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Abstract. We prove that the branching set of a solution to a two-dimensional two-phase Bernoulli
problem with constant coefficients is locally finite. We do this via a Weierstrass representation
formula, which allows to transform the problem into a new geometric two-phase problem for
capillary minimal surfaces. We also apply this method to the obstacle problem establishing a
connection between the directional derivatives of solutions to the obstacle problem and the linear
thin two-membrane problem.

1. Introduction

This paper is dedicated to the local structure of the free boundaries of solutions to the
two-phase Bernoulli problem, that is functions u ∈ C0,1(B1) ∩ C1,α(Ω± ∩ B1), whose supports
Ω± := {±u > 0} ∩ B1 are disjoint sets with C1,α-regular free boundaries ∂Ω± ∩ B1, and

∆u± = 0 in Ω±,
u± = 0 on ∂Ω± ∩ B1,
|∇u±|2 = Λ± on ∂Ω± \ ∂Ω∓ ∩ B1,
|∇u±|2 ≥ Λ± on ∂Ω+ ∩ ∂Ω− ∩ B1,
|∇u+|2 − |∇u−|2 = Λ+ −Λ− on ∂Ω+ ∩ ∂Ω− ∩ B1,

(1.1)

for some positive real constants Λ+ > 0 and Λ− > 0. We remark that, at least for variational
solutions, the smoothness assumption is justified by [25] and [14].

We investigate the structure of the coincidence set ∂Ω+
u ∩ ∂Ω−u and in particular of the set of

branching points
B(u) := ∂Ω+ ∩ ∂Ω− ∩ int({u = 0}),

where int({u = 0}) denotes the interior part of the zero set {u = 0}. We show that the set B(u)
is locally finite, which concludes the analysis of the local structure of the planar two-phase free
boundaries arising from (1.1) completing the analysis from [2], [25, 14], and [22] in the plane.

Theorem 1.1. Let u ∈ C0,1(B1) ∩ C1,α(Ω± ∩ B1), with B1 ⊂ R2, be a nontrivial solution of (1.1).
Then B(u) is locally finite in B1.

Combining Theorem 1.1 with the results in [22], in the case Λ± = 1 one can obtain a more
precise local description of the free-boundary at branching points. We do not know whether
Theorem 1.1 holds in the case of analytic weights Λ± ∈ Cω, but we can easily construct a
counterexample in the case Λ± ∈ C∞ \ Cω (see Section 5).

Theorem 1.2. Let K ⊂ [−1, 1] be compact. Then there exists u solution to (1.1), with coefficients
Λ± ∈ C∞(B1) \ Cω(B1) depending on K, such that B(u) = ∂K.
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Finally, using the techniques of this paper, we revisit a celebrated result by Sakai in [23, 24]
for solutions of the two-dimensional obstacle problem, by proving the following. We restrict
to the case of right hand side equal to 1 and observe that the case of analytic right hand side is
equivalent to the constant one thanks to the last section in [24]. Notice that the C2 regularity
assumption in the next theorem is justified by [4], Section 2, (f), case 1 (see Remark 6.3).

Theorem 1.3. Let u ∈ C1,1(B1) ∩ C2(Ω), with B1 ⊂ R2 and Ω = {u > 0} ∩ B1 be a nonnegative
solution to {

∆u = 1 in Ω
u = 0 = |∇u| on ∂Ω ∩ B1 .

Then the set of branching points of the free boundary of u, defined by

B(u) :=
{

x ∈ ∂Ω ∩ B1 : lim
r→0

|Br(x) ∩Ω|
|Br(x)| = 1

}
∩ int({u = 0}) ,

is locally finite.

Branching (or flat) points are singular points of geometric variational problems where the
tangent cone to the geometric solution is a plane (thus regular) but counted with multiplicity
strictly larger than one. The main issue is to study the dimension of flat points were the
density is not locally constant, that is a geometric unique continuation type problem. Such
results are very scarce in the literature. The situation which is better understood is the interior
regularity for area minimizing currents in any codimension, both integer and mod p (see
[1, 5, 10, 11, 12, 13, 7, 8]). In the context interior branching points for free boundary problems
the only available results are for the two dimensional obstacle problem (see [24, 23]) and for
the thin obstacle problem in every dimension (see [21, 19, 18]). The major difference between
these two situations is that for area minimizing currents the problem is local, while for free
boundary problems the problem is non-local: that is the free boundaries do not solve an
equation themselves. In this respect, a more similar situation is the investigation of boundary
branching points, see for instance [15, 6, 9, 17].

