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Abstract

In this paper, we consider a parabolic counterpart of Serrin’s overdetermined prob-
lem, in which the overdetermined condition (constant flux condition) is imposed only
on a discrete infinite set of time values. We show that, under suitable regularity
assumptions on the domain, such a discrete-time overdetermined problem admits a
solution if and only if the domain is a ball. Remarkably, depending on the temporal
scale, the same overdetermined condition captures either geometric or spectral infor-
mation, yet both mechanisms lead to the same rigidity conclusion. We study both the
case in which the constant flux condition is imposed on the boundary and the case in
which the constant flux condition is imposed on an interior surface. We remark that
the methods employed in our analysis do not depend on the location of the overdeter-
mined surface but only on whether the sequence of time instants accumulates away
from zero. Finally, we will show how this problem generalizes to complete Riemannian

manifolds.
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1 Introduction

Let Q be a bounded domain of R (N > 2). We consider the following initial /boundary-
value problem for the heat equation:
Ou = Au in Q x (0,00),
u=1 on Q x {0}, (1.1)
u=0 on 9N x (0,00).

In what follows, it will be convenient to think of w as a function of time with values in

a function space X (2), instead of a real-valued function of several variables. In such cases,



we will employ the notation ¢t — wu(t) € X (), where X () is a function space of real-
valued functions defined on € (which may depend on the context) and u(t)(x) := u(x,t)
for x € Q and t > 0.

This paper addresses the problem of characterizing Euclidean balls by the behavior of
the heat flur O,u(t) of the solution to (L.I). This can be seen as a natural extension
of Serrin’s overdetermined problem to a parabolic setting. In his celebrated paper [34],

J. Serrin studied the following elliptic overdetermined problem:
—AU=1 inQ, U=0 ond, 0,U=c ondQ, (1.2)

where 0, denotes the exterior normal derivative, and ¢ is a real constant. He showed
that if Q is a bounded domain of class C?, then problem admits a solution U €
C%(Q) if and only if © is a ball (and the solution U is radial). Serrin’s original proof
relies on a newly introduced method, now referred to as the method of moving planes,
which refines Aleksandrov’s reflection principle (see [1]). In the following years, many
mathematicians worked on improving Serrin’s result in multiple directions: by providing
alternative methods of proof (see [37] for a new strategy using a P-function and the
maximum principle), by extending it to the manifold setting (see [2I] for positive results
in the hyperbolic space, and in the sphere for domains included in a hemisphere; and
[11] for counterexamples to symmetry in the sphere under no additional assumption),
by weakening the regularity assumptions on the domain ([36] showed that C! regularity
for the boundary is enough to obtain symmetry if the overdetermination is considered
in some suitable generalized sense, [28] extended Serrin’s result to domains with a cusp,
and finally [13] showed that Serrin’s result holds true among bounded domains of finite
perimeter that satisfy some density bounds), and by extending the result to nonlinear
operators (see [16], 14, 10] for an extension to the p-Laplacian and [12, 15, O] for the
oo-Laplacian; further developments also include equations driven by fully nonlinear non-
divergence-form operators, such as k-Hessian equations [4].) For a more general overview
and a complete list of references, we suggest the surveys [27] 23].

The parabolic counterpart of Serrin’s problem has also been studied from several per-
spectives. A first important contribution in this direction is 2], in which the authors
considered symmetry for a class of possibly degenerate parabolic equations, thus provid-
ing an early parabolic analogue of the Aleksandrov—Serrin theory. For the heat equation,
a more specific line of research was later developed in [24] through the study of stationary
isothermic surfaces, that is, spatial level surfaces of the temperature which do not depend

on time. The results proved in [24], together with subsequent extensions provided in [25],



show that such overdetermined parabolic information has strong geometric consequences
and, in the bounded case, characterizes balls. This point of view is also closely related
to the constant flow property, introduced in the Riemannian setting in [3 [32] and further
investigated for two-phase conductors in [5], and later for general multi-phase conductors
in [6].

In the pursuit of extending Serrin’s problem to the parabolic setting, one might first
consider the following naive question:
“For what bounded domain Q C RN does the solution u of also satisfy the following

overdetermined condition at all times t > 0 for some function b(+) ?”
dyu(t) = b(t) on ON. (1.3)

In other words, such a problem aims to characterize all bounded domains satisfying the
“constant flow property” at the boundary (see [32], where such terminology was first
introduced in the context of the heat flow on Riemannian manifolds, and [5], where the
authors characterized the geometry of two-phase heat conductors with the constant flow
property). Although maybe not obvious at first glance, requiring the overdetermined
condition to hold for all ¢ > 0 is a very restrictive assumption. Indeed, if u satisfies
both and for all ¢ > 0, then one can readily check that the function

U(zx) = /OOO u(x,t)dt

satisfies Serrin’s overdetermined problem for ¢ := [;° b(t) dt. In other words, if
holds for all t > 0, then 2 must be a ball. Analogous reduction techniques used to turn a
parabolic overdetermined problem into a more manageable elliptic one via time integrals
or integral transforms in the time variable are presented in [29] 30} 311 [5, [6].

