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AND VARIATIONAL CALCULUS
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ABSTRACT. We analyze a variational problem for the recovery of vector valued functions and we
compute its numerical solution. The data of the problem are a small set of complete samples of
the vector valued function and a significant incomplete information where the former are missing.
The incomplete information is assumed as the result of a distortion, with values in a lower dimen-
sional manifold. For the recovery of the function we minimize a functional which is formed by
the discrepancy with respect to the data and total variation regularization constraints. We show
existence of minimizers in the space of vector valued BV functions. For the computation of mini-
mizers we provide a stable and efficient method. First we approximate the functional by coercive
functionals on W12 in terms of I'-convergence. Then we realize approximations of minimizers
of the latter functionals by an iterative procedure to solve the PDE system of the correspond-
ing Euler-Lagrange equations. The numerical implementation comes naturally by finite element
discretization. We apply the algorithm to the restoration of color images from a limited color
information and gray levels where the colors are missing. The numerical experiments show that
this scheme is very fast and robust. The reconstruction capabilities of the model are shown, also
from very limited (randomly distributed) color data. Several examples are included from the real
restoration problem of the A. Mantegna’s art frescoes in Italy.
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1. INTRODUCTION

This paper concerns with the analysis and the numerical implementation of a variational model for
the restoration of vector valued functions. The restoration is obtained from few and sparse complete
samples of the function and from a significant incomplete information. The latter is assumed as the
result of a nonlinear distortion and with values in a lower dimensional manifold. The applications
we consider are in the field of digital signal and image restoration. Therefore we deal with functional
analysis in the space of bounded variation (BV) functions, that are actually considered a reasonable
functional model for natural images and signals, usually characterized by discontinuities and piece-
wise smooth behavior. While in the literature on mathematical image processing real valued BV
functions and associated variational problems are mainly discussed, see for example [7, 29], in this
contribution we consider vector valued functions.

Since the work of Mumford and Shah [27], and Rudin, Osher and Fatemi [28], variational cal-
culus techniques have been applied in several image processing problems. We refer the reader to
the introductory book [6] for a presentation of this field, for more details, and an extended literature.

Let © be an open, bounded, and connected subset of RY, D C €, and p > 1. Inspired by the
fresco problem described in Figure 1, in [21] one of the authors has proposed the following variational
problem
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FIGURE 1. Fragmented A. Mantegna’s frescoes (1452) by a bombing in the Second
World War. Computer based reconstruction by using efficient pattern matching
techniques [23]. Unfortunately the surface covered by the original fragments is only
77 m?, while the original area was of several hundreds. This means that what we
can currently reconstruct is just a fraction (estimated up to 8%) of what was this
inestimable artwork. In particular, for most of the frescoes, the original color of
the blanks is not known. So, natural questions raise: is it possible to estimate
mathematically the original colors of the frescoes by using the known fragments
information and the gray level of the pictures taken before the damage? And, how
faithful this estimation is?

to model the reconstruction/restoration of a vector valued function u : @ — RM from a given ob-
served couple of functions (%, 7). The observed function @ is assumed to represent correct information
on Q\D, and ¥ the result of a nonlinear distortion £ : RM — R on D.

In particular, a digital image can be modeled as a function u : Q C R? — Ri, so that, to
each “point” x of the image, one associates the vector u(x) = (r(x), g(x),b(x)) € R% of the color
represented by the different channels red, green, and blue. In particular, a digitalization of the image
u corresponds to its sampling on a regular lattice 7Z*, 7 > 0. Let us again write u : N' — R3,
u(x) = (r(x), g(x),b(x)), for x € N := QN 7Z2.

Usually the gray level of an image can be described as a submanifold M C R? by

M= Mg ={o(x) :x = L(r,g,b) := L(ar + Bg +b), (r,g,b) € R3 },

where o, 8,7 > 0, a+ 3+~ =1, L : R — R is a non-negative increasing function, and o : Ry — Ri
is a suitable section such that £ oo = idg,. The function L is assumed smooth, nonlinear, and
normally nonconvex and nonconcave. For example, Figure 1 illustrates a typical situation where
this model applies and Figure 2 describes the typical shape of an L function. Here L is estimated
by fitting a distribution of data from real color fragments. In fact, in this case, there is an area Q\ D
of the domain @ C R? of the image, where some fragments with colors are placed and complete
information is available, and an other area D (which we call the inpainting region) where only the
gray level information is known, modeled as the image of L.

The solution of the variational problem (1) produces in this case a new color image that extends
the colors of the fragments in the gray region. Once the extended color image is transformed by
means of L, it is constrained to match the known gray level. We can consider this problem as a
generalization of the well known image inpainting/disocclusion, see, e.g., [3, 8, 9, 13, 14, 15, 16].
Several heuristic algorithms have been introduced for colorization of gray images and we refer to
the recently appeared paper [31] for related literature. Nevertheless, our approach is theoretically
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FIGURE 2. Estimate of the nonlinear curve L from a distribution of points with
coordinates given by the linear combination ar + B¢ + vb of the (r, g,b) color frag-
ments (abscissa) and by the corresponding underlying gray level of the original
photographs dated to 1920 (ordinate). The sensitivity parameters «, 3,7 to the
different frequencies of red, green, and blue are chosen in order to minimize the
total variance of the ordinates.

founded, more general, and fits with many possible applications, for example the recovery of a trans-
mitted multichannel signal affected by a stationary (nonlinear) distortion.

For N = p = 2, we can compute the Euler-Lagrange equations associated to the functional F' and
obtain

(2) o_—v-< oL
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where u = (uq,...,ups) are the components of the function w. This is a system of coupled second
order equations and the analysis of the solutions constitutes itself a problem of independent interest.
By using (2) and a finite difference approximation, a steepest-descent algorithm can be formulated
as in [21]. An application of this numerical scheme for the restoration of a color image from few and
sparse fragments and from the constraint given by known gray levels of the missing part is shown
in Figure 3.