In this respect, the closest known result to Theorem 1.1 is that of Sakai in [23, 24], and in
fact, although fundamentally different, both our techniques and Sakai’s make heavy use of
complex analysis tools and thus are fundamentally two-dimensional.

Our main idea is inspired by the work [20] and [26], where the authors draw a beautiful
parallel between solutions of the one-phase Bernoulli problem and free boundary minimal sur-
faces in the upper half-space. In Section 2 we revisit this idea to show that (1.1) is connected to
a new two-phase capillary problem by constructing compatible Weierstrass parametrization from
the solution of the two-phase Bernoulli problem. In Section 3 we transform the geometric prob-
lem into a nonlinear thin two-membrane problem for the area functional by simply choosing
suitable graphical coordinates. Finally in Section 4 we leverage the main result of [16] to reach
the conclusion.

We hope that the techniques introduced in this paper could be useful in the investigation
of similar issues for capillary problems and boundary regularity issues for area minimizing
currents.

2. A two-phase capillary problem

In this section we observe that in dimension 2 solutions to the two-phase problem induce
minimal surfaces that solve a two-phase capillary problem.
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Theorem 2.1 (Two-phase capillary problem). Given Λ± > 0, there is ε > 0 such that the following
holds. Suppose that u : B2 → R is a solution of (1.1) in B2 which is ε-flat in the sense that

|u(x, y)− (Λ1/2
+ y+ −Λ1/2

− y−)| ≤ ε for all (x, y) ∈ B2.

There exist functions ψ±1 , ψ±2 : Ω± ∩ B1 → R such that the following properties hold. Define

Ω± := {±u > 0} , v+ := Λ−1/2
− u+ , v− := Λ−1/2

+ u− , λ := (Λ+/Λ−)
1/2 ,

and let
Ψ± = (ψ±1 , ψ±2 , λ∓1v±) : Ω± → R3 ∩ {±x3 ≥ 0}

and M± = Ψ±(Ω±). Set Γ± = B2 ∩ ∂Ω± and ∂M± = Ψ±(Γ±).
(1) ∂M± ⊂ {x3 = 0}, and moreover the following boundary conditions hold:

on the two-phase free boundary we have

Ψ+(x, y) = Ψ−(x, y) ∈ ∂M+ ∩ ∂M− for all (x, y) ∈ Γ+ ∩ Γ−, (2.1)

while on the one-phase part we have

d(ψ±1 + iψ±2 ) =
(1 + λ)

2λ
dz̄ on (Γ+ \ Γ−) ∪ (Γ− \ Γ+) . (2.2)

(2) The following capillary type problem holds
HM± = 0 on M± ∩ {±x3 > 0}
ν± · e3 = ± 1−λ2

1+λ2 on ∂M± \ ∂M∓

ν± · e3 ≤ ± 1−λ2

1+λ2 on ∂M+ ∩ ∂M−

λ (1 + e3 · ν+) = 1
λ (1 + e3 · ν−) on ∂M+ ∩ ∂M−

where HM denotes the mean curvature of M.

Proof. We proceed step-by-step using the Weierstrass representation with the data g± = 2∂zv±

and f+ = 1/λ, f− = λ. Let z = x + iy ∈ B2 ⊂ C.
Step 1: Setting up the Weierstrass Data Since u is harmonic in Ω± = {±u > 0}, the scaled
functions v± are also harmonic in their respective domains. We define the holomorphic func-
tions g± as the complex gradients of v±:

g± = 2∂zv± = v±x − iv±y

Notice that |g±| = |∇v±|. We define the analytic functions f± as constants:

f+ =
1
λ

, f− = λ .

Step 2. Constructing the Minimal Surfaces M±. We construct the surfaces M± via the
parameterizations Ψ± : Ω± → R3, using the standard Weierstrass-Enneper formulas:

Ψ±(z) = Re
ˆ z

z0

(
1
2

f±(1− (g±)2),
i
2

f±(1 + (g±)2), f±g±
)

dζ.

We notice that the maps Ψ± are well defined for all z ∈ Ω± since, by the flatness assumption,
Ω± are simply connected domains. Because M± := {Ψ±(z) : z ∈ Ω±} are defined via
Weierstrass data and g± are holomorphic in Ω±, they are automatically minimal surfaces in
the interior, which immediately proves HM± = 0 on Φ+(Ω+) ∪Φ−(Ω−).