The previous observation shows that prescribing the overdetermined condition for
every t > 0 is too restrictive if one wishes to obtain genuinely parabolic phenomena, since
the problem reduces to the classical elliptic setting. It is therefore natural to ask whether
a weaker requirement in time still carries geometric information about the domain.

In what follows, we consider the following overdetermined boundary condition at in-

finitely many times.

There exist sequences (), C (0,00) and (by), C R such that
Oyu(ty) =b, ondQ forallneN,

(1.4)

where the equality is understood in the sense of weak conormal derivatives (see Defini-

tion .



At first glance, imposing the condition only at a sequence of times, as in , might
appear as a purely technical relaxation. However, this is not the case. Indeed, unlike
condition , the discrete-time overdetermination does not allow for a direct reduction
to an elliptic problem via time-integration. As a consequence, the problem retains an
intrinsically parabolic nature, and its analysis requires a different set of tools, combining
spectral information and short-time asymptotics. In this sense, the newly introduced
condition should be regarded not merely as a weakening of , but rather as a
genuinely different regime where the temporal structure of the heat flow plays a crucial
role.

At first glance, imposing the condition only at a sequence of times, as in , might
appear as a purely technical relaxation. However, this is not the case. The novelty of
our approach lies in the fact that the discrete-time overdetermination prevents a direct
reduction to an elliptic problem via time-integration. Consequently, the problem remains
genuinely parabolic and exhibits two distinct rigidity mechanisms depending on the accu-

mulation point t* € [0, co] of the sequence (ty,)n:

e A spectral rigidity mechanism when t* € (0, o], where the overdetermination
encodes the long-time behavior of the heat flow and the spectral properties of the

Dirichlet Laplacian;

e A short-time geometric rigidity mechanism when t* = 0, governed by the local

geometry of the boundary via heat-content asymptotics.

This dichotomy highlights an intrinsically parabolic feature: the same boundary condi-
tion, observed at different temporal scales, triggers two independent phenomena that both
ultimately enforce spherical symmetry.

Clearly, if €2 is a ball, then the solution to (|1.1]) satisfies the overdetermined condition
for all times ¢ > 0, thus in particular, for any sequence (t,),. In fact, we will show
that satisfying is sufficient to characterize the ball among domains with a suitable
regularity assumption.

We now present our main results, which show that both regimes t* € (0, 0c] and t* = 0

yield the same rigidity conclusion.

Theorem 1. Let Q be a bounded Lipschitz domain of RN (N > 2). Suppose that the
solution to (1.1)) satisfies the overdetermined condition (1.4]) and the sequence (t)n has

an accumulation point t* € (0,00]. Then, Q is a ball.



Theorem II. Let Q be a bounded domain of RN (N > 2) whose boundary is of class C.
Suppose that the solution to (1.1 satisfies the overdetermined condition (1.4) and the

sequence (tn)n has t* =0 as an accumulation point. Then, Q is a ball.

Remark 1.1 (On the difference in the regularity assumptions of Theorems . As pre-
viously stated, the two cases t* € (0,00] and t* = 0 translate to essentially different infor-
mation on the behavior of the solution w. Indeed, while case (i) determines the long-time
behavior of the heat flow, thus giving us information on the eigenfunctions of the Dirichlet
Laplacian on ) (see the proof of Theorem |Z| given in section @, case (ii) determines the
short-time behavior of the heat flow, thus giving us information on the curvature of 0f2
(see the proof of Theorem given in section . This essential difference is reflected in

the distinct reqularity assumptions imposed in Theorems [,

In addition to Theorems [T} an analogous symmetry result can be obtained by im-
posing the overdetermination on a surface inside 2. Similarly to condition (1.4]), we can
consider the following overdetermined condition, imposed on the boundary of a subdomain

w of © for countably infinitely many instants of time.

There exist a Lipschitz subdomain () # w C @w C 2 and
sequences (tn)n, (Tn)n C (0,00), (an)n, (bn)n C R such that (1.5)
u(ty) = an, Oyu(t,) =b, on dw forall n € N,

where the equalities above have to be understood in the sense of traces (for u(r,)) and in

the sense of weak conormal derivatives (for d,u(ty)).

Theorem III. Let Q be a bounded domain of RN (N > 2) whose boundary OS2 is made
entirely of reqular points for the Dirichlet Laplacian (see [18, Chapter 8]). Suppose that the
solution to (1.1) satisfies the overdetermined condition for some sequences (t,), and
(Tn)n. Assume that (tp)n and (Tn)n have accumulation points t*, 7% € (0, 00| respectively.

Then, w and Q are concentric balls.

