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Abstract
We investigate the regularity of local weak solutions to evolution equations of the form

∂tu =

n∑
i=1

∂xi

[
ai(x, t) (|∂xiu| − δi)

pi−1
+

∂xiu

|∂xiu|

]
in ΩT = Ω× (0, T ) ,

where Ω is a bounded domain in Rn with n ≥ 2, the coefficients ai are measurable and
bounded, pi > 1 and δi ≥ 0 are fixed parameters. Under suitable assumptions on the
exponents pi, we first show that the local boundedness of weak solutions follows from
their membership in an appropriate non-homogeneous parabolic De Giorgi class. We
then establish the existence of semicontinuous representatives for local weak sub(super)-
solutions. Our analysis extends analogous results available for less degenerate operators
and generalizes the local boundedness results obtained in [7] to fully anisotropic, widely
degenerate parabolic PDEs with non-smooth coefficients depending additionally on the
space-time variables (x, t), whose growth is governed by a family of exponents pi rather
than by a single exponent.

Mathematics Subject Classification: 35B45, 35B65, 35K10, 35K65, 35K92.
Keywords: Degenerate parabolic equations; anisotropic equations; local boundedness; semi-
continuity.

1 Introduction

Let Ω be a bounded domain in Rn, n ≥ 2, and let T ∈ (0,∞). We are concerned with local
regularity properties of weak sub(super)-solutions to the following parabolic equation:

∂tu =
n∑

i=1

∂xi

[
ai(x, t) (|∂xi

u| − δi)
pi−1
+

∂xi
u

|∂xi
u|

]
in ΩT = Ω× (0, T ) , (1.1)

where p1, . . . , pn > 1, δ1, . . . , δn are non-negative real numbers, and ( · )+ stands for the positive
part. Here ai, i ∈ {1, . . . , n}, are measurable coefficients satisfying

Λ−1 ≤ ai(x, t) ≤ Λ a.e. in ΩT , (1.2)

for some constant Λ ≥ 1.
Evolution equations of a form similar to (1.1) have been studied since the 1960s, especially
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by the Soviet school; see, for instance, the paper [74] by Vishik. The above equation, in the
special case pi = p, δi = 0 and ai = 1 for all i ∈ {1, . . . , n}, also appears explicitly in the
monographs [61], [68, Example 4.A, Chap. III] and [76, Example 30.8], among others. More
recently, equations of the type (1.1), with pi = p ≥ 2 and ai = 1 for all i ∈ {1, . . . , n}, have been
considered in the works [7] and [3]: in the former, we have established the local boundedness of
local weak solutions, while in the latter we have proved that such solutions are locally Lipschitz
continuous in the spatial variable (see also [23] for the case in which all δi are equal to zero).
The equation considered in this paper combines, in a unified way, two of the most studied classes
of nonlinear equations in recent years: the widely degenerate equations and the anisotropic
ones.

Widely degenerate equations have attracted growing attention in the literature; see, for
instance, [1, 4, 10, 13, 24, 27, 37, 38, 39, 57, 58, 64, 65, 66, 70] in the elliptic setting and
[2, 5, 6, 8, 11, 14, 54, 71] in the parabolic context. In these latter works, the model equation
under consideration is the following:

∂tu− div

(
(|Du| − λ)p−1

+

Du

|Du|

)
= f , with λ > 0 . (1.3)

According to the now-standard terminology, this equation is widely degenerate, in the sense
that the diffusion part is uniformly elliptic only outside a ball with radius λ, while it behaves
asymptotically, that is, for large values of |Du|, like the parabolic p-Laplace operator. Therefore,
equations of the form (1.3) fall within the class of asymptotically regular parabolic problems (for
a comprehensive overview of this topic, see [2, 11, 14] and the references therein). As already
pointed out in [5, 14], no more than Lipschitz regularity can be expected for solutions to
equation (1.3). In fact, when f = 0, any time-independent λ-Lipschitz function solves (1.3),
and even more, it is a solution of the associated stationary equation.
Returning to our setting, equation (1.1) exhibits a similar type of degeneracy as (1.3), since
the ellipticity of the corresponding operator in divergence form breaks down on the set

n⋃
i=1

{|∂xi
u| ≤ δi} .

In particular, equation (1.1) displays a threshold-type behavior (possibly with different
thresholds δi), with regions where the diffusion coefficients may vanish identically, thereby
resulting in a loss of the parabolic structure on sets of possibly positive measure.

Anisotropic equations and functionals were introduced in the 1980s by Giaquinta [55] and
Marcellini [63] and have since been extensively studied under many different aspects; see, e.g.,
[9, 12, 18, 19, 21, 29, 33, 35, 40, 41, 42, 43, 51, 52, 53, 59, 67, 69] in the elliptic setting and
[15, 16, 17, 30, 31, 32, 34, 44, 72] in the parabolic framework. The term anisotropic refers
to the fact that the diffusion is of power type with exponents that may vary with the spatial
directions. While a fairly well-developed regularity theory is available for equations with differ-
entiable coefficients (see, for instance, [19] and [50]), the situation is much less understood in
the case of rough coefficients. In this latter setting, although the L∞-estimates and the Critical
Mass Lemma, two key tools necessary to prove regularity (see (4.21), (4.34) and Lemma 5.2
later on), can still be adapted, the same does not apply for the so-called shrinking lemma (see
[46, Lemma 7.2 Chap. III and Lemma 5.1 Chap. IV]). We recall that the shrinking lemma,
originally introduced by De Giorgi [45], is another fundamental ingredient needed to demon-
strate regularity. Roughly speaking, it ensures that, upon restriction to smaller domains, if
we denote by µ the infimum of the solution, the measure of the set where the solution takes
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values between µ and µ + ε tends to zero as ε → 0 (see [48] for further details). A partial
breakthrough in this direction was obtained by Liskevich and Skrypnik [62], who succeeded in
proving regularity in a very special case by replacing the shrinking lemma with the positivity
expansion method introduced in [47] in the parabolic framework. However, despite these recent
advances, the regularity theory remains highly fragmented. For example, Harnack’s estimates
for the elliptic operators are currently available, to our knowledge, only for operators with con-
stant coefficients and with exponents pi > 2 satisfying a suitable parabolic condition (see [34]
for more details).

As for widely degenerate anisotropic problems, while in the elliptic setting they have already
been studied from several viewpoints (see, for instance, [20, 22, 25, 26, 28] and the references
therein), in the parabolic context only a few regularity results are currently available (we refer
again to [3, 7]), and many aspects still remain to be investigated.

Before describing the aims and structure of this paper, we also mention the work [36], where
the authors establish several qualitative properties of weak solutions to doubly nonlinear an-
isotropic evolution equations, whose prototype is

∂t(|u|α−1 u)−
n∑

i=1

∂xi
(|∂xi

u|pi−2 ∂xi
u) = 0 , with α > 0 . (1.4)

Among other things, they show that certain regularity properties, such as local boundedness
and the existence of semicontinuous representatives for weak solutions, are actually embodied
in suitable energy estimates rather than in the mere class of solutions to the equation.
However, their framework does not cover our widely degenerate operator. This is because,
from the energetic viewpoint, equation (1.1) exhibits features that are not captured by (1.4).
Roughly speaking, equation (1.1) behaves as if a lower-order term on the right-hand side of
(1.4) were capable of suppressing the diffusion when the relevant energy is below a certain
threshold; see, for instance, the bound for the energies Ej in the proof of Lemma 5.2 below.

In this paper, we not only extend the aforementioned regularity properties to local weak
sub(super)-solutions of (1.1), but we also generalize the local boundedness results obtained
in [7] to fully anisotropic and widely degenerate operators, with non-smooth coefficients
depending also on the space-time variables (x, t), and whose growth is prescribed by a whole
family of exponents pi > 1, i ∈ {1, . . . , n}, rather than by a single exponent p ≥ 2.

1.1 Plan of the paper

Concerning local weak sub(super)-solutions to (1.1), we carry out a detailed analysis of

1. the weak formulation of the notion of sub(super)-solution via Steklov averages;

2. energy estimates for sub(super)-solutions;

3. local boundedness and the existence of semicontinuous representatives (for the whole
energy classes defined at the end of Section 3).

In what follows, we introduce each one of these aspects. After presenting the definition of
weak sub(super)-solution, in Subsection 2.1 we give a weak formulation of sub(super)-solution
based on the usual Steklov averaging technique. This is then employed to show that local weak
sub(super)-solutions to (1.1) are elements of special energy classes.
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Energy classes

In this paper, we follow an approach dating back to De Giorgi (see [45]) and subsequently
widely developed in the literature: we show that certain regularity properties are, in general,
encoded in suitable energy estimates rather than in the mere class of local weak sub(super)-
solutions to (1.1). More precisely, here we define two classes of functions DG+(p, {δi},ΩT ,C)
and DG−(p, {δi},ΩT ,C) (see the end of Section 3), which we believe to be of fundamental
importance in the study of the local behavior of local weak sub(super)-solutions. The inclusion
of the latter in the two aforementioned classes, explicitly observed in Remark 3.5 below, allows
us to state results of broader scope and application within the regularity theory for widely
degenerate and anisotropic operators. Indeed, the results obtained here can be formulated
directly for elements of the (larger) classes DG±(p, {δi},ΩT ,C), rather than merely in terms of
local weak sub(super)-solutions to (1.1).

Local boundedness and semicontinuity

Regarding the boundedness of local weak sub(super)-solutions to (1.1), we are interested in
the parameter range

1 < pi < p

(
1 +

2

n

)
, p < n , (1.5)

where

p :=

(
1

n

n∑
i=1

1

pi

)−1

.

More generally, we prove that, under certain conditions involving the exponents pi, the func-
tions in the energy class DG+(p, {δi},ΩT ,C) (resp. DG−(p, {δi},ΩT ,C)) are locally essentially
bounded from above (resp. below) in ΩT . Hence, by the inclusion of local weak solutions of
(1.1) in the classes DG±(p, {δi},ΩT ,C), we obtain the local boundedness for weak solutions.

In our proofs, we need to distinguish between the cases p > 2n
n+2

and p ≤ 2n
n+2

. In the latter
case, we require the extra integrability condition

u ∈ Lm
loc(ΩT ) , for some m >

n

p
(2− p) , (1.6)

similarly to subcritical p-Laplacian equations (see, for instance, [46]). We note that the two
ranges for p are identical to those appearing in [75], and also the extra integrability condition
(1.6) coincides with the integrability assumption used in [75].

Furthermore, we show that local weak sub(super)-solutions to (1.1) admit an upper (lower)
semicontinuous representative in ΩT . In fact, the same result holds more generally for elements
of the classes DG+(p, {δi},ΩT ,C) and DG−(p, {δi},ΩT ,C), respectively, under appropriate as-
sumptions on the exponents pi, and additionally assuming that condition (1.6) holds in the case
p ≤ 2n/(n + 2). To prove this, we adapt to our anisotropic setting the very general method
developed in [60]. There, it is shown that the existence of lower or upper semicontinuous rep-
resentatives is a consequence of some kind of measure-theoretical maximum principle, referred
to in the literature as a Critical Mass Lemma, or a De Giorgi-type Lemma. In establishing this
result, we follow the approach of [30]; however, the novelty here lies in the consideration of an
alternative formulation embodying the non-homogeneity of the energy classes DG±. Therefore,
differently from [30], the Critical Mass Lemma proved here holds under an additional condition
involving the exponents pi, the degeneracy thresholds δi, and the parameters M,ρ defining the
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intrinsic cylinders used in the proof (see Lemma 5.2 below).

1.2 Structure of the paper

The paper is organized as follows. Section 2 introduces the notion of local weak sub(super)-
solution and the associated function spaces, and collects the necessary preliminary mater-
ial, including standard notation, the main embedding results and Steklov averages. In Sec-
tion 3 we derive the main energy estimates and, accordingly, we define the functional classes
DG+(p, {δi},ΩT ,C) and DG−(p, {δi},ΩT ,C). Next, in Section 4, we study the local bounded-
ness from above or below of functions belonging to the classes DG±(p, {δi},ΩT ,C). Lastly, in
Section 5 we establish a Critical Mass Lemma, which is then used to prove the existence of
semicontinuous representatives for local weak sub(super)-solutions to (1.1). The final Appendix
provides details on the construction of suitable cut-off functions employed in our proofs.