For the third coordinate, x±3 , we have:

x±3 = Re
ˆ

f±g±dz = Re
ˆ

f±(v±x − iv±y )(dx + idy) = f±v±.
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Since v± = 0 on the free boundary Γ+ ∪ Γ−, the third coordinate vanishes there. This proves
the inclusion ∂M± ⊂ {x3 = 0}.
Step 3. Transformation of the free boundaries. Let s± be the arc length parameter of Γ±,
and let τ± = τ±1 + iτ±2 be its unit tangent vector. We choose the orientation of Γ+ and Γ− in
such a way that ν+ := iτ+ is the normal pointing inwards Ω+, while ν− := iτ− is the normal
pointing outwards Ω−.

Since v± = 0 on Γ±, the gradients ∇v± := v±x + iv±y are normal to Γ±. Thus, ∇v+ =

i|∇v+|τ+ and ∇v− = i|∇v−|τ−. In complex notation:

g± = ∇v± = −i|∇v±|τ± =⇒ (g±)2 = −|∇v±|2τ±
2

We shall denote Ψ±1,2 := ψ±1 + iψ±2 , that is

Ψ±1,2 =

ˆ z

z0

f±

2
−
ˆ z

z0

1
2

f±(g±)2

Evaluating the differential of the Ψ±1,2 along Γ± using the identities

dΨ±1,2 =
1
2

f±dz̄− 1
2

f±(g±)2dz and dz = τ±ds±

along Γ we get:

dΨ+
1,2 =

1
2λ

τ+ds+ − 1
2λ

(−|∇v+|2τ+2
)τ+ds+ =

τ+

2λ
(1 + |∇v+|2)ds+ ,

dΨ−1,2 =
λ

2
τ−ds− − λ

2
(−|∇v−|2τ−

2
)τ−ds− =

τ−

2
λ(1 + |∇v−|2)ds− .

For (2.1) to hold, the tangent parts of the form dΨ±1,2 must be identical on Γ+ ∩ Γ− and must
have the same integral on Γ+ \ Γ− and Γ− \ Γ+ in between any two branchings. On Γ+ ∩ Γ−

the differentials yields:

1
2λ

(1 + |∇v+|2) = λ

2
(1 + |∇v−|2) ⇐⇒ |∇v+|2 − λ2|∇v−|2 = λ2 − 1.

Substituting v+ = Λ−1/2
− u+ and v− = Λ−1/2

+ u− back into the equation:

Λ−1
− |∇u+|2 − λ2Λ−1

+ |∇u−|2 = λ2 − 1.

Multiplying by Λ− and using λ2 = Λ+/Λ− gives the exact two-phase free boundary condition:

|∇u+|2 − |∇u−|2 = Λ+ −Λ− .

On the remaining region we have, using the same computations as above and the one-phase
free-boundary conditions |∇v±|2 = λ±2:

dΨ±1,2 =
(1 + λ2)

2λ
τ̄± ds± =

(1 + λ)

2λ
dz̄ ,

which concludes the proof of (2.2) and, by integration between two branchings also of (2.1).

Step 4: The Capillary Transmission Condition. By choosing the downward-pointing normal,

the vertical component is given by e3 · ν± = 1−|g± |2
1+|g± |2 . Since |∇v±|2 ≥ λ±2, this yields

1 + e3 · ν± =
2

1 + |g±|2 ≤
2

1 + λ±2 ,
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that is

e3 · ν± ≤ ±
1− λ2

1 + λ2 on Γ± .

We verify the matching condition on ∂M+ ∩ ∂M−:

λ

(
2

1 + |g+|2

)
=

1
λ

(
2

1 + |g−|2

)
=⇒ 1

λ
(1 + |g+|2) = λ(1 + |g−|2).

Since |g±| = |∇v±|, this is algebraically identical to the metric matching condition we proved
in Step 3. Thus, the free boundary condition guarantees the capillary transmission holds.

Step 5: The Capillary One-Phase Condition. We finally determine the free boundary condi-
tion on the one-phase parts of the geometric free boundary ∂M± \ ∂M∓ as a consequence of
the free boundary condition that u satisfies of ∂Ω± \ ∂Ω∓.

On the positive one-phase boundary ∂Ω+ \ ∂Ω−, we have |∇u+| = Λ1/2
+ . Recalling our

scaling v+ = Λ−1/2
− u+, the gradient magnitude on this boundary becomes:

|g+| = |∇v+| = Λ−1/2
− |∇u+| = Λ−1/2

− Λ1/2
+ =

(
Λ+

Λ−

)1/2
= λ .

