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Abstract

We prove a heat semigroup characterization of the total variation for compactly supported
BV on arbitrary smooth complete weighted Riemannian manifolds, extending the main result
in [GP15]. We then provide an example of a weighted manifold where such equivalence does
not hold for a large class of sets of finite perimeter.
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1 Introduction

1.1 Overview on the topic

The theory of sets of finite perimeter in R" was formally introduced by De Giorgi in [DG53]. His

definition used the heat kernel . ,
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to smooth out the characteristic function of a set 2, xq, and then define the perimeter as follows

pi(z,y) =

Per(Q2) = lim |Vpe * xa|(z) dz. (1.1)
t—0t Jrn
In the later works [DG54] and [DG55] he then managed to reconcile the theory with the one
pioneered by Caccioppoli and with the one of Carathéodory, Hausdorff and Federer, based on
measure theoretic concepts and on rectifiability. These works led to an equivalent definition of
perimeter, that is

Per(2) = sup { / divXdz: X € CHR™R"), |X| < 1}. (1.2)
Q

Replacing xq by a general L] _ function u, De Giorgi gave also the definition of total variation of
the gradient of a function, introducing the concept of function bounded variation (BV function)
of several variables.
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The theory of BV functions and of sets of finite perimeter has since then found countless appli-
cations and has developed in various research directions. One of the core questions revolving
around the notion of total variation of the gradient of a BV function (and consequently of perime-
ter) was if can one define such quantity (and develop a similar theory) on more general ambient
spaces.

In the case of smooth structures such as Riemannian manifolds several contributions appeared
over the years: the first one is probably [MPPP07], where the authors, using the heat kernel of
the Riemannian manifold (M, g), were able to prove the equivalence between (1.1) and (1.2) as-
suming a lower bound on the Ricci curvature and a non-collapsing assumption on the volume
of the balls. In [CM07] the authors were then able to remove the non-collapsing assumption and
gave a simpler proof, exploiting bounds on the heat flow of differential forms. Finally in [GP15]
the authors improved on all the previous approaches by removing a uniform lower Ricci bound
and asking for a Kato-type condition on the Ricci tensor which, roughly speaking, asks for the
negative part of the such tensor to be integrable. The final tasks would be to establish the valid-
ity or the non-validity of the equivalence between (1.1) and (1.2) on general smooth Riemannian
manifolds.

In this note we shall discuss both type of phenomena: on one hand we will show that on any
weighted manifold the equivalence holds true for functions v € BV (M) provided the support of
u is bounded (see Theorem 1.1). The requirement of boundedness of the support is not merely
technical: to obtain good “tail estimates” on the heat kernel it seems a necessary condition. It
would be nice to understand if this approach can be extended to cover the case of general BV
functions. On the other hand we will construct an example of a weighted manifold (see Theo-
rem 1.4 and also Remark 3.2 for the same pathology on a conical manifold ()M, g)) where such
equivalence is no longer true if one considers sets of finite perimeter which are the complement
of bounded sets. The key in obtaining such counterexample is to exploit stochastic incomplete-
ness of the (weighted) manifold we build along with a stronger property of the heat kernel of this
specific example (see Proposition 3.1).

1.2 Statement of the main results

We are now going to state our main results, referring to Section 2 for the relevant definitions.

The first theorem we are going to prove establishes that, on general weighted manifolds
(M, g,e~Vvol) (we shall simply write (M, g, 1) for short), the equivalence between (1.1) and (1.2)
is still in place if the BV function we are dealing with is compactly supported.

Theorem 1.1. Let (M, g, i) be a smooth, complete, n-dimensional weighted Riemannian manifold, with
V € C*®(M). Then for any compactly supported v : M — R such that u € L*(M) we have

lim/ Vhyu| dp = | Dul(M).
M

t—0t

Remark 1.2. We would like to point out the assumption on the compactness of the support of w.
This assumption was not needed in [MPPP07], [CMO07] and [GP15] due to the uniformity on the
estimates for the heat kernel. However in our case this turns out to be crucial (in general) to
exploit estimates for the heat kernel.

