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ABSTRACT. We establish a pointwise limit theorem for a broad class of para-
meter-dependent BMO-type seminorms as the parameter tends to zero. By
introducing novel BMO-type seminorms, we provide a unified framework that
extends several existing results and yields non-distributional characterizations
of Sobolev-type spaces, both in the scalar and in the vector-valued setting.
More precisely, for any open set 2 c R™ and any p € (1, o), we provide a char-
acterization of the Sobolev space WP (;R™). In addition, we characterize
the space EL'P({;R™) of LP maps with p-integrable distributional symmetric
gradient.

Finally, for all p € [1,00), we show that these seminorms converge to inte-
gral functionals with convex, p-homogeneous integrands associated with the
distributional gradient and the symmetric gradient.
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1. INTRODUCTION

Let © c R™ be an open set. The characterization of Sobolev spaces through
integral functionals that do not explicitly involve weak derivatives has been a
central theme in analysis and the calculus of variations. Given u € LP(Q), p €
[1,+00), one seeks structural conditions under which the boundedness of suitable
non-distributional one-parameter energies characterizes membership in WP (Q)
and yields, in the limit, the LP(§2) norm of the gradient.

A foundational result in this direction is established in [BBMO1] where the classi-
cal Sobolev seminorm is encoded in the asymptotical behavior of purely nonlocal
difference-quotient energies. For s € (0,1) define the fractional seminorm

[u(z) —u(y)l”
WSP(Q) [[ |1’ y|n+sp dmdy

If 1 < p < oo and € is bounded with Lipschitz boundary, then for every u e W1 (Q)

. _ » B p
lslgl(]‘ s)[u]Ws,p(Q) - Kn,p[ﬂ|vu| dx,
where K, , >0 depends only on n and p. Conversely, if

limTilnf(l—s)[u]p < +o00,

Wep(Q)
then u e WhP(Q).

An alternative formulation, introduced in [BBMO01, Theorem 2], replaces fractional
powers by radial kernels p. concentrating at the origin. In this case one obtains

_ P
any [ [ Wps<ly—x|)dydx - Ky [ 9 da,
with the convention that the RHS in (1.1) is equal to +oo if u ¢ W1P(Q). These
results provide a derivative-free characterization of Sobolev spaces based purely on
nonlocal quantities.

A conceptually different approach was introduced in [FMS18], where p-mean
oscillation-type functionals inspired by BMO seminorms were considered. Given a
function u € LY. (Q) (here 2 is an arbitrary open set) and any ¢ > 0, they define

loc
P
ke(u;p; Q) =" Psup Z ][ ‘u - ][ u‘ dx
Ge Qeg. 7 Q
where the supremum is taken over all families G. of disjoint e-cubes Q' of side length
e contained in © and arbitrary orientation. They proved that for every u e LY (),
Vue LP(;R") «— limiélf Ke(u;p; Q) < +o00.
E—>
Moreover, they identified the limit
Eli%h ke (u; p; Q) = y(n,p) ”quip(Qy

where v(n, p) is a positive constant that depends only on n and p.

Variants of this result were subsequently developed in [FFGLBS20], [FGLBS20,
DFF20]. In these works two main generalizations are introduced. First, the cubes
Q' are replaced by e—dilation of a bounded connected open set D (called the refer-
ence cell). Second, the families of sets G. can either be made of sets with arbitrary
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orientation (isotropic case) or with fixed orientation (anisotropic case). When ro-
tations are not allowed, it is proved in [FGLBS20] that by considering

HED(u,p,Q) =e" Pgup Z ][, u—]i,u

He D/eH.
where H. is any pairwise disjoint family of translations D’ of €D contained in
), there exists a locally Lipschitz continuous p-homogeneous function wf :R" >
[0,+00) such that

P
dz,

lim HP (u.p.9) = [ 4 (Vu(@)) da.
e—>0* R™

In the vector-valued setting, the situation becomes richer. Given {2 ¢ R™ open
bounded with sufficiently smooth boundary, for vector fields v : 2 - R™ a non-
local limiting integral formula, avoiding the direct manipulation of distributional
derivatives, was obtained in the spirit of a representation of the BBM difference
quotient for Sobolev functions. In particular, in the seminal work [Menl2], the
author introduced a nonlocal functional of the form

s - [ [ 100706 =)

ly — [P

pe(y — ) dydu,

where p. are standard radial mollifiers.

A variant of this operator appears in continuum mechanics within the framework
of peridynamics, where equations are formulated using integral operators rather
than differential ones (see [MS15, DFS25, MD15] and the references therein). It
was proved in [Men12, Theorem 2.2], that for p € (1,00) and u € L?(Q,R"™),

ue WHP(Q,R") <= lim(i)nfil)g[u] < +00.
e—>0*

More precisely,
lim ®[u] = f Q,(Eu(z)) de,
e—0* Q
where
_Vu+ vul
T2
is the symmetric gradient and Q,(A) is a norm in the space of symmetric matrices
defined by

Eu

Q,(A) - ((2p+n) fBl@ (Aw, w)]? dw)l/p7

where B1(0) c R" is the Euclidean ball centered at zero of radius 1. The nonlocal
energy therefore controls only the symmetric part Eu of the gradient and the finite-
ness of the limiting functional implies Eu € LP(§2). For bounded Lipschitz domains,
Korn’s inequality yields

WEP(Q;R™) = {ue LP(Q;R™) : Eu e LP(Q;R™™)},
together with the estimate

1.2 inf -(Bzx+b oarn) < C(Q)|Eu| Lo rnxny,
(12) BeRgE};V,beRn lu= (B +b)wr (g (Q)[[EulLr(rmen)

where RIX" is the space of real valued skew-symmetric n x n matrices (see [DMO04,
Men12)).
This identifies a structural principle: a nonlocal energy may encode only a pre-

scribed linear component of the gradient, while the passage to full Sobolev regularity
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is enforced by a Korn-type inequality. This strategy is possible due to the regularity
assumptions on €.

In our work, we do not require any regularity assumptions on €2 considering
an arbitrary open set (in the spirit of [FMS18, FGLBS20, DFF20]) and we intro-
duce a broad class of one-parameter families of BMO-type seminorms originated
by suitable functionals, which we call p-core functionals (see Def. 3.1). Through
our definition, we can recover the classical scalar p-mean oscillation functionals
available in the literature and introduce novel ones, defined also for vector-valued
functions.

The goal of this paper is to present a general and unifying theorem ensuring the
existence of the pointwise limit of these one-parameter families as the parameter
goes to zero. We will also prove that, when this limit functional is evaluated at
a generic function w, it admits an integral representation determined by the value
that the limit functional itself assumes on linear maps.

More precisely, given a bounded open set D c R" and a group I of affine trans-
formations on R™, a p-core functional «, is a positive functional defined on pairs of
the form (u, D"), where uw e LY (R™;R™) and D' c R" is a transformation of D ac-
cording to I, satisfying certain axioms. These include p-homogeneity and convexity
in the first variable and the validity of the following crucial inequality:

(1.3) Je1 >0 st ap(u, D) <eq fD\VuVQ’ dz Yu e WHP(D;R™).

We observe that in the p-mean oscillation case, assuming also D Lipschitz and
connected, (1.3) corresponds to the Poincaré inequality.

In defining BMO-type seminorms originated by p-core functionals, we introduce a
further level of generality compared to [FFGLBS20, FGLBS20, DFF20] by allowing
the presence of an “intermediate rotation” group G between {idg~} and SO(n).
More precisely, given an open set 2 € R™ (which we call the ambient space) and a
subgroup G c SO(n), we denote by G2 (Q) the class of all the subsets of 2 obtained
by translating, e-dilating and rotating, according to the rotations in G, the reference
set D, and by GP(Q) = U G2 (Q) (see Def. 3.2). For every u e L (R™;R™) we
define the following general BMO-type seminorm

G2?(u, Q) =e"Psup Y ay,(u,D"),
Ge D’eG,
where each G. is a family made of pairwise disjoint elements of G (Q) and the
supremum is taken with respect to all of these families G.. Our main result is the
following.

Theorem 1.1. Let Q S R"™ be an open set, m > 1 a natural number, pe [1,00), G a
subgroup of SO(n) and D ¢ R™ be a bounded open set. Let oy, be a p-core functional
with domain L}, (R™;R™) x GP(R") and ue LY (R™;R™).

Then, if V ulg € LP(; R™™),

(1.4) lim G2 (1,9) = [ o, (Vu)da,

where 1, is a conver and p-homogeneous function defined by

— 1; ap 1A _1 1)”)
wap(A) ._EILI(I)LGE (l 7( 272

for every A e R™™ and 1 (z) = Ax for every x e R™.
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Moreover, if ulg € WP (Q;R™) and Vo, #0, (1.4) still holds.

loc

In order to prove Theorem 1.1 we follow the strategy introduced in [FFGLBS20,
Theorem 4.1] and [FGLBS20, Theorem 1.2]. We highlight that in the cases consid-
ered in the literature, the condition 1, # 0 is always satisfied (actually, 1o, >0 on
R™*"~{0} ). However, we remark that in general when ul, € VVI})f(Q, R™) the con-
dition 1), # 0 is necessary. Indeed, if ul, € WLP(Q;R™) with Vulg, ¢ LP(Q;R™™)
and 1), =0 then (1.4) may or may not hold (see Ex. 5.18 and Ex. 5.19).

In Thm. 1.1, under suitable assumptions on the p-core functional, ¥,, can be
written more explicitly as in Prop. 5.1. In Section 5 we provide several examples
for which v, can be computed explicitly.

A further structural property of the energy arises by considering the decomposi-
tion of the matrix space R™*" = P& Ny, , where Ny = {A e R™" : 1, (A) =0}
and P is a linear subspace of R™*" (see Rem. 3.11). Let wp : R™" - P denote

the projection onto P associated to the direct sum decomposition. Then, for every
A e R™™ it holds

Yo, (p(A)) = ¥a, (A).
Moreover, the norm induced by 1, is equivalent to the LP-norm of 7p(Vu). More
precisely, there exist constants ¢, C' > 0 depending on «,, such that

C/Q|7T7D(Vu)|§dxsfgz/}%(Wp(Vu))dxSC/Q|7T7>(VU)|§d:U.

If Yo, > 0 on R™ \ {0}, then Ny, = {0} and the above inequality yields the
equivalence

| o, () dew [ [Gulyde.

In this case, assuming also a lower semicontinuity property on o, we obtain the
characterization

(1.5) liEIE(i){lfG?”(u,Q)<+oo —  Vu|, e LP(QR™™)

(see Cor. 4.2). Examples of this situation are discussed in Ex. 5.4 and Ex. 5.8 (see
also Cor. 5.11), where the functional «; corresponds respectively to the p-mean

oscillation functional
D= f -
ap(u,D") . u(z) LU
and to the functional
ap(w, D) = § o ju(@)-u)f dody.

