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Abstract. We prove a stochastic homogenization result for a class of nonlinear and nonlocal

variational problems in domains with many small randomly distributed (bilateral) obstacles.

Our model case is a Dirichlet problem for the fractional p-Laplacian, p > 1, where a pinning
condition u = 0 is imposed on the solution in a random collection of small balls whose centers

and radii are generated by a stationary marked point process. Such a general obstacle distri-

bution allows for clustering effects to appear with positive probability. Under suitable moment
conditions on the obstacle radii, we identify a critical scaling regime in which the fractional

p-capacity density of the obstacles is asymptotically additive almost surely. In turn, this key
property allows us to derive an effective homogenized problem which is formally analogous to

the one obtained in the periodic setting or under the assumption of well-separation for the ob-

stacles. The analysis also extends to the case of randomly shaped obstacles and to a broad class
of nonlocal interaction kernels. At the methodological level, the paper develops a streamlined

proof strategy with several new ingredients, among them the use of Palm measures.
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1. Introduction

1.1. Overview. In this paper we study the effective behavior of sequences of nonlinear and
nonlocal Dirichlet problems posed in domains containing a diverging number of increasingly small
randomly distributed (bilateral) obstacles.

To set up the framework, let Ω be the sample space of an underlying probability space and let
ε > 0 be a small parameter. The prototypical problem we consider is{

(−∆)spu = f in U \ Tωε ,
u = 0 on ∂U ∪ Tωε ,

(1.1)

where U ⊂ Rn is open, bounded and Lipschitz, (−∆)sp denotes the (regional) fractional p-Laplacian

of order s, with p ∈ (1,∞) and s ∈ (0, 1). In (1.1) the source term f belongs to Lp
′
(U) and, for

ω ∈ Ω, Tωε denotes a realization of the random obstacle set defined as

Tε =
⋃
{Bλερ(εx) : (x, ρ) ∈ suppN, x ∈ ε−1U}. (1.2)

In (1.2) λε > 0 is a secondary small scale satisfying λε � ε, and N is a marked point process.
More precisely, N is a random counting measure of the form

N =

∞∑
i=1

δ(xi,ρi),

where {xi}i∈N is a sequence of Rn-valued random variables and {ρi}i∈N is a sequence of R+-
valued random variables, representing the marks associated to the points {xi}i∈N. Under minimal
structural assumptions on N , which in particular shall be stationary and ergodic with respect to
shifts in Rn (see (2.15) and (2.16) for the precise definitions), in this paper we prove that, when
sp ∈ (0, n), there is a critical scaling λε for the obstacle radii such that, as ε→ 0, the solutions to
(1.1) converge almost surely to the solution of the effective problem{

(−∆)spu+ γ |u|p−2u = f in U,

u = 0 on ∂U,
(1.3)

where γ > 0 is explicit and encodes the asymptotic geometry and distribution of the obstacles.
More precisely, γ represents the averaged limit density of the fractional p-capacity of the random
obstacle set Tε, as we are going to explain in detail below.

1.2. A brief literature review. The asymptotic behavior of solutions to local Dirichlet problems
in periodically perforated domains (or in domains with obstacles) has been a very active research
area since the seminal works of Marchenko and Khruslov [MK74], Rauch and Taylor [RT75a,
RT75b], and Cioranescu and Murat [CM82a, CM82b]. From a mathematical point of view, these
problems are interesting because, when the perforations are at a critical size, the limit equation
shows an extra zero-order term, originally dubbed “a strange term coming from nowhere”, which
reflects the additive asymptotic behavior of the capacity of the homogenizing obstacles.

Several approaches have been developed over the years to study local problems posed in per-
forated domains; comprehensive treatments can be found in the monographs [Att84, DM93,
CD99, Bra02, MK06, CDG18]. In particular, Dal Maso gave a complete variational solution
[DM83b, DM83a] by building on the Γ-convergence framework previously introduced by De Giorgi,
Dal Maso, and Longo [DGDML80]. In the 2000s the interest in the homogenization of obstacle
problems resurfaced in the nonlocal community thanks to Caffarelli and Mellet [CM08], who were
the first to study these problems for the fractional Laplacian. Their method relies on the cel-
ebrated Caffarelli-Silvestre extension [CS07], which allows to reduce the problem posed for the
fractional Laplacian to a local problem. Indeed, thanks to [CS07] the solution to the nonlocal
problem in Rn can be interpreted as the boundary trace of the solution of a degenerate but local
elliptic equation in the higher-dimensional positive half-space Rn+1

+ . Caffarelli and Mellet’s proof
is then based on the construction of oscillating test functions for degenerate elliptic PDEs and
their homogenization result holds for “well separated” randomly shaped obstacles placed on a
periodic lattice.
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A genuinely nonlocal approach was later proposed by the second author by resorting to Γ-
convergence techniques combined with an ergodic theorem for multiparameter stationary processes
[Foc10, Foc12]. Circumventing the construction of the oscillating test functions, this variational
approach applies to a broad class of nonlocal and nonlinear problems and easily extends beyond the
periodic setting (see also [Foc09]). Moreover, an explicit expression for the limiting capacity density
of the obstacles is obtained in [Foc10, Foc12], whereas it remained implicit in the extension-based
works [CM08, CM09]. We stress, however, that the analysis in [Foc10, Foc12] strongly relies on
the spatial distribution of the obstacles, in particular ruling out clustering effects. More precisely,
in the works mentioned above the obstacles are required to be well separated, a condition that
enables local constructions as in the periodic setting.

We also mention here the recent work [AGL25] where the authors study nonlocal variational
problems of convolution type in periodically perforated domains, via Γ-convergence.

On the other hand, in the local setting, Giunti, Höfer, and Velázquez [GHV18] significantly
extended homogenization results for the Poisson equation in perforated domains by considering
perforations generated by a stationary and ergodic marked point process as in (1.2), under the
assumption that both the centers and the radii exhibit short-range correlations. This framework
allows the centers {xi}i∈N to be arbitrarily close and the radii {ρi}i∈N to be arbitrarily large, so that
clustering of perforations can occur with probability one (cf. [Gri99, MR96]). Assuming finiteness
of the average limit capacity density of the perforations (which, in view of the scaling properties
of the elliptic capacity, amounts to a suitable moment condition on the radii) the authors prove
that, for λε = εn/(n−2), a homogenization result analogous to those in [CM82a, CM82b] holds.
Their proof is based on the construction of oscillating test functions in the spirit of Cioranescu
and Murat, with the main difficulty being to ensure that the presence of clusters does not break
down this construction. The key observation in [GHV18] is that the imposed moment condition
and the decorrelation assumption over large distances (formulated as a quantitative strong mixing
condition) guarantee that, almost surely, clustering holes have asymptotically negligible capacity.

More recently, a nonlinear counterpart of this result was obtained under similar assumptions by
Scardia, Zemas, and Zeppieri [SZZ24] via a purely variational approach, thus providing the first
homogenization result of obstacle problems for nonlinear elliptic PDEs (with variational structure)
without the assumption of well-separation.

1.3. Main contributions of the paper and method of proof. In the present paper, we ex-
tend the homogenization results of [GHV18, SZZ24] to the nonlocal setting. More precisely, we
establish a homogenization result for a broad class of nonlocal and nonlinear obstacle problems
under minimal assumptions on the geometry and size of the obstacles. Our result also provides
a substantial extension, in the nonlocal framework, of the homogenization results obtained in
[Foc09, Foc10]. Indeed, our approach does not rely on any separation assumption, thus accommo-
dating genuinely irregular configurations of obstacles. Moreover, the analysis applies to a class of
interaction kernels which is significantly larger than the one considered in [Foc10].

In contrast to [GHV18, SZZ24], we remove the short-range correlation assumption on the un-
derlying marked point process, which is now only required to be stationary and ergodic (see also
[Bas26]) and to satisfy a suitable moment condition on the obstacle radii. Moreover, we cover also
the case of randomly shaped obstacles (see also [Sat26]). In the same spirit as [Foc10, SZZ24],
our approach is purely variational and avoids the delicate PDE techniques and regularity results
employed in [CM08], which are moreover specific to the fractional Laplacian. This yields a ro-
bust and unified framework for the stochastic homogenization of a broad class of nonlocal and
nonlinear obstacle problems. In addition, the paper develops a streamlined proof strategy with
several methodological simplifications and new ingredients with respect to [GHV18, SZZ24] (see
the comments hereafter).

We now provide an overview of the main contribution of the paper and outline its proof strategy.
For the sake of presentation, we focus on the model case of problem (1.1), where the random
obstacle set Tε consists of a union of balls with random centers and radii, as defined in (1.2) (see
Figure 1). To keep the presentation intuitive, we disregard technicalities and assume only that
the marked point process N is stationary and ergodic. We refer the reader to Section 3 for the
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U

Figure 1. In blue a realization of the random set Tε. (In the picture the centers
of the balls are generated by a Poisson point process, while the radii are i.i.d.
random variables with a log-normal distribution.)

complete list of assumptions, as well as for the treatment of the case in which ergodicity is relaxed
(cf. Remark 3.5).

We observe that problem (1.1) has a variational structure. Indeed, for fixed ε, the unique
solution to (1.1) coincides with the minimizer in the fractional Sobolev space W s,p

0 (U) of the
functional ˆ

U×U

|u(x)− u(y)|p

|x− y|n+sp
dxdy − p

ˆ
U

fudx+ χωε (u), (1.4)

where, for every ω ∈ Ω,

χωε (u) =

{
0 if u = 0 on Tωε ∩ U,
+∞ otherwise.

By the fundamental property of Γ-convergence, the convergence of the functionals in (1.4) yields
the convergence of the corresponding minimizers and hence of the solutions to (1.1). Indeed,
we note that in this setting the compactness of minimizing sequences directly follows from the
Poincaré Inequality in W s,p

0 (U). Moreover, since the linear term in (1.4) can be treated as a
continuous perturbation, it actually suffices to focus on the asymptotic behavior of

Fωε (u) =


ˆ
U×U

|u(x)− u(y)|p

|x− y|n+sp
dx dy if u ∈W s,p(U), u = 0 on Tωε ∩ U,

+∞ otherwise in Lp(U).
(1.5)

In the main result of the paper, Theorem 3.2, we prove that for sp ∈ (0, n), λε = εn/(n−sp), and
under the moment condition

E
[ ∑
xi∈Q

ρn−spi

]
< +∞, (1.6)

where Q is a unit cube in Rn, the random functionals Fε Γ-converge, almost surely, to the deter-
ministic functional given by

F(u) =


ˆ
U×U

|u(x)− u(y)|p

|x− y|n+sp
dxdy + γ

ˆ
U

|u|pdx if u ∈W s,p(U),

+∞ otherwise in Lp(U),

where

γ = caps,p(B1)E
[ ∑
xi∈Q

ρn−spi

]
. (1.7)

In (1.7) caps,p(B1) denotes the fractional p-capacity, or in short the (s, p)-capacity, of the unit
ball (see Section 2.2 for its definition). We observe that γ factorizes into the contribution of the
local geometry (via the (s, p)-capacity of the fundamental obstacle shape) and that of the global
distribution of the obstacles (via the (n− sp)-moment of the radii). A similar formula is obtained
in [GHV18, SZZ24]. Moreover, we refer the reader to Remarks 3.1, 3.4, and 3.5 for different
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characterizations of the capacitary constant γ. While the necessity of the moment condition (1.6)
is immediate from (1.7), the main contribution of the present work is to show that (1.6) is also
sufficient to establish a homogenization result analogous to that of [Foc10] in this more general
setting.

In the same spirit as [GHV18], a crucial step in the proof of the homogenization theorem is a
decomposition result of the random obstacle set Tε. Roughly speaking, we decompose Tε into the
disjoint union of two sets T gε and T bε , where T gε consists of “small” and ε-separated obstacles (the
so-called good obstacles), while T bε contains the remaining ones (the so-called bad obstacles), in
particular clusters (see (4.1)-(4.3) for the precise definitions). By construction, the obstacles in T gε
are also well separated from a suitable enlargement of the bad set T bε (see (4.4)). We then show
that, almost surely and for ε sufficiently small,

caps,p(Tε ∩Q) ' caps,p(T
g
ε ∩Q) + caps,p(T

b
ε ∩Q)

and caps,p(T
b
ε ∩ Q) → 0 as ε → 0. Therefore, thanks to the ε-separation of the obstacles in T gε ,

we obtain

lim
ε→0

caps,p(Tε ∩Q) = lim
ε→0

caps,p(T
g
ε ∩Q) = caps,p(B1) lim

ε→0
εn

∑
εxi∈Q

ρn−spi .

Above we have also used the choice λε = εn/(n−sp), together with the scaling property of the
(s, p)-capacity, namely caps,p(Bρ) = caps,p(B1)ρn−sp. Finally, exploiting the stationarity and
ergodicity of N together with (1.6), invoking the ergodic theorem for marked point processes, we
deduce that, almost surely,

lim
ε→0

caps,p(Tε ∩Q) = γ.

The above heuristic argument shows that the moment condition (1.6) is in fact sufficient to ensure
that, even in the presence of clusters, when λε is critical, (with probability one) the (s, p)-capacity
density of the obstacle set Tε is finite and asymptotically additive, as in the periodic setting.

The proof of Theorem 3.2 builds on the argument outlined above, which, however, is not suffi-
cient on its own to conclude. Indeed, both the lower and upper bound inequalities (cf. Proposition
5.1 and Proposition 5.2, respectively) require two additional key ingredients: a nonlocal version
of the so-called Joining Lemma (cf. [Foc10, Proof of Lemma 3.9]) and a probabilistic discrete
approximation of the capacitary term in the Γ-limit (cf. Proposition 4.11).

More precisely, the Joining Lemma (originally proved in the local periodic setting by Ansini
and Braides [AB02]) is reminiscent of a slicing and averaging argument due to De Giorgi. It allows
us to identify suitable annular neighborhoods around the good obstacles where a sequence with
equibounded energy can be modified so as to become locally constant without generating additional
energy concentration. The resulting sequence can then be used as a competitor in the capacitary
problem, and its appropriately chosen constant boundary values enable the reconstruction of the
capacitary term in F thanks to a refined version of the ergodic theorem for marked point processes
that plays a crucial role (cf. Proposition 2.3).

To carry out this program, we introduce some technical simplifications and develop some
methodological novelties with respect to the approaches in [GHV18, SZZ24]. First, to make the
application of the Joining Lemma possible we introduce a substantially simplified good/bad obsta-
cles decomposition (see Section 4.1), which yields the geometric separation properties required in
the proof through a shorter argument than in [GHV18, SZZ24]. In particular, instead of relying on
[GHV18, Lemma 4.2], we select the relevant obstacles by means of a simple truncation procedure
depending on a deterministic parameter, which tends to +∞ at the end of the argument. Second,
we formulate the relevant discrete-to-continuum limit passages in terms of almost sure conver-
gence of suitably rescaled counting measures (see (2.18)) associated with the underlying marked
point process (see Sections 2.3.2 and 4.5). This allows us to derive the asymptotic behavior of
random sums from general ergodic principles and to recast the corresponding limit computations
as convergence-to-integral statements. A key point here is that, rather than passing to the limit
only at the level of the original marked point process, we work directly with the thinned process
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(see Section 2.3.4) associated with the obstacle selection. The probabilistic analysis of this se-
lected configuration relies on Palm measures (see Section 2.3.3), which allow us to compute the
expectation measure of the thinned process as a function of the truncation parameter. This in
turn makes it possible to apply the ergodic theorem directly at the level of the selected obstacles.