Remark 1.3. If the manifold (M, g) is stochastically complete, then we have hyu = 1 —hy(1 —u). In
the case of sets this means that Vhyxg = —Vh;xge and if F C M is bounded, then

lim / |Vhyxpe|dp = Per(E).
t—0t J s

Therefore the sought characterization extends to a class of non-compact sets with infinite mea-
sure. An interesting topic to investigate would be if it is possible to remove the assumption of
compactness of the supports and ask just for integrability (as the proofs in [MPPP07], [CM07] and
[GP15] do). Furthermore, we highlight that all the assumptions in [MPPP07], [CM07] and [GP15]
entail that (), g) is stochastically complete.



The second crucial and perhaps surprising result is that there exists a weighted manifold for
which the mentioned equivalence does not hold for any characteristic function of the complement
of a bounded set of finite perimeter. More precisely, we have the following:

Theorem 1.4. There exists a smooth, complete, weighted manifold (M, g, i) which is stochastically in-
complete, such that for all bounded sets E C M of finite perimeter one has

/ \Vhexge| dp =00 Wt > 0. (1.3)
M

2 Preliminaries

For a weighted manifold (M, g, ;1) the weighted divergence div is defined as the operator acting
on smooth vector fields X as
divX =divy X — g(VV, X),

where div, is the classical divergence and V is the classical gradient. Consequently, the weighted
Laplacian A is defined on smooth functions u : M — R as Au = divVy, and hence we have

Au = Agu — g(VV,Vu),

where A, = div,V is the classical Laplace-Beltrami operator of the manifold. One can also define
a weighted Ricci tensor, given by
Ric = Ricy + HessV,

where Ric, is the Ricci tensor of (M, g). With the latter notions one can write the Bochner formula

2
A (\V2u|) = |Hess(u) |5g + Ric(Vu, Vu) + g(Vu, VAu), 2.1

where |Hess(u) % is the squared Hilbert-Schmidt norm of the Hessian of u. We did not highlight
the dependence on the weight of the operators to lighten a bit the notation, since such symbols
will appear frequently.

The weighted Laplacian A induces the notion of heat kernel. For all t > 0 we shall denote
by pr : M x M — (0,00) the minimal non-negative fundamental solution of the heat equation
(which we call heat kernel). Given a function v which is either in L!(M) or in L>(M) we define
the function hyu : M — R as

heu(z) = /M p(z, y)u(y) du(y).

Such function is clearly smooth on (0,00) x M if u € L'(M) and satisfies the heat equation
pointwise. These properties hold even if v € L> (M), though since we could not find a refer-
ence in the literature we shall briefly discuss this matter: first without loss of generality we shall
assume that v > 0 (otherwise we would just have to argue separately for the positive and the
negative part). Then by Holder inequality we have hyu < |ju|| for all t > 0, thus proving that
hu € Ll _((0,00) x M). We can finally infer the claim after an application of [Gri09, Theorem
7.15].

We stress that for a bounded (even continuous) initial datum « without additional integrabil-
ity solutions to the heat equation are not unique in general. For that to be the case we have to ask
for the following property to hold.

Definition 2.1. We say that a complete weighted n-dimensional manifold (M, g, i) is stochasti-
cally complete if

/ pe(z,y)dp(y) =1 VE>0,z e M.
M

Otherwise we call (M, g, ;1) stochastically incomplete.
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Regarding non-uniqueness we refer the reader to [Gri09, Theorem 8.18]. We mention that for
h;u the semigroup property holds, that is for all ¢, s > 0 one has

ht+5u = ht (hSU,)

We finally record the following Lemma which is a combination of [CFS524, Lemma 2.16] and
[CFSS24, Lemma 2.17] and provides key estimates for the heat kernel.

Lemma 2.2. Let (M, g, ;1) be a smooth, complete n-dimensional weighted Riemannian manifold. Then,
forallp € M and r > 0 there exists R > r > 0 and constant C, ¢ > 0 depending only on R, r and p such
that

/ Vprl (2, y) dpa(y) < Ce %, [Hessplus (e, 2) < e~
M\Br(p)

forall x € B,(p), z € B(p) and t > 0.

Proof. The proof follows from [CFSS24, Lemma 2.16] and [CFSS24, Lemma 2.17] after covering
B, (p) with a, crucially finite, number of charts. Their proof is for smooth Riemannian manifolds
but the modifications for the weighted case are minimal, we hence skip the details. O

We can now define functions of bounded variation as follows.