However, in general, the equivalence in (1.5) does not hold. Nevertheless, thanks
to Cor. 4.1, assuming a lower semicontinuity property on «;, and denoting by u, =
po * u the standard mollification of w, it is still possible to obtain the estimate

P
dz,
2

climsup[hrp(Vug)VQ) dz < lim G?”(ua,fl)
o0+ Q e—0*

(1.6)
<liminf G2 (u,9) < C fg Vul? da,

where Q ¢ R” is an open set such that Q € Q. Assuming liminf._ o+ G2 (u, Q) < +oo,
since uy — v in L (R™;R™) as 0 - 0%, one can only conclude that 7p(V us|g) -
Dy, (ulg,) as o - 0" in the sense of distributions (here Dy, (ul,) is the distribution
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associated to the projection of the gradient according to mp, see Section 2 for the
precise definition). This leads to the implication

(1.7) liminf G27 (u, Q) < +00 = Dy (u],) € LP(3R™™).

The converse implication does not hold in general, as shown in Ex. 5.19,

u(z) — A(z - bar(D")) - ][D’ u[ dz,

where bar(D’) is the barycenter of D’. Indeed, in this case lim._o+ G2* (u, Q) = +o0
but v, =0 implies automatically Dy, (u) =0 e LP(Q,R™*™).

To recover the reverse implication in (1.7), we introduce the concept of strong p-
core functional, i.e. a p-core functional satisfying a stronger version of (1.3). More
precisely, we require that

Jea >0 8.t ap(u, D) <co f |Drpulh dz Vu e W™ P(D;R™),
D

ap(u’D,) = Ae%élrrf;xn D’

where W™ P(D;R™) = {ue LP(D;R™): Dy ue LP(D;R™™)}. Under this as-
sumption, the upper bound in the previous estimate (1.6) improves to

liminf G2% (u, Q) < o f | Dy ulfy da,
e—0* Q

which implies that
(1.8) Dy, (u|Q) e LP(C; R™™) — lim inf G2% (u, ) < +o0
e—0*

(see Cor. 4.4).
In this framework we obtain the following analogue of Thm. 1.1.

Theorem 1.2. Let Q € R™ be an open set, m > 1 a natural number, p € [1,00),
G ={idgn} and D S R™ be a bounded open set. Let o, be a strong p-core functional
with domain L}, (R™;R™) x GP(R") and ue LY (R™;R™).

Then, if Dxr, (ulg) € LP(;R™™),

(1.9) tim G2 (0, 2) = [ o, (Dan () d
Moreover, if ulg € WIZP(S;R™) and v, #0, (1.9) still holds.

loc

We remark that in Thm. 1.2 we assume that G = {idgn} because, a priori,
the differential operator D, imposes more rigidity conditions than the canonical
distributional gradient V.

In Section 5 we present several examples of p-core and strong p-core functionals.
We observe that when Ny, = {0} the two notions coincide, while if Ny, =R"™"
no strong p-core functional exists (except the trivial case of o, = 0 in Ex. 5.18).
Intermediate situations are illustrated in Ex. 5.12, where

P
ap(u,D’) = inf ][ ‘u z) — A(z - bar(D’ —][ u’ dz,
o D)= ink o L) = Ao —var(D) - f o
and one finds that
_/\/'w _ nxn Dy, (U|Q) = &u.

ap skew
As a consequence in this case thanks to (1.7) and (1.8) we are able to obtain the
following (cfr. Cor. 5.17): if p € (1, 00), for every u € LP(2; R™),

lim(i)I}f Go% (u, Q) < +o0 < u e EYVP(Q;R™),



GENERALIZED BMO-TYPE SEMINORMS AND VECTOR-VALUED SOBOLEV FUNCTIONS 7

where the space EVP(;R") = {u € LP(Q;R™) : Eu € LP(Q;R™™) 1.

Finally, as a consequence of Thm. 1.1 and Thm. 1.2, the detour in the character-
ization of Sobolev spaces leads us to obtain a version of the so-called "Constancy
Theorem" in the spirit of [Bre02]. This class of results is presented as open problem
in [Bre02] and it is instrumental in related topics such as the degree theory for
classes of discontinuous maps.

In our abstract setting for a connected open set §2, we obtain for p € (1,00)
(see Cor. 4.5) that assuming a lower semicontinuity property on a strong p-core
functional ay, then

liminf G2 (u,2) =0 = Dy, (ul,)=0.
e—>0*

Thus, if ¥,, > 0 in R™*", then u is constant a.e. on . On the other hand if
we consider the p-core functional in Ex. 5.12 for p € (1,00) we obtain that if
u e LP (R™;R™) satisfies liminf. o+ G27 (u, Q) = 0, then u|g, € EMP(;R™) and

&(ul) = 0. Then, by the Korn-Poincaré inequality (1.2) we find that u(x) identify

a rigid motion, i.e. u(z) = Az + h for every z € R", where A e RJX" and h e R".

1.1. Plan of the paper. The plan of the paper is the following.

In Section 2 we set the notation and we collect preliminary results.

In Section 3 we introduce the notion of p-core functional (cfr. Def. 3.1) and
define the associated one-parameter family of generalized BMO-type seminorms
(see Def. 3.4). After establishing the main properties of these generalized BMO-
type seminorms, for any p-core functional o, we define the p-homogeneous and
convex integrand v, (see Def. 3.9) and we study its main properties. Then, we
prove Thm. 1.1 and, after introducing the concept of strong p-core functional (cfr.
Def. 3.12), Thm. 1.2.

In Section 4, we discuss some consequences of Thm. 1.1 and Thm. 1.2. We first
prove Cor. 4.2, involving p-core functionals, highlighting that the implication in its
thesis cannot be reversed in general (cfr. Rem. 4.3). Therefore, after reinforcing
its hypotheses, we then prove Cor. 4.4, the characterization result involving strong
p-core functionals. We finally deduce the constancy theorem Cor. 4.5.

In Section 5, we present several examples of (strong) p-core functionals to which
we apply the results proved in Section 3 and Section 4. In particular, we show how
these examples can be used to characterize through a non-distributional approach
the spaces W1P(Q;R™) and E1P(Q;R") (see Cor. 5.11 and Cor. 5.17).

2. NOTATION AND PRELIMINARY RESULTS

We fix some notation. We denote by #S the cardinality of a set .S. We denote
by ||y the Euclidean norm of R™ and if x,y € R™ their standard scalar product is
denoted by z-y. Given x € R™ and r > 0, we let B,.(x) be the Euclidean ball of
radius r centered at x, Q = (—%, %)n and Q(x;r) =rQ +z. If Q cR™ is an open
set, we denote by Agq the family of all the open subsets of 2.

Let Aff(R™) be the affine group of the Euclidean space R™, i.e. the set of all
invertible affine transformations from R” into itself.

We denote by R™*" the space of real valued m x n matrices, by RX" , the space
of real valued skew-symmetric n x n matrices; by O(n) c R™™ the group of all
orthogonal matrices and by SO(n) c O(n) the group of all orthogonal matrices
with determinant equal to 1.
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If V1, Vs are linear subspaces of R™*", we write R™*" =V, @V, if R™*™ =V + V),
and Vi NV, = {0}
For A € R™™ we put,

|Aly = sup{|Az], : z e R, [z], < 1}.
Given A € R™" we denote the linear function associated to A by I4(x) = Az for

every r € R™.
It easy to verify that for A, B € R™" and p € [1, 00) it holds,

(2.1) 145 = 1B5] < p(1 4l + 1Blo)" |4 - Bly,
and for A, B e R™"™ \ {0} it holds,

A B A-B
(22) e 2 < | |2

Al [Bly |, Al

We denote by L™ the Lebesgue measure on R™ and for a (Lebesgue) measurable
set S ¢ R"™ we put |S] = L™"(S). For a measurable set S ¢ R” of finite and strictly
positive measure and an integrable function u: S - R? we put,

1
uS:]gudm:zﬁfsudx.

If S is a measurable set of strictly positive and finite measure, we define its
barycenter by,

bar(S) := ngdx.

Throughout the paper we will always denote by {p,}
standard radial mollifiers, i.e.,
po(2) =0 "p(z[o) Yz eR",
where p e C°(R™) is a standard radial mollifier with supp(p) c By (0).
The following lemma is a useful Jensen-type inequality.
Lemma 2.1. Letpe[l,00), 0 >0, ue LP(R™;R™) and f: LP(R™;R™) - [0, +00)
be a proper conver and lower semicontinuous function. Then,

2.3 Ug) < f u(-—o dy,

(23) flur)s [ Fu=on)pt)dy

where Uy = pg * U.

Proof. Let 0 > 0 and u, = ps * u € LP(R";R™). We consider the probability
space (R™, A, 1), where p = pL"™ = pL"L B1(0) and A is the o-algebra of Lebesgue
measurable sets of R™.

We also define X = LP(R"™; R™) and consider the measurable space (X, B), where
B is the o-algebra of Borel sets of X. We recall that X, being a Banach space, is
evenly convez (see the definition for instance in [Vesl7, Sec. 2]). We define,
G:R" — X
y = u(.—oy).

Moreover, thanks to the LP-continuity of translations, G is continuous. This then

implies that G : (R", A) — (X, B) is measurable. We consider the following Pettis
integral (see the definition for instance in [Vesl7, Sec. 2]),

(2.4) fR GdpeX.

c CZ(R™) a family of

>0
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In particular (2.4) is well-defined, since for every ¢ € X' ~ LPI(R";R"’) the map
¢oG:(R", A) - R is Lebesgue p-integrable and there exists v € X such that

/WQSOGdu:QS(v) Vée X',

Indeed, fixed ¢ € X’ (and letting ¢ € LPI(R”;R’") be the function representing ¢)
for every y € R™,

(62G)w) = [ 6-Gyac" = [ d(@)-ula-oy)da.

Moreover, applying Tonelli’s theorem

Lo = [ [ d@-u@-onpv)drdy= [ o) us(w)dr.

This implies that

(2.5) f Gdpu=u, € X.
Rﬂ,
By Jensen’s inequality ([Vesl7, Thm. 3]), we get that
2. [ ca ) < dp.
( 6) f( RW,GM RnfoGM
Combining (2.5) and (2.6) we obtain (2.3). O

Lemma 2.2. Let X be a real vector space, p>1 and f: X — [0,+00) be a convex
and p-homogeneous function:
(2.7) fu) =tP f(u) Vue X, Vt e R.
Then, the set
Np={ueX: f(u)=0},

is a linear subspace of X. Moreover,

(2.8) f(u) = f(u+v),
for every ue X and veNy.

Finally, fY? is a seminorm on X. Thus, for every W linear subspace of X, the
restriction of f'7 to W is a norm whenever W NNy ={0}.