Remark 1.2 (Why the overdetermined surface in Theorem must be the boundary
of a subdomain). In the setting of Theorem we assumed that the overdetermined
surface Ow is the boundary of a subdomain w C w C Q. We remark that this is not a
technical assumption. Indeed, just requiring condition to stmply hold on a closed
manifold T' C Q is not enough to conclude that 92 and I’ are concentric spheres. A simple

counterexample is given by the following annular configuration:

Q:=Br\B,, TI':=0B,, (0<r<p<R).



Plan of the paper. This paper is organized as follows. In section [2, we present some
preliminary results on weak conormal derivatives and the eigenvalue expansion of the
solution to the heat equation. In section[3] we show Theorem|[[|by turning the discrete-time
overdetermination into an overdetermined condition on the Dirichlet eigenfunctions
of the Laplacian and then conclude by making use of Serrin’s theorem on rough domains
[13]. In section 4, we show Theorem {4| by turning the discrete-time overdetermination
into a condition on the mean curvature of 9¢2, and then conclude by the classical
Aleksandrov’s soap bubble theorem [I]. In section [5| we give a proof of Theorem [III| along
the lines of Theorem [l Finally, in section [6] we discuss how the above results generalize

to the case of complete Riemannian manifolds such as space forms.

2 Preliminaries

In this section, we present some preliminary technical results concerning weak conormal

derivatives and the eigenvalue expansion of the solution u of (|1.1)).

Definition 2.1 (Weak conormal derivative). Let Q be a bounded Lipschitz domain of RN
(N >2). Let p € HY(Q) be such that Ap € L*(). Then, we can define its conormal

derivative

Op € HY2(00) := (HY2(00))

via the following duality pairing:
s s = [ Apit [ VooV, (2.1)

Here, @Z denotes the harmonic extension of v, that is, the unique function J € HY(Q)
satisfying
o o =¥ and / Vi -Vw=0 foralwe H}Q). (2.2)
Q
Finally, for any given constant b € R, the notation 0, = b will be used as a shorthand

for the following:
H-1/2{000,0) gije = b/ W for all ¢ € HY?(9).
o0

Remark 2.2 (On the regularity assumptions in Definition . In Definition we
consider a function ¢ € HY(Q) with Ap € L*(Q). One might wonder whether such a ¢
automatically belongs to H*(Y). Unfortunately, in general, this is not the case. Indeed,

peculiar Lipschitz domains € are known to exist where the solution to the Laplace equation



with data in L?(QY) and Dirichlet 0 boundary condition fails to belong to H?() (see [20,
Theorem A, 2]). As a result, the gradient V¢ only belongs to L?(Q) in general, and so it

does not necessarily admit a trace in the classical sense.

Remark 2.3. Notice that the pairing (2.1)) coincides with a formal application of integra-
tion by parts. Also, notice that the second term in the right-hand side of (2.1]) vanishes if
¢ has constant trace on O (thus, in particular, when ¢ € H}(Q)) by ([2.2)

Remark 2.4. The pairing (2.1) actually defines a bounded linear mapping from H/?(98)
to R, that is, B, € H~Y2(89Q), as claimed. Linearity is obvious, while boundedness is a

consequence of the following estimate (see [26, Lemma 4.3]):

10vell 172000 < Crllell 1) + CallAell L2 - (2.3)
for some C1,Cs > 0 independent of .

Functions with a constant weak conormal derivative can actually be characterized
without explicitly mentioning the constant at play. As the following result shows, this can

be done by making use of the subspace of zero-average functions:

HY*(09) = {¢ e HY2(0Q) ‘ /m¢ = 0} . (2.4)

Lemma 2.5. Let Q and @ satisfy the assumptions of Definition (2.1 Then, the following

are equivalent:
(a) Oy = b for some b € R in the sense of Definition .
(B) 4-1/2(000,00) 12 = 0 holds true for all 1 € HY*(09).

Proof. The implication (a) = (b) follows readily from Definition In what follows,
we will show (b)) = (a). To this end, assume (b) and take an arbitrary ¢ € HY/2(99).
Set

1 T prl)/2
= ,am/mw, b = — G € HY*(09).

We have B
112000, V) 12 = o2 i) iss + 12000 )
=0
_ _ 1
=0 O i = [ Do 1= [0 [ A,
Q 09 Joo ™ Ja
which is nothing but (a) with b = ﬁ Jo Ag. O



Let D(Ap) denote the “domain of the Dirichlet Laplacian”, defined as
D(Ap) := {v € Hj(Q) ’ Av € L*(Q) (in the sense of distributions)} :

We recall that, for a function v € Hg (), the expression “Av € L?(f2) in the sense of

distributions” means that there exists some f € L?(Q) such that

/ Vv - Vw = —/ fw for all w € H(Q). (2.5)
Q Q

Moreover, in such a case, we will write Av = f. We remark that the space D(Ap) becomes

a Banach space when endowed with the following graph norm:

