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ABSTRACT. A Pdlya-Szegd inequality for the circular rearrangement is proven, under general
assumptions. In addition, sufficient conditions are given, under which all the extremals of the
inequality are symmetric.

1. INTRODUCTION

Rearrangement inequalities are a fundamental tool in the Calculus of Variations, since they
allow to prove symmetry of solutions of variational problems and PDEs. For instance, the radial
decreasing rearrangement and the Steiner rearrangement are by now standard tools that are com-
monly employed in various contexts. However, these techniques cannot be used in situations in
which the functions involved can change sign, or when they are defined in domains that are not
simply connected. To tackle these problems, in this paper we consider the circular rearrangement
of functions, in which level sets are rearranged using circular arcs. Our main contributions are the
following:

(1)

We establish a Pdlya-Szeg6 inequality for the circular rearrangement in any dimension
and under general assumptions, both on the integrand and on the class of functions under
consideration, see Theorem 1.12 and Theorem 1.13 (see also Theorem 4.3 for a more general
statement).

(la) To the best of our knowledge, the Pdlya-Szegd inequalities currently available in the
literature for the circular symmetrization only deal with nonnegative functions [25,
29, 34, 36]. Instead, we consider also the case of functions that can change sign.

(1Ib) Our results can be applied in any dimension, in situations in which one expects min-
imizers to have cylindrical symmetry (or, more precisely, to be 2-sectionally foliated
Schwarz symmetric, see [18, Definition 1.2]). In [25, 34, 36], the authors consider
the spherical symmetrization, in which level sets are rearranged using spherical caps.
This coincides with the circular symmetrization only in dimension 2. Even in the
2-dimensional case, we extend the known results, by considering a general class of
integrands, and functions that can change sign.

(1c) Our proof of the Pdlya-Szego inequality is not obtained via approximation. We give
a direct proof, and this allows us to study in detail the equality cases.

We give sufficient conditions under which rigidity holds, that is, under which all extremals
are symmetric, see Theorem 1.18. Such conditions are given in terms of the notion of
essential connectedness (see Definition 2.2 and [8, 9]).

The results we prove in this paper will be instrumental in the study of a general Pélya-
Szeg6 inequality under spherical symmetrization. In this case, when trying to give a direct
proof of the inequality one encounters a major technical difficulty, due to the existence of
functions that are the spherical counterpart of what Almgren and Lieb call Coarea irreqular
functions [1, Definition 1.2.6]. This implies that an identity of the type (3.7) cannot be
obtained for the spherical rearrangement, see Remark 3.16 and Remark 3.18. This will be
the object of further study [10].



We now describe how the rest of the Introduction is arranged. We start by recalling the classical
Pélya—Szegd inequality (Section 1.1), and then we explain how the circular symmetrization oper-
ates on sets (Section 1.2) and on functions (Section 1.3). In Section 1.4 we state the Pdlya—Szego
inequality under general assumptions (see Theorem 1.12 and Theorem 1.13), which is our first main
result. In Section 1.5 we motivate the assumptions of Theorem 1.12, giving some counterexamples.
Section 1.6 contains our second main result, which gives sufficient conditions for rigidity (Theo-
rem 1.18), while in Section 1.7 we exhibit examples in which the assumptions of Theorem 1.18 are
not satisfied and rigidity fails.

1.1. Pélya-Szego inequality for the Schwarz rearrangement. In its most well-known version,
the Pélya-Szegd inequality states that if v : R® — R is any nonnegative smooth function with
compact support and 1 < p < oo, then

[Vu*||Le@ny < [[VullLrgn), (1.1)

where u* : R — R denotes the radial decreasing (also known as Schwarz) rearrangement of u, see
[30]. More in general, (1.1) is satisfied if u is nonnegative with compact support and belongs to
the Sobolev space WP(R™). We say that rigidity holds for the previous inequality if the following
implication is true:

u satisfies equality in (1.1) = 3JceR": wu(:)=u"(-+c¢) L -a.e. in R".

where L£" denotes the n-dimensional Lebesgue measure. Let us now set M = esssupu®, and
C* :={Vu* =0} N (u*)~1((0, M)). In the seminal paper [6], Brothers and Ziemer showed that if

Lr(C*) =0 (1.2)

then rigidity holds, see [6, Theorem 1.1]. Very recently, the first author has proved that condition
(1.2) is also necessary for rigidity [7]. Inequality (1.1) and its rigidity have also been studied for
functions of bounded variation [14], and for the Steiner rearrangement of codimension 1 [15] and of
any codimension [12]. When rigidity holds, the stability of the inequality can also be investigated,
see [3] for the cases of Steiner and Schwarz rearrangements.

Inequality (1.1) has been used in a number of applications, as for instance the characterization
of the extremals of Sobolev inequality [35], and the proof of a sharp quantitative version of the
same inequality [16].

There are, however, several variational problems in which these techniques cannot be applied.
This happens, for instance, if the domain of the functions under consideration is not simply con-
nected (e.g. annular domains in the plane), or in which the functions can change sign and have
nodal domains.

As an example of a situation in which Steiner and Schwarz symmetrization, or the moving planes
method [32] cannot be applied, we mention [23], where the authors use the spherical symmetrization
to show the symmetry of the extremals of Morrey’s inequality (see also [22, 24], where several
other properties of the extremals are proved). We observe that in [23], using additional symmetry
properties of the extremals, the authors are able to apply the rearrangement to non negative
functions. One of the goals of this paper is to show that the circular rearrangement can also be
used with functions that change sign, see Definition 1.2 and Remark 1.16 for more details.

1.2. Circular symmetrization. To the best of our knowledge, the circular symmetrization of
sets and the associated rearrangement for functions were firstly introduced by Pélya in [29]. Let
N € N with N > 2, and let us label the points of RY as (z,2), with # € R? and » € RN¥~2
Moreover, for every r > 0 we set D(r) = {x € R? : |[z| < r} and D(r) = {z € R? : |z]| = r}.

Let now E C RY be a Lebesgue measurable set. For every (r,z) € (0,00) x RN=2, we define
the slice E(, .y of E at (r,z) as the subset of R? given by

E( .y = {x € 0D(r) such that (z,z) € E}.
We introduce the circular projection IIy_1(E) of E and its annular part II%,_, (E) as
Hy—1(E) = {(r,2) € (0,00) x RN 2 : H'(E, ) # 0}, (1.3)

and
Iy _1(E) == {(r,z) €eMn_1(E) : H' (E()) =277}, (1.4)



respectively, where H! stands for the 1-dimensional Hausdorff measure in R,

The circular symmetrization (with respect to the half-hyperplane {zo = 0} N {z; > 0}) of
a Lebesgue measurable set E is the Lebesgue measurable set E® such that, for every (r,z) €
(0,00) x RV=2 the slice E(Sm) is a connected arc centred at the point (r,0) having the same H!-
measure as FE, .. More precisely, setting R§ = R?\ {(0,0)} and & = x/|z|, we define E* as (see
Figure 1.1)

E* = {(z,2) € R} x RN "2 : 2|z| arccos(d - e1) < H' (E(r2))}
where e; = (1,0). Let us observe that, if E is open, then the set E* defined above is open,

see Remark 2.5 and Proposition 2.6. Moreover, the circular symmetrization preserves the -
dimensional Lebesgue measure and does not increase the perimeter.
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FIGURE 1.1. An example of circular symmetrization when N = 2. For a given
value of r > 0, the slices E, and E? are highlighted in blue.

In order to give a precise statement of this fact, let us denote by P(E) the distributional perimeter
of E and, for A ¢ RY Borel, let P(E, A) stand for the distributional perimeter of E in A (see
Section 2). Moreover, let @ : (0,00) x RV=2 x S — R2 x RV~2 be the diffeomorphism given by

On(r, z,w) = (rw,z) for every (r,z,w) € (0,00) x RN72 x St (1.5)
We then have the following result, see [11, Theorem 1.1], and [28, Theorem 1.3].

Theorem 1.1. Let E C RY be a set of finite perimeter in RN with LN (E) < oo. Then, E* is a
set of finite perimeter in RN with LN(E®) = LN(E). Moreover,

P(E*;®N(B x SY)) < P(E;®n(B x SY))  for every Borel set B C (0,00) x RNV 72, (1.6)

Choosing B = (0,00) x R¥=2 in (1.6), we obtain that P(E*) < P(E), see Figure 1.2. However,
more in general inequality (1.6) holds locally, as shown in Figure 1.3.

Let us mention that some variants of the circular symmetrization can be used when one wants to
preserve the barycenter or some symmetry properties of a set, see for instance [5, 20].

1.3. State of the art. Let n € N, n > 2, and let us denote points of R" as (x,y), with x € R?
and y € R"72. Let Q C R” be open, and let u : 2 — R be a Lebesgue measurable function. The
circular rearrangement u® of u is the Lebesgue measurable function u*® : 2° — R such that

{v’ >t} ={u>1t}*, foreveryteR, (1.7)

where Q° and {u > t}* are the circular rearrangements (in R™) of the sets Q and {u > t},
respectively, see Figure 1.4.
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FIGURE 1.2. Perimeter inequality for N = 2. The perimeter of the set E* (right),
is less than or equal to the perimeter of the set E (left).
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FIGURE 1.3. The same sets considered in Figure 1.2. If one chooses B as an
open interval, the corresponding set ®(B x S') is the open annulus highlighted
in blue. Then, inequality (1.6) states that the sum of the lenghts of the black and
red arcs in the right, is less than or equal to the sum of the lenghts of the two
corresponding arcs in the figure in the left. Note that this does not mean that
the length of each arc decreases after symmetrization. In fact, the length of the
red arc in the right is larger than the length of the corresponding red arc in the
left.

Pdélya firstly observed that, if n = 2,  is bounded, and u is smooth with v > 0 in 2 and v = 0 on
01, then

/ |Vus(:r)|2dx§/|Vu(x)|2d:r. (1.8)
Qs Q

The proof provided by Pélya in [29] is quite elegant and goes along the following lines. For every
€ > 0, one can consider the subgraph of su:

Y= {(z,t) e A xR : t < eu(x)}.
Then, if (3°*)* denotes the circular symmetrization of ¥ in R3, we have
(Esu)s — Esus.

Since the circular symmetrization does not increase the perimeter, and since £2(Q%) = £2(Q), one

has
/S (VITeVw@P 1] de < / (VI 2 Vu@F ~ 1] da. (1.9)

Dividing the previous inequality by 2 and taking the limit as € — 0T, we obtain (1.8).
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FIGURE 1.4. In this case, n = 2 and Q = D(1) = {|z| < 1}. In the left, the graph
of the measurable function « : D(1) — R defined as u(z1,z2) = 1 if z129 > 0, and
u(z1,x2) = 0 elsewhere in D(1). In the right, the graph of the function u®. We
have u®(z1,z2) = 1 if 1 > 0, and u®(x1, z2) = 0 elsewhere in D(1).

In 1985, Kawohl showed that if n = 2, 1 < p < oo, Q C R? is bounded and u € W, (Q) with
u > 0, then u® € W, ?(Q%) and

/ F(|x|,u3)|vu5|deg/F(|x\,u)\vu|de,
Qs Q

whenever F' : [0,00) x R — [0,00) is continuous [25, Corollary 2.35, ii)]. Under the additional
assumptions that 0f) is piecewise analytic and u is analytic, he also proved that

/SF(\x|,uS)G(|VUS|)dxS/QF(M,U) G(|Vu|) dz, (1.10)

whenever G : [0,00) — R is nondecreasing and convex.

A more recent result is due to Smets and Willem. If n =2, 1 < p < 0o, u € W(}’p(Q) and u > 0,
they showed that

/ F(|:c\)|Vus|pd:z:§/F(\x|)|Vu|pdx, (1.11)

whenever F' is nonnegative, measurable and bounded [34, Theorem 2.8]. More precisely, the authors
prove (1.11) when u?® is interpreted as the foliated Schwarz symmetrization of u, in which level sets
are rearranged via spherical symmetrization (see [34, Definition 2.4]), in any dimension. We observe
that, while in the case n = 2 this coincides with the circular symmetrization, for n > 3 the two
symmetrizations differ.

1.4. Pélya—Szego inequality for the circular rearrangement under general assumptions.
The first result we show in this paper is that a Pdlya-Szegd inequality holds for the circular
symmetrization under very general assumptions. First of all, let us introduce the class of functions
under consideration. In the following, when A, B C R™ we write A CC B if A is compactly
contained in B.

Definition 1.2. Let n € N with n > 2, let  C R™ be open, let p € [1,4+00), let u: Q — R, and
let ug be given by

uo(x,y) := {u(x,y) if (z,y) €, (1.12)

0 if (2,y) € @, (T1,_1(2) x S1)\ Q.
We say that u € Wolf(ﬂ) if the following conditions are satisfied:
(ap) ug € WHP(®,,(A x S1)) for every open set A C (0,00) x R"~2 with A CC I1,,_1(9),



(b) u>0 L"-ae inQ\P,(2_(Q) xS,
where @, I1,,_1(), and I12_, () are defined by (1.3), (1.4), and (1.5), respectively.

n—1
Let now u : 2 — R be Lebesgue measurable. We define the distribution of w as the function
w1, —1(©) x R — [0, 00) given by
p(r,y,t) = H' ({uo > thryy),  for every (r,y,t) € 1 () x R, (1.13)
where ug is given by (1.12).

Remark 1.3. We observe that, if (1.13) holds for some Lebesque measurable function u : Q — R,
then

0 < pu(r,y,t) <2mr  for every (r,y,t) € I,_1() x R,
and
t— u(r,y,t)  is non-increasing and right-continuous,  for every (r,y) € I,,_1(Q).
Moreover, since u(x,y) is finite for every (x,y) € Q, we have

Jim p(ry,t) =0 and - lim p(ry,t) = 2mr, for every (r,y) € Ty ().

Remark 1.4. Let us note that, by Holder inequality, Wolf_’(Q) C WOI: (Q) for every p € [1,+00),
see also Remark 3.4.

We stress the fact that if u € Wol)’f (€2), this does not imply that © = 0 on all of 012, as explained
in the next remark.

Remark 1.5. Ifu € Wol’p(Q), then condition (a,) is satisfied. However, the opposite implication
is false. Indeed, let n =2, let Q@ = D(1) N {z = (z1,72) € R? : 21,12 > 0}, let u(x1,22) = 7122,
and let p € [1,+00). Then u satisfies (a,), but u ¢ Wy P(Q). This example also shows that
WEr(Q) ¢ WEP ().

Remark 1.6. Note that Wolf(Q) is not a vector space. Indeed, condition (b) is not closed under

scalar multiplication. For the same reason, unless TI2_,(Q) = II,,_1(Q), we have Wy *(Q) ¢
Wy P (). However,

w>0 and ueWyP(Q) = uEWOl”f(Q).

Definition 1.7. Let n € N with n > 2, let Q@ C R™ be open and let p : II,,_1(Q) x R — [0, 00)
be a Lebesgue measurable function. We say that p is an admissible distribution if (1.13) holds
for (a representative of) some u € Wolj (Q). The set of all admissible distributions is denoted by
A(IL, 1 (Q)xR). We say that a function u € I/VolT1 (Q) is p-distributed if there exists a representative
of u such that (1.13) holds.

It turns out that if p € A(I,,—1(2) x R), then p € BV (A x (—d, +00)) for every open set A CC
IT,,—1 () and for every d > 0, see Proposition 3.24.

The circular rearrangement of a function only depends on its distribution. For this reason,
whenever p € A(IL,—1(2) x R) (or, more in general, whenever (1.13) holds for some Lebesgue
measurable function u : Q — R), we define v, : ®,,(II,_1(2) x S!) = R as

vu(z,y) ==inf {t € R: p(|z|,y,t) < 2|z|arccos(& - e1)}. (1.14)

Thanks to Remark 1.3, v,(x,y) is finite except possibly in the hyplerplane {z2 = 0}, which is
H™-negligible. Note that, even if u is defined only in 2, the function v, is defined in the (larger)
set @, (IT,,_1(92) x St), see Remark 1.16 for further comments. We also point out that the notion
of distribution is well defined, as clarified by the next remarks.

Remark 1.8. Let uj,uz € Ll (®,(I1,—1(Q) x SY)), and let py, and p,, be the distributions of u;
and ug, respectively. If up = uy L"-a.e. in ®,(I1,_1() x S)), then one can see that iy, = fiu,
L"-a.e. in I1,,—1(Q) x R (see Proposition 3.10).



Remark 1.9. By definition, v, is p-distributed. Moreover, if pi,po € A(Il,—1(2) x R) with
p1 = p2 L7-a.e. in1L,_1(2) x R, one can see that v,, = v, L -a.e. in ®,(IL,_1(Q) x S') (see
Proposition 3.21). Also, if u € WolTl(Q) is a p-distributed function, then v, |os€ Wol’j(ﬂs) (see
Proposition 3.31), and v, = u® L"-a.e. in Q°, where u® is such that (1.7) holds.

Let us now focus on the general assumptions on the integrand. If u € W&’f(Q), for every (z,y) € Q
such that the gradient Vu(z,y) at (z,y) is defined, we write Vu(z,y) = (Vyu(z,y), Vyu(z,y)),
where V,u(z,y) € R? and V u(z,y) € R"™2 with

v-'ﬂu(xv y) = (a”lflu('ra y)7 6£2u(x7 y))a Vyu(zv y) = (aylu(xa y)7 e 7ayn—2u(’r7 y))

Moreover, if x = (z1,22) € R3, we can further decompose V,u(x,y) into radial and tangential
components as

Vaeu(z,y) = (& - Vyu(z,y))2 + Veu(z, y)z), Veyu(z,y) = Veou(z,y) -,

T = (xl, M) and T = (_Z‘g, 331> . (1.15)
|lz| " |z| |lz| " |z|

Definition 1.10. Let f: RxRxR""2 — [0,00). We say that f € F if the following assumptions
are satisfied:

where

(f1) f is convex;

(2) f(n,—7,¢) = f(n.7,) for every (n,7,¢) € R x R x R"* 2.
We say that f € F' if, in addition,

(f1’) f is strictly conver.

Remark 1.11. Note that the classical Dirichlet functional can be written as
[ 1Vu dedy = [ 5690, Ve V) de dy
Q Q

with f € F' given by f(n,7,() =n* + 7%+ ||

We can now state our first result, which shows that a general version of the Pdolya—Szeg6 inequality
holds locally. We recall that the set A(IL,_1 (2) xR) of admissible distributions has been introduced
in Definition 1.7.