While in the proof of the lower bound inequality the contribution of clusters can be neglected,
the upper bound is more delicate, as one needs to show that the lower bound is optimal along a
suitable recovery sequence. In particular, the recovery sequence must be constructed so as to satisfy
the pinning condition also on the clustering obstacles. This construction presents difficulties which
are, to some extent, analogous to those encountered in the construction of oscillating test functions,
although no explicit solution of PDEs is required. Finally, in the upper bound construction we
show that the capacitary contribution is concentrated along the diagonal set in Rn×Rn and arises
from short-range interactions, whereas long range interactions contribute only to the nonlocal term
in the Γ-limit.

To conclude this introduction we note that the Γ-convergence result described above can be ex-
tended to more general interaction kernels and to obstacles with random shapes (cf. Theorem 3.6).
Moreover, the ergodicity assumption on the marked point process can be relaxed, in which case
the limiting functional features a random capacitary term (cf. Remark 3.5).

2. Preliminaries and notation

2.1. Basic notation. In this subsection we introduce some useful notation. In all that follows
n ∈ N \ {0}. We define R+ := [0,+∞) and Q := (0, 1)n. We use the standard notation | · | for
the Euclidean norm on Rn. The open ball centered at x ∈ Rn and with radius r > 0 is denoted
by Br(x); i.e., Br(x) := {y ∈ Rn : |y − x| < r}, while the corresponding closed ball is denoted by
Br(x), that is Br(x) := {y ∈ Rn : |y − x| ≤ r}. If x = 0, we write simply Br instead of Br(0).
Given two sets A,A′ ⊂ Rn with A ⊂⊂ A′, we say that ϕ ∈ Lip(Rn; [0, 1]) is a cutoff function
between A and A′ if ϕ = 1 on A, ϕ = 0 on Rn \A′ and Lip(ϕ) ≤ 1/dist(A, ∂A′).

For a given set A ⊂ Rn the characteristic function of A is denoted by 1A, that is

1A(x) :=

{
1 if x ∈ A,
0 if x /∈ A.

Throughout the paper the parameter ε varies in a strictly decreasing sequence of positive real
numbers converging to zero. To avoid cumbersome notation, whenever we need to pick a sequence
{εj}j∈N ↓ 0 , we will simply write j instead of εj , if εj appears as a subscript. For example, we
will write Ij , Fj , uj in place of Iεj , Fεj , uεj .

Let Ln denote the Lebesgue measure on Rn. If U is a Lebesgue-measurable subset of Rn
and u ∈ L1(U), the integral average of u on U is denoted by (u)U , that is (u)U :=

ffl
U
u =

Ln(U)−1
´
U
u(x) dx.

Let δ > 0; then ∆δ := {(x, y) ∈ Rn ×Rn : |x− y| < δ} denotes the open δ-neighborhood of the
diagonal set in Rn × Rn.

We use the standard notation b·c for the floor function; i.e., btc := max{m ∈ Z : m ≤ t}, for
every t ∈ R.

In all that follows we write .M1,M2,... when an inequality holds up to a multiplicative constant
depending on the parameters M1,M2, . . .

2.2. Fractional capacity. Throughout the paper, we assume that p ∈ (1,∞), s ∈ (0, 1) and
sp ∈ (0, n). Let A ⊂ Rn be open. We use the standard notation W s,p(A) for the Sobolev-
Slobodeckij space, with norm ‖u‖W s,p(A) := ‖u‖Lp(A) + |u|W s,p(A), where

|u|pW s,p(A) :=

ˆ
A×A

|u(x)− u(y)|p

|x− y|n+sp
dx dy

denotes the usual fractional Gagliardo seminorm of u to the p-power.
Let T ⊂ Rn. The fractional capacity of T is denoted by caps,p(T ) and defined as

caps,p(T ) := inf
{A∈A(Rn):A⊃T}

inf
{
|u|pW s,p(Rn) : u ∈W s,p(Rn), u ≥ 1Ln-a.e. on A

}
, (2.1)
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where A(Rn) stands for the collection of all open subsets of Rn.
We recall that a property holds caps,p quasi everywhere (in short, caps,p-q.e.) on A, if it holds

up to a set of caps,p zero. Moreover, every function u in W s,p(A) has a precise representative ũ
defined caps,p-q.e. (see [AH96, War15]) and using the precise representative we can equivalently
write

caps,p(T ) = inf
{
|u|pW s,p(Rn) : u ∈W s,p(Rn), ũ ≥ 1 q.e. on T

}
.

More generally, we shall deal with translation-invariant, even symmetric, homogeneous kernels
K : Rn \ {0} → [0,∞) that are comparable to the standard fractional kernel. Specifically, we
assume that K is Ln-measurable and such that for some c > 0, and for all x 6= 0 and t ∈ R \ {0},
obeys to

K (tx) = |t|−(n+sp)K (x), c−1 ≤ K (x)|x|n+sp ≤ c . (2.2)

In particular, K is even symmetric and −(n + sp)-positive homogeneous. Then consider the
functional K : Lp(Rn)×A(Rn) −→ [0,+∞]

K(u,A) :=

ˆ
A×A

K (x− y)|u(x)− u(y)|p dxdy , (2.3)

and introduce the counterpart of caps,p associated with the kernel K , namely

capK (T ) := inf
{A∈A(Rn):A⊃T}

inf {K(u,Rn) : u ∈W s,p(Rn), u ≥ 1Ln-a.e. on A} . (2.4)

One can easily verify that capK is (n− sp)-homogeneous and comparable to caps,p, namely

c−1caps,p(T ) ≤ capK (T ) ≤ c caps,p(T ), (2.5)

for every T ⊂ Rn.
For fixed T ⊂ Rn, the existence and uniqueness of a function u realizing capK (T ) is obtained

in the homogeneous space Ẇ s,p(Rn) = {u ∈ Lp∗(Rn) : |u|W s,p(Rn) < +∞}, p∗ := np
n−sp , appealing

to the direct methods of the Calculus of Variations and using the strict convexity of the K and
the fact that the set {u ∈ Ẇ s,p(Rn) : ũ ≥ 1 q.e. on T} is convex and strongly closed. In what
follows such a function is referred to as the K -capacitary potential for T .

For later use, it is also convenient to recall two different notions of relative fractional capacities
introduced in [Foc10, Section 2.4]. Namely, let 0 < r ≤ R, and for T ⊂ Br define

capK (T,BR; r) := inf
{
K(u,BR) : u ∈W s,p(Rn), u = 0 on Rn \Br, ũ ≥ 1 q.e. on T

}
,

and

CK (T,BR) := inf
{
K(u,Rn) : u ∈W s,p(Rn), u = 0 on Rn \BR, ũ ≥ 1 q.e. on T

}
.

In fact, the former quantity is useful in the proof of the lower-bound inequality (cf. Proposi-
tion 5.1), while the latter is used in the proof of the upper bound inequality (cf. Proposition 5.2).
In particular, by the very definitions it is easy to deduce that

max{capK (T ), capK (T,BR; r)} ≤ CK (T,BR) (2.6)

for every T ⊂ Br, 0 < r < R.
In what follows we shall prove the uniform convergence of the above defined relative capacities to

the global one. To this aim it is convenient to introduce some notation to simplify the calculations
below: for any Ln-measurable function w and any L2n-measurable subset E of Rn×Rn we define
the locality defect of the functional K as

DK(w,E) :=

ˆ
E

K (x− y)|w(x)− w(y)|p dx dy.

Hence, by definition and being K even symmetric, for any pair of disjoint Ln-measurable subsets
A and A′ of Rn, we have

K(w,A ∪A′) = K(w,A) +K(w,A′) + 2DK(w,A×A′). (2.7)

The next result establishes some useful properties of the relative capacities introduced above.
It extends [Foc10, Lemma 2.12] proved for the standard kernel | · |−(n+sp) to the more general
class defined in (2.2). The strategy of proof is that of [Foc10, Lemma 2.12] with the additional



8 F. DEANGELIS, M. FOCARDI, AND C. I. ZEPPIERI

insight that the K -capacitary potential of the ball is vanishing at infinity, as a consequence of the
regularity theory developed in [DCKP14]. In what follows it is useful to notice that if x ∈ BRˆ

BcR

1

|x− y|n+sp
dy .n,s,p dist−sp(x, ∂BR) . (2.8)

The latter estimate is a consequence of a direct integration using polar coordinates (see [Foc10,
Lemma A.1]).

Lemma 2.1. Let K : Rn \ {0} → [0,∞) be Ln measurable and satisfy (2.2). For every ρ > 0 it
holds

lim
r→+∞

sup
T⊆Bρ

|CK (T,Br)− capK (T )| = 0. (2.9)

Moreover, for every 0 < ρ < r < R

sup
T⊆Bρ

(capK (T )− capK (T,BR; r)) .n,s,p
rsp

(R− r)sp
CK (Bρ, Br). (2.10)

In addition, if R(r) > 0 is such that R(r)/r → +∞ as r → +∞, then

lim
r→+∞

sup
T⊆Bρ

|capK (T )− capK (T,BR(r); r)| = 0 , (2.11)

and
lim

r→+∞
sup
T⊆Bρ

DK(ξTr , BR(r) ×BcR(r)) = 0, (2.12)

for every function ξTr such that

K(ξTr ,Rn) ≤ CK (T,Br) +
1

r
. (2.13)

Proof. Let ρ > 0, T ⊆ Bρ, r > ρ be fixed.

Let us first prove (2.9). To this aim let uT , uBρ ∈ Ẇ s,p(Rn) be the K -capacitary potentials
of T and Bρ, respectively; then 0 ≤ uT ≤ uBρ ≤ 1 Ln a.e. on Rn by [Foc10, Lemma 2.11]. In
addition, uBρ satisfies

lim
|x|→∞

uBρ(x) = 0 (2.14)

in view of the results contained in [FPZ26].
With fixed δ > 0 consider the Lipschitz map ψδ(t) := t−δ

1−δ ∨ 0, Lip(ψδ) ≤ (1 − δ)−1, and set

wδ(x) := ψδ(u
T (x)). Up to Ln negligible sets, {wδ > 0} = {uT > δ} ⊆ {uBρ > δ} ⊆ BRδ , for

some Rδ → +∞ as δ → 0+. Then wδ ∈W s,p(Rn) with

K(wδ,Rn) ≤ 1

(1− δ)p
K(uT ,Rn) =

1

(1− δ)p
capK (T ), ‖wδ‖Lp(Rn) ≤

1

1− δ
‖uT ‖Lp(BRδ ).

Moreover, w̃δ ≥ 1 q.e. on T , and being capK (·) an increasing set function, we conclude that

0 ≤ CK (T,Rδ)− capK (T ) ≤
(

1

(1− δ)p
− 1

)
capK (T ) ≤

(
1

(1− δ)p
− 1

)
capK (Bρ).

In conclusion, (2.9) follows since (0,+∞) 3 r → CK (T,Br) is monotone decreasing.
To prove estimate (2.10), let u ∈W s,p(Rn) be any admissible function for the minimum problem

defining caps,p(T,BR; r), then u is also admissible for the one defining caps,p(T ). Using the
estimate in (2.8) we have

capK (T ) ≤ K(u,Rn)
(2.7)
= K(u,BR) +K(u,BcR) + 2DK(u,BR ×BcR)

u|Bcr=0
= K(u,BR) + 2

ˆ
Br

|u(x)|p
ˆ
BcR

K (x− y)dydx

(2.2),(2.8)

.n,s,p K(u,BR) + c

ˆ
Br

|u(x)|p

distsp(x, ∂BR)
dx

≤ K(u,BR) +
c

(R− r)sp

ˆ
Br

|u(x)|pdx .n,s,p K(u,BR) +
crsp

(R− r)sp
K(u,Br) ,
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where in the last inequality we used the scaled version of the Poincaré Inequality on balls and
again (2.2). By passing to the infimum over the admissible test functions we infer

capK (T )− capK (T,BR; r) ≤ crsp

(R− r)sp
capK (T,BR; r) ≤ crsp

(R− r)sp
CK (T,Br).

We deduce statement (2.10) since CK (·, Br) is a monotone increasing set function.
The limit in (2.11) follows at once from formulas (2.9), (2.10), and the inequality in (2.6).
Finally, let ξTr satisfy (2.13). Then ξTr is admissible for the problem defining capK (T,BR; r),

so that for all r < R we get

capK (T,BR; r) ≤ K(ξTr , BR) ≤ CK (T,Br) +
1

r
.

Therefore, recalling the definition of DK, by combining (2.9) and (2.11) we get (2.12). �

2.3. Marked point processes. For a comprehensive treatment of marked point processes we
refer the reader to the monographs [DVJ06, DVJ07]. Below we recall some notions and results
which are relevant to the problem under examination.

2.3.1. Basic definitions. Let X be a topological space. The Borel σ-algebra on X is denoted by
B(X). We say that a Borel measure is boundedly finite if it is finite on every bounded Borel set.
Let N be the set of boundedly finite integer-valued measures on B(Rn ×R+). For any µ ∈ N , we
define its ground measure µg as

µg(A) = µ(A× R+),

for every A ∈ B(Rn). If µg is a simple counting measure on B(Rn), i.e., if µg({x}) ∈ {0, 1} for

every x ∈ Rn, we write µ ∈ N̂ .
We say that a sequence {µj}j∈N ⊂ N w#-converges (“weak hash” converges) to µ ∈ N ifˆ

Rn×R+

f dµj →
ˆ
Rn×R+

f dµ

for every bounded continuous function f on Rn×R+ vanishing outside a bounded set. This notion
of convergence defines the w#-topology (“weak hash” topology) on N , whose Borel σ-algebra is
denoted by B(N ). The w#-topology is metrizable on N (see [DVJ06, A2.6.1]). Moreover, by
[DVJ07, Proposition 9.1.IV], N , with the w#-topology, is a complete separable metric space and
B(N ) is the smallest σ-algebra with respect to which the mappings N 3 µ 7→ µ(B) are measurable
for every B ∈ B(Rn × R+).

Let (Ω,F ,P) be a probability space. In all that follows follows, whenever a statement holds
true P-a.e. in Ω we may equivalently write almost surely.

