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Abstract

We propose a new anisotropic optimal transport model based on the theory of currents,
where the anisotropic cost function splits as the product of a factor depending only on the
spatial direction and a factor depending only on the multiplicity of the current. We prove
that the planar transport problem admits a minimizer. In arbitrary dimension, we show that
a minimizer exists provided that the ambient space endowed with the anisotropic norm is
hypermetric.

1 Introduction

The aim of this paper is to prove the existence of minimizers for an anisotropic branched transport
problem. Branched transport problems model situations in which transporting mass together
along a common route is cheaper than transporting it separately. Classical examples come from
communication networks, irrigation patterns, the cardiovascular or nervous system, the veins of a
leaf and the branches or roots of a tree. In these models, the cost depends on the whole transport
network, rather than only on the distance between source and target. For this reason, the relevant
competitors are not maps or plans, but one-dimensional objects representing the union of the
trajectories of the moving particles, with their orientation, carrying a multiplicity which represents
the intensity of the flow.

The formulation in terms of rectifiable currents was introduced by Xia in [35], generalizing Gilbert’s
discrete model, where the source and target are atomic measures connected by a weighted oriented
graph (see [19]). A Lagrangian formulation was introduced in [23]; the equivalence between the
main formulations is discussed in the monograph [2], see also [29]. In both formulations, the cost
is designed to favor the aggregation of mass along common paths, and this feature is typically
encoded through a suitable function of the multiplicity.

Several aspects of branched transport and related models have been studied in the literature.
Elementary and structural properties of optimal irrigation patterns are investigated in [17, 3], while
interior and boundary regularity results are established in [34, 33, 27, 6]; examples exhibiting highly
nontrivial branching behavior can be found in [24, 20]. Stability, well-posedness and uniqueness
issues are addressed in [4, 13, 12, 10]. Alternative formulations and variational viewpoints are
developed in [5, 8, 7]. Related extensions and variants include multi-material transport problems
[26, 25], transport problems with capacity constraints [36], and shape-optimization-type questions
[30, 9]. Finally, further recent directions concern convex relaxations and formulas for the h-mass
[22] and dimensional estimates [16, 15].

In several applications it is natural to allow the cost to depend not only on the multiplicity, but
also on the orientation of the moving particles, because some spatial directions might be preferable
to others. This motivates the anisotropic model considered here.



Let us describe the framework more precisely. Let u~, u™ be positive finite measures in R™ such
that = (R™) = p*(R™). We want to transport the source p~ to the target u™ by means of a
transport path, namely a rectifiable 1-current R in R™ with prescribed boundary OR = p* — p~.
We consider the class of competitors

C:={ReR(R"):OR=p" —p~}.

Recall that a rectifiable 1-current R in R™ can be written as R = [E,7,0], where E C R" is a
1-rectifiable set, 7 is a unit tangent vector field defined for H'-ae. © € E and § : E — R is
H!L E-integrable, so that

(Rw) = [ (o). 7l2))0(a) M @),
E
for every smooth and compactly supported 1-form w on R™.

The cost functional considered in this paper is the anisotropic H-mass. We first introduce it for
general rectifiable k-currents, although its role in the transport problem is the case k = 1.

Definition 1.1. We call H : R — [0,4+00) a branching function if it is even, lower semicontinuous,
subadditive and H(0) = 0.

Definition 1.2. A k-anisotropy in R™ is a continuous function oy, : G(k,n) — Rt \ {0}. On the
Grassmannian G(k,n) we consider the topology induced by the distance

d(E,F) :=sup{|(pg —pr)(x)| :x € R", 2| <1}, E,F € G(k,n),
and pg,pr denote the orthogonal projections onto E and F'.
Continuous strictly positive functions on G(k,n) are known in the literature as scaling functions
(see for example [31]).

Definition 1.3. Let oy, be a k-anisotropy in R™. For any nonzero simple k-vector v € Ax(R™),
we set ¥ := —— and we define

v]loo

||UH0'k = HU”OOU/C(Lf));

where Ly, denotes the vector subspace spanned by the k-vector w. We call ||-||5, a k-anisotropic
norm.

Definition 1.4. Let o1 be a l-anisotropy in R™. Since every l-vector is simple, Definition 1.3
induces a positively 1-homogeneous function on R™, defined by

Gy, (0):=0, Gy, () :i=||v]lg, forv #O0.
We say that o1 is convex if G5, is a norm on R™. Equivalently, o1 is convex if the set
Cy, ={ueR": Jull,, <1}
18 convez.

Definition 1.5. Let o be an anisotropy in R™ and H be a branching function. For any R =
[E,7,0] € Rp(R™), we define the anisotropic H-mass of R as

Mo (R) 1=/EH(9($))IIT($)Hak dH* ().

The subadditivity of H guarantees that joint transportation may be more convenient than separate
transportation. In the case k = 1, the anisotropy o1 models the fact that different spatial directions
may have different costs.



Our main goal is to study the anisotropic branched optimal transport problem, abbreviated as
(ABOT):
inf{Mpy ., (R): R €C}. (ABOT)

We also consider the sequential lower semicontinuous envelope of My ,, on Ry (R™), with respect
to the flat norm (see Section 2), starting from polyhedral k-currents. By a polyhedral k-current we
mean the rectifiable current induced by a finite sum of oriented k-simplices with real multiplicities.
We denote this class of currents by P (R™).

Definition 1.6. Let oy be a k-anisotropy on R™. We define the sequential lower semicontinuous
envelope of My 5, on Ry (R™) starting from Py (R™) with respect to the flat norm as

O 0 (R) = inf{uminfMHm (P,) : P, € P,(R"),F(R— P,) — 0} VR € Ry(R"). (1.1

i——+00

We refer to Definition 2.5 for the notion of integral geometric representation of a k-anisotropy. Our
first main result identifies My ,, with its relaxation.