Proof. We observe that (2.7) implies that f is an even function and that f(0) = 0.
We prove that Ny is a linear subspace of X. Let ¢,s € R and w,v € Ny. Then, by
the p-homogeneity and the convexity of f we deduce,

Fltu+sv) = (|t + |5|)Pf( g EHS sign(t)u + |t||f_||8| sign(s)v)
pf It |s] _
(2« ) <o,

if s#0. If s=0, f(tu+sv) = [t|’ f(u) =0.
Finally, we prove (2.8). Let ue X and v e Ny and t € (0,1).

s =gt a0 )

(1-1)

gtf(“:”)+(1-t)f((1‘ft)) = 1P f(u + v).
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Letting t - 1 we deduce that
(2.9) f(u) < f(u+v) Vue XVveNy.

Then, we let v € X and v € Ny and applying (2.9), we observe that f(u+v) <
f(u+v+(-v)) = f(u), since —v € Ny. This together with (2.9) proves (2.8).
Finally, we define C' := {x € X : f(z) < 1} and observe that tC' = {x € X : f(z) < P}
for every t > 0, by the p-homogeneity of f. Taking into account this information, we
compute the Minkowski functional of C (cfr. [Brell]) and obtain that it coincides
with f/?. Therefore, by [Brell, Lem 1.2] we deduce that f'/P is a seminorm.
[

The following lemma is a crucial tool in the proof of our main theorem (cfr.
[FGLBS20, Lemma 3.1)).

Lemma 2.3. Let Q c R™ be a bounded open set, u € C* (ﬁ; Rm) and for everyt >0
let Uy = {x e Q:|Vu(x)|,>t}.

Lett >0 and o >0. Then, there exist v >0 and a finite family of pairwise disjoint
open cubes {Q(x;7)}1 ., contained in Uy, such that,

a) [U Uiz, Q(zisr)| < o,

b) |Vu(z) - Vu(y)ly <o Vao,yeQ(zi;r)V1i<i<l.
Moreover, if |0U| = 0 there exists Wy, €  open s.t. 0 (ﬁt N Ué:l Q(xy; r)) cWio
and Wi | < 0.

Proof. Let t >0, 0 > 0. Since Vu is uniformly continuous in €, there exists § > 0 s.t.
|Vu(z) — Vu(y)|, < o for every cube Q° c Q of side length § and for every z,y € Q°.
Since U; is open, there exists a sequence of pairwise disjoint open dyadic cubes
{Qk} ey With side length less than 6, such that Uy = Ugey Qr up to a set of zero
Lebesgue measure. Moreover, by the inner regularity of the Lebesgue measure, we
can find a compact set Ky , c Uy s.t. |Up ~ Ky »| < /2. Thanks to the compactness
of K, from {Qp} .y We can extract a finite subfamily {Qk}lskslo such that K; , c

Uﬁc":l Q. We define r > 0 as the minimum side length among all the cubes in
{Qk}lskslo' For every 1 < k < [y we subdivide in a dyadic way @ with respect to
the length r: we observe that Qy = Ug’;l Q% (up to a set of zero Lebesgue measure),
where {Q};}Kiﬁk is a finite family of pairwise disjoint open dyadic cubes of side
length 7. {QZ}lskslo)lsigk is (up to relabeling the indexes) the desired family
{Q(zi;7)}<;» which guarantees that a) and b) hold.

Finally, if |0U| = 0, then |@\U1§ing(Jci;r)| = |Up N Urcia Q(z457)| < o2
Therefore, by the outer regularity of the Lebesgue measure, we can find an open
set Oy o s.t. Uy N Uicicq Q(xi57) € O » and |0y | < 0.

We can then define W; , = 2n O, to conclude the proof. O

For 2 ¢ R™ open, p € [1,00] and u € VVI})’f(Q;R") we denote by Vu the weak
Jacobian matrix of u and by u the symmetric part of Vu, also referred to as the
symmetric gradient of u:

_Vu+ vul
=—

Throughout this work we will need the following generalization of the notion of
weak gradient.

Eu
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Definition 2.4. Let Q ¢ R" be an open set, u € L, (Q;R™) and £: R™™ - R™*"
be a linear map:
LA)y= 2 LynAu,
1<k<m,1<i<n
for every A € R™" and for every 1 < i <m and 1 < j < n. We define the m xn
matrix of distributions Dgeu as,

((Deu)y )=~ [

Q l<k<m 1<i<n

o¢
zykluk% de = - A; S(u ® v¢)ij dz,

for every 1 <i<m, 1 <j<n and for every ¢ € C(Q).
We will also make use of the following Sobolev-type spaces.

Definition 2.5. Let Q € R™ be an open set, p € [1,00) and £ : R™" - R™*" be
a linear map. Given u € L} (Q;R™), whenever the matrix of distributions Dgu
is represented by a map in LIOC(Q;R’”X"), by a slight abuse of notation, we will
denote that function using the same symbol Deu. We define,

WoP(QR™) = {ue LV (R™): Deue LP (QR™™)},
WEP(Q;R™) == {u e LP(Q;R™) : Dou € LP(; R™™)}.

loc

For a more general version of the spaces in Def. 2.5 and their properties we refer
for instance to [DG25, GR19].

We observe that ngép(Q;Rm) = LP (;R™) and WEP(O;R™) = LP(Q;R™)
if £ =0, while I/Vlﬁcp(Q,Rm) = P(Q;R™) and WEP(Q;R™) = WLP(Q;R™) if
£ = ldRm,x n.

Moreover, if u € VV1 P(Q;R™), then for every £ : R™" — R"™™ linear map
Deou = S(Vu) e LV (4 Rmxn) being

((Dgu)ij,(b):[QS(Vu)ij(bdx,

loc

for every ¢ € C° ().

Therefore,
(2.10) WEP(Q;R™) c WEP(Q,R™), WIP(Q;R™) c WEP(Q;R™),
and the set inclusions in (2.10) become equalities when £ coincides with the identity
operator.
We also observe that if
A+ AT
(2.11) £(A) = +2 ,

for every A € R™", then Dgu = Eu for every u e VV&)?(Q,R")

Definition 2.6. Let Q ¢ R™ be an open set, p € [1,00) and £ as in (2.11). We
define,
EYP(Q;R™) = WEP(QR™), EP(QR™) = WP (Q;R™).

loc loc

We remark that for p € (1, 00) the space E17(Q;R™) coincides with WP (Q; R")
if Q0 is sufficiently regular (cfr. [DFS25, Thm. 2]) while in general the two spaces are
different (cfr. [ADLG13]). Therefore, the set inclusions in (2.10) can be equalities
even for operators £ different from the identity. Instead, for p = 1 the spaces
Wh(Q;R™) and EV1(Q;R™) are different (cfr. [DFS25]). For a discussion related
to this subject we refer to [VS13] and the references therein.



12 K. BEssAs, S. GUARINO Lo BIANCO, AND R. SCHIATTARELLA

Lemma 2.7. Let p € [1,00) and £ : R™" > R™" be a linear operator. Let
ue WSP(R™;R™). Then,

S(V(pg * u)) = Dg(po * ’U,) = po * Dou e L;D(RR;Rann)
Proof. The strategy is the same one used in the proof of [Brell, Lem 8.4] O

Lemma 2.8. Let Q € R™ be an open set, p € [1,00) and £ : R™"™ - R™" be a
linear operator. Let u € Wli’:p(Q;Rm) and v e CH(Q). Then, v e WSP(R";R™)
and,

Deuv =vDgu+uDgv € LP(R™; R™*™),
where f denotes the null extensions of a function f defined on Q to the whole space
R™.

Proof. The strategy is the same one used in the proof of [Brell, Ch. 9, Rem. 4,
part (ii)]. O

Lemma 2.9. Let Q € R™ be an open set, p € [1,00) and £ : R™" — R™" pe a
linear operator. Let u € Wliép(Q;Rm). Then, there exists {uy} .o c C(R™;R™)

s.t. ug > u in LY _(S5R™) as 0 - 0" and,

>0

Jim [Deu = Deto || 1o (6mmen) =0,

for every Qe Aq s.t. Qe Q.
Moreover, if u € W{?”(Q;Rm), then u, — w in LP(Q;R™) and u, - u in
Ws’p(Q;Rm) for every Qe Aqg s.t. Q€ as o - 0*.

Proof. The strategy is the same one used in the proof of [Brell, Thm. 9.2].

For every o > 0 we define u, = (;(ps * ) (where @ is the null extension of u to
R™) and ¢ € CZ(R™;[0,1]) is a cut-off function null in R™ \ By(0) and identically
equal to 1 in By(0) and {,(x) = ((ox) for every o >0 and x € R™.

We fix Q,Q € Ag st. Q € Q' € Q and a function v € C=(R";[0,1]) with
supp(v) ¢ @ s.t v = 1 on a neighborhood of . Then let @0 be the null extension
of uv to R™. We then observe that (p, * u0)|g = (ps * 0)|g for every o > 0.

By Lem. 2.7 and Lem. 2.8 we obtain that {us},., is the desired sequence. [

3. p-CORE FUNCTIONALS AND GENERALIZED BMO-TYPE SEMINORMS

Given two open sets 2, D c R™ and I' € Aff(R™), we denote by,
EP(Q) ={F(D): Fel and F(D)cQ},

the class of all subsets of €2 obtained by transforming D according to the elements
of T.
We start stating the main definition of our work.

Definition 3.1 (p-core functional). Let D ¢ R™ be a bounded open set, m > 1 a
natural number, p € [1,00) and I" a subgroup of Aff(R").
We define dom (o, p.rm) = L} (R™;R™) x EF (R™) and we let,
ap,p,0.m * dom(ap, p.r.m) = [0,+00)
be a positive function.
To avoid heavy notation, when the set D, the subgroup I' and m are clear from

the context we shall drop some subscripts in o, p rm. For instance, below we will
write oy, instead of o, p 1 m-
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We say that oy, is a p-core functional (subordinated to the reference set D, the
subgroup I' and m) if it satisfies the following properties.

Given D' € EP(R™) and a certain function in LP(D’;R™), oy, is extension inde-
pendent in the following sense:

(EI)  a,(u,D') = ap(v,D’") ¥D' € EP (R™)Vu,v e L2 _(R™;R™) s.t. u

loc

(%

pr =~ Vipr-

oy is conver in its first entry:

(CX) ap(-, D) is convex VD' € EF (R™).
oy, is p-homogeneous in its first entry:
(pH) ap(tu, D") = |t|Pa,(u, D") V(u,D") € dom(a,) Vt € R.

oy is translation invariant in its first entry:

(T1) ap(u+h,D") =ay(u,D") V(u,D") € dom(c,) Yh e R™.
oy, satisfies the following change of variable property:

(CV) ap(uo F,D") = ap,(u, F(D")) Y(u,D") € dom(ay)VF €T

When a, (-, D) is tested on a Sobolev function it is bounded from above by the
LP(D;R™™) norm of its gradient (up to a multiplicative constant):

Jer >0 s.t. ap(u, D) <y / Vulb do
. . [ ul
YueLP

e (R™R™) s.t. u|D e WhP(D;R™).