Theorem 1.12. Let n € N with n > 2, let Q@ C R™ be open, and let pn € A(Il,,—1(Q) x R). Let
a € L*((0,00) x R"2 x R) with a > 0 H"-a.e., and let f € F. Then, for every p-distributed
function u € VVOlT1 (Q) we have

/ a(|z],y,vu) f (& - Vv, Vayvu, Vyv,) dedy

P, (BxS!) (1 16)

S / a(|:c|,y,uo)f(:% : VIUQ,VI”’LLQ,VyUO) dl’dy,
®,,(BxS')

for every Borel set B C I1,,_1(), where uy and v, are given by (1.12) and (1.14), respectively.

A consequence of the previous result is the following.

Theorem 1.13. Let n € N with n > 2, let Q@ C R™ be open, and let pp € A(IL,—1(Q) x R). Let
a € L=((0,00) x R""2 x R) with a > 0 H"-a.e., and let f € F. Then, for every u-distributed
function u € VVolT1 () we have

/ allz],y,0) (& - Vo, Vay vy, Vyvu) dady

b (1.17)

< / a(|x\,y,u)f(55 . qu, Vzuu, Vyu) d]}dy,
Q

where v, is given by (1.14).



Remark 1.14. In the statements above Q does not need to be bounded. Moreover, (1.16) and
(1.17) are inequalities between extended real numbers in [0, c0].

We can actually prove a more general inequality than (1.16), see Theorem 4.3. From these
results, in particular, it follows that if p € [1,+00) and u € Woly'f(ﬂ), then v, |g=€ Woly’f_’(Qs), see
Corollary 4.4.

1.5. Comments on the assumptions of Theorem 1.12.

In the next example we show why we need condition (a,) of Definition 1.2.
Example 1.15. Let n =2, let Q = D(1) N {z = (x1,22) € R? : 21,29 > 0}, and let u: Q — R be
given by
u(xy,x2) = o1 for every (z1,z2) € Q.
Then, Q° = D(1) N {z = (z1,22) € R} : |z2| < 1} and

v} — a3

vp(x1,22) = for every (z1,22) € Q°,

||

where p and v, are given by (1.13) and (1.14), respectively. Thus, recalling that £2(2°) = L2(Q),

we have
:L'QCUQ
/ |Vv#|2d:17:/ <1+12 142) dx>£2(9):/ |Vul|? da.
Qs s || Q

Note that in the previous example u ¢ W()l”f (€), since condition (a,) of Definition 1.2 is not
satisfied. Let us explain why this causes inequality (1.8) to fail. First of all, we observe that
in this case the perimeter inequality (1.6) (with N = 3 and B = (0,1) x R), applied to the
sets £ = X" and F® = X" still holds. However, the boundary conditions of u are such that
u#0on I ={(x1,0):0 <z < 1}. For this reason, the perimeter of X" in the open cylinder
®3(B x S') = (D(1)\ {(0,0)}) x R has a non trivial contribution coming from 93* N (I x R).

Then, if we try to reproduce Pdélya’s proof in this case, inequality (1.9) has an additional term
appearing in the right-hand side, and this does not allow us to conclude. Note that one cannot
simply disregard this additional term since, as shown in Figure 1.3, the perimeter inequality does
not hold if one cherry-picks subsets of 9%*. Thus, some boundary conditions (which are encoded
in condition (a,)) are needed if one wants to avoid this situation.

Remark 1.16. We observe that, although the function u is defined in ), the rearranged function
v, is defined in the (larger) set ®,(I1,_1(2) x S'). A natural question is whether it is possible to
just define v, in Q2°, without the need of considering the set ®,,(II,,_1(2) x S'). In this case, the
idea would be to substitute the function p given in (1.13) with the function

1 (ry,t) == H ({u > the,).
Note that 1/ < p, since {u >t} C {up > t}, and ug is an extension of u to the whole @, (I1,,_1 () x
St). Then, one could define a rearranged function w, using the following variant of (1.14):

wy(z,y) :=inf {t € R: p/(|z],y,t) < 2|x]arccos( - e1)}  V(z,y) € Q° with & -e; > —1.

One can check that, if w> 0 and condition (a,) is satisfied, this definition is equivalent to the one
gwen in (1.14). That is, w, coincides with the restriction of the function v, given in (1.14) to
the set Q°. However, if we are dealing with functions that change sign, the situation can be very
different, as explained in the following example.

In the next example we show why we need to impose condition (b) of Definition 1.2, and why
an approach like the one described in Remark 1.16 does not work with functions that can change
sign.

Example 1.17. Letn =2, and let ¢ : (0,+00) x [—m,m) — R2 be the polar change of coordinates,
given by

o(r,0) = (rcosf,rsind).
Let a € (0,7/4) and let Q = ¢$(O), where

T
O:{(T,Q).1<r<2, |9|<Z+a(r—1)}.



Note that, by construction, Q° = Q. Consider now the function u: Q — R given by u = U o ¢~ 1,
where U : O — R is the piecewise affine function given by

o) — %7 iflel <7,
U(r,0) = * *
0 otherwise in O.

Let now i’ and w, be given by Remark 1.16. We have w, =V o ¢~ L, where V.: O — R is the
following piecewise affine function:

(.9) 0 if 6] < a(r—1),
Vir,0) =
—0] + a(r —1) ifa(r—1) < |0 <a(r—1)+ 7.

In this case, u satisfies condition (ap) for every p € [1,+00). However, a direct calculation shows
that

/ |Vw,, | de = T log(2) + §7ra2 and / |Vu|? de = T log(2).
0 2 4 o 2

In the example above, we have
u=0 ondQN{l < |z| <2},
so that u satisfies condition (ap). Note, however, that u ¢ Wol”f(Q), since condition (b) of Defini-

tion 1.2 is not satisfied. In polar coordinates, u is independent of r and has global minimum — /4,
which is attained in the segment {(x1,0) : 1 < 2; < 2}. Instead, the function w, satisfies

Wy = f% on 00 N{l < |z| < 2},

Thus, the construction of the function w, shifts the minimum value —7/4 towards (a subset of)
the boundary of ). This means that, depending on the shape of {2, we can force the function w,,
to also depend on r, therefore creating additional gradient. In fact, we have

1

\Vu(z)* = I for every x € {Vu # 0},

and .
[Vw, () = 22 + a? for every = € {Vw, # 0},

and this eventually causes the failure of Pélya-Szego inequality.

1.6. Rigidity. Once a Pdélya—Szego inequality is established, we want to understand if the equality

/ a(|z],y, vu) f(& - Vv, Vv, Vyv,) dedy

@, (1,1 () xS1) (1.18)

= / a(lz],y, uo) f(& - Vyuo, Viyuo, Vyug) dedy
B, (L1 () XS1)

implies that (up to orthogonal transformations) v = v,. This question makes sense if the integrals
under consideration are finite, so we will require that

/ a(|z|,y,v,) f(& - Vv, Ve v,.Vyv,,) dedy < oo, (1.19)
@, (M1 (Q)xS1)

When (1.19) is satisfied, we define the set of extremals of (1.16) as
E(u, ) :={ue Wolj(Q) s u is p-distributed and (1.18) holds}.
First of all, note that the following inclusion is always satisfied:

E(w, Q) > {ue WOITI(Q) : u(z,y) = vu(Ra,y) for H"-a.e. (z,y) € Q, for some R € O(2)},
where O(2) is the set of orthogonal transformations of R?. We will say that rigidity holds for (1.16)
if also the opposite inclusion is true, that is if

E(w, Q) ={ue VVolT1 (Q) :u(z,y) = vy (Rex,y) for H"-a.e. (z,y) € Q, for some R € O(2)}. (R)

As observed by Kawohl, in [30, pag. 186] Pdlya and Szego dismiss the study of rigidity (for the
Steiner rearrangement) as “hopeless”. Indeed, Pélya’s proof of (1.8) given above does not provide



any information about the functions u satisfying equality. Moreover, the proof of (1.11) by Smets
and Willem (see [34]) is obtained by combining polarization and approximation arguments and,
also in this case, this does not allow to study rigidity.

To the best of our knowledge, the problem of rigidity for the Pdlya—Szegé inequality in the
context of circular symmetrization was firstly considered by Kawohl. He showed that if in (1.10)
one further assumes that 2 is an annulus, F' is continuous and positive, G is increasing and strictly
convex, and u is analytic, then rigidity holds [25, Corollary 2.35, iii)]. The proof relies on the
smoothness of u, and uses the implicit function theorem.

Our goal is to show that rigidity holds also in higher dimensions, under much milder assumptions.
To this aim, if p € A(IL,—1(2) x R), we define the function «a, : II,,_1(2) x R — [0, 7] as

p(r,y, t)
2r
For every (r,y,t) € II,_1(f2) x R, the number o, (r,y,t) gives half of the angle corresponding
to a connected arc of dD(r) with length pu(r,y,t). Thanks to Proposition 3.24, whenever u €
A(II,-1(2) x R), we have that a,, € BV (A x (—d,+00)) for every open set A CC II,,_1(Q2) and
for every d > 0. We will make the following assumption:

ayu(r,y,t) = for every (r,y,t) € I1,,—1(Q?) x R. (1.20)

{0 < o, < 7} is not H"-equivalent to the empty set. (1.21)

This is because, if {0 < «;,, < 7} is empty, then rigidity trivially holds. Indeed, in this case every
p-distributed function is H™-equivalent to v,,.

We can now state our second main result, which gives a sufficient condition for rigidity. This
is written in terms of the notion of essential connectedness, see Section 2 and also [8, 9]. Roughly
speaking, one can create a counterexample to rigidity whenever the set {0 < «,, < 7} is “split
into two pieces” by points where o, = 0, ay, = 7, or by points where the singular part of the
distributional derivative De, is concentrated. Here, o’ and alVL are the approximate liminf and
the approximate limsup of a,,, respectively, while S,, = {a" < a)/} is the singular set of a,, see
again Section 2.

Theorem 1.18. Let n € N with n > 2, let Q@ C R™ be open, and let pn € A(Il,,—1(Q) x R). Let
a € L*((0,00) x R"2 x R) with a > 0 H"-a.c., let f € .F', and suppose that (1.19) and (1.21)
hold. Assume, in addition, that the Cantor part Doy, of Day, is concentrated on a Borel set
K CII,—1(Q) x R such that

{a, =0} U{a, =7} US,, UK does not essentially disconnect {0 < o, < 7}.
Then, (R) holds.

1.7. Comments on the assumptions of Theorem 1.18. First of all let us observe that, without
assuming strict convexity of the integrand f (i.e. without assuming f € .%#’), one cannot expect
rigidity to hold.

Example 1.19. Let n = 2, a = 1, and f(n,7) = |7|. Let @ = {x € R? : 1 < |z| < 2}, and
let ¢ : (0,+00) x [—m,7) — R3 be as in Ezample 1.17. Let O = {(r,0):1<r <2}, and let
u=Woo¢ !, where W :0O — R is defined as

20+ % if 0 € [-%,0],
W(r,0)=¢-20+2% if6e|0,3n],
0 otherwise in O.

Then, we have Q° =Q and v, =T o ¢~ ', where T : O — R is given by
—lol+5 il <3,

T(r,0) =
0 otherwise in D.

/|vavu|dx:/ |V$Hu|dx:7r,
Q Q

In this case,

so that rigidity fails.
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Remark 1.20. More in general, let a = 1 and f(n,7,{) = |7|, and suppose that Q is bounded.
Then, any smooth function u € T/VOIT1 () N WEH(Q) with the property that

{uo > t}ry) is a (possibly empty) connected arc ¥ (r,y,t) € II,_1(2) x R, (1.22)

belongs to E(u, ), and therefore rigidity fails.
Indeed, using property ii) of Proposition 3.12), we have

(0% oty = O (") (ryt)) = O{uo > t}(ryy),  for L7-ace. (r,y,t) € ,—1(Q2) X R.
Then, by Coarea Formula (see Proposition 3.6) and Remark 3.14 we have

| Vi) o
Vol dady = [ Vol g,y 1)
/Q : axmon(QxRr) v/ 1+ |Vug|?

:/ </ d?-lo(x)> dr dy dt
(Tn -1 () XR)N{ V| uo7#0} (0540) (1 y,1)
:/ / dH () | dr dy dt
a1 (Q)XR \J(9Z40) (1)
B /Hn_l(Q)XR </(82U“)(hywt)

z/ </ d?—[o(x)> dr dy dt
(T, — 1 (Q) XR)N{ Vv, #0} (OZP1) (ryy, 1)
:/ |unvu|dxdy,

Q

where we used the fact that, by definition, v,, satisfies property (1.22). In the context of Schwarz
rearrangement, a similar phenomenon had already been observed by Brothers and Ziemer [6].

dH° (x)) dr dy dt

Let us show that even asking f € %’ is not enough to guarantee rigidity.
Example 1.21. Let n =2, let Q = D(5), let a =1, and let f € F' be given by
fn,7) =0+ 7%
Let 2’ = (2,0), " = (4,0), 2" = (0,2), and let
uw(z) = 2max{0,1 — |z|,1 — |z —2"|,1 — |z — 2"}  for every z € Q.
In this case Q° = Q and the circular rearrangement of u is given by
vu(x) = 2max{0,1 — |z],1 — |z — 2|,1 — | — 2"|}  for every x € Q,

see Figure 1.5.

One can check that u € E(u,Q), since

/ V(@) de :/ Vo, () dz = 127
Q Q

Note that v cannot be written as the composition of the symmetric function v, with an orthogonal
transformation, so rigidity is violated.

Remark 1.22. Let us clarify why rigidity is violated in Example 1.21. Observing that in this case
I1,(Q) = (0,5), it will be convenient to visualize the behaviour of the function oy, : (0,5)xR — [0, 7],
see Figure 1.6. We note that, up to removing the singleton {(3,0)} (which is H!'-negligible), the
set {0 < oy, < 7} is disconnected. For this reason, it is possible to rotate only the part of the graph

of v, lying above the annulus {1 < |z| < 3}, and to obtain functions for which the value of the
integral is the same.

11
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F1GURE 1.5. The function u given in Example 1.21 and its circular rearrangement
vy,. In this case, rigidity fails. This is because the set {0 < a,, < 7} is essentially
disconnected, see Figure 1.6.

FIGURE 1.6. The values of v, (7, t) when (r,t) € (0,5) xR, in Example 1.21. Note
that the set {0 < o, < 7} is essentially disconnected, since the singleton {(3,0)}
has H!-measure zero.

Example 1.23. Let us modify Example 1.21, by removing one of the cones in the graph of u.
More precisely, let n =2, and let Q, a, f, and 2’, 2" be as in Frample 1.21. Let now u: Q — R
be given by

u(z) = 2max{0,1 — |z|,1 — |z — 2|}  for every x € Q.
Denoting by p the distribution of u (note that this is not the same as the distribution p in Exam-
ple 1.21), the circular rearrangement of u is now given by

vu(z) = 2max{0,1 — |z],1 — |z — 2|}  for every x € Q,

see Figure 1.7.

Then,
/ |Vu(z)|* de = / Vv, (2)]? do = 8,
Q Q

12



X1 x

F1GURE 1.7. The function u given in Example 1.23 and its circular rearrangement
vy. In this case rigidity holds, since every extremal is obtained as the composition
of v, with a rotation. Note that now the set {0 < o, < 7} is essentially connected,
see Figure 1.8.

so that u € E(u,QY). However, rigidity is not violated, since u(x) = v, (Rx) for every x € Q, where
R is the clockwise rotation of /2 around the origin. Note that in this case the set {0 < o, < 7}
s connected, see Figure 1.8.

FIGURE 1.8. The values of the function a,(r,t) given in Example 1.23. In this
case, the set {0 < o, < 7} is essentially connected.

The next example shows that even assuming f € .#’ and {0 < a, < 7} (essentially) connected
might not be enough to guarantee rigidity. This is because also sets where the singular part of
Day, is concentrated play an important role.

Example 1.24. Letn =2, let Q= D(5),0 <5 <1, = (2+6,0) € R?, and set:

vy () = max{vi(z), va(x), v3(x)},

13



where
vi(z) = 2max{0,1 — |z|}, wo(x)= Zmax{0,2 —|z|}e(Z - e1) wvs(zr) =2max{0,1 — |z — Z|},

and where ¢ € C°((—1,1]) is a non decreasing function with 0 < ¢ <1 and ¢ =1 in [0, 1], see
Figure 1.9.
Let now v € (0,m/4), and let R : R? — R? be a counterclockwise rotation of an angle . Then,
setting (see Figure 1.9)
u(z) = max{vy (z), va(z), v3(Rx)},

/|Vu|2dm:/ |V, |? dz,
Q Q

so that rigidity is violated. Note that in this case the singular set Sy, essentially disconnects
{0 < o, < 7}, see Figure 1.10.

one can check that

X1

FI1GURE 1.9. The function u given in Example 1.24 and its circular rearrange-
ment vy, showing that rigidity fails. In this case, the singular set S,, essentially
disconnects {0 < a,, < 7}, see Figure 1.10.

FIGURE 1.10. The values of the function a,(r,t) given in Example 1.24. The
singular set Sy, (see bold dashed line) essentially disconnects {0 < a,, < }.
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The rest of the paper is divided as follows. In Section 2 we introduce some notions and we
recall some basic results of Geometric Measure Theory, while in Section 3 we discuss the circular
symmetrization of subgraphs. In Section 4 we prove a general version of the Polya—Szeg6 inequality
(see Theorem 4.3), and we show that this implies Theorem 1.12 and Theorem 1.13. Finally,
Section 5 contains the proof of Theorem 1.18.

2. PRELIMINARIES AND NOTATION

In this section we introduce the notation and the background needed to prove the main results
of the paper. For more details we direct the reader to the monographs [2, 21, 26, 33].

2.1. Basic notation. Let N € N with N > 2. We decompose RY as R? x R¥~2 and we set
R2 = R%\ (0,0). Depending on the context, | - | stands for the Euclidean norm in R, R2, or RY.
Moreover, for every € RZ we set & := z/|z|. If r > 0 and w = (z,2) € RY with 2 € R? and
z € RV=2 we will denote the open ball of RY of radius r and centre w by BY (w), or simply B
when w = 0. For every r > 0, we set D(r) = {z € R? : |z| < r} and dD(r) = {x € R3 : |z| = 1},
while for the unit circle of R? we use the standard notation S! = {z € R3 : |z| = 1}. In S!, we
consider the topology induced by the arclength distance dg: : S x St — [0, 7], given by

dgi (W', w") == arccos(w’ - w”),  for every w’,w” € S'.
This topology coincides with the topology induced in S!' by the Euclidean topology of R?. If
R cCS', we set
dsi (w, R) := inf{dg1 (w,0) : o € R}, for every w € S'.
In particular, with the usual convention inf{) = +oco, we have that dgsi(w,0) = +o0o. Let now

B € (0,7) and let z € St. We denote by Bg(x) be the (relatively) open connected arc of S centred
at  and with length 23, i.e.:

Bs(z) := {0 €S' 1 dsi(0,2) < B}

For every k € N with 1 < k < N, we denote the Hausdorff k-dimensional measure in RN by #H*,
while £V stands for the N-dimensional Lebesgue measure. If A, B C RY, we write A Cy» B
when H*(A\ B) = 0 and A =5» B when H*(AAB) = 0, where AAB = (A\ B)U (B \ A) is the
symmetric difference of A and B.