[l peap) =lvlla @) +1Av L2 q) -

Lemma 2.6. Let ® € D(Ap) satisfy —A® = 1 € L?(Q). If, in addition, its weak
conormal derivative 0,® satisfies p;-1/2(0,P, 1) 12 = 0 for all ¢ € Hi/Q(GQ), then there
exists some b € R such that ® is also a weak solution to the following boundary value

problem.:

“Ad=1 inQ, 0,2=0b on oS,
that is, ® € H} () satisfies
/V@-Vw:/w—i—b/ w  for allw € H' (). (2.6)
Q Q 19)

Proof. By Lemma there exists some b € R such that 0,® = b in the sense of weak

conormal derivatives. Take an arbitrary w € H*(2). We can decompose it as
w=wy+ W,
where w € H*(f) is the harmonic extension of w| 5 In other words, w | 00 = w| e and

/ V@ -Vo=0 forallve H) Q). (2.7)
Q

Also, notice that wg € HE(Q) by construction.
Using ® € H} () as a test function in (2.7) yields

/ Vw - Vo = 0. (2.8)
Q
On the other hand, integrating —A® = 1 against wq yields

/’LUO = —/ A<I>w0 = / Vo . Vw(). (2.9)
Q Q Q

8



Now, combining (2.8), (2.9)), and the fact that 9, = b in the sense of conormal derivatives

yields
/V@-Vw:/V(I)-Vwo—l-/V(I)-V@:/woz/w—/{ﬁ
Q Q Q Q Q Q
=0
:/Qw—t—/QAq)@:/Qw+H1/2<3,,(I>,w’aﬂ>H1/2 :/Qwﬂ-b/{mw.
Since w € H'(f2) was arbitrary, this concludes the proof. O

2.1 On the eigenfunction expansion of the solution

Consider the following eigenvalue problem:
Find ¢ such that / Vo -Vw =\ / pw for all w € HY(R). (2.10)
Q Q

It is known that, without any additional smoothness assumptions on €2, problem ([2.10)) ad-
mits an increasing sequence of positive eigenvalues, which will be counted with multiplicity
as follows:

D<A <A< <A< A1 <0 S oo

Also, let (¢x)ken C HE(Q) denote an orthonormal family (in L?(€2)) of eigenfunctions of
(2.10). We remark that sometimes it will be more convenient to index the eigenvalues of
(2.10) by counting them without multiplicity, as

D<A <A< A< <A <A1 <+ S o0
In this case, Ay will be defined inductively by
A=, Agyq = min{)\j |j eN, ;> Ak} for k > 1.
Also, for k € N, V;, will denote the eigenspace corresponding to Ag:
Vii={oe H(Q) | -20 = Mo}

Lemma 2.7. Letr € R and 7 > 0. Then the following series converge:

o0 oo
D ONe T e M (2.11)
k=1 k=1



Proof. First, we recall the following well-known lower bound for \; (see [22, Corollary 1]):

where C(N, |Q?]) is an explicit positive constant depending only on N and |2].
Notice that, for k large enough, we get

kQA};e—Ak.T < k2/\2€_/\k7— < C(N, ’QD—N}\;CV-H‘e—)\kT,

where we have made use of (2.12)) in the last inequality. Now, since A\, — oo when k — oo,

the above implies
e = o(1/k?), ALe ™7 =0(1/k?) as k — oo,
whence the series in (2.11]) converge, as claimed. O

The following immediate corollary of Lemma will turn out to be useful in studying

overdetermined conditions in case t* € (0, 00).

Corollary 2.8. Let (vx)r C C be a sequence satisfying |vi| < DAy for some positive

constant D independent of k. Then, the series
(e.)
fz) = e
k=1

defines a holomorphic function in {z € C | Rez > 0}.

Proof. Since each term in the series is a holomorphic function, it will suffice to show that
the series converges uniformly on any compact subset K C {z € C | Rez > 0}.

To this end, set 7 := min,cx Re z > 0 and notice that

< DAke_AkTa

”Yke_A’“Z

whence, Lemma implies the desired convergence. As a result, f is holomorphic in
K, being the uniform limit of a sequence of holomorphic functions. We conclude by the

arbitrariness of K C {z € C| Rez > 0}. O

In what follows, we will show how to express the solution to (1.1)) as an infinite series
through an eigenfunction expansion. We will focus on the convergence properties of the

series expansion.

10



For each k € N, let oy, := fQ ¢, and consider the following series:

u(t) = Zake_’\kt¢k. (2.13)
k=1

Sometimes it will be more convenient to express (2.13|) by gathering together the elements

belonging to the same eigenspace, as follows:

o
u(t) == Ze‘A’“t@k, where @, 1= Z a;jd;. (2.14)
k=1 jeN
-y

Proposition 2.9. The series (2.13)—(2.14]) converge, to the same function, in the norms
of C°([0,00), L*()) and C*([r,0), D(Ap)) for all T > 0.