Theorem 1.7. Let o), be a k-anisotropy in R™ that admits an integral geometric representation
and let H : R — [0, +00) be a branching function. Then for every R € Ry (R™)

MH,Gk (R) = ¢H70'k (R)

In particular, My, is sequentially flat lower semicontinuous on Ry (R™).

The hypothesis that H is a branching function is necessary for the functional My ,, to be well-
defined and lower semicontinuous on Py (R™); for the details, see [14]. Our second main result
concerns the existence of solutions to the problem (ABOT). The non-emptiness of the class of
competitors and the necessity of assuming the finiteness of the infimum are discussed in Remark
5.1.

Theorem 1.8. Letn > 2. Let o1 be a convex 1-anisotropy in R™ and let H be a branching function

that is non-decreasing on R™ and satisfies lim,,_, o+ Hz(/y) = +o00. Assume moreover that

inf{Mpg o, (R): R €C} < +o0.

Then:

1. If n =2, problem (ABOT) admits a solution;

2. If n > 3 and (R",||"||5,) is hypermetric in the sense of Definition 2.8, problem (ABOT)
admits a solution.

If k € {2,...,n — 1}, a necessary and sufficient condition to determine whether o} admits an
integral geometric representation is not yet known; some partial results are stated in Section 6.
Moreover, our proof of the existence result relies on an L°° bound on the multiplicity of acyclic
currents, that is available only in the case k = 1.

1.1 Stucture of the paper

Section 2 fixes notation and recalls the background on anisotropic norms and hypermetric spaces
used later. Section 3 discusses integral geometric representations, with particular emphasis on the
planar case. In Section 4 we prove the lower semicontinuity and relaxation result of Theorem 1.7.
Section 5 is devoted to compactness and existence of minimizers. Some further remarks on the
case k € {2,...,n — 1} are collected in Section 6.
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2 Notation and preliminaries

We collect here the notation used throughout the paper.

L™ and H* are the n-dimensional Lebesgue and k-dimensional Hausdorff measures on R”, respec-
tively. We denote by wy, the H* measure of the unit ball in R*. The Borel o-algebra of a topological
space Z is indicated by B(Z). If p and v are measures on X and Y, respectively, we denote by
1 ® v the product measure on X x Y. We denote by |u| the total variation of the measure p as in
[1, Def. 1.4]. For € R™ and r > 0, we denote by B(z,r) the open Euclidean ball centered at x
with radius r and we set

Br :=B(0,R) VR > 0.

We write G(k,n), for k € {0, ...,n}, for the set of all unoriented linear subspaces of R™ of dimension
k. For any L € G(k,n), we denote by pr : R® — L the orthogonal projection onto L and by L+
the orthogonal complement of L. Given a positive measure ¢,,_ on G(n — k,n), with n > 2 and
ke{l,...,n—1}, for any A € B(G(k,n)) we define

o (A) = o ({L € G(n — k,n) : L* € A}),
that is, the push-forward of ¢,,_; under the map L +— L.

For any x1,...,zq4 € R, with d > 0, conv{zy,..., 24} is the closed convex hull of {z1,...,z4}.
We denote by Ag(R™) the linear space of k-vectors in R™, endowed with the Euclidean mass norm
Illco- We say that u € A (R™) is unit if |ju||cc = 1. For a simple and unit v € A;(R™) we denote
by L, € G(k,n) the unoriented linear k-subspace associated with w.

We denote by Dy (R™) the space of k-dimensional currents in R™, that is continuous and linear
functionals on the space DF(R™) of smooth and compactly supported differential k-forms and
by Pr(R"™), Rx(R™) and Ny (R™) the subclasses of polyhedral, rectifiable and normal currents,
respectively (see for example [18]). For any k > 1 and T' € Dy (R™), we denote by 9T € Djy_1(R™)
the boundary of T, that is, the current such that (9T, ¢) = (T, d¢) and we say that T' € Dy (R")
is a cycle if 0T = 0. We write M(T) for the mass of T' € Dy(R™) ([32, Eq. 6.9]). We say that
T € Di(R") is a subcurrent of T € Dy(R") if

M(T) = M(T) + M(T —T).

A current T € D (R"™) is said to be acyclic if the set of all subcurrents of T' does not contain any
nontrivial cycle. For T' € Dy (R™), we denote by F(T') the flat norm of T, defined as

F(T) := inf {M(R) + M(S) : T = R+ 35S, R € Dyx(R"), S € Dj1(R™)}.

Definition 2.1. We say that a sequence (T;); C Di(R™) converges to T € Dy (R™) in the local
flat topology if
F((T; — T)L Bg) — 0

for almost every R > 0.

If T € Rp(R"), f: R® — R* is a Lipschitz function, & < n and y € R*  then (T, f,y) denotes
the O-dimensional slice of T"in f~*(y) as defined in [18, Sect. 4.3]. In particular, if R € Ry (R"),



L € G(k,n) and y € L ~ R¥ the slice (R, pr,y) is a 0-dimensional rectifiable current. From now
on, we always assume n > 2.

Definition 2.2. Let E, F € G(k,n). We define
J(E,F) = det//lgf(pﬂE) ,
where j/g}f (pr|y) denotes the matrixz representing the linear map pr, : E — F with respect to
any orthonormal bases Bg of E and Br of F. If L € G(n — k,n), we also write
[E, L] := J(E,L").

Remark 2.3. The quantities J(F, F') and [E, L] do not depend on the choice of the orthonormal
bases. When n =2 and k =1, if l1,l3 € G(1,2), then

J(l1,l2) = |cosql, [l1,12] = |sinel,
where « is any angle between the two unoriented lines.