Using the downward-pointing normal formula

e3 · ν± =
1− |g±|2
1 + |g±|2 ,

we substitute |g+| = λ to find the vertical component of the normal on ∂M+ \ ∂M−:

ν+ · e3 =
1− λ2

1 + λ2 .

Similarly, on the negative one-phase boundary ∂Ω− \ ∂Ω+, the condition is |∇u−| = Λ1/2
− .

Using the scaling v− = Λ−1/2
+ u−, the gradient magnitude is:

|g−| = |∇v−| = Λ−1/2
+ |∇u−| = Λ−1/2

+ Λ1/2
− =

(
Λ−
Λ+

)1/2
=

1
λ

.

Substituting |g−| = 1/λ into the normal formula yields:

ν− · e3 =
1− (1/λ)2

1 + (1/λ)2 =
λ2 − 1
λ2 + 1

= −1− λ2

1 + λ2 .

�

Remark 2.2. In the proof of Theorem 2.1 an alternative way to find the functions ψ±1 and ψ±2
is by integrating the closed differential forms α±1 : B1 ∩Ω± → R2 and α±2 : B1 ∩Ω± → R2

defined as

α+1 =
1
λ

(
1
2

(
1−

(
v+x
)2

+
(

v+y
)2
)

dx− v+x v+y dy
)

,

α−1 = λ

(
1
2

(
1−

(
v−x
)2

+
(

v−y
)2
)

dx− v−x v−y dy
)

,

α+2 =
1
λ

(
−v+x v+y dx +

1
2

(
1 +

(
v+x
)2 − (v+y )

2
)

dy
)

,

α−2 = λ

(
−v−x v−y dx +

1
2

(
1 +

(
v−x
)2 − (v−y )

2
)

dy
)

.
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We notice that these are exactly the real parts of the first two components in the Weierstrass
representation formula. We will exploit this formulation in the appendix in the context of the
obstacle problem.

3. Nonlinear thin two-membrane problem

We are now going to reparametrize the geometric problem above as a thin-two membrane
problem for the area functional with capillary condition on the x1x3-plane. We start by invert-
ing the x1x3 coordinates of the maps Ψ±.

Lemma 3.1. Suppose 0 ∈ ∂Ω+ ∩ ∂Ω− is a branching point. Let the transformation T± be defined as
T±(x, y) = (ψ±1 (x, y), f±v±(x, y)), with the notation from Theorem 2.1. Then, T± is a C1 diffeomor-
phism onto its image.

Proof. We prove this by showing the transformation has a non-vanishing Jacobian determinant.
By definition, the map is T±(x, y) = (s, t) = (ψ±1 (x, y), f±v±(x, y)).

From the Weierstrass representation, the differential of the horizontal components is:

d(ψ±1 + iψ±2 ) =
1
2

f±dz̄− 1
2

f±(g±)2dz

Substituting g± = v±x − iv±y , dz = dx + idy, and dz̄ = dx− idy, we can isolate the real part to
find the gradients of ψ±1 :

∂xψ±1 =
1
2

f±(1− (v±x )
2 + (v±y )

2)

∂yψ±1 = − f±v±x v±y

The Jacobian matrix of T± is given by:

DT± =

(
∂xψ±1 ∂yψ±1

∂x( f±v±) ∂y( f±v±)

)
=

(
1
2 f±(1− (v±x )2 + (v±y )2) − f±v±x v±y

f±v±x f±v±y

)

Calculating the determinant J± = det(DT±):

J± =
1
2
( f±)2v±y (1− (v±x )

2 + (v±y )
2)− (− f±v±x v±y )( f±v±x )

=
1
2
( f±)2v±y [1− (v±x )

2 + (v±y )
2 + 2(v±x )

2]

=
1
2
( f±)2v±y (1 + |∇v±|2) .

Since u± ∈ C1,α(Ω±) and |∇u±|2(0) = Λ± > 0, the Jacobian is nonnegative in a neighbor-
hood of 0 and we are done.