Let E C RY be a Lebesgue measurable set. We denote by yp its characteristic function.
Moreover, the upper and lower N-dimensional densities of E at w are defined as

0*(E,w) := limsup ( ~ () ,  0.(E,w):=liminf ( = (w))
p—0+ WN P p—0F WN P

)

respectively, where wy is the N-dimensional Lebesgue measure of the unit ball of RY. The functions
w i+ 0*(E,w) and w + 0,(E,w) are Borel measurable, and they agree £LV-a.e. on RV,
Therefore, the N-dimensional density of E at w

HN(E N BY (w))

p—0+ wy pN

)

is defined for £LV-a.e. w € RY, and w ~ 6(E,w) is a Borel function on RY. Given t € [0, 1], we
define the set of points of density ¢ of E as

EW .= {w e RN : 0(E,w) =t}.

The set 0°F := RNV \ (E© U EW) is called the essential boundary of E.
Let f:RY — R be a Lebesgue measurable function. If M € R, we set

(f V M)(w) = max{f(w), M} and  (f AM)(w) = min{f(w), M)}.

When M = 0, we will also use the notation fy = fV 0 and f- = (—=f) V0. We define the
approzimate upper limit f¥(w) and the approzimate lower limit f"(w) of f at w € RY as

7Y (w) :inf{teR:w e{f >t}<0>}, (2.1)

f/\(w)zsup{tER:wG{f>t}(1)}. (2.2)
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We observe that fV and f” are Borel functions that are defined at every point of R, with values
in R U {4o0}. Moreover, if f; : RY — R and f; : RY — R are measurable functions satisfying
fi = fo LN-a.e. on RN then fY = fy and f{* = f4 everywhere on RY. We define the approzimate
discontinuity set Sy of f as Sy := {f" < f¥}. Note that, by the above considerations, it follows
that £V(Sy) = 0. Although f" and fV may take infinite values on Sy, the difference fV(z) — f(2)
is well defined in R U {£o0} for every w € Sy. Then, we can define the approzimate jump [f] of f
as the Borel function [f] : RY — [0, 00] given by

_f Fw) = fAw) ifwe Sy,
Jltw) '_{ 0 it we RN\ S;.

For w € RN and v € SV~!, we will denote by H
boundaries are orthogonal to v:

Hf, = {w’GRN: (w'—w)-VZO}, H, , = {w’ERN: (w’—w)~u§0}.

and H, , the closed half-spaces whose

sV

Let A C RY be a Lebesgue measurable set. We say that ¢t € R U {40} is the approximate limit
of f at w with respect to A, and write ¢ = ap lim(f, A, w), if

9({\f—t\>s}ﬁA;w):O, Ve > 0, (teR), (2.3)
9({f<M}ﬂA;w):0, VM >0, (t=-+o0), (2.4)
0({f>—M}mA;w):0, VM >0, (t=-o0). (2.5)

We say that w € Sy is a jump point of f if there exists v € SN¥=1! such that
fY(w) = aplim(f, HY ,,x) > f*(w) = aplim(f, H . ).

If this is the case, we say that v;(w) := v is the approximate jump direction of f at w. Denoting
by Jf the set of approximate jump points of f, we have that J; C Sy and vy : Jp — SVN-1is a
Borel function. R

Let w € S¢. We say that f is approzimately differentiable at w if f(w) := Mw) = fY(w) eR
and there exists ¢ € RN such that

ap lim(ge, RN, w) =0,

where ge(w') = (f(w') — f(w) — & - (w' —w))/|w’ —w| for w' € RN\ {w}. If this is the case, then ¢
is uniquely determined, we set £ = V f(w), and call V f(w) the approximate differential of f at w.
In components, we write Vf(w) = (V. f(w), V. f(w)), where V, f(w) = (9, f(w), Or, f(w)) € R?

and V,f(w) = (0., f(w),...,0.x_,f(w)) € RN=2. Moreover, we denote the set of points of
approximate differentiability of f as

Dy = {w € RN : f is approximately differentiable at w} .

2.2. Essential connectedness. We now introduce the concept of essential connectedness, which
will be used to study the rigidity of the Pdlya—Szego inequality.

Definition 2.1. Let G C RY be a Borel set, and let G.,G_ C RN be Borel sets. We say that
{G4,G_} is a non-trivial Borel partition of G modulo HY if

HY(GLNG)=0, HNGAGLUG ) =0, HYG)HN(G)>0.

Definition 2.2. Let K and G be Borel sets in RYN. We say that K essentially disconnects G if
there exists a non-trivial Borel partition {G,G_} of G modulo H™ such that

N ((G<1> No°G, N aeG_) \ K) ~0. (2.6)

Instead, we say that K does not essentially disconnect G if, for every non-trivial Borel partition
{G4,G_} of G modulo HY,

N1 ((G(1> No°G, N aeG,) \K) >0. (2.7)

Finally, we say that G is essentially connected if O does not essentially disconnect G.
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Remark 2.3. If HV(GAG') =0 and HN Y (KAK') = 0, then K essentially disconnects G if and
only if K' essentially disconnects G'.

2.3. BV functions. Let Q C RY be open. We denote by C°(Q2) (C?(€2)) the space of continuous
functions (with compact support) in €, while CP(£) stands for the space of bounded continuous
functions in Q. Moreover, C(Q; RY) is the space of R¥-valued C! functions with compact support
in Q. Let f € L*(Q). We say that f is a function of bounded variation in 2, and we write
f e BV(Q), if

sup{/Q fw)dive(w)dw : ¢ € Ccl(Q;RN),|<p| < 1} < co. (2.8)

More in general, we say that f € BV.(Q) if f € BV(QY) for every open set ' ccC Q. If
f € BWViue(9), then the distributional derivative Df of f is an RV-valued Radon measure. In this
case, when needed we will write Df = (D, f, D.f), where D, f is an R%-valued Radon measure,
and D, f is an RV ~2-valued Radon measure.

Let now f € BV(Q). Then, the total variation of Df is finite in 2, and its value |Df|(£2)
coincides with the left-hand side of (2.8). One can write the Radon—Nikodym decomposition of
Df with respect to LV as Df = D®f + D*f, where D*f < £V, and where D*f and D°®f are
mutually singular.

It turns out that for £LN-a.e. w € € the function f is approximately differentiable, and its
approximate differential is the density of D¢ f with respect to £V. Thus, we have D*f = V fdLN
and Vf € L'(;RY). Moreover, the singular set S; and the jump set J; of f are countably
(N —1)-rectifiable, with HV~1(S¢\ J¢) = 0. In addition, for H¥ ~!-a.e. w € J; there exists a vector
ve(w) € SN such that we can further decompose the singular part of Df as D*f = DI f + D,
where D7 f and D¢ f are mutually singular, D7 f = [f](w)vs(w) dHN =1L J; is called the jump part
of Df, and D¢f = DS f — D/ f is called the Cantor part of D f, and is concentrated on a set K C
such that HY (K) = 0 and HVN"1(K) = +oo. If f: Q — R™, with m € N and m > 2, we say
that f € BV (Q;R™) if and only if f; € BV(Q) for i = 1,...,m, where with f = (f1,..., fm)-
Accordingly, we say that f € BVi,(Q;R™) if f € BV (QY;R™) for every open set ' compactly
contained in Q. If f € BVjo.(€;R™) the distributional derivative Df of f is an (m x N)-valued
Radon measure.

If a € R™, and b € RV we denote the tensor product between a and b as a ® b. This is the
m x N matrix whose components are given by

(a®b)i’j:aibj izl,...,m,jzl,...,N.

2.4. Sets of finite perimeter. Let £ C RV be a Lebesgue measurable set, and let O C RN be
open. We say that F is a set of finite perimeter in O if

P(E;0) :=sup {/ divp(w) dw : ¢ € CHO;RN), |p| < 1} < 00, (2.9)
E

and in this case we say that P(E;O) is the perimeter of E in O. Note that, if LY (E) < oo, then
E is a set of finite perimeter in O if and only if yg € BV(O). In the special case O = RY we set
P(E) := P(E;RY) and when P(E) < co we say that E is a set of finite perimeter. We say that E
is a set of locally finite perimeter in O if xg € BVjoc(O).

Let E be a set of locally finite perimeter in O. We define the reduced boundary 0*E of E as the
set of those points w € O such that

w) := lim —DXE(BéV(w))
 po0t [Dxel|(BY (w))’

exists and belongs to S¥ 1. We call v : 9* E — SN~! the measure-theoretic inner unit normal to
E. Tt turns out that v is a Borel function, and that the distributional derivative Dy g of xf is
given by

Dxg =vFdnN 1L O*E.
Therefore, if A C O is a Borel set, we can define the perimeter of E in A as

P(E; A) := |Dxg|(A) = HN"HO*E N A).
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It turns out that
(*ENO)c (EY2N0)c (8°ENO).
Moreover, Federer’s theorem holds true (see [2, Theorem 3.61] and [26, Theorem 16.2]):
HNH(O°ENO)\ ("ENO)) =0.

2.5. Sets of finite perimeter in S!. We now briefly introduce sets of finite perimeter in the unit
circle St. Then, if 7 > 0 one can argue in a similar way to define sets of finite perimeter on dD(r).
We direct the reader to [33, Chapter 6] for more details (see also [4]).

We denote by A;(R?) and A!(R?) the linear spaces of 1-vectors and 1-covectors in R?, respec-
tively, while D! (R?) stands for the set of smooth 1-forms with compact support in R2.

A 1-dimensional current in R? is a continuous linear functional on D! (R?). Instead, 0-dimensional
currents in R? are simply defined as the usual distributions in R2. The family of 1-dimensional
(0-dimensional) currents in R? is denoted by D (R?) (Do(R?)).

We say that T € D;(R?) is an integer multiplicity rectifiable 1-current if it can be represented
as

T(w) = /M<w(x),7'(x)> 0(x) dHl(x) for every w € DI(RQ)7

where M is an H'-measurable countably 1-rectifiable subset of R2, 6 is an H'-measurable positive
integer-valued function, 7 : M — A;(R?) is an H!-measurable function such that 7(z) is a unit
vector belonging to the approximate tangent space of M at x for H'-a.e. € M, and (-,-) denotes
the usual pairing between A!'(R?) and A1(R?). In the special case when

T(w) = /M(w(:v),T(m)> d"Hl(x) for every w € DI(RQ),

we write 7' = [M]. The boundary 9T of T is then defined as the 0-dimensional current in R? such
that
OT(w) = T(dw) for every w € CO(R?),
while the mass M(T') of T is given by
M(T) = sup {T(w) : w € D' (R?), [w| < 1}.
More in general, for any open set U C R2, we set
My (T) := sup {T(w) : w € D'(R?), |w| < 1, suppw C U}.

Let A C S! be an H'-measurable set. We will say that A is a set of finite perimeter on S! if
there exists Q € Dy(R?) with supp Q@ C S! and

Q = o[A],

with the property that My (Q) < oo for every U CC R2. By the Riesz representation theorem it
follows that there exists a Radon measure p¢g such that

/diVusD(ﬂ«")dHl(ﬂ?):/ p(x) - dug (),
A st

for every smooth vector field ¢ : S* — R? such that p(z) - & = 0 for every € S, where div¢
stands for the tangential divergence of ¢ on S'. If A C S! is a set of finite perimeter on the sphere,
the reduced boundary 8* A of A is the set of points x € S! such that the limit

JA () = lim NQ(Bp(w))
@)= B 1l ®.0)

exists, v4(r) € T,S!, and |v2(z)| = 1. The De Giorgi structure theorem holds true also for sets of
finite perimeter on the sphere. In particular, 0* A is finite, ug = vAH? L 0* A, and

/ divjp(z) dH' (z) = / o(z) - v () dH  (z), (2.10)
A oA
for every smooth vector field ¢ : S — R? such that ¢(z) - & = 0 for every x € St.

The isoperimetric inequality on the circle states that, if A C S! is a set of finite perimeter on S!
with H1(A) = H(Bg(e1)), then (see [31])

HO(0*Bp(er)) < H (0% A), (2.11)
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and
HO(0*Bp(er)) = HY(0*A) <= A =31 Bs(p) for some p € S'. (2.12)

2.6. Circular rearrangement of sets. If E C R” is a Lebesgue measurable set and (r,2) €
(0, +00) x RVN=2 we define the slice E(, .y as the subset of RZ given by

E .y :=={x € dD(r): (z,2) € E}.
We now give the definition of circular symmetrization of a set in R,

Definition 2.4. Let E C RY be a Lebesgue measurable set. The circular rearrangement of E is
the set E° defined as

Ef = {(z,2) € On(TIy_1(E) x SY) 1 dg1 (& - 1) < B(|z,2)} (2.13)
where )
H (B,
Blr,z) = %, for every (r,z) € In_1(E). (2.14)
r
Remark 2.5. Note that with the definition given above the set E° does not include points of the
half-hyperplane H = {&-e; = —1}, even when the original set E does include some of these points.

This is not affecting our results, since H is an H™-negligible set. The advantage of definition (2.13)
is clarified by the next result.

Proposition 2.6. Let E C RY be a Lebesgue measurable set, and let B : Ilx_1(E) — [0,7] be
given by (2.14). Then,
(i) E® is open <= B is lower semicontinuous;
(ii) E is open => E* is open.
Proof. We divide the proof into steps.
Step 1. E open = 3 lower semicontinuous. Let E be open and assume, by contradiction, that

B is not lower semicontinuous. Then, there exist (r,z) € IIxy_1(E) and a sequence {(rp, zp) fheny C
IIy_1(F) with (rp, zn) — (r, 2) such that

B(r,z) > liminf B(ry, z1)-
h—+o0

Passing to a suitable (not relabelled) subsequence, we can assume that the liminf is a limit and so
we have

B(r,z)>hgr£ B(rn,zn) <=  HYC)> lim H'Y(Sh),

h—+oco
where the sets C,S;, C S! are defined as:

1

1
C = ;E(r,z) and S = T—E( for every h € N.
h

ThyZh)?
Then, there exist § > 0 and j € N such that
HY(C) > HY(Sy) +20, for every h > j,
and so
HY(C\ Sy) > HNC) —H(SK) > 25, for every h > j. (2.15)

Since E is open and C = %E(T’y), we have that C is (nonempty and) relatively open in S!.
Equivalently, C' is open in the topology induced in S by dg1. For every k € N, we define the set

Ck c St as
1
ck .= {wGSlzdgl(w,Sl\C') > k}

For k € N sufficiently large, C* is nonempty and compact in S!. We also observe that, with the
usual convention dg: (w, )) = +o0, if C = S! we have C* = S!. Moreover, C*¥1 C C*2 C C whenever

k1 < ko, and
c=Jc*

keN
Therefore, there exists ks € N such that

H(C\ C*) < 6.
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Last inequality, together with (2.15), implies that
HY(CRo\ S),) > 6,  for every h > j.
Then, for every h > j there exists wy, € C% \ S),. By compactness of C*s, there exists @ € C*
such that, up to subsequences,
Wh — W.
Since w € C*s C C, by definition of C' we have that (r@, z) € E. Thus, recalling the definition of
Sh, the sequence {(rpwp, 21,) }n>; is such that
(rpwn, zn) ¢ E - for every h > j,
and
(rpwn, zn) — (1w, z) € E.
But this is impossible, since F is open.
Step 2. B lower semicontinuous = E° open. Let 8 be lower semicontinuous and suppose, by

contradiction, that E* is not open. Then, there exist (z,z) € E* and a sequence {(xp,zx)}n C
On(My_1(E) x St) such that (zp,z5) — (x,2) and (zp, z,) ¢ E° for all h € N. Then, we have

B(|x],z) > dsi(Z,e1) and  dgi(Zp,e1) > B(|znl,zn) VheN.
Using that fact that g is lower semicontinuous, we obtain
Ble)2) > do (#,e1) = lim_doa(En,er) 2 limint Bllnl, 2) 2 B, 2),
which is impossible.

Step 3. We conclude. Property (i) follows by combining Step 1 (applied to the set E*¥) and Step 2.
Let us now show (ii). If E is open, thanks to Step 1, the function § is lower semicontinuous and
then, by Step 2, E* is open. O

3. CIRCULAR REARRANGEMENT OF SUBGRAPHS

In this section and in the rest of the paper, we assume n € N with n > 2 and 2 C R" open.
We decompose R"T1 as R*T! = R? x R"~2 x R, and we label points of R"*! as (z,y,t), with
re€R2 yeR"2andt € R. If EC R"! is a set of locally finite perimeter, for every (z,y,t) €
0*E N (R3 x R"~2 x R) we decompose the measure theoretic inner unit normal to E at (z,y,t) as
vE(x,y,t) = (Vf(x,yj),uf,(ac,yﬁ),utE(x,y,t)), where vF(x,y,t) € R?, Vf(x,yﬁ) € R" 2, and
vE(z,y,t) € R. Moreover, we further decompose v (z,y,t) as

I/f(ft,y,t) = (j: ! VrE(I’yvt))j+ Vﬁ(l‘,y,t)l'”?

where & and x| are defined in (1.15), and vf (z,y,t) = vE (z,y,t) - 2.

3.1. Subgraphs. Let now u :  — R be a Lebesgue measurable function. We denote by X% C
R™*! the subgraph of u, defined as

Y ={(z,y,t) ER*xR" 2 xR : (x,9) € Q and u(z,y) > t}

The following result follows from [21, Chapter 4, Section 1.5, Theorem 1-Theorem 5] (see also [9,
Proposition 3.4], and [27, Theorem 5.2]).