We observe that if ay, is a p-core functional subordinated to a certain I', subgroup
of Aff(R™), then it can be naturally seen also as a p-core functional subordinated
to every subgroup of T.

Let us collect some properties of a p-core functional «, as in Def. 3.1. Let
D’ e EP(R™). Then, for every u,v € LY (R";R™),

loc
(3.1) ap(u+v,D") <27 (e, (u, D) + ap(v, D)),

thanks to (CX) and (pH). In particular, if p = 1, (3.1) amounts to a triangular
inequality for u = aj (u, D"). This then allows to conclude (using also the symmetry
inherited from (pH)), that

|a1(uaD,) _al(va,)| SCkl(u_UaD,L

for every u,v € Li (R™;R™).
The following inequalities hold for any p € [1,00) and are another consequence
of (CX) and (pH).

, » , 1+6)\? ,
ap(u+v,D") < (1+9) ap(u7D)+(T) ap(v,D")

1 1
(3:2) ap(u-v,D") > W%(U, D") - 57,%(71, D)
for every u,v e LI (R";R™) and d € (0,1).
Furthermore, «, is zero when evaluated on constant functions,
(ZC) ap(h,D") =0 VYheR™,

thanks to (T1) and (pH).
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In addition to that, (CV), (EI) and (GB) imply
[VE; P
F(D))<cg——— d
gy T ) oyl ¥ () 02

VFeTVueL? (R";R™) s.t. V(u|F(D)) ¢ LP(F(D);R™™).

In the next definition we will introduce the subgroups of Aff(R™) which will be
fundamental in defining our class of generalized BMO-type seminorms.

Definition 3.2. Let {2 € R" be an open set, D € R"™ a bounded open set and G a
subgroup of SO(n). For every ¢ > 0 we define,

Y:={R"s>2wcR(z)+h:ReG heR"} c AF(R"), 'Y= |JTY c AF(R™),

e>0

G2(Q) = &l5(Q), 67(9) = e () = U G2().

e>0

We observe that GP(Q) # @ if € > 0 is small enough.

Let G be a subgroup of SO(n). Let us collect some properties of a p-core func-
tional ay, be as in Def. 3.1 subordinated to I'Y as in Def. 3.2.
(CV) implies that «,, satisfies the following property connected to translations,

(T2) ap(u,D") = ap,(u(-—h),D"+h) V(u,D") e dom(a,) Yh e R",
and that ay, satisfies the following scaling property:

. D’
(SC) ap(u(z), D’) = ap(u, t) V(u,D") € dom(ay,) Vit > 0.

Finally, from (3.3) we can infer that,

a,(u, D) < cg diam(D")"™" fD 1V (u D,) gdx

VD" eGP (R")Vue LY (R™;R™) st. V(u|,,)e LP(D;R™™),

loc

(GB+)

where ¢y = ¢; diam(D)" ",

Proposition 3.3. Let oy, be a p-core functional as in Def. 3.1. Then,

(3.4) R™" 5 A a,(1*,D") is conver VD' e EP(R™).

Moreover,

(3.5)  R™™35Aw a,(I1*, D) is locally Lipschitz continuous ¥D' € EF (R™).

Assume now that oy, is subordinated to I' = 'Y where G is a subgroup of SO(n).
Then,

(3.6) |op(I*,D") - o, (17, D")| < e’Cs|A- B|, VA, B e ©Ve > 0VD' e GP(R"),
where
(3.7) Y= {AeR™™: A, <1},

and Cx, >0 is a positive constant (depending on ¥ and ).
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Proof. Thanks to (CX) and the linearity of the map R™" 5 A~ 4 e L? (R™;R™),
we observe that (3.4) holds. Since R™*™ is a finite-dimensional normed vector space,
(3.4) implies (3.5).

Assume now that T' = T9 where G is a subgroup of SO(n). Thanks to (3.5) we
can find a constant Cy; > 0 (depending on ¥ and «,) such that

(3.8) |y (1%, D) - (1%, D)| < C5|A- B|, VA, BeX.

Let € >0 and D’ € GP(R™). Then, D' =eRD +h for some R € G and h € R". By
(CV), (T1) and (pH) we find,

(3.9) ap(1*,D') = ap(1*(eR(:) + h), D) = e, (1", D) YA e R™".

Combining (3.8) and (3.9) we obtain (3.6), noting that AR € X for every R € SO(n)
and A e X. (]

We are now ready to define the generalized BMO-type seminorms which will be
the focus of our work.

Definition 3.4 (BMO-type seminorm functional). Let Q ¢ R™ be an open set,
which we will refer to as the ambient space, and G be a subgroup of SO(n). Recalling
Def. 3.2, let o, = o, p ro ., be a p-core functional as in Def. 3.1 with dom(a,) =

LY (R™;R™) x GP(R™). For every ue LY (R™;R™) we define,
(3.10) G27(u, Q) =e"Psup Y ay(u,D"),
Ge D'eG.

where each G. is a family made of pairwise disjoint elements of QED (2) and the
supremum is taken with respect to all of these families G.. We observe that the
cardinality of every family G, is at most countable and it is bounded from above
by |Q|/(¢"|D|). For convenience, if G. = @, we let the supremum in (3.10) be equal
to 0. We define,

G (u, Q) = limsup G2 (u, Q),

e—0*
G2 (u,Q) = lim(i)nf G2r (u, ),
e—0*
for every uw e L (R™;R™). We also define,
G (u,Q) = lirgl+ G27 (u,Q),

for every uwe LY (R™R™) such that G*(u,Q) = G17 (u, ).
We finally observe that for every € > 0, thanks to (EI),
(3.11) G2? (u,Q) = G2* (v,9Q), Gy (u, Q) = G37 (v,9Q),

for all u,v € L}, (R™;R™) such that ulg, = v|q,.

loc

Remark 3.5. Under the assumptions of Def. 3.4, if v € L] (R";R™) and V ul, €
LP(Q; R™™) thanks to (GB+) we obtain that

G2?(u,Q) <e"Psup Y. cpydiam(D")"™" f |Vulh dz
Ge D’eG. D’

< f|Vu|§dx,
0

for every € > 0. Therefore,

GO (u,Q) < ¢, fQ Vul? de.
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We list some properties of Ge* and G57, omitting the elementary proofs.

Proposition 3.6. Let Q € R™ be an open set, m > 1 a natural number, p € [1,00),
G a subgroup of SO(n) and D ¢ R™ be a bounded open set. Let a, = oy, p 1o be
a p-core functional as in Def. 3.1 subordinated to T'9 as in Def. 3.2. Let € >0 and
ue LY (R™;R™) and A € R™™. Recalling Def. 3.4, for every A >0 it holds,

loc
NTPGEPAPT (0, Q) = G2 (1, ), ATPGLPT (u,Q) = G (u, ),

where o, \p pe 15 the p-core functional defined by,

apap,re (U, D') = ap(u7 %D,)a
for every D' e G*P(R™) = GP(R™).
For every t >0,
PG (u, Q) = Gyl (u(/t), 1), t"PGL (u, Q) = GLF (u(+/1),19),
(3.12) "G (14,Q) = Gyr (14,19), t"GLr(14,Q) = G (14,19).
For every h e R™,
GoP(u, Q) = GeP(u(- - h),Q+h), G7(u,Q) =G (u(--h),Q+h),
(3.13) G (11,Q) =G (1*,Q+h), G (14,Q) = GLr (14, Q + h).
Proposition 3.7. Let Q cR"™ be an open set, m > 1 a natural number, p € [1,00),

G a subgroup of SO(n) and D ¢ R™ be a bounded open set. Let oy, = oy, p 1o m be
a p-core functional as in Def. 3.1 subordinated to T'9 as in Def. 3.2. Let € >0 and

we L (R™R™).
Recalling Def. 3.4, we define the functionals acting on open subsets of (2,
Ao 30— gE(Q) = G?”(u,ﬁ), Aa>Q - gi(Q) = G:p(ufl).
Then,

(1) ge,g+ are monotone non-decreasing with respect to set inclusion,
(2) ge,g- are superadditive:
95(91 U QQ) > gs(Ql) + 96(92)7 g*(Ql u QZ) 2 g*(Ql) +g*(Q2)’
for every 21,02 € Aq s.t. Q1N =@.
(3) if Vulg € LP(Q; R™ ™Y, then,

(i) g+ is inner-regular in the following sense:

(3.14) g+(fl) = sup{g+(Q') e 0 e AQ} for all Q € Aq.

(ii) g+ is o-subadditive:

%Qﬂﬁsz%mm

keN keN
for all sequences {Q} oy € Aq.

Proof. Tt is elementary to obtain (1) and (2). For the proof of (i) and (ii) we refer
to the proof of [FFGLBS20, Prop. 3.1] taking into account Rem. 3.5. O

We observe that, for a given linear map 14 (x) = Az, the functionals G:”(ZA,~)

coincide if they act on any unitary cube centered in the origin. The following
proposition is obtained by retracing [FFGLBS20, Prop. 3.2].
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Proposition 3.8. Let Q CR"™ be an open set, m > 1 a natural number, p € [1,00),
G a subgroup of SO(n) and D € R" be a bounded open set. Let ay, = vy pro ., be a
p-core functional as in Def. 3.1 subordinated to T9 as in Def. 3.2. For any unitary
cube Q centered in the origin,

sup G27(14,Q) = G (1*,Q) = G*» (1", Q),

O<e<1

for all A e R™™,
We can now define the function 1, : R™*" — [0, +00).

Definition 3.9. Let € R™ be an open set, m > 1 a natural number, p € [1,00), G
a subgroup of SO(n) and D ¢ R™ be a bounded open set. Let a;, = v, p ro ., be a
p-core functional as in Def. 3.1 subordinated to I'Y as in Def. 3.2. We define,

ta, (A) = G (17, Q),
for every A e R"™™.

The next result shows that 1, is well defined, i.e. the values of the function do
not depend on the choice of the cube @ at the right hand side of (3.15), and lists
some useful properties.

Proposition 3.10. Under the assumptions of Def. 3.9, Vg, is a well-defined func-
tion with values in [0,+00) and for any unitary cube Q centered in the origin

(3.15) Va, (4) = G (11,Q),

for all A e R™™,
Moreover, v, is p-homogeneous, convex and locally Lipschitz. Precisely,

C
(3.16) [Ya, (A) =, (B)] < ﬁm - B|, VA,BeY,

where ¥ and Cx, >0 are as in Prop. 3.3.
Furthermore, the set

N, = {AeR™" 4, (A) =0},

is a linear subspace of R™*™,

. 1/p . .
Finally, a{gp is a seminorm and

(317) 1pozp(A) = 1/]ap(A+B)7
for every Ae R™" and B e Ny, .