�

Next we derive the desired thin-two membrane problem

Proposition 3.2. Let 0 ∈ ∂Ω+ ∩ ∂Ω− be a branching point, and let T± be the C1 diffeomorphisms
defined by T±(x, y) = (ψ±1 (x, y), f±v±(x, y)). Define the functions w±(s, t) = ψ±2 ◦ (T±)−1(s, t).
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Then w± are a solution of the following nonlinear thin two-membrane problem:

∇ ·
(

∇w±√
1+|∇w± |2

)
= 0 in {t 6= 0},

w+ ≤ w− on {t = 0},
−∂tw±√
1+|∇w± |2

= ± 1−λ2

1+λ2 on {t = 0} ∩ {w+ > w−}
−∂tw±√
1+|∇w± |2

≤ ± 1−λ2

1+λ2 on {t = 0} ∩ {w+ = w−}

Proof. The proof follows trivially from the previous Proposition, with the exception of the
ordering condition. Thanks to [25, 14], we can assume that up to a rotation of the coordinate
system, in a neighborhood (−r, r)2 of a two-phase point 0 ∈ ∂Ω+

u ∩ ∂Ω−u , the sets Ω±u are given
by

Ω+
u =

{
(x, y) : y > η+(x)

}
and Ω−u =

{
(x, y) : y < η−(x)

}
, (3.1)

where η± ∈ C1,α((−r, r)), η+(0) = η−(0) = 0, η′+(0) = η′−(0) = 0 and

−r < η− ≤ η+ < r in (−r, r).

Next recall that on their respective free boundaries, the differentials of ψ±1 and ψ±2 are by (2.2):

dψ+
1 =

1 + λ2

2λ
dx and dψ−1 =

1 + λ2

2λ
dx,

dψ+
2 = −1 + λ2

2λ
dy and dψ−2 = −1 + λ2

2λ
dy.

Subtracting these equations yields

w+(s, 0)− w−(s, 0) = −1 + λ2

2λ

(
η+

(
1 + λ2

2λ
x
)
− η−

(
1 + λ2

2λ
x
))
≤ 0 .

�

4. Conclusion of the proof

Proof of Theorem 1.1. Let w− be defined on t ≤ 0 and w+ be defined on t ≥ 0. We reflect w−

across the line {t = 0} by defining the even reflection:

w̃−(s, t) := w−(s,−t) for t ≥ 0.

Both original functions w± solve the interior minimal surface equation in their respective do-
mains, which we can write in divergence form as:

div(A(∇w±)) = 0 where A(p) =
p√

1 + |p|2

Since the minimal surface operator only contains second derivatives and first derivatives
squared, it is invariant under the reflection t 7→ −t. Therefore, w̃− also satisfies the mini-
mal surface equation in the upper half-plane:

div(A(∇w̃−)) = 0 for t > 0 .

We define d(s, t) = w̃−(s, t) − w+(s, t). By subtracting their equations and applying the
fundamental theorem of calculus along the line segment between their gradients, we get:

div

([ˆ 1

0
DA

(
τ∇w̃− + (1− τ)∇w+

)
dτ

]
∇d

)
= div(A(∇w̃−))− div(A(∇w+)) = 0.



FINE STRUCTURE OF THE TWO-PHASE BERNOULLI FREE BOUNDARIES IN 2D 8

Let us call this integral matrix B(s, t). Because A(p) is strictly monotone and smooth, B(s, t)
is a uniformly positive-definite matrix for bounded gradients, and we obtain a linear elliptic
operator L:

div(B(s, t)∇d) = 0 in t > 0 .

On the thin boundary t = 0 we clearly have

d(s, 0) ≥ 0 .

Finally let us define

∂νB d = e2 · (B∇d) = −
(

At(∇w̃−)− At(∇w+)
)

where At(∇w) = ∂tw√
1+|∇w|2

. This is the natural Neumann condition associated to B. Recall

our previously derived transmission conditions on the non-coincidence set:

−∂tw+√
1 + |∇w+|2

=
1− λ2

1 + λ2 =⇒ At(∇w+) = −1− λ2

1 + λ2

−∂tw−√
1 + |∇w−|2

= −1− λ2

1 + λ2

Now we calculate the flux for the reflected function w̃−. Because w̃−(s, t) = w−(s,−t), the
chain rule dictates that on the boundary t = 0, the derivative flips: ∂tw̃− = −∂tw−. Therefore:

At(∇w̃−) =
∂tw̃−√

1 + |∇w̃−|2
=

−∂tw−√
1 + |∇w−|2

= −1− λ2

1 + λ2 ,

which implies ∂νB d = 0 where d > 0. An analogous computations shows that ∂νB d ≥ 0 where
d = 0.