Proposition 3.1. Let U C R™ be open and bounded, and let u € L*(U). Then, uw € BV (U) if and
only if X% is a set of finite perimeter in U x R. In this case, we have:

o"x" N ((Su)c X R) =Hn {(az,y,t) € (Su)c XR: UA($’y) = u\/(x’y> = t}7
with

e Vaeu(e,y) Vyu(z, y) ! 3.1
) (wumw,y)w’¢1+|w<x,y>|2’¢1+|w<x,y>|2> .

for H"-a.e. (z,y) € Dy, and
dDu

z _
v ($ay7u($7y)) - <d|Dcu|

(x,y),O) for |Dul-a.e. (z,y) € U.
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Moreover,

"X N (Sy X R) =yn {(z,y,t) € Sy x R:u(2,y) <t <u'(x,y)},
and
v (@, y,t) = (vu(2,9),0)
for H" L-a.e. (x,y) € S, and for every t € (u"(z,y),u" (z,y)). Finally, if B C U is a Borel set,
the perimeter of 3% in B x R is given by

P(S%; B x R) :/ V1 + [Vuldz dy + |D*ul(B). (3.2)
B

We will also need the following statement.

Proposition 3.2. Let U C R™ be open and bounded, let w € BV (U) and let A C U be a Borel set.
Then, the following are equivalent:

() H" ({(@,9,0) € 95" 7" (2,,8) = 0} N (A X R) ) = 0;
(ii) P(X"; B x R) =0 for every Borel set B C A with H™(B) = 0.
Moreover, if A is open, (i) and (ii) are also equivalent to:
(iii) uw e Whi(A).

Proof. The equivalence between (i) and (ii) follows directly from [13, Lemma 4.1]. Let us now
assume that A is open, and let us show that (ii) is equivalent to (iii). Thanks to formula (3.2), we
have that for every Borel set B C A with H"(B) =0

P(S%: B x R) = / VIt [Vul?dedy + |D*u|(B) = |D*u|(B).
B
Therefore,
(ii) <= |D*u|(B) = 0 for every Borel set B C A with H"(B) =0 <= u € W'(A).

We now introduce a class of functions that extends Definition 1.2.
Definition 3.3. Let n € N withn > 2, let Q C R™ be open, let u: Q — R, and let ug be given by
(1.12). We say that u € BVy () if the following conditions are satisfied:

(a) up € BV (®,,(A x S)) for every open set A C (0,00) x R"=2 with A CC I1,,_1(Q),

(b) u>0 L"-ae inQ\®,(2_(Q) xS,
where ®,,, I,,_1(Q), and TI2_,(Q) are defined by (1.3), (1.4), and (1.5), respectively.
Remark 3.4. We have Wolf(Q) C WolTl(Q) C BV, () for every p € [1,400), where the first
inclusion follows from the Holder inequality on compact sets.

Remark 3.5. Thanks to Proposition 3.1, if u € BV, () then X"° is a set of finite perimeter in
D, (AXSH)XR=2®,.1((AxR) xS, for every open set A CC I1,,_1(Q).

Adapting [11, Proposition 6.1] to the case of subgraphs of functions belonging to BV -(Q), we
obtain the following.

Proposition 3.6 (Coarea Formula). Let Q C R™ be open, let u € BV, (), and let g : R" T —
[0,00] be a Borel function. Then,

/ o,y S (2,9, 0)| dH" (2, . 1)
6* ZU,O

-/ / ooy, 1) dH () ) dr dy .
(0,00) xR™* =2 xR (0% Z¥0) (14,1

Remark 3.7. From Proposition 8.1 it follows that when u € BV, (), the subgraph X% is a set
of locally finite perimeter in ®,1((IL,_1(Q) x R) x St). Moreover, if u € Wolj (Q)

Vmuuo(ﬂc’y)
1+ |Vu0(x,y)|2

vo

Vey (@9, u0(2,y)) = , for H"-a.e. (w,y) € Dyy NPy (I,—1 () x S1).
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Remark 3.8. Combining Proposition 3.6 and Remark 3.7 we obtain that if u € WolT1 (), then
H" (0*2" N @ypq (R x SY) N ({Viyug # 0} x R)) =0, (3.3)
for every Borel set R C IL,,_1(2) x R with H™(R) = 0. Indeed,

H" (8*2“" n (I’n_;,_l(R X Sl) n ({quuo 7& O} X R))

w, x,
:/ (/ w 1+ ‘VU0|2 deO(x)> dr dy dt = 0,
R (8*2“0ﬁ({vzuuo;ﬁO}XR))(ny‘t)

[Vayuo(z, y)|
where in the last equality we used the fact that H™(R) = 0.

Proposition 3.9. Let n € N with n > 2, and let @ C R™ be open. Let u: Q) — R be a Lebesgue
measurable function such that ug € Li (®,(I1,_1(Q) x St)), where ug is given by (1.12). Let p,

loc
vy, and oy, be given by (1.13), (1.14) and (1.20), respectively. Then, p € L'(A x (—d,+oc)) for
every open set A CC I1,,_1(Q) and for every d > 0.

Proof. Let A CC II,,_1(Q2) be open and let d > 0. We have

HMIIL1<Ax(o,+oo)>:/ (/ u(r,y,t)drdy) dt:/ <// X{uo>t} (T, y) dH' (x) drdy) dt
0 A 0 A JoD(r)
- / ( / Xiuosr) (£,9) dzdy> dt = [|(u0) 4 |2 (@, (axety) < +00.

0 P, (AxS1)

On the other hand,

0 0
1l 1 (ax (—d,0)) :/ (/ p(r,y,t) drdy) dt :/ </ / X{uo>t} (@, y) dH' () drdy) dt
—a\Ja —a \JaJoper

0
= / (/ X{uo>t} (T, ) dxdy) dt < H" (@n(A X Sl)) d < +o00.
—d \Ja,(axs?)

Therefore, u € L'(A x (—d, +00)). O

Let us now show that the function p is well defined.

Proposition 3.10. Let n € N withn > 2, and let 2 C R™ be open. Let ui,us :  — R be Lebesgue
measurable functions such that uq0,u20 € Llloc(@n(ﬂn,l(ﬁ) x S1)), where uy o and ua o are given
by (1.12) with uy and ug in place of u, respectively. Let py and po be defined by (1.13) with uy
and us in place of u, respectively. Then, the following are equivalent:

(i) ui =ug H"-a.e. in Q;
(i) B%10 =pmi1 X420 4in &, (11,1 (2) x SY)) x R.
Moreover, both (1) and (ii) imply
(iil) p1 = p2 H"-a.e. in 11,1 () x R.
Proof. We start by showing that for every open set A CC IL,,_1(2)

lur — uall L1 (@na, (Axs))

— g ((zwmzuz’o) N (®ni1((A X R) x Sl)») (3.4)

— [ (@D {uraltsn) > HA@D() N {uza(9) > 1)) drdyat
AXR
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Indeed, let A CC I1,_1(€2) be open. Then,

LY(®,(AXSY))

|ur — uz2|| 1 (@na, (axst)) = [[u1,0 — u2,0]

- / 02, ) — 1,0 (2, )] e dy
@, (AxS!)

= / (/ (X[us.0 (2,9)su2,0 (2:9)) (E) + X[us o (2,9),u1,0 (29)) () dt) dx dy
@, (AxS1) \JR

[ (o0 020+ Xm0 (90 ) ddy
@, (AxSY) \JR

= / (/ (XE“2=0\E“1»0 («I, Y, t) + Xx¥1,0\x%2,0 (I, Y, t)) dt) dx dy
3, (AxS1) \JR

=t ((zulyoAzwo) N (@ni1((A x R) x Sl)))).

On the other hand,

HH (S0 AS20) 1 (@041 (A X R) x §1))) )

/ X{U1,0>t}A{u2,0>t}(‘x7 y) dt dx dy
D, 41 ((AXR)XST)

= / </ X{U1,0>t}A{u2,o>t}(I? y) dHl(‘r)> dT dy dt
AXR oD(r)

= [ #((0D0) 0 {wra() > HA@D) N {uz(v9) > 1)) drdy .
AxR

and this shows (3.4). Since A CC II,,_1(Q2) was arbitrary, from the first equality in (3.4), it follows
that (1) < (ii).

Suppose now that (ii) holds. Then, since A CC II,,_1(€2) was arbitrary, from the second equality
in (3.4) we obtain that

OD(r) N{u1o(-,y) >t} =30 OD(r) N{uz(:,y) > t}, for H"-a.e. (r,y,t) € II,_1(2) x R.
As a consequence,
o, (9,) = HLOD() 0 {0+ 9) > £1) = HLOD() 1 {0l 9) > 1) = piua (9. 1),

for H™-a.e. (r,y,t) € II,,_1(Q) x R, and this shows (iii). O

The next result will be used to prove the Pélya—Szego inequality.

Proposition 3.11. Let n € N with n > 2, and let @ C R™ be open. Let u € BVy (), and let p
and oy, be given by (1.13) and (1.20), respectively. Then,

(r,y,t) € {a, =0}V = (2,9,1) € (Z*) O for every x € dD(r);

3.5
(r,y,t) € {oy, = o = (z,y,t) € (2D for every x € AD(r). (3.5)

Proof. We will only prove the first implication, since the second one is analogous. In the following,
we will use the fact that

(o', y t') e B;LH(m,y,t) = (|2'],y,t') € By (|z],y,t) for every p > 0. (3.6)
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Let (r,y,t) € {a, = 0}(Y), and let € AD(r). Let now p € (0, |x|). Thanks to (3.6), we have

HrHL (E“O N Bgﬂ(x,y,t)) = /

Rn«i»l

= / (/ Xxug nB,’j*l(x,y,t)(x/a y’, t/)XBg(w) (x/) dH1($I)> dr’ dyl dt’
M._.(Q)xR \JaD()

S/ XBn (|2l,y.0) (T Y 1) </ Xsuo (Jf',y'J')XBg(z)(x/)dHl@')) dr' dy' dt’
M1 (Q)xR aD(r")

Xsuo ﬂBLL+1(m,y,t) (m/, y/, t/) dx/ dy/ dt/

S/ X{aw>01nB2 (l], 5,0 (7 ¥ ) (/ XBg(z)(a?')d?{l(iU/)> dr' dy' dt’
1L, -1 (2) xR aD(r")

- / HY(OD(r") N Bi (:C))X{a“>0}m3g(‘z|’y7t)(T/, y' ) dr' dy dt’.
I, -1 (2) xR
Note now that in the last integral only values of 7’ € (|a| — p, |z|+p) give a contribution. Therefore,
for p sufficiently small, we have
HE(OD(r") N Bf,(x)) < Cp,
for some C' > 0 independent of p. Thus,

H (2 N B (@, 1)) H"({a, > 0} N Bj(|z],y,1))

0 < limsup — < lim sup =0,
p—0F Hrtt (BP+1(TW3 y7t)) Wn+l p—0+ pr
where we used the fact that (|z,y,t) € {a, = 0} = {a,, > 0}, n

We now state a useful result, which will be used extensively in the following, and can be obtained
by combining together [11, Theorem 6.2] and Proposition 3.1 (see also [37]).

Proposition 3.12 (Vol'pert). Let n € N with n > 2, and let Q C R™ be open. Let u € BV, (),
and let p and oy, be given by (1.13) and (1.20), respectively. Let A CC II,,_1(§2) be open. Then,
there exists a Borel set Gy, C {0 < a, < T}N(AXR) with H"(({0 < ay < 7}N(AXR))\Gy,) =0
such that the following properties hold. For every (r,y,t) € Gy, :

(i) (X"0)(ry,t) is a set of finite perimeter in OD(r);
(i) 0" (Z*)ryn)) = (O"Z "))
(iii) for every w € S' such that (rw,y,t) € (0*0)(;y1) N O*((50)(ry.0)):

. \V ,
(iiia) 115" (rw, y, 1)| = [Vetio(rw, )|

B V1+ [Vug(rw, y)|2

> 0;

sz‘j‘uo (rw, Y, t) . VIHUO(TW, y) .

ey ) [Vayuo(rw, y)l”

(iiib) v e (rw,y,t)

Remark 3.13. Note that the set Gy, in general depends on A.
Proof. The proposition is a direct consequence of the results contained in [21, Section 2.5]. O

Remark 3.14. The previous proposition implies that

H"(Bsuo) = 0, (3.7)

where

Bsuwo :={0<a, <m}n{(r,y,t) e AxR: Jwe St (rw,y,t) € 0*L" and Vil (rw,y,t) = 0}.

x|l

Remark 3.15. From Remark 3.14 it follows that if (z,y) € Dy, N ®n(A x S') is such that
(z,y,u(z,y)) € 0*E" and
VLEHuO(x7y) = Oa

then (‘x|7y7u0<x7y)) ¢ GuO'
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Remark 3.16. If one considers the spherical symmetrization of u, in which the level sets of u
are rearranged using spheres of R™ (rather than circles of R?), a result similar to Proposition 3.12
holds. However, in that case the analogue of identity (3.7) is false in general. This is due to the
fact that for the spherical symmetrization property (iii) of Proposition 3.12 is satisfied in each slice
only up to an H" 2-negligible set.

Let us now show a consequence of (3.7).

Proposition 3.17. Let n € N with n > 2, and let Q@ C R™ be open. Let u € BVy (), and let
B cCcIl,—1(Q) xR be a Borel set. Then the following statements are equivalent:

(i) H" ({(x,w) € 0N N D,y (B x SY) : 15" (2, ,1) = o}) = 0;
(i) P(Z%;®,1(B' x S')) =0 for every Borel set B' C B, such that H"(B') = 0.
Proof. We show the two implications.

Step 1: (i) = (ii). Suppose (i) is satisfied, and let B’ C B be a Borel set such that H"(B’) = 0.
Then, thanks to Proposition 3.6,

P(Z%; &, (B xSh))

1dH™(z,y,t) + / ’ 1dH"™(z,y,t)
8*Tu0ND,, 11 (B’ xSHN{="“0 £0}

el

/8* $uoNP,,4q (B’ xSt )m{yfu“" =0}

<H" ({(x,y,t) €coEN®, 1 (BxS): Vxﬁuo (z,y,t) = 0})

1
+ / / o dH (z) drdy dt = 0,
J@rsuoy, . |sz‘:‘ (x,y,1)]

where we used (i) and the fact that H"(B') = 0.
Step 2: (ii) = (i). Suppose (ii) is satisfied. Then, since
H' ({(@.y.1) € 7S 1,1 (BN {ay, = 0}) x 81 })
Do ({0 € 5™ @ (BN {a, =0} V) x 81 }) Eo,
Similarly, we have
W ({(m,y,t) € 9T N, (BN {0, = 7)) sl)}) —0.

Let now A CC II,,_1(2) be an open set such that B C A x R, and let Byuo be the set defined in
Remark 3.14. Then, thanks to (3.7), we have

" ({(x,y,t) €IEONPuyq (B xSY) 112" (,y,t) = 0})
— ’]-[n <{(1Uay,t) S a*Zuo N (I)nJrl((B N {0 < a, < ’/T}) % Sl) . Vmi‘)‘“o (%y,t) _ 0})
= A ({(Oi,y,t) €T NP, 1 (BNAXR)N{0<a, <7}) xS 12" (2,y,1) = O})
= P(Zuo;q)n+1(B N Bzuo x Sl)) _ O,
where we used (ii) with B’ = B N Byu. -

Remark 3.18. One cannot expect a result analogous to Proposition 3.17 to hold for the spherical
rearrangement of u. Indeed, to prove the implication (i) = (i) above we have used identity (3.7),
which fails for the spherical symmetrization (see Remark 3.16).

3.2. Further properties of p, v,, and ¥#. In this section we show some important properties
of the distribution 4, and how these affect the function v, and the set X"». We start by showing
that the circular rearrangement preserves the LP norm, provided condition (b) of Definition 1.2 is
satisfied.
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Proposition 3.19. Letn € N withn > 2, let Q@ C R™ be open, and let p € [1,00). Letu: Q — R be
a Lebesgue measurable function such that ug € LY, (®,,(IL,—1(Q)xS")), where ug is given by (1.12).
Let v and v, be defined by (1.13) and (1.14), respectively. Then, for every open set A CC II,,_1(£2)
we have v, € LP(®,,(A x S1)), with vl v (@ (axst)) = luollLr (@, (axst))-

Proof. Let t > 0. We have
H({(vp)4+ >t} NPy (A X Sl))) =H"({v, >t} NP, (A x Sl)))

/’H ({vu(,y) >t} NOD(r ))drdy:/Au(r,y,t)drdy
= H"({(uo0)+ >t} N &, (A x SY))),

where the last equality follows by applying backward the previous equalities to the function wu.
Similarly,

H' ({(v)= >t} N, (A xS") =H"({v, < —t} NP, (A xSH)
/H ({vu(, —t}ﬂ@D(r))drdyz/A[27r7'—7-£1({vu(-,y) > —t}NoD(r))| drdy

= [ 2w = (. ~0) drdy = ({(uo)- 2 1) 1 @, (A x 8.
A
Thanks to the Layer-cake formula, we then obtain
vullLe @, axsty) = [(Vp)+1lLe (@, axst)) + (V)= llLr (@, (axst))
= H(uo)+HLp(<1>"(Axsl)) + H(uo)—||Lp(q>,,L(Axsl)) = HUOHLP(Q,L(AxSl))-
O

In the next proposition we show the connection between the circular rearrangement of a function
and the circular symmetrization of its subgraph.

Proposition 3.20. Let n € N with n > 2, and let 2 C R™ be open. Let u: 2 — R be a Lebesgue
measurable function such that ug € Li (P, (I1,,—1(Q2) x S)), where ug is given by (1.12). Let p,
v, and a, be given by (1.13), (1.14) and (1.20), respectively, and let F,, C R""1 be defined as
F, = {(z,y,t) € @, (I,—1(Q) x SY) x R : dgi (3, e1) < a(|z],9,1) ]} (3.8)
Then,
IR =qn+1 FM' (39)
Proof. Let (z,y,t) € ®,(I1,_1(Q) xS*) xR. Since the hyperplane {(x1,72,y1,...,Yn_2,t) € R*T1:
xy = 0} is H" 1 negligible, we can assume 0 < dg1 (%, 1) < 7. By definition of v,,, we have
vu(z,y) =inf A(z,y) where A(z,y) :={s e R:,(|z],y,s) < ds1(Z,e1)}.
Thanks to Remark 1.3, the function s — u(|x|,y, s) is non-increasing and right-continuous, and so
is s — a,(|z|,y,s). Therefore, since 0 < dg1(Z,e1) < 7, we have that A(x,y) is a closed half-line
which is unbounded from above and bounded from below, and
Az, y) = [vu(z,y),+00) and  au(|z|,y,vu(z,y)) < dsi(Z - er).
Thus,
v(zy) >t = t¢Alxy <<=  oulz],y,t)>dsi(@-er).
From this, it follows that
(z,y,t) € X% <= y,(z,y) >t <= aulz,y,t)>ds:i(T-e1) <= (z,y,t) € F,.
O
The next result should be compared with Proposition 3.10.