Proof. 1, is well-defined and (3.15) holds as a direct consequence of Prop. 3.8,
while 1), (A) € [0, +00) for every A e R™" by Rem. 3.5.
We now prove that 1, is p-homogeneous. We fix ¢ € R and we notice that

1 ap (1tA _ 4P 13 ap (1A _ |4+|P
Y, (t4) = Tim G2 (1", Q) = [t lim G2r (1%, Q) = [t"4ha,, (4),

thanks to (pH).
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We prove that v, is convex. Let t € [0,1] and A, B € R™*". Let € >0 and G.
be a family made of pairwise disjoint elements of G2 (Q). Then,

e N (1t (1-1)1P, D)

D’eG.
<te"? N (I, D)+ (1-1)"P Y o, (1P, D)
D’eG. D'eG.

<tGr(14,Q) + (1-1)Ge (17,Q),
where we used (CX). Taking the supremum with respect to G. we conclude that
R™" 3 A - Gg* (ZA, Q) € [0,+00) is convex. Letting ¢ - 0" this implies that 1,
is convex.

From the convexity of ¢, being R™*" a finite dimension space, we immediately

deduce that 1, is locally Lipschitz.

Nevertheless, we now prove (3.16) to show how the locally Lipschitz constant
of 14, on the set ¥ = {A e R™™:|A]|, <1} is related to the one of R™*" 5 A

ap(lA,D) on .
Let A, B eX and § > 0. By definition of ¢, there exists €9 > 0 such that,
(3.18) Ya, (A) = Yo, (B) <G (11,Q) - G2 (17,Q) + 6 YO <& < ep.

Moreover, by definition of G&” (lA Q) and G?”(ZB, Q), for every € > 0 there exists
a family G., made of pairwise disjoint elements of G (Q), whose cardinality does
not exceed (¢"|D|)”" and
(3.19)  G2(1*,Q)-G2(1%,Q) <" Psup Y. (ap(1*,D') - a,(1%,D")) +5.

Ge D'eG.
Combining (3.18) and (3.19) with (3.6) we find,

Yo, (A) = o, (B) < —=|A - B|, + 26,

B |D|
where Cy is as in Prop. 3.3. By letting 6 — 0% and then interchanging the role of

A and B we deduce that (3.16) holds.
The conclusion of the proof is an immediate consequence of Lem. 2.2. (Il

Remark 3.11. Under the assumptions of Def. 3.9, as a consequence of Prop. 3.10,
for every P linear subspace of R"*™ such that,

(3.20) R™" =P o Ny,

it follows that wéi P restricted to P is a norm and for every A e R™*",

Yo, (7p(A)) = Y, (4),
where mp : R — P is the projection on P (associated to the direct sum decom-
position in (3.20)). Then, under the assumptions of Thm. 1.1, (1.4) is equivalent
to

(3.21) lim G2 (u, Q) = fﬂ Y, (70 (V) dar.

mxXn

e—>0*

Moreover, making use of Prop. 3.10 again, for every u € Wﬁ)’f(@; R™),

cf9|7rp(vu)|§dxgfgw%(w(w))dmgcfghp(vu)gdx,

for some ¢,C' > 0 depending on a,.
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Now we are ready to prove our main result.

Proof of Thm. 1.1. We divide the proof in several steps.

Step 1. We first assume that 2 is a bounded open set and ulq € ct (ﬁ; Rm). For
every t > 0, we define Uy = {z € Q: [Vu(z)|, > t}. Let 0 € (0,1) and ¢t > 0 s.t |0U;| = 0
(this happens for every t > 0 except for countably many). Let 7 >0, {Q(zs;7)}, 4
and Wy , as in Lem. 2.3.

In order to prove (1.4) for u, we consider two substeps.

Step 1.1. First we prove that

(3.22) G (u,Q) > [Q Y, (Vu(z)) dz.

Fixie{1,...,l} and € > 0 and consider a family G. as in Def. 3.4 with Q(z;;7) as
ambient space. This means that G, is a family of pairwise disjoint sets {D,}, <jsk
where for every j € {1,...,k} we have D; = z; + eR;D c Q(z;;r), with R; € G,
z; € R™ and

(3.23) k<|Q(wisr)l/("D]) = r"[(e"|DI).
For every j e {1,...,k} and = € D; we may write
u(x) = u(z;) + Vu(z;)(z - 2;) + Rj(x),
with R;(z) = (Vu(z) - Vu(z;))(z - z;) for all e R, where Z € Q(z;;r). Thus,

k
G2 (u, Q(zi51)) 2" Y ap(u, Dy)
J=1

k
P Z ap(Vu(zj)(- — Zj) +Rj,Dj)

(3.24)

n—-p n—

Pk =
» Zlap(Rj’Dj)
j=

g

(1 S)P 2 ZOép(VU(xZ)( 2),D;) -

_emP zk: (lw(xi) D_)_gn—p Zk: (]? D-)
- (1+5)pj=1ap 0 D j=1ap RN}

where in the first equality we use (T1) and (EI), in the last equality we use (T1),
while in the last inequality we use (3.2) having set,

Rj(x) = (Vu(xi) - Vu(z))(x - 2) - R;(w)
= (Vu(zi) = Vu(@)) (2 - 2)),

for every z € R™.
Using (GB+) and part b) in Lem. 2.3 , we estimate

k k
(%Z ( ) 5—2;dlam(Dj)p_"/l;‘Wu(xi)—Vu(i)|gda:

J=1

(3.25) <5 2 pn Zdlam(D)p "oPe™| D]

2 4 p=n_p-n_p
Sépdlam(D) PPy,
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where in the last inequality we used (3.23) and ¢ > 0 is as in (GB4). Thus
combining (3.24) and (3.25), taking the supremum with respect to all families G,
and the liminf with respect to €, we have

Ger 1 ap (1Vu(z;) " _ & . p=n_p n
(U Q(xlvr)) = (1+6)pG7 (l 7Q(x’b7r)) 5? dlam(D) ar

" e, (Vu(z;)) - —d1am(D)p TPy

(3.26)

- (1+6)r

where in the last inequality we used (3.12) and (3.13).
Now we observe that,

P, (Fu(e) = [, (Vu()) de

' fQ(m"r) Ve (Vu(zi)) - wo‘p(vu(x)) dz
Recalling Prop. 3.10, (2.1) and (2.2) we observe that,
/c;(m.ir)w%(vu(xi)) ~ Ya, (VU(SE))‘ dx

(3.27)

S L (e R A (v
L B e R ey
oy oo o ) - [0t o

0 Soteanl P s T
+Hwap!|mg) oo V8@ = [Vu(@)l5] da

|D| 2 [Vl |72 g [ [Vu(z) = Vu(@)), dr
+p(2\||w|2nmm) H%HM) | T0) = V(@)

<Cor”

where ¥ = {A e R"™" :|A|, <1}, Cx >0 is as in the proof of Prop. 3.10 and C' > 0
is a constant depending on «,, and Vu.
Recalling (3.27) and (3.26), we then get

G 1 o
(u, Q(xi371)) 2 — T+ o) /Q(wm) Yo, (Vu(z))dz - Cor”,

where C' > 0 is a constant depending on o, Vu and 4.
Thus, summing up with respect to i, by the monotonicity and the superadditivity
of G%*(u,-) (recall Prop. 3.7), we get

l l
G2 (1,9) 2 3 G2 (1. Qasm) 2 ZlfQ( |, Yy (V) dz = Col0)

(3

f Yo, (Vu(z))dz - Co,

1
(1+6)P

(1+5)P
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where the last inequality follows from part a) in Lem. 2.3 and the constant C
depends on «, Vu, | and ¢. Then (3.22) follows at once letting first o - 0, t — 0
and then ¢ - 0 in the previous inequality.

Step 1.2. We prove now,

(3.28) GO (u,Q) < [Q Y, (Vu(z)) dz.

Using the subadditivity of G$7 (u,-) (recall Prop. 3.7) we have
l —_—
(3.29) G (u, Q) < Y G (u, Q(z437)) + GL7 (u, AN Uy) + GE7 (u, W o).
i=1

Let us estimate the three terms in the last inequality. Arguing as in the previous
step, for every i = ., we get that,

(3.30) Gf]’(u, Q(zi;r)) < (1+6)? /C;(z"r) Yo, (Vu(z))dz + Cor",

for some positive constant C' depending only on «,,, Vu and and §.
By using Rem. 3.5 we get

G (u, ANTr) + GE7 (u, Wi o)
= /{|w|2st}|v“|5 dz + e /W [Vuls dz < e (1906 + oVl )

Then (3.28) follows combining (3.29), (3.30), (3.31) and letting first 0 - 0, t > 0
and then 6 — 0.

Finally, (3.22) and (3.28) imply that (1.4) holds under the assumptions on u
made in this first step.

Step 2. We assume that  is a bounded open set and that u € L} (R";R™)
with Vulg € LP(; R™™).

Thanks to the previous step we know that,

(3.32) lim G2 (0, ) = f Yo, (Vo) da,

(3.31)

holds for every €’ € Aq and for every v e LY (R™R™) s.t. vlg-€ C" (W; Rm).

Let Q' € Ag st € € Q and o > 0. Then, there exists v& € C°(R";R™) s.t.
Q’

Ju-o <o
WLr(Q/R™)

Fix £ > 0 and consider a family G. of pairwise disjoint elements of G2 (Q'). Then,

G2 (u, Q) 2" > ay(u,D")

(3.33) e
’ P o Q' D/ enp 'U?,,D, 7
(1 + 5)p D;gs p( ) DZ:g ( )
where we used (3.2).
Using (GB+), we estimate,
1 n r|P
— ap(u-v¥, D’ diam(D")"” [ vu-vol | dz
5P D;g p( ) &P D,Z D" |2
(3.34) <2 2 diam(D)? P f |Vu - Vv?"p dz
oP Q 2
< ggp_"ap7

<5
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where in the last inequalities ¢y > 0 is as in (GB+) and ¢; is as in (GB). Combining
(3.33) with (3.34), taking the supremum with respect to G. and letting ¢ - 0%, we
obtain,

AUp Qp ! 1 ap Qf / Co?
G2 (u, Q) > G2 (u, Q') > (1+5)pG_ (va ,Q ) ~

Co?
or "’

(3.35) .

T (1+6) Jor

Yay, (V’U?’(I)) dx -

where in the first inequality we used Prop. 3.7, C' > 0 is a constant depending on
o, and in the last equality we made use of (3.32).
Similarly it holds,

P,p
+C(1+5) at

(3.36) GO (u, Q') < (14 5) [Q o, (Ve (2)) da .

Thanks to the dominated convergence theorem,

(3.37) lim [Q oo, (Vo () da = fﬂ o, (Vu(z)) de,

o—0*

. . Q' _ . . D
since 01351+ e 0, tq, is continuous and v, (A) < C|Af; (cfr.

Prop. 3.10) where C > 0 is a constant depending on «,. Combining (3.35), (3.36),
(3.37) and letting first o — 0%, § - 0" and ' 1 Q (recalling also (3.14) in Prop. 3.7)
we deduce that (1.4) holds for w.