Encouraged by these numerical evidences, we discuss the existence of minimizers of the functional
F in the context of vector valued BV functions. Our second goal is the formulation of efficient and
stable algorithms for the computation of minimizers. Although the steepest-descent scheme recalled
above gives appreciable results, it lacks of a rigorous analysis and its convergence is usually very
slow. For these reasons, we introduce new coercive functionals Fj, on W2 which approximate F
(the relaxed functional of F' with respect to the BV weak-*-topology) in terms of I'-convergence.
The computation of minimizers of Fj is performed by an iterative double-minimization algorithm,
see also [12]. The reconstruction performances are very good, also from very limited (randomly
distributed) color data. The virtues of our scheme can be summarized as follows.

e [t is derived as the minimization of a functional and its mathematical analysis and founda-
tions are well described.

e It implements a total variation (TV) minimization. It is well known [14, 15] that total
variation inpainting is affected by two major drawbacks. The first one is that the TV model
is only a linear interpolant, i.e., the broken isophotes are interpolated by straight lines. Thus
it can generate corners along the inpainting boundary. The second one is that TV often fails
to connect widely separated parts of a whole object, due to the high cost in TV measure of
making long-distance connections. Due to the constraint on the gray level in the inpainting
region, our scheme does not extend isophotes as straight lines and it does not violate the
connectivity principle.
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FIGURE 3. Successive iterations of the interpolation-inpainting process. We have
chosen here a descent parameter At = 0.1, A = p = 10, and £(r, g,b) = £(r+b+g).
Although the gray level is a fundamental datum, in this figure we have displayed
only the color in order to better visualize the diffusion progress.

e As pointed out in [11, 22], while it is relatively easy to recover at higher resolution image
portions with relatively uniform color, it might be difficult to recover jumps correctly. Not
only we should preserve the morphology and enhance the detail of the discontinuities, but
these properties must fit through the different color channels. An incorrect or uncoupled
recovery in fact produces “rainbow effects” around jumps. In our functional, the constraint
on the gray level in the inpainting region is formulated as a coupled combination of the color
channels. In practice, this is sufficient to enforce the correct coupling of the channels at
edges.

e The numerical implementation of our double-minimization scheme is very simple. Its ap-
proximation by finite elements comes in a natural way. The scheme is fast and stable.

The paper is organized as follows. In Section 2 we introduce the mathematical setting. We recall
the main properties of BV functions and a definition of the space of BV functions with vector values.
Section 3 is dedicated to results on convex functions and relaxed functionals of measures. In Section
4 we collect the assumptions on the nonlinear function £ we will need in our analysis. In Section
5 the representation of the relaxed functional F' of F with respect to the BV tolopology is given,
and existence and uniqueness of minimizers of F' are discussed. In Section 6 we introduce coercive



RESTORATION OF COLOR IMAGES IN BV SPACE 5

functionals Fj, on W12 which are shown to I'-converge to the relaxed functional described above.
The double-minimization algorithm to compute minimizers of Fj is illustrated in Section 7. Its
numerical implementation is presented in Section 8. We include several numerical experiments and
we discuss their results.

Nota on color pictures. This paper introduces methods to recover colors in digital images. There-
fore the gray level printout of the manuscript does not allow to appreciate the quality of the illus-
trated techniques. The authors recommend the interested reader to access the electronic version
with color pictures which is available online.

2. VECTOR VALUED BV FUNCTIONS

In this section we want to introduce notations and preliminary results concerning vector valued
BV functions.

We denote by Ly (and in the integrals dz) the Lebesgue N-dimensional measure in RV and by
Ho the a-dimensional Hausdorff measure. Let §2 be an open, bounded, and connected subset of RV,
With B(Q) we denote the family of Borel subsets of 2 C RY. For a given vector valued measure
w:B(Q) — RM we denote with |/ its total variation, i.e., the finite positive measure

M
|u|(A) = sup Z/ vidpj v = (v1,...,vm) € Co(ARM), [[v]le <15,
j=1"

where Co(4;RM) := Oc(A;RM)”.HOO, i.e., the sup-norm closure of the space of continuous func-

tion with compact support in A and vector values in RM. The set of the signed measures on §
with bounded total variation is denoted by M(f), coinciding in fact with the topological dual of
(Co(A;RM) || - |loo)- Thus, the usual weak-*-topology on M(f2) is the weakest topology that makes
the maps p — fQ fdu continuous for every continuous function f € Co(A; RM). In the following we
will make use of the notations x A y := inf{z,y} and = V y := sup{z,y} for all z,y € R.

We say that u € L'(Q) is a real function of bounded variation if its distributional derivative
Du = (Dy,u, ..., Dy yu) is in M(€2). Then the space of bounded variation functions is denoted by

BV(Q) :={u € LY(Q) : Duec M(Q)},
and, endowed with the norm
lullBv () = llully + [Dul(),
is a Banach space [20]. More general, we are interested in vector valued functions with bounded
variation components, whose space is defined by
BV(Q;RM) .= {u = (uq,...,upns) € LY RM) s u; € BV(Q)}.

To this space it will turn out to be convenient to attach the norm
M
lull By rmy = |lullLr@rmry + Z | Dus | (€2).
i=1
With a slight abuse of notation, for u € BV (;RM) we denote

M
(3) |Du| := Z | Du;|,
i=1
that is again a finite positive measure for Q. The space (BV(;RM), || - || gy (arar)) is a Banach

space, and its norm can be of course equivalently defined by

M 1/‘1
HUHBV(Q;RM) ~ ”u”Ll(Q;RM) + <Z |Dui(Q)|q> )

i=1
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for all ¢ € [1,00) and for ¢ — co we have

.....

Of course BV (Q; RM) = BV (Q) for M = 1, and our notations are consistent with this case.

The product topology of the strong topology of L!'(Q;RM) for u and of the weak-*-topology of
measures for Du; (for all i = 1,..., M) will be called the weak-*-topology of BV (€2;RM) or the
componentwise BV weak-x*-topology. In the following, whenever the domain {2 and the dimension
M will be clearly understood, we will write L' instead of L!(Q; RM) and BV instead of BV (£2; RM).

We further recall the main structure properties of BV functions [1, 2, 20]. If v € BV (2) then the
Lebesgue decomposition of Dv with respect to the Lebesgue measure Ly is given by
Dv=Vv-Lyx+ Dsv,
where Vu = d(d’;v) € L'(;RY) is the Radon-Nikodym derivative of Dv and D,v is singular with
respect to L.

For a function v € L'(£2) one denotes with S, the complement of the Lebesgue set of v, i.e.,

Sy i={reQ:v (x) <vt(z)},

vt (z) = inf {t €R:lim Ev({v > va Blz.9) _ 0}

where

and

v™ () :=sup {t ER: 21_1% Ev({v < 2\/0 B(z,¢)) = O} .