Proposition 3.21. Let n € N withn > 2, and let  C R™ be open. Let ui,us :  — R be Lebesgue
measurable functions such that uq,0,us0 € Llloc(@n(ﬂn_l(ﬁ) x S1)), where w10 and ug are given
by (1.12) with uy and ug in place of u, respectively. Let py and po be defined by (1.13) with uq
and uy in place of u, respectively. Let now vy, ,v,, and F,,, F,, be defined by (1.14) and by (3.8),
with w1 and ps in place of u, respectively. Then, the following are equivalent:
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(a) p1 = p2 H"-a.e. inIl,_1(Q) x R;

(D) vy = vu, H-a.e. in ®,(I1,_1(Q) x SY));
(€) T =gn41 B2 dn &, (11,1 (Q) x SY)) x R
(d) F, =pntr Fy in @, (1,1 (2) x SY)) x R.

Proof. Let A CC II,,_1(€2) be open. Applying (3.4) to the two functions v, and v,,, we obtain
1V, — Vs ll L1 (@, (Axs1Y)

= 'Hn+1 ((Ev“ szuz) ( n+1((A X R) % Sl))))
= [ (001 {0 9) > DA@DE) O (w9 > 1)) drayde - B10)

= Hl(BaM (7“61)AB%2 (re1))drdydt = ||p1 — pallLraxr)-
AXxR

This shows that g1 — ps € L'(A x R) (even though, thanks to Proposition 3.9, in general we only
have ju1, iz € L' (A x (—d, +o0)) for every d > 0). Since A CC II,,_1(f) is arbitrary, from (3.10) it
follows that (a), (b), and (c) are equivalent. Finally, from (3.9) we conclude that (c) is equivalent
to (d). O

Proposition 3.22. Let n € N with n > 2, let Q C R™ be open. Let u : Q — R be a measurable
function satisfying property (b) of Definition 1.2, such that ug € Ll (®,(I1,—1(2) x S')), where
ug s given by (1.12). Let p and v, be defined by (1.13) and (1.14), respectively. Then,

vu(r,y) =0 for H"-a.e. (z,y) € ®,(I1,_1(Q) x S\ Q°. (3.11)

As a consequence,
(Vulas)o = v, (3.12)
where (v, |as)o ts given by (1.12) with v, in place of u.
Proof. Note that, by definition of II2_,(2) (see (1.4)), we have that
L0, (I, 4 (Q) x SH\ Q%) = 0.
Therefore, to show (3.11) it will be enough to prove that
vu(z,y) =0 for H'-ace. (2,y) € Py (o1 (Q) \ I, (Q)) x S\ Q7.

)
Let now (z,y) € @, ((IL,,—1(2) \ 1I2_,(2)) x S) \ Q°. Since the hyperplane {(z,y) E R™: x5 =0}
is H"-neghglble we can assume that 0 < dgi (&, e1) < w. Then, we have (Jz|,y) ¢ I2_;(Q2) and

2r|z| > 2[a|dsi (2, e1) > H ((Q)((aly))-
Thanks to Proposition 3.10 and Proposition 3.21, if we modify u on a set of H"-measure zero, this
will only affect v, on a H"-negligible set. Therefore, thanks to property (b) of Definition 1.2, we
can assume that
u>0 everywhere in Q\ @, (12 _,(Q) x S*). (3.13)
Then, since ug = 0 outside of €, for every ¢ > 0 we have
ule]y 1) = M ({uo(y) > £} 1 OD(Jz]))
=H'({u(-,y) >t} NN AD(|z))
<H () (fely) < 2J2ldsi (& e1).
On the other hand, thanks to (3.13), for every ¢ < 0 we have
p(lzly.t) = H' ({uo(,y) > t} N OD(|z])) = 2rfa| > 2|a|ds: (2, e1).
Thus, recalling (1.14),
vu(z,y) =inf {t € R: p(|z],y,t) < 2|z|ds: (&, e1)} = 0.
O

The next result gives a refinement of Proposition 3.11 in the special case in which one considers
the function v, and will be used in the proof of The Pdélya—Szego inequality.
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Proposition 3.23. Let n € N with n > 2, and let @ C R™ be open. Let u € BV (), and let p,
vy, and o, be given by (1.13), (1.14), and (1.20), respectively. Then,

(ryy,t) € {a:j =0} = (rw,yt) e ()0 for every w e S*\ {e1};
(ry,t) e{a =7} = (rw,y,t) € (=)D for every w € ST\ {—e1}.
Moreowver,
H* (0" N (Prs1 ({oy) =0} x SY))) =0, (3.14)
and
H" ("5 N (Ppy1 ({o, =7} xSY))) =0. (3.15)
As a consequence, for every Borel set B C I1,,_1(2) x R we have
H™ (0*S% N (Pppr (B x SY)))
(0755 1 (o (BN {a) > 0} 0 {a) < 7)) x §Y))) (3.16)

Proof. We will just show the first implication and (3.14), since the second implcation and (3.15)
can be proved in a similar way. We proceed by steps.

Step 1: We show that
(r,y,t) e{ay, =0} = (rw,y,t) € (=) for every w e ST\ {e1}.
Let (r,y,t) € {a), =0}, and let w € S"\ {e1}. We set
§ := arccos(w - 1) > 0. (3.17)
Note that
(@, ¢, t) e NB  (rw,yt) = (|2'|,y,t") €{a,>6/2} f0<p<L (3.18)

Indeed, if (z/,y',t) € % N B;L“(rw7y,t), we have (2/,y/,t") = (rw,y,t) + p(T,7,t), for some
(Z,7,t) € B!, Therefore, thanks to (3.17), for p sufficiently small

/ o) . 6
a,(|2'],y',t') > arccos (|x/| : 61> = arccos <W) >3
T rw+ pT

so that (3.18) holds. Then, using the same argument of the proof of Proposition 3.11, we obtain
that for 0 < p <1

HHE (Ev“ N B;”l(rw,y,t)) = / N Xsvu ABIH (rw,y,t) (2,4, ') da’ dy' dt’
Rn 1
= /H (xR </{)D( ) XB%(’I‘UJ)(I/)XE“H ﬂB;"Jrl(rw,y,t) (xla y/at/) dHl(Il)> dT'/ dy/ dt,
n—1 X r’

S/ (/ XBf,(rw)(x/)X{a#>6/2}ﬁBg(r,y,t)(Tlvylvt,)drHl(x/)> dr' dy’ dt’
M._1(Q)xR \JoD()

< / H' (OD(r') N B3 (rw)) X{a,>s/23nBx (ry.) (1Y 1) dH () dr’ dy’ dt!
M,_1(Q)XR ’
< CpH"({ay > 6/2} N By (1,9, 1)),
for some C' > 0 independent of p. Therefore,

: HH(SU N Byt (rw, g, 1)) . H"({o > 6/2} N B (r,y,t))
0 < limsup o < lim sup
PO+ Hr L (B (rw, y, t)) Wntl posot P

=0,

where we used the fact that ¥ (r,y,t) = 0.

Step 2: We show (3.14). Thanks to (3.5) and Step 1, if (x,y,t) € 9*E and (|z|,y,t) € {a) = 0},
with © = (z1,z2), then

x1 =lz|, z22=0, and (x1,y,t) € ,—1(2) xR)N ({ax =0} \{o, = O}(l)).
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Therefore,
H" (0" N (Prs1 ({oy) =0} x SY))) < / LdH™(x1,y,t)
(I —1 () xR)N({ e/ =03\ {er, =0} (1)
<H"({oy] = 0} \ {a = 0}D) = H"({o = 0} \ {a)f = 0}()) = 0.
O

In the next proposition we give the explicit expression of the distributional derivatives of u and
&, see [11, Lemma 6.7] and [28, Lemma 3.6] for related results.

Proposition 3.24. Let n € N with n > 2, and let @ C R™ be open. Let u € BVy (), and let p
and oy, be given by (1.13) and (1.20), respectively, and let §, : 11,1 (2) x R — [0, 27] be given by

Eulry,t) == M

Let A CC II,,_1(2) be open and let d > 0. Then, X"° is a set of finite perimeter in ®p41((A X
R) x SY), and p,&,, oy € BV(A x (—d,+0)). Moreover, for every Borel set B C A x (—d,+00)
and for every bounded Borel function ¢ : B — R we have

=2ay,(r,y,t), for every (r,y,t) € II,_1(Q) x R. (3.19)

/(p(r,y,t)dDy,u(r,y,t):/ o(|z], y,t) Vyzuo(x,y,t)d?-l"(x,y,t), (3.20)
B O* X0 N(Py41(BXSL))
[ et aputrp = [ ollal g DV @y, ) dH (e, t),  (32D)
B B*Z“OQ(<I>TL+1(B><81))
/@(T,y7t)rdDr£u(r,y7t)=/ ozl y,t) 20} (z,y,t) dH" (z,y,t).  (3.22)
B O*T40N(Pp41(BXS))

Remark 3.25. Applying the previous result to the p-distributed function vy, thanks to Proposi-
tion 3.23, we obtain that

Dyp = Dyul {a¥ >0} n{a" <7}
Dy = Dypl_{a¥ >0} N {a" < 7};
rD.&, =rD.&, L{a" >0} n{a" <7}

Proof of Proposition 3.24. By definition of BV, () we have that ug € BV (®,,(A4 x S')) and so,
thanks to Proposition 3.1, X% is a set of finite perimeter in ®,,(Ax S*) xR = ®,,,1((4A xR) x St).
Moreover, p € L'(A x (—d, +00)) thanks to Proposition 3.9. We now divide the remaining part of
the proof in several steps.

Step 1: We show that formulas (3.20) and (3.21) hold in the special case B = A x (—d, +o0) and
¢ € CH(A x (—d,+)). Concerning (3.21), we have

0
/ o(r.t) dDuplr.0) = - [ (9, 22 (1, 1) drdydt
Ax(—d,+00) Ax (—d,+00) ot

)
-, o (0., 1) 5 (1l 0) dedy di
D11 ((AXR)XS!) ot

90(|I|a Y, t) thXE"O (l’, Y, t)

/{;n+1((AXR)XSI)

/ <p(|x|,y7t) l/tzuo(xvyﬂt) dHn(CC,y,t).
9* X 0N(Ppt1((AX(—d,+00))xS1))

One can argue in a similar way for identity (3.20).

Step 2: We show that for every ¢ € C}(A x (—d, +0))

/ (r,y, ) dDpa(r, y, 1) = / o(r, 9, 6 (r,y, £) dr dy dt
Ax(—d,+o0) Ax(—d,+0) (3.23)

+/ o(|x|,y,t) & - z/fuo (x,y,t) dH" (x,y,1).
8" 50 N@ 41 ((AX (—d,400)) xS)
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Let ¢ € C}(A x (—d,+0o0)). Then, a direct calculation gives
. . dp 1 1
WGy (Pl v 07) = Z o (el 9,0 + el yt), - V(@ y 1) € Pnia (A X R) X §),

x|

where div(, , ;) denotes the divergence of a vector field in R"™*! with respect to the variables (x, vy, t).
Therefore,

0
/ (P(T,y,t) dDTN’(Tayat) = */ ,LL(T,y,t)aiso(T',y,t) d?”‘dy dt
Ax(—d,+o0) Ax(—d,4o0) T

0 0
= —/ u(ryy, t) 5 (ryy,t) dr dy dt = —/ X (.5, 0) 5o (| y, 1) der dy dt
AxR or @ i1 ((AXR)XS1) or

. . 1
= / X0 (2,9,1) (dw(x,m (el v, 0)2) - so<|x|,y,t>) de dy dt
i1 ((AXR)xST) |z
. 1
:/ @(|x|’y>t)m' dDXZ“O(J:’y?t)_'_/ quo(x,y,t)fga(m,y,t) dxdydt
@, 11 ((AXR)XST) @, 11 ((AXR)xS1) |z

/ o2l )& 2" (g, 0) dH" (2,9, 1)
8* 540 (41 (A (—d,+00)) xS1))

4 / &, (. t)p(r,y, 1) dr dy dt,
AX(—d,+0o0)

which gives (3.23).

Step 3: We show that Dyu, Dyp and D, are bounded Radon measures on A x (—d, +00). From
Step 2, we know that (3.21) holds with B = A x (—d, +00) and ¢ € CL(A x (—d, +00)). Taking the
supremum over all ¢ € CL1(A x (—d, +0c0)) with || < 1 we obtain that Dy is a bounded Radon
measure on A X (—d, +00), with

IDepal (A % (—d, +00)) < H™ (954 N By 41 (A x R) x S1)) < o0.

One can argue in a similar way for Dy pu.
We are left to show that D,.u is a bounded Radon measure on A x (—d, +00). Let ¢ > 0 be such
that r > ¢ for every (r,y) € A. Thanks to (3.23), for every ¢ € C}(A x (—d, +o0)) with |¢| <1

t
/ Pl ) D, lret) = [ () 2020 gy ay
Ax(—d,+o0) Ax(—d,400) r

+/ o(|x|,y,t) & - nguo (z,y,t) dH" (z,y,t)
9* 340 ND 41 ((Ax (—d,+00)) xE1)

1
< E”HHLl(Ax(fd,Jroo)) +H" (0°S" N @py1 ((A x (—d, +00)) x S1)) < 0.

Taking the supremum over all ¢ € C1(A x (—d, +00)) with || < 1 we conclude.

Step 4: We show that &, a, € BV (Ax(—d,+00)). From Step 3, we have u € BV (Ax (—d, +00)).
Observe now that also the map (r,y,t) — 1/r belongs to BV (A x (—d, +0o0)). Therefore, from [2,
Example 3.97] it follows that both &, = p/r and a, = p/(2r) belong to BV (A x (—d, 4+00)).

Step 5: We show formulas (3.20) and (3.21). We will only give the proof of (3.21), because
the proof of (3.20) is similar. Using the fact that every function in CP(A x (—d,+0oc)) can be
approximated uniformly on compact subsets of A x (—d,+00) by functions in C}(A x (—d, +00)),
and the fact that D;u is a bounded Radon measure on A x (—d, +00), we have that (3.21) holds
for every ¢ € CY(A x (—d, +0)).

Let now ¢ : A x (—d,+00) — R be a bounded Borel function, and let A be the bounded Radon
measure on A X (—d, +00) defined by

A(B) = |Dyp|(B) + H" (0*S" N (@y41(B x S"))),  for every Borel set B C A x (—d, +00).
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By Lusin Theorem, for every h € N there exists ¢, € Cp (Ax (—d, +00)) with ||¢p]| Lo (Ax (—d,400)) <

[l oo (Ax (~d,+00)) Such that
A{(ry,t) € Ax (=d, +00) s (1, y,t) # on(r,y,t)}) <

For each h € N we can apply (3.21) to ¢, so that

/ Sph(ra Y, t) th:u’(Ta Y, t)
AXx(—d,+0o0)

S

-/ onlel,yot) v (0,0, 0) 4H" (2,9,)
8" S0 (a1 ((AX (—d,+00))xS1))

Using this identity, we have

/ ‘P(T,yﬂf) th/J,(T,y,t)
AX(—d,+00)

_/ e(lzl,y,1) Vtzuo(fvyat) dH"(z,y,1)
8*2"0ﬂ(®,z+1((14><(—d,-‘roo))XSl))

/ ((p(’l",y,t) - wh(ray,t)) th,u(r,y,t)
AXx(—d,+0o0)

“
8* U0 (B g1 ((Ax (—d,+00)) xS1))

< / (o(r 9, 1) — gn (. )] d|Del (1,9, 1)
AX(—d,+o0)

.
8" S0 (B4 1 ((Ax (—d,+00))xS1))
Passing to the limit as h — oo we obtain (3.21).

(@h(‘m|7yat) - <,O(|I‘,y,t)) VtE“'O (xay7t) dHn(:Z:,y,t)

" 2
‘@h(|m|ayat) - @(“r|7yat)| dH (Z‘,y,t) < 7||<)0‘|L°°(A><(7d,+oo))~

Step 6: We show (3.22). Arguing as in Step 5 it follows that (3.23) holds whenever ¢ is a bounded

Borel function on A x (—d,4+00). Observe now that by [2, Example 3.97] we have
D,y = D, (r€,) = rDy§, + &, drdydt.
Comparing last identity with (3.23) we conclude.

O

Before stating the next result, we recall that Vu = (0,1, Vyu, Oyp) and VE = (0,€, V&, 0:€)

denote the absolutely continuous parts of the Radon measures Dy and DE.

Proposition 3.26. Let n € N with n > 2, and let @ C R™ be open. Let u € BVy -(2), and let
K, oy, and &, be given by (1.13), (1.20), and (3.19), respectively. Then, Vi = (Orp, Vyu, Oppt) and

VE = (0,€,V &, 0i€) are concentrated on {0 < a, < m}. Moreover,

1
Op(ryy, t :—/ R — A €1
bl ) (9*5%0) (41 [Vayuo(z, y)| (=)
Vol ) = [ Sutolt ) g0,
(0 590) .0y | Vaito(2, y)]
and
z- VEUO(xv y) 0
T8T£ (/r’ y?t :/ 7d7—[ x)7
KB = f s, ooyl T
v uo(x,y) 0
V) = [ BTV g0,
v (B*£%0) (o 1) |V uo (2, )]

1
7"85 Y, t :_/ 7617'[0%7
t #( ) (0*E%0) (7 y,t) |V$Hu0(x’y)| ( )
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for H"-a.e. (r,y,t) € {0 < a, <7}

Proof. We will only show the statement for 0;u, since the other identities can be proven in a similar
way. Let A CC II,,_1(2) be open and let d > 0. Let now G, be given by Proposition 3.12 for the
set A x (—d,+0c0), and let ¢ € C%(A x (—d,+00)). Then, thanks to Remark 3.25

/ Q(r?y7t) th/J/(T,y,t)
(AX(=d,+00))

= / q(r,y,t) dDyju(r, y, t)
(AX(—=d,+o0))N{aV>0}n{ar<r}

- / Q(Tayvt) th:U/(Tay,t)
(Ax(=d,+o0))N{aV >0} n{ar<m}NGy,

+ / q(r7yat) thp’(rvyat)'
((AX (7d,+oo))ﬁ{ozv>0}ﬁ{a/\<ﬂ'}) \Guyg

Note now that the last integral does not contain any contribution coming from the absolutely
continuous part of Dyu, since the region of integration is H"-negligible:

e (((A % (—d, +00)) N {a” > 0} N {a” < 7r}> \Guo) —0.