Proof. First, we will show convergence in the C° ([O, oo),LZ(Q))-norm. To this end, we
will show that both (2.13)—(2.14]) are Cauchy sequences. For natural numbers m > n, the
orthonormality of the family {¢y}x yields the following

m m
Z ake_k’“tqbk = max Z ake_’\ktgbk
k=n ) k=n

te[0,00
C9([0,00),L2(2)) L2(Q)

1/2

m m 1/2
= max | Y [ore | gkl|F2 g = (Y lexl?) -
te[0,00) Pl m

Since the above converges to 0 as m,n — oo by the definition of ay, we conclude that
(2.13) converges in the C° ([0, 00), L?(€2))-norm as claimed.
Now, to show convergence in the C! ([7,00), D(Ap))-norm, it will be enough to show

that (2.13)) is uniformly absolutely convergent in the same norm. We have

e

— —Agt )\ —Apt
1 (100 D(BD)) te[ﬁé)b&ﬂe ||¢k||D(AD)+t£§“®)§) klowle™ ¥ okl peap)

= (A + Dlarle ™16kl peay) = Mk + Dlakle™ (VA 4+ Ak) < (VA 4+ M) Ak + 1[0 e 7.

The desired convergence then follows from Lemma
Finally, since the sequence of partial sums of (2.14)) is nothing but a subsequence of

those of (2.13)), (2.14]) converges to the same function as (2.13)) in the norms of
C° ([0, 00), L*(2)) and C* ([r,00), D(Ap)) as well. This concludes the proof. O

Corollary 2.10. Let u = u(t) be the function defined via the eigenfunction expansions
(2.13)—(2.14)). Then, the differential operators 0, A, and 9, act on u term-wise. In other

11



words, for all t > 0, we have:

Ou(t) = Au(t) = Z —)\kake_Aktgbk = Z —Ake_AktCDk, (2.15)
k=1 k=1
Opu(t) = are Wo,gp =Y e Mo, By, (2.16)
k=1 k=1

where convergence holds in C°([r,00), D(Ap)) NC*([r,00), L*(Q)) for [2.15) and in
Cl([r, oo),H_1/2(8Q)) for (2.16]) (both, for any given T > 0). In particular, u solves
).

Proof. The claim follows by combining Proposition 2.9 with the continuity of the following

operators:
9 : C' ([r,00), D(Ap)) — C°([r,0), D(ADp)),

A: G ([r,00),D(Ap)) — C! ([Tv OO)aLZ(Q)) )

8, : C* (|r,00), D(Ap)) —> C" ([T, oo),H_l/z(Z?Q)) .

3 Proof of Theorem [II

In this section, we give a proof of Theorem [[}

Proof of Theorem[] Let u be the solution to (1.1)) and assume that u satisfies (1.4) for a
sequence (t,), with an accumulation point t* € (0, cc]. By the unique solvability of (1.1)),
Corollary 2.10] implies that
o0
u(t) == Z e Ml

k=1

where @y, are defined according to (2.14]). Take now an arbitrary function ¢ € H, / 2(9)

Following Definition overdetermined condition (1.4]) then yields:
oo
0 = H71/2<8uu(tn), 1/J>H1/2 = Z’yke_Akt", Where Yk = H71/2<a,/(1)k, ¢>H1/2 . (31)
k=1

Here we made use of (2.16)) of Corollary to justify the interchange between the duality

pairing and the series in the above.

12



In what follows, we will give an upper bound for |yx|. First, (2.3) (combined with the

Poincaré inequality) yields:

k] = |r-172000 @k 0) gy | <NBu @il 17200 191l 17290
< { Dkl g o + Coll A 2 Il 17200y
< <01A11g/2 + C2Ak:> 1Pkl 20 19l 172 502) -

Since, @), is nothing but the orthogonal projection of the constant function 1 € L?(Q)
onto the eigenspace Vi, the bound [|® |12y < 11l 12(0) = 1Q|'/2 holds for all k. Finally,
since Ay — 00 as k — 0o, there exists a constant D > 0 independent of k£ (but that might
depend on ) such that

|| < DAy for all k € N. (3.2)

Now, we will deal with cases t* = co and t* € (0, 00) separately.
Case t* = 00

Without loss of generality, assume that (¢,), satisfies lim,, o, t,, = 0o. Then (3.1]) yields:

[e.e]
0=0-eMi =g+ pelti=tin, (3.3)
k=2
In what follows, we will take the limit of (3.3) as n — oo.
To this end, first notice that, since A; < Ay for all kK > 2 and n € N, we have:

A=At | < |y |eM=AR)T - where 7 := mint, > 0. (3.4)

neN

”Yke

As a result, the estimate (3.2) combined with Lemma readily implies that the
series in (3.3) is dominated by a summable series uniformly in n. Thus, by the dominated

convergence theorem (with respect to the counting measure on N), we can take the limit
of (3.3) as n — oo to obtain

v = 0. (3.5)

The same process can be repeated inductively to (3.1)), leading to
Vi = g1/2(0 8, V) 1p =0 for all k € N and ¢ € HL'*(09). (3.6)

Consider now the following auxiliary function:

(ORES Z)\Izlakqbk = ZA,;l(I)k. (3.7)
k=1 k=1

13



By construction, (3.7) converges in the D(Ap)-norm. As a result, we have

—AD =) Py =1,
k=1
1200, 0) e = Y A 1/2(0, Pk, ) e =0 for ¢ € Hi*(092).
k=1

Thus, by Lemma [2.6] @ is a weak solution to the following overdetermined problem:
—A®P=1 inQ, =0 ond, 0,2=>b on N

for some constant b € R. By [13], 2 must be a ball, as claimed.