Then S, is countably rectifiable, and for Hy_1-a.e. x € 2 we can define the outer normal v(z). We
denote by v : Q\ S, — R the approximate limit of v defined as v(x) = v*(x) = v~ ().
Following [1, 20] Dsv can be expressed by
Dyv=0C,+ Jy,
where
Jy = (v+ — 1)7)1/ . HN71|SU,

is the jump part and C,, is the Cantor part of Dv. Therefore, we can express the measure Dv by

4) Dv:Vv-EN—I—CU—I—(vJF—vf)V-HN71|5v,

and its total variation by

(5) |Dv|(E) = / |Vo|dz —|—/ |Cy] —l—/ (vt —v7)dHN_1,
E E\S, ENS,

for every Borel set E in the Borel o-algebra B(£2) of Q. For major details we refer the reader to
[1]. By these properties of real BV-functions, one obtains the following result for vector valued
BV-functions.

Lemma 2.1 (Lebsegue decomposition for vector valued BV-functions). For u € BV (;RY), the
positive measure |Du| as defined in (3) has the following Lebesgue decomposition

(6) |Du| = [Daul + [Dsul,

where
M
(7) |Daul = |VuilLy

i=1
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is the absolutely continuous part and

(8) |Dsu| Z |Cu1

+Z —u; HN 1|5u1

is the singular part of |Dul|, with respect to the Lebesgue measure L.

Proof. By definition it is
M

Du = 3" |Du
i=1

and by the Lebesgue decomposition (5) for each |Du;| it is

M

1Dul =Y (IVwilLn + |Cu, | + (uf —u; YHN1ls,,) -

i=1
Since "M |Vu;| Ly is absolutely continuous and M [Co, |+ S50 (ut —u~YHy_1]s, is singular
with respect to £y, one concludes the proof by the uniqueness of the Lebesgue decomposition. W

Uy

3. CoNVEX FUNCTIONS AND FUNCTIONALS OF MEASURES

In the following and throughout the paper we assume that
(A) ¢ :R — RT is an even and convex function, nondecreasing in R* such that

(i) ¢(0) = 0;
(ii) There exists ¢ > 0 and b > 0 such that cz — b < ¢(z) < cz + b, for all z € R.

Under such conditions the asymptotic recession function ¢>° defined by

¢ (z) := lim M

y—oo Y

is well defined and bounded. It is ¢ = limy_, oo # = ¢>°(1) and ¢>(z) = cz - sign(z).
Following [17, 24] we can define convex functions of measures. In particular if ;1 € M () then we
can define

o(|ul) = o(lpa) Ly + ¢ (1)]psl,

where p, and us are the absolutely continuous and singular parts of u respectively, with respect to
Ly . Therefore, according to Lemma 2.1, if u € BV (; RM) then

M
(9) > 6(|Dui) Z¢|Vul )N + ¢ (1 <Z|Cul|+z “YHy_1ls, )
i=1

i=1

Definition 1. Let (X, 7) be a topological space satisfying the first axiom of countability and F :
X — R. The relaxed functional of F' with respect to the topology 7 is defined for every z € X as

F(z) := sup{G(z) : G is 7-lower semicontinuous and G < F}. In other words F is the maximal
T-lower semicontinuous functional that is smaller than F'. We may also write
F(u) = inf  {liminf F(u™)}

uw(m) GX,U(");’U‘
we have the following result

Lemma 3.1. Ifu € BV(Q;RM) and ¢ is as in assumption (A), then

M M M M
= w;l) = U; = u;|)dx+c ) ul —u” _
- /Q;«xm =3 s(Pul (@) / > o((Vulyir+ (g / Lk /S f — iy )

is lower semicontinuous with respect to the componentwise BV weak-x-topology.



8 MASSIMO FORNASIER AND RICCARDO MARCH

Proof. 1t is known that

u; — Fi(u;) == / o(|Vu;|)dx + ¢ (/ |Cu, —|—/ (u:r — ui)dHN1>
Q Q\Su, S,

is lower semicontinuous for the BV weak-*-topology on BV () [24]. One concludes simply by
observing that E(u) = S Ei(u,). [ |

4. ASSUMPTIONS ON THE EVALUATION MAP L.

In the following we assume that

(L1) £:RM — R, is a non-decreasing continuous function in the sense that £(x) < L(y) for any
z,y € RM such that |z;| < |y;| for any i € {1,..., M};
(L2) L(z) < a+blz|®, for all z € RM and for fixed s > p~!, b >0, and a > 0.
Moreover, one of the two following conditions holds
(L3-a) limy_o0o L(z) = +00;
(L3-b) L(z) = L(z1,...,xrr) = L(EL1 Ax1 V —L1),...,(bpr Axpg V —Lar)), for a suitable fixed vector
= (fl, 7[1\4) S R]\f
Observe that condition (L3-a) is equivalent to say that for every C' > 0 the set {£ < C'} is bounded.
Therefore there exists A € RM | with A; > 0 for any i € {1,..., M}, such that {£ < C} C

[T =4, Al

In the following and throughout the paper D denotes a measurable subset of 2, and we are given
the couple (@, ) of bounded functions such that @: Q\ D — RM and v: D — R.

If the condition (L3-a) holds, for any measurable function u : @ — RM | we define the truncation
or clipping operator as follows:

(10) tr(u, @, Q, D)(@) := (@l \ Dllso V Ai) Aus() V (= [[@:|2\ Dlloo A —A:)) L4,

where A € RM is determined so that {£ < ||7]D||e} C Hiﬂil[—Ai, A;]. Analogously we define the
truncation operator in the case of the assumption (L3-b):

(11) tr(u, @, 3, Q, D) (@) = (@2 \ Dlloo V £:) Aui(w) V (=[12]2\ Dllo A =)L,

In the case it is clear which of the assumptions (L3-a,b) holds, and the set D and the functions @, v
are given, then it will be convenient the shorter notation 4 := tr(u, @, v,, D).
For any measurable function u : @ — RM we define:

(12) Gi(u) = /Q ) P

(13) Gatw) = [ [£(u(w) ~ o(o)d

Lemma 4.1. For anyu € BV (2;RM) the truncation operator has the property that i € BV (; RM),
and

(14) Gi(t) < Gi(u), i=1,2, and E(4) < E(u).