Definition 2.3. We say that a measurable function v : M — R belongs to BV(M) if u € L'(M)
and

|Du|(M) = Sup{/ udivXdp: X € CHM;TM), |X| < 1} < 400, (2.2)
M

where C!(M;TM) denotes denotes the class of compactly supported vector fields of class C' and

|1 X| = g(X, X )% Moreover we say that a set @ C M has finite perimeter if xq satisfies (2.2),
without requiring (2 to be of finite measure.

3 Proofs of the main results

Proof of Theorem 1.1. First of all the following inequality is true for any function u € L' (M)

|Du|(M) < liminf/ |Vheu| du,
M

t—0t
following by lower semicontinuity of the total variation under L'(M) convergence. To prove
the lim sup inequality we can of course assume u € BV(M). Let ¢ > 0 be fixed and choose

R > r > 0and p € M such that the following are satisfied: for such values Lemma 2.2 holds,
Per(Br(p)) < 400 (this is possible thanks to Coarea formula) and suppu C B, (p). Then we claim

lim sup/ |Vhiu| dpe = lim sup/ |Vheu| dp. (3.1)
M Br(p)

t—0t+ t—0t+

Indeed there holds

/ Vhe| du < / () /
B3, B.(y) B

R Rr\P

) Vapil (2, y) dpe(z) dp(y) < Ce™ ¢ lull o,

and the last term goes to zero as ¢t — 07 (note that C' depends on R). The proof now follows a
similar argument of the one contained in [MPPP07] but with several crucial differences: we are
going to differentiate the function

F.(t) := / VIVhu|? +edp = W dp.
Br(p)

Br(p)



Observe that
9(0:Vhyu, Vhyu) — g(VAhsu, Vhu)

at Wg - WE - WE

Bochner identity (2.1) then gives

9(VAhwu, Vhu) 1 A(|Vheul*)  Ric(Vhyu, Vhyu)  [Hess(hyu)[fg

Wg 2 We We’;‘ W€
Allin all we get
A(|Vhyul? ic(Vh h Hess(hyu)|?
FE/(t) _ % / (’Y/Vtu| ) d,U, . / RIC(V I;;L? \% tu) dﬂ o / ‘ eSSI(/Vtu)‘HS d,U,
Br(p) € Br(p) € Br(p) €

For what concerns the first term on the r.h.s. we have

A(|Vhgul?) / ( Vhyu -1 2
————dpu=2 Hess(hyu) | =——,vo do — / g(V(W ), V|Vhu|®) du
/BR@) We 9Br(p) AN T e Br(p) : t
Vhyu 1 |V|Vhyul|?|?
:2/ Hess(h u)(,ya >d0+/ ——dp
OBr(p) ERANTAR 2 Brw W2

¢ Hess(hyu)|?
< Ollull 1wy~ Per(Br(p)) + 2/ w a.
Br(p) €

where we used Gauss-Green theorem, Lemma 2.2 and standard inequalities. Finally we can use
the fact that there exists K € R such that Ric > —K on Bg(p). This fact, together with the
previous inequalities, yields

\Vhtu|2

Flt) <K
Br(p) We

du+Ce t < KF.(t)+ Ce ™+,
forall t € (0,1). Integrating the latter between 0 < s < ¢t < 1 then gives
t
Fo(t) < KU F (s) + CeKt/ S

Finally, we can pass to the limit as ¢ — 0" and thanks to dominated convergence we get

t
Ft) < K9 p(s) 4+ Cekt / K% dp, (32)

Where F(t) = Fy(t). Now we choose a sequence (u;)jen C C°(M) such that u; — wu strictly in
BV(M). By classical semicontinuity we have

/ |Vhiu|dp < lim inf/ |Vhyu;| d,
Br(p) I JBRr(p)

so that we can combine (3.1) and (3.2) to get

lim Sup/ |Vhiu|dp < limsup lim inf/ |Vhyu,| dp
Br(p) Br(p)

t—0+ t—0+ 0

t
< lim sup lim inf [eKt|Duj|(BR(p)) + CeKt/ e K=+ dr}

t—0+ Joo 0
t
= lim sup [eKt\DuKM) + C'eKt/ e Kr=3 dr]
t—0+ 0

— |Dul(M).