Case t* € (0,00)

Without loss of generality, assume that (t,), converges to some t* € (0,00). Combining
(3.2) and Corollary yields that the function

f(z) = Z%@*A’“'Z
=1

is holomorphic in {z € C | Rez > 0}. On the other hand, by (3.1)), (t,)» is a sequence of
zeros for f with t* as an accumulation point. Thus, by the identity theorem, f = 0 in
the whole {z € C|Rez > 0}. In particular, f(t) = 0 for all ¢ > 0. Since ¢ € Him(o“?Q)
was arbitrary, this means that the function u satisfies overdetermined condition at
all times ¢ > 0, thus in particular, along a sequence (t, ), satisfying lim,_,~ t, = co. The

problem is thus reduced to the case t* = oo, completing the proof. O

Remark 3.1. Under stronger regularity assumptions, say, 0 € C** (0 < o < 1), then
a shorter proof is available. Indeed, directly from ({3.5)), one concludes that ®1 satisfies

—A@l = Alq)l m Q, (I)l =0 on OQ, 8,,<I>1 =b on OQ

for some constant b € R. Moreover, since ®1 > 0 in Q by Krein—Rutman’s theorem, the
desired conclusion readily follows from [34], Theorem 2].

We remark that, unfortunately, the shortcut above is not available in our setting, as,
to the best of our knowledge, no analogue of [34, Theorem 2] is (yet) known to hold for

Lipschitz domains.
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4 Proof of Theorem [II

In this section, we give a proof of Theorem [[I}

Proof of Theorem[Il. By [35, Theorem 1.2 and Theorem 1.3 (1): (a),(b)] or [19, Theorem
2.3.3: 1., 2., 3.], for every ¢ € C*°(Q) with Ay = 0 we have

_ 2y 2t £ 2
f(t) .—/Qu(t)w—/gw—ﬁ 8Qw+ 5 6QH¢—|—0(7§) ast — 07, (4.1)

where H is the mean curvature of 02, that is, the sum of the principal curvatures of 0f2
defined with respect to the inward unit normal. In particular, if 0€) is a sphere of radius

R, then H = Y21 (see [19, page 6] or [35]).

On the other hand, for ¢t > 0,
0 :2t/ wy(2) ) = 2t/ Au(t?) ¥
Q Q
:2t/ du(t?) 1,
o9

where the last equality follows by integration by parts using A = 0.
That is, if, in addition
=0 and t=+/t,,

o0
we get
f,(\/a) =2V, H71/2<6uu<tn)7w>H1/2 =0 vn €N,
and hence

£(0) = 0.

On the other hand, differentiating (4.1)) gives

f1(0)y= [ Hq.

o0

Since 1 is arbitrary (subject to Ay = 0 and |, P 0), we conclude that H is constant
on 09, whence Q is a ball by Aleksandrov’s soap bubble theorem (see [1]). O]

5 Proof of Theorem [III

In this section, we are going to show Theorem [[TI} The proof will follow that of Theorem [I]

with some adequate modifications.
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Proof of Theorem [IT]. Let u be the solution to (L.1)) and assume that u satisfies ([L.5]) with
respect to sequences (t,)n and (7,), with accumulation points t*, 7* € (0, oo| respectively.
By the unique solvability of (|1.1]), Corollary implies that

u(t) = Ze‘AktCDk, (5.1)
k=1

where @y, are defined according to (2.14]).
Take an arbitrary function ¢ € H, /2 (Ow). Then, (1.5) yields:

o0

v /(%.1 b= (U(Tn)“%’ ¢) 120w) <(I)’“‘8w’ w) L2(0w) e,

k=1
o0
_ _ _ —Agtn
0=by | ¥= o)) = ; o) e

Thus, along the same line as proof of Theorem |I, in each case (recall that, by assumption,
we have either t* € (0,00) or t* = oo, and either 7% € (0,00) or 7% = 00), one can show
inductively that for all k € N and v € H/*(8w) the following holds:

(@k\aw,zp)L2(aw) =0 and  (0,9,,0) =0 (5.2)

Let now ® € H{ () denote the following auxiliary function:

= Nlapgr =Y A (5.3)
k=1 k=1

By construction, ([5.3) converges in the D(Ap)-norm. As a result, term-wise application

of the Laplacian shows that ® satisfies the following boundary value problem:
—A®=1 inQ, ®&=0 ondN. (5.4)

Furthermore, by (5.2), the following hold for all ¢ € H/*(dw):

(®l5%) L) i AL () o =0 (5.5)
k=1
H-1/2<8”¢’}8w’¢>m/2 - AEIH_1/2<3V‘I’k‘aw¢>H1/2 = 0. (5.6)

In particular, (5.5) implies that <1>‘ 5, = a for some a € R. In turn, by combining ({5.6)
with Lemma we obtain that the function U € H}(w) given by U := CIJ‘w —a is a weak

solution to the following overdetermined problem:

—-AU=1 inw, U=0 ondw, U=>b ondw
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for some constant b € R. By [13], w must be a ball and U is radial in w.