In conclusion w have that d is a solution to
div(B∇d) = 0 in {t > 0}
d ≥ 0 on {t = 0}
ν · (B∇d) = 0 on {t = 0} ∩ {d > 0}
ν · (B∇d) ≥ 0 on {t = 0} ∩ {d = 0}

and so in particular it is a variational solution to a variable coefficients thin obstacle, that isˆ
B+

1

B∇d · ∇(d− v) ≤ 0 (4.1)

for all functions

v ∈ H1(B+
1 ), v ≥ 0 on B′1 and v = d on ∂B1 ∩ {t ≥ 0} ,

where the matrix B is uniformly elliptic with C0,α coefficients. By [16, Theorem 1.1], there
exists a quasi-conformal homeomorphism f : R2 → R2 such that the function

h := d ◦ f

is a solution of the harmonic thin-obstacle problem in a neighborhood of the origin, that is a
solution of (4.1) with B = I. In particular in the ball neighborhood, the non-contact set of d

C := {(s, 0) ∈ B′1 : d(s, 0) > 0}
is composed of a finite number of disjoint open segments, that is branching points are locally
finite. �
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5. Counterexample in the case Λ± ∈ C∞ \ Cω

Let u(x, y) := y+ and let f ∈ C∞(R) \ Cω(R) be a non positive function. Assume that
f (0) = f (k)(0) = 0, for every k ≥ 1. Everything in the following is true up to choosing a
sufficiently small neighborhood of the origin. Let E f = {(x, y) ∈ R2 : y > f (x)} and consider
the map Ψ f : E f → {y ≥ 0} defined by

Ψ(x, y) := (v̄+(x, y), v+(x, y)) ,

where v+ is a nonnegative harmonic function in E f with v = 0 on ∂E f , and v̄+ is the harmonic
conjugate of v+ with v̄+(0, 0) = 0. By construction Ψ f is a conformal map in E f and Ψ f ∈
C∞(E f ). By the Hopf maximum principle, |∇v+| > 0 on ∂E f , so that we can consider the
function w+(s, t) := u(Ψ−1

f (s, t)). Since f ≤ 0, we have that the positivity set Ω+ := {w+ >

0} = Ψ f ({u > 0}) ⊂ {t > 0} is contained in the upper half-plane. It is trivial to verify that
w+ ∈ C∞(Ω+) and moreover 

∆w+ = 0 in Ω+

w = 0 on ∂Ω+

|∇w|2 = Λ+ on ∂Ω+ .

where Λ+(s, t) := |∇v+|−2(Ψ−1
f ) ∈ C∞({t ≥ 0}).

Now repeating the same construction for − f and the set E− f = {(x, y) ∈ R2 : y < − f (x)}
we obtain a function w− with positivity set Ω− ⊂ {y < 0} satisfying

∆w− = 0 in Ω−
w− = 0 on ∂Ω−

|∇w−|2 = Λ− on ∂Ω− .

where Λ−(s, t) := |∇v−|−2(Ψ−1
− f )(s, t) ∈ C∞({t < 0}), with v−(x, y) = −v(x,−y). Now ob-

serve that by construction Λ+(s, 0) = Λ−(s, 0). Extending both of them locally to C∞ functions,
we obtain a solution w = w+ +w− to the two phase Bernoulli problem with weights Λ±. Since
for f ∈ C∞ \ Cω the set { f = 0} can be chosen at will, we are done.

We also notice that by construction, the solution is odd: w−(s, y) = −w+(x,−t).

6. Proof of Theorem 1.3

6.1. Weierstrass formula and the obstacle problem. Let u ∈ H1(B1) be a solution to the
obstacle problem ∆u = χ{u>0} in B1 and let V := ∇u. Since u ∈ C1,1(B1), we have that the
vector field V is C0,1 in B1, C∞ in the positivity set Ω := {u > 0} ∩ B1 and vanishes identically
on B1 \Ω. We set ux := ∂xu, uy := ∂yu, Vx := ∂xV and Vy := ∂yV and consider the following
vectorial counterpart of the Weierstrass differential forms from Remark 2.2:

α1 :=
1
2

(
1− |Vx|2 + |Vy|2

)
dx− (Vx ·Vy) dy,

α2 := (Vx ·Vy) dx− 1
2

(
1 + |Vx|2 − |Vy|2

)
dy.

Using the equation ∆u = 1 in Ω, one can easily check that in Ω, α1 and α2 can be written as

α1 = uyy dx− uxy dy and α2 = uxy dx− uxx dy.



FINE STRUCTURE OF THE TWO-PHASE BERNOULLI FREE BOUNDARIES IN 2D 10

These forms are clearly closed on Ω, but they also turn out to be exact on Ω, without any
topological assumptions on Ω. Indeed, it is immediate to check that

α1 = d(x− ux) and α2 = d(uy − y) in Ω.