2 Notation and preliminaries

In this paper we shall denote by C or c a general positive constant that may vary on different
occasions, even within the same line of estimates. Relevant dependencies on parameters and
special constants will be suitably emphasized using parentheses or subscripts. The norm we use
on Rk, k ∈ N, will be the standard Euclidean one and it will be denoted by | · |. In particular,
for the vectors ξ, η ∈ Rk, we write ⟨ξ, η⟩ for the usual inner product and |ξ| := ⟨ξ, ξ⟩ 1

2 for the
corresponding Euclidean norm.

For ρ > 0 and x0 ∈ Rn, we define the following n-dimensional hyper-rectangles:

Kρ :=
n∏

i=1

(−ρ
1
pi , ρ

1
pi ) ,

Kρ(x0) :=
n∏

i=1

(x0,i − ρ
1
pi , x0,i + ρ

1
pi ) .

Moreover, for ρ > 0 we define the space-time cylinder

Qρ := Kρ × (−ρ, 0) ,

and if (x0, t0) ∈ Rn+1, we let Qρ(x0, t0) denote the cylinder with vertex at (x0, t0) congruent to
Qρ, i.e.,

Qρ(x0, t0) := Kρ(x0)× (t0 − ρ, t0) .

For a general cylinder Q = B × (t0, t1), where B ⊂ Rn and t0 < t1, we denote by

∂parQ := (B × {t0}) ∪ (∂B × (t0, t1))

the usual parabolic boundary of Q, which is nothing but its standard topological boundary
without the upper cap B × {t1}.

If E ⊆ Rk is a Lebesgue-measurable set, then we will denote by |E| its k-dimensional Lebesgue
measure. When 0 < |E| <∞, the mean value of a function v ∈ L1(E) is defined by

 
E

v(y) dy :=
1

|E|

ˆ
E

v(y) dy .
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Given a vector of real numbers p = (p1, . . . , pn) with pi > 1 for every i ∈ {1, . . . , n}, we
define the following spaces

W 1,p
0 (Ω) :=

{
v ∈W 1,1

0 (Ω) : ∂xi
v ∈ Lpi(Ω), for all i = 1, . . . , n

}
,

W 1,p
loc (Ω) :=

{
v ∈W 1,1

loc (Ω) : ∂xi
v ∈ Lpi

loc(Ω), for all i = 1, . . . , n
}
,

Lp(0, T ;W 1,p
0 (Ω)) :=

{
v ∈ L1(0, T ;W 1,1

0 (Ω)) : ∂xi
v ∈ Lpi(ΩT ), for all i = 1, . . . , n

}
,

Lp
loc(0, T ;W

1,p
0 (Ω)) :=

{
v ∈ L1

loc(0, T ;W
1,1
0 (Ω)) : ∂xi

v ∈ Lpi
loc(0, T ;L

pi
loc(Ω)), for all i = 1, . . . , n

}
,

Lp
loc(0, T ;W

1,p
loc (Ω)) :=

{
v ∈ L1

loc(0, T ;W
1,1
loc (Ω)) : ∂xi

v ∈ Lpi
loc(ΩT ), for all i = 1, . . . , n

}
.

Throughout this paper, we let

P := max {p1, . . . , pn} and P := max {2,P} .

Now let F : ΩT × Rn → R be the function defined by

F (x, t, ξ) :=
n∑

i=1

ai(x, t)

pi
(|ξi| − δi)

pi
+ . (2.1)

In this work, we define a local weak sub(super)-solution of (1.1) as follows.

Definition 2.1. A function u ∈ C0
loc(0, T ;L

2
loc(Ω)) ∩ L

p
loc(0, T ;W

1,p
loc (Ω)) ∩ LP

loc(ΩT ) is a local
weak sub(super)-solution of (1.1) in ΩT if¨

ΩT

(u ∂tφ − ⟨DξF (x, t,Du), Dφ⟩) dx dt ≥ (≤) 0 (2.2)

for all test functions φ ∈ C∞
0 (ΩT ), φ ≥ 0.

Definition 2.2. A function u ∈ C0
loc(0, T ;L

2
loc(Ω)) ∩ L

p
loc(0, T ;W

1,p
loc (Ω)) ∩ LP

loc(ΩT ) is a local
weak solution of (1.1) in ΩT if¨

ΩT

(u ∂tφ − ⟨DξF (x, t,Du), Dφ⟩) dx dt = 0

for all test functions φ ∈ C∞
0 (ΩT ).

Given a real number ℓ ≥ 1, ℓ∗ is its Sobolev exponent, i.e.

ℓ∗ :=

{
nℓ
n−ℓ

if ℓ < n,

any value in (ℓ,∞) if ℓ ≥ n,
(2.3)

and ℓ′ is the conjugate exponent of ℓ, i.e. ℓ′ = ℓ
ℓ−1

if ℓ > 1, while ℓ′ = ∞ if ℓ = 1. Moreover,
we denote by p the harmonic average of p = (p1, . . . , pn), i.e.

p :=

(
1

n

n∑
i=1

1

pi

)−1

.

Next, we recall some useful anisotropic Sobolev embeddings.
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Lemma 2.3 (Sobolev-Troisi embedding, [49]). Let K ⊆ Rn be a rectangular domain, p < n
and αi > 0, i ∈ {1, . . . , n}. If we define

α = (α1, . . . , αn) , α̃ =
n∑

i=1

αi , p∗α = p∗
α̃

n
,

then there exists a constant C = C(n,p,α) > 0 such that

∥v∥Lp∗α (K) ≤ C

n∏
i=1

∥∂xi
|v|αi∥

1
α̃

Lpi (K)

for all v ∈ W 1,p
0 (K).

As a corollary, one gets the usual Troisi inequality (see [73]).

Remark 2.4. Let K ⊆ Rn be a rectangular domain. Then there exists a constant C =
C(n,p) > 0 such that

∥v∥Lp∗ (K) ≤ C

n∏
i=1

∥∂xi
v∥

1
n

Lpi (K) (2.4)

for all v ∈ W 1,p
0 (K). Moreover, taking both sides of (2.4) to the exponent p and using Young’s

inequality on the right-hand side with exponents n pi
p

, whose inverses add up to 1 due to the
definition of p, we obtain the following useful inequality:(ˆ

K

|v|p∗ dx
) p

p∗

≤ C
n∑

i=1

ˆ
K

|∂xi
v|pi dx , v ∈ W 1,p

0 (K) . (2.5)

The next lemma plays a crucial role in the De Giorgi-type iterations; we refer to [56, Lemma
7.1] for a proof.

Lemma 2.5. Let µ > 0 and let {Yj}j ∈N0 be a sequence of non-negative real numbers, satisfying
the recursive inequalities

Yj+1 ≤ C bj Y 1+µ
j

where C > 0 and b > 1. If Y0 ≤ C− 1
µ b

− 1
µ2 , then

lim
j→∞

Yj = 0 .

2.1 Steklov averages

In this section, we recall the definition and some elementary properties of Steklov averages.
Let us denote a domain in space-time by Q′ := Ω′ × I, where Ω′ ⊆ Ω is a bounded domain and
I := (t0, t1) ⊆ (0, T ). For every h ∈ (0, t1 − t0) and v ∈ L1(Q′,Rk), where k ∈ N, the Steklov
average [v]h(·, t) is defined by

[v]h(x, t) :=


1

h

ˆ t+h

t

v(x, s) ds if t ∈ (t0, t1 − h],

0 if t ∈ (t1 − h, t1),
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for x ∈ Ω′. This definition implies, for almost every (x, t) ∈ Ω′ × (t0, t1 − h),

∂[v]h
∂t

(x, t) =
v(x, t+ h)− v(x, t)

h
.

The proof of the following result is straightforward from the theory of Lebesgue spaces (see
[46, Lemma 3.2, Chapter I]).

Lemma 2.6. Let q, r ≥ 1 and v ∈ Lr (t0, t1;L
q(Ω′)). Then, as h → 0, [v]h converges to v in

Lr (t0, t1 − ε;Lq(Ω′)) for every ε ∈ (0, t1− t0). If v ∈ C0 (t0, t1;L
q(Ω′)), then as h→ 0, [v]h(·, t)

converges to v(·, t) in Lq(Ω′) for every t ∈ (t0, t1 − ε), ∀ ε ∈ (0, t1 − t0).

A very useful formulation, equivalent to (2.2), is the one involving Steklov averages. Assume
that u ∈ C0

loc(0, T ;L
2
loc(Ω)) ∩ L

p
loc(0, T ;W

1,p
loc (Ω)) ∩ LP

loc(ΩT ) is a local weak sub(super)-solution
of (1.1) in ΩT and let h ∈ (0, T ). Then, the Steklov average [u]h satisfies

ˆ
K×{τ}

(
∂[u]h
∂t

· φ + ⟨[DξF (x, t,Du)]h, Dφ⟩
)
dx ≤ (≥) 0 (2.6)

for every compact subset K of Ω, for all τ ∈ (0, T − h] and all test functions

φ ∈ C0
loc

(
0, T ;L2(K)

)
∩ Lp

loc

(
0, T ;W 1,p

0 (K)
)
, φ ≥ 0 .

3 Energy classes

In this section, we establish some energy estimates that will be useful for proving our results.
Throughout the sequel, (x0, t0) ∈ ΩT and ρ > 0 are such that Qρ(x0, t0) ⋐ ΩT , while ζ ∈
C∞(Rn+1) is a smooth cut-off function of the form

ζ(x, t) := ψ(t)
n∏

i=1

ζpii (xi) , (3.1)

where ψ ∈ C∞(R; [0, 1]) is a non-decreasing map such that

ψ ≡ 0 on
(
−∞, t0 − ρ+

ϵ

2

]
, ψ ≡ 1 on [t0 − ρ+ ϵ,∞) , with ϵ ∈ (0, ρ) , (3.2)

while the functions ζi satisfy

ζi ∈ C∞
0 (R; [0, 1]), supp ζi ⊂ (x0,i − ρ

1
pi , x0,i + ρ

1
pi ) for every i ∈ {1, . . . , n}. (3.3)

As an immediate consequence of these conditions, we have that

ζ ≡ 0 on the parabolic boundary of Qρ(x0, t0) .

Proposition 3.1. Let n ≥ 2 and p1, . . . , pn > 1. Assume that (1.2) holds and that u is a local
weak subsolution of (1.1) in the sense of Definition 2.1. Then there exists a positive constant
C, depending only on Λ and max {p1, . . . , pn}, such that for every k ∈ R we have

sup
t0−ρ< τ < t0

ˆ
Kρ(x0)

(u− k)2+ ζ(x, τ) dx +
n∑

i=1

¨
Qρ(x0,t0)

(|∂xi
u| − δi)

pi
+ ζ 1{u>k} dx dt
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≤ C

¨
Qρ(x0,t0)

(u− k)2+ ∂tζ dx dt + C

n∑
i=1

¨
Qρ(x0,t0)

(u− k)pi+ |∂xi
ζ

1
pi |pi dx dt . (3.4)

Similarly, if u is a local weak supersolution of (1.1), then for every k ∈ R we have

sup
t0−ρ< τ < t0

ˆ
Kρ(x0)

(u− k)2− ζ(x, τ) dx +
n∑

i=1

¨
Qρ(x0,t0)

(|∂xi
u| − δi)

pi
+ ζ 1{u<k} dx dt

≤ C

¨
Qρ(x0,t0)

(u− k)2− ∂tζ dx dt + C

n∑
i=1

¨
Qρ(x0,t0)

(u− k)pi− |∂xi
ζ

1
pi |pi dx dt . (3.5)

Proof. Let u be a local weak subsolution of (1.1). After a translation, we may assume that
(x0, t0) = (0, 0). Hence, it suffices to prove (3.4) for the cylinder Qρ. In (2.6) we take the test
functions

φ = ([u]h − k)+ ζ

and integrate with respect to time over (−ρ, τ), with τ ∈ (−ρ, 0). We thus obtain
ˆ τ

−ρ

ˆ
Kρ

∂[u]h
∂t

([u]h − k)+ ζ dx dt +

¨
Qτ

⟨[A(x, t,Du)]h, D[([u]h − k)+ ζ]⟩ dx dt ≤ 0 , (3.6)

where, for convenience of notation, we set

Qτ := Kρ × (−ρ, τ) and A(x, t, η) := DξF (x, t, η) , η ∈ Rn,

with F : ΩT × Rn → R denoting the function defined in (2.1). The first term in (3.6) can be
rewritten as

ˆ τ

−ρ

ˆ
Kρ

∂[u]h
∂t

([u]h − k)+ ζ dx dt =
1

2

ˆ τ

−ρ

ˆ
Kρ

∂([u]h − k)2+
∂t

ζ dx dt .