For the remaining integral, setting R := (4 x (—d,+00)) N{a" > 0} N {a" < 7} N G,,, thanks to
Proposition 3.1, (3.21), and Remark 3.15, we have

/R a(r,y,8) dDopi(r,y, ) = a(lel, g S (2., £) dH (2, . 1)

/<9*E“om(<1>n+1(R><S1))
_/ q(lz],y,t)
9* S0 N {V, 00} N (@ pr (RxSY) /1 4 [V (@, y)[2

dH" (z,y,t)

1
= _/ q(r,y,t) / = dH(x) | drdydt
(Ax (—d,400))N{a¥>0}n{ar <7}NGuy @ 590) .y | Vaito(T, )]

1
= —/ q(r,y,t) / ——dH%=x) | drdydt,
(AX(—d,+00))N{0< e, <T}NGuy (0*%0) (4. 1) [V yuo(z, y)|

where we also used Proposition 3.6 and identity (iiia) of Proposition 3.12. Since ¢ is arbitrary, this
shows that the density 0;u of the absolutely continuous part of the measure D, satisfies

1
Op(r,y,t) = —/ = dH (), (3.27)
' (0*2%0) (14 1) Ve uo(z, y)|

for H™-a.e. (r,y,t) € A x (—d,+00) N {0 < a;, < } N Gy,. Recalling now that
H"((A x (=d, +00)) N {0 < ay < 7} \ GUO) =0,

we obtain that (3.27) is satisfied for H™-a.e. (r,y,t) € (A x (—=d,4+00)) N {0 < a, < 7}. Since A
and d are arbitrary, the conclusion follows. O

The next result shows a perimeter inequality under circular symmetrization of subgraphs.

Proposition 3.27. Let n € N with n > 2, and let Q@ C R™ be open. Let w € BV (), let u be
given by (1.13), and let v, be defined by (1.14). Then, v, |os€ BV, -(Q°). Moreover, £+ is a set
of locally finite perimeter in ®,,1((I1,_1(2) x R) x S') and

P(XV; ®,,1(B x SY)) < P(2%;®,,,1(B x SY)), (3.28)
for every Borel set B C I1,,_1(2) x R.

Remark 3.28. Thanks to Remark 3.5, we have that 3'» and X%° are sets of finite perimeter in

D, 11((A X R) xS), for every open set A CC I1,,_1(2). Therefore, (3.28) should be interpreted as
an inequality between extended real numbers.
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Proof. Let A cC II,,_1(f2) be open. We will show that v, € BV (®,(A x S')). By assumption,
we already know that ug € BV (®,(A x S')). Thanks to Proposition 3.1, % is a set of finite
perimeter in ®,,(A x S') x R. Let now (X“0)® and F), be defined by (2.13) and (3.8), respectively.
We have

(50)° = F, =pps 5%,

where the last equality follows from (3.9). We would like to apply Theorem 1.1 to the sets ¥
and X"0, but this is not possible, since they do not have finite (n-dimensional) Lebesgue measure.
Therefore, for each d > 0 if we set

vy =N {(z,y,t) eR"™ 1t > —d} and T =X"nN{(z,y,t) € R"T ¢ > —d},

so that
(EZ")s =gynt1 Zg”.

From Proposition 3.9 it follows that u € L' (Ax (—d, +00)), so that L"T1(X}°) = L"T1(Z") < 4o0.
Thanks to [26, Proposition 2.16], there exists a sequence dj, — 400 such that for each k € N

H (0 Sy N{(z,y,t) e R™ it = —di}) = H" (0" N{(z,y,t) e R" : t = —d)}) = 0. (3.29)

If we set A := A x R, we have ®,(A x @1) X R = ®,,1(A x S'). Then, thanks to Theorem 1.1,
EZ: is a set of finite perimeter in ®,, (A x S') and

P(Eg; ®ni1 (A x SY)) < P(S40; @y (A x S1)). (3.30)
Thanks to [26, formula (16.10)] and recalling (3.29), we have
P(24%5 @1 (A X SY)) = P(S"0; @1 (A x SY) N {t > —di}) + P({t > —dy }; ("))
= P(X"; @, 1 (Ax SHN{t > —dp}) + L ({uo > —dp} N, (A x SY))
= P(Z";®, 1 (AxSY)N{t > —dp}) + L"({v, > —dp.} N @, (A x Sh)).

Similarly, we have
Py @py1(A X SY)) = P(E%; @pyy (A x SN N {t > —dp}) + L7 ({vp > —di} N @, (A x S1)).
Therefore, thanks to (3.30),
P2 @, (Ax SHN{t > —di}) < P(2; @, 1 (A x SHN{t > —di}), VkeN.
Passing to the limit as k — oo, we have
P(X¥; P, 1 (A x SY)) < P(X40;®,,1(A x SY)). (3.31)

Therefore, ¥+ is a set of finite perimeter in ®,,41(A x S'). Thanks to Proposition 3.19, we have
v, € L'(®,(A x S')). Then, from Proposition 3.1 it follows that v, € BV (®,(A x S')). From
(3.31), since A CC II,,_1(£2) was arbitrary, inequality (3.28) follows. Finally, thanks to (3.12) and
using again the arbitrariness of A, we conclude that v, |os€ BVj -(Q2°). O

Remark 3.29. Let n € N with n > 2, and let @ C R™ be open. Let uw € BVy (), and let p
be given by (1.13). Then, thanks to [28, Proposition 1.2] applied to ¥, we have that for every
(ry,t) € I,_1(2) X R such that (9*X" ).y # 0, the functions

e dev) (), e @yt sy (), ze (3,
are constant in (0*X" ).y 1. Thanks to (3.1), this means that
T & Vovu(e,y,t), = |Vyoule,yt)], x— Vyuu(z,yt), x— |Vo(z,y,t),

are constant in (0*X" )y 1) -
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Remark 3.30. Suppose that u € BV, (Q) and let p be given by (1.13). Thanks to Proposi-
tion 3.27, we also have v, |os€ BVy -(2°). Then, applying Proposition 3.26 to v,, and taking into
account Remark 3.29, we have

2

Ou(r, y,t) = A (3.32)
Vyvu(z,y)

v 9 vyl Y) 3.33

y,lL(?" Y, ) ‘quvu( y)|7 ( )

rOyE(r y ) = 20 Y atul@:y) (3.34)

Vayvu(z,y)
fO?" H"-a.e. (T7y7t) € Hn—l(Q) x R.

We are now ready to show that the circular rearrangement of a function in WD1 Tl(Q) also belongs
1,1 ’
to Wy ().

Proposition 3.31. Let n € N with n > 2, and let Q@ C R™ be open. Let u € V[/'OlT1 (), let p be
gwen by (1.13), and let v, be defined by (1.14). Then, v, |os€ WolTl(Qg)

Proof. Let A CC II,—1(£2) be open. Thanks to Proposition 3.27, v, € BV (®,(A x S')), and X"
and X+ are sets of finite perimeter in ®,,(4 x S') x R. Let us first show that

H"(B) =0, where B:={(z,y,t)€d X 0> " (x,y,t)=0}N(P,(A xS xR). (3.35)
First of all note that, by definition of ®,, and ®,1, we have
B :={(z,y,t) € X% : v (z,y,t) = 0} N (Bpp1((A x R) x SH)).
Let now S : R2 x R""2 x R — (0, +00) x R"72 x R be defined as S(z,y,t) := (|z|,y,t). Thanks to
Remark 3.29, we have
B =0"Y% N (®,,1(S(B) xSh).

Since S is continuous, B is Borel, and Dy is a finite Radon measure on (0, +00) x R"~2? x R, the
set S(B) is Dyu-measurable. Moreover, since Dy is a finite Radon measure, formula (3.21) holds
also for bounded D;p-measurable functions. In particular, we have

/ VE (o, 1) A" (2,9, 1)
8" S (a1 (S(B)xSH))

— Dun(s(8) = [ VP (5, ,t) dH" (2,5, 1)

9+ 540N (P41 (S(B)xS1))

(3.36)

Now, since v} " (x,y,t) = 0 for every (z,y,t) € B, thanks to (3.36)

0=/B v (w,y,t) dH (2, y, )—/ v (2, y,t) dH™ (2, y, 1)

9* 2R N(Pyy1 (S(B)xS1))

= / I/tz "0 (z,y,t) dH" (x,y,t)
9+ S0 (B (S(B)XS))

H™ (x,y,t),

/¢9*E"om(<bn,+1(S(B)xSl)) 1+ [Vuo(z,y)[?

where the last equality follows from Proposition 3.1 and from the fact that uy € Wbt (®,, (A x Sh)).
From the above chain of equalities we infer that

H" (0*5" N (41 (S(B) x SY))) =0
Then, thanks to (3.28),
0="H"(8"S" N (®r41(S(B) x SY))) = P(E“; ®,,41(S(B) x 1))
> P(S%:Bi1 (S(B) x §1)) = H" (95 1 (0,11(S(B) x §)) = H(B),
which shows (3.35).
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Once (3.35) is satisfied, thanks to Proposition 3.2 it follows that v, € Wh1(®, (A x S')). Using
11/cys
a:€ Wy (Q2°). O

the arbitrariness of A and thanks to (3.12), we have v,

The next proposition will be useful to understand rigidity of the Pélya—Szego inequality.

Proposition 3.32. Letn € N with n > 2, and let Q C R"™ be open. Let u € WOIT1 (), and let pu be
giwen by (1.13). Let v, be defined by (1.14) and let B CC II,,_1(2) x R be a Borel set. Then,

" ({(x Yo t) € O"SU N Dy (B x SY) 1 2" (2,9, 1) = o}) =0 (3.37)
if and only if
e ({(m,t) € 0N N D, (B x SY) 1 5" (w,y,1) = o}) —0. (3.38)

Proof. Applying formula (3.21) with ¢ = yp/ first to X% and then to X'+, taking into account
Proposition 3.1 and Proposition 3.31, we have
1
B /a*zuom<<1>n+1<3'xsl>> 1+ |Vuo(z,y)[?
= Dyu(B’) (3.39)
1
- /6*Z”l‘ﬁ(<1>n+1(B’><S1)) L+ [Vou(z,y)

dH" (2, y,t)

7 dH"™ (x,y,t),

for every Borel set B’ C B. Then, thanks to Proposition 3.17, we have

(3.37) <= P(2“;®,,1(B'xS")=0 V Borel set B’ C B with #"(B') =0
= HY (TN, (B xS') =0 V Borel set B’ C B with H"(B') =0
@39 Du(B')=0 V Borel set B' C B with H"(B') =0
@3 (&SP N @4y (B x SY)) =0 Y Borel set B' C B with H"(B') = 0
— P(X%;®, (B xS')) =0 V Borel set B’ C B with H"(B') =0
<~ (3.38).

4. PROOF OF THE POLYA-SZEGO INEQUALITY

In this section we prove a general version of the Pélya—Szego inequality (see Theorem 4.3), and
then we show how this implies Theorem 1.12 and Theorem 1.13. We start with some preliminary
results that concerning functions f belonging to .% and .#'.

Lemma 4.1. Let .% and F' be given by Definition 1.10, and let f € F. Then,
T+— f(n,7,¢) is increasing in [0, 00) for every (n,¢) € R x R"2,
If, in addition, f € %', then
7+— f(n,7,{) is strictly increasing in [0, 00) for every (n,¢) € R x R"™2,

Proof. Suppose that f € .Z, let (n,¢) € R x R"~2 be fixed, and let g : R — [0, +00) be defined as
g(7) := f(n,7,¢). We want to show that g is increasing. First of all, note that since f is convex
we have that g is convex. Let now 0 < 77 < 7o. Then, we can write 71 = A(—72) + (1 — A) 72, where
A= -1 € (0,1/2). Therefore, by convexity of g

9(m1) = gA(=72) + (1 = N)72) < Ag(—72) + (1 = N)g(72) = g(72),

which shows the first part of the statement. If, in addition, f € %', then the function g is strictly
convex and so the inequality above is strict. O
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If f € %, we recall that the Legendre transform f* of f is defined as:

f*(w) = sup ((777 Ca T) W= f(n7<77—))7 for every w € R™.
(n,¢,7)ER™

Since f is convex and finite everywhere, f* is convex with —oo < f*(w) < 400 for every w € R™.
Moreover, for every (n,¢,7) € R™ we have

F,67) = ()" (n,¢,7) = sup (w- (1, ¢, 7) = f*(w))

weR

— sup(wn - (1, . 7) — £ (wn)), 1)
heN

where {wp, }ren is a countable dense subset of the set {w € R™ : f*(w) < +oo}.
The next result is a variant of [2, Lemma 2.35], and will be used in the proof of Theorem 4.3.

Lemma 4.2. Letn € N withn > 2, and let Q@ C R™ be open. Let u € BV (), let A CC II,,_1(2)
be open, and let B C A X R be a Borel set. For every h € N, let ¢y, : ®,,11(B x S') — R be a Borel
function such that

x> pp(z,y,t) s constant in (0*X") (., for every (r,y,t) € B. (4.2)

Suppose, in addition, that there exists h € N such that

/’ i (0, £)| dH (2, . £) < +o0.
O*X3vo ﬁ¢n+1(B XSI)

Then,

/ sup pn(z,y,t) dH" (z,y,1)
9*X40Nd, 1 (BxS!) heEN

:SUP{Z/ Soh(xvy7t)d7{n($7yat)}a
H \ hepg /0*2%0N®y 41 (BrxSt)

where the supremum in the right hand side ranges over all finite sets H C N and over all pairwise
disjoint Borel partitions {Bp}nhen of B.

Proof. In order to prove the lemma, we first need to introduce some tools. We define the map
S:REIxR"™Z xR — (0,400) x R"2 x R as

S(z,y,t) == (Jz|,y,1), for every (z,y,t) € R x R" "2 x R. (4.3)
Let A be the finite Radon measure on R2 x R"~2 x R given by
AR) :=H" (RNO*T* N®,11((AxR) x SY)), V Borel set R C Rj x R"7* x R,

and let o := S\, where Sy denotes the push—forward measure of A through S. We observe that
both A and o are finite Borel measures. Finally, we set for every h € {1,...,k},

Ay = {(az,y,t) €T N®,, (B xSh: on(z,y,t) = ;

égﬁuw¢@. (4.4)
We now divide the proof into steps.

Step 1: We show that the statement follows if we prove that for every k € N with k > h, we have

max op(z,y,t) dH" (z,y,1)
~/8*E“0mq>”+1(3><§1) 1<h<k ’ ’

k (4.5)
= sup Z/ wh(l‘7yat) dHn(ZE,y,t) )
h=1 *Yuo ﬂ¢n+1(3h Xgl)
where the last supremum ranges over all the k-ples By, ..., By of pairwise disjoint Borel partitions

of B.
To this aim, for every k > h, let us define the function My : ®,41(B x S!) — R as

Mk(-r7 Y, t) = 121}?‘2{]{: @h(l‘v Y, t)
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Then, we have M, > ¢; and (Mj)- < (¢;)—. Moreover, by the assumption on ¢; it follows that
/ (M) (2,900 K" (.5.0) < [ (68 (9, 0) 4" (,,0) < .
8*xvoN®,, 11 (BxS!) O*LUvoND, 41 (BXS)
Thus, the integral

/ My(z,y,t) dH" (z,y, 1),
O*TUOND, 41 (BXSh)
is well defined, and its value belongs to (—oo, +00].
We also have that My, — ¢; > 0, and M}, — @7 T supyen ¢n — ¢j, as k — oco. Therefore, by the
Monotone Convergence Theorem applied to My — ¢j,, we have

lim max op(x,y,t) dH™ (x,y,t
k—-+4oco 0*2u0m¢n+1(3X81) 1<h<k ( ) ( )

= / sup (v, y,t) dH" (z,y,1),
O*T4oN®, 11 (BxS) heN
so the claim follows.

Step 2: For every k € N with k > h, we construct a pairwise disjoint Borel partition {C4,...,C}
of B such that for every h=1,...,k

on(z,y,t) = max wi(x,y,t), for H™ae. (z,y,t) € "L Nd, 1(C, x SH).

Let k € N with k& > & be fixed. We divide this step into sub-steps.

Step 2a: We show that for every h = 1,...,k the set S(A},) is o-measurable, where S and Aj, are
defined in (4.3) and (4.4), respectively.

Let h € {1,...,k} be fixed. Since A4 is Borel and S is continuous, S(Ap,) is an analytic subset of
(0,00) x R"2 x R (see [17, Section 8.2]). Note that, in general, there is no guarantee that S(Ay) is
Borel (see [17, Corollary 8.2.17]). However, since o is a finite Borel measure on (0,00) x R" 72 x R,
we have that S(Ap) is o—measurable, see [17, Theorem 8.4.1].

Step 2b: We show that for every h=1,...,k

Ap =0"S" N®,1(S(An) x Sh. (4.6)
The inclusion A, C 9*X% N ®,,,1(S(Ay) x St) follows by the definition of S, so we only need
to prove the opposite inclusion. Let (2/,y,t) € 8*X% N ®,,1(S(A) x St). In particular, this

implies that (Ap)(j2/|y,4) 7 0, and so there exists € (Ap)(jar|,y,¢) sSuch that (z,y,t) € Ap. Then,
by definition of Ay,

()Oh(x7 Y, t) = lgl?i;(k (pl(xa Y, t)
On the other hand, since x, 2’ € (0*X") (|27 4.4, Dy (4.2) we have o;(2',y,t) = @;i(z,y,t) for every
1 =1,..., k. Therefore,

’ _ _ ) _ o
Sph(‘r y Y, t) - (ph(xv Y, t) - fgigxk @2(‘%’ Y, t) IS?S}(k SOZ(:E 'Y, t)a
so that (z/,y,t) € Ap, and this shows (4.6).

Step 2c: We conclude the proof of Step 2. For each h = 1,...,k, we can find a Borel set Ry such
that o(S(Ar)ARy) = 0. Note now that, by definition of o,

0=0(Rp\ S(An)) = AS™ (B \ S(An))) = M(@nr1((Rn \ S(Ap)) x ST
=H" (0*S" N @,p1((Ry \ S(A4p)) x S1)).
Combining the above identity with (4.4) and (4.6), we obtain that for every h =1,...,k

on(,y,t) = max oi(w,y,t), for H™ae. (z,y,t) € *T N, (R, x Sh). (4.7)

Therefore, the Borel sets Ry, ..., Ry are such that (4.7) holds, and

h
U Rz = Bl = {(r,y,t) €B: (a*zuo)(rvyvt) ?é Q)} :
1=1
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We now set Cy := Ry,
ChZZRh\< U Ri>, h=2,...,k—1, RkZZB\( U R,),
1<i<h
and the claim follows.
Step 3: We conclude. Thanks to Step 1 and Step 2,
/ nmax wh(x Y, )d%n(1'7y7t)
)

*SU0ND, 4 (BxSt) 1Sh<k

- Z/ @h(%yvt) dHn(Ivyat)
*E“0ﬂ¢'n+1 Ch XSI)

= sup / @h(xaya )dHn( x,Y, ) B
{Z *3Nu0 NP, 41 (B XSt)

where the last supremum ranges over all the k-ples By, ..., By of pairwise disjoint Borel partitions
of B. This shows (4.5) and, in turn, the lemma.
d

We can now state a general Pélya-Szego inequality under circular rearrangement, which is the main
result of this section.