A marked point process (m.p.p.) on Rn with marks in R+ is a measurable mappingN : (Ω,F )→
(N ,B(N )) such that P(N ∈ N̂ ) = 1. Let N be a m.p.p. on Rn with marks in R+; for every ω ∈ Ω,

set Nω := N(ω). The probability law of N is denoted by P := P ◦ N−1. Define Ω̂ := N−1(N̂ );

clearly Ω̂ ⊂ Ω and P(Ω̂) = 1.
For y ∈ Rn we define the shift operator Sy : N → N as

(Syµ)(B) := µ(S′yB),

for every B ∈ B(Rn × R+), where

S′yB := {(x+ y, ρ) : (x, ρ) ∈ B}.

We say that N is stationary (with respect to (Sy)y∈Rn) if

P ◦ Sy = P ∀y ∈ Rn. (2.15)

Moreover, we say that N is ergodic (with respect to (Sy)y∈Rn) if, in addition,

E ∈ B(N ), SyE = E ∀y ∈ Rn ⇒ P(E) ∈ {0, 1}. (2.16)
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Now suppose that (τy)y∈Rn is a flow of P-preserving transformations on Ω, i.e., a group of transfor-
mations (τy)y∈Rn : Ω→ Ω such that (y, ω) 7→ τyω is a measurable map from (Rn×Ω,B(Rn)×F )
to (Ω,F ) and P ◦ τy = P for every y ∈ Rn. We say that (τy)y∈Rn is ergodic if

F ∈ F , τyF = F ∀y ∈ Rn ⇒ P(F ) ∈ {0, 1}.
We observe that if

Nτyω = SyN
ω, (2.17)

for every (y, ω) ∈ Rn × Ω, then (2.15) holds true. Moreover, if additionally (τy)y∈Rn is ergodic,
then (2.16) holds also true.

Following [DVJ07, Chapter 9.5] we introduce the expectation measures of N and Ng defined,
respectively, as

M(B) := E[N(B)], Mg(A) := E[Ng(A)]

for every B ∈ B(Rn×R+) and A ∈ B(Rn), where E denotes the expected value with respect to the
probability measure P. Throughout this section we tacitly assume that M and Mg are boundedly
finite.

Thanks to [DVJ06, Lemma A2.7.II] (see also the comments before [DVJ07, Lemma 12.2.III])
property (2.15) entails

M = Ln × ν,
where ν(R+) < ∞, since Mg is boundedly finite. Therefore, ν can be normalized and M can be
rewritten as

M = mgLn × π,
where mg := E[Ng(Q)] ∈ [0,+∞) and π is a probability measure on (R+,B(R+)). The constant
mg is referred to as the intensity of the ground process.

2.3.2. Ergodic theorems. For later purposes, in this section we collect some useful consequences of
the Ergodic Theorem for stationary and ergodic marked point processes [DVJ07, Theorem 12.2.IV
and Corollary 12.2.V].

We start recalling that, since Rn × R+ is a complete separable metric space, we can appeal
to [DVJ07, Lemma 9.1.XIII] to deduce the existence of a sequence {xi}i∈N of Rn-valued random
variables and a sequence {ρi}i∈N of R+-valued random variables such that almost surely

N =

∞∑
i=1

δ(xi,ρi).

Moreover, for every ε > 0, we define the rescaled measures

Nε := εn
∞∑
i=1

δ(εxi,ρi), Ng,ε = εn
∞∑
i=1

δεxi . (2.18)

The following result is a well known consequence of the Ergodic Theorem for stationary and ergodic
point processes [DVJ07, Theorem 12.2.IV and Corollary 12.2.V] and can be found, for example,
in [Fag25, Claim 7.1].

Proposition 2.2. Let N be a stationary and ergodic m.p.p. on Rn with marks in R+. Then there
exists Ω′ ∈ F with P(Ω′) = 1 such that

lim
ε↓0

ˆ
Rn
f(x) dNω

g,ε(x) =

ˆ
Rn
f(x) dMg(x),

for every ω ∈ Ω′ and every f ∈ C0
c (Rn).

An analogous result holds true for Nε as stated in the following proposition.

Proposition 2.3. Let N be a stationary and ergodic m.p.p. on Rn with marks in R+. Then, for
every h ∈ L1(R+, π) there exists Ωh ∈ F with P(Ωh) = 1 such that

lim
ε↓0

ˆ
Rn×R+

f(x)h(ρ) dNω
ε (x, ρ) =

ˆ
Rn×R+

f(x)h(ρ) dM(x, ρ),

for every ω ∈ Ωh and every f ∈ C0
c (Rn).
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As a simple consequence, we also have the following result.

Proposition 2.4. Let N be a stationary and ergodic m.p.p. on Rn with marks in R+. Then, for
every h ∈ L1(R+, π) there exists Ωh ∈ F with P(Ωh) = 1 such that

lim
ε↓0

εn
ˆ

(ε−1U)×R+

h(ρ) dNω(x, ρ) = mgLn(U)

ˆ
R+

h(ρ) dπ(ρ),

for every ω ∈ Ωh and for every U ∈ A(Rn) bounded and Lipschitz.

The corresponding proofs are postponed to Appendix A.

2.3.3. Palm distributions. In this section we recall the notion of Palm distributions for a stationary
marked point process. These are introduced through a refined version of the Campbell Theorem
(see [DVJ07, Theorem 13.2.III] and the introduction to [DVJ07, Section 13.4]).

Theorem 2.5 (Refined Campbell’s Theorem). Let N be a stationary and ergodic m.p.p. on Rn
with marks in R+. Then there exists a family {P(0,ρ)}ρ∈R+

of probability measures on (N ,B(N )),
called Palm distributions associated to the m.p.p. N , such that

E

[ˆ
Rn×R+

f(x, ρ,N) dN(x, ρ)

]
=

ˆ
Rn×R+×N

f(x, ρ, S−xµ) dM(x, ρ) dP(0,ρ)(µ), (2.19)

for every nonnegative (B(Rn)⊗ B(R+)⊗ B(N ))-measurable function f .

We notice that, taking f(x, ρ, µ) = f̃(x, ρ, Sxµ) for a nonnegative (B(Rn) ⊗ B(R+) ⊗ B(N ))-

measurable function f̃ , (2.19) can be equivalently written as

E

[ˆ
Rn×R+

f(x, ρ, SxN) dN(x, ρ)

]
=

ˆ
Rn×R+×N

f(x, ρ, µ) dM(x, ρ) dP(0,ρ)(µ). (2.20)

Let A ∈ B(Rn) and A′ ∈ B(R+) be such that M(A × A′) ∈ (0,∞). Choosing f(x, ρ, µ) =
1A(x)1A′(ρ)1E(µ), with E ∈ B(N ), by (2.20) we get

P(0,ρ)(E) =
1

M(A×A′)
E

[ˆ
Rn×R+

1A(x)1A′(ρ)1E(SxN) dN(x, ρ)

]
.

Consider now the set of measures N(0,ρ) := {µ ∈ N : µ({(0, ρ)}) > 0}. Clearly, if (x, ρ) ∈ suppN ,
then (0, ρ) ∈ suppSxN , and thus 1N(0,ρ)

(SxN) = 1. The latter equality readily implies that

P(0,ρ)(N(0,ρ)) = 1, hence P(0,ρ) is concentrated on N(0,ρ). Moreover, since N(0,ρ) ⊂ N0 := {µ ∈ N :

µ({0}×R+) > 0} we also have P(0,ρ)(N0) = 1. Similarly, since P(N̂ ) = 1, we have P(0,ρ)(N̂ ) = 1.

2.3.4. Thinned process. In this section we introduce some notion of thinning of point processes.
Let N be a m.p.p. on Rn with marks in R+; for δ > 0 fixed, we define the thinned process

Nδ :=
∑
i∈Iδ

δ(xi,ρi) =

∞∑
i=1

1Yδ(SxiN)δ(xi,ρi),

with

Iδ := {i ∈ N : min
j 6=i
|xi − xj | ≥ δ}, Yδ = {µ ∈ N : µ(Bδ × R+) = 1}.

We observe that in the context of homogeneous Poisson point processes Nδ is known as first
Matérn hard-core process [Mat86].

Now let N be stationary and ergodic with respect to (Sy)y∈Rn . Since the map N 7→ Nδ

commutes with Sy for every y ∈ Rn, it is immediate to deduce that Nδ is stationary and ergodic
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with respect to (Sy)y∈Rn . Therefore, using Theorem 2.5, we can compute the expectation measure
of Nδ as follows. Let A ∈ B(Rn) and A′ ∈ B(R+); in view of the definition of Nδ we have

E[Nδ(A×A′)] = E

[ ∞∑
i=1

1Yδ(SxiN)1A(xi)1A′(ρi)

]

= E

[ˆ
Rn×R+

1A(x)1A′(ρ)1Yδ(SxN) dN(x, ρ)

]

=

ˆ
Rn×R+×N

1A(x)1A′(ρ)1Yδ(µ) dM(x, ρ) dP(0,ρ)(µ)

= mgLn(A)

ˆ
A′
P(0,ρ)(Yδ) dπ(ρ).

(2.21)

Therefore, thanks to (2.21), the expectation measure Mδ of the thinned process Nδ can be ex-
pressed in terms of the Palm measure P(0,ρ) as

Mδ = mgLn × (P(0,·)(Yδ)π).

Furthermore, taking A′ = R+ in (2.21), we deduce that the expectation measure M δ
g of the ground

process Nδ
g is given by

M δ
g = mg

ˆ
R+

P(0,ρ)(Yδ) dπ(ρ)Ln.

We conclude this section by observing that

lim
δ↓0
P(0,ρ)(Yδ) = 1, (2.22)

for every ρ ∈ R+. Indeed, we have

P(0,ρ)(Yδ) =

ˆ
N0∩N̂

1Yδ(µ) dP(0,ρ)(µ);

moreover, every µ ∈ N0 ∩ N̂ belongs to Yδ for sufficiently small δ > 0. Hence, (2.22) follows by
the Dominated Convergence Theorem.

3. Statement of the main result

In this section we introduce the random nonlocal functionals we are going to study and state
the main result of this work.

3.1. Assumptions. Let N be a m.p.p. on Rn with marks in R+. As already observed, N can be
written as a countable sum of Dirac deltas; i.e.,

N =

∞∑
i=1

δ(xi,ρi) P-a.e.

for some Rn-valued random variables {xi}i∈N and R+-valued random variables {ρi}i∈N.
We assume that N satisfies the following hypotheses:

(H1) N is stationary and ergodic;
(H2) the expectation measures M and Mg are boundedly finite;
(H3) mg := E[Ng(Q)] > 0;
(H4) {ρi}i∈N satisfy the moment condition

E
[ ∑
xi∈Q

ρn−spi

]
< +∞. (3.1)

Remark 3.1 (On the assumptions). Some comments on hypotheses (H1)-(H4) are in order.
We notice that thanks to (H1) and (H2) we know that M = mgLn × π, with mg < +∞ and π

probability measure on (R+,B(R+)), while (H3) ensures that the ground process Ng is nontrivial.
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Moreover, in view of Theorem 2.5, by choosing f(x, ρ,N) = 1Q(x) ρn−sp in (2.19), we obtain

E
[ ∑
xi∈Q

ρn−spi

]
= mg

ˆ
R+

ρn−sp dπ(ρ). (3.2)

Therefore, the moment condition (3.1) in (H4) can be equivalently replaced byˆ
R+

ρn−sp dπ(ρ) < +∞. (3.3)

3.2. The functionals. Let U ⊂ Rn be open, bounded, and Lipschitz. For ω ∈ Ω̂ and ε > 0
consider the set of indices

Iωε := {i ∈ N : xi(ω) ∈ ε−1U}
and the parameter

λε := ε
n

n−sp .

We define the obstacle set Tωε as

Tωε :=
⋃
i∈Iωε

T i,ωε ,

where
T i,ωε := Bλερi(ω)(εxi(ω)).

Finally, we define the functionals Fωε : Lp(U) −→ [0,+∞] as

Fωε (u) :=


ˆ
U×U

|u(x)− u(y)|p

|x− y|n+sp
dxdy if u ∈W s,p(U), ũ = 0 caps,p-q.e. on Tωε ∩ U,

+∞ otherwise.

(3.4)

3.3. The main result. We are now in a position to state the main theorem of this work, that is,
an almost sure Γ-convergence result for the random functionals Fε.

Theorem 3.2 (Γ-convergence). Let N be a m.p.p. on Rn with marks in R+ satisfying (H1)-(H4).
Let Fωε be the functionals defined as in (3.4). Then there exists Ω′ ∈ F with P(Ω′) = 1 such that,
for every ω ∈ Ω′, (Fωε ) Γ-converges in the Lp(U)-topology, as ε ↓ 0, to the deterministic functional
F : Lp(U) −→ [0,+∞] given by

F(u) :=


ˆ
U×U

|u(x)− u(y)|p

|x− y|n+sp
dxdy + γ

ˆ
U

|u|pdx if u ∈W s,p(U),

+∞ otherwise,

where

γ := caps,p(B1)E
[ ∑
xi∈Q

ρn−spi

]
.

Some remarks are in order.

Remark 3.3 (Periodically distributed obstacles with random radii). We observe that the case of
periodically distributed obstacles with random radii can be recovered as a special case of Theo-
rem 3.2.

To this end, let {zi}i∈N be an enumeration of Zn. We notice that the ground process corre-
sponding to {zi}i∈N is stationary with respect to integer translations in Rn, but not stationary
with respect to (Sy)y∈Rn ; therefore this does not satisfy (H1). Hence, to produce a ground process
which is both periodic and (Sy)y∈Rn -stationary we need to consider a random translation of Zn as
follows. Let ζ be a uniformly distributed random variable on [0, 1)n. For any i ∈ N, let xi := zi+ζ.
Then the ground process Ng =

∑∞
i=1 δxi is stationary with respect to (Sy)y∈Rn . To see that, we

fix y ∈ Rn and we define the random variable ζy by

ζy := (ζ − y) modZn,
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where (·) modZn denotes the unique representative in [0, 1)n. We also define

zy := (ζ − y)− ζy ∈ Zn,

so that ζ − y = ζy + zy. Observe that ζy and ζ have the same probability distribution. Moreover,

SyNg =

∞∑
i=1

δzi+ζ−y =

∞∑
i=1

δzi+ζy+zy =

∞∑
i=1

δzi+ζy ,

since clearly Zn+zy = Zn. Hence, SyNg has the same probability distribution as
∑∞
i=1 δzi+ζ = Ng.

Furthermore, for every ω ∈ Ω, Nω
g is Zn-periodic, being a translated copy of Zn.

Remark 3.4 (Wald identity). We observe that, under some additional assumptions on the m.p.p.,
the constant γ in Theorem 3.2 has a more explicit expression in the spirit of the classical Wald
Identity (see e.g. [Bla46]). Namely, besides stationarity and ergodicity, suppose that the random

variables ρn−spi and 1Q(xi) are independent for every i ∈ N. Moreover, assume that E[ρn−spi ] =

E[ρn−sp1 ] for every i ∈ N. Then we have

γ = mgE[ρn−sp1 ].