Remark 2.4. The quantity J(F, F') coincides with the volume-ratio defined as follows. If y1, ...,y
is a basis of E, z1,. .., zn_r is a basis of F+ and

Par(vy,...,vp) = {Ztivi 1 t; €0, 1]}
i=1

denotes the parallelepiped generated by vy, ..., v,,, then

'7"[”(Par(yl7 e Yy By ey zn,k))
HE(Par(y, ..., yx)) H*F(Par(z1, ..., 2n—k))

This is a standard linear algebra result. Indeed, the volume of Par(yi,..., Yk, 21, .-, 2n—k) Can
be computed, after choosing orthonormal bases of E, F, and F', by an appropriate determi-
nant. Dividing by the volumes of Par(yi,...,yx) and Par(z1,...,2,-x), one obtains exactly the
determinant of the matrix representing the projection ppg,, that is, J(E, F').

J(E,F) =

Definition 2.5. Letk € {1,...,n—1}. We say that a k-anisotropy o) admits an integral geometric
formula (or integral geometric representation) if there exists a finite positive measure pn_p on
G(n — k,n) such that

wE)= [ B L)

for every E € G(k,n).

Remark 2.6. By a change of variables, a k-anisotropy o; admits an integral geometric represen-
tation if and only if there exists a measure ¢ , on G(k,n) such that

on(E) = / J(E. L) dgi (L)
G(k,n)

for every E € G(k,n).

Remark 2.7. In the case k € {1,n — 1}, since all k-vectors are simple, the map ||-||5, is defined
on all of Agx(R™) = R™, with the trivial extension to the zero vector. For k = 1, convexity of o1
is understood in the sense of Definition 1.4; in this case ||-||s, is @ norm on R™. Conversely, any
norm G on R” induces a l-anisotropy in R™ by setting o1 (L,) := G(v) for every unit vector v. We
remark that if o, in this case a function on S*~!, admits an integral geometric representation,
then it is a convex function, since it is an average of convex functions.

Definition 2.8. A metric space (M,d) is said to be hypermetric if for any a € N, any choice
of points {Py,Py,...,P,} C M and any choice of coefficients {x1,xa,...,2,} C Z such that
Yo @i =1, it holds

1<i<j<a



Example 2.9. The following examples show that hypermetricity is automatic in dimension 1
and 2, while in dimension n > 3 it becomes a genuine restriction. In the case of normed spaces,
hypermetricity is understood with respect to the metric induced by the norm.

1. Any normed linear space of dimension 1 or 2 is hypermetric.
2. For n > 3, the normed space (R”, ||-||,) is hypermetric if 1 < p < 2.

3. For n > 3, the normed space (R", ||-||o) is not hypermetric.

All these facts can be found in [21, Chapter 3].

Theorem 2.10. Let G be a norm on R™. Then there exists an integral geometric representation
of the 1-anisotropy induced by G if and only if the metric space (R™,dq) is hypermetric, where dg
1s the metric induced by G.

Proof. See [31, Rem. 4.1]. Note that the definition of integral geometric representation used in [31]
differs from Definition 2.5, but the two definitions are equivalent, see the remarks 2.4 and 2.6. [

3 Integral geometric representations

3.1 General facts

Throughout this section, we fix n € N, n > 2, and k € N with 0 < k£ < n — 1. The relevant case for
the optimal transport problem is k = 1; for completeness, we state the results for general k£ when
possible.

Proposition 3.1. A k-anisotropy o in R™ admits an integral geometric representation via a
positive measure o, — on G(n — k,n) if and only if for every linear k-subspace E € G(k,n) and
every Borel set M C E it holds

HE (Mo (E) = / / HO7 (y) N M) dH (y) d_(L). (3.1)
G(k,n) JL

Proof. If o}, admits an integral geometric representation, then by Remark 2.6 and the area formula
applied to the linear map pr|g : E — L, see equation 8.2 of [32], we obtain

HF(M)on(E) = HF (M) / J(E, L) dgi (L)
G(k,n)
- / H (pr(M)) dgit_ (L)
G(k,n)
— / / HO(p7 (y) 1 M) dH* (y) dg_ (L),
G(k,n)JL

Conversely, if we assume that (3.1) holds, then by the same computation above, after dividing by
HE(M) for some Borel set M C E with 0 < H*(M) < 400, we obtain

oh(E) = /G o L (),

and therefore o) admits an integral geometric representation via ¢, . O



3.2 The planar case

Remark 3.2. By Definition 1.4, if o7 is convex then |||, is a norm on R™. We set
Co, ={ueR": |ul]ls,, <1} CR"™.

If 04 is convex, then C,, is convex, compact, centrally symmetric and 0 € IntC,,,. Conversely, any
convex, compact, centrally symmetric set C C R™ with 0 € IntC identifies and is identified by a
norm having C' as unit ball.

In this section, we show that any l-anisotropic norm in R? admits an integral geometric repre-
sentation. This result is well-known. For the reader’s convenience, we provide a self-contained
constructive proof based on approximation by centrally symmetric polygons.

Let C C R2 be a convex, compact, centrally symmetric set with 0 € IntC. Let us first consider
the case C = P C R? with P a polygon. Let 2N > 4 be the number of edges of P. We fix any
vertex of P and we call v; the vector identified by such vertex. Moving counterclockwise from vy,
we name the vertices v, ...,von. For i = 1,...,2N, we call F; the counterclockwise edge of P
with first extreme point v; and we call w; := Rv;, where R is the counterclockwise rotation of 90
degrees.

Remark 3.3. 1. By central symmetry of P, for any i € {1,...,N}
Vit N = Vi,  WigN = —W;.