Therefore, integrating by parts, using that ζ ≡ 0 on ∂parQρ and letting h → 0, by Lemma 2.6
we have

ˆ τ

−ρ

ˆ
Kρ

∂[u]h
∂t

([u]h − k)+ ζ dx dt −→

1

2

ˆ
Kρ

(u− k)2+ ζ(x, τ) dx − 1

2

¨
Qτ

(u− k)2+ ∂tζ dx dt . (3.7)

Now observe that |Ai(x, t,Du)| ≤ Λ |∂xi
u|pi−1 for any i ∈ {1, . . . , n}. Then, taking the limit as

h→ 0 in the second term of (3.6), we can apply Lemma 2.6 again. Thus we get
¨

Qτ

⟨[A(x, t,Du)]h, D[([u]h − k)+ ζ]⟩ dx dt −→
¨

Qτ

⟨A(x, t,Du), D(u− k)+⟩ ζ dx dt +
¨

Qτ

⟨A(x, t,Du), Dζ⟩ (u− k)+ dx dt . (3.8)

From (3.6)−(3.8), we then obtain

1

2

ˆ
Kρ

(u− k)2+ ζ(x, τ) dx +

¨
Qτ

⟨A(x, t,Du), D(u− k)+⟩ ζ dx dt
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≤ 1

2

¨
Qτ

(u− k)2+ ∂tζ dx dt −
¨

Qτ

⟨A(x, t,Du), Dζ⟩ (u− k)+ dx dt . (3.9)

We now estimate
¨

Qτ

⟨A(x, t,Du), D(u− k)+⟩ ζ dx dt =
n∑

i=1

¨
Qτ ∩{u>k}

ai(x, t) (|∂xi
u| − δi)

pi−1
+ |∂xi

u| ζ dx dt

≥ Λ−1

n∑
i=1

¨
Qτ ∩{u>k}

(|∂xi
u| − δi)

pi
+ ζ dx dt .

To deal with the last term in (3.9), we set, for each i ∈ {1, . . . , n},

ζ̂i :=
∏
j ̸=i

ζ
pj
j (xj) .

Using the definition of ζ̂i, we get

ψ ζ̂i ζ
pi
i = ζ and ψ ζ̂i |∂xi

ζi|pi = |∂xi
ζ

1
pi |pi .

Therefore, applying Young’s inequality with εi > 0, we have

−
¨

Qτ

⟨A(x, t,Du), Dζ⟩ (u− k)+ dx dt

≤
n∑

i=1

pi

¨
Qτ

ai(x, t) (|∂xi
u| − δi)

pi−1
+ ψ ζ̂i ζ

pi−1
i |∂xi

ζi| (u− k)+ dx dt

≤ Λ
n∑

i=1

εi(pi − 1)

¨
Qτ ∩{u>k}

(|∂xi
u| − δi)

pi
+ ζ dx dt + Λ

n∑
i=1

1

εpi−1
i

¨
Qτ

(u− k)pi+ |∂xi
ζ

1
pi |pi dx dt .

Choosing εi = [2 (pi − 1)Λ2]−1 for every i ∈ {1, ..., n}, and collecting the three previous estim-
ates, we obtain

ˆ
Kρ

(u− k)2+ ζ(x, τ) dx +
n∑

i=1

¨
Qτ ∩{u>k}

(|∂xi
u| − δi)

pi
+ ζ dx dt

≤ C

¨
Qτ

(u− k)2+ ∂tζ dx dt + C

n∑
i=1

¨
Qτ

(u− k)pi+ |∂xi
ζ

1
pi |pi dx dt ,

where C is a positive constant depending only on Λ and max {p1, . . . , pn}. Recalling that
τ ∈ (−ρ, 0) is arbitrary, from the above inequality we get

sup
−ρ< τ < 0

ˆ
Kρ

(u− k)2+ ζ(x, τ) dx +
n∑

i=1

¨
Qρ

(|∂xi
u| − δi)

pi
+ ζ 1{u>k} dx dt

≤ C

¨
Qρ

(u− k)2+ ∂tζ dx dt + C

n∑
i=1

¨
Qρ

(u− k)pi+ |∂xi
ζ

1
pi |pi dx dt .

We have thus proved estimate (3.4).
Now observe that if u is a local weak supersolution of (1.1), then −u is a local weak subsolution.
Hence, applying (3.4) with −u and −k in place of u and k, respectively, and using the identity
(−v)+ = v−, we immediately obtain inequality (3.5).
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Definition 3.2 (De Giorgi classes DG+(p, {δi},ΩT ,C)). A measurable function u : ΩT → R
belongs to the class DG+(p, {δi},ΩT ,C) if

u ∈ C0
loc(0, T ;L

2
loc(Ω)) ∩ L

p
loc(0, T ;W

1,p
loc (Ω)) ∩ L

P
loc(ΩT )

and for all k ∈ R and all ζ as above, the function u satisfies inequality (3.4).

Definition 3.3 (De Giorgi classes DG−(p, {δi},ΩT ,C)). A measurable function u : ΩT → R
belongs to the class DG−(p, {δi},ΩT ,C) if

u ∈ C0
loc(0, T ;L

2
loc(Ω)) ∩ L

p
loc(0, T ;W

1,p
loc (Ω)) ∩ L

P
loc(ΩT )

and for all k ∈ R and all ζ as above, the function u satisfies inequality (3.5).

Definition 3.4 (De Giorgi classes DG(p, {δi},ΩT ,C)). A measurable function u : ΩT → R
belongs to the class DG(p, {δi},ΩT ,C) if

u ∈ C0
loc(0, T ;L

2
loc(Ω)) ∩ L

p
loc(0, T ;W

1,p
loc (Ω)) ∩ L

P
loc(ΩT )

and for all k ∈ R and all ζ as above, the function u satisfies both inequalities (3.4) and (3.5).

Remark 3.5. By Proposition 3.1, under assumption (1.2), local weak subsolutions (resp.
supersolutions) to (1.1) in the sense of Definition 2.1 belong to DG+(p, {δi},ΩT ,C) (resp.
DG−(p, {δi},ΩT ,C)). In particular, local weak solutions to (1.1) in the sense of Definition
2.2 belong to DG(p, {δi},ΩT ,C).

Starting from the above definitions, in the following sections we prove local boundedness
and the existence of semicontinuous representatives for functions in DG±(p, {δi},ΩT ,C), under
suitable assumptions on the exponents pi appearing in (1.1).

4 Local boundedness

In this section we prove the local boundedness of local weak solutions to equation (1.1). Our
proofs are based on De Giorgi-type iterations combining the energy estimates established in
Proposition 3.1 with the Sobolev embedding from Remark 2.4. Throughout the section, we
will use the space-time cylinders defined in Section 2, which turn out to be convenient in our
setting.

As mentioned in the introduction, there are two ranges for p that require somewhat different
arguments, and in the range corresponding to small values of p we also require some extra
integrability of the local weak solutions. For clarity, the two cases have been treated in separate
subsections.

4.1 The case p > 2n
n+2

In this section we focus on the case in which p satisfies the following lower bound:

p >
2n

n+ 2
. (4.1)

The proof of local boundedness in Theorem 4.1 below is somewhat different in the cases P ≥ 2
and P < 2, where P := max {p1, . . . , pn}. In fact, in the former case the condition (4.1) is not
explicitly used in the argument. However, in this particular case, (4.1) must necessarily be true
due to the upper bound for the parameters pi in (1.5).
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Theorem 4.1. Let u ∈ DG+(p, {δi},ΩT ,C), where p = (p1, . . . , pn) satisfies (1.5), and assume
that (4.1) holds. Then u is locally bounded from above and, for every cylinder Qρ(x0, t0) ⋐ ΩT

and every σ ∈ (0, 1), we have the explicit bound

ess sup
Qσρ(x0,t0)

u ≤ max

1, ρ1/P , C

[
(1− σ)−

P (n+ p)
p −−

¨
Qρ(x0,t0)

uP+ dx dt

] p
p (n+2)−nP

 , (4.2)

where P := max {p1, . . . , pn}, P := max {2,P} and C is a positive constant depending only on n,
Λ, p and max {δ1, . . . , δn}. Similarly, if u ∈ DG−(p, {δi},ΩT ,C) under assumptions (1.5) and
(4.1), then u is locally bounded from below and, for every Qρ(x0, t0) ⋐ ΩT and every σ ∈ (0, 1),
we have

ess inf
Qσρ(x0,t0)

u ≥ − max

1, ρ1/P , C

[
(1− σ)−

P (n+ p)
p −−

¨
Qρ(x0,t0)

uP− dx dt

] p
p (n+2)−nP

 . (4.3)

Remark 4.2. In view of Remark 3.5 and Theorem 4.1, under assumptions (1.2), (1.5) and
(4.1), local weak subsolutions to (1.1) are locally bounded from above in ΩT , whereas local
weak supersolutions are locally bounded from below.

Proof of Theorem 4.1. Let us first assume that u ∈ DG+(p, {δi},ΩT ,C). After a translation,
we may suppose that (x0, t0) coincides with the origin. For a fixed σ ∈ (0, 1), we consider the
sequence

ρj := σρ +
(1− σ)

2j
ρ , j ∈ N0 , (4.4)

and the corresponding cylinders Qj := Qρj . From the definitions it follows that Q0 = Qρ. We
also consider the family of boxes

Q̃j := Qρ̃j ,

where, for j ∈ N0,

ρ̃j :=
ρj + ρj+1

2
= σρ +

3(1− σ)

2j+2
ρ . (4.5)

For these boxes, we have the inclusions

Qj+1 ⊂ Q̃j ⊂ Qj , j ∈ N0 .

We now introduce the sequence of increasing levels

kj := k − k

2j
, (4.6)

where k ≥ 1 is a number to be chosen later. To move forward, we choose cut-off functions

ζ̃i,j ∈ C∞
0 ((−ρ

1
pi
j , ρ

1
pi
j ); [0, 1]) such that

ζ̃i,j ≡ 1 on (−ρ
1
pi
j+1, ρ

1
pi
j+1) and |ζ̃ ′i,j|pi ≤ c 2jP

(1− σ)Pρ
,

where c = c(P) > 0. Furthermore, we define

ηj(x) :=
n∏

i=1

ζ̃pii,j(xi) .
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Similarly, we take ψj ∈ C∞(R; [0, 1]) such that

ψj ≡ 0 on (−∞,−ρ̃j] , ψj ≡ 1 on [−ρj+1,∞) and 0 ≤ ψ′
j ≤ c 2j

(1− σ) ρ
.

It follows that the smooth cut-off function

ζ̃j(x, t) := ψj(t) ηj(x)

satisfies the following properties:
0 ≤ ζ̃j ≤ 1 , ζ̃j ≡ 1 in Qj+1 , ζ̃j ≡ 0 on ∂parQj ,

0 ≤ ∂tζ̃j ≤ c 2j

(1− σ) ρ
, |∂xi

ζ̃
1
pi
j |pi ≤ c 2jP

(1− σ)Pρ
for every i ∈ {1, . . . , n}.