Indeed, under these assumptions, E[ρn−spi 1Q(xi)] = E[ρn−sp1 ]E[1Q(xi)] for every i ∈ N, and hence,

since ρn−spi 1Q(xi) ≥ 0, by a consequence of the Monotone Convergence Theorem [Fol99, Theorem
2.15], we obtain

γ = E
∑
xi∈Q

ρn−spi = E
∞∑
i=1

ρn−spi 1Q(xi) =

∞∑
i=1

E[ρn−spi 1Q(xi)]

= E[ρn−sp1 ]E
∞∑
i=1

1Q(xi) = E[ρn−sp1 ]E[Ng(Q)] = mgE[ρn−sp1 ].

Remark 3.5 (Stationary nonergodic m.p.p.). It is also worth mentioning here that Theorem 3.2
is stated and proven in the ergodic case for notational simplicity only. In fact, if in (H1) the
ergodicity assumption is dropped, then Theorem 3.2 still holds up to replacing the constant γ
with the random variable κ defined as follows

κω := caps,p(B1)E
[ ∑
xi∈Q

ρn−spi

∣∣ I](ω). (3.5)

Here we additionally assume that the probability space (Ω,F ,P) where N is defined is endowed
with a flow of P-preserving transformations (τy)y∈Rn (see Section 2.3.1 for the definition) satisfying
(2.17). Moreover, in (3.5), I denotes the sub-σ-algebra of (τy)y∈Rn-invariant events; i.e.,

I := {E ∈ F : τyE = E ∀y ∈ Rn}

and E[·|I] a version of the conditional expectation given I. This additional structure is only used
to formulate the nonergodic case on the underlying sample space and is not restrictive, since one
may canonically introduce a new probability space (Ω̃, F̃ , P̃) := (N ,B(N ),P), endowed with the

flow τ̃y := Sy, together with the marked point process Ñ(ω) := ω, which has the same law as N
and satisfies all the required properties.

By definition of conditional expectation, we readily obtain that E[κ] = γ. Then, by (H4) we
get that κω < +∞ for P-a.e. ω ∈ Ω.

Furthermore, as in the ergodic case, κ can be rewritten in terms of an integral over R+ with
respect to some random measure. Specifically, ifMR+

denotes the set of boundedly finite measures
on R+, by [DVJ07, Lemma 12.2.III] there exists an I-measurable random measure ψ on R+, i.e.,
a measurable mapping from (Ω, I) to (MR+ ,B(MR+)), such that almost surely

E

[ˆ
Rn×R+

f(x, ρ) dN(x, ρ)

∣∣∣∣∣ I
]

=

ˆ
Rn×R+

f(x, ρ) dx dψ(ρ), (3.6)
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for all nonnegative measurable functions f on Rn×R+. Then, choosing f(x, ρ) = 1Q(x)ρn−sp, we
get

κω = caps,p(B1)

ˆ
R+

ρn−sp dψω(ρ),

for P-a.e. ω ∈ Ω.
We conclude this remark by observing that a proof of the Γ-convergence result in the stationary

case can be obtained from the proof in the ergodic case with minor changes.

3.4. A generalization to the case of random shapes and anisotropic kernels. In this
subsection we discuss a far reaching generalization of Theorem 3.2 to the case of randomly shaped
obstacles and anisotropic, translation invariant, even symmetric, −(n+sp)-positive homogeneous,
measurable kernels.

To this end, let K be a measurable kernel satisfying (2.2), and let K be the corresponding
functional as in (2.3). Moreover, let N be a m.p.p. on Rn with marks in R+ satisfying (H1)-(H4).

For every ε > 0 and ω ∈ Ω̂, we define the new obstacle set Sωε as

Sωε :=
⋃
i∈Iωε

Si,ωε ,

where Siε are random sets such that:

(H5) Si,ωε ⊆ T i,ωε ;
(H6) there exists a sequence {γi}i∈N of R+-valued random variables such that the marked point

process
∑
i∈N δ(xi,γi) is stationary and ergodic and the following scaling property holds

capK (Si,ωε ) = εnγi(ω), (3.7)

for every ε > 0, ω ∈ Ω̂, and i ∈ N.
We observe that, in view of (2.5), assumptions (H5) and (H6) in particular imply 0 ≤ γi ≤

cρn−spi , for some c > 0. Therefore, in view of (H4) we immediately deduce that

E
[ ∑
xi∈Q

γi

]
< +∞. (3.8)

We now consider the functionals K̃ωε : Lp(U) −→ [0,+∞] defined as

K̃ωε (u) :=


K(u, U × U) if u ∈W s,p(U), ũ = 0 caps,p-q.e. on Sωε ∩ U,

+∞ otherwise.

(3.9)

We emphasize that the homogeneity of K in (2.2) is necessary to prove a Γ-convergence re-
sult which is subsequence independent, as observed already in the local setting (cf. [AB02, Re-
mark 2.7]). The following almost sure Γ-convergence result holds true (cf. [Foc10, Theorem 4.1]
for the case of rotation-invariant kernels).

Theorem 3.6 (Γ-convergence for randomly shaped obstacles). Let N be a m.p.p. on Rn with
marks in R+ satisfying (H1)-(H4). In addition, assume that (H5) and (H6) hold with respect to
some measurable kernel K satisfying (2.2).

Let K̃ωε be the functionals defined as in (3.9). Then there exists Ω′ ∈ F with P(Ω′) = 1 such
that, for every ω ∈ Ω′, (Kωε ) Γ-converges in the Lp(U)-topology, as ε ↓ 0, to the deterministic

functional K̃ : Lp(U) −→ [0,+∞] given by

K̃(u) :=


K(u, U × U) + γ̃

ˆ
U

|u|pdx if u ∈W s,p(U),

+∞ otherwise,

where

γ̃ := E
[ ∑
xi∈Q

γi

]
.
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Remark 3.7. Arguing as in Remark 3.1 we infer that

γ̃ = E
[ ∑
xi∈Q

γi

]
= mg

ˆ
R+

γ dπ̂(γ) (3.10)

for some probability measure π̂ on R+, where mg is defined in (H3) (cf. (3.2)).
Moreover, as in Remark 3.4, if we assume that the random variables γi and 1Q(xi) are inde-

pendent for every i ∈ N and that E[γi] = E[γ1] for every i ∈ N, then the Wald Identity yields
γ̃ = mgE[γ1]. Moreover, we observe that in view of Remark 3.3 the convergence result in Theo-
rem 3.6 generalizes the analysis in [CM08] to the case of randomly shaped clustering obstacles.

Finally, as in Remark 3.5 we conclude observing that, if we drop the ergodicity assumption,

then the Γ-limit K̃ is a random functional with capacitary constant given by

k̃ω := E
[ ∑
xi∈Q

γi
∣∣ I](ω).

4. Some technical auxiliary results

In this section we prove a number of technical lemmas which will be employed to achieve the
main result, Theorem 3.2.

4.1. Sets of indices. For later purposes, we start by defining some suitable sets of indices together

with the corresponding sets of obstacles. For ε > 0, ω ∈ Ω̂, and i ∈ N, we recall that

Iωε := {i ∈ N : xi(ω) ∈ ε−1U}.

Moreover, for δ > 0 we define

Iδ,ωε := Iδ,ω ∩ Iωε ,
where Iδ is as in Section 2.3.4.

To prove the Γ-lim inf inequality, Proposition 5.1, it is useful to introduce the following set of
indices

Gωε,R :=
{
i ∈ I2/R,ω

ε : ρi(ω) ≤ R, dist(εxi(ω), ∂U) >
ε

R

}
, (4.1)

for some truncation threshold R ∈ N. The corresponding set of balls will be called the good balls or
obstacles. We observe that by construction the good balls {B ε

R
(εxi(ω))}i∈Gωε,R are pairwise disjoint

and contain the corresponding obstacles {T iε}i∈Gωε,R , whenever ε is sufficiently small (depending

on R).
On the other hand, to prove the Γ-lim sup inequality, Proposition 5.2, it is convenient to intro-

duce the subset of Gωε,R defined as

V Gωε,R := {i ∈ Gωε,R : B ε
R

(εxi(ω)) ∩B2λερj(ω)(εxj(ω)) = ∅ ∀j ∈ Iε, j 6= i}. (4.2)

In this case the corresponding set of balls will be called the very good balls or obstacles. Finally,
we also consider the complement of V Gωε,R in Iωε , that is, the set defined as

NV Gωε,R := Iωε \ V Gωε,R. (4.3)

In analogy, the corresponding set of balls is called the not very good balls or obstacles (see Figure 2).
By construction we have( ⋃

i∈V Gωε,R

B ε
R

(εxi(ω))

)
∩
( ⋃
i∈NVGωε,R

B2λερi(ω)(εxi(ω))

)
= ∅, (4.4)

that is, around the not very good balls there is a safety layer which is still at an ε distance from
the very good balls. Property (4.4) will be pivotal in the construction of the recovery sequence
in the proof of Proposition 5.2, combined with the fact that the not very good obstacles do not
contribute to the capacitary term, as stated in Lemma 4.6 below.
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Figure 2. A realization of {T iε}i∈Gε,R (in blue) and {T iε}i∈NVGε,R (in red).

4.2. Simple consequences of the ergodic theorems. In this subsection we collect some simple
but useful consequences of the results contained in Section 2.3.2. These will be used several times
throughout the paper.

Lemma 4.1. There exists Ω′ ∈ F with P(Ω′) = 1 such that for every ω ∈ Ω′ and every R ∈ N:

(a) Proposition 2.2 holds with N and M replaced, respectively, by N2/R and M2/R;
(b) Proposition 2.3 holds with N and M replaced, respectively, by N2/R and M2/R.

Proof. Let R ∈ N be fixed and consider the thinned process N2/R. Let Ω1
R denote the event of

probability one given by Proposition 2.2 applied to N2/R and Ω2
R the event of probability one

given by Proposition 2.3 applied to N2/R. We conclude by setting Ω′ := ∩R∈N(Ω1
R ∩ Ω2

R). �

Lemma 4.2. There exists Ω′ ∈ F with P(Ω′) = 1 such that for every ω ∈ Ω′ and every R ∈ N

lim
ε↓0

εn
∑
i∈Iωε

ρi(ω)n−sp1(R,∞)(ρi(ω)) = mgLn(U)

ˆ ∞
R

ρn−sp dπ(ρ). (4.5)

Proof. Let R ∈ N be fixed and set hR(ρ) := ρn−sp1(R,∞)(ρ) for ρ ∈ R+. In view of (3.3) we have

hR ∈ L1(R+, π). Therefore, by Proposition 2.4, there exists ΩR ∈ F with P(ΩR) = 1 such that
(4.5) holds for every ω ∈ ΩR. We conclude by defining Ω′ := ∩R∈NΩR. �

Lemma 4.3. There exists Ω′ ∈ F with P(Ω′) = 1 such that for every ω ∈ Ω′

lim
R↑∞

lim sup
ε↓0

εn
∑
i∈Fωε,R

ρi(ω)n−sp = 0,

whenever Fωε,R ⊂ Iωε for every ε > 0, R ∈ N and

lim
R↑∞

lim
ε↓0

εn#Fωε,R = 0. (4.6)

Proof. Let Ω′ ∈ F be given by Lemma 4.2. Then, for every ω ∈ Ω′ and every L ∈ N, in view of
(4.6) we have

lim sup
R↑∞

lim sup
ε↓0

εn
∑
i∈Fωε,R

ρi(ω)n−sp

≤ lim sup
R↑∞

lim sup
ε↓0

εn
∑
i∈Fωε,R

ρi(ω)n−sp1[0,L](ρi(ω)) + lim
ε↓0

εn
∑
i∈Iωε

ρi(ω)n−sp1(L,∞)(ρi(ω))

≤ Ln−sp lim sup
R↑∞

lim
ε↓0

εn#Fωε,R +mgLn(U)

ˆ ∞
L

ρn−sp dπ(ρ)

≤ mgLn(U)

ˆ ∞
L

ρn−sp dπ(ρ).

Then, the claim follows by the arbitrariness of L and by the Dominated Convergence Theorem. �
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4.3. Capacity of the not very good obstacles. In this subsection we show that the capacity
of the union of the not very good obstacles is infinitesimal. To this end, we preliminarily need to
prove a number of lemmas.

Lemma 4.4. There exists Ω′ ∈ F with P(Ω′) = 1 such that for every ω ∈ Ω′

lim
ε↓0
‖λερi(ω)‖`q(Iωε ) = 0 , (4.7)

for every q ∈ (n− sp,∞].

Proof. Let Ω′ ∈ F be the intersection of the events of probability one given by Lemma 4.2 and
Lemma 4.3, respectively, and let ω ∈ Ω′. Set Fε := {i ∈ Iε : λερi > ε}. Recalling that λn−spε = εn,
by the very definition of Fε and by Lemma 4.2 we get

lim sup
ε↓0

εn#Fωε ≤ lim sup
ε↓0

εsp
∑
i∈Fωε

(λερi(ω))n−sp ≤ lim
ε↓0

εspεn
∑
i∈Iωε

ρi(ω)n−sp = 0 . (4.8)

For every q ∈ (n − sp,∞), writing Iε = (Iε \ Fε) ∪ Fε, in view of the continuous embedding
`n−sp(Iε) ↪→ `q(Iε) (with embedding constant equal to one) we obtain∑

i∈Iε

(λερi)
q =

∑
i∈Iε\Fε

(λερi)
q +

∑
i∈Fε

(λερi)
q

≤ εq−sp
∑

i∈Iε\Fε

ρn−spi +
(
εn
∑
i∈Fε

ρn−spi

) q
n−sp

, (4.9)

where in the last line we used again that λn−spε = εn. Then (4.7) follows from (4.9), Lemma 4.2,
and Lemma 4.3 also invoking (4.8).

Finally, by taking the q-th root in (4.9), using the Minkowski Inequality, and letting q →∞, it
is easy to infer that

λε max
i∈Iε

ρi ≤ ε+
(
εn
∑
i∈Fε

ρn−spi

) 1
n−sp

,

hence Lemma 4.3 yields the conclusion for q =∞, as well. �

The next lemma provides us with some useful information concerning the cardinality of the of
indices introduced in Subsection 4.1 which are instrumental for the sequel.

Lemma 4.5. There exists Ω′ ∈ F with P(Ω′) = 1 such that for every ω ∈ Ω′:

(a) limR↑∞ limε↓0 ε
n#(Iωε \ I

2/R,ω
ε ) = 0;

(b) limR↑∞ lim supε↓0 ε
n#(I

2/R,ω
ε \Gωε,R) = 0;

(c) limR↑∞ limε↓0 ε
n#(Gωε,R \ V Gωε,R) = 0;

(d) limR↑∞ limε↓0 ε
n#NV Gωε,R = 0.

Proof. Let Ω′ ∈ F be the intersection of the events of probability one given by Lemmas 4.1-4.4
and let ω ∈ Ω′.