2. With this choice of wy, ..., wsny we have

Ws,y Ui,z
3. If the edge F; is not parallel to any axis, it lies in a line of equation y = m;x + ¢; for some
nonzero m;,q; € R, i € {1,...,2N}. We have that by symmetry of P

mi4+N = M4, Qqi+N = —(q;

for any 7 € {1,..., N}. Moreover, a vector u = (Zm) € R? belongs to the line containing the
y

edge F; if and only if

Uy = MUz + G5 = QU +biuy =1,

where a; = —le,bi = qi

Proposition 3.4. Let P C R? be a centrally symmetric, convezx polygon. Then there exist positive
coefficients A\1,...,An € R depending on P such that:

1. for any vector u € OP it holds

N
> Xil{u,wi)| =1, (3.2)
=1

2. if B.(0) C P for some r € (0,400), then there exists a constant M = M(r) such that

N
S Al < M.
=1

Proof. Up to a rotation, we can assume that



e none of the vertices of P lies on the coordinate axes,

e none of the edges of P is parallel to the coordinate axes.
For each i = 1,...,2N, let n; := (a;,b;), so that the line containing F; is given by (n;,u) = 1. By
Remark 3.3, for i = 1,..., N we have n;yn = —n;.
We first prove point 1. For k =1,..., N, define A\, > 0 by
2N\ W = Mg — Njp—1, with ng := —ny. (3.3)
This is well defined, because both ny and ng_; satisfy
(N, o) = (Np—1,v) = 1,

hence
(nk — Nk—-1, Uk> = 0

Therefore ny — ng_1 is orthogonal to vy, so it is a scalar multiple of wy = Ruvy. Since the outward
normals rotate monotonically along the boundary of a convex polygon, this scalar is positive; hence
A > 0.

Summing (3.3), for every k =1,..., N we obtain

k N
i=1

i=k+1
Indeed,
k
QZA w; = Z i —ni—1) =ng +nn,
=1
while
N N
2 ) Nwi= Y (ni—ni1) =ny—m,
i=k+1 i=k+1
and subtracting gives (3.4).
Now let u € Fy, with k € {1,..., N}. Since the vertices are ordered counterclockwise and u lies on
the edge joining vy to vg41, we have
(u,w;) >0 for i <k, (u,w;) <0 fori>k+1.

Hence, by (3.4),

Z)\|uwz\— Z)\wl—Z)\wl (u,ng) = 1.

i=k+1
If instead u € Fy, with k € {N +1,...,2N}, then —u € Fj,_x and therefore

N N
D Xil(u,wi)| = Al (—u,wi)| = 1.
i=1 i=1
This proves (3.2).
We now prove point (2). From (3.3) and ||w;|| = ||vi|| we get
2il|vill = [lni = nial,

hence 1
)\||’Ul||< (|al—ai_1|+\bi—bi_1|), iil,...,N,



where again ng = —ny.

Assume now that B,.(0) C P. Since each line (n;,u) = 1 supports P, its distance from the origin
is at least r and therefore

—_

[l < - for every 1.
r
In particular,
1 1
lai| < -, b < —.
r r
For i = 1,..., N, the normals n; move counterclockwise. After splitting them into at most four

sectors, each coordinate is monotone on each sector. Therefore the total variations of the sequences
(a;); and (b;); are bounded by

N

Z|az — Qj— 1| S

=1

ﬁ\OO
ﬁ\OO

N
Zb—bzlﬁ

Summing the previous estimate on \;||v;||, we conclude

al 1 8
ZMH%H < 3 Z(Mi —aj—1| + |b; — bi—1]) < -
=1 =1
Hence the thesis holds with M (r) = 8/r. O

Remark 3.5. Denoting by ||-|| p the norm whose unit ball is P, we have proven that for any u € R?
N
lullp = Ail(u, wi)]
i=1

If C C R? is any compact, convex, centrally symmetric set with 0 € IntC, we can prove an integral
geometric formula for |||, the norm induced by C, by approximation via polygons.

Proposition 3.6. Let C C R? be a compact, centrally symmetric and convex set with 0 € IntC.
Then ||-|lc admits an integral geometric representation, i.e. there exists a measure uc on St such
that for every u € R?

fulle = [ )l dcte).

Proof. We claim that there exists a nested sequence { Py }1 of centrally symmetric, convex polygons
in R? such that:

1. C C Py for every k,
2. The Hausdorff distance dy;(Py,C) — 0 as k — +o0.

To prove such claim consider for every k& > 2 the points Q¥, ..., Q’;k, where each Qf is obtained
intersecting OC' with the halfline
1
2 ) | st €]0,+00) o .

1 .
{(tcos <‘7 ok 277) ,tsin <‘7 oF

For every j =1,...2""!, consider a half-space H} such that

o if Qk Qk ! for some 4, then Hk HZ.’“*I,

° ij D C for every j,



° 5‘HJ]»c > Q? for every j.

For j =2F"141,...,2F set ij = —Hj’.[Qk,l. Finally, let Py be the convex polygon

2k
Py =) H}.
j=1

By construction, property 1 holds and Py is centrally symmetric and convex. We prove that also
property 2 holds. Denote
D:= )P

Assume by contradiction that 2 does not hold. Since the Py’s are nested and contain C, we have
k—+4o0

that dy (P, C) —— 0 if and only if D = C, hence we assume that there exists a point p € D\ C.
Denote by z the point z := conv{0,p} N IC. We have that

e For every k > 2 and for every j = 1,...2% the point Qf € 0D: indeed, Qf € C by
construction and therefore Qf € D, but Qf € 0P, and hence Q? & IntD;

e By construction, the set Q := U,y U =y, on {Q;‘} is dense in 0C.

Hence, z € 0C = Q C 0D. Since D is closed and convex and z € 9D, there exists a supporting
closed half-space H such that D C H and z € 9H. Moreover, 0 € IntC' C IntD, hence 0 € IntH.
Since z € conv{0, p} and z € 9H, while 0 € IntH, it follows that p ¢ H. This contradicts the fact
that pe D C H.