In particular, the first two components of the Weierstrass transformation (Theorem 2.1) for the
obstacle problem, are simply given by (ψ1, ψ2) = (x − ux, uy − y). Moreover, the potentials
ψ1 := x− ux and ψ2 := uy − y of α1 and α2 are precisely the conjugate harmonics of ux and uy.
Indeed, a straightforward computation gives the following:

Lemma 6.1. Let u ∈ C1,1(D) be a solution to the obstacle problem ∆u = χ{u>0} in an open set
D ⊂ R2 and let Ω := {u > 0} ∩ D. Then, the functions T : Ω→ C and S : Ω→ C given by

T := (x− ux) + iuy and S := (uy − y) + iux,

are holomorphic functions on Ω satisfying the relation T = iS + z.

6.2. On the C2 regularity assumption. In this section we discuss the role of the C2 regular-
ity assumption in Theorem 1.3, which allows to write the obstacle problem as a two-phase
problem for one of the partial derivatives.

Lemma 6.2. Let u ∈ C1,1(D) be a solution to the obstacle problem ∆u = χΩ in the open set D ⊂ Rd,
where Ω := {u > 0}. Suppose that u ∈ C2(D ∩Ω) and that 0 ∈ ∂Ω ∩ D is a singular point in the
first stratum, that is u(x) = 1

2 x2
d + o(|x|2) for x ∈ D. Then, there are C1 functions η± : Rd−1 → R,

with η+ ≥ η−, such that the following holds in a neighborhood of zero:

∂{±∂du > 0} =
{
(x′, η±(x′)) : x′ ∈ Rd−1}, (6.1)

Reg(∂Ω) =
{
(x′, η+(x′)), (x′, η−(x′)) : x′ ∈ Rd−1, η−(x′) < η+(x′)

}
,

Sing(∂Ω) =
{
(x′, η+(x′)) : x′ ∈ Rd−1, η−(x′) = η+(x′)

}
,

int({u = 0}) =
{
(x′, xd) : x′ ∈ Rd−1, η−(x′) < xd < η+(x′)

}
,

where we use the usual notation

Reg(∂Ω) =
{

x ∈ D ∩ ∂Ω : the Lebesgue density of Ω at x is 1/2
}

;

Sing(∂Ω) =
{

x ∈ D ∩ ∂Ω : the Lebesgue density of Ω at x is 1
}

.

Vice versa, if there are C1 curves η+ ≥ η− such that (6.1) holds, then u ∈ C2(D ∩Ω).

Proof. Set Cr,` := B′r× (−`, `). Since {∂du 6= 0} ⊂ Ω, we know that ∂ddu > 0 in Cr,` ∩{∂du 6= 0}
for some small r > 0. We can choose ` and then r small enough such that ∂du(x′, `) > 0 and
∂du(x′, `) < 0 for all x′ ∈ B′r. By the monotonicity of t 7→ ∂du(x′, t), there are η+(x′) ≥ η−(x′)
in (−`, `) such that: ∂du(x′, t) > 0 for t ∈ (η+(x′), `); ∂du(x′, t) < 0 for t ∈ (−`, η−(x′));
∂du(x′, t) = 0 for t ∈ [η−(x′), η+(x′)]. Now, if η+(x′) > η−(x′), then η±(x′) are points in the
regular part of the free boundary ∂Ω. Thus, η± are C∞ smooth functions in a neighborhood of
x′. If η+(x′) = η−(x′), then Ω has Lebesgue density 1 at (x′, η±(x′)). Finally, the C1 regularity
of η± follows from the C1 regularity of ∂du on {±∂du > 0}. The last claim follows since thanks
to the regularity of the obstacle problem η± are C1,θ regular for some logarithmic modulus
of continuity θ, so the conclusion is a consequence of the classical boundary regularity for
harmonic functions. �

Remark 6.3. Notice that [4] Section 3, (f) case 1, shows that, in dimension 2, {±∂du > 0} are
locally, at non isolated singular points of the free boundary of u, C1 graphs. Thus, in view of
the last sentence in the previous Lemma, the C2 regularity assumption in Ω of Theorem 1.3 is
justified.
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6.3. The free boundary condition on Reg(∂Ω). In this subsection we show that the partial
derivatives of the solutions to the obstacle problem solve a Bernoulli one-phase problem with
an anisotropic condition on the free boundary (for more on this class of problems see [3]).