We start by proving statement (a). By the weak* convergence in the sense of measures estab-
lished in Lemma 4.1 and by the Lipschitz regularity of ∂U , [AFP00, Proposition 1.62(b)] implies

lim
R↑∞

lim
ε↓0

εn#(Iωε \ I2/R,ω
ε ) = lim

R↑∞
lim
ε↓0

εn(Nω
g,ε(ε

−1U)−N2/R,ω
g,ε (ε−1U))

= lim
R↑∞

(Mω
g (U)−M2/R,ω

g (U)) = 0,

hence (a) is proven.
We now turn to the proof of (b). To this end, we observe that

I2/R
ε \Gε,R ⊂ {i ∈ Iε : ρi > R} ∪

{
i ∈ I2/R

ε : dist(εxi, ∂U) >
ε

R

}
. (4.10)
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Moreover, appealing to Lemma 4.2 we have

lim
R↑∞

lim sup
ε↓0

εn#{i ∈ Iωε : ρi(ω) > R} ≤ lim
R↑∞

lim
ε↓0

εn
∑
i∈Iωε

ρi(ω)n−sp1(R,∞)(ρi(ω))

= mgLn(U) lim
R↑∞

ˆ ∞
R

ρn−sp dπ(ρ) = 0.

(4.11)

Finally, since {B ε
R

(εxi) : i ∈ I
2/R
ε , dist(εxi, ∂U) > ε

R} are pairwise disjoint and their union is
contained in (∂U)2 εR

, we get

lim
ε↓0

εn#
{
i ∈ I2/R

ε : dist(εxi, ∂U) >
ε

R

}
.n R

n lim
ε↓0
Ln((∂U)2 εR

) = 0. (4.12)

Therefore, the statement in (b) follows by gathering (4.10)-(4.12).
To prove (c) we start by observing that

Gε,R \ V Gε,R = {i ∈ Gε,R : ∃j ∈ Iε, j 6= i, B ε
R

(εxi) ∩B2λερj (εxj) 6= ∅}. (4.13)

By the very definition of Gε,R, we notice that if i ∈ Gε,R \ V Gε,R and j is as in (4.13), then

necessarily j ∈ (Iε \ I2/R
ε ) ∪ Fε,R, where

Fε,R :=
{
i ∈ I2/R

ε : 2λερi >
ε

R

}
.

Define the set of indices

E1
ε,R := {i ∈ Gε,R : ∃j ∈ Fε,R, j 6= i, B ε

R
(εxi) ∩B2λερj (εxj) 6= ∅},

E2
ε,R := {i ∈ Gε,R : ∃j ∈ Iε \ I2/R

ε , j 6= i, B ε
R

(εxi) ∩B2λερj (εxj) 6= ∅},

so that

Gε,R \ V Gε,R = E1
ε,R ∪ E2

ε,R.

Hence, to prove (c) it is enough to show that almost surely

lim
R↑+∞

lim
ε↓0

εn#Ekε,R, for k = 1, 2.

Since (2R)n−spρn−spi εsp > 1 for any i ∈ Fε,R, Lemma 4.2 yields

lim
ε↓0

εn#Fωε,R . R
n−sp lim

ε↓0
εspεn

∑
i∈Iωε

ρi(ω)n−sp = 0. (4.14)

Moreover, since {B ε
R

(εxi)}i∈Gε,R are pairwise disjoint we have

εn#Ekε,R . R
nLn(∪i∈Ekε,RB ε

R
(εxi)) for k = 1, 2.

We also observe that for every i ∈ E1
ε,R there exists j ∈ Fε,R, j 6= i, such that B ε

R
(εxi) ∩

B2λερj (εxj) 6= ∅, and hence B ε
R

(εxi) ⊂ B2(λερj+
ε
R )(εxj). Therefore, appealing to Lemma 4.4 with

q = n and to (4.14)

lim
ε↓0

εn#E1,ω
ε,R . R

n lim
ε↓0

∑
i∈Iωε

(λερi(ω))n + lim
ε↓0

εn#Fωε,R = 0.

Similarly, again invoking Lemma 4.4 with q = n, in view of Lemma 4.5 we get

lim
R↑∞

lim
ε↓0

εn#E2,ω
ε,R . lim

R↑∞
lim
ε↓0

Rn
∑
i∈Iωε

(λερi(ω))n + lim
R↑∞

lim
ε↓0

εn#(Iωε \ I2/R,ω
ε ) = 0,

thus (c) is achieved.
Finally, we notice that the convergence statement in (d) readily follows from (a)-(c), observing

that

NV Gε,R = (Iε \ I2/R
ε ) ∪ (I2/R

ε \Gε,R) ∪ (Gε,R \ V Gε,R).

�
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Thanks to the subadditivity of the fractional capacity, on account of Lemma 4.5 we are now
able to prove that the relative capacity of the union of the not very good obstacles with respect
to a safety layer (made by the union of balls with the same center and double radius) vanishes
almost surely when ε→ 0 and R→ +∞.

Lemma 4.6. There exists Ω′ ∈ F with P(Ω′) = 1 such that, for every ω ∈ Ω′,

lim
R↑∞

lim sup
ε↓0

Cs,p

 ⋃
i∈NVGωε,R

Bλερi(ω)(εxi(ω)),
⋃

i∈NVGωε,R

B2λερi(ω)(εxi(ω))

 = 0.

Proof. Let Ω′ ∈ F be the intersection of the events of probability one given by Lemma 4.3 and
Lemma 4.5 and let ω ∈ Ω′. We can readily deduce that

lim
R↑∞

lim sup
ε↓0

εn
∑

i∈NVGωε,R

ρi(ω)n−sp = 0. (4.15)

By the subadditivity and the scaling property of the fractional capacity (cf. [SX16, Theorem 2.4
(a), (e)]) we get

lim
R↑∞

lim sup
ε↓0

Cs,p

 ⋃
i∈NVGωε,R

Bλερi(ω)(εxi(ω)),
⋃

i∈NVGωε,R

B2λερi(ω)(εxi(ω))


≤ lim
R↑∞

lim sup
ε↓0

∑
i∈NVGωε,R

Cs,p
(
Bλερi(ω)(εxi(ω)), B2λερi(ω)(εxi(ω))

)
= Cs,p(B1, B2) lim

R↑∞
lim sup
ε↓0

εn
∑

i∈NVGωε,R

ρi(ω)n−sp = 0,

where to establish the very last inequality we used (4.15). �

4.4. A Joining Lemma for nonlocal functionals. For the readers’ convenience in this sub-
section we recall the statement of a joining lemma for nonlocal functionals originally proven in
[Foc10]. This result is an adaptation to the nonlocal setting of the Ansini and Braides Joining
Lemma for local nonlinear energy functionals [AB02]. In our case, where clustering obstacles can
occur with positive probability, the Joining Lemma will be applied only in a neighborhood of the
so-called good obstacles.

The following result is preliminary to the Joining Lemma.

Lemma 4.7. Suppose that G is a finite subset of N and {xi}i∈G is a collection of points such
that, for some rG > 0, 1

2 minl 6=i∈G |xl − xi| ≥ rG and ∪i∈GBrG(xi) ⊂ U . Let ρ ∈ (0, 1
2rG). For

i ∈ G, let A′i = xi +Bm−1ρ \Bm−2ρ and Ai = xi +Bρ \Bm−3ρ. Let ϕ be a cutoff function between

Bm−1ρ \ Bm−2ρ and Bρ \ Bm−3ρ and ϕi(·) = ϕ(· − xi). Then there exists c = c(n, p, s) > 0 such
that for any u ∈W s,p(U) and {zi}i∈G ⊂ R, the function w : U → Rn defined by

w(x) :=
∑
i∈G

ϕi(x)zi +

(
1−

∑
i∈G

ϕi(x)

)
u(x) ∀x ∈ U

is such that w ∈ W s,p(U), w = u on U \ A, where A := ∪i∈GAi, and, for any Ln-measurable set
E ⊂ U × U ,

|Ds,p(w,E)−Ds,p(u,E)| ≤ c

(
Ds,p(u, U ×A) +m2pρ−sp

∑
i∈G

ˆ
Ai

|u− zi|p
)
.

Proof. The proof follows by arguing as in [Foc10, Proof of Lemma 3.8] up to replacing the Delone
set Λ with {xi}i∈G and IΛ(U) with G. In fact in [Foc10, Proof of Lemma 3.8] the property
of Λ which is used is its discreteness (cf. [Foc10, Definition 2.2(i)]) together with the fact that
∪i∈IΛ(U)Ai ⊂ U and these two properties are satisfied, by assumption, also in our case. �
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T i
ε

Ci,h
ε

Figure 3. The annulus Ci,hε surrounding a good obstacle T iε .

Remark 4.8. Let ω ∈ Ω̂ and let R ∈ N. We notice that (4.1) and (4.2) respectively imply that
the sets Gωε,R and V Gωε,R (and correspondingly {xi(ω)}i∈Gωε,R and {xi(ω)}i∈V Gωε,R) satisfy the

assumptions of Lemma 4.7.

Let G ⊂ N and {xi}i∈G be as in Lemma 4.7. For i ∈ G, m ∈ N, and h ∈ N define (see Figure 3):

Bi,hε = Bm−3hεR−1(εxi), (4.16)

Ci,hε = Bm−3h−1εR−1(εxi) \Bm−3h−2εR−1(εxi), (4.17)

B̃i,hε = Bm−3h−1εR−1(εxi). (4.18)

Lemma 4.9. Fix m,L,R ∈ N and a sequence εj ↓ 0. Suppose that uj → u in Lp(U) and
supj∈N |uj |W s,p(U) < ∞. For every j ∈ N, there exists hj ∈ {1, . . . , L} and a function wj ∈
W s,p(U) such that

wj = uj on U \
⋃
i∈G

(B
i,hj
j \Bi,hj+1

j ),

wj = (uj)
C
i,hj
j

on C
i,hj
j ,

and, for some c = c(n, p, s,m,R) > 0, for every Ln-measurable set E ⊂ U × U ,

|Ds,p(uj , E)−Ds,p(wj , E)| ≤ c

L
|uj |pW s,p(U). (4.19)

Moreover, wj → u in Lp(U) and, if uj ∈ L∞(U), then ‖wj‖L∞(U) ≤ ‖uj‖L∞(U).

Proof. The result follows from an application of Lemma 4.7 and Poincaré-Wirtinger Inequality in
fractional Sobolev spaces, replicating the argument contained in [Foc10, Proof of Lemma 3.9]. �

4.5. Capacitary term as the limit of random sums. The results proven in this subsection
will allow us to reconstruct the capacitary term in the limit functional F as the limits of some
suitable random sums.

We start proving the following auxiliary lemma.

Lemma 4.10. There exists Ω′ ∈ F such that P(Ω′) = 1 with the following property. For every
v ∈ C0

c (U) and every ω ∈ Ω′

lim
R↑∞

lim
ε↓0

εn
∑

i∈I2/R,ω
ε

|v(εxi(ω))|p = mg‖v‖pLp(U) (4.20)

and

lim
R↑∞

lim
ε↓0

εn
∑

i∈I2/R,ω
ε

|v(εxi(ω))|pρi(ω)n−sp = mg‖v‖pLp(U)

ˆ
R+

ρn−sp dπ(ρ). (4.21)

Proof. Let Ω′ ∈ F be given by Lemma 4.1 and let ω ∈ Ω′. In view of Lemma 4.1-(a) for every
R ∈ N we have

lim
ε↓0

εn
∑

i∈I2/R,ω
ε

|v(εxi(ω))|p = mg‖v‖pLp(U)

ˆ
R+

P(0,ρ)(Y 2
R

) dπ(ρ),
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while Lemma 4.1-(b) applied with h(ρ) = ρn−sp yields that for every R ∈ N

lim
ε↓0

εn
∑

i∈I2/R,ω
ε

|v(εxi(ω))|pρi(ω)n−sp = mg‖v‖pLp(U)

ˆ
R+

ρn−sp P(0,ρ)(Y 2
R

) dπ(ρ).

Therefore, both (4.20) and (4.21) follow by letting R → +∞ and invoking the Dominated Con-
vergence Theorem. �

The following proposition will be crucial in the proof of the Γ-convergence result, Theorem 3.2.

Proposition 4.11. There exists Ω′ ∈ F such that P(Ω′) = 1 with the following property. Let
εj ↓ 0 and uj → u in Lp(U) as j →∞. Let R,L,m ∈ N and hj : Ω→ {1, . . . , L}. Then, for every
ω ∈ Ω′ we have

lim
R→∞

sup
L∈N

lim sup
j→∞

∣∣∣εnj ∑
i∈Gωj,R

|(uj)
C
i,hω
j

j

|p −mg‖u‖pLp(U)

∣∣∣ = 0, (4.22)

and

lim
R→∞

sup
L∈N

lim sup
j→∞

∣∣∣εnj ∑
i∈Gωj,R

|(uj)
C
i,hω
j

j

|pρi(ω)n−sp −mg‖u‖pLp(U)

ˆ
R+

ρn−sp dπ(ρ)
∣∣∣ = 0. (4.23)

Proof. Let Ω′ ∈ F be the intersection of the events of probability one given by Lemmas 4.3,
4.5, and 4.10, and ω ∈ Ω′. To simplify the notation, in what follows we are going to omit the
dependence on ω.

We start proving the convergence in (4.22).
Recalling (4.16)-(4.18) and appealing to Jensen’s Inequality and Poincaré-Wirtinger Inequality

[Foc10, (2.10) in Remark 2.7] we get

εnj
∑

i∈Gj,R

|(uj)
C
i,hj
j

− (uj)
B̃
i,hj
j

|p ≤ εnj
∑

i∈Gj,R

 
B̃
i,hj
j

|uj − (uj)
C
i,hj
j

|p ≤ c εspj sup
j∈N
|uj |pW s,p(U),

for some constant c = c(n, s, p,m) > 0. Similarly, we have

εnj
∑

i∈Gj,R

|(uj)
B̃
i,hj
j

− (u)
B̃
i,hj
j

|p ≤ εnj
∑

i∈Gj,R

 
B̃
i,hj
j

|uj − u|p .n,m,R ‖uj − u‖pLp(U)

and therefore
lim
j→∞

εnj
∑

i∈Gj,R

|(uj)
C
i,hj
j

− (u)
B̃
i,hj
j

|p = 0.

Let {vk}k∈N ⊂ C∞c (U) be such such that vk → u in Lp(U) as k → ∞; arguing as above it is
immediate to deduce that

lim
k→∞

εnj
∑

i∈Gj,R

|(u)
B̃
i,hj
j

− (vk)
B̃
i,hj
j

|p .n,m,R lim
k→∞

‖u− vk‖pLp(U) = 0.