Step 3. We assume that u € L} (R™;R™) with Vulg, € LP(;R™*") and 2 ¢ R"
is an arbitrary nonempty open set. Let Q' € Aq s.t. Q' € Q. By the previous step
and Prop. 3.7 we find,

(338) G(u, Q)= fQ b, (Vu(z)) de = G (u, Q) < G° (u, ).

(1.4) follows by letting Q' 1 © in (3.38) and using (3.14) in Prop. 3.7.

Step 4. We assume that 1o, # 0 and w € L], (R";R™) with ul, € I/Vli’f(Q;Rm)
and 2 c R" is an arbitrary nonempty open set.

We may also assume that Vul, ¢ LP(Q;R™ "), otherwise we can apply the
previous step. Let P be a linear subspace of R™*™ as in (3.20) and 7p : R™*™ - P
as in Rem. 3.11. Since 9o, # 0, P is a non-trivial linear subspace of R™*". Then,

by Prop. 3.10 and Rem. 3.11,

fQ Y, (Vi) da

(3.39) ou
- e da > §da = +oo,
fﬂx{qulZ:O}Wu'qu p(’ﬂ'p(|vu|2)) x C’/Q|Vu|2 2 = +00

where,

C = i o A 0,
\n G, (70(4)) >
is a positive constant.
Let Q' € Ag s.t. ' € Q. By the previous step and the monotonicity of G5” (u,-)
(cfr. Prop. 3.7) we find that (3.38) holds.
(1.4) follows by letting ' 1 Q in (3.38) and recalling (3.39). This concludes the
proof. (I
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We now introduce a stronger version of the concept of p-core functional seen in
Def. 3.1. This stronger definition will allow us to extend Thm. 1.1 to functions less
regular than Sobolev ones.

Definition 3.12 (strong p-core functional). Let a, be a p-core functional as in
Def. 3.1. Recalling Def. 3.9 and Prop. 3.10, we say that o, is a strong p-core
functional if there exists P, a linear subspace of R"™*"  such that (3.20) holds and,

ez >0 st ap(u, D) <es f |Dpulb da
(GBp) P 1Rl
VueLP

loc

We observe that (GBp) implies (GB). Indeed, if v = u|, € WP (D;R™), then,

(R™;R™) s.t. |, e WPP(D;R™).

| Drpvly = |wp (V05 < [mpl[Vol,,
where |mp| = sup{|mp(A)|,: A e R™" |A|, <1}. Therefore, (GBp) implies that

(GB) holds with ¢; = |rp[cs if |mp| > 0. If |mp| = 0 (GB) holds for any ¢; > 0 (cfr.
Rem. 3.13).

Remark 3.13. Every p-core functional such that Ny, = {0} (cfr. Prop. 3.10) is
a strong p-core functional, since this condition forces P to be equal to R™*" and
then D,, = V.

We also highlight that if a strong p-core functional is such that Nwwp = R™",
then P = {0}. Therefore, D, =0 and from (GBp) and (CV) we deduce that v, is
the trivial p-core functional (cfr. Ex. 5.18).

Some consequences of (GB) are reinforced with (GBp). If G = {idg~} and
Qp = Q4 p e, i a strong p-core functional as in Def. 3.12 subordinated to IY as
in Def. 3.2, then, (CV), (EI) and (GBp) imply,

p
dx

ap(u, D) < cadiam(D) ™" [ D2 ()
VD' e GP(R")Vue LY (R™R™) s.t. Dy (u

loc

(GBp+)

o) € LP(DIR™M),
where ¢4 = c3 diam(D)" .
If ue LY (R™;R™) and Dy, (ulg,) € LP(;R™™), thanks to (GBp+), we obtain
that
o)

G (u,Q) <" Psup Y. cydiam(D)"" / Dy (u
Ge D'eG. Dr

<o [ Do (ul) o

for every € > 0. Therefore,
(3.40) G (u, Q) < c3 fQ|D7T7> (u|Q)|§ dz.

Remark 3.14. Under the above assumptions, g, is inner-regular and o-subadditive:
that is, (7) and (4) in Prop. 3.7 hold (requiring only the milder assumption that
Dr,. (ulg) belongs to LP(Q;R™*™) instead of the p-integrability of the whole gra-
dient). Indeed, to prove that g, is inner-regular and o-subadditive we refer again
to the proof of [FFGLBS20, Prop. 3.1] taking into account (3.40).

p
dx
2

We now prove the extension of Thm. 1.1.
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Proof of Thm. 1.2. Let uwe L} (R™;R™) such that Dy, (ul,) € LP(£; R™™). Thanks
to Thm. 1.1 and Rem. 3.11 we know that,

(3.41) lim GZ» (v, ') = fQ Yo, (Drp (v],)) dz,

holds for every ' € A and for every v € L. (R™;R™) s.t. V(v|g,) € LP(Q;R™™).

loc

Let Q' € Ag st Q" @ Q and o > 0. Then, thanks to Lem. 2.9, there exists
oY € C(R™;R™) s.t. Hu o

7 WP P (Q/;R™) <7

Now we argue as in Step 2 in the proof of Thm. 1.1, making use of (3.41),
(GBp+) (instead of (GB+)) and Prop. 3.7 (reinforced with Rem. 3.14) to obtain
(1.9).

Finally, we assume that u|,, € W 7" (;R™) and 14, # 0. Arguing as in Step 4

in the proof of Thm. 1.1 we deduce that,

[ ta, (D (u]))
_ o e o 222280 )
Jo oo |Q>|2%( p(wm(u'ﬂ)b a

2 [[|Dn (al)

where,

C = Ae?gﬂg\lzzl Yo, (mp(A4)) >0,

is a positive constant. At this point, the same argument in Step 4 in the proof of
Thm. 1.1 allows us to conclude that (1.9) holds. O

4. NON-DISTRIBUTIONAL CHARACTERIZATION OF SOBOLEV-TYPE SPACES

As a consequence of Thm. 1.1 we obtain the following.

Corollary 4.1. Let Q € R"™ be an open set, m > 1 a natural number, p € [1,00), G
a subgroup of SO(n) and D ¢ R™ be a bounded open set. Let o = o, p o, be a
p-core functional as in Def. 3.1 subordinated to T'Y as in Def. 3.2. Assume also that
for every D' € GP(R™) the functional (s D) o (g gmy + LP(R™R™) — [0, +00)
is lower semicontinuous.

Let P be a linear subspace of R™" as in (3.20) and mp : R™" - P as in
Rem. 3.11. Let {ps} .0 € CZ(R™) be a family of standard mollifiers and 2 € Ag
s.t. QeQ. For every uwe L (R™;R™) and for every 0 <o < dist(Q,BQ),

(4.1) Cf§2|7rp(Vuo)|g dz < fﬁl/z%(Vug)dx = G (g, Q) < G (u, Q),
where uq = py * u for every o >0 and C >0 is a constant depending on g, -

Proof. Let 0 <o < dist(Q,BQ). Without loss of generality, having (3.11) in mind,
we may assume that ulp, g = 0so that w e LP(R";R™). Let € > 0 and G. be a family
made of pairwise disjoint elements of QED (Q) and we observe that ¢ > 0 is so small
that D' — oy c Q for every y € B1(0). Applying Lem. 2.1 (with f(v) = oy (v, D") for
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all ve LP(R™;R™)) and (T2), we get,

&S aplug D)< Y [ (u(.— ay). D)o(y) dy
D'Egg D/egs Bl(O)

=Py f ap(u, D" —oy)p(y) dy < GE» (u, Q).
preg. JB1(0)

Taking the supremum with respect to G. and letting € — 0, we obtain
G2 (e, Q) <G (u, Q).
(4.1) follows by applying Thm. 1.1 to u, and invoking Prop. 3.10 and Rem. 3.11. O
The following result is a first step in characterizing Sobolev-type spaces.

Corollary 4.2. Let Q € R"™ be an open set, m > 1 a natural number, p € (1,00), G
a subgroup of SO(n) and D ¢ R™ be a bounded open set. Let oy, = o, p 1o, be a
p-core functional as in Def. 3.1 subordinated to TY as in Def. 3.2. Assume also that
for every D' € GP(R™) the functional ap(~,D’)|Lp(Rn;]Rm) : LP(R™;R™) — [0, +00)
is lower semicontinuous.

Let P be a linear subspace of R™"™ as in (3.20) and mp : R™™ > P as in
Rem. 3.11. Let ue L (R™;R™). Then,

(4.2) G°7 (10, Q) < +oo = Dy, (ul,) € LP(QR™™).

Moreover, if 1o, > 0 in R™"™ {0}, then Vulg € LP(Q;R™™) if and only if
G (u, Q) < +oo.

Remark 4.3. Under the assumptions of Cor. 4.2, if u e L} (R™;R™) is such that
Dy (ulg) € LP(;R™™), in general we cannot conclude that G=7 (u, ) < +oo (cfr.

Ex. 5.19).
Proof of Cor. 4.2. Let pe (1,00), uwe LY (R™;R™) and u, = p, *u for every o > 0.

loc

If G2% (u,2) < +00, using (4.1) we obtain that
(4.3) lim sup/~ [P (V)5 da < lG?” (u, ),
o—0" Q C

for every Q € Ag st. Q € Q. Since u, - u in LY (R™R™) as o - 0%, we
deduce that mp(V ue|) = Drp (ulg) as o — 07 in the sense of distributions. Then,
from (4.3) (since it provides a uniform bound with respect to Q) we get that the
distribution Dy, (ulg) is a linear and continuous functional on LP (Q;R™). This
proves that D, (u|,) € LP(;R™™).

Finally, if 44, > 0 in R™*" \ {0}, then P = R™" and 7p = idgm=». Invoking
what proved above and Thm. 1.1 we deduce that V ul, = 7p(V ul) € LP(§; R™™)
if and only if GZ* (u, Q) < +oo. O

Now for strong p-core functionals as a consequence of Thm. 1.2 we obtain the
following characterization.

Corollary 4.4. Let Q ¢ R"™ be an open set, m > 1 a natural number, p € (1,00),
G = {idrn } and D € R" be a bounded open set. Let o, = o, pro ., be a strong p-core
functional as in Def. 3.12 subordinated to T'Y as in Def. 3.2. Assume also that for
every D' € GP(R™) the functional ap(~,D’)|Lp(Rn;Rm) : LP(R™;R™) — [0,+00) is
lower semicontinuous.
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Let P be a linear subspace of R™"™ as in (3.20) and mp : R™"™ > P as in
Rem. 3.11. Let ue L (R™;R™). Then,

(4.4) G2 (u,Q) < +00 <= Dy, (u],) € LP(HR™™).

TP
Moreover, if one of the equivalent conditions in (4.4) is in force, then (1.9) holds.

Proof. We first assume that Dy, (ulg) € LP(Q; R™*™). Then, by (3.40) in Rem. 3.14
we obtain that GZ7 (u, Q) < +co.

The reversed implication follows directly from Cor. 4.2.