(4.7)

Details on the explicit construction of such a cut-off function are provided in the Appendix.
Now we rewrite estimate (3.4) with ρj, kj+1 and ζ̃j in place of ρ, k and ζ, respectively. We thus
obtain

sup
−ρj <τ < 0

ˆ
Kρj

(u− kj+1)
2
+ ζ̃j(x, τ) dx +

n∑
i=1

¨
Qj ∩{u>kj+1}

(|∂xi
u| − δi)

pi
+ ζ̃j dx dt

≤ C0 2
j

(1− σ) ρ

¨
Qj

(u− kj+1)
2
+ dx dt +

C0 2
jP

(1− σ)Pρ

n∑
i=1

¨
Qj

(u− kj+1)
pi
+ dx dt , (4.8)

where C0 is a positive constant depending only on Λ and P. In addition, we set

q := p

(
1 +

2

n

)
.

In the case P ≥ 2, the upper bound of the exponents pi in (1.5) ensures that q
P
> 1, where

P := max {2,P}. In the case P < 2, we can use the lower bound (4.1) to deduce that q
P
> 1.

At this point of the proof, we define the sequence

Yj :=

¨
Qj

(u− kj)
P
+ dx dt , j ∈ N0 . (4.9)

Note that Yj is finite for every j ∈ N0, since u ∈ LP
loc(ΩT ). We may use Hölder’s inequality to

estimate

Yj+1 ≤

[¨
Qj+1

(u− kj+1)
q
+ dx dt

]P
q

|Aj+1|1−
P
q , (4.10)

where we have set
Aj+1 := {(x, t) ∈ Qj : u(x, t) > kj+1} . (4.11)

In the following calculation, we estimate the integral in (4.10) by applying Hölder’s inequality
with H := n/(n− p) in the integral over space. Then, we estimate one of the integrals in space
by its supremum for all times in the interval (−ρj+1, 0), and introduce the functions ηj and ψj

while expanding the set of integration, which allows us to use (2.5). All in all, the calculation
takes the form

¨
Qj+1

(u− kj+1)
q
+ dx dt ≤

ˆ 0

−ρj+1

[ˆ
Kρj+1

(u− kj+1)
2p
n

H′

+ dx

] 1
H′
[ˆ

Kρj+1

(u− kj+1)
pH
+ dx

] 1
H

dt
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=

ˆ 0

−ρj+1

[ˆ
Kρj+1

(u− kj+1)
2
+ dx

] p
n
[ˆ

Kρj+1

(u− kj+1)
p∗

+ dx

] p
p∗

dt

≤

[
sup

−ρj+1 <τ < 0

ˆ
Kρj+1

(u(x, τ)− kj+1)
2
+ dx

] p
n ˆ 0

−ρj+1

[ˆ
Kρj+1

(u− kj+1)
p∗

+ dx

] p
p∗

dt

≤

[
sup

−ρj <τ < 0

ˆ
Kρj

(u− kj+1)
2
+ ζ̃j(x, τ) dx

] p
n ˆ 0

−ρj

ψj(t)

[ˆ
Kρj

[(u− kj+1)+ ηj]
p∗ dx

] p
p∗

dt

≤ c0

[
sup

−ρj <τ < 0

ˆ
Kρj

(u− kj+1)
2
+ ζ̃j(x, τ) dx

] p
n
[

n∑
i=1

¨
Qj

|∂xi
[(u− kj+1)+ ηj]|pi ψj dx dt

]
,

(4.12)

where c0 = c0(n,p) > 0. Now we estimate the last term in (4.12). Setting

δ := max {δi : i = 1, . . . , n},

applying the definition of Aj+1 in (4.11), and using the bounds for the functions ηj, ψj and
their derivatives, we obtain

n∑
i=1

¨
Qj

|∂xi
[(u− kj+1)+ ηj]|pi ψj dx dt =

n∑
i=1

¨
Aj+1

|(∂xi
u) ηj + (u− kj+1)+ ∂xi

ηj|pi ψj dx dt

≤ c

[
n∑

i=1

¨
Aj+1

|∂xi
u|pi ζ̃j dx dt +

n∑
i=1

¨
Aj+1

(u− kj+1)
pi
+ |∂xi

ηj|pi ψj dx dt

]

≤ c

[
n∑

i=1

¨
Aj+1

[(|∂xi
u| − δi)+ + δi]

pi ζ̃j dx dt +
2jP

(1− σ)P ρ

n∑
i=1

¨
Qj

(u− kj+1)
pi
+ dx dt

]

≤ c

[
n∑

i=1

¨
Aj+1

(|∂xi
u| − δi)

pi
+ ζ̃j dx dt + n (δ + 1)P |Aj+1| +

2jP

(1− σ)P ρ

n∑
i=1

¨
Qj

(u− kj+1)
pi
+ dx dt

]
,

(4.13)

where c = c(P) > 0. Combining (4.12) and (4.13), majorizing the supremum in (4.12) and
the final term in (4.13) by means of the energy estimate (4.8), and using that 1

1−σ
> 1, we

ultimately get
¨

Qj+1

(u− kj+1)
q
+ dx dt

≤ C1 2
j

P (n+ p)
n

(1− σ)
P (n+ p)

n

[
1

ρ

¨
Qj

(u− kj+1)
2
+ dx dt +

1

ρ

n∑
i=1

¨
Qj

(u− kj+1)
pi
+ dx dt + |Aj+1|

]n+ p
n

,

(4.14)

for a positive constant C1 depending only on n, Λ, p and δ. Invoking again the definition of
Aj+1, recalling that kj < k, k ≥ 1 and pi ≤ P ≤ P , and applying Young’s inequality, we can
handle the last sum as follows

n∑
i=1

¨
Qj

(u− kj+1)
pi
+ dx dt ≤

n∑
i=1

¨
Aj+1

upi dx dt ≤
n∑

i=1

¨
Aj+1

[(u− kj)+ + kj]
pi dx dt
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≤ 2P−1

[
n∑

i=1

¨
Aj+1

(u− kj)
pi
+ dx dt + n kP |Aj+1|

]

≤ 2P−1 n

[¨
Aj+1

(u− kj)
P
+ dx dt + (1 + kP ) |Aj+1|

]
≤ 2P n

[
Yj + kP |Aj+1|

]
, (4.15)

where, in the last line, we have used the definition of Yj in (4.9). Similarly, since P ≥ 2, the
first integral on the right-hand side of (4.14) can also be treated using Young’s inequality:

¨
Qj

(u− kj+1)
2
+ dx dt ≤

¨
Aj+1

(u− kj+1)
P
+ dx dt + |Aj+1| ≤ Yj + |Aj+1| ,

where, in the last inequality, we have used the fact that kj < kj+1. Collecting the last three
estimates, redefining the constant C1 and recalling that k ≥ 1, we obtain

¨
Qj+1

(u− kj+1)
q
+ dx dt ≤ C1 2

j
P (n+ p)

n

(1− σ)
P (n+ p)

n

[
Yj
ρ

+

(
1 +

1 + kP

ρ

)
|Aj+1|

]n+ p
n

≤ C1 2
j

P (n+ p)
n

(1− σ)
P (n+ p)

n

[
Yj
ρ

+

(
1 +

2 kP

ρ

)
|Aj+1|

]n+ p
n

.

Without loss of generality, we can now assume that k ≥ max {1, ρ1/P}. It then follows from
the previous inequality that

¨
Qj+1

(u− kj+1)
q
+ dx dt ≤ C1 2

j
P (n+ p)

n

(1− σ)
P (n+ p)

n ρ
n+ p

n

(
Yj + kP |Aj+1|

)n+ p
n , (4.16)

up to a different constant C1 = C1(n,Λ,p, δ) > 0. At this point, we note that

|Aj+1| =
¨

Aj+1

(kj+1 − kj)
P

(kj+1 − kj)P
dx dt ≤

¨
Aj+1

(u− kj)
P

(kj+1 − kj)P
dx dt ≤ 2(j+1)P

kP
Yj . (4.17)

Combining this estimate with (4.16) and using that 1 ≤ P ≤ P , we get

¨
Qj+1

(u− kj+1)
q
+ dx dt ≤ C1 2

j
P (n+ p)

n

(1− σ)
P (n+ p)

n ρ
n+ p

n

(
1 + 2(j+1)P

)n+ p
n Y

1+ p
n

j

≤ C1 2
j

P (n+ p)
n 2(j+2)

P (n+ p)
n

(1− σ)
P (n+ p)

n ρ
n+ p

n

Y
1+ p

n
j

≤ C1 4
j

P (n+ p)
n

(1− σ)
P (n+ p)

n ρ
n+ p

n

Y
1+ p

n
j . (4.18)

Putting together (4.10), (4.17) and (4.18), and recalling that q := p
(
1 + 2

n

)
, we end up with

Yj+1 ≤ C2 4
j

P2 (n+ p)
nq

(1− σ)
P (n+ p)P

nq ρ
P (n+ p)

nq

2(j+1)P(1− P
q )

kP − P2

q

Y
1+ P p

nq

j
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≤ C3 4
jP [P (n+ p)

nq
+1− P

q ]

(1− σ)
P (n+ p)P

nq ρ
P (n+ p)

nq

k
P2

q
−P Y

1+ P p
nq

j

=
C3 b

j

[(1− σ)Pρ]
P (n+ p)
p (n+2)

Ak Y
1+ P

n+2

j , (4.19)

where C2 and C3 are positive constants depending only n, Λ, p and δ,

b := 4P + P2

n+2 ,

Ak := k
P2n

p (n+2)
−P .

We are thus in a position to apply the result in Lemma 2.5 with the choices

C = C3Ak

[
(1− σ)Pρ

]− P (n+ p)
p (n+2) , µ =

P

n+ 2
,

where C3 is the constant from (4.19), provided that

Y0 ≤ C− 1
µ b

− 1
µ2 = C3

[
(1− σ)Pρ

]n+ p
p kn+2− nP

p . (4.20)

Since

Y0 :=

¨
Qρ

uP+ dx dt and p (n+ 2)− nP = (q − P )n > 0 ,

and since |Qρ| = 2n ρ
n+ p

p , we see that (4.20) is satisfied provided that

k ≥ C4

[
(1− σ)−

P (n+ p)
p −−

¨
Qρ

uP+ dx dt

] p
p (n+2)−nP

=: B ,

for a positive constant C4 depending only n, Λ, p and max {δ1, . . . , δn}. Therefore, choosing
k = max {1, ρ1/P ,B}, by Lemma 2.5 we have

¨
Qσρ

(u− k)P+ dx dt ≤ Yj → 0 as j → ∞ .

This implies that the integrand above is zero almost everywhere in Qσρ, and hence

ess sup
Qσρ

u ≤ max

1, ρ1/P , C4

[
(1− σ)−

P (n+ p)
p −−

¨
Qρ

uP+ dx dt

] p
p (n+2)−nP

 .

We have thus proved estimate (4.2).
Finally, if u ∈ DG−(p, {δi},ΩT ,C), the previous arguments, with minor modifications, yield

the lower bound (4.3). We leave the details to the reader.

As an easy consequence of Definition 3.4, Remark 3.5 and Theorem 4.1, we obtain the
following local boundedness result.
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Corollary 4.3. Let p = (p1, . . . , pn) satisfy (1.5). Assume that (4.1) holds and that u ∈
DG(p, {δi},ΩT ,C). Then u is locally bounded and, for every cylinder Qρ(x0, t0) ⋐ ΩT and
every σ ∈ (0, 1), we have

ess sup
Qσρ(x0,t0)

|u| ≤ max

1, ρ1/P , C

[
(1− σ)−

P (n+ p)
p −−

¨
Qρ(x0,t0)

|u|P dx dt

] p
p (n+2)−nP

 , (4.21)

where P := max {p1, . . . , pn}, P := max {2,P} and C is a positive constant depending only
on n, Λ, p and max {δ1, . . . , δn}. In particular, if u is a local weak solution of (1.1) under
assumptions (1.2), (1.5) and (4.1), then u belongs to L∞

loc(ΩT ) and satisfies the estimate (4.21).