Now we associate to any polygon Py the measure py := Zivz’“l A||vk(|6,,« supported on S, where

k
wf = HZ};” and )\f7 vf, wf are determined as in Proposition 3.4. Since 0 € IntC, there exists
k3

r > 0 such that B,.(0) C C C Py for every k. Therefore, by Proposition 3.4, the measures py have
uniformly bounded total variation:

Ny
pi(SY) =D AFIlvF < M(r).

i=1

Hence, there exists a measure oo on S' such that g, — fieo up to subsequence. We claim that
le = loo satisfies the thesis. Indeed, since dy (Pg,C) — 0 as k — +o0, we have that

ullp, — llullc uniformly in u € S*, as k — +o0,

and, for every u € S!,
[ el due@) — | )] dicl),
st st
by the weak * convergence of the measures py. Since by Proposition 3.4
Ny
= SNl = [ 1) i),
i=1

the thesis follows. O

We stress that this argument is genuinely two-dimensional: it relies on the planar identification of a
direction with its orthogonal one. For this reason, the proof does not extend directly to polyhedra
in R3, where the unit cube already provides a counterexample, see Example 2.9, point 3).

10



3.3 Convex l-anisotropies and the transport energy

Proposition 3.7. Let 01 be a convex 1-anisotropy in R™. Then

1. if n =2, o1 admits an integral geometric representation;

2. if n > 3, o1 admits an integral geometric representation if and only if (R™,||l5,) s hyper-
metric.

Proof. 1. It follows from Proposition 3.6. We keep the explicit planar construction because it
also yields polygonal approximations with uniformly controlled representing measures.

2. It follows from Theorem 2.10.

O

In the next lemma we apply Proposition 3.1 to the anisotropic branched transport setting and
show that, if o, admits an integral geometric representation, then My ,, admits a corresponding
slicing formula.

Lemma 3.8. If there exists a finite positive measure o=, on G(k,n) such that

owF)= [ IELdek (L)
G(k,n)
for every F € G(k,n), then

My, (R) = /

/ My (R, pr. ) dH* () g (L)
G(k,n) J L

for every R € Ry (R™).

Proof. We first prove the formula for a polyhedral current

N
P= Z[[Uj77-j70jﬂ7
j=1

where the simplices o; have pairwise disjoint interiors and constant multiplicities 6;. For each
Jj, let E; be the k-dimensional linear subspace parallel to o;. By Proposition 3.1, applied to
M =o; C Ej, we get

Heoon(B) = [ [ i ) nas) dt ) do ().
G(k,n) JL
Multiplying by H(#;) and summing over j, we obtain
Mo (P) = | - [ Mu(Ppeo) i) dot (D).
kmn) JL

For a general rectifiable current R, one can repeat verbatim the proof of [14, Lemma 3.1]. Indeed,
the approximation and slicing arguments are unchanged; the only difference is that the Euclidean
density term is replaced by o} and this replacement is justified by Proposition 3.1. O

11



4 Lower semicontinuity and relaxation

4.1 Proof of My, <Py, on Ri(R")

We claim that, if o}, admits an integral geometric representation, then My ,, is sequentially flat
lower semicontinuous on Ry (R™). The proof is similar to the one presented in [14]; we show the
main steps for the sake of completeness. If R = Zi\il [{zi},1,0;] € Ro(R™), with z; # x; if i # 7,
we define the H-mass of R as u
R):=Y H(0
i=1

Let R € Ry(R™) and let {P;}; C Pi(R™) be a sequence such that F(R — P;) — 0 as j —
+00. Since gpf;ﬁk is a finite measure, from [14, Prop. 2.6] it follows that, up to a not relabeled
subsequence, F((R, pr,y) — (P}, pr,y)) — 0 for -, @ H*-a.e. (L,y) € G(k,n) x R*. By Lemma
3.8 and using that My is sequentially flat lower semicontinuous on Ry(R™) we have

M0, (R) = / . / M (R, pr, ) dH* () dipi_ (L)

Jj—+oo

/ /hmlnfMH Pj,pr,y >)d7{k(y)d<ﬁ£{—k(L)~
G(k,n) JL

Therefore, using Fatou’s lemma, we have

Jj—+oo

M 0, (R) < liminf / " / M (P}, pr. ) dH* (y) dp_ (L)

= liminf Mgy o, (P}).

Jj—+oo

Passing to the infimum over the set of sequences {P;}; we get My o, < @y, on Ry (R™).

4.2 Proof of My, > ®y,, on Ry (R")

To prove this inequality we need some preliminaries.
Lemma 4.1. Let R = [E,7,0] € R, (R™). Then, for H*-a.e. x € E it holds

lim F(RL B(z,7) — Sy.r)
r—o+  M(RL B(z,r))

:O’

where Sy, = [B(x,7) N ey, T(x),0(x)] and 7.y is the k-dimensional affine space through x
generated by the simple k-vector 7(x).
Proof. See [14, Cor. 4.2]. O

Proposition 4.2. Let R € R;(R") be such that My ., (R) < +o0o. Then for every e > 0 there
exists P € Py (R™) such that

F(R—P)<e and My, (P) < My, (R) + €.

Proof. We follow the argument in the isotropic case [14, Prop. 2.7]. We introduce the measure
pi=0HLE (4.1)
associated with R = [E, 7, 0] and the positive finite measure

vi=H®O)|r|,, H*LE.

12



We remark that M(R) = |u|(R™) and My, (R) = v(R™). For x € R", p > 0, we define the
k-current
Sz, = [B(z, p) N (To(E) + x),7(x),0(x)].