Proof. Let us assume that the condition (L3-a) holds. If z € Q\ D the definition of the truncation
operator implies that |i(x) — @(z)| < |u(z) — @(z)|, from which it follows

If 2 € D is such that u(z) € Ty [~ [|@]Q \ Dfjoo A =4y, |52\ Do V Ay, then a(z) = u(z).
Otherwise, x ¢ Hij\il[—Ai,Ai] and |u;(x)| > |G (x)] > |&], for any & such that £(§) < ||| D]|e and
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any i € {1,..., M}. Therefore, by the monotonicity assumption (L1) L(u(z)) > L(@(x)) > ||9| D] cc,
which implies that |£(4(z)) — v(z)| < |L(u(z)) — v(z)| for any x € D, and

The proof is analogous if the condition (L3-b) holds.
We now prove the corresponding statement for the functional E. Fix i € {1,..., M}. By definition
of the truncation operator, we have 4; = g; o u;, where g; : R — R is a Lipschitz function such that

t, —c; <t<d;
gi(t) = di, t>d;
—ci, t< —cy,

where ¢;,d; > 0 are determined by (10,11). Using the chain rule for real-valued BV functions
(Theorem 3.99 of [2]), we have that & € BV (Q;RM) and

Di; = gi(ui)Vu; - Ln + g5(@:)Cu; + (9:(u) — gi(u;)) vi - Hy s,

where @; is the approximate limit of u;. Then Vi, (x) = Vu,(x) if —¢; < u;(z) < d;, and Vi (z) =0
if either u;(z) > d; or u;(z) < —¢;. Moreover, by Proposition 3.73 (¢) of [2] it follows that Vu,;(z) =0
for a.e. © € {u;(z) =d;} and a.e. © € {u;(z) = —¢;}. Hence |V, (z)| < |Vu;(z)| a.e., so that from
the assumption (A) of the function ¢ we get

(15) /Q 6(|Vas])dz < /Q (| Vil

Since uj (z) > u; (z) for any x € S,,,, by the definition of the function g; we have

Sa; € Sy, gi(uf (z)) — gi(u; (z)) < uf(z) —u;(x) for any x € S,,,.
Then it follows
(16) / (4} — a7 )dHn-1 g/ (uf —u; )dHn_1.
Sa, Su;

By the definition of g; we then have 0 < g(@;(x)) < 1forany x € {z : G;(z) # d;}n{z : 4;(z) # —c; ).
Moreover, by Proposition 3.92 (c) of [2], the Cantor part C,,, vanishes on sets of the form ;' (Q)
with @ C R, H1(Q) = 0. It follows that C,,, vanishes on the set {z : 4;(z) = d;} U{z : 4;(x) = —¢;},
so that we get |Cy,[(Q) < |Cy, [(Q), ie.,
<[ el
o\s

Q\Sq,

NS,
Collecting the inequalities (15-17) and summing over ¢ = 1,..., M, we obtain
E(@) < E(u),
which concludes the proof. |

Remark 4.2. The truncation operator maps C} functions into Wh4, i.e., for any u € C3(Q; RM)
we have tr(u,u,v,Q, D) € WH4(Q; RM) for any 1 < q < oco.

5. RELAXATION AND EXISTENCE OF MINIMIZERS

The functional F is well defined in L>°(£; RM)NW 11 (Q; RM). Since this space is not reflexive, and
sequences that are bounded in W' are also bounded in BV, we extend F to the space BV (£; RM) in
such a way that the extended functional is lower semicontinuous. By using the relaxation method of
the Calculus of Variations, the natural candidate for the extended functional is the relaxed functional
F of F with respect to the componentwise BV weak-x-topology [6].

In the following, without loosing generality, we set u = A = 1.
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5.1. Relaxation. We set
X ={uec BVQRM) : ||uilloo < K, i=1,...,M},
where, for any i € {1,..., M}, the constant K; > 0 is defined by
K = max{A;, [|u;]Q\ D},
if the condition (L3-a) holds, and by
K = max{{;, |||\ Dl|oo},

if the condition (L3-b) holds.
The following theorem extends to our case the relaxation result proved in Theorem 3.2.1 of [6].

Theorem 5.1. The relaxed functional of F' in X with respect to the componentwise BV weak-%-
topology is given by

Flu) = /Q\Dm(w)—u(x)wdw /D |£(u(x)) - o(x)Pde

M M
+ o(|Vu;|)dr + ¢ / Cu, —|—/ u:r —u; JdHNn-1] .

Proof. Let us define

Fu) = { F(u), we X \WH(Q;RM)
T 4oo, we X\ WHLHQ;RM).
Observe that f(u) = F(u) for u € WH(Q;RM).

By the property (L2) we have that G1(u), G2(u) < +oo for all u € X. By using Fatou’s lemma
the functionals G; and G are lower semicontinuous with respect to the strong L! topology, and
hence with respect to the componentwise BV weak-*-topology. Therefore, by Lemma 3.1, F is lower
semicontinuous in X with respect to such topology.

Let f denote the relaxed functional of f in X with respect to the same topology. Since F'(u) < f(u)
for any u € X, and f is the greatest lower semicontinuous functional less than or equal to f, we
have f(u) > F(u) for any u € X. Then we have to show that f(u) < F(u).

By [17, Theorem 2.2 and Theorem 2.3] for any u € X there exists a sequence {u(™}, C
Cee (Q; RM)NWL(Q; RM) such that u(™ converges to u in the componentwise BV weak-*-topology
and E(u) = lim,, E(u(™).

Let us now consider the sequence {@(™},, of the truncated functions. By Lemma 4.1 we have

(18) BE(u) = lim E(u™) > limsup E(a™).
With similar computations as those in the proof of Lemma (4.1)

[0 (2) — w(x)|de < [ [u™(z) —u(z)|de — 0, n— occ.
Q Q
Moreover, since the truncated functions (™ are uniformly bounded in L> (; RM), then @™ con-
verges to u in L(Q; RM) for any 1 < ¢ < oc.

Now the functional G is continuous with respect to the strong L?(Q2\ D; RM) topology. Moreover,
since £ is continuous, the functional Gy is continuous with respect to the strong L?(D; RM) topology,
with ¢ = sp > 1 (see [19, Lemma 3.2, Chapter 9]).