By iterating the estimate of the previous corollary, we can actually get a better bound for
the essential supremum. We first note that, by the upper bound for the exponents pi in (1.5)
and inequality (4.1), we have

P > P − n

p

[
p

(
1 +

2

n

)
− P

]
=: ω(n,p) .

Moreover, from the definitions of ω(n,p) and P , we see that

ω(n,p) = P − 2 + n

(
P

p
− 1

)
≥ 0 .

Now we are in a position to prove the following result.

Theorem 4.4. Under the assumptions of Corollary 4.3, for every cylinder Q2ρ(x0, t0) ⋐ ΩT

and every ν ∈ (ω(n,p), P ] we have

ess sup
Qρ(x0,t0)

|u| ≤ C

(−−
¨

Q2ρ(x0,t0)

|u|ν dx dt

) 1
ν −ω(n,p)

+ 1 + ρ1/P

 , (4.22)

for a positive constant C depending only on n, Λ, p, ν and max {δ1, . . . , δn}.

Proof. Let ν ∈ (ω(n,p), P ]. Observe that, in the case ν = P , estimate (4.22) is a straight-
forward consequence of Corollary 4.3. Indeed, by choosing σ = 1

2
and replacing ρ with 2ρ in

(4.21), one immediately obtains the bound (4.22). Therefore, from now on we assume that
ν < P . Let Q2ρ(x0, t0) be compactly contained in ΩT and define

ρj := 2ρ − ρ

2j
, Qj := Qρj(x0, t0) , j ∈ N0 .

Using (4.21) with σ =
ρj

ρj+1
and noting that ρj+1 < 2ρ, we obtain

Mj := ess sup
Qj

|u| ≤ C

(
2j

P (n+ p)
p −−

¨
Qj+1

|u|P dx dt

) p
p (n+2)−nP

+ 1 + ρ
1/P
j+1

≤ CM
p (P−ν)

p (n+2)−nP

j+1

(
2j

P (n+ p)
p −−

¨
Qj+1

|u|ν dx dt

) p
p (n+2)−nP

+ 1 + (2ρ)1/P ,
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where C is a positive constant depending only on n, Λ, p and max {δ1, . . . , δn}. Since ω(n,p) <
ν < P , we see that the exponent of Mj+1 in the last expression belongs to the interval (0, 1).
Thus we can use Young’s inequality with ε > 0 to obtain

Mj ≤ εMj+1 + c(ε) bj

(
−−
¨

Q2ρ(x0,t0)

|u|ν dx dt

) 1
ν −ω(n,p)

+ 1 + (2ρ)1/P ,

where we have also used the fact that Qj+1 is contained in Q2ρ(x0, t0). Here we emphasize that
the positive constant c(ε) depends on ε, in addition to n, Λ, p, ν and max {δ1, . . . , δn}. The
constant b > 1 depends on n, p and ν. By iterating the last estimate, we end up with

M0 ≤ εNMN + c(ε)

(
N−1∑
ℓ=0

(εb)ℓ

)(
−−
¨

Q2ρ(x0,t0)

|u|ν dx dt

) 1
ν −ω(n,p)

+ [1+(2ρ)1/P ]
N−1∑
ℓ=0

εℓ , (4.23)

for any N ∈ N. Choose ε so small that εb < 1. Then the sums in the previous inequality
converge as N → ∞. Since the sequence {MN} is bounded due to the local boundedness of
u, the first term on the right-hand side of (4.23) tends to zero in the limit as N → ∞, which
yields the bound (4.22).

4.2 The case p ≤ 2n
n+2

We now turn our attention to the range

p ≤ 2n

n+ 2
, (4.24)

and recall that we also require (1.6) in this case. In the previous section, the condition u ∈
LP
loc(ΩT ), combined with (4.1), implies (1.6), so this assumption was not needed. The argument

consists of two parts. First, we establish the local boundedness from above (resp. from below)
for functions u ∈ DG+(p, {δi},ΩT ,C) (resp. u ∈ DG−(p, {δi},ΩT ,C)) without an explicit
bound. Then, we follow the approach of DiBenedetto in [46, Chapter V, Section 10] to derive
an explicit estimate for the essential supremum of u+ and u−, respectively.

Theorem 4.5. Let u ∈ DG+(p, {δi},ΩT ,C), where p = (p1, . . . , pn) satisfies (1.5). Suppose
that (4.24) holds and that u satisfies the extra integrability condition (1.6). Then u is locally
bounded from above and, if Q2ρ(x0, t0) is compactly contained in ΩT , we have the following
explicit bound:

ess sup
Qρ(x0,t0)

u+ ≤ C

(−−
¨

Q2ρ(x0,t0)

um+ dx dt

) 1
m− n

p (2− p)

+ 1 +
√
ρ

 , (4.25)

where C is a positive constant depending only on n, Λ, p, m and max {δ1, . . . , δn}. Similarly,
if u ∈ DG−(p, {δi},ΩT ,C) under assumptions (1.5), (1.6) and (4.24), then u is locally bounded
from below and, if Q2ρ(x0, t0) ⋐ ΩT , we have

ess sup
Qρ(x0,t0)

u− ≤ C

(−−
¨

Q2ρ(x0,t0)

um− dx dt

) 1
m− n

p (2− p)

+ 1 +
√
ρ

 . (4.26)
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Remark 4.6. In view of Remark 3.5 and Theorem 4.5, under assumptions (1.2), (1.5), (1.6)
and (4.24), local weak subsolutions u to (1.1) are locally bounded from above in ΩT , whereas
local weak supersolutions are locally bounded from below.

Proof of Theorem 4.5. After a translation, we may assume again that (x0, t0) = (0, 0). By
(1.6) and (4.24) we have

m > 2n

(
1

p
− 1

2

)
≥ 2 . (4.27)

For the sake of readability, we divide the proof into two steps.

Step 1: local boundedness. Let us first assume that u ∈ DG+(p, {δi},ΩT ,C). We choose σ,
δ, the cylinders Qj, and the functions ζ̃i,j and ψj as in the proof of Theorem 4.1, and we show
that u is essentially bounded from above in Qσρ. To this end, we define

q :=
m− 2 p

(
1
n
+ 1

2

)
m− 2

≥ 1 , ϑ :=
p
(
1
n
+ 1

2

)
q

∈ (0, 1] .

The lower bound for q follows from (4.24), and from this we deduce the range of ϑ. Moreover,
we set

Yj :=

¨
Qj

(u− kj)
2
+ dx dt , kj := 2k − k

2j
, j ∈ N0 .

We require k ≥ 1 as before. If strict inequality holds in (4.24), then q > 1 and we have by
Hölder’s inequality

Yj+1 =

¨
Qj+1

(u− kj+1)
2ϑ
+ (u− kj+1)

2(1−ϑ)
+ dx dt

≤

(¨
Qj+1

(u− kj+1)
2ϑq
+ dx dt

) 1
q
(¨

Qj+1

(u− kj+1)
2(1−ϑ) q′

+ dx dt

) q−1
q

=

(¨
Qj+1

(u− kj+1)
2 p( 1

n
+ 1

2)
+ dx dt

) 1
q
(¨

Qj+1

(u− kj+1)
m
+ dx dt

) q−1
q

≤

(¨
Qj+1

(u− kj+1)
2 p( 1

n
+ 1

2)
+ dx dt

) 1
q (¨

Q0

um+ dx dt

) q−1
q

. (4.28)

If, instead, (4.24) holds with equality, then q = 1 and the previous estimate is valid without
applying Hölder’s inequality, provided that we adopt the standard convention 00 = 1 if

I :=

¨
Q0

um+ dx dt = 0 .

We note that inequality (4.14) is valid for the first integral in the last line of (4.28), despite the
different definition of kj. The upper bound for the exponents pi in (1.5), combined with (4.24),
implies that pi < 2 for every i ∈ {1, . . . , n}; hence P = 2. Therefore, arguing as in (4.15), but
this time using that kj < 2k, we have

n∑
i=1

¨
Qj

(u− kj+1)
pi
+ dx dt ≤ 2P+1 n

[
Yj + (1 + k2) |Aj+1|

]
,
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where Aj+1 is defined as in (4.11). Combining the above estimate with (4.14) and recalling that
k ≥ 1, we obtain

¨
Qj+1

(u− kj+1)
2 p( 1

n
+ 1

2)
+ dx dt ≤ C1 2

j
P (n+ p)

n

(1− σ)
P (n+ p)

n

[
Yj
ρ

+

(
1 +

2k2

ρ

)
|Aj+1|

]n+ p
n

,

where C1 is a positive constant depending only on n, Λ, p and δ. Without loss of generality,
we can now assume that k ≥ max {1,√ρ}. It then follows from the previous inequality that

¨
Qj+1

(u− kj+1)
2 p( 1

n
+ 1

2)
+ dx dt ≤ C1 2

j
P (n+ p)

n

[(1− σ)Pρ]
n+ p

n

[
Yj + k2 |Aj+1|

]n+ p
n ,

and reasoning as in (4.17) we have

|Aj+1| ≤
4j+1

k2
Yj .

At this point, noting that in the current parameter range one has P < 2, we can combine the
two previous estimates with (4.28) to conclude that

Yj+1 ≤ C2 b
j

[(1− σ)Pρ]
n+ p
nq

I
q−1
q Y

n+ p
nq

j , (4.29)

where I denotes the integral over Q0 appearing in the last line of (4.28), b > 1 is a constant
depending only on n, p and m, while C2 is a positive constant depending only on n, Λ, p, δ
and m. Now we consider the following four cases:

(i) I = 0 and q > 1 ;

(ii) I = 0 and q = 1 ;

(iii) I > 0 and q = 1 ;

(iv) I > 0 and q > 1 .

In case (i), from the recursive inequality (4.29) we deduce
¨

Qσρ

(u− 2k)2+ dx dt ≤ Yj+1 = 0

for every j ∈ N0, which implies that u ≤ 2k a.e. in Qσρ.
In cases (ii) and (iii), inequality (4.29) reduces to

Yj+1 ≤ C2 b
j

[(1− σ)Pρ]
n+ p

n

Y
1+ p

n
j .

Thus, the sequence {Yj} satisfies the recursive estimate of Lemma 2.5 with

C = C2

[
(1− σ)Pρ

]− n+ p
n , µ =

p

n
.

By Lemma 2.5, the sequence {Yj} converges to zero provided that
¨

Qρ

(u− k)2+ dx dt = Y0 ≤ C− 1
µ b

− 1
µ2 = C2

[
(1− σ)Pρ

]n+ p
p .
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The integral on the left-hand side vanishes in the limit as k → ∞ by the dominated convergence
theorem and the expression on the right-hand side is independent of k, so the estimate must
indeed hold for large k ≥ max {1,√ρ}. Thus, we have¨

Qσρ

(u− 2k)2+ dx dt ≤ Yj → 0 as j → ∞ ,

which implies that u ≤ 2k a.e. in Qσρ for some sufficiently large k.
It remains to analyze case (iv). In this case, (4.24) holds with strict inequality and, by the

definition of q and the lower bound for m in (4.27), we see that

n+ p

nq
=

(
n+ p

n

)
m− 2

m− 2 p
(
1
n
+ 1

2

) =

(
n+ p

n

)(
1 +

2 p
(
1
n
+ 1

2

)
− 2

m− 2 p
(
1
n
+ 1

2

))

>

(
n+ p

n

)1 +
p
(
1
n
+ 1

2

)
− 1

n
(

1
p
− 1

2

)
− p

(
1
n
+ 1

2

)
 = 1 .

Therefore, the sequence {Yj} satisfies the recursive estimate of Lemma 2.5 with

C = C2

[
(1− σ)Pρ

]− n+ p
nq I

q−1
q , µ =

n+ p

nq
− 1 > 0 .