Hence, without loss of generality, we can assume that u ∈ C∞c (U). Let η > 0 be arbitrary and
fixed; since u is uniformly continuous, for sufficiently large j we have |u(x)−u(εjxi)| < η for every

x ∈ B̃i,hjj and i ∈ Gj,R, Thus, we obtain

lim sup
j→∞

εnj
∑

i∈Gj,R

|(u)
B̃
i,hj
j

− u(εjxi)|p ≤ ηp lim sup
j→∞

εnj #Ij = ηpmgLn(U)

and the arbitrariness of η > 0 yields

lim
j→∞

εnj
∑

i∈Gj,R

|(u)
B̃
i,hj
j

− u(εjxi)|p = 0. (4.24)

Then, (4.22) follows by (4.20) in Lemma 4.10 also observing that, by Lemma 4.5-(b), we have

lim
R→∞

lim sup
j→∞

εnj
∑

i∈I2/R
j \Gj,R

|u(εjxi)|p ≤ ‖u‖pL∞(U) lim
R→∞

lim sup
j→∞

εnj #(I
2/R
j \Gj,R) = 0 .

We now turn to the proof of (4.23).
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Since ρi ≤ R whenever i ∈ Gj,R, arguing as above readily gives

lim
j→∞

εnj
∑

i∈Gj,R

|(uj)
C
i,hj
j

− (u)
B̃
i,hj
j

|pρn−spi = 0.

Finally, by combining (4.24), (4.20) in Lemma 4.21, Lemma 4.3, and Lemma 4.5-(b) we deduce

lim
R→∞

lim sup
j→∞

εnj
∑

i∈I2/R
j \Gj,R

|u(εjxi)|pρn−spi ≤ ‖u‖pL∞(U) lim
R→∞

lim sup
j→∞

εnj
∑

i∈I2/R
j \Gj,R

ρn−spi = 0

and hence the claim. �

Remark 4.12. For later use we observe that (4.23) holds also true if the sequence of random
variables {ρi} is replaced by {γi} as in (H5) and (H6). Namely, there exists Ω′ ∈ F with P(Ω′) = 1
such that for every ω ∈ Ω′ we have

lim
R→∞

sup
L∈N

lim sup
j→∞

∣∣∣∣εnj ∑
i∈Gωj,R

|(uj)
C
i,hω
j

j

|pγi(ω)− ‖u‖pLp(U)E
[ ∑
xi∈Q

γi

]∣∣∣∣ = 0 . (4.25)

5. Proof of the main result

This section is primarily devoted to the proof of the almost sure Γ-convergence result stated in
Theorem 3.2. The argument proceeds in two main steps, establishing separately the lower bound
and the upper bound inequalities. At the end of this section we outline the proof of Theorem 3.6,
highlighting the points at which it differs from the proof of Theorem 3.2.

We start proving the lower-bound inequality.

Proposition 5.1. There exists Ω′ ∈ F with P(Ω′) = 1 such that for every ω ∈ Ω′, εj ↓ 0,
u ∈ Lp(U), and uj → u in Lp(U) we have

F(u) ≤ lim inf
j→∞

Fωj (uj). (5.1)

Proof. Let Ω′ ∈ F be as in Proposition 4.11 and ω ∈ Ω′. We assume that the right-hand side
in (5.1) is finite otherwise the liminf-inequality is trivially satisfied. Up to possibly extracting
a subsequence, we can additionally assume that the liminf in (5.1) is actually a limit. As a
consequence we immediately deduce that supj∈N |uj |W s,p(U) < +∞ and ũj = 0 caps,p-q.e. on
Tωj ∩ U for every j ∈ N.

Fix R,L ∈ N, δ > 0 and define mR := bR
n−sp+1
sp c. Let {wωj }j∈N be the sequence given by

Lemma 4.9 applied with G = Gωε,R and m replaced by mR. In view of (4.19) we can find a
constant cn,s,p,R > 0 such that(

1 +
cn,s,p,R
L

)
lim inf
j→∞

Fωj (uj) ≥ lim inf
j→∞

Fωj (wωj ). (5.2)

Up to a possible further subsequence, we may assume that the liminf in the right-hand side of

(5.2) is a limit and that wωj → u Ln-a.e. in U . We observe that ∪i∈Gωj,R(B
i,hωj
j ×Bi,h

ω
j

j ) ⊂ ∆δ, for

sufficiently large j. Therefore, we have

Fωj (wωj ) ≥
ˆ

(U×U)\∆δ

|wωj (x)− wωj (y)|p

|x− y|n+sp
dxdy +

∑
i∈Gωj,R

|wωj |
p

W s,p(B
i,hω
j

j )
,

so that Fatou’s Lemma entails

lim inf
j→∞

Fωj (wωj ) ≥
ˆ

(U×U)\∆δ

|u(x)− u(y)|p

|x− y|n+sp
dxdy + lim inf

j→∞

∑
i∈Gωj,R

|wωj |
p

W s,p(B
i,hω
j

j )
. (5.3)
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Recalling the definition of B̃
i,hj
j in (4.18) we observe that∑

i∈Gωj,R

|wωj |
p

W s,p(B
i,hω
j

j )

≥
∑

i∈Gωj,R

inf{|w|p
W s,p(B̃

i,hω
j

j )
: w ∈W s,p(Rn), w = 0 on C

i,hωj
j , w̃ = (uj)

C
i,hω
j

j

caps,p-q.e. on T i,ωj }

=
∑

i∈Gωj,R

|(uj)
C
i,hω
j

j

|pcaps,p(T
i,ω
j , B̃

i,hωj
j ,m

−3hωj −2

R εjR
−1)

=
∑

i∈Gωj,R

λn−spj |(uj)
C
i,hω
j

j

|pcaps,p(Bρi(ω), B
m
−3hω

j
−1

R εjλ
−1
j R−1

,m
−3hωj −2

R εjλ
−1
j R−1).

Since Bρi(ω) ⊂ BR for every i ∈ Gωj,R, appealing to (2.10) in Lemma 2.1 we get

sup
i∈Gωj,R

(caps,p(Bρi(ω))− caps,p(Bρi(ω), B
m
−3hω

j
−1

R εjλ
−1
j R−1

,m
−3hωj −2

R εjλ
−1
j R−1))

≤ cn,s,p
(mR − 1)sp

Cs,p(BR, B
m
−3hω

j
−2

R εjλ
−1
j R−1

),

for some cn,s,p > 0; therefore

lim inf
j→∞

∑
i∈Gωj,R

|wωj |
p

W s,p(B
i,hω
j

j )
≥ caps,p(B1) lim inf

j→∞
εnj

∑
i∈Gωj,R

|(uj)
C
i,hω
j

j

|pρi(ω)n−sp

− cn,s,p
(mR − 1)sp

lim sup
j→∞

Cs,p(BR, B
m
−3hω

j
−2

R εjλ
−1
j R−1

)εnj
∑

i∈Gωj,R

|(uj)
C
i,hω
j

j

|p.

Thus, we find

lim
R→∞

lim
L→∞

lim inf
j→∞

∑
i∈Gωj,R

|wωj |
p

W s,p(B
i,hω
j

j )

≥ caps,p(B1) lim
R→∞

lim
L→∞

lim inf
j→∞

εnj
∑

i∈Gωj,R

|(uj)
C
i,hω
j

j

|pρi(ω)n−sp

− lim
R→∞

cn,s,p
(mR − 1)sp

lim
L→∞

lim sup
j→∞

Cs,p(BR, B
m
−3hω

j
−2

R εjλ
−1
j R−1

)εnj
∑

i∈Gωj,R

|(uj)
C
i,hω
j

j

|p.

By (2.9) in Lemma 2.1 and by the scaling property of the fractional capacity we have

lim
j→∞

Cs,p(BR, B
m
−3hω

j
−2

R εjλ
−1
j R−1

) = caps,p(BR) = Rn−spcaps,p(B1),

hence recalling the definition of mR we get

lim
R→∞

lim
L→∞

lim
j→∞

cn,s,p
(mR − 1)sp

Cs,p(BR, B
m
−3hω

j
−2

R εjλ
−1
j R−1

) = 0.

Then, Proposition 4.11 yields

lim
R→∞

lim
L→∞

lim inf
j→∞

∑
i∈Gωj,R

|wωj |
p

W s,p(B
i,hω
j

j )
≥ mgcaps,p(B1)‖u‖pLp(U)

ˆ
R+

ρn−sp dπ(ρ) = γ‖u‖pLp(U),

thus

lim inf
j→∞

Fωj (uj) = lim
R→∞

lim
L→∞

lim inf
j→∞

(
1 +

cn,s,p,R
L

)
Fωj (uj)

≥
ˆ

(U×U)\∆δ

|u(x)− u(y)|p

|x− y|n+sp
dx dy + γ‖u‖pLp(U).

(5.4)

Finally, the conclusion follows by gathering (5.2)-(5.4) and by passing to limit as δ → 0 thanks to
the Dominated Convergence Theorem. �

In the next proposition we prove the so-called limsup-inequality.
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Proposition 5.2. There exists Ω′ ∈ F with P(Ω′) = 1 such that for every ω ∈ Ω′, u ∈ Lp(U),
and εj ↓ 0, there exists uj → u in Lp(U) such that

lim sup
j→∞

Fωj (uj) ≤ F(u). (5.5)

Proof. Let Ω′ ∈ F be the intersection of the events of probability one given by Lemmas 4.2, 4.4,
4.6, and Proposition 4.11 and let ω ∈ Ω′. To simplify the notation, in the rest of the proof we are
going to omit the explicit dependence on ω of all the relevant quantities.

We observe that by a standard continuity and density argument it suffices to prove (5.5) for
target functions u ∈W 1,∞(U) ∩ Lp(U) (cf. [Bra02, Proposition 1.28 and Remark 1.29]).

Let L,R ∈ N be fixed and let {wj}j∈N be given by Lemma 4.9 applied with G = V Gj,R, uj ≡ u,

and m = 2. Let then ξL ∈ W s,p(Rn; [0, 1]) be such that ξL = 0 on Rn \BL, ξ̃L = 1 caps,p-q.e. on
B1, and

|ξL|pW s,p(Rn) ≤ Cs,p(B1, BL) +
1

L
. (5.6)

Recalling that B̃
i,hj
j = B2−3hj−1εjR−1(εjxi) (cf. (4.18)), we define

vj(x) :=


wj(x) if x ∈ U \

⋃
i∈V Gj,R

B̃
i,hj
j ,(

1− ξL
(
x−εjxi
λjρi

))
(u)

C
i,hj
j

if x ∈
⋃

i∈V Gj,R
B̃
i,hj
j .

For i ∈ V Gj,R we have ρi ≤ R, hence Lλjρi < 2−3hj−1εjR
−1, for sufficiently large j ∈ N. In

particular, this implies that T ij ⊂ B̃
i,hj
j for every i ∈ V Gj,R, thus vj = 0 on ∪i∈V Gj,RT ij . Moreover,

since wj = (u)
C
i,hj
j

on ∂B̃
i,hj
j , we immediately deduce that vj ∈W s,p(U).

Now, let φj,R ∈W s,p(Rn; [0, 1]) be such that

φ̃j,R = 0 caps,p-q.e. on
⋃

i∈NVGj,R

Bλjρi(εjxi),

φ̃j,R = 1 caps,p-q.e. on Rn \
⋃

i∈NVGj,R

B2λjρi(εjxi),

|φj,R|pW s,p(Rn) ≤ 2Cs,p

 ⋃
i∈NVGj,R

Bλjρi(εjxi),
⋃

i∈NVGj,R

B2λjρi(εjxi)

 . (5.7)

We define uj := vjφj,R, then, by construction, uj = 0 on Tj and uj ∈W s,p(U).
We recall property (4.4) and define

Uj := U \ (B̃V Gj,R ∪DNVGj,R) (5.8)

with

B̃V Gj,R :=
⋃

i∈V Gj,R

B̃
i,hj
j , (5.9)

and

DNVGj,R :=
⋃

i∈NVGj,R

B2λjρi(εjxi) ∩ U . (5.10)

We observe that for every L ∈ N we have

lim
j→∞

sup
R∈N
‖uj − u‖Lp(U) = 0. (5.11)

Indeed we haveˆ
U

|uj − u|p ≤
ˆ
Uj

|wj − u|p +
∑

i∈V Gj,R

ˆ
B̃
i,hj
j

|uj − u|p +
∑

i∈NVGj,R

ˆ
B2λjρi

(εjxi)

|uj − u|p. (5.12)
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The first term in (5.12) approaches zero as j → ∞ since wj → u in Lp(U). On the other hand,

using that uj = vj =
(

1− ξL
(
x−εjxi
λjρi

))
(u)

C
i,hj
j

on
⋃

i∈V Gj,R
B̃
i,hj
j together with the very definition

of ξL, the second term in (5.12) can be estimated as follows:∑
i∈V Gj,R

ˆ
B̃
i,hj
j

|uj − u|p

=
∑

i∈V Gj,R

ˆ
T ij

|u|p +
∑

i∈V Gj,R

ˆ
BLλjρi (εjxi)\T

i
j

|uj − u|p +
∑

i∈V Gj,R

ˆ
B̃
i,hj
j \BLλjρi (εjxi)

|u− (u)
C
i,hj
j

|p

.n,L ‖u‖pL∞(U)

∑
i∈V Gj,R

(λjρi)
n +

∑
i∈V Gj,R

ˆ
B̃
i,hj
j

|u− (u)
C
i,hj
j

|p

Furthermore, by the Poincaré-Wirtinger Inequality for fractional Sobolev spaces (see e.g. [Foc10,

Theorem 2.6 and Remark 2.7]) and since {B̃i,hjj }i∈V Gj,R are pairwise disjoint, we get∑
i∈V Gj,R

ˆ
B̃
i,hj
j

|u− (u)
C
i,hj
j

|p .n,s,p (2−3hj−1εjR
−1)sp

∑
i∈V Gj,R

|u|p
W s,p(B̃

i,hj
j )

≤ εspj |u|
p
W s,p(U),

which implies, by Lemma 4.4, that the second term in (5.12) vanishes as j → ∞. Regarding the
third term in (5.12), we have∑

i∈NVGj,R

ˆ
B2λjρi

(εjxi)

|uj − u|p .n,p ‖u‖pL∞(U)

∑
i∈NVGj,R

(λjρi)
n .n,p ‖u‖pL∞(U)

∑
i∈Ij

(λjρi)
n ,

hence the conclusion follows at once by Lemma 4.4 with q = n.
The rest of the proof is devoted to show that

lim sup
j→∞

Fj(uj) ≤ F(u) + ϑ, (5.13)

where ϑ = ϑ(δ,R, L) > 0 is such that

lim
δ→0

lim
R→∞

lim
L→∞

ϑ = 0.

Since the computations leading to (5.13) are rather involved, we perform them in a number of
consecutive steps.

Step 1. In this first step we preliminary reformulate (5.13).

By (5.11) and the Lebesgue Dominated Convergence Theorem, for every R, L ∈ N, and δ > 0,
we have

lim
j→∞

Ds,p(uj , (U × U) \∆δ) = Ds,p(u, (U × U) \∆δ).