Theorem 4.3. Let n € N with n > 2, let Q@ C R™ be open, and let p € A(IL,—1(Q) x R). Let
a € L®((0,00) x R"™2 x R) with a > 0 H"-a.e., and let f € F. Then, for every u-distributed
function u € Wolj (Q) we have

a(|z],y,vu) £ (@ - Vavu, Vayvu, Vyou)

dH" (z,y,t)
/8*2“m<<1>n+1<3x81>> V1+[Vo,l?
< / a(\x|,y,u0)f(§c : VIUO, VzHUOa vaO)
N o*xuwoNn(

q?‘n+1(B><Sl)) \/1+ ‘VU/O|2

for every Borel set B C II,,_1(2) x R.

(4.8)

dHn(‘T? y? t)’

Before discussing the proof, we show some consequences of this result.

4.1. Consequences of Theorem 4.3. We start by showing that Theorem 4.3 implies Theo-
rem 1.12.

Proof of Theorem 1.12. The result follows immediately from (4.8), choosing Borel sets of the type
B =B xR with B C IT,,_1 (2). O

The next result is a consequence of Theorem 1.12.

Corollary 4.4. Let n € N with n > 2, let Q@ C R™ be open, and let p € [1,00). Let u € Wol”f(Q),
let p be given by (1.13), and let v, be defined by (1.14). Then, v, |q-€ Wolf(QS)

Proof. The case p = 1 was already considered in Proposition 3.31, so let us assume p > 1, and let
u € Wolf(Q) By Remark 3.4 it follows that v € WolTl(Q) and so, by Proposition 3.31, we have
0:€ Wy (2°).

Let now A CC II,_1(©2) be open. Fom Proposition 3.19 it follows that v, € LP(®,(A x S')).
Moreover, Applying Theorem 1.12 with a =1, B = A and

fn,¢.7) = (n? + 2+ [7[2)"
we obtain that v, € W'P(®, (A x S')). Since A was arbitrary, thanks to (3.12) we conclude. [

U

Let us now show that Theorem 1.12 implies Theorem 1.13.
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Proof of Theorem 1.15. Let A CC I1,,_1(€2) be a Borel set. From Theorem 1.12 it follows that

/ a2 1, 0) £ - Vs, Vg, Viyv,.) ddly
P, (AxS) (4.9)

< / a(‘x|7yau0)f(i.' vxuOvv:rHumvyuO) dacdy,
P, (AXS)

where this is an inequality between extended nonnegative real numbers.

Note now that, thanks to (3.11), we have v, = 0 H"-a.e. in ®,(IL,_1(Q) x S') \ Q°. Then
(see, for instance, [19, Section 4.2.2, Theorem 4, part iv]) it follows that Vv, = 0 H"-a.e. in
@, (I,_1(2) x St) \ Q. For the same reason, since ug = 0 H"-a.e. in ®,(I1,,_1(Q) x S) \ Q, we
have Vug = 0 H"-a.e. in ®,,(I1,_1(2) x S*) \ Q. Therefore,

/ a(‘CELy,’U“)‘f(QA? : V$U/L7VIHU/L7va/L) dxdy
P, (AXS)\Qs

— £(0,0,0) / a(lz],,0) dedy
@, (AxS1)\Q®

= f(070,0)/ a(r,y,0) </ d’Hl(x)> dr dy
A OD(r)\(Q2%) (r,4)

= f(0,0,0) /A a(r,y,0) (27rr —H! ((Qs)(r’y)) ) drdy (4.10)
= £(0,0,0) /A a(r,y,0) (27rr —H! ((Q)(r’y)) ) dr dy
_ f(O,O,O)[I) g el 0) dy

= / a(|$|ay7u0)f(‘% : vz”Oyva:HuOyvyuO)dxdyu
P, (AXST\Q

where we used the fact that by definition of Q° we have
H! () (ry)) = H? (D ry))  for every (r,y) € A.

Note that, since A CC II,,_1(92) and a is bounded, all the integrals appearing in (4.10) are finite.
Therefore, we can combine (4.9) and (4.10), obtaining

/ a(|$|,ya%)f(53' vxv;uvxuv;uvyvu) dl‘dy
@, (AxSHNQs

S / a(|x|>y7U0)f(i‘ : ku07 VxHUOa VUUO) dxd:%
P, (AxS)NQ

for every Borel set A CC II,,_1(2). By considering a sequence {A;};ecn of Borel sets with A; CC
II,,—1(R2) and A; 7 1I,-1(Q), we conclude. O

We can now give the proof of Theorem 4.3.

Proof of Theorem 4.3. First of all, note that it is not restrictive to assume
B C{a, >0} n{a, <7} (4.11)
Indeed, if not, one can split B as the disjoint union B = By U By, where
B :Bﬂ{ax >O}ﬁ{aﬁ <}, BQ:B\({ozl\f >O}ﬂ{aﬁ <},

and observe that, thanks to (3.16), inequality (4.8) is trivially satisfied in By. Let’s then assume
that (4.11) is satisfied. We can also suppose B C A x R for some open set A CC II,,_1(2), since
the general case can be obtained by approximation.

By assumption, ug € W!(®,,(A x S)) and thanks to Proposition 3.31 v, € Wh1(®,, (A x S')).
Let Gy, and Gy, denote the sets given by Proposition 3.12 (note that in general both G,, and
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Gy, will depend on A). Then, setting B, ., := BN G,, NGy, we have

/ a(ImI,y,vu)f(i“ ) vxvuv vwl\vzw vyvu) dan(x y t)
o

*3V8 ((D g1 (BXS)) 14+ |Vo,|?
= / a(lz],y, ) F(& - Vv, Vay vy, Vyou)
o+ N(

P41 (BXSL)) 1/ 1+ lVUU«P

dH" (z,y,t) = I + I,

where

I = / a(lz],y, ) f(& - Vv, Vay vy, Vyvu)
951 (Prs1(BupugxSH)) V14 [Voyl?
a(|$|,y,t)f(§7 ) VZL’U/_L? VIH’U#, vyv,u)

I2 Z:/
0757 (1 ((B\Buy i) 61)) V1 + [V ]?

dH" (z,y,t),

dH"™ (z,y,t),

and where we used the fact that, since v, € Wh1(®, (A x S§')), thanks to Proposition 3.1 we have
vf) (z,y) = v)f (z,y) =t for H"-a.e. (z,y,t) € 9*X». We divide the proof into two steps.

Step 1: We show that

I < / allzl, y,u0) f(Z - Vatto, Voyto, Vo) dH"(x,y,t). (4.12)
9240 (@41 (Buy, ug X51)) V1+|Vugl?
Taking into account property (f2) of Definition 1.10, we have
a(\x|,y,t)f(§: : va;u vzH'U;n Vyvu)
L =/ dH" (z,y,t)
9* 51 N (Prp1 (Buyy up XS)N{ Vi v 20k xR)) /1 + [V, |?
=/ a(r,y,t)/ @ Vot Ve Ol Vo) dHO (2) dr dy dt (4.13)
By uo () rgry) VeVl
r0:u(r,y, 1) 2 \ M(T,y,t))
= a(r,y,t) (—ou(r,y,t r , ,—2 dr dy dt,
/B (9, 8) (=Bunslrs v ) ((’M(T,y,t) —Oup(r,y, )" —0p(r, y, 1) Y

Yp>vo

where the first equality is due to Remark 3.15, the second one to Proposition 3.6, Remark 3.7
and Proposition 3.12, and in the last one we used Remark 3.29, Remark 3.30, and the fact that
HO (0% ((39) (ry1))) = 2 for H-ace. (r,y,t) € By, -

Now we would like to compare the integral above with an integral involving the function ug. To
this aim, we first observe that, thanks to (2.11),

2<H (O ((S%) (ryr))) s for H™ace. (r,y,t) € By, - (4.14)
Let us now introduce, for every (r,y,t) € By, vy, the probability measure )\?y on (9*X%)(ry.0)
given by

1

- 440 sy
A= |quu0(x,y)‘7'[ L(a )(r,y,t)

Y / 1 d’}-[o( )
—_ X
@590) (.0 | Vaitio(z, )]

In the following, to ease the notation, in the integrals below we drop the integration set (0* ") . ,, 4).
Using Lemma 4.1 and (4.14), together with Proposition 3.26, for H"-a.e. (r,y,t) € By, , one has
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Tarfu(ra:% t) 2 Vyu(r,y,t) )

alr, 1) (= 0up(r 9, D) (—atu(r,y,w e K s

|VwHU0| \quuo\
dHO(z)
|V uo

Vaug 0 0 yUo
HO (/ Vo] 7 /Cm /|vz o] )>
< a(ry,t) ! 3 ”
|Vzuuo| dH(
|V£Hu0|

d 0
:a(r,y,t)( ;Eﬂ) f </§;.ku0 d/\fw(x),/\quu0|d)\§7y(a:),/Vyuo d/\i,y(a:)>.

Thanks to properties (f1) of Definition 1.10, we can apply Jensen’s inequality. Therefore, using
also property (£2) of Definition 1.10, we obtain

> ( TVl 1010 (p), 9, [ Yuto dHO(x)>

— alr dHO(z)
- ( 7yat) < |vzuu0|

(4.15)

roy&(r,y,t) 2 Oyp(r,y,t)
aray,t 78/L7n7yat f( ’ ]
90 O 9 DI\ 23,00 ZBuatr 9,0)” =0, 1)
dH° (x
<a(r,y,t) J(& - Vauo, Ve uol, Vyuo) dA;, , (2) (4.16)
|V$”u0\
— a(r7y,t)/ f(.'I/' : VQEUO7 v:vHu07 vyuo) dHO(m),
(0*S10) (1 1y [V uol
for H"-a.e. (r,y,t) € By, u,- From this and (4.13), using again Proposition 3.6, it follows that
L < / a(ry,t) / P Tetor Voo ¥50) 30 ) i y
Bu,, ug (0*540) oy 1) |V ol
a(|z],y, o) f(# - Vyug, Viyuo, Vyuo)
= dH"(z,y,1),
/amuom(@nﬂ(vauoxSl)) V14 [Vugl?

thus showing (4.12).
Step 2: We conclude, showing that

a(lxlaya UO) f("fj . VQ:UO(xmy)a quuo(%y), Vyuo(x,y))

I, < / dH™(z,y,t).  (4.17)
340N ( @y 1 ((B\Bu, ug) XS1)) 1+ [Vuo(z,y)[?

Recalling the definition of B, 4, and the properties of the sets G, and G, from (4.11) it follows
that H"(B \ By, u,) = 0. Therefore, applying (3.3) to v, we obtain

a(|;v|, Y, t)f(jj ) V:L’Uu7 VCEvah vyv,u,)

I = /
91 (@ s ((B\Buyug)xSH)) V14 [Voul?

:/ a/("x‘?y?t)f('i'VQZUM?()?Vy’UM) dHTI(x y t)
3*21)”0( w+1( s

(B\Bvu,uo)xgl)) 1 + |V'U#|2

dH" (z,y,t)

= / sup @h(l‘7yat) dH"(xayat)7
8*EUHO(CI>W,+1((B\Bmwuo)xgl)) heN

where for every h € N we set

Wh * (j: : va“(x,y), 0, vyvu(xvy)) - f*(wh)
1 + \Vvu(:v,y)|2

3

‘Ph(l‘;yvt) = (l(|$|,y,t)
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and we used (4.1), where {wp, }ren is a countable dense subset of {w € R : f*(w) < +o0}. Note

now that

w1 [Vou(z, y)| + [f*(w1)]
L+ [Vou(z, )

lpr(z,y,8)| < al|z] ;1) < C(Jwr| + [f*(wr)]),

where C' > 0 is such that |a| < C. Then,

/ |(p1(l'7y,t)‘d%n(l‘,y,t)
8* 5w N (@py1 ((B\Boy,,ug) XS1))

< Cllwr| + [ (w)DH" (975" N (Pnra(B x §1)))
<H™ ("2 N (Pps1((A x R) x §Y)) < 0.

Thanks to Remark 3.29, we can apply Lemma 4.2. Therefore, we have

I SUP{Z/ on(z,y,t) dH"(a:,y,t)},
H | e/ o S0, 11 (B, xS)

where the supremum ranges over all finite sets H C N and over all partitions { By }neg of B \Bu,v“
composed of pairwise disjoint Borel sets. Let now H C N be a finite set, and let h € H. Thanks

to Proposition 3.24, applied first to v, and then to u, and recalling (3.1), we have

/ (ﬂh(ﬂf,y,t) dHn(I7y7t)
8*2““ﬂ¢n+1(3h XSI)

wp, * (i‘ ) vxvu707 vyvu) B f*(wh)

-/ allel, 1) 2 Tt)
o*XVn ﬁ@n+1(Bh XSl) ]. + |V'U#|

CL(‘JJLy,t) (wh : (j:'yfuu (x7y’t)70’ny“F‘ (xay7t))

B /6*2”# ﬁ@n+1(Bh XSl)
() v (0, y,)) AR (2,9, 0)

= wy, - (/ a(r,y,t)rdDréﬂ(r,y,t),O,/ a(r,y,t) dDyu(?zy,t))
Bh Bh

+/ a(r,y,t) f*(wn) dDyp(r,y,t)
Bp,

-/, alfe,y, 1) AT Vet Vatto) = 7 (un)

9*SU0ND,, 41 (B, xS1) s 14+ [Vug)?

< / a(|x|7y,t)f(:% ) Vz“Oa 0; vyuO) dHn(.fC, y,t),
o*ZuoN(

@1 (Brxst)) /14 [Vugl?

where the last inequality follows from (4.1). From this, it follows that

>/ on(.y. 1) dH" (2,y.1)
o*XVrNP

heH n+1(Bh XSI)
< / a(|z|,y,t) f(& - Vaug, 0, Vyug)
peJorsuon@, 1 (Baxst) /14 [Vuol?

— / a(\xl,y,t)f(i”-quo,O,VyuO)

950N (@1 ((B\Buy, ug)x81)) 1+ |Vup|?
t)f(& - Vzug, Vg ug, V

:/ a(‘x|7y7 )f((E Uo I 4o yuO) dan(

*xu0N (P (

(B\Bu,, o) xS")) v 1+ |Vugl?

dH" (x,y,t)

dH" (z,y,t)

dH" (z,y,t)

dH" (z,y,t)

x’ y? t)?

where in the last equality we applied (3.3) to up with R = B\ B, 4,. Taking the supremum with

respect to H we obtain (4.17) which, combined with (4.12), allows us to conclude.
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5. SUFFICIENT CONDITIONS FOR RIGIDITY

In this section we give the proof of Theorem 1.18. We start by considering inequality (4.8) with
B=1I,_1(Q) x R:

a(lz],y, Uu)f(ij - Vo, Vv, vy”u)

/a*zvmabw,ﬂ((nn_l(Q)xR)xSl)) V1I+[Vul?

dH" (z,y,t)

) (5.1)
CL(|£B|, Y, ’U,())f(l' - Vo, Vg;“’LLo, Vyuo)

/8*Euom<<1>n+1((nn1<Q>xR>x51>> V1+[Vugl?

under the assumption that

<

dH" (z,y,t),

/ a(|x|, Y, U,u)f(f'E : Vatv/u Vmuvlu vyvlt)
T (D1 (M1 () xR)xS1)) V14 |Vu,|?

First of all, we define the set of extremals in (5.1).

dH" (z,y,t) < 0. (5.2)

Definition 5.1. Let n € N with n > 2, let Q@ C R™ be open, and let p € A(IL,—1(2) x R). Let
a € L*>®((0,00) x R"=2 x R) with a > 0 H"-a.e., let f € F', and suppose that (5.2) is satisfied.
Then, we set

E(w, Q) :={ue VVOIT1 (Q) : u is p-distributed and equality holds in (5.1)}.

Remark 5.2. Note that, under the assumption (5.2), using (4.10) we have that (5.1) is equivalent
to (1.18) and to equality in (1.17).

We start with some necessary conditions for a function u to belong to £(u, 2).

Proposition 5.3. Let n € N with n > 2, let Q@ C R™ be open, and let p € A(IL,—1(2) x R). Let
a € L*®((0,00) x R"™2 x R) with a > 0 H"-a.e., let f € F', and suppose that (5.2) is satisfied.
Let u € (i, Q). Then, for H"-a.e. (r,y,t) € {0 < o, < 7}

(Z")(ry,t) =11 Bay(ry,y 0(1,9,))  for some p(r,y,t) € S, (5.3)
and the functions
x+— & - Vug(z,y), x — |V uo(z,y)|, z— Vyuo(z,y),
are constant on 0" ((X"0)(ry.+))-

Proof. Since u € &(u, ), equality in (5.1) holds. Then, thanks to Theorem 4.3 equality holds in
(4.8) for every Borel set B C IL,_1(2) x R. In particular, equality holds in (4.15) for H"-a.e.
(r,y,t) € {0 < oy < w}. Since a > 0 H"-a.e. and since, thanks to Lemma 4.1, 7 — f(n, 7, () is
strictly increasing in [0, 00), we conclude that equality holds in (4.14) for H™-a.e. (r,y,t) € {0 <
a, < m}. Therefore, thanks to (2.12) we obtain (5.3).

Observe now that for every Borel set B C II,_1(2) x R we also have equality in Jensen’s
inequality (4.16). Since a > 0 H™-a.e. and f is strictly convex, the remaining part of the statement
follows. O

Ifue Wolj (2) satisfies (5.3), we can define the direction function d,, : II,_1(£2) x R — S! given
by
1 / il .
- TdH (x if (r,y,t) € {0 < a, <7},
duy (7, y,t) := { 2rsinau(r,y,t) Jisuw)y,, ., (@) ( A g J (5.4)
e1 otherwise in IT,,_1(2) x R.