By Lemma 2.5, the sequence {Yj} converges to zero provided that¨
Qρ

(u− k)2+ dx dt = Y0 ≤ C− 1
µ b

− 1
µ2 = C2

[
(1− σ)Pρ

] n+ p
n+ p−nq I−

n(q−1)
n+ p−nq .

Once more, the integral on the left-hand side vanishes in the limit as k → ∞ and the
expression on the right-hand side is independent of k; hence the estimate must hold for large
k ≥ max {1,√ρ}. Reasoning as before, we conclude again that u ≤ 2k a.e. in Qσρ for some
sufficiently large k.

If u ∈ DG−(p, {δi},ΩT ,C), the same arguments, with minor modifications, give u ≥ −2k
a.e. in Qσρ for some k large enough. We leave the details to the reader.

Step 2: explicit L∞ bounds. Let us again assume that u ∈ DG+(p, {δi},ΩT ,C).
Knowing that u is locally essentially bounded from above, we now proceed to establish
the explicit bound in (4.25). By combining (4.24) and (4.27), we can introduce a positive
parameter as follows:

ν := m− 2 p

(
1

n
+

1

2

)
> 0 .

Let kj be defined again as in (4.6), and set

Zj :=

¨
Qj

(u− kj)
m
+ dx dt , j ∈ N0 .

Then we have
Zj+1 ≤ ∥u+∥νL∞(Q0)

¨
Qj+1

(u− kj+1)
2 p( 1

n
+ 1

2)
+ dx dt .

Using (4.14) to estimate the last integral, we conclude that

Zj+1 ≤ C1

∥u+∥νL∞(Q0)
2j

P (n+ p)
n

(1− σ)
P (n+ p)

n



22 P. AMBROSIO, S. CIANI, G. CUPINI

×

[
1

ρ

¨
Qj

(u− kj+1)
2
+ dx dt +

1

ρ

n∑
i=1

¨
Qj

(u− kj+1)
pi
+ dx dt + |Aj+1|

]n+ p
n

.

Exploiting the definitions of Aj+1 and kj, applying Young’s inequality with exponents 2
pi

, using
the fact that k ≥ 1 and m > 2, and arguing as in (4.17), we end up with

¨
Qj

(u− kj+1)
2
+ dx dt +

n∑
i=1

¨
Qj

(u− kj+1)
pi
+ dx dt

≤
¨

Aj+1

(u− kj)
2
+ dx dt +

n∑
i=1

¨
Aj+1

(u− kj)
pi
+ dx dt

≤ (n+ 1)

[¨
Aj+1

(u− kj)
2
+ dx dt + |Aj+1|

]

≤ (n+ 1)

(
1 +

4j+1

k2

)¨
Aj+1

(u− kj)
m
+

(u− kj)
m−2
+

dx dt

≤ (n+ 1)
(
1 + 4j+1

)¨
Aj+1

(u− kj)
m
+

(kj+1 − kj)m−2
dx dt

≤ 2 (n+ 1) 4j+1 2
(j+1)(m−2)

km−2
Zj = 2m+1(n+ 1)

2mj

km−2
Zj .

Combining the two previous estimates and recalling that Q0 = Qρ, we obtain

Zj+1 ≤ C2

∥u+∥νL∞(Qρ)
2j

P (n+ p)
n

(1− σ)
P (n+ p)

n

[
2mj Zj

ρ km−2
+ |Aj+1|

]n+ p
n

, (4.30)

where C2 = C2(n,Λ,p, δ,m) > 0. We now use again the definitions of Aj+1 and kj, together
with k ≥ max {1,√ρ}, to deduce that

|Aj+1| =
¨

Aj+1

(u− kj)
m
+

(u− kj)m+
dx dt ≤

¨
Aj+1

(u− kj)
m
+

(kj+1 − kj)m
dx dt

=
2m(j+1)

km

¨
Aj+1

(u− kj)
m
+ dx dt ≤ 2m

2mj Zj

ρ km−2
. (4.31)

Joining (4.30) and (4.31), we find

Zj+1 ≤ C2

∥u+∥νL∞(Qρ)
k

n+ p
n

(2−m) bj

[(1− σ)Pρ]
n+ p

n

Z
1+ p

n
j ,

where b > 1 is a constant depending only on n, p and m.
Henceforth, we assume that ∥u+∥L∞(Qρ) > 0. In this case, from Lemma 2.5 we see that {Zj}

converges to zero provided that¨
Qρ

um+ dx dt = Z0 ≤ C2 ∥u+∥
− n ν

p

L∞(Qρ)
k

n+ p
p

(m−2)
[
(1− σ)Pρ

]n+ p
p ,

which holds if

k ≥ C2 ∥u+∥ζL∞(Qρ)
(1− σ)−

P
m−2

(
−−
¨

Qρ

um+ dx dt

) p
(n+ p)(m−2)

, (4.32)
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where

ζ =
nν

(n+ p)(m− 2)
=

n

(n+ p)(m− 2)

[
m− 2 p

(
1

n
+

1

2

)]
=

n

n+ p

[
1 +

2− 2 p
(
1
n
+ 1

2

)
m− 2

]
.

If (4.24) holds with equality, then the numerator in the last fractional term vanishes and
ζ = n/(n+p) < 1. If, instead, (4.24) holds with a strict inequality, then also the last inequality
in (4.27) is strict and we may estimate

ζ <
n

n+ p

1 + 2− 2 p
(
1
n
+ 1

2

)
2n
(

1
p
− 1

2

)
− 2

 = 1 .

Thus, we have confirmed that in any case ζ ∈ (0, 1). In addition, we have shown that if (4.32)
and k ≥ max {1,√ρ} hold, then

¨
Qσρ

(u− k)m+ dx dt ≤ Zj → 0 as j → ∞ ,

which means that u ≤ k almost everywhere in Qσρ. Therefore,

∥u+∥L∞(Qσρ) ≤
C2 ∥u+∥ζL∞(Qρ)

(1− σ)
P

m−2

(
−−
¨

Qρ

um+ dx dt

) p
(n+ p)(m−2)

+ 1 +
√
ρ .

Since ζ ∈ (0, 1), we may use Young’s inequality with ε > 0 on the right-hand side to conclude
that

∥u+∥L∞(Qσρ) ≤ ε ∥u+∥L∞(Qρ) +
c(ε)

(1− σ)
P

(m−2)(1−ζ)

(
−−
¨

Qρ

um+ dx dt

) 1
m− n

p (2− p)

+ 1 +
√
ρ ,

where we may choose ε arbitrarily small. Here we emphasize that the positive constant c(ε)
depends on ε, in addition to n, Λ, p, m and max {δ1, . . . , δn}. Now an iteration similar to that
performed in the proof of Theorem 4.4 leads to the following estimate:

ess sup
Qρ

u+ ≤ C

(−−
¨

Q2ρ

um+ dx dt

) 1
m− n

p (2− p)

+ 1 +
√
ρ

 , (4.33)

where C is a positive constant depending only on n, Λ, p, m and max {δ1, . . . , δn}. Note that
estimate (4.33) holds trivially in the case ∥u+∥L∞(Qρ) = 0.

Finally, if u ∈ DG−(p, {δi},ΩT ,C), analogous arguments yield the bound (4.26). In this
regard, we leave the straightforward details to the reader.

We conclude this section with the following corollary on local boundedness, which immedi-
ately follows from Definition 3.4, Remark 3.5 and Theorem 4.5.
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Corollary 4.7. Let u ∈ DG(p, {δi},ΩT ,C), where p = (p1, . . . , pn) satisfies (1.5). Suppose that
(4.24) holds and that u satisfies the extra integrability condition (1.6). Then u is locally bounded
and, for every cylinder Q2ρ(x0, t0) ⋐ ΩT , we have

ess sup
Qρ(x0,t0)

|u| ≤ C

(−−
¨

Q2ρ(x0,t0)

|u|m dx dt

) 1
m− n

p (2− p)

+ 1 +
√
ρ

 , (4.34)

where C is a positive constant depending only on n, Λ, p, m and max {δ1, . . . , δn}. In particular,
if u is a local weak solution of (1.1) under assumptions (1.2), (1.5), (1.6) and (4.24), then u
belongs to L∞

loc(ΩT ) and satisfies the estimate (4.34).

5 Critical mass lemma and semicontinuity

In this section, we prove a measure-theoretical maximum principle for local weak super(sub)-
solutions to (1.1) that are locally bounded from below (from above), commonly referred to as
De Giorgi-type Lemma, or Critical Mass Lemma. As a consequence of this result, local weak
super(sub)-solutions to (1.1) admit a lower (upper) semicontinuous representative, provided
they are locally bounded from below (from above).

Actually, in view of what has been established in Sections 3 and 4, analogous results hold more
generally for functions u ∈ DG±(p, {δi},ΩT ,C), under suitable assumptions on the parameters
pi, and additionally assuming that condition (1.6) holds in the case p ≤ 2n/(n+ 2). However,
for the sake of simplicity, here we restrict ourselves to stating the aforementioned results only
for local weak super(sub)-solutions to (1.1). The corresponding statements for functions in
DG±(p, {δi},ΩT ,C) can be easily deduced by the reader.

In the sequel, we will use the cubes and cylinders defined below, which turn out to be
particularly convenient in our anisotropic setting. For any (y, s) ∈ ΩT and any M,ρ > 0, the
intrinsic cubes Kρ(M), [y+Kρ(M)] and the backward intrinsic cylinders Q−

ρ (M), (y, s)+Q−
ρ (M)

are defined respectively by

Kρ(M) :=
n∏

i=1

{
|xi| < M

pi−2

pi ρ
p
pi

}
, [y +Kρ(M)] :=

n∏
i=1

{
|xi − yi| < M

pi−2

pi ρ
p
pi

}
and

Q−
ρ (M) := Kρ(M)× (−ρp, 0] , (y, s) + Q−

ρ (M) := [y +Kρ(M)]× (s− ρp, s] .

Throughout this section, (y, s) ∈ ΩT and M,ρ > 0 are such that (y, s) + Q−
ρ (M) ⋐ ΩT , while

η ∈ C∞(Rn+1) is a smooth cut-off function of the form

η(x, t) := Ψ(t)
n∏

i=1

ηpii (xi) ,

where Ψ ∈ C∞(R; [0, 1]) is a non-decreasing map such that

Ψ ≡ 0 on
(
−∞, s− ρp +

ϵ

2

]
, Ψ ≡ 1 on [s− ρp + ϵ,∞) , with ϵ ∈ (0, ρp) ,

while the functions ηi satisfy

ηi ∈ C∞
0 (R; [0, 1]), supp ηi ⊂

(
yi −M

pi−2

pi ρ
p
pi , yi +M

pi−2

pi ρ
p
pi

)
for every i ∈ {1, . . . , n}.
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As an immediate consequence of these conditions, we have that

η ≡ 0 on the parabolic boundary of (y, s) + Q−
ρ (M) .

The proof of the following two energy estimates is entirely analogous to that of Proposition 3.1,
and is therefore omitted.

Proposition 5.1. Let n ≥ 2 and p1, . . . , pn > 1. Assume that (1.2) holds and that u is a local
weak supersolution to (1.1) in the sense of Definition 2.1. Then there exists a positive constant
C, depending only on Λ and max {p1, . . . , pn}, such that for every k ∈ R we have

sup
τ ∈ (s−ρp,s]

ˆ
[y+Kρ(M)]

(u− k)2− η(x, τ) dx +
n∑

i=1

¨
(y,s)+Q−

ρ (M)

(|∂xi
u| − δi)

pi
+ η 1{u<k} dx dt

≤ C

¨
(y,s)+Q−

ρ (M)

(u− k)2− ∂tη dx dt + C
n∑

i=1

¨
(y,s)+Q−

ρ (M)

(u− k)pi− |∂xi
η

1
pi |pi dx dt . (5.1)

Similarly, if u is a local weak subsolution to (1.1), then for every k ∈ R we have

sup
τ ∈ (s−ρp,s]

ˆ
[y+Kρ(M)]

(u− k)2+ η(x, τ) dx +
n∑

i=1

¨
(y,s)+Q−

ρ (M)

(|∂xi
u| − δi)

pi
+ η 1{u>k} dx dt

≤ C

¨
(y,s)+Q−

ρ (M)

(u− k)2+ ∂tη dx dt + C
n∑

i=1

¨
(y,s)+Q−

ρ (M)

(u− k)pi+ |∂xi
η

1
pi |pi dx dt . (5.2)

We are now in a position to prove the Critical Mass Lemma mentioned above. We recall that
local weak subsolutions (resp. supersolutions) to (1.1) are locally bounded from above (resp.
below) in ΩT , provided that additional conditions are satisfied (see Remarks 4.2 and 4.6). Let
us fix a cylinder (y, s) + Q−

2ρ(M) ⋐ ΩT , being (y, s) ∈ ΩT and M,ρ > 0 appropriate. Let µ+,
µ− be such that

µ− ≤ ess inf
(y,s)+Q−

2ρ(M)
u ≤ ess sup

(y,s)+Q−
2ρ(M)

u ≤ µ+ .