Then, usimg_(lS)7 the continuity properties of G; and Gs, and Remark 4.2, we have 4™ €
WHHQRY), F(a™) = f(a), and

F(u) = Gi(u) + Go(u) + E(u) > 1im(G1(a™) + Go (™)) 4 limsup E(a™) > limsup f(a(™)

n

\

limninff(ﬁ(")) > inf {limninff(u("))} = f(u).

w(n) GBV,u(")BV;w*u
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Then we have F(u) = f(u) and the statement is proved. |

5.2. Existence and uniqueness of minimizers.

Theorem 5.2. There exists a solution u € X of the following variational problem:

min{F(v) = /Q\D [v(x) — a(z)|Pdx + /D |L(v(z)) — v(x)|Pdx

M M
v;1)ax + ¢ v, v — " _ .

Vi

+

In particular we have

bR =

Moreover, if D C Q and G is a strictly convex functional then the solution is unique.

Proof. Let {u(™},, be a minimizing sequence in BV. By assumption (A) (ii) there exists a constant
C > 0 such that

|Dul™|(Q) < C,

uniformly with respect to n. By Lemma 4.1 we can modify the minimizing sequence by truncation,
obtaining a new minimizing sequence {@(™}, C X. By Lemma 4.1 this sequence is uniformly
bounded in BV (Q;RM), i.e.,

[0 loo < max Ki,  [Da™|(@) <C,

.....

for any n. Therefore there exists a subsequence {4("*)}, converging with respect to the com-
ponentwise BV weakly-*-topology to a function v € X. Since the relaxed functional F' is lower
semicontinuous in X with respect to such a topology, we have

F(u) < limkinf F(um),

From the compactness and lower semicontinuity properties of Fit follows that u € X is a minimizer
of F. Moreover, if D C 2 and G is a strictly convex functional, then F is strictly convex and the
solution w is unique. Since F is coercive in X one concludes by an application of Theorem A.3. W

6. APPROXIMATION BY I'-CONVERGENCE

In this section we endow the space X with the L! strong topology, and we show that minimizers
of F can be approximated in X by minimum points of functionals that are defined in W12(Q; RM).

For a positive decreasing sequence {e;}ren such that limy,_ . e, = 0, and for ¢ € C}(R), we
define

M
(19) Fi(u) = G1(u) + Go(u) + /Q Z¢h(|Vui(:v)|)dx u € WH2(Q; RM)
+o0, - we X\ WH2(Q;RM),
where ) /
%?z%sb(sh)—%w 0<z<en
on(z) =< ¢(2) en <z<1/ey
7ah¢/(21/ah) 22+ o(1/en) — L(zlg/hah) z>1/ep.
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If 2z — @ is continuously decreasing, then ¢p(z) > ¢(z) > 0 for any h and any z, and limy, ¢p(2) =
¢(z) for any z.

By means of standard arguments we have that for any h the functional F} has a minimizer
in X N WH2(Q;RM), see, e.g., [29, Proposition 6.1]. Moreover, if D C © and Gy is a strictly
convex functional then the minimizer is unique. The following theorem extends to our case the

I-convergence result proved in [29, Proposition 6.1], see also Theorem 3.2.3 of [6].

Theorem 6.1. Let {u(™}, be a sequence of minimizers of Fj,. Then {uM}y, is relatively compact
in LY(Q;RM), each of its limit points minimizes the functional F, and

in F(u) = li i F )
min F(u) = lm - min | Fh(w)

Moreover, if D C Q and G is a strictly convex functional, we have

(20) lim v =) in X, hlim Fr(u™) = F(ul™)),

h—o0

where u(>) is the unique minimizer of F in X.

Proof. We define
(u) = F(u) ueXnWh2(Q;RM)
I = 4oo, we X\ WL2(QRM).

Observe that g is the restriction of F to functions u € WhH2(Q; RM).

By construction we have that {Fj}, is a decreasing sequence of functionals that converges point-
wise to g in X N W12(Q;RM). Therefore, by Proposition A.1, Fj, I'-converges to the relaxed
functional g of g in X with respect to the L'(£2;RM) topology. Then we have to show that F' = g.

Let {u(™}, C X be a sequence such that u(™ — v in L'(;RM) and liminf,, F(u(™) < +oc.
Up to the extraction of a subsequence we may assume that liminf,, F(u(™) = lim, F(u(™). Then
F(u™) is uniformly bounded with respect to n, so that {u(™},, is uniformly bounded in BV. Then,
up to a subsequence, u(™ converges to v in the componentwise BV weak-#-topology and, by Theorem
5.1, we have liminf,, F(u(™) > F(u). Hence F is lower-semicontinuous in X with respect to the
L' (2; RM) topology.

Then, arguing as in the proof of Theorem 5.1, for any function u € X there exists a sequence of
truncated functions 4™ € W2(Q; RM) N X such that
(21) 4™ — win LY RM),  and F(u) > 1inrri}i£fg(ﬁ(")).

Since g > F, property (21) implies that F' > g. Then, by the lower-semicontinuity of F' with respect
to the L' (€2;RM) topology, we have F' = g. Therefore F}, I'-converges to F.

By construction ¢p(z) > ¢(z) for any z > 0, so that Fj,(u) > F(u) for any h and any u € X.
Since F is coercive and lower semicontinuous in L'(€;RM), it follows that the sequence {F},};
is equi-coercive in L*(Q;RM). In particular, any family {u(™}, of minimizers of F}, is relatively
compact in L'(Q; RM). Then, using Theorem A.2, the limit points of sequences of minimizers of Fj,
minimize F' and min,ex F(u) = limy, min,cy.2 Fl ().

Finally, if D C © and Gs is a strictly convex functional, by Theorem 5.2 there exists a unique
minimizer of F' in X. Therefore the limits (20) follow from Corollary 7.24 of [25]. |

Remark 6.2. So far we have considered evaluation maps L : RM — R. However the whole analysis
can be generalized to the case L : RM — M, L(z) = (L1(z),...,Lp(z)), where M C RM is q
D < M dimensional submanifold.