Lemma 6.4. Let u be a solution to the obstacle problem ∆u = χ{u>0} in an open set D ⊂ Rd, d ≥ 2.
Suppose that Γ ⊂ ∂{u > 0} is a smooth surface contained in the regular part of the free boundary and
that ν is the normal to Γ pointing inwards Ω := {u > 0}. Suppose that e ∈ Sd−1 is a vector with
e · ν > 0 on Γ. Then, the derivative ue := e · ∇u is C1 regular up to the boundary Γ and

|∇ue|2 = e · ∇ue on Γ.

Proof. Let 0 ∈ Γ ∩ D be a regular point of ∂Ω. Then, the blow-up u0 of u in 0 has the form

u0(x) :=
1
2
(x · ν)2

+,

where ν is the normal to Γ pointing inwards Ω. Since u ∈ C∞(Γ ∪Ω) in a neighborhood of 0
and since ∇2u(0) = ν⊗ ν, we can compute

∇ue · ν = ∇(∇u · e) · ν = e · ∇2u[ν] = e · (ν⊗ ν)[ν] = e · ν,

which shows that ∇ue(0) = (e · ν)ν. Similarly

∇ue · e = ∇(∇u · e) · e = e · ∇2u[e] = e · (ν⊗ ν)[e] = (e · ν)2,

which gives precisely |∇ue|2 = e · ∇ue. �

6.4. Proof of Theorem 1.3. Let 0 ∈ B(u). Then, since the unique blow up at any branching
point, up to a rotation, is given by 1

2 y2, by our regularity assumption we can assume that
uyy(0) = 1 and uxy(0) = 0 = uxx(0). Thanks to Lemma 6.2, ∂{±uy > 0} are C1 regular graphs
over {y = 0}. Let T and S be the maps from Lemma 6.1. Consider the maps

T± : {±uy > 0} → R2 , T±(x, y) = T(x, y) = (x− ux, uy),

which are C1 regular and invertible in a neighborhood of 0, and let T−1
± : B±r → R2 be their

inverse maps. Consider the holomorphic maps S(T−1
± ) and let w± := Re(S(T−1

± )). Observe
that, as composition of holomorphic functions, ∆w± = 0 in B±r .

We will show that w± solve a two-membrane problem in Br and that the branching points of
Ω correspond precisely to the points on the boundary of the set {(s, 0) : w+(s, 0) < w−(s, 0)}.

Notice that T±(x, y) = (x− ux, 0) for every (x, y) ∈ ∂{±uy > 0} and set

Γ±o := ∂{±uy > 0} \ ∂{∓uy > 0} and Γt := ∂{uy > 0} ∩ ∂{−uy > 0}.
Given points (x, y+) and (x, y−) on ∂{uy 6= 0}, from Lemma 6.2 if follows that

• either (x, y±) ∈ Γ±o , and then T±(x, y±) = (x, 0) and y+ > y−;
• or (x, y±) ∈ Γt, in which case y+ = y− and so T+(x, y) = T−(x, y) = (x− ux(x, y), 0).

Since Re(S(x, y)) = −y on ∂{±uy > 0}, we have w+ ≤ w− on Br ∩ {(s, t) : t = 0}, with strict
inequality on T(Γ±o ). Finally, in order to deduce the free boundary condition on T(Γ±o ), we
differentiate the identity

w±(T±(x, y)) = Re(S±(x, y)) = uy(x, y)− y

in x and in y obtaining {
∇w±(T(x, y)) · (1− uxx, uyx) = uxy,
∇w±(T(x, y)) · (−uxy, uyy) = uyy − 1.
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Solving the system gives

∇w±(T(x, y)) =
1

u2
yy + u2

xy

(
uyy −uxy
uxy uyy

)(
uxy
−uxx

)
=

1
|∇uy|2

(
uxy
−uyy

)
+

(
0
1

)
. (6.2)

Now, choosing e = e2 in Lemma 6.4 and using our regularity assumption we obtain that

|∇uy|2 = uyy on Γ±o ,

which combined with (6.2) gives ∂tw± = 0 on T(Γ±o ). In conclusion, w± : B±r → R solves the
following linear thin two-membrane problem

∆w± = 0 in {±t > 0}
w+ ≤ w− on {t = 0}
(w+ − w−)∂tw± = 0 on {t = 0} .

Standard frequency arguments on the linear thin-two membrane problem, combined with the
C1 regularity of the traces of w± on {t = 0}, yield the desired conclusion. �
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