We have the following facts.

1. By Lemma 4.1, there exists a set Ny C E such that H*(N;) = 0 and

. F(RLB(.p) = S..)

p—0t  M(RL B(z, p)) =0 (42)

for every € E'\ Ny. In particular, if we fix n > 0, for every € E'\ N; there exists a radius
r(z) > 0 such that for every p < r(z)

F(RLB(x,p) = Sz,p) < nM(RL B(z, p)) = n|p|(B(z, p)). (4.3)

2. Since My o, (R) < +o00, we have H(0(-))||7(-)lls;, € L}, (E) and we can consider the set L

of its Lebesgue points. Choose x € L and let p > 0. We consider the map 7, , : R* = R"
defined by 1z ,(y) := % and the measure

1
p*k(nx’p)#u

Vg, p =

In particular we have
1
Ve (BO.1) = —cv(B(z.p)). (4.4)

Since E is countably (H¥, k)-rectifiable, for H*-a.e. x € L there exists a k-dimensional linear
subspace of R”, denoted T, (FE), such that

Va,p = H(0(2))|7(2) 0, H*LT(E)

s

as p — 07. In particular, testing with the function XB(0,1), We have that

p—>0Jr

Ve p(B(0,1)) HO@)||7(2)]lo, wi  for HF-ae. z € E. (4.5)

(We can indeed test with the function x g9 1), since H* (T, (E) NdB(0,1)) = 0.) This means
that there exists a set Na C E such that H*(Ny) =0, E'\ Na C L and (4.5) holds for every
x € E'\ Ny. Hence, if we fix n > 0, we have that for every x € E \ N; there exists a radius
p(x) > 0 such that for every p < p(z)

Ve p(B(0,1)) = H(0(2))|[7(2) o wk| < nH(6(2))[|I7(2)lloy wr, (4.6)

i.e., multiplying by p* and using equation (4.4),

[v(B(z,p)) = MHu,0,(S2,0)| < MM p 0, (Sz.,p)- (4.7)
We have
(L= n)MH,6, (S2,p) < v(B(z, p)),
hence n
v(B(z,p)) = M0, (Sz,)l < 17 nV(B(LE,p)) (4.8)

and we conclude

M0y (S0p) < (1 n ’7) V(B(x.p))
(4.9)

_ (1 + fn) Mp.o, (RLB(z, p)).



For every x € E '\ (N1 U N2) we set
R(x) := min{r(z), p(z)}.

Now, using the Vitali-Besicovitch covering theorem on |, ¢ (v, un,) B(2; R()), we find a finite

family {B; := B(x;,r;)}{_, of pairwise disjoint balls centered at points x; € E '\ (N; U Ny) such
that for every i =1,...,¢

(a) 7, <nand

L ‘
m (R” X B») = MRLE"\ | B) < (4.10)
(b) B; C B(x;, R(x;)), so that by equations (4.3) and (4.9)
and
n
My o, (Si) < (1 + 17’) My ., (RL B;), (4.12)
where

S; = Sliﬂ'i = [Bi n (Tm (E) + Z‘Z),T(Z‘Z),e(l‘z)]] € Rk(Rn)

Now we consider the k-current ,
i=1

supported on k-dimensional pairwise disjoint disks and of constant multiplicity and tangent k-
vector on every disk. Let us approximate the support of S with k-dimensional simplexes contained
in suppS. More precisely, we can pick a polyhedral k-current P such that

F(PLB; — S;) < n|u|(B;) Vi=1,...,¢, (4.13)

and
My o (PLB;) < My, (Si) Vi=1,...,¢L (4.14)

e Using the fact that if T € Ry (R™) then F(7T") < M(T") and equations (4.10), (4.11) and (4.13):

L J4
F(R-P) <> F(RLB; — PLB;)+F(RLR"\ | B)))

=1 =1
¢ ¢ ¢
<Y F(RLB; - S;)+ Y F(S; — PLB;) + M(RL(R"\ | ] B)))
i=1 i=1 i=1

< 2nM(R) + n;

e by equations (4.14) and (4.12)



Fix now the tolerance ¢ > 0 in the statement and perform the above construction with an auxiliary
parameter 7 € (0,1/2). The estimates obtained above read

F(R - P) < (2M(R) + 1)y

and

M0, (P) < (1 + 1%) M0, (R) = Miz,0, (R) + %MHM (R).

Since My, (R) < +00, we can choose 1 so small that
CM(R)+1)np<e and ——Mpy o, (R) <e

For this choice of  we obtain
F(R—P)<e and My, o (P) < My, (R) + €,

which proves the claim. O

We are now in the position to conclude the proof of the inequality. Let R € Ri(R™) and let
€= %, m > 1. By Proposition 4.2 we can construct a sequence { P, }men {0y C Pr(R") such that

F(R— Pp,) M2t 0 and My o (Pr) < Mpy o, (R) + % By definition (1.1) of ®p 4, , we have

(I)ngk (R) S lim inf MH,Uk (Pm) S MH’gk (R)

m——+oo

5 Existence of minimizers

We begin with a few preliminary results that allow us to reduce problem (ABOT) to a locally flat
compact class of competitors.

Remark 5.1. The class C of competitors for problem (ABOT) is nonempty. This follows from
the standard approximation procedure used in branched transport; see for instance [35, Prop. 3.1].
More precisely, one approximates x4~ and g by sequences of atomic measures (i, ), and (NZ) h
with equal total mass, constructs a polyhedral current P; with boundary uf — p7 and then adds
correction currents joining, for every h > 1 p; to p;,, and ,u;: to MZ 41 In this way one obtains a
summable series of polyhedral currents, whose sum is a rectifiable current R € R!(R") satisfying

OR=pu" —pu~ .