We also fix a ∈ (0, 1) and define

Γ = Γ(δ1, . . . , δn,p) :=
n∑

i=1

δpii . (5.3)

Lemma 5.2 (De Giorgi-type/Critical Mass). Assume that (1.2) holds and that u is a local
weak supersolution to (1.1) in the sense of Definition 2.1, locally bounded from below. Let ρ,
M , µ±, a and Γ be as above. Then there exists ν− ∈ (0, 1), depending on the data {n,Λ,p}
and on the parameter a, but not on the radius ρ nor on M , such that if

|{u ≤ µ− +M} ∩ [(y, s) + Q−
2ρ(M)]| ≤ ν− |Q−

2ρ(M)|

and M2 > Γ ρp, then

u ≥ µ− + aM a.e. in [(y, s) + Q−
ρ (M)] . (5.4)

Likewise, if u is a local weak subsolution to (1.1) which is locally bounded from above, then
there exists ν+ ∈ (0, 1), depending on the data {n,Λ,p} and on the parameter a, but not on the
radius ρ nor on M , such that if

|{u ≥ µ+ −M} ∩ [(y, s) + Q−
2ρ(M)]| ≤ ν+ |Q−

2ρ(M)|
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and M2 > Γ ρp, then

u ≤ µ+ − aM a.e. in [(y, s) + Q−
ρ (M)] . (5.5)

Proof. We prove (5.4), since the proof of (5.5) is analogous. Without loss of generality, we
assume (y, s) = (0, 0), just to simplify the notation. Let us set, for any j, ℓ ∈ N0,

ρj := ρ +
ρ

2j
, Kj :=

n∏
i=1

{
|xi| < M

pi−2

pi ρ
p
pi

(
1 +

1

2j+ℓ

)}
, Qj := Kj × (−ρpj , 0] .

Since K0 → Kρ(M) as ℓ → ∞, we fix ℓ such that K0 ⊂ K2ρ(M). Notice that ℓ can be chosen
in such a way that it depends only on n and p. We now introduce the sequence of levels

kj := µ− + aM +
(1− a)M

2j
,

and note that

(u− kj)− ≤
[
aM +

(1− a)M

2j

]
1{u<kj} ≤ M 1{u<kj} a.e. in Q−

2ρ(M) . (5.6)

To move forward, we choose cut-off functions ηi,j ∈ C∞
0 (R; [0, 1]) such that

ηi,j ≡ 1 in πi(Kj+1) , ηi,j ≡ 0 in R \πi(Kj) and |η′i,j| ≤
c 2j

M
pi−2

pi ρ
p
pi

,

where c = c(n,p) > 0 and πi : Rn → R, πi(x) = xi, i ∈ {1, . . . , n}, denotes the canonical
projection onto the i-th spatial coordinate. Similarly, we take Ψj ∈ C∞(R; [0, 1]) such that

Ψj ≡ 0 on

(
−∞,−

ρpj + ρpj+1

2

]
, Ψj ≡ 1 on [−ρpj+1,∞) and 0 ≤ Ψ′

j ≤ c 2(j+1) p

ρp
.

It follows that the smooth cut-off function

ηj(x, t) := Ψj(t)
n∏

i=1

ηpii,j(xi)

satisfies the following properties:
0 ≤ ηj ≤ 1 , ηj ≡ 1 in Qj+1 , ηj ≡ 0 on ∂parQj ,

0 ≤ ∂tηj ≤ c 2(j+1) p

ρp
, |∂xi

η
1
pi
j |pi ≤ c 2j P

Mpi−2 ρp
for every i ∈ {1, . . . , n}.

(5.7)

The construction of this cut-off function is similar to that of ζ̃j in the proof of Theorem 4.1 and
is obtained by suitably modifying the calculations carried out in the Appendix. Now we rewrite
estimate (5.1) with ρj, Kj, Qj, kj and ηj in place of ρ, Kρ(M), Q−

ρ (M), k and η, respectively.
We thus obtain

sup
τ ∈ (−ρpj ,0]

ˆ
Kj

(u− kj)
2
− ηj(x, τ) dx +

n∑
i=1

¨
Qj ∩{u<kj}

(|∂xi
u| − δi)

pi
+ ηj dx dt
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≤ C 2j p

ρp

¨
Qj

(u− kj)
2
− dx dt +

n∑
i=1

C 2j P

Mpi−2 ρp

¨
Qj

(u− kj)
pi
− dx dt ,

where C is a positive constant depending only on n, Λ and p. At this stage, we set

Aj := {(x, t) ∈ Qj : u(x, t) < kj} .

Using the properties of ηj in (5.7) and the definition of Γ in (5.3), we get

n∑
i=1

¨
Qj

|∂xi
[ηj (u− kj)−]|pi dx dt

≤ 2P−1

[
n∑

i=1

¨
Qj

(u− kj)
pi
− |∂xi

ηj|pi dx dt +
n∑

i=1

¨
Aj

ηj |∂xi
u|pi dx dt

]

≤ 22P−2

[
n∑

i=1

c 2j P

Mpi−2 ρp

¨
Qj

(u− kj)
pi
− dx dt +

n∑
i=1

¨
Aj

(|∂xi
u| − δi)

pi
+ ηj dx dt + |Aj|Γ

]
.

Putting together the two previous estimates, applying (5.6) and recalling that M2 > Γ ρp, we
deduce that

Ej := sup
τ ∈ (−ρpj ,0]

ˆ
Kj

(u− kj)
2
− ηj(x, τ) dx +

n∑
i=1

¨
Qj

|∂xi
[ηj (u− kj)−]|pi dx dt

≤ C 2j p

ρp

¨
Qj

(u− kj)
2
− dx dt +

n∑
i=1

C 2j P

Mpi−2 ρp

¨
Qj

(u− kj)
pi
− dx dt + C |Aj|Γ

≤ C 2j P |Aj|
(
M2

ρp
+ Γ

)
≤ C 2j P+1 |Aj|M2

ρp
.

Now we combine these estimates of the energies Ej with the following embedding inequality
(see [49])
¨

Qj

|ηj (u− kj)−|p(
n+2
n ) dx dt

≤ c

 sup
τ ∈ (−ρpj ,0]

ˆ
Kj

(u− kj)
2
− η

2
j (x, τ) dx +

n∑
i=1

¨
Qj

|∂xi
[ηj (u− kj)−]|pi dx dt


n+ p

n

≤ cE
n+ p

n
j .

Observing that (u− kj)− ≥ (kj − kj+1) = (1− a)M/2j+1 in Aj+1, and recalling that ηj = 1 in
Qj+1, we get the chain

[
(1− a)M

2j+1

]p(n+2
n )

|Aj+1| ≤
¨

Aj+1

(u− kj)
p(n+2

n )
− dx dt

≤
¨

Qj

|ηj (u− kj)−|p(
n+2
n ) dx dt ≤ cE

n+ p
n

j

≤ C 2bj M
2(n+ p)

n

ρ
p(n+ p)

n

|Aj|1+
p
n , (5.8)
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where b = b(n,p) > 1. At this point, we set

Yj :=
|Aj|
|Qj|

and observe that |Qj|
p
n ≤ c(n,p)Mp− 2ρ

p
n
(n+ p). Dividing both sides of (5.8) by |Qj+1|, and

noticing that |Qj+1| ≥ 2−(n+ p) |Qj|, we obtain

Yj+1 ≤ C 2bj M2− p

(1− a)
p(n+2)

n ρ
p(n+ p)

n

|Aj|1+
p
n

|Qj|

≤ C 2bj

(1− a)
p(n+2)

n

Y
1+ p

n
j =: γ 2bj Y

1+ p
n

j , (5.9)

where γ is a positive constant depending only on n, Λ, p and a. In the previous estimate, we
may assume that C > 1; hence, γ > 1, since a ∈ (0, 1). According to Lemma 2.5, the estimate
(5.9) yields Y∞ := limj→∞ Yj = 0 provided that

Y0 :=
|{u < µ− +M} ∩ Q0|

|Q0|
≤ γ−

n
p 2

− b n2

p2 =: ν∗. (5.10)

Then Y∞ = 0 implies (5.4). It remains to prove that (5.10) holds.
We set ν− := ν∗/γ∗, where ν∗ ∈ (0, 1) is defined in (5.10) and γ∗ is such that |Q−

2ρ(M)| ≤ γ∗ |Q0|.
Therefore, γ∗ ≥ 1 and

|{u < µ− +M} ∩ Q0| ≤ |{u ≤ µ− +M} ∩ Q−
2ρ(M)| ≤ ν− |Q−

2ρ(M)| ≤ ν∗ |Q0| ,

which ensures (5.10).
In order to prove (5.5), we may proceed as above, considering the energy estimates (5.2) in

the same iterative geometry, but this time using the truncations (u− kj)+ with

kj = µ+ − aM − (1− a)M

2j
.

This concludes the proof.

At this point, we are ready to state the following result.

Theorem 5.3. Assume that (1.2) holds and that u is a local weak supersolution to (1.1) in
the sense of Definition 2.1, locally bounded from below. Then u has a lower semicontinuous
representative in ΩT .
Likewise, if u is a local weak subsolution to (1.1) which is locally bounded from above, then u
has an upper semicontinuous representative in ΩT .

Proof. We proceed in a way reminiscent of [30] and [60]. Let u be a local weak supersolution
to (1.1) in the sense of Definition 2.1, locally bounded from below. Set Qρ := Q−

ρ (1) for all
ρ > 0, and consider the lower semicontinuous regularization of u, defined by

u∗(x, t) := lim
ρ→0+

ess inf
(x,t)+Qρ

u for (x, t) ∈ ΩT .

We observe that this function is well defined at every point of ΩT , since u is locally bounded
from below and (x, t) + Qρ ⊂ ΩT for small values of ρ. It is well known that u∗ is lower
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semicontinuous. Therefore, showing that u = u∗ almost everywhere in ΩT yields the desired
conclusion. In order to prove this equality, we also define the set

L :=

{
(x, t) ∈ ΩT : |u(x, t)| <∞, lim

ρ→0+
−−
¨

(x,t)+Qρ

|u(x, t)− u(y, s)| dy ds = 0

}
.

This set is well defined, since u ∈ L1
loc(ΩT ). Moreover,

|L| = |ΩT | (5.11)

(see [30, Section 4]). Taking (5.11) into account, it is sufficient to prove u = u∗ in L. For all
(x, t) ∈ L, we have

u∗(x, t) = lim
ρ→0+

ess inf
(x,t)+Qρ

u ≤ lim
ρ→0+

−−
¨

(x,t)+Qρ

u(y, s) dy ds = u(x, t) .

To show the reverse inequality, we argue by contradiction. Let us take (x0, t0) ∈ L and suppose
that u∗(x0, t0) < u(x0, t0). Let r, b > 0 be sufficiently small so that (x0, t0) + Qr ⊂ ΩT and

ess inf
(x0,t0)+Qr

u =: µ− ≤ u∗(x0, t0) < µ− + b < u(x0, t0) .