Therefore, we are only left to estimate the energy of uj in a neighborhood of the diagonal ∆. To
this end, since uj = wj on Uj , by Lemma 4.9 we deduce that

Ds,p(uj , (Uj × Uj) ∩∆δ) = Ds,p(wj , (Uj × Uj) ∩∆δ)

≤ Ds,p(wj , (U × U) ∩∆δ) ≤
cn,s,p,R
L

|u|pW s,p(U) +Ds,p(u, (U × U) ∩∆δ),
(5.14)

for some cn,s,p,R > 0. Hence, by the Dominated Convergence Theorem

lim sup
j→∞

Ds,p(uj , (Uj × Uj) ∩∆δ) ≤ ϑ . (5.15)

Therefore, in view of (5.15), the inequality in (5.13) reduces to proving that

lim sup
j→∞

(Ds,p(uj , (U × (U \ Uj)) ∩∆δ) +Ds,p(uj , ((U \ Uj)× Uj) ∩∆δ)) ≤ F(u) + ϑ. (5.16)

To establish (5.16) we use the definition of Uj to get

U = B̃V Gj,R ∪DNVGj,R ∪ Uj ,
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where the sets in the above union are pairwise disjoint and defined in (5.8), (5.9), and (5.10),
respectively. In particular, we have

U × (U \ Uj) = (U \ Uj)2 ∪ (Uj × (U \ Uj)),

(U \ Uj)2 = (B̃V Gj,R ∪DNVGj,R)2,

(U \ Uj)× Uj = (B̃V Gj,R ∪DNVGj,R)× Uj .

Since Ds,p(·, A×B) = Ds,p(·, B ×A), proving (5.16) amounts to showing that

lim sup
j→∞

(
Ds,p(uj , B̃2

V Gj,R ∩∆δ) + 2Ds,p(uj , (B̃V Gj,R ×DNVGj,R) ∩∆δ)

+Ds,p(uj , D2
NVGj,R ∩∆δ) +Ds,p(uj , (B̃V Gj,R × Uj) ∩∆δ)

+Ds,p(uj , (DNVGj,R × Uj) ∩∆δ)
)
≤ F(u) + ϑ. (5.17)

In the next steps we will prove (5.17) by separately treating the different terms in its left-hand
side.

Step 2. We show that

lim sup
j→∞

Ds,p(uj , B̃2
V Gj,R ∩∆δ) ≤ γ‖u‖pLp(U) + ϑ . (5.18)

We have

Ds,p(uj , B̃2
V Gj,R ∩∆δ) ≤

∑
i∈V Gj,R

|uj |p
W s,p(B̃

i,hj
j )

+
∑

i,k∈V Gj,R
i 6=k

Ds,p(uj , (B̃
i,hj
j × B̃k,hjj ) ∩∆δ). (5.19)

We now start by estimating the first term on the right hand side of (5.19). To this end let

x, y ∈ B̃i,hjj ; by definition of uj , we have

|uj(x)− uj(y)| = |(u)
C
i,hj
j

|
∣∣∣∣ξL(x− εjxiλjρi

)
− ξL

(
y − εjxi
λjρi

)∣∣∣∣
and hence, by a change of variables, estimate (2.9) in Lemma 2.1, Proposition 4.11, and (5.6)

lim sup
j→∞

∑
i∈V Gj,R

|uj |p
W s,p(B̃

i,hj
j )

≤ lim sup
j→∞

εnj
∑

i∈Gj,R

ρn−spi |(u)
C
i,hj
j

|p|ξL|pW s,p(Rn)

≤ lim sup
j→∞

(
Cs,p(B1, BL) +

1

L

)
εnj

∑
i∈Gj,R

ρn−spi |(u)
C
i,hj
j

|p

≤ caps,p(B1)mg‖u‖pLp(U)

ˆ
R+

ρn−sp dπ(ρ) + ϑ = γ‖u‖pLp(U) + ϑ. (5.20)

Then, it remains to estimate the second term in (5.19). For (x, y) ∈ (B̃
i,hj
j × B̃k,hjj ) ∩ ∆δ, with

i, k ∈ V Gj,R and i 6= k, we have

|uj(x)− uj(y)|p .p |(u)
C
i,hj
j

− (u)
C
k,hj
j

|p

+

∣∣∣∣ξL(x− εjxiλjρi

)∣∣∣∣p |(u)
C
i,hj
j

|p +

∣∣∣∣ξL(y − εjxkλjρk

)∣∣∣∣p |(u)
C
k,hj
j

|p. (5.21)

Moreover, since i, k ∈ V Gj,R ⊂ Gj,R, by the triangle inequality, for sufficiently large j, we get

2
εj
R
≤ εj |xi − xk| ≤

εj
R

+ δ < 2δ,

and
1

2
εj |xi − xk| ≤ |x− y| ≤

3

2
εj |xi − xk|. (5.22)

Then, recalling that u ∈ Lip(U), we obtain

|(u)
C
i,hj
j

− (u)
C
k,hj
j

|p .p Lip(u)pεpj |xi − xk|
p



28 F. DEANGELIS, M. FOCARDI, AND C. I. ZEPPIERI

and

∑
i,k∈V Gj,R

i 6=k

ˆ
(B̃

i,hj
j ×B̃

k,hj
j )∩∆δ

|(u)
C
i,hj
j

− (u)
C
k,hj
j

|p

|x− y|n+sp
dx dy

.n,p Lip(u)pε
−n−(s−1)p
j R−2nε2n

j

∑
i,k∈V Gj,R

i6=k, εj |xi−xk|<2δ

|xi − xk|−n−(s−1)p.

By a counting argument (see also [Foc10, (2.7)]), it is easy to see that for every i ∈ Gj,R we have

#

{
k ∈ Gj,R : k 6= i,

h

R
< |xi − xk| ≤

h+ 1

R

}
.n h

n−1.

If n + (s − 1)p ≥ 0, we can estimate the above sum using the fact that
∑l
h=2 h

−(1+a) ≤ l−a

−a for
any l ∈ N and a < 0. Namely, we have∑

i,k∈V Gj,R
i 6=k, εj |xi−xk|<2δ

|xi − xk|−n−(s−1)p =
∑

i∈V Gj,R

∑
k∈V Gj,R

k 6=i, εj |xi−xk|<2δ

|xi − xk|−n−(s−1)p

=
∑

i∈V Gj,R

b2δR/εjc∑
h=2

∑
k∈V Gj,R

h<R|xi−xk|≤h+1

|xi − xk|−n−(s−1)p

.n R
n+(s−1)p

∑
i∈V Gj,R

b2δR/εjc∑
h=2

h−(1+(s−1)p) .n,s,p R
n+(s−1)p#V Gj,Rδ

(1−s)pR(1−s)pε
(s−1)p
j .

Since {B εj
R

(εjxi)}i∈V Gj,R are pairwise disjoint, we have #V Gj,R .n Ln(U)(
εj
R )−n, which gives

∑
i,k∈V Gj,R

i 6=k, εj |xi−xk|<2δ

|xi − xk|−n−(s−1)p .n,s,p R
2nε
−n+(s−1)p
j δ(1−s)p

and

∑
i,k∈V Gj,R

i6=k

ˆ
(B̃

i,hj
j ×B̃

k,hj
j )∩∆δ

|(u)
C
i,hj
j

− (u)
C
k,hj
j

|p

|x− y|n+sp
dxdy .n,s,p Lip(u)pδ(1−s)p . (5.23)

If, on the other hand, n+ (s− 1)p < 0, we get both∑
i,k∈V Gj,R

i6=k, εj |xi−xk|<2δ

|xi − xk|−n−(s−1)p

≤ #V G2
j,R

(
2δ

εj

)−n−(s−1)p

.n,s,p R
2nε−2n

j ε
n+(s−1)p
j δ−n−(s−1)p

and

∑
i,k∈V Gj,R

i6=k

ˆ
(B̃

i,hj
j ×B̃

k,hj
j )∩∆δ

|(u)
C
i,hj
j

− (u)
C
k,hj
j

|p

|x− y|n+sp
dxdy .n,s,p Lip(u)pδ−n−(s−1)p . (5.24)
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We now deal with the second term in (5.21) (the third one being analogous). By (5.22) a change
of variables gives

ˆ
B̃
i,hj
j ×B̃

k,hj
j

|ξL(λ−1
j ρ−1

i (x− εjxi))|p

|x− y|n+sp
dx dy

=

ˆ
B̃
i,hj
j

|ξL(λ−1
j ρ−1

i (x− εjxi))|p
(ˆ

B̃
k,hj
j

|x− y|−(n+sp) dy

)
dx

.n R
−nεnj ε

−n−sp
j |xi − xk|−n−sp

ˆ
BLλjρi (εjxi)

|ξL(λ−1
j ρ−1

i (x− εjxi))|p dx

= R−nε−spj |xi − xk|−n−sp(λjρi)n
ˆ
BL

|ξL|p ,

and, as a consequence,

lim sup
j→∞

∑
i,k∈V Gj,R

i 6=k

ˆ
(B̃

i,hj
j ×B̃

k,hj
j )∩∆δ

|ξL(λ−1
j ρ−1

i (x− εjxi))|p

|x− y|n+sp
dxdy

≤ lim sup
j→∞

‖ξL‖pLp(BL)λ
n
j ε
−sp
j

∑
i,k∈V Gj,R

i 6=k, εj |xi−xk|<2δ

|xi − xk|−n−sp

= lim sup
j→∞

‖ξL‖pLp(BL)λ
n
j ε
−sp
j

∑
i∈V Gj,R

b2δR/εjc∑
h=2

∑
k∈V Gj,R

h<R|xi−xk|≤h+1

|xi − xk|−n−sp

.n lim sup
j→∞

‖ξL‖pLp(BL)λ
n
j ε
−sp
j Rn+sp#V Gj,R

∞∑
h=2

h−n−sphn−1

.n lim sup
j→∞

‖ξL‖pLp(BL)λ
n
j ε
−sp
j R2n+spε−nj

∞∑
h=2

h−1−sp . ‖ξL‖pLp(BL)R
2n+sp lim

j→∞
ε

(sp)2

n−sp
j = 0.

(5.25)

Then (5.18) follows at once from (5.20), (5.23), (5.24), and the very last estimate.

Step 3. We prove that

lim sup
j→∞

Ds,p(uj , (B̃V Gj,R ×DNVGj,R) ∩∆δ) ≤ ϑ. (5.26)

Since {B̃i,hjj }i∈V Gj,R are pairwise disjoint, we deduce

Ds,p(uj , (B̃V Gj,R ×DNVGj,R) ∩∆δ) =
∑

i∈V Gj,R

Ds,p(uj , (B̃
i,hj
j ×DNVGj,R) ∩∆δ).

Moreover, for every (x, y) ∈ (B̃
i,hj
j ×DNVGj,R) ∩∆δ we have

uj(x)− uj(y) =

(
1− ξL

(
x− εjxi
λjρi

))
(u)

C
i,hj
j

− wj(y)φj,R(y)

= (u)
C
i,hj
j

− wj(x)− (u)
C
i,hj
j

ξL

(
x− εjxi
λjρi

)
+ wj(x)− wj(y) + wj(y)(1− φj,R(y))

and hence

|uj(x)− uj(y)|p .p |wj(x)− (u)
C
i,hj
j

|p + ‖u‖pL∞(U)

∣∣∣∣ξL(x− εjxiλjρi

)∣∣∣∣p
+ |wj(x)− wj(y)|p + ‖u‖pL∞(U)|1− φj,R(y)|p.

(5.27)
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Then the estimate in (2.8) and the fact that wj ≡ (u)
C
i,hj
j

on C
i,hj
j by definition give for sufficiently

large j ∈ N,

∑
i∈V Gj,R

ˆ
(B̃

i,hj
j ×DNVGj,R )∩∆δ

|wj(x)− (u)
C
i,hj
j

|p

|x− y|n+sp
dx dy

.n,s,p
∑

i∈V Gj,R

ˆ
B

2
−3hj−2

εjR
−1

(εjxi)

|wj(x)− (u)
C
i,hj
j

|p

distsp(x, ∂B̃
i,hj
j )

dx

.n,s,p
(23hj+2R

εj

)sp ∑
i∈V Gj,R

ˆ
B

2
−3hj−2

εjR
−1

(εjxi)

|wj(x)− (u)
C
i,hj
j

|p dx

.n,s,p
∑

i∈V Gj,R

|wj |p
W s,p(B̃

i,hj
j )

≤ Ds,p(wj , (U × U) ∩∆δ),

(5.28)

where in the last but one inequality we have used the scaled Poincaré-Wirtinger Inequality [Foc10,
(2.10) in Remark 2.7]. Note that the last term in the above inequality (5.28) has been already
estimated in (5.14).

Concerning the second term in (5.27), since i ∈ V Gj,R, a change of variables yields∑
i∈V Gj,R

ˆ
(B̃

i,hj
j ×DNVGj,R )∩∆δ

|x− y|−(n+sp)

∣∣∣∣ξL(x− εjxiλjρi

)∣∣∣∣p dxdy

≤
∑

i∈V Gj,R

ˆ
B̃
i,hj
j ×(U\B̃

i,hj
j )

|x− y|−(n+sp)

∣∣∣∣ξL(x− εjxiλjρi

)∣∣∣∣p dxdy

≤
∑

i∈V Gj,R

(λjρi)
n−spDs,p(ξL, B2−3hj−1εjR−1λ−1

j ρ−1
i
× (Rn \B2−3hj−1εjR−1λ−1

j ρ−1
i

)).

(5.29)

In the last inequality we have used that, since ρi ≤ R for any i ∈ V Gj,R, 2−3hj−1εjR
−1λ−1

j ρ−1
i ≥

2−3L−1R−2εjλ
−1
j ≥ L2 > L for sufficiently large j ∈ N, and that ξL = 0 on Rn \ BL. Therefore,

by Lemma 4.2 and by (2.12) in Lemma 2.1 we have

lim sup
j→∞

∑
i∈V Gj,R

ˆ
(B̃

i,hj
j ×DNVGj,R )∩∆δ

|x− y|−(n+sp)

∣∣∣∣ξL(x− εjxiλjρi

)∣∣∣∣p dxdy

≤ Ds,p(ξL, BL2 × (Rn \BL2)) lim
j→∞

εnj
∑
i∈Ij

ρn−spi

= Ds,p(ξL, BL2 × (Rn \BL2))mgLn(U)

ˆ
R+

ρn−sp dπ(ρ) ≤ ϑ. (5.30)

The third term in (5.27) gives us

Ds,p(wj , (B̃V Gj,R ×DNVGj,R) ∩∆δ) ≤ Ds,p(wj , (U × U) ∩∆δ), (5.31)

which was already estimated in (5.14). Regarding the last term in (5.27), since φj,R = 1 on
Rn \DNVGj,R , by Lemma 4.6 and (5.7), we have

lim sup
j→∞

∑
i∈V Gj,R

ˆ
(B̃

i,hj
j ×DNVGj,R )∩∆δ

|1− φj,R(y)|p

|x− y|n−sp
dxdy

= lim sup
j→∞

∑
i∈V Gj,R

ˆ
(B̃

i,hj
j ×DNVGj,R )∩∆δ

|(1− φj,R(x))− (1− φj,R(y))|p

|x− y|n−sp
dxdy

≤ lim sup
j→∞

|φj,R|pW s,p(Rn) = 0.