In particular, also ® is also radial inside w, being ® = U 4 a. Moreover, notice that
® is real analytic inside the whole Q, being a solution to (5.4). This implies that ® is
radial in 2. Finally, recall that ® € C°(Q), since 9 is made entirely of regular points for
the Dirichlet Laplacian. Now, since ® = 0 on 02 because of the boundary condition, and
® > 0 in Q by the maximum principle, we conclude that 9 is a sphere concentric with

w. In other words, w and €2 are concentric balls, as claimed. ]

6 Possible extensions to complete Riemannian manifolds

In this section, we discuss which parts of the previous sections extend to the Riemannian
setting, and which conclusions have to be modified. Throughout, (M, g) is a complete
Riemannian manifold of dimension N > 2, Q C Q C M is a connected domain with C*>

boundary, and u = u(x,t) denotes the solution of the Dirichlet heat problem

(O +Ag)u=0 1in (0,00) x Q,
u=1 on 2 x {0}, (6.1)
u=0 on (0,00) x 0.

where A, denotes the Laplace-Beltrami operator on (M,g). We write v for the inward
unit normal along 99 (the choice of the normal only affects the sign of d,u, and therefore
is immaterial for all the rigidity statements below).

By standard spectral theory for the Dirichlet Laplace—Beltrami operator on compact
manifolds with boundary, there exists an orthonormal basis (¢;)j>1 C C*(Q) of L?()

and a nondecreasing sequence of positive eigenvalues A\; — oo such that

Ag¢j = /\j(]ﬁj in Q, ¢j =0 on 0f.

If
aj = / ?;,
Q
then .
u(z,t) = Zaje_kj%j(x), (6.2)
j=1
and, for every 7 > 0,
Opu(t) = Z a;e 9,0, in C*°(092) for t > T, (6.3)
j=1
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see [8, Chapters VI-VII].
Let
C(09) := {constant functions on 9N }.

The boundary function d,u(t) belongs to C(0f?) if and only if
Y ou(t) =0 for every ¢ € C*°(99Q) such that ¥ = 0.
o0 o

Proposition 6.1. Assume that there exists a sequence (tm,)m C (0,00) such that
Oyu(ty,) € C(09) for all m € N,

and either

tm — ts € (0,00), or Ly — 00.

Then  has the constant flow property, namely
dyu(t) € C(00N) for every fixed t > 0.

Proof. Fix 1p € C*°(09) with zero average on 02 and set

Fy(t) := - Y Oyu(t).

By (6.3),

o0

Fy(t) =) bje ™' b= aj/ ¥ 0y, (6.4)
= o9

with absolute and uniform convergence on [7, 00) for every 7 > 0. Hence F, is real-analytic
on (0, 00).

If t,, — t. € (0,00), then Fy(t,,) = 0 for every m € N by the assumption d,u(t,,) €
C(09). Since the zeros accumulate at an interior point of (0,00) and Fy, is real-analytic,
we conclude that Fy =0 on (0, 00).

Assume now that ¢,, — co. Let
0<A1<A2<A3<"'

be the distinct Dirichlet eigenvalues of A, on 2, and rewrite (6.4)) as

o0

Fy(t) =Y Bee™"  Byi= > b,

=1 A=Ay
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We claim that 5, = 0 for every £. Since the series converges absolutely on [T, c0) for every

T > 0, we can choose T > 0 so that t,, > 2T for all m large enough. Then

0= M Fy(ty) = B+ Y Bee™ e A0im,
0>2

Moreover,

> [Belem (e Aim = R gyl el eltm it

>2 >2

< 6*(A2*A1)tm+A2TZ Bele™MT — 0.
>2 m—o0

Hence 1 = 0. Subtracting the first term and iterating the same argument, we obtain
Be = 0 for every £, hence Fy, = 0 also in this case.

Since Fy(t) = 0 for every zero-average v and every t > 0, it follows that d,u(t) is
orthogonal to all zero-average smooth functions on 952, and therefore d,u(t) € C(02) for

every t > 0. O

Corollary 6.2. Assume in addition that (M, g) is real-analytic. Under the assumptions
of Pmposz’tz’on the domain  is an isoparametric tube. In particular, if M = RN or
M =HY, then Q is a geodesic ball.