In general, however, the value of problem (ABOT) may be +o0c. Hence, in the existence theorem
below, one has to assume

inf{Mpg o, (R): R€C} < +o0.

5.1 Compactness of minimizing sequences

Lemma 5.2. Let o, be a k-anisotropy in R™ and let H be a branching function non-decreasing on
RT. Let R € Ri(R") and let C € Ry(R™) be a nontrivial cyclic subcurrent of R. Then

My, (R—C) < Mp,, (R).
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Proof. Write
R=[E,T,0].

Since C'is a rectifiable subcurrent of R, by the standard characterization of subcurrents of rectifiable
currents there exists a Borel function A : E — [0, 1] such that

C =[E,,\].
Therefore
R—-C=[E,r,(1—-)\)4].
Since H is even and non-decreasing on RT, we have
H((1—Xx))|0(x)|) < H(|6(z)]) for H*-a.e. z € E.
Multiplying by ||7(z)||s, and integrating on E, we obtain
Mpu,o, (R —C) < Mpy o, (R).

Remark 5.3. 1. Setting
AC; :={Re€R;(R"): R =" — u~, R acyclic},

by Proposition 3.8 of [28], every normal 1-current T' contains a cycle C such that T'— C' is
acyclic. Hence, for every R € C, there exists a cyclic subcurrent C of R such that R—C € AC;
and

OR-C)=0R=pu" —pu".

Applying Lemma 5.2, we obtain

of Mpo, (R) = inf, My, (R). (5.1)
2. By Proposition 3.6 of [11], if k = 1, for every R = [E, 7,0] € AC; it holds ||0|| L~ < M(pt) =
Mi(p™).

Since we will rely on the finiteness of ||0||oo, from now on we restrict to the case k = 1. Moreover,
throughout this section we assume that

lim M = +00. (5.2)
y—0t Y

Lemma 5.4. Let oy be a 1-anisotropy in R™ and let H be a branching function, non-decreasing
on R, satisfying condition (5.2). Then there exists a constant C = C(o1,M(u™), H) such that
for every R € ACy

M(R) < CMpy,0, (R).

Proof. If R € ACy we have

B IR 0@ oo T @los n
M(R) ‘/m{eﬂ} 6@ dH () /En{m} (o POV, @

—1
. Yy 1
< | min ||7]e, sup —_— / H((x))||7(x)|lo, dH (x
(nin, 7l ) (MSMWH@)) o HO)r(o) e, )
< CMp,q (R) < +o0,

where in the second inequality we used Remark 5.3 and the fact that H is even. Since H is non-
decreasing on R, the finiteness of the supremum sup, <y<M(u+) % follows from the fact that

the function % is upper semicontinuous on an interval [e, M(x")], and lim, o+ % = 0 by
assumption (5.2). O
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Lemma 5.5. Let (T};)ien C Ni(R™) be such that

sqp(M(Ti) + M(9T;)) < +oc.
Then, there exists a current T € Ni(R™) such that, up to a non-relabeled subsequence,
F((T; - T)LBgr) -0  for a.e. R>0.

Proof. Set
C = sup(M(T;) + M(9T;)) < +o0.

3

By the compactness theorem for normal currents, up to a subsequence we may assume
T —T weakly-* as currents,
for some T' € N (R™). Moreover, if we define the finite Radon measures
i = T3 + 10T,
then, up to a further subsequence, we may also assume
Wi = 1 weakly-* as Radon measures
for some finite Radon measure pu on R™.

Let u(z) := |z|. Since u is 1-Lipschitz, for each i the slice (T}, u, R) is defined for a.e. R > 0 and
/ M((T;,u,R)) dR < M(T;) < C.
0

Moreover Fatou’s lemma yields

1—> 00

/ liminf M((T};,u, R)) dR < C,
0

hence
lim inf M((T}, u, R)) < +o0 for a.e. R > 0.

i—00
Let G C (0,00) be the set of radii R such that:

2. |T|(0Br) =0,
3. liminf; M((T}, u, R)) < +o0.
Since each of these conditions holds for a.e. R, the set G has full measure. Fix now R € G. We

claim that
T,LBr =~ TL Bg weakly-* as currents. (5.3)

For every h € N, choose ¢}, with R+¢j, € G, e, = 0 as h — oo and ¢p, € C°(R™) such that
0<opn <1, on =1 on Bpg, on =00onR"\ Bry.,.
Let w € D*(R™). Then

[(T;L Br)(w) — (Ti L) (@)| < llwlloo T (Brye, \ Br) < ||wlloo ti(Br+e, \ Br).
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Therefore
lim sup| (T3 Br) (@) — (TiL¢1)(@)] < |wlloe #(Brse, \ Br),

1—00
because R, R + ¢, € G. Note that the right-hand side tends to 0 as h — co. On the other hand,
for fixed h,

(TiLon)(w) = Ti(pnw) = T(pnw) = (TLgn)(w),
and again, since ||T||(0Bg) = 0,

(TLyp)(w) = (TL Br)(w) as h — oo.
This proves claim (5.3).
For a.e. R > 0, the slicing formula, see equations 28.6 and 28.7 of [32], gives
I(T;L Bgr) = (0T;) L Br — (T}, u, R)
(up to the sign convention for slices, which is irrelevant for the estimates). Hence
M(9(T;LBg)) < M((0T;)LBg) + M((T;,u, R)) < M(9T;) + M((T;, u, R)).

Since R € G, we have
lim inf M((T}, u, R)) < +o0.

Therefore, from every subsequence of (7;) one can extract a further subsequence (7,) such that

sup M((T},,u, R)) < +00.
J

Along this subsequence we get
sup M(O(T;, L Bg)) < +oo.
J

Moreover
M(T;, L Bg) < M(T},) < C,

J

and all the currents T;, L. Br are supported in the compact set Br.