Finally, if one of the equivalent conditions in (4.4) is in force, (1.9) follows by
Thm. 1.2. O

The following result is a constancy theorem.

Corollary 4.5. Let Q € R™ be an open connected set, m > 1 a natural num-
ber, p € (1,00), G a subgroup of SO(n) and D € R™ be a bounded open set. Let
ap = Qp prem be a p-core functional as in Def. 3.1 subordinated to 'Y as in
Def. 3.2. Let u € LY (R™;R™). Assume also that for every D' € GP(R™) the
functional oy, (-, D’)|LP(R”;RW) : LP(R™;R™) > [0,+00) is lower semicontinuous and
that G2* (u, ) = 0.

Then, Dy, (ulg) =0. As a consequence, if Yo, >0 in R™", then Vulg =0 and
u 1s constant a.e. on 2.

Moreover, if we also assume that G = {idrn } and oy, is a strong p-core functional,
then ay,(u, D') =0 for every D' € GP(Q).

Proof. We let u, = p, * u for every o > 0. Since u, - u in L} (R";R™) as o0 - 0%,
as in the proof of Cor. 4.2, we deduce that 7p(V us|g) = Darp (ulg) € LP(;R™ ™).
Since GZ%(u,§) = 0, by Cor. 4.1 we obtain that 7p(V u,|g) vanishes on every
Qe Ag st. Qe Q for every 0 < o < dist(Q,@Q). Therefore, Dy, (ulg) = 0.
Moreover, if 1o, >0 in R™*", then Vulg = Dy, (ulg) = 0.

Finally, if we also assume that G = {idg~ } and «,, is a strong p-core functional,
then, by (GBp+) we deduce that a,(u,D’) =0 for every D’ e GP(Q).

]

5. EXAMPLES AND APPLICATIONS

In this section we discuss some examples of p-core functionals which can be used
to apply the results in Section 3 and Section 4. We start with a proposition which
will be used to provide more explicit representation of the function 1, for some
p-core functionals a,.

Proposition 5.1. Let m > 1 be a natural number, p € [1,00), G a subgroup of SO(n)
and D ¢ R™ be a bounded open set. Let ap = v, p 1 . be a p-core functional as in
Def. 3.1 subordinated to T9 as in Def. 3.2.

Then, for every A e R™ ™, ), is constant on AG = {AO:0 € G} and

1
(5.1) Vo, (A) < D] nax a, (1%, D),

where o, is defined in Def. 3.9.
Moreover, assume that for every R € G there exists a family {G.},..., such that:
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(1) for every e € (0,1), G. is a family made of pairwise disjoint elements of
GP(Q) of the form:
D, = (C:RD + h;D/7

where hp: € R"™ depends on D’;
(2) the following no-gaps condition holds,

(5.2) lim |G| = Q[ =1,
e—~>0*

where, for every ¢ € (0,1), G2 c Q 1is the union of all the sets belonging to
Ge.
Then, the equality holds in (5.1).

Remark 5.2. We first observe that the condition (5.2) is equivalent to,

(5.3) lim[Q \ 67| =0,
e—0"*
since GZ c @ for every € € (0,1). (5.2) is also equivalent to,
. n 1
g e #G = g

being |G| = |D|e"#G. for every € € (0,1).
We also observe that (5.2) and (5.3) are related to [DFF20, Def. 2]|. Indeed, by
Lebesgue’s dominated convergence theorem, the condition

(5.4) lim xgu = xq a.e.,

e—>0*

implies (5.3). Moreover, we also observe that the weaker condition

liminf xgu > xg a.e.,
e—0* €
implies (5.4), since G c @ for every € € (0,1).

Remark 5.3. Let D c R" be a bounded open set, €9 > 0 and assume that D is a
reference cell for an gp-tessellation of R™ (cfr. [DFF20, Def. 1]). Then, R(D) is
also a reference cell for an eop-tessellation of R™ for every R € SO(n). Therefore,
there exists a family {G.},..., satisfying (1) and (2) in Prop. 5.1 (cfr. [DFF20,
Def. 2 and Prop. 1]).

Proof of Prop. 5.1. Let A e R™™. Recalling Prop. 3.10,
A s ap (1A . n— A
(35) o, (4) =G (1%,Q) = limy G2 (1%,Q) = lig " swp 3, 0 (1%, 1),

where for every ¢ > 0, each G. is a family made of pairwise disjoint elements of
GP(Q) and the supremum is taken with respect to all of these families G.. We

recall that the cardinality of every family G. is bounded from above by (E"|D|)71.
Let AeR™™ and B,C € AG. Then, B = CO with O € G. By (CV) we obtain,

ap(17,D") = o, (1°,0D"),
for every D’ e GP(R™). In particular,

Vo, (B) = lim " sup 3 0, (I9,0D") < G (19,0Q) = 0, (C),
e-0* . D'eG.

where we used (3.15) in Prop. 3.10, with Q = OQ, and the fact that for every
£>0, if G. is a family made of pairwise disjoint elements of G (Q), then the family
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{OD': D' € G} is made of pairwise disjoint elements of G (OQ). Interchanging the
role of B and C' we obtain that 1, is constant on AG.

We now prove (5.1). Let ¢ >0 and D’ € GP(R™). Then, D' = eRp/D + hp for
some Rpr € G and hp € R™. By (3.9), we get that

(5.6) ap(1*,D") = ePa, (17", D).
Then,
e" P Sggp D;ga ap(lA, D')=¢" Sgap D;gg oz,,(lARD’ ,D)<e” sgap #G. max ap(lB, D).

Therefore, from (5.5) we get,

1
. n A ’
(5.7) Va,(A) = lim £ sup Dggs o, (1*R2", D) < D] a, (1%, D).
Then, (5.1) holds.
Finally, let R € G and consider a family {G.}, .., satisfying (1) and (2). Then,
hI[I)l e"#G, = I%I’ and consequently from (5.5) and (5.6) we obtain,
e—0*
1

Yo, (A) 2> lim " > a, (1%, D) = lim e"#G.,(1*", D) = —a, (1'%, D).
» M e—0+ |D|

Taking the maximum with respect to R € G, we obtain,

1
(5.8) Yo, (A) > 7] max a,(1%, D).

Combining (5.8) and (5.7) we conclude the proof. O

5.1. Characterization of WP ({;R™).

In this section we will consider examples of p-core functionals used to characterize
the space W1P(€;R™) of (vector-valued) Sobolev functions when p € (1,00) and
to approximate the following LP norm of the gradient of functions in W1P(Q; R™)

for p e [1,00):
/|Vu|§ dzx,
Q P

where |.|o, = Q/Ji/pp() is a (possibly anisotropic) norm in R™" (cfr. Cor. 5.11).

In this section m > 1 will always denote a natural number and D ¢ R" a bounded
connected open set with Lipschitz boundary since we will need the classical Poincaré
inequality.

This first example is a generalization of the BMO-type seminorms considered
in the literature for the scalar case (see [FMS16, FMS18, FFGLBS20, FGLBS20,
DFF20]).

Example 5.4. Let pe[1,00). We define,

ap(u,D") = ]€)I|u(x) —uplydz.
Then, «, : L}

PRMR™) x EP(R™) - [0,+00) is a p-core functional for any I' sub-
group of Aff(R™). Moreover, by Fatou’s lemma, a, (-, D’)|LP(RH;Rm) : LP(R™;R™) >

[0, +00) is lower semicontinuous for every D’ e EF(R™).
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Proposition 5.5. Let p e [1,00) and G be a subgroup of SO(n). Let ay, = p p 16 m
be the p-core functional in Ex. 5.4 subordinated to T'Y as in Def. 3.2.
Then, oy, s a strong p-core functional as in Def. 3.12 and,

(5.9) Ny, =10},

(5.10) ap(I%*,D") = oy, (1%, D'), Vo, (RA) = o, (A),
for every A e R™" and R € O(m).
Moreover, recalling Def. 3.9, for every A e R™",
(1) if G = {idgn} and D is as in Rem. 5.3,

%p( )_ | |2||| A| HLp(D bar(D)) VAeR™.

(2) if G=SO(n) and m=n,
Ya, o (A) =tha o (D),

where A € R™ is a vector obtained collecting (in an arbitrary order) the n
eigenvalues (counted with multiplicity) of the symmetric and positive defi-

nite matriz V AAT.

Remark 5.6. Thanks to Prop. 5.1, the function R" > v — w% g, () inProp. 5.5

is constant on the unit sphere S"~! (therefore it does not depend on permutations
of the components of v). Moreover, 1, b D1G coincides with the function Qﬂ
[FGLBS20, Sec. 4]. In particular (recalhng also Prop. 5. 1) it coincides with the
function R™ > v — |v|5 up to a multiplicative constant, which can be explicitly
computed for some D c R” and some values of n and p [FMS18, cfr. Rem. 2.1].
For instance, if D is equal to the cube @, then for every v € R™ 1/31?(1/) =v(n,p)|vfs,
where

~v(n,p) = max f|x vl dz.

We also recall that y(n,1) = 1 and *y(n,2) = = for every n > 1.
More generally, if D is as in Rem. 5.3, thanks to Prop. 5.1 we get that,

ﬁp( ) = |/i|p f|(x bar(D)) - v| dx,

| eS” 1

for every p e R™.

Proof of Prop. 5.5. (5.10) follows by the fact that |Rz|, = |z|, for every z e R™.
We now observe that for every D’ e GP(R™),

P
a(14.0) = £ iA@) - £ 1A w)ay| s
’ 2
folale- £ v,
! 2
We prove (5.9). Let A €Ny, . Thanks to Prop. 3.8 and (5.11), we get
0=, (4) > G4 (1,Q) 227 f |A(x - bar(D") s dx,

where D' is an arbitrary set in ng/z(Q). This implies that the affine function
A(-—bar(D")) is identically equal to 0 in D’ (which has positive measure). Then

(5.11)

dz = ]g |A(z — bar(D"))[? de.
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A =0 and (5.9) follows. Then, recalling Rem. 3.13, we deduce that «, is a strong
p-core functional.
We prove (1). By Prop. 5.1 and (5.11) we obtain,

v, (4) = 1 = G- bar(D))lzdr = 2H|A| [EE——

We now prove (2).
Let a, = a;, p e, and A e R™™. We now consider a (left) polar decomposition

of A:
A=VAATO,
where O € O(n). Now, let U € O(n) such that UO € SO(n) and
VAAT = UTAU,
where A is a diagonal matrix. Then, by (5.10) and Prop. 5.1,

(5.12) Yo, (A) = Yo, (UTAUO) = b0, (A).
Let A € R” be the vector obtained from the diagonal of A, so that,
(5.13) Acl, = A-al,

for every x € R™. Then, recalling Prop. 3.10, by (5.13) and (5.11),

P
Yo, (A) = lirgl gn™P sup][ ‘A(m - ]l ydy)
=0t ’ ’
= 111615 psup][ ‘()\ T - ][ A- ydy)
-0t ’

where for every € > 0, each G, is a family made of pairwise disjoint elements of
GP(Q) and the supremum is taken with respect to all of these families G.. Com-
bining (5.14) and (5.12) we conclude the proof. O

dx

(5.14)

dx = ¢a Drgl( );

The following example is similar to Ex. 5.4 (actually when p = 2 it coincides with
Ex. 5.4).