Proof. By Proposition [6.1, Q has the constant flow property. Savo proved that, on a
compact real-analytic Riemannian manifold with smooth boundary, the constant flow
property is equivalent to being an isoparametric tube [33]. This gives the first claim.

If M = RN or M = HY, then compact isoparametric hypersurfaces are geodesic
spheres; equivalently, bounded isoparametric tubes are geodesic balls. This follows from
the classification of isoparametric hypersurfaces in real space forms; see, for instance, the

survey [7, Section 1]. O

The conclusion of Corollary[6.2)is sharp: on general real-analytic manifolds, one cannot

replace “isoparametric tube” with “geodesic ball,” not even on the round sphere.
Proposition 6.3. Let N > 3,2< k<N —1, and 0 <r < 1. Then, the set
Qi={(z,9) ERF X RY* | [ 4 [y2 =1, |yl <7} c sV

SN—l

s a domain of with the constant flow property that is not a geodesic ball.
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Proof. By construction, € is an isoparametric tube around a totally geodesic sphere S*¥~1

on SV~ Its boundary is given by
o0 = {(x,y) e RF x RN-# ‘ |z =vV1=1r2 |yl = r} ~ SkT1 o gNV=R-1

As SF=1 x SN=F=1 is not diffeomorphic to a sphere, this readily implies that € cannot be a
geodesic ball. In what follows, we will show that, despite that, €2 exhibits enough symmetry
to ensure the constant flow property. To this end, consider the group I' := O(k) x O(N —k),
acting (in the natural way) on the set Q C RV = RFxRY~* as a subgroup of the orthogonal
group in dimension N. First, notice that both Q and 92 are I'-invariant, and that the
differential operators A, and &, are I'-equivariant. This, combined with the fact that
the initial and boundary conditions in are [-invariant, yields that for any solution
u = u(z,t) of and v € T, then u,(z,t) := u(y(z),t) also solves (6.1)). In particular,
by unique solvability, it follows that any solution to must be [-invariant in space for
all t > 0. Finally, since I" acts transitively on 0€2, then J,u(t) must be a constant function
on 0f) for all £ > 0. O

Proposition [6.3] shows that the conclusion “€2 is a ball” cannot hold in a naive Rieman-
nian extension of the finite-time or large-time rigidity result, even when the overdetermined

condition holds for every t > 0.

Corollary 6.4. Assume that the hypotheses of Proposition hold with t,, — oo. Then

the function

v(z) = / u(x,t)
0
is well defined, belongs to C*°(2), and solves the overdetermined torsion problem
Agv=1 mn €,

v=20 on 0X,

0,v = const  on OS).
In particular, Q) is a Serrin domain.
Proof. By Proposition Q) has the constant flow property, i.e.
Oyu(t) = c(t) on 0N

for some function ¢ : (0,00) — R. By (6.2), the solution u decays exponentially in C°°(€2)

as t — 00, so the integral defining v converges in C*°(2). Since v = 0 on 9 x (0, 00), we
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have v = 0 on 0f). Moreover
Do = / Doult) = / o(t),
0 0

Finally, integrating the heat equation in time gives

which is constant on Of).

Agv = — /000 Oru(t) = u(0) — lim u(t) =1 in Q.

t—o0

7 Conjectures and open problems

In this section, we state some open problems and conjectures related to the overdetermined

problem presented in this paper.

Problem 1. For what unbounded domains Q@ C RN (N > 2) does the solution to the
following problem satisfy (1.4) ?

)
Ou = Auin Q x (0,00),
u=1 onQx{0},

u=0 on dQ x (0,00),

u(z,t) = 0 wuniformly int as |x| — 0.

Conjecture 7.1. Complements of closed balls are the only solutions to Problem [1] among

exterior domains.

Remark 7.2. Conjecture is in line with the results of [17]. There, the authors make
use of the method of moving planes in a cylindrical region of RN xR, thus fully exploiting a
continuous-time overdetermination. As a result, it is not clear how to adapt their methods
to the case of a discrete-time overdetermination, as in . We also remark that the
eigenfunction expansion technique employed in the proof of Theorem [l cannot be applied

i the unbounded domain case due to the lack of compactness.
Problem 2. Generalize Theorem [I] to milder regularity conditions.

Remark 7.3. Our current methods rely on the following two ingredients: precise heat
content asymptotics and Aleksandrov’s soap bubble theorem. While the latter is known to

hold (in a geometric-measure-theoretical sense) for sets of finite perimeter, the heat content
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asymptotics provided in [19] (as well as the analogous point-wise asymptotics given in [32])
used in the proof of Theorem [I1 rely on an infinite family of recurrence relations, which

can only be derived when the boundary 0S) is smooth.

Problem 3. For what bounded domains Q@ C RN (N > 2) does the solution u to (L.1)

admit a finite number of times t1,...,t, > 0 satisfying the following?
u(ty) =b, ondQ form=1,...,m.

Conjecture 7.4. For any m € N, Problem @ admits nontrivial solutions (solutions that

are not Euclidean balls).
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