(5.32)

Then (5.26) follows by gathering (5.28), (5.30), (5.31), and (5.32).
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Step 4. We have

lim sup
j→∞

Ds,p(uj , D2
NVGj,R ∩∆δ) ≤ ϑ. (5.33)

Since uj = uφj,R on D2
NVGj,R

∩∆δ, we obtain,

Ds,p(uj , D2
NVGj,R ∩∆δ) .p ‖u‖pL∞(U)Ds,p(φj,R, D

2
NVGj,R ∩∆δ) +Ds,p(u,D2

NVGj,R ∩∆δ)

≤ ‖u‖pL∞(U)|φj,R|
p
W s,p(Rn) +Ds,p(u, U2 ∩∆δ).

Then (5.33) follows by Lemma 4.6 (cf. also (5.7)).

Step 5. We show that

lim sup
j→∞

Ds,p(uj , (B̃V Gj,R × Uj) ∩∆δ) ≤ ϑ . (5.34)

For (x, y) ∈ (B̃V Gj,R × Uj) ∩∆δ, we have

uj(x)− uj(y) =

(
1− ξL

(
x− εjxi
λjρi

))
(u)

C
i,hj
j

− wj(y)

= (u)
C
i,hj
j

− wj(x)− (u)
C
i,hj
j

ξL

(
x− εjxi
λjρi

)
+ wj(x)− wj(y),

and hence

|uj(x)− uj(y)|p .p |wj(x)− (u)
C
i,hj
j

|p + ‖u‖pL∞(U)

∣∣∣∣ξL(x− εjxiλjρi

)∣∣∣∣p + |wj(x)− wj(y)|p

We then observe that the terms above give contributions which were already estimated in (5.28),
(5.29), and (5.31), respectively.

Step 6. We prove that

lim sup
j→∞

Ds,p(uj , (DNVGj,R × Uj) ∩∆δ) ≤ ϑ . (5.35)

For (x, y) ∈ (DNVGj,R × Uj) ∩∆δ,

uj(x)− uj(y) = wj(x)φj,R(x)− wj(y) = wj(x)− wj(y)− wj(x)(1− φj,R(x))

and hence

|uj(x)− uj(y)|p .p |wj(x)− wj(y)|p + ‖u‖pL∞(U)|1− φj,R(x)|p.

The contributions of the above terms were already analyzed in (5.31) and (5.32), respectively.
Therefore gathering (5.18)-(5.35) we deduce the estimate in (5.16) and therefore (5.13) as

previously noticed. �

We conclude this section with the proof of the Γ-convergence result in the case of randomly
shaped obstacles and anisotropic, translation-invariant, −(n + sp)-homogeneous measurable ker-
nels, stated in Theorem 3.6. Since the arguments closely follow those in the proof Theorem 3.2,
mainly resting on Lemma 2.1, we restrict ourselves to highlighting the necessary modifications.

Proof of Theorem 3.6. We start by observing that, thanks to (H5), in the proof we can resort to
the same sets of indices introduced in Section 4.1, namely Gε,R and V Gε,R (see (4.1), (4.2)).

For the Γ-lim inf inequality, we proceed as in the proof of Proposition 5.1, up to the estimate
of the capacitary contribution. Using the same notation therein, we get∑
i∈Gωj,R

K(wωj , B
i,hωj
j ) ≥

∑
i∈Gωj,R

|(uj)
C
i,hω
j

j

|pcapK (Si,ωj , B̃
i,hωj
j ,m

−3hωj −2

R εjR
−1)

=
∑

i∈Gωj,R

λn−spj |(uj)
C
i,hω
j

j

|pcapK (λ−1
j (Si,ωj − εjxi(ω)), B

m
−3hω

j
−1

R εjλ
−1
j R−1

,m
−3hωj −2

R εjλ
−1
j R−1).
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In view of assumption (H5), λ−1
j (Si,ωj − εjxi(ω)) ⊂ Bρi(ω) ⊂ BR for every i ∈ Gωj,R. Therefore,

arguing as in the proof of Proposition 5.1, we get, in view of (2.10) in Lemma 2.1,∑
i∈Gωj,R

K(wωj , B
i,hωj
j ) ≥

∑
i∈Gωj,R

|(uj)
C
i,hω
j

j

|pcapK (Si,ωj )

− cn,s,p
(mR − 1)sp

CK (BR, B
m
−3hω

j
−2

R εjλ
−1
j R−1

)εnj
∑

i∈Gωj,R

|(uj)
C
i,hω
j

j

|p.

Then, invoking formula (3.10) and Remark 4.12, we may conclude that

lim
R→∞

lim
L→∞

lim inf
j→∞

∑
i∈Gωj,R

K(wωj , B
i,hωj
j ) ≥ lim

R→∞
lim
L→∞

lim inf
j→∞

εnj
∑

i∈Gωj,R

|(uj)
C
i,hω
j

j

|pγi(ω)

= ‖u‖pLp(U)E
[ ∑
xi∈Q

γi

]
= γ̃‖u‖pLp(U).

For the Γ-lim sup inequality, we proceed as in the proof of Proposition 5.2 with the following
changes. For any i ∈ V Gj,R, we let ξL,i,j ∈ W s,p(Rn; [0, 1]) be such that ξL,i,j = 0 on Rn \ BL,

ξ̃L,i,j = 1 caps,p-q.e. on (λjρi)
−1(Sij − εjxi) ⊂ B1, and

K(ξL,i,j ,Rn) ≤ CK ((λjρi)
−1(Sij − εjxi), BL) +

1

L
. (5.36)

Using the same notation as in the proof of Proposition 5.2, by (2.9) in Lemma 2.1 we get

CK ((λjρi)
−1(Sij − εjxi), BL) ≤ capK ((λjρi)

−1(Sij − εjxi)) + ϑ

= (λjρi)
sp−ncapK (Sij) + ϑ = ρsp−ni γi + ϑ.

(5.37)

Recalling that B̃
i,hj
j = B2−3hj−1εjR−1(εjxi) (cf. (4.18)), we define

vj(x) :=


wj(x) if x ∈ U \

⋃
i∈V Gj,R

B̃
i,hj
j ,(

1− ξL,i,j
(
x−εjxi
λjρi

))
(u)

C
i,hj
j

if x ∈
⋃

i∈V Gj,R
B̃
i,hj
j .

Using the functions φj,R introduced in the proof of Proposition 5.2, the definition of uj = vjφj,R
remains unchanged, as well as its convergence properties.

To reconstruct the capacitary term, we argue as in (5.18), with the following changes. By a
change of variables and (5.37), we have

lim sup
j→∞

∑
i∈V Gj,R

K(uj , B̃
i,hj
j ) ≤ lim sup

j→∞
εnj

∑
i∈Gj,R

ρn−spi |(u)
C
i,hj
j

|pK(ξL,i,j ,Rn)

≤ lim sup
j→∞

εnj
∑

i∈Gj,R

|(u)
C
i,hj
j

|pγi

≤ ‖u‖pLp(U)E
[ ∑
xi∈Q

γi

]
+ ϑ = γ̃‖u‖pLp(U) + ϑ, (5.38)

where the last inequality follows in view of formula (3.10) and Remark 4.12.
Moreover, since ξL,i,j takes values in [0, 1], ‖ξL,i,j‖pLp(BL) ≤ L

n(BL), and hence (5.25) holds

true. Furthermore, in (5.30), by the definition of ξL,i,j and since (λjρi)
−1(Sij − εjxi) ⊂ B1, (2.2)
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and (2.12) in Lemma 2.1 imply

lim sup
j→∞

∑
i∈V Gj,R

ˆ
(B̃

i,hj
j ×DNVGj,R )∩∆δ

|x− y|−(n+sp)

∣∣∣∣ξL,i,j (x− εjxiλjρi

)∣∣∣∣p dx dy

≤ lim
j→∞

εnj
∑
i∈Ij

Ds,p(ξL,i,j , BL2 × (Rn \BL2))ρn−spi

= ϑmgLn(U)

ˆ
R+

ρn−sp dπ(ρ) ≤ ϑ. (5.39)

Hence, we conclude as in Proposition 5.2. �

Appendix A.

For the readers’ convenience, in this appendix we prove Proposition 2.3 and Proposition 2.4.

Proof of Proposition 2.3. The proof follows the ideas of [Fag20, B.1]. We recall that a sequence
{Aj}j∈N of bounded Borel sets in Rn is called a convex averaging sequence [DVJ07, Definition
12.2.I] if Aj ⊂ Aj+1, Aj is convex for any j ∈ N, and r(Aj) → ∞ as j → ∞, where r(A) is the
supremum of all radii r ≥ 0 such that A contains a ball of radius r. By the Ergodic Theorem
for stationary and ergodic m.p.p. [DVJ07, Theorem 12.2.IV and Corollary 12.2.V], for any convex
averaging sequence {Aj}j∈N in Rn and any h ∈ L1(π)

lim
j→∞

1

Ln(Aj)

ˆ
Aj×R+

h(ρ) dN(x, ρ) = mg

ˆ
R+

h(ρ) dπ(ρ) P-a.e.

We now show that for any h ∈ L1(π) there exists Ωh ∈ F with P(Ωh) = 1 such that for any
ω ∈ Ωh, if A =

∏n
i=1(ai, bi] with ai < bi and ai, bi ∈ Q for i = 1, . . . , n, then

lim
t→+∞

1

tn

ˆ
(tA)×R+

h(ρ) dNω(x, ρ) = mgLn(A)

ˆ
R+

h(ρ) dπ(ρ). (A.1)

To this end we define

Fω(t, A) :=
1

tn

ˆ
(tA)×R+

h(ρ) dNω(x, ρ), G(A) := mgLn(A)

ˆ
R+

h(ρ) dπ(ρ).

Without loss of generality, we assume that h ≥ 0. If A =
∏n
i=1(0, bi] with bi ≥ 0, then {jA}j∈N

is a convex averaging sequence and P-a.e. limj→∞ F (j, A) = G(A). Moreover, for any t ≥ 0, we
have btc ≤ t < btc+ 1 and

btcn

(btc+ 1)n
F (btc, A) ≤ F (t, A) ≤ (btc+ 1)n

btcn
F (btc+ 1, A),

which implies that P-a.e. limt→+∞ F (t, A) = G(A). If (A.1) holds P-a.e. for A = A1 and
A = A2 then it clearly holds P-a.e. for A = A1 \ A2. As a consequence, exploiting the previous
case, by the argument contained in [Fag20, Proof of Lemma B.1], it is easy to see that (A.1)
holds P-a.e. for A =

∏n
i=1(ai, bi] with ai < bi. So that we can conclude by observing that

{
∏n
i=1(ai, bi] : ai < bi, ai, bi ∈ Q, i = 1, . . . , n} is countable.
Now let Ωh be the event of probability one such that (A.1) holds, and let ω ∈ Ωh. Moreover, let

f ∈ C0
c (Rn) and δ > 0. Since f is uniformly continuous, there exists σ > 0 such that |f(x)−f(y)| <

δ whenever |x − y| < σ. Let K := min{k ∈ N : supp f ⊂ (−k, k]n}. Then there are A1, . . . , Al
pairwise disjoint sets of the kind described above such that (−K,K]n = ∪li=1Ai and diam(Ai) < σ

for any i = 1, . . . , l. Then, by construction,
∑l
i=1 infAi f 1Ai ≤ f ≤

∑l
i=1 supAi f 1Ai and hence

l∑
i=1

inf
Ai
f εn

ˆ
(ε−1Ai)×R+

h(ρ) dNω(x, ρ)

≤
ˆ
Rn×R+

f(x)h(ρ) dNω
ε (x, ρ) ≤

l∑
i=1

sup
Ai

f εn
ˆ

(ε−1Ai)×R+

h(ρ) dNω(x, ρ).
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Then, by the choice of Ωh, we get

mg

ˆ
R+

h(ρ) dπ(ρ)

(ˆ
Rn
f(x) dx− δ(2K)n

)
≤ mg

ˆ
R+

h(ρ) dπ(ρ)

l∑
i=1

inf
Ai
fLn(Ai)

≤ lim inf
ε↓0

ˆ
Rn×R+

f(x)h(ρ) dNω
ε (x, ρ) ≤ lim sup

ε↓0

ˆ
Rn×R+

f(x)h(ρ) dNω
ε (x, ρ)

≤ mg

ˆ
R+

h(ρ) dπ(ρ)

l∑
i=1

sup
Ai

fLn(Ai) ≤ mg

ˆ
R+

h(ρ) dπ(ρ)

(ˆ
Rn
f(x) dx+ δ(2K)n

)
.

Finally, we conclude by the arbitrariness of δ. �

Proof of Proposition 2.4. Let Ωh be the event of probability one given by Proposition 2.3 and let
ω ∈ Ωh. For δ > 0, let Uδ := {x ∈ Rn : dist(x, ∂U) < δ} and U−δ := {x ∈ U : dist(x, ∂U) > δ}.
By the Urysohn Lemma [Fol99, Proposition 8.18], there exist ϕδ ∈ C∞c (Rn; [0, 1]) and ϕ−δ ∈
C∞c (Rn; [0, 1]) such that ϕδ = 1 on U , suppϕδ ⊂ Uδ, ϕ−δ = 1 on U−δ, suppϕ−δ ⊂ U . By
construction, ϕ−δ ≤ 1U ≤ ϕδ, thus we haveˆ

Rn×R+

ϕ−δ(x)h(ρ) dNω
ε (x, ρ)

≤ εn
ˆ

(ε−1U)×R+

h(ρ) dNω(x, ρ) ≤
ˆ
Rn×R+

ϕδ(x)h(ρ) dNω
ε (x, ρ)

while, by the choice of Ωh, there holds

mg

ˆ
R+

h(ρ) dπ(ρ)Ln(U−δ) ≤ mg

ˆ
R+

h(ρ) dπ(ρ)

ˆ
Rn
ϕ−δ(x) dx

≤ lim inf
ε↓0

εn
ˆ

(ε−1U)×R+

h(ρ) dNω(x, ρ) ≤ lim sup
ε↓0

εn
ˆ

(ε−1U)×R+

h(ρ) dNω(x, ρ)

≤ mg

ˆ
R+

h(ρ) dπ(ρ)

ˆ
Rn
ϕδ(x) dx ≤ mg

ˆ
R+

h(ρ) dπ(ρ)Ln(Uδ).

Since ∂U is Lipschitz, we can conclude by taking the limit as δ → 0. �
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