The previous inequality concludes the proof. ]



The next Proposition, building a pathological manifold, is the key for the proof of Theorem
1.4 and we believe it is of independent interest.

Proposition 3.1. There exists a smooth weighted manifold (M, g, jv) which is complete and such that

J,

Proof. Consider R3 with the Euclidean metric and y = ell" 3. Now we define the quantity

v./ pt<x,y>du<y>\du<x>=+oo vt > 0. (3.3)
M

m(t, z) = /me,y) du(y), (3.4)

which is such that 0 < m < 1. Note that m is radial in the space variable and that ¢ — m(t, p)
(here we keep denoting m the radial counterpart of the function defined in (3.4)) is non increasing
since m(t + s,-) = hy(m(s,-)) < hyl = m(t,-). Now set u(t,r) = m(t, |z|), where r = |z|. Thanks
the explicit expression of the weighted Laplacian, it is easy to verify that u solves the following

Opu(t,r) = O (A(r)Bru(t,r)), (3.5)

1
A(r)
where A(r) = r2¢™.
Claim: lim, o u(t,r) = 0 for all ¢ > 0.
To prove such claim let up = h{’*1 be the solution to the problem
0z =Az in (0,00) x Br
z2=0 on (0,00) x dBg
2(0,-) =1 on Bpg;

Then by [Gri09, Exercise 7.40] we have that for all ¢,r fixed ugr(t,r) — u(t,r) as R — oo
monotonically from below. Now set

4
Rl_e—s

vR(t,r):/OtuR(s,r)ds, wR(r):/r ———ds.

g3

Observe that (abusing a bit the notation) for all t > 0 we get
t
A’UR(t, ) = / asuR(S, ) ds = uR(t, ) —1 > —1, VR = 0 on f)BR
0

and also

ri

-1
AU]R:—4+€474<—1 OHBR, UJR:O OnaBR.
ree’
Together the previous facts yield
A(vg —wr) >0 onBgr, vg—wr=0 ondBg,

for all t > 0. By the maximum principle we therefore infer vg < wg on B for all ¢ > 0. Since (by
the usual semigroup identity) ¢ — ur(t, -) is non-increasing we get

t
tunt.r) < [ un(s.r)ds = ve(t,r) < wilr)
0
Therefore letting first R — oo and then » — oo we infer the claim thanks to the equiintegrability

of wg. Observe that the claim also implies that the manifold (7, g, i) is stochastically incomplete.
Now again by the maximum principle and the monotone convergence of the Dirichlet heat flow
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we get u(t,0) > up(t,0) > 0 for every t > 0. We now integrate (3.5) using the smoothness at r = 0
so we end up with

A(r)oru(t,r) = /07” A(s)Owu(t,s)ds < 0.

The latter means 0,u(t,r) < 0, due to the fact that A > 0 and 9,u < 0. Now since u(¢,0) > 0,
Oru < 0 and lim, o u(t,r) = 0, for all t > 0 there exists r, such that d,u(t, ;) < 0. We then have

qi(r) == —A(r)opu(t,r) > q(ry) =: 6, >0 Vr > ry,

implying that

/ |[Vm|(t,z) du(x) = 47?/ qe(r)dr > 47r/ d¢ dr = +o0.
R3 0 e

O]

Proof of Theorem 1.4. Consider the weighted manifold (M, g, 1) of Proposition 3.1. Let E be a
bounded set of finite perimeter and assume by contradiction that there exists ¢ > 0 such that
(3.3) is finite. For such t we would have

Thoxs| + [Thoxse| > \v [ e du(y)'-

Integrating over M, exploiting that || Vhx || 11(ar) is finite for all ¢ > 0 and (3.3) we then reach a
contradiction. O

Remark 3.2. One can obtain the same pathological behavior with a conical manifold (M, g) which
is smooth everyhere except at a point. Indeed it suffices to consider M = [0,00) x S? with g =
4

dr? + ¢?(r)gs2, where 9(r) = re= . It is easy to check that the Laplace-Beltrami operator A, on
radial functions is the same as the one of the weighted manifold example. Moreover the integral
of the heat kernel m(t, ) is still a radial function and the rest of the proof translates verbatim to
this setting.
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