Remark 5.4. Ifu € WolTl(Q) satisfies (5.3) and dy, is defined by (5.4), then a direct calculation
shows that

X N{0 <oy <7} =ynt {(z,y,1t) € Rg XxR" 2 xR : dga (&, duy (2], 9, 1)) < au(|z], y, t)}.

We now give a regularity result for d,,.
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Theorem 5.5. Let n € N with n > 2, let @ C R™ be open, and let p € A(Il,,—1(Q) x R). Let
u € WolTl(Q) be a p-distributed function satisfying (5.3), let A CC II,,_1(Q2) be open, let d > 0,
and let 6 € (0,7/2). Then, d5,, € BV(A x (—d, +00);R?), where

1

d‘S =——
o (12 9:1) = 2rsinad,(r, y,t)

/ &dH (x), ai = (o, VO) A (m—9).
(Zuo)(ry t)

Moreover, the following coarea formula holds. Using the notation di, = ((d3,)1,(dS,)2), for every
j € {1,2} we have

/ HHBNO{(dS,); > s})ds

R

- / V(2 ) \dr dy dt + / (%)) M + DS, );|(B),
B

Bms(dio)j
for every Borel set B C A x (—d, 400).

Proof. Let ¢ > 0 be such that r > ¢ for every (r,y,t) € A x (—=d,+0). To ease the notation, we
define the function my, : I, —1(Q) x R — R? as

1
Moy (1, Y, 1) = 7/ #dH'(x), for every (r,y,t) € II,_1(Q) x R. (5.6)
(E O)(r y,t)

Step 1: We show that m, € BV (A x (—d,+00); R?). We have

1
/ [M, (1, y, )| dr dy dt < */ Hl((zu")(r7y7t))dr dy dt
Ax(—d,+o0) Ax(—d,+o0)

1
= EH#”Ll(AX(—d,-i-oo)) < 00,

where the last inequality follows from Proposition 3.9. This shows that m,, € L'(Ax(—d, +o0); R?).
Let now j € {1,2} and, denoting by (m,); the j-th component of m,,, let us show that
D(my,); is a bounded Radon measure on A x (—d,+00). Let ¢ € C}(A x (—d, +o0)). Then,

o
—— (7 y, 1) (my,
/ ) D)
:/ gqf(r Y, )(1/ ijd’Hl(x)> dr dy dt
Ax(—d,+00) (Z%0) (r,y,1)
1
(r,y,t) (

_/ oy
Ax(—d,+o0) or

j(ryy,t)drdydt

™Y,

/ %x% (,9,1) d?—ll(:r)> dr dy dt
9

D(r)

i oY
ar

/ (|], v, t) xzuo (z, ¥, t) da dy dt.
D1 ((Ax(—d,+00)) xSt) |

A direct calculation shows that
. x; x; O
aiv, (Zg0llal n)2) = 25 5 e

where div, denotes the divergence with respect to the variables (x1,x2). Therefore,

/ aj(n Y, t) (muo )J (T, Y, t) dr dy dt
AX(—d,+oc0 or

-/ div, (%wm,y,t)f:) Voo (29, £) da dy dt
@11 ((Ax(—d,400))xS1)) |x|

(|1’| Y, )x'dDzXE“O(xayat)

(5.7)

/,L+1((Ax( d,+00))xS1) |$|2
& Vyuo(z,y)
L+ [Vuo(z,y)[?

z n
= (||, y, )| |J dH"(z,y,1).

- /6*2”OO<I>,L+1((A><(d,+oo))><Sl)
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Taking the supremum over all ¢ € C}(A x (—d,+0o0)) with [1)] < 1 we obtain that D, (m,,); is a
bounded Radon measure over A x (—d, +00) with

| Dr () [ (A X (=d, +00)) < %H"(a*E"O N ®n11((A x (=d, +00)) x S1)) < o0.

From (5.7), by approximation we obtain that

x; & Vguo(z,y)
Dr(muo)j(B) :/ 7]2 = D)
8*Tu0ND,, 1 (BxS!) |{E| V1+ |VU0(557?/)|
for every Borel set B C Ax (—d,+00). In a similar way, one can show that Dy (m.,,); and D;(m., ),
are bounded Radon measures on A x (—d, +00), with

dH" (z,y,t), (5.8)

£ \% Uo (Ia y)
Dy )s(B) = [ - AH (2.9.1).
yRTe s 8*$uoNd,, 1 (BxSL) |33|2 1+ |VU0($7ZU)|2 (5 9)
T 1 '
Dima,)s (B) =~ | S AH (.9.1).
e 95w N0,y (BxSY) |T[% /T4 [Vug(z, y)?
for every Borel set B C A x (—d, +00).
Step 2: We conclude. First of all, observe that the function fs : [0, 7] — R defined as
1
fs(s) == (5.10)

ﬁn«svﬁA(ﬂ—5»7

is Lipschitz continuous. Therefore, by the chain rule in BV [2, Theorem 3.69] we have that

o 1
‘M%%%m«%vﬁAw—&)

€ BV (A x (—=d,+0)).

We can now write dio as

dio (7’, Y, t) =fs (Oz# (7”, Y, t))muo (T, Y, t)'
Thanks to Step 1, using again the chain rule in BV (see, in particular, [2, Example 3.97]) we have
that d5, € BV (Ax (—d,+00);R?). Finally, let j € {1,2}. Thanks to Step 2 and [2, Theorem 3.40],
formula (5.5) follows. O

We can now give further necessary conditions for a function u to belong to the set £(u, ) of
extremals.

Proposition 5.6. Letn € N withn > 2, let Q C R™ be open, and let p € A(Il,,_1(2) x R) be such
that (1.21) holds. Let a € L*°((0,00) x R"~2 x R) with a > 0 H"-a.e., and let f € .F'. Suppose
that (5.2) is satisfied, and let uw € E(u,Q). Then, the function d,, defined in (5.4) is H™-a.e.
approzimately differentiable in {0 < a,, < 7} and

Vdy,(r,y,t) =0  for H"-a.e. (r,y,t) in {0 < a, <7}. (5.11)
Moreover, denoting the j-th component of dy, by (du,);, for every j =1,2 we have
Stdny); N0 < ap <ay <7} Cyno1 Sa, N{0<a; <ay <m} and |D(dyy )T < | Dy,
where |D%(dy, );|* is the Borel measure given by
|D(dy, ) ;1T (B) == 51£(r)l+ |Dc(di0)j\(B), for every Borel set B C I1,,_1(€2) x R.

Finally, if W is a Borel subset of {0 < aﬁ < oz’\f <7} and K is a concentration set for Do, then
for every 7 =1,2

[ i, > s as= [ ()| A1 D" (), [ (W 0 ).

Wns(dug)]‘ ﬁSau

Proof. Thanks to Proposition 3.12 and Proposition 5.3, for H™-a.e. (r,y,t) € {0 < a, < 7}, the
set (0%X"0)(yy.+) is composed of just two points, and the vector function
(i' : VxUO(L y)a vaO(I, y)? 71)

xr ——
|V uo(z, )]
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is constant on (9*X"), , 4. Therefore, for H"-a.e. (r,y,t) € {0 < a, < 7} we can define the

vector ¢y, (r,y,t) € R™ given by

(-/ij . ku()(xa y)a vaO(l', y)a _1)
|V uo(z, y)|

where z € (9*X")(;.,+), and the last equality follows from Proposition 3.26. We now divide the
proof into several steps.

=1rVa,(ry,t), (5.12)

Cug (’I", Y, t) =

Step 1: We show that the density of the absolutely continuous part of Dm,,, is given by

Vmuo(r,y,t) _ 1 / x®(‘r'vxuO(xvy)avaO(x,y)v_l) dHO(LE),
(0 Z40) (ry, 1)

r2 |Vmuuo($7y)|

for H™-a.e. (r,y,t) in {0 < o, < 7}, where m,, is defined by (5.6).
Let A CC II,,_1(€2) be open, let d > 0, let G,,, be given by Proposition 3.12. Thanks to (5.8)
and (5.9), we have that

Dmy,(B) = / v® (@ Vauo(@,y), Vyuol@:y), 71) yyymy, ) 4y (5.13)

9*Su0N®, 1 (BxS!) |22/1 + [Vuo(z, y)|?

for every Borel set B C A x (—d,+00). Since H"(({0 < oy < 7w} N (A X (—=d,+00))) \ Gu,) = 0,
we have

Dmyy (B) = D%y (BN Gyy)

:/ x®(j:'V;tuo(x7y)7vyu0(xay)7_1)d7_[n($7y’t)
9* S0P,y 41 (BNGug) XS1) |z[2/1+ [Vug(z,y)[?
_ / 1 / z® (& - Vyuo(z,y), Vyuo(z,y),—1) A0 () | dr dy dt
BNGuyg r? (9*510) (1 1) |Vayuo(z,y)|
1 L- T ) ) s 9 )y -1
:/ — / 28 (& - Vatio(2,9), Vytio(2,y) )d’HO(m) dr dy dt.
BT (0*E¥0) (1) [Vayuo(z, y)|
Since A and d are arbitrary, the conclusion follows.
Step 2: We show that for H"-a.e. (r,y,t) in {0 < o, < 7}
iy, t) = 2L (1 0y 1) 8 04 (o)), (514)
0 rsina,(r,y,t) 0 0

where my, is defined by (5.6) and c,, is given by (5.12). Indeed, since (9*X"°)(,, ;) is composed
by two points that are symmetric with respect to d, (7, y,t), using Step 1 we obtain that

1 T - -1
Vit (r,y,t) = 7/ @ (& Vauo(r,y), Vyuo(,y), ~1)
T2 J(0*2%0) (gt |Veyuo(z,y)]
1 0 1 0
= (J? Y Cug (Tv Y, t)) dH (33) = 3 xdH (1‘) ® C(T, Y, t)
r (B*Euo)(r,y,t)

2
r (B*Euo)(r,y,t)

dH ()

1 2cosay,(r,y,t
=3 (2rcos ay,(r,y,t)) (duo (r,y,t) @ cuo (1, Y, t)) = % (duo (r,y,t) @ cy, (1, y,t))
cosa,(r,y,t)

= ) at ) 7t)
ety (M 79:0) @ € (7,30

Step 3: We show (5.11). Let § € (0,7/2). Note that 5, = dy, H"-a.e. in {0 < a, <m— 5}V,
Then, thanks to Theorem 5.5 we can write

1 m 1 m
= 3 = — %o = — & n_ 1 — (1)
Vdy, = Vd,, 5 % (sinai) 5 % (sinaﬂ) , HMae in {0 <a, <m—0}".
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Thanks to the chain rule in BV (see [2, Example 3.97]) and using Step 2, we have that H"-a.e. in
{§<a,<m—6y0

_1Vm,, 1 cosay

Vdy, = 5= i uy ®V
’  2sina, 2 (sineoy,)? (muy @ V)
COS 1 cosay
= —————(My, — = m \Y =0,
2r sin? a, (M, @ c) 2 (sinay,)? (mu ® Vo)

where we used (5.12) and (5.14). This shows that
Vduo = 0; H"-a.e. in {(5 < oy < T = 5}(1)

Note now that the set {§ < o, < 7 — &6} is decreasing in J and that, thanks to [9, (2.3) and
(2.4)], we have

U {5<ozu<7r—5}(1)={0<oz;\ <a) <m} (5.15)
6€(0,7/2)
Therefore, we obtain that
Vd,, =0, H"-a.e. in {0 < ozﬁ < Oz,\j <7}

Since {0 < oy < af < 7} =y» {0 < @, < 7}, the conclusion follows.
Step 4: We show that
|D (M) LA0 < oy <oy <} < [Dp|L{0 < a) <a) <7} (5.16)

Let A CC I1,,_1(2) be open, and let d > 0.
Let now W C {0 < a, < oy < 7} with W C A x (—d, +00) be such that |Dyu|(W) = 0. Then,
thanks to (3.21),
1

0= Dyu(W) = — / AH™ @, 9, 1),
J* 20N, 1 (W xSh) 1+ |V’LL0(1‘, y)|2

which implies
H™ (8*S" N Pypy (W x SY)) = 0. (5.17)
On the other hand, from (5.13)
T 1
/c?*zuom@n“(Wxsl) W \/W

< %’H" (0°5" N, 41 (W x S1)) =0,

| D (g ) (W) =

dH" (2, y,1t)

where ¢ > 0 is such that r > ¢ for every (r,y,t) € W, and where we used (5.17). Arguing in a
similar way, one can show that

Dy(mu())J(W) =0, and Dr(muo)j(W> = 0.
Since A and d are arbitrary, the conclusion follows.
Step 5: We show that for every j = 1,2
S(dny);, N0 < ap <ay <7} Cynor Sa, N{0 <y, <a <m}. (5.18)
Indeed, let j € {1,2}, and let § € (0,7/2). Recall that dj_ is defined as
dy, (r,y,t) = f5(u(r,y,t))mu, (r,y, 1),
where fs is the Lipschitz function given by (5.10). Then, recalling the definition of d,,,, we have

S(duy), N{0 <y <7 — 0} = Sas ), {0 <o <m— 5}, (5.19)
On the other hand, thanks to the chain rule in BV
Stas,), N0 <ay <m— S}V Coppnat (Sa US(may),) N{6 < ap <=6}, (5.20)
Observe now that, thanks to (5.16), and taking into account that S, = S, we have
Stmug); N8 < ap <7 =6} Cypnar Sa, N{6 <oy <7 — 6}, (5.21)
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Combining (5.19), (5.20), and (5.21), and recalling (5.15), we conclude.

Step 6: We show that for every j = 1,2

|D(duy )51 LA0 < ) <o <7} < D, L{0<a), <oy <7} (5.22)
Let § € (0,7/2). Since d’, = dy, H"-a.e. in {§ < o, < ™ — 6}, thanks to [8, Lemma 2.2], we
have that

D(dyy)j {6 < oy <=8}V =Dd); L {0 <y < — 6},
On the other hand, by definition of d, and using again the chain rule in BV ([2, Theorem 3.96
and Example 3.97])

D° ((d,);) = D(fs (o) (muy);) = D(fs(an))(muy)j + f5(u) D ((muy);)

5.23
— ()5 (V5(@)) Do + fs{) DF (1)) (>2)

From (5.16) we know that
|D° (Mag);) {0 < a, <7 =0}V < |Dp| L {6 <, <7 — 5} (5.2

< D%, |L{d < o, <7 — 0},

Combining (5.23) and (5.24) we then obtain

|De ((d5,);) |L{6 < ap <7 =8}V < |Dy|L {6 < ap <7 — 8},
Thanks to (5.15), this implies that

| D¢ ((dzo)j) IL{0<a) <oy <7} <|D|L{0 <o) <a) <m}.
Let now W C {0 < aj, < oy < 7} be a Borel set with [D¢a,,[(W) = 0. From what we have just
proved it follows that

| D¢ ((dio)j) |(W) =0, for every § € (0,7/2).

Then,
|D%(du, )1 (W) = lim [D*((dg,);) (W) =0,

§—0t
which shows the claim.

Step 7: We conclude. Let A CC II,,_1(€2) be open, let d > 0, let § € (0,7/2), and let j € {1,2}.
Since (dS,); = (du,); H"-a.e. on {0 <, <7 — 6} thanks to (5.5) we have that for every Borel
set W C (A x (=d,+00)) N {0 < a) <o) <7}

/ H YW N {5 < ap < 7 —8}D A0 (duy); > s}) ds
R

:/ IV (du ), |dr dy dt +/ ((duy );] dH !
Wn{é<a, <m—8§}1) Wm{5<a“<7r75}<1)ms(duo)jmS
+ | D(duy )| (W N {6 < oy < — 53D,

where we also used (5.18). Thanks to (5.15), passing to the limit as 6 — 0", we obtain

oy

/H"‘l(W N{0 <o) <ay <m}NI{(dy,); > s})ds
R

-/ V() ldr dy e+ ()5}
Wn{0<a) <ay<m} Wﬂ{0<(x;\§ax<7r}l’75(duo)jI’WSQH
+ |Dc(du0)j\+(Wﬁ {0< aﬁ < ozx < 7}).

Let now K be a concentration set for D¢a,,. Thanks to (5.22), we obtain

/R'anl(W N{0 <o) <ay <m}NI{(dy,); > s})ds

V() ldr dy e+ ()]
Wﬂ{0<aﬁgax<7r}ﬂs(du0)jOSQM

+ |D(duy);[T(WNEK N {0 < <ay <m}).

Since A and d are arbitrary, the conclusion follows. O

/Wﬁ{0<aﬁ§a:f<7r}
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We are now ready to give the proof of Theorem 1.18.

Proof of Theorem 1.18. Let u € E(u,Y). We want to show that the function d,, defined in (5.4)
is H"-a.e. constant on {0 < ¢, < 7}. Let j € {1,2} be fixed. Thanks to Proposition 5.6, for every
Borel subset W of {0 < o, <« < 7} we have

/1 HO LW N0 {(dy); > s}) ds

- (5.25)

-, ()| 4K+ D) OV (1 ).
WS (a,); NSep

Suppose now, by contradiction, that (d,,); is not H"-a.e. constant on {0 < a,, < 7}. Then, there
exists a Lebesgue measurable set I C (—1,1) such that H'(I) > 0 and, for every s € I, the Borel
sets

Wi ={(du); >s}nN{0<a, <m} and W ={(dy,); <s}N{0<a, <7}

define a non trivial Borel partition {W3,W?} of {0 < o, < 7}.
By assumption, {a;, =0} U{a,, =7} US,, UK does not essentially disconnect {0 < v, < 7}.
Then, for every s € I we have

Hrl ({0 <a, <mtVNoWsno W\ ({a) =0} U{a) =7} USa, U K)) >0.  (5.26)
Note now that
{(0<a, <mtVNoWs Nows ={0<a, <m}Mnow:
={0<a, <m}VNIW: ={0<a, <7}V N0{(dy,); > s}.
Thanks to last equality and (5.26)
! ({o < <D A0 (duy); > s} \ ({ah =0} U{a =7} US,, U K)) >0, (5.27)
for every s € I. Let us now consider equality (5.25) with W given by
W={0<a, <7r}(1)\({al/> =0}U{ay) =7} US,, UK)
(note that W C {0 < o, < ) < 7}). We obtain

5.27) [l
o *2" / 1 ({0 < o < 7} O N0 {(du); > )\ (fo) = 0} U{a)) =7} US,, UK)) ds
~1

oy

-, () 044107, ), 1K) =0,
WﬁS(duO )j ns.

where we used the fact that with our choice of W we have WNS,, = WNK = () and that, thanks
to Proposition 5.6, |D(dy, );|T < |D,|.
This gives a contradiction, and thus shows that (d,,); is constant. U
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