This choice is possible by the very definition of u∗, since u∗(x0, t0) is close to µ− for small values
of r. Let us introduce a ∈ (0, 1) such that

µ− + ab > u∗(x0, t0) , i.e.,
u∗(x0, t0)− µ−

b
< a < 1 .

Now we set

ρ∗ := inf

{(
b2

Γ

) 1
p

,
r

2
, min
1≤ i≤n

{
b

2−pi
p
r

2

}}
,

where Γ is defined in (5.3). If Γ = 0 (which occurs only when δi = 0 for all i ∈ {1, ..., n}), the
quantity (b2/Γ)1/p is understood as +∞. With the above choice of ρ∗, for every ρ ∈ (0, ρ∗) one
has

b2 > Γ ρp and Q−
2ρ(b) ⊂ Qr .

Therefore, for every ρ ∈ (0, ρ∗) we have

µ− ≤ ess inf
(x0,t0)+Q−

2ρ(b)
u .

At this point, we prove that there exists ν−a > 0, depending only on a, n, Λ, p, such that for
some ρ̃ ∈ (0, ρ∗) one has

|{u ≤ µ− + b} ∩ [(x0, t0) + Q−
2ρ̃(b)]| ≤ ν−a |Q−

2ρ̃(b)| . (5.12)

If this were not the case, then for every ρ ∈ (0, ρ∗) we would have
¨

(x0,t0)+Q−
2ρ(b)

|u(x0, t0)− u(x, t)| dx dt ≥
¨

{u≤µ−+ b}∩ [(x0,t0)+Q−
2ρ(b)]

[u(x0, t0)− (µ− + b)] dx dt

≥ ν−a [u(x0, t0)− (µ− + b)] |Q−
2ρ(b)| ,
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which, after dividing by |Q−
2ρ(b)|, yields

−−
¨

(x0,t0)+Q−
2ρ(b)

|u(x0, t0)− u(x, t)| dx dt ≥ ν−a [u(x0, t0)− (µ− + b)] > 0 , (5.13)

for all ρ ∈ (0, ρ∗). Setting

κ = κ(n,p, b) := max

{
2, max

1≤ i≤n

{
2 b

pi−2

p

}}
,

it is easy to verify that Q−
2ρ(b) ⊆ Qκρ, and hence

−−
¨

(x0,t0)+Q−
2ρ(b)

|u(x0, t0)− u| dx dt ≤ |Qκρ|
|Q−

2ρ(b)|
−−
¨

(x0,t0)+Qκρ

|u(x0, t0)− u| dx dt . (5.14)

Observe that
|Qκρ|

|Q−
2ρ(b)|

= max

{
1, max

1≤ i≤n

{
b
(pi−2)(n+p)

p

}} n∏
j=1

b
2− pj
pj ,

i.e., this ratio depends only on n, p, b, but not on the radius ρ. Then, from (5.14) and the fact
that (x0, t0) ∈ L, it follows that

lim
ρ→0+

−−
¨

(x0,t0)+Q−
2ρ(b)

|u(x0, t0)− u(x, t)| dx dt = 0 ,

which contradicts (5.13). Therefore, condition (5.12) holds for some ρ̃ ∈ (0, ρ∗), and we may
apply Lemma 5.2 to deduce that

u(x, t) ≥ µ− + ab > u∗(x0, t0) , for a.e. (x, t) ∈ [(x0, t0) + Q−
ρ̃ (b)] .

This however contradicts the definition of u∗(x0, t0), since

u∗(x0, t0) = lim
ρ→0+

ess inf
(x0,t0)+Qρ

u ≥ ess inf
(x0,t0)+Q−

ρ̃ (b)
u > u∗(x0, t0) .

As a result, we must have u∗(x, t) ≥ u(x, t) for all (x, t) ∈ L.
Finally, the second part of the statement follows from the observation that if u is a local

weak subsolution to (1.1), then −u is a local weak supersolution, together with the fact that
the additive inverse of a lower semicontinuous function is upper semicontinuous.

Remark 5.4. Theorem 5.3 implies that the corresponding semicontinuous representatives of
u actually satisfy the pointwise bound (5.4) or (5.5) for every point in the intrinsic cylinder
(y, s) + Q−

ρ (M).

Remark 5.5. Let u be a local weak solution to (1.1) in the sense of Definition 2.2, and
assume that u is locally bounded in ΩT . By Theorem 5.3, u admits a lower semicontinuous
representative u∗ and an upper semicontinuous representative ũ. However, this result does not,
in general, imply that u is continuous on ΩT . Indeed, one cannot exclude that

u∗(x, t) < ũ(x, t)

on a nonempty set of Lebesgue measure zero. Therefore, continuity of u cannot be deduced
solely from the existence of these semicontinuous representatives. In this regard, we aim to
address the continuity of local weak solutions in the case p1 = · · · = pn in future work.
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A Appendix

In what follows, we first show how to explicitly construct a cut-off function ζ of the form
(3.1), satisfying (3.2) and (3.3) with (x0, t0) = (0, 0). Then, we construct a smooth cut-off
function ζ̃j having the properties stated in (4.7).

Construction of the cut-off function ζ. Let χ ∈ C∞(R) be a non-decreasing function such
that

0 ≤ χ ≤ 1 , χ ≡ 0 on (−∞, 0] , χ ≡ 1 on [1,∞) .

For example, one can take

χ(t) =
Z(t)

Z(t) + Z(1− t)
, with Z(t) :=

{
e−

1
t if t > 0,

0 if t ≤ 0.

As an immediate consequence of Lagrange’s mean value theorem, we have that ∥χ′∥∞ ≥ 1.
For i ∈ {1, . . . , n} and ρ ∈ (0,∞), we choose three positive numbers ai, bi and ϵ such that

0 < bi < ai < ρ
1
pi and ϵ ∈ (0, ρ) .

Furthermore, we define

ψ(t) := χ

(
2t+ 2ρ− ϵ

ϵ

)
, t ∈ R ,

and
ζi(s) := χ

(
s+ ai
ai − bi

)
χ

(
ai − s

ai − bi

)
, s ∈ R .

One can easily check that ψ ∈ C∞(R; [0, 1]) is a non-decreasing map such that

ψ ≡ 0 on
(
−∞,−ρ+ ϵ

2

]
, ψ ≡ 1 on [−ρ+ ϵ,∞) ,

while the functions ζi satisfy

ζi ≡ 1 on [−bi, bi] , ζi ≡ 0 on R \ (−ai, ai) .

Therefore,

ζi ∈ C∞
0 (R; [0, 1]) and supp ζi ⊂ (−ρ

1
pi , ρ

1
pi ) for every i ∈ {1, . . . , n}.

Now we consider the smooth cut-off function

ζ(x, t) := ψ(t)
n∏

i=1

ζpii (xi) , (x, t) ∈ Rn+1.

By the properties of ψ and ζ1, . . . , ζn, we immediately deduce that

0 ≤ ζ ≤ 1 , ζ ≡ 0 on ∂parQρ , ζ ≡ 1 in
n∏

i=1

(−bi, bi)× (−ρ+ ϵ, 0) .

Construction of the cut-off function ζ̃j. For i ∈ {1, . . . , n} and a fixed j ∈ N0, we set

ai,j := (ρ̃j)
1
pi , bi,j := ρ

1
pi
j+1 ,
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where ρj+1 and ρ̃j are defined in (4.4) and (4.5), respectively. Thus we have 0 < bi,j < ai,j < ρ
1
pi
j .

Moreover, we define

ψj(t) := χ

(
t+ ρ̃j

ρ̃j − ρj+1

)
, t ∈ R , (A.1)

and
ζ̃i,j(s) := χ

(
s+ ai,j
ai,j − bi,j

)
χ

(
ai,j − s

ai,j − bi,j

)
, s ∈ R . (A.2)

Then, ψj ∈ C∞(R; [0, 1]) is a non-decreasing map such that

ψj ≡ 0 on (−∞,−ρ̃j] , ψj ≡ 1 on [−ρj+1,∞) ,

while the functions ζ̃i,j satisfy

ζ̃i,j ≡ 1 on [−bi,j, bi,j] , ζ̃i,j ≡ 0 on R \ (−ai,j, ai,j) .

Therefore,

ζ̃i,j ∈ C∞
0 (R; [0, 1]) and supp ζ̃i,j ⊂ (−ρ

1
pi
j , ρ

1
pi
j ) for every i ∈ {1, . . . , n}.

Now we consider the smooth cut-off function

ζ̃j(x, t) := ψj(t)
n∏

i=1

ζ̃pii,j(xi) , (x, t) ∈ Rn+1.

By the properties of ψj and ζ̃1,j, . . . , ζ̃n,j, we immediately have that

0 ≤ ζ̃j ≤ 1 , ζ̃j ≡ 1 in Qj+1 , ζ̃j ≡ 0 on ∂parQj ,

where the cylinders Qj and Qj+1 are defined as in the proof of Theorem 4.1. Furthermore, by
(A.1) and the definitions of ρj+1, ρ̃j, we have

ψ′
j(t) =

1

ρ̃j − ρj+1

χ′
(

t+ ρ̃j
ρ̃j − ρj+1

)
=

2j+2

(1− σ) ρ
χ′
(

t+ ρ̃j
ρ̃j − ρj+1

)
,

and therefore

0 ≤ ∂tζ̃j(x, t) = ψ′
j(t)

n∏
i=1

ζ̃pii,j(xi) ≤ 2j+2 ∥χ′∥∞
(1− σ) ρ

for every (x, t) ∈ Rn+1. (A.3)

Now, using (A.2), the definitions of ai,j and bi,j, and the fact that 0 ≤ χ ≤ 1, we obtain, for
every s ∈ R,

|ζ̃ ′i,j(s)| =
1

ai,j − bi,j

∣∣∣∣χ′
(
s+ ai,j
ai,j − bi,j

)
χ

(
ai,j − s

ai,j − bi,j

)
− χ

(
s+ ai,j
ai,j − bi,j

)
χ′
(
ai,j − s

ai,j − bi,j

)∣∣∣∣
≤ 2 ∥χ′∥∞

(ρ̃j)
1
pi − ρ

1
pi
j+1

.

Then, for every (x, t) ∈ Rn+1, we get

|∂xi
ζ̃

1
pi
j (x, t)|pi = ψj(t) |ζ̃ ′i,j(xi)|pi

∏
ℓ̸=i

ζ̃pℓℓ,j(xℓ) ≤

 2 ∥χ′∥∞

(ρ̃j)
1
pi − ρ

1
pi
j+1

pi

. (A.4)
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At this point, we consider the function gi : [0,∞) → [0,∞) defined by

gi(s) := s
1
pi , i ∈ {1, . . . , n}.

By Lagrange’s mean value theorem, there exists some κi,j ∈ (ρj+1, ρ̃j) such that

(ρ̃j)
1
pi − ρ

1
pi
j+1 = gi(ρ̃j)− gi(ρj+1) =

ρ̃j − ρj+1

pi
κ

1
pi

− 1

i,j , (A.5)

Joining (A.4) and (A.5), using the definitions of ρj+1 and ρ̃j, together with the inequalities
κi,j < ρ̃j < ρ and pi > 1, and recalling that ∥χ′∥∞ ≥ 1, σ ∈ (0, 1) and P := max {p1, . . . , pn},
we obtain

|∂xi
ζ̃

1
pi
j |pi ≤

(2 pi ∥χ′∥∞)pi κpi−1
i,j

(ρ̃j − ρj+1)pi
≤ (2j+3 P ∥χ′∥∞)P ρpi−1

(1− σ)pi ρpi
≤ (2j+3 P ∥χ′∥∞)P

(1− σ)Pρ
. (A.6)

Finally, taking c = (8P ∥χ′∥∞)P, from (A.3) and (A.6) we get

0 ≤ ∂tζ̃j ≤ c 2j

(1− σ) ρ
and |∂xi

ζ̃
1
pi
j |pi ≤ c 2jP

(1− σ)Pρ
for every i ∈ {1, . . . , n}.
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