By the Federer-Fleming compactness theorem on the compact set Bg, the family (T;; L Bg) is
precompact in the flat norm. Hence, after passing to a further subsequence if necessary,

T;,l_Br — S in flat norm
for some current S supported in Bg.

Since flat convergence implies weak convergence and the whole sequence T; L Bg converges weakly
to T'L Bg, necessarily
S =TL Bg.

Thus every subsequence of (T;L_ Br) admits a further subsequence converging in flat norm to the
same limit T'L Bg. It follows that the whole sequence converges, that is,

F((T; — T)L Bg) — 0.
O

Lemma 5.6. Let o1 be a 1-anisotropy in R™ and let H be a branching function satisfying condition
(5.2) and non-decreasing on R*. Assume that

inf{Mpg ., (R): R € C} < +o0.

Then every minimizing sequence for problem (ABOT) is relatively compact with respect to the local
flat topology in N1(R™).
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Proof. Let {Rj}ren be a minimizing sequence for (ABOT). Since by assumption infe My ,, <
+00, we can suppose without loss of generality that there exists ¢ > 0 such that My ., (Rx) < ¢
for every k. As a consequence of (5.1) we can assume Ry € AC; for every k.

By Lemma 5.4, we have M(Ry) < C ¢ for every k. Since ORy = p™ — p~, there exists a constant
C' > 0 such that N
M(Ry) + M(O0Ry) < C Vk.

We may therefore apply Lemma 5.5 to the sequence (Rg)i. It follows that, up to a subsequence,
there exists T' € N1 (R™) such that

F((Rk—T)LBR) -0 for a.e. R > 0.

In particular, (Ry) is relatively compact for the local flat topology. O

Lemma 5.7. Let o1 be a 1-anisotropy in R™ and let H be a branching function, non-decreasing
on RT | satisfying (5.2). Assume that

inf{Mpg ., (R): R € C} < +o0.
Then any minimizing sequence { Ry }ren of problem (ABOT) admits a subsequence converging in
the local flat topology to an element of C.
Proof. Let {Ry}ren be a minimizing sequence for problem (ABOT). By (5.1), we may assume
without loss of generality that Ry € AC; for every k.
By Lemma 5.6, there exist Ry, € N1(R™) and a subsequence, not relabeled, such that

F((Ry — Ro)LBg) =0  forae R>0.

In the proof of Lemma 5.5 one also obtains, up to subsequences, the weak-* convergence Ry — R
as currents in R™; hence
ORs = NJr -

by continuity of the boundary operator with respect to weak convergence.

Since {Ry}x is minimizing, there exists ¢ > 0 such that My, (Rx) < c for every k. Writing
Rk = HEk,Tk, Gk]], we then have

min ||T||UI/E H(Op(x)) dH (z) < My (Re) < ¢ VE. (5.4)

Tesn—1

Therefore

M (R) = [ H(By(a) dH (@) < Olor)e <+,

uniformly in k. Fix now a radius R > 0 for which IF((R;c —Rs) I_BR) — 0. Since My (RrL Bg) <
My (Ry), Proposition 2.8 of [14] applied on Bp yields that R, L Bp is rectifiable. Choosing an
increasing sequence of such radii R; — 400, we conclude that R, is itself rectifiable, namely
R+ € Ri(R™).

Hence Ry, € C and the convergence is local flat by construction. O

5.2 Proof of Theorem 1.8

Now we can conclude the proof of Theorem 1.8.
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Proof of Theorem 1.8. Let {Ry}r be a minimizing sequence for problem (ABOT). By (5.1), we
may assume Ry € AC; for every k. By Lemma 5.7, up to a subsequence there exists Ry, € C such
that

F((Rk — ROO)I_BR) -0 for a.e. R > 0.

Choose an increasing sequence of radii ; — +oo such that the previous convergence holds for
every j and, in addition, ||Re|[(0BR;) = 0. For each fixed j, the currents Ry Bg, and R L Bg,
have compact support in Bigj, so the convergence is flat on that ball. If either n = 2, or n >
3 and (R™,||"|ls,) is hypermetric, Proposition 3.7 ensures that o; admits an integral geometric
representation. Hence, by Theorem 1.7, for every j we have

I\/HHJ1 (Roo LBRj) S lim inf MH,ol (Rk LBRJ) S lim inf I\/[[HJ1 (Rk)
k—+o00 k

c—+00

Letting j — +o0 and using monotone convergence in the definition of My ., , we obtain

I\/JIHJ1 (Roo) S lim inf MH,al (Rk) = ]gé% MH’gl (R)

k—-+oco

Therefore Ry is a minimizer. This proves both points of the theorem. O

6 Further remarks on integral geometric representations for
k=2,....n—1

Let n >3 and k =2,...,n— 1. For k € {2,...,n — 1}, an integral geometric representation of
IIllo, is known when oy, is of a special form. We have the following result.

Theorem 6.1. Let (R™,||-||g) be a hypermetric space with unit ball B C R™. Assume that for
every L € G(k,n)
HF (BN L)*
Wi

where the measure H* is computed with respect to the FEuclidean metric, and
(BNL) :=={zel”:(x,y) <1VyeBNL}

is the dual ball in L* ~ L of BN L. Then o admits an integral geometric representation.

Proof. See [31, Sect. T7]. O

Remark 6.2. If (R™, ||-|| p) is a hypermetric space, it is not yet determined for which k the k-scaling
function

R Wk
ox(L) = W (BNL)

admits an integral geometric representation (see [31, Sect. 4]). This scaling function is of particular
interest in the field of convex geometry, alongside the scaling function considered in Theorem 6.1.

L € G(k,n),

Remark 6.3. A necessary and sufficient condition for o, is given in [31, Sect. 3].
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