In certain problems, as that of the reconstruction of the colors of an image from the colors of
some fragments and the gray levels of the blanks, we can model the evaluation map by

L(r,g,b) := L(a(0 V1 A255) + B(0V g A255)+~(0VbA 255)),
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where «, 8,7 > 0 with « + 84+~ =1 and L : [0,255] — [0,255] is an increasing continuous function
such that ran(o|D) C L([0,255]). The evaluation map L satisfies the condition (L3-b) of Section 4.
Hence, in this case, instead of minimizing directly (1) we may minimize

Frw) = u /Q ) @) P

+ A/ | ((0V up(z) A 255) + B(0V ua(z) A255) +v(0V uz(x) A255)) — L~ (v(x))|?dx

- Z ¢|vuz ))dz,

since L is invertible on L([0,255]). If L is also differentiable (or at least a Lipschitz function), then
certainly we have
|L(u(x)) — v(x)] |L(a(0 V ug(x) A255) + B(0V ug(z) A 255) + v(0 V us(x) A 255)) — 5(z)|

|L(a(0V uy(x) A 255) + B(0 V ug(x) A 255) + (0 V us(z) A 255)) — L(L™  (v(x)))|

Cla(0 V uy(x) A 255) + B(0 V ug(x) A 255) + (0 V uz(z) A 255) — (L H(o(x))],

N

for a suitable constant C' > 0. Therefore we have
F(u) < max{1,C*}F*(u),

where F'* is convex on X.

7. EULER-LAGRANGE EQUATIONS AND A RELAXATION ALGORITHM

In this section we want to provide an algorithm to compute efficiently minimizers of the approx-
imating functionals F},. First, we want to derive the Euler-Lagrange equations associated to Fj. In
the following we assume that both ¢, and £ are continuously differentiable, and that €2 is an open,
bounded, and connected subset of RY with Lipschitz boundary 9. Moreover p = 2 if N = 1 and
p= % for N >1,1/p+1/p’ = 1. By standard arguments we have the following result.

Proposition 7.1. If u is a minimizer in W12(Q; RM) of F,, then u solves the following system of
Euler-Lagrange equations

(22)
0 = —div (LD Tu:) + plu— @l ~2(u; — @) lo\p + pIL(w) — oP~2(L(w) - 5) 2 ()1 p,

Glvul gn — 0 on 09, i=1,..,M.

The former equalities hold in the sense of distributions and in ¥’ (;RM),

Equations (22) yield a necessary condition for the computation of minimizers of Fj,. Again we are
not ensured of the uniqueness in general, unless G5 is strictly convex. The system (22) is composed
by M second order nonlinear equations which are coupled on terms of order 0. Both the nonlinear

term div (%Vui) and the coupled terms of order 0 constitute a complication for the numerical
solution of these equations.

Based on the work [12, 18, 30], we propose in the following a method to compute efficiently
solutions of (22), which simplifies the problem of the nonlinearity. Since we want to illustrate concrete
applications for color image recovery, for simplicity, we limit our analysis to the case N = p = 2 and

o(t) = |t|, for all t € R. Let us introduce a new functional given by

(23) En(u,v) =2 (G1(u) + Ga(u /Z(vzwuz )%+ >
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where v € WH2(Q;RM), and v € L2(Q;RM) is such that g, < v; < %, i =1,...,M. While the
variable u is again the function to be reconstructed, we call the variable v the gradient weight. In
the following, since we assume h fixed, we drop the index h from the functional &j,.
For any given u(®) € X N WH2(Q;RM) and v(©) € L2(Q;RM) (for example v(9) := 1), we define

the following iterative double-minimization algorithm:

u™) = arg min E(u,v™)
(24) ueW1L.2(;RM)

vt = argmmahgvgi E(uth v).

We have the following convergence result.

Theorem 7.2. The sequence {u'™ },cn has subsequences that converge strongly in L*(Q;RM) and
weakly in W12(€; RM) to a stationary point u(>) of Fy,, i.e., u(>) solves (22). Moreover, if Fj, has
a unique minimizer u*, then u(®) = u* and the full sequence {u n)}nGN converges to u*.

Proof. Observe that
£ vy — gyt Hn Dy = (5(u(n),v(n))_g(u(n-i-l)’v(n)))

An
+ (E(U(”Jrl), ™) — E(U("Jrl),v(”Jrl))) > 0.

Bn

Therefore £(u(™,v(™) is a nonincreasing sequence and moreover it is bounded from below, since

inf i| Vui ()2 + — ) dz > 0.
[ 3 (ot )

This implies that £(u(™,v(™)) converges. Moreover, we can write

n ),

c(w™ (@), |Vul" (@)]) — e (@), [VulT (2))) da,

M:

=1
where
1
c(z,w) == zw* + —.
z

By Taylor’s formula, we have

0, w) = (o™, w) + L, ) = o) 1 LT e ol oI,
0z 20z
for £ € conv(v ("),vgnﬂ)). By definition of UE"H), and taking into account that e, < v("+1) < Elh
we have
a n n n n
S [ Vu I @) (e - o) 2 0,
and g—(z w) = 2% > 23, for any z < 1/e;. This implies that

M
E@™, vy — £ (D) > B, > & / ST i (@) — ol (@) da,

and since €(u(™,v() is convergent, we have M Jo 0™ (2) — "™ (2)]2dz — 0 for n — oo. In

fact it holds
(25) [0 — o™ e =0, i=1,.., M,

2
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for n — oo, for any 1 < ¢ < oo. Since u(®*Y is a minimizer of &(u,v(™) it solves the following
system of variational equations

/Q (o 7ul ) (@) - V(@) + 20 (@) - @(@)1ayp ()

+ L) - ) G5 (WD @)1 (@) ) il =0

fori=1,..., M, for all ¢ € W12(Q;RM). Therefore we can write

[ (v @) - Ve
Q

b2l (@) — (@) lay p() + 2L () — o(x) 25

= /(UE”H) — Ufn))Vul(-"H)(:v) -Vi(z)dx.
Q

For%—k%—l—%:l,wehave
[ (v @) Ve
Q

+ 2" (@) — (@) Loy p (@) + 2(Lu D (2)) — B(x))

oc

o, (u(nJrl) (x)1p (J?)) wi(x)dx

n+1 n n+1
< ol = o™ L Va1V il 2.

