptions cmd on (M,d, pyw)-

Then,

u? dm — 2a(uxqe) / wdm + a(u?xae)m(Q) (4.7)

. 2 _
nEI—Eoo[u]QQ’p” —Oé(].)/ Q

Q
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Proof. We start by expanding (with a small abuse of notation in the use of y, ) the seminorm

[u] 2QQ Pn, as

(W, =l + | / 2P (e, 9) dmz)dm(y)

—2/ / y)pn(,y) dm(z)dm(y)
; /Q /Q u(w)? pu(, ) dm(z)dm(y)

— [, + / /MxM (@) — xa () pule.y) dige 1 (2,9)
+ / / (@) — xa () o, ) ditu(z,y)
e = xa) oo ) di o (.0),
MxM

We compute the limit of each summand separately.
By applying 27, Theorem 2.16] to the metric measure space (€2, d, m|q) with kernels p,, we get

3, = alxe) iz s n = +oc. (4.9)

Then we apply [27, T heorem 2.16] to the function xq on the metric measure spaces (M, d, fty.w)
for every choice of (v,w) € {u*,u~}?> U {(1,u?), (u?,1)}. This implies that

i [ o)~ xa) pa(e0) sz = alxar) [ dm (4.10)
n—=+00 J Jarx M Q
i [ xa(@)  xa(0) o) dht = ainer) [ wdm (4.11)
n—=+00 J Jprx M Q
i [[ xal@) = xaW) pale ) dis e = aluxar)m() (1.12)
n—-+4oo MM
It now suffices to sum all the terms to conclude. O

Remark 4.6. The proof of this result appears much simpler than the one of Theorem [1.3] While,
in principle, all the terms appearing in the proof of Theorem [I.3] could be treated by applying
the result of [27] to different metric measure spaces, most of the Work done i 1n is aimed
at proving some version of Assumption

While features the term a(uygqe) rather than a(u), the contribution of w re-
stricted to € is negligible for the computation of a(u) under standard assumptions on the kernels
{pn}n- This behaviour occurs, for example, when considering standard Euclidean kernels (see
also |13 Corollary 2.5]).

Lemma 4.7. Let Q be an open subset of M, v € L' () be a nonnegative function and assume
that:

(i) limy, 00 pn(z,y) = 0 for m-a.e. z,y € M;

(i) there exists a constant C' > 0 such that p,(x,y) < C form-a.e. x,y € M with d(z,y) > 1.
Then

a(v) = a(vxge).

Proof. By linearity, we have a(v) = a(vxqe)+a(vxq). Thus, it suffices to show that a(vyq) = 0.
Recall that a(vxq) is defined via the limit of integrals over the domain QN B{(z). For any n € N,
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consider the function f,(y) := v(y)pn(z,y) restricted to {y € Q : d(x,y) > 1}. Assumption (ii)
implies the pointwise bound

|fn(y)| < Clu(y)| for m-a.e. y € QN Bf(x).

Since v € LY(M), the function g := Clv| acts as a dominating function in L'. Moreover,
assumption (i) ensures that f,(y) — 0 pointwise almost everywhere as n — oco. Therefore, the
Dominated Convergence Theorem applies, yielding

lim v(y)pn(z,y) dm(y) = 0,
n=o0 JONBS(z)

which concludes the proof. O
We now present an application of [Theorem 4.5|to the setting of Carnot Groups (see also [24]).

Example 4.8 (Asymptotics of the fractional perimeter on Carnot Groups). Let (G,-) be a
Carnot Group of homogeneous dimension ) and let doc and p be, respectively its Carnot-
Carathéodory distance and the Haar measure. Consider the family of convolution kernels
Sn

0D = Goota, )@
for some sequence s, — 07. Consider a domain Q C G such that, for every ¢t > 0, the H2~!
measure of the set

{a: e ‘ dcc(l’,ﬂc) = t}
is controlled by a constant depending only on Q, @ and r (this is the case, for example, for
doc-balls of a given radius). One can then repeat the proof of by means of the
coarea formula (see [5, Theorem 2.4], [2], [37]) and the fractional Sobolev inequality (see [22]) to
ensure the validity of the assumptions stated in In this setting, the space (G, dcc, 1)
and the domain Q satisfy the assumption of In particular, for any set E C G such
that a(xg) exists, one has

S1_i>r(1;1+ sPery(E;Q) = (Qu(B1) — (ENLYENQ) 4+ a(E)LYQ\ E)

where B is the do¢ unit ball.
Note that, in analogy with the Euclidean case,

s
a(E) = lim / — 73 An(y)
O ON
where || - |g is a homogeneous norm on G such that dec(z,y) = ||z — y|lc-

We now show that, if the kernels do not concentrate their mass at infinity, namely, if
is not fulfilled, does not hold.

Remark 4.9 (Asymptotics of the Gaussian fractional perimeter, see [6]). Let (R dg,~) denote
the Euclidean space endowed with the Gaussian measure. Consider the family of Mehler kernels
{ps}s>0 defined by
< My(z,y
ps(T,y) = ; ;EH) dt. (4.13)
where M; is the Mehler kernel, which has the form

1 e_zt]a:|2 — 2ty + (3_2tly|2
M(z,y) = —(1 Rp—TINE exp(— 301 — e 20) ) .
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Then, [6, Main Theorem] states that
lin(l) sP)(E,Q) =2[v(E)y(Q\ E) +v(ENQ)y(E°NQ%)].
S—r

This result does not follow from Indeed, the kernels under consideration here
do not fulfill |Assumption 4.3| In fact, the kernels ps(x,y) converge to 1 almost-everywhere (see
[7, Lemma 2.6] and [7, Section 4.3]). Moreover, since the Mehler kernels decay exponentially as
t — 0T, it is possible to apply the dominated convergence theorem in to see that the limit
is not zero for a generic function in L?. This global behavior, in which the limit depends on
the total measure of the sets rather than localizing to the boundary, is a consequence of the
finiteness of the reference measure 7. Indeed, as shown in 7, Theorem 1.8], this asymptotic
behavior holds for any complete, stochastically complete Riemannian manifold (M, g, 1) with
finite measure (M) < +o0o. The mechanism driving this phenomenon is the long-time behavior
of the heat kernel, which converges to u(M)™1 as t — oo (see |7, Lemma 2.6]), contrasting with
the infinite volume case where the heat kernel tends to zero and the asymptotics recover a result
akin to the one of [16] (see [7, Theorem 1.6]).
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