K3
u§"+1), for all ¢ = 1,..., M where * is the truncation operator. Consequently ||u£ <C <40
uniformly with respect to n. We can use the results in [26] to show that there exists ¢’ > 2 such

that

Since u(™*Y is a minimizers of £ (u, U(”)), we may assume without loss of generality that @
o0

IVl 0 < C < +o00
uniformly with respect to n (see also [4, 5, 12] for similar arguments). Therefore, using (25), we can
conclude that

n n n _ _ 8£
—div(vg +1)Vul(- +1)) +2 ((ug ) _ wi)lo\p + (L(u™ D) — ’U)a—
Xq

for n — oo, in (W2(Q;RM))’. This also shows that {u(™},, is uniformly bounded in W2(Q; RM).
Therefore there exists a subsequence {u("k) } 1 that converges strongly in L? and weakly in W12(Q; RM)

’ (n+1)
to a function u(>) € W12(Q; RM). Since i) = M, with standard arguments for mono-

(u(n+1))1D> -0,

[ ‘vui"”rl)'
tone operators (see the proof of [12, Proposition 3.1] and [10]), we show that in fact
(V) o o) () _ o ) 59 (o1, ) =
(26) —div (WV% +2( (v, —ui)loyp + (L(u'>) —0) oz, (u'*N1p ) =0,

for i = 1,..., M, in (WH2(Q;RM))’". The latter are the Euler-Lagrange equations associated to the
functional F, and therefore u(°°) is a stationary point for Fj,.

Assume now that Fj, has a unique minimizer u*. Then necessarily u(>*) = u*. Since every
subsequence of {u(")}n has a subsequence converging to u*, the full sequence {u(”)}n converges to

u*.

Since both Fj, and &(-,v) admit minimizers, their uniqueness is equivalent to the uniqueness
of the solutions of the corresponding Euler-Lagrange equations. If uniqueness of the solution is
satisfied, then the algorithm (24) can be equivalently reformulated as the following two-step iterative
procedure:
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e Find u(™*Y) which solves
[ (2 @Vl @) Vo) + 20 () = 1) 1o o @)
Q

g—i(u(nﬂ)(m))lp(x)) oi(z)dz =0

for i =1,..., M, for all p € W12(Q;RM),
e Compute directly v(**1 by

+ 2L (@) —v(x)

n 1 1 .
f*l)_ i=1,..., M.

S — /\ J—
|VUEn+1) | En )
There are cases for which one can ensure uniqueness of solutions:

1. If G5 is strictly convex then the minimizers are unique as well as the solutions of the equations.

2. Modify the equations by inserting again the parameters A, u > 0

/Q (ol (@) - V(@) + 2" (@) = @) Loy p (@)

DO @) = o) S (W @)1 (o) ) gl =0

for i = 1,..., M, for all p € WH2(;RM). By a standard fixed point argument, it is not difficult
to show that for y ~ A ~ &5 the solution of the previous equations is unique. Unfortunately the
condition pu ~ A ~ gy, is acceptable only for those applications where the constraints on the data are
weak. For example, when the data are affected by a strong noise.

3. In the following section we illustrate the finite element approximation of the Euler-Lagrange
equations. Since we are interested in color image applications, we restrict the numerical experiments
to the case L(uy,us,us) = %(ul + ug + u3). By this choice, the numerical results confirm that the
linear systems arising from the finite element discretization are uniquely solvable for a rather large
set of possible parameters A\, p.

8. NUMERICAL IMPLEMENTATION AND RESULTS

In this section we want to present the numerical implementation of the iterative double-minimization
algorithm (24) for color image restoration. As the second step of the scheme (which amounts in the
up-date of the gradient weight) can be explicitly done once w1 is computed, we are left essen-
tially to provide a numerical implementation of the first step, i.e., the solution of the Euler-Lagrange
equations.

8.1. Finite element approximation of the Euler-Lagrange equations. For the solution of the
Euler-Lagrange equations we use a finite element approximation. We illustrate the implementation
with the concrete aim of the reconstruction of a digital color image supported in Q = [0, 1]? from
few color fragments supported in 2\ D and the gray level information where colors are missing. By
the nature of this problem, we can choose a regular triangulation 7 of the domain €2 with nodes
distributed on a regular grid N := 7Z% N2, corresponding to the pixels of the image. Associated to
T we fix the following finite element spaces:

U = {uelQ):uTeP,TeT},
V = {vel?Q):vTeP  TeT}
The space U induces the finite element space of color images given by
U:i={ueW" QR :u;el,i=1,23}.
The space V induces the finite element space of gradient weights given by

Vi={ve > (QR% :v; €V,i=1,23}.
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In order to avoid the nonlinearity in the coupled terms of order 0, we restrict our functional to
the case L(uy,us,us) = %(ul + ug + ug). For further simplicity we have not considered truncations
which in fact are not necessary in practice.

For a given v(™ € V, the first step of our approximation of the double-minimization scheme
amounts in the computation of u("*1) € U which solves

/Q (v @) vl (@) - Tis(@) + 2™V (@) - wi(2) 1y o (@)

(27)
IR @ @)+ 0§ (@) + D (1) ammm) pi(@)dz =0

3 3

for ¢ = 1,2,3, for all ¢ € U. To the spaces U and V are attached the corresponding nodal bases
{oktren and {xk}ren respectively. Therefore, we have also that

U = u:uz(Zui)kgok> , V= ’U:’UZ(Z’UMCX;C>
i=1,2,3 i=1,2,3

keN keN

With these bases we can construct the following matrices:

(28) K = ([0 Vea)

k,heN

(29) Map = (2u/1Q\D($)<Pk($)90h($)dff) ,

Q k,heN

(30) Mo = (3 [ @)

k,heN
By these building blocks, we can assemble
K{"™ 4+ Mg\ p + Mp Mp Mp
(31) K+D = Mp K™ 4+ Mg p + Mp Mp :
M) M) K" 4 Mo p + Mp

and

Mao\p + Mp Mp Mp
(32) M := Mp Mo\p +Mp Mp

Mp Mp Mgq\p + Mp

Furthermore, let us denote the vector of the nodal values of the solution by
(33) e (7 AR s T G SRR G BETE s ST e B

assembled as a column vector containing the nodal values of each channel in order, where k; € N are
nodes which are suitably ordered. In a similar way the nodal values of the data @, v are assembled
in the vector

(34)

ua= (al,kl s enns ’ﬁij , ’DLMJrl s ey ,Dl,k#/\/u U ky s ooy ﬁg)kj , ﬁg)kj+1 s eens 772J€#N7 U3 ky s ooy ﬁg)kj , ﬁg)kj+1 s enns ’17371€#N)T.
For the right-hand side we have the additional requirement that v; ; = v, for ¢ # ¢, representing
the gray level values. Moreover, the order of the nodes {k; : l = 1,...,#N} is such that

_ L _ A 0
(MoAD + MD) (Wi gy s ooy Wiy s Vihyas s oo Viknr) . = Manp ( 0‘ ) +Mp ( o > .
1

With this notations and conventions, the solution of the system of equations (27) is equivalent to
the solution of the following algebraic linear system

(35) K+ )u( ) — Ma.
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FIGURE 4. The datum (@, o) is illustrated on the top-left position. The first five
iterations of the algorithms are listed from left to right, starting from the first row.
The original color image (A. Mantegna’s frescoes) to be reconstructed is illustrated
on the right-bottom position. The parameters we have used are g, = 1074, X\ =

w = 150.

8.2. Numerical implementation of the double-minimization algorithm. We have now all
the ingredients to assemble our numerical scheme into the following algorithm.

Algorithm 1. DOUBLE_MINIMIZATION
Input: Data vector @, €, > 0, initial gradient weight v(©) with ), < vg?k) <1/ep,
number nmax of outer iterations.
Parameters: positive weights A, u > 0.
Output: Approximation u* of the minimizer of F},
u® .= 0;
f .= Mu;
for n:=0 to nmax do
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Assemble the matriz K"t as in (28);
Compute u+V) such that K +tDu(+D) .= f;

(n+1)

Assemble the solution u(™t1) = (D hen Ui g ! Pk )i=1,2,37

Compute the gradient Vu("t1) = (X ken uET;Jrl)VsDk)i:l,zS;

(n+1) ,_ 1 1 L .
v; .—Eh\/m/\a, Z—l,...,M,
endfor
u* = vt

8.3. Numerical experiments in color image restoration and results. In this section we show
numerical results dealing with applications of the algorithm to color image restoration. We assume
as in Figure 1 to have at disposal few color fragments of the image and the gray levels of the missing
parts.

The algorithm converges to a stationary situation in a very limited number of iterations. In our
numerical tests 3-4 iterations are sufficient, see Figure 4 and Figure 7. The quality of the recon-
struction increases for increasing amount of correct color information of the datum. Nevertheless
we observe that the geometrical distribution of the color datum is more crucial for a better recon-
struction. A remarkable result is illustrated in Figure 5 and Figure 6. In the bottom-left positions
we illustrate data with only the 3% of original color information, randomly distributed. From this
very limited complete information the algorithm anyway produces a rather good reconstruction of
the original color images. Let us emphasize this once more:

It is sufficient to have a very limited guess of possible colors which are nicely distributed in the
image to re-color all the image.

This result has a significant impact for several possible applications. Besides the problem of the
restoration of the fresco colors (where we dispose of the 8% of the total color surface), we can use
this algorithm in old black and white video and image restoration, and for extreme compression of
color images.

To conclude, in Figure 7 we show the history of the residual error with respect to the original
color image for increasing choices of the parameters A, u. These numerical results confirm the
regularization effect due to the total variation constraint.

APPENDIX A

This appendix collects several useful concepts and results on I'-convergence from [25]. In the
following X is a topological space and (Fj,)nen is a sequence of functions from X to R. We denote
N (z) the set of all open neighborhoods of z in X.

Definition 2. The I'-lower-limit and the I'-lower-limit of a sequence (Fy)nen are the functions from
X to R defined by

I’ — liminf F; r) = sup liminf inf F;

(P -tmine 72 ) ) S mint inf Fi0)

(I‘ — lim sup Fh> () = sup limsup inf Fy(y)
h—o0 UeN(z) h—oo yeU

If there exists a function F : X — R such that
<F - 1ihminf Fh> (x) = F(z) = (I‘ — lim sup Fh) (x),
— 00 h—oo
for all z € X, then we write F' =T — limy,_, F}, and we say that the sequence (Fj,)pen I-converges
to F.

Proposition A.1. ([25, Proposition 5.7] If (Fj)nen is a decreasing sequence converging to F' : X —
R pointwise, then (Fy)nen I'-converges to the relaxed function F.
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FIGURE 5. The first column illustrates a sequence of different data. The second
column illustrates the corresponding 101 jteration of the algorithm. The param-
eters we have used are €, = 107%, A = p = 150. In the bottom-left position we
illustrate a datum with only the 3% of original color information, randomly dis-
tributed.
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FIGURE 6. The first column illustrates a sequence of different data. The second
column illustrates the corresponding 101 iteration of the algorithm. The param-
eters we have used are €, = 107%, A = p = 150. In the bottom-left position we
illustrate a datum with only the 3% of original color information, randomly dis-
tributed.

21
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FIGURE 7. History of the ¢£%(N\)-error with respect to the original color image, and
for different values of the parameters A, u

Definition 3. We say that a function F : X — R is coercive on X, if the closure of the set {F < t}
is countably compact (for example if it is sequentially compact) in X for every t € R. A sequence
(Fr)nen is called equi-coercive if there exists a lower-semicontinuous coercive function F' : X — R
such that Fj, > F on X for every h € N.

Theorem A.2. ([25, Theorem 7.8]) Suppose that (Fj)nen is equi-coercive in X and it T'-converges
to a function F : X — R in X, then F is coercive and
in F(x) = lim inf Fp(z).
R FE) = i g A
Moreover, the limit points of sequences of minimizers of Fy, minimize F'.

Theorem A.3. (|25, Theorem 3.8]) Assume that F : X — R is coercive in X and that F is its
relazed functional. Then the following properties hold:

(i) }E’ is coercive and lower-semicontinuous;
(ii) F has a minimum point;
(i) mingex F(x) = inf e x F(x).

Putting together the previous results we obtain the following:

Theorem A.4. If (F,)nen is a decreasing sequence converging to a coercive function F : X — R
pointwise, then

inf F(x) = min F(z) = lim inf Fj(x).

reX reX h—ooxeX
Proof. Since F > F it is also Fj, > F > F. By Theorem A.3 (i) F is coercive and lower-
semicontinuous, therefore (Fj)nen is equi-coercive. By Theorem A.1 (Fj)nen I'-converges to F
and by Theorem A.2 it is

min F(z) = lim inf Fj(x).
reX h—oox€X
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By Theorem A.3 (iii) it is also
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