Example 5.7. Let p€[1,00). We define,

ap(u,D") = inf ][,|u(x) - cff da.

ceR™

(R™;R™) x EP(R™) - [0,+00) is a p-core functional for any T' sub-
L (Rn R'ﬂl) -

Then, « : IOC

group of Aff(R™). Moreover, by Fatou’s lemma, a,(-, D")| Lo (RmRm)

[0, +00) is lower semicontinuous for every D’ e EF(R™).
The next example is inspired by [PS17].
Example 5.8. Let pe[1,00). We define,

ap(u,D") = ][D, ]6),|u(x) —u(y)[, dzdy.

Then, a, : LT (R™;R™) x EF(R™) - [0,+00) is a p-core functional for any I' sub-
group of Aff(R™). Moreover, by Fatou’s lemma, a, (-, D')| 1, g gmy : L (R R™) —

[0, +00) is lower semicontinuous for every D’ e EF(R™).



GENERALIZED BMO-TYPE SEMINORMS AND VECTOR-VALUED SOBOLEV FUNCTIONS 31

Proposition 5.9. Letp e [1,00) and G be a subgroup of SO(n). Let ay, = ap p 16 m
be the p-core functional in Ex. 5.8 subordinated to T'Y as in Def. 3.2.
Then, oy, s a strong p-core functional,

(5.15) Ny, = {0},

(5.16) ap (%4, D') = oy, (1%, D), Yo, (RA) =1, (A),

for every A e R™" and R € O(m).
Moreover, recalling Def. 3.9, for every A e R™",

(1) if G ={idgn} and D is as in Rem. 5.3,

1
Vo, (A) = ﬂ ][D ][D|A(9€ - y)[5 dady.
(2) if G=S0(n) and m =n,
Q’Z)ap,D,FQ,n (A) = ,l’ZJOép,D,FQJ (A),

where A € R™ is a vector obtained collecting (in an arbitrary order) the n
eigenvalues (counted with multiplicity) of the symmetric and positive defi-

nite matriz vV AAT.
Remark 5.10. Thanks to Prop. 5.1, the function R" > v — 1/1%.D o

Prop. 5.9 is constant on the unit sphere S™! (therefore it does not depend on
permutations of the components of v).
More generally, if D is as in Rem. 5.3, thanks to Prop. 5.1 we get that,

71 p mxn
Lo [ e

(v) in

Q’ZJO‘I),D‘FQ 3 (,U') = |/"L|g

for every p e R™.

Proof of Prop. 5.9. (5.16) follows by the fact that |Rz|, = |z|, for every z e R™.
We now observe that for every D’ e GP(R™),

(5.17) ap(1*,D') = ][D, ][D,|A(x —y)hdady VA e R™™.

(1) follows from Prop. 5.1 and (5.17). The proof of (5.15), (2) and the fact that
oy, is a strong p-core functional follows the same argument used in the proof of
Prop. 5.5. (I

The following result shows how Ex. 5.4, Ex. 5.7 and Ex. 5.8 can be used in the
study of WhP(Q;R™).

Corollary 5.11. Let Q ¢ R™ be an open set, m > 1 a natural number, p € [1,00),
G a subgroup of SO(n) and D € R™ be a bounded connected open set with Lipschitz
boundary. Let oy, = oy, pre ., one of the p-core functional in Ex. 5.4, Ex. 5.7 or
Ex. 5.8 subordinated to T'Y as in Def. 3.2.

Then,

(1) for every ue WP(Q;R™),
tim G2 (1, 2) = [, (Vu),

where o, is as in Def. 3.9 and G2 is as in Def. 3.4.
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Furthermore, if G = {idgn} or G = SO(n) and D is as in Rem. 5.3
the function 1q, can be written more explicitly according to Prop. 5.5 or
Prop. 5.9.

(2) if pe(1,00), for every u e LP(Q;R™),

lim inf G27 (u, Q) < +00 = ue WhP(Q;R™).
e—0*

(3) if X R" is a connected open set, p € (1,00) and u e L} (Q;R™) satisfies
lim(i)nf G2 (u,Q) =0, then
e—0*

u(z) =h VreQ,
where h € R™.

Proof. The proof of (1) and (2) follows combining Prop. 5.5, Prop. 5.9, Thm. 1.1
and Cor. 4.2. To prove (3) we apply Cor. 4.5. O

5.2. Characterization of E'7(Q;R"™).

In this section we will consider examples of p-core functionals used to character-
ize the space EVP(€;R™), of LP(£;R™) functions whose distributional symmetric
gradient is p-integrable, when p € (1, 00) and to approximate the following LP norm
of the distributional symmetric gradient of functions in E1?(Q;R™) for p e [1,00):

f Eul?, dz,
Q P

where |.|q, = i/pp() is a (possibly anisotropic) norm in R™*™ (Cor. 5.17).
In this section D ¢ R™ will always denote a bounded connected open set with
Lipschitz boundary.

Example 5.12. Let pe[1,00) and G = {idg~ }. We define,

(5.18) op(u D)= int ()~ A=) - uplya.

where z = bar(D’) is the barycenter of D’. Then, o, = o, pro., is a p-core
functional as in Def. 3.1 subordinated to I'Y as in Def. 3.2. Moreover, if p € (1, )

oy, is a strong p-core functional as in Def. 3.12, thanks to the Korn inequality (cfr.
[DMO04, Eq. (2.2)]).
Remark 5.13. Under the assumptions of Ex. 5.12, we observe that the infimum

in (5.18) is actually a minimum. Indeed, let u € L (R™;R™) and D’ € GP(R™).
We define,

(5.19) f(A) = ]€D,|u(x) ~ A(z - bar(D")) - up|; dx for every A e R™",
We observe that f is coercive, since for every n € (0,1),

1 1 )
FA) 2 sy £ A b (DY f ju(@) - uplf e,

lim ]i |A(z - bar(D"))[, = +o0.

|A|2—>+oo
Moreover f is convex and R[(% is a closed subset of R™. This, implies that the
minimum of f|pn«. is attained.
sk

skew
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Proposition 5.14. Letpe[1,00) and G = {idgn}. Let oy = v p ro ., e the p-core
functional in Ex. 5.12 subordinated to T9 as in Def. 3.2. Then, (s D) o (e

LP(R™;R™) - [0, +00) is lower semicontinuous for every D' e GP(R™).

Proof. Let D' € GP(R"), z = bar(D"), u € LP(R™;R"™) and {ur} ey © LP(R™;R™)
such that u; — v in LP(R™;R™). Without loss of generality we assume that uy - u
a.e. in R™ and,

(5.20) klim ap(ug, D") = l}ifm inf o, (ug, D) < +oo0.
—+00 —+00
For every k € N there exist Aj € R} such that,
P
5.21 £ - Ay(z-2) - £
(5.21) | (@) — Aw(a - 2) ol

Since {uy},y is bounded in LP(R™;R™), combining (5.20) and (5.21) we obtain
that

dz < ap(ug, D) + 1/k.

sup|Ag|, < +o0.
keN

nxn

Then, up to subsequences, A, - Ao for some A, € R .

and (5.21) we get that
ap(u,D") < ][ u(z) - Ae(z—2) - ][ u

<11m1nf][ ‘uk(x) Ap(z-2) - ][ uk‘ dx<hm1nfap(uk,D)

Then, by Fatou’s lemma

(]

Proposition 5.15. Letpe[1,00) and G = {idrn }. Let a;, = o, p ro .y, be the p-core
functional in Ex. 5.12 subordinated to T9 as in Def. 3.2. Recalling Def. 3.9, if D
is as in Rem. 5.3, then for every B e R™*™,

(5.22) U (B) =y int £ (B - A) (- bax(D)
and
(5.23) N, = RIS,
so that
w%(B):w%(B;BT)’

for every B e R™™,
Moreover, if p=2 and D = Q(x;r) for some x € R"™ and r >0, then,

1
(524) ’(/)az(B) = |D|2 H| A| ||L2(D bar(D))’

where
B+ BT
5

A=
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Proof. We observe that for every D’ e GP(R™) and B € R™™",

o, (1%, D) Alﬂgnfm][ ’lB(x) A(z - bar(D")) - ][ 1B (y) dy‘ da
(5.25) )

= inf ][ B~ A)(x - bar(D'))[ da.

int £ (B A)(a—bar(D)) da

skew

Then, (5.22) follows from Prop. 5.1. Moreover, (5.23) follows from Rem. 5.13 and
(5.22).
Let B € R™*™ and define,

= ][D B-A)zfbdz VA e R™".
fB(4) b )|( )zl €
Then, by (5.22) and Rem. 5.13,

Vo, (B) = |D| Ackrin n, fo(4) = 1] ARrxn

skew

n fg(A-AT).

If p > 1 we can then find the minimum point of the strictly convex function
Rnxn by differentiating R™" 3 A — f B(A AT) and finding its stationary point.

If partlcular if p = 2 we obtain the following conditions,

fB

n

;(Akj ]k: —Bkj) D-bar(D) xjxl dx

(5.26) n
(A j1— By g d
g - ZJ) D-bar(D) T3k L,
for every k,l€{1,...,n}.
Without loss of generality we may assume bar(D) = 0. Then, D is equal to the

cube (-3,5)", so that,

(5.27) fDxixj dz =0 for every 4,5 € {1,...,n},

(5.28) /Dxfd:r:f[)m?dx for every 4,5 € {1,...,n}.
Thanks to (5.27) then (5.26) becomes,

(5.29) (Ap - A, - Bi) fD 22 da = (A — Awt - Byy) fD 22 du.
Finally, thanks to (5.28), (5.29) becomes,

(5.30) Ap — Ay, = @ for every k,le{1,...,n}.

(5.30) implies that the minimum of fB|RTn is attained when A = (B-BT)/2.
Therefore, \

1 B+BT

Ve (B) = ﬁ D-bar(D) (x)

so (5.24) is proved. O

The following example is similar to Ex. 5.12
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Example 5.16. Let pe[1,00) and G = {idg~ }. We define,

ap(u,D") = inf . ]l lu(z) - Az - 2) - cf5 du,
€ m DI

AeR7X" ¢
skew’

where z = bar(D’) is the barycenter of D’. Then, a, = a, pro., is a p-core
functional as in Def. 3.1 subordinated to I'Y as in Def. 3.2. Moreover, if p € (1, 00)
«, is a strong p-core functional as in Def. 3.12, thanks to the Korn inequality (cfr.
[DMO04, Eq. (2.2)]).

The following result shows how Ex. 5.12 can be used in the study of E1?(Q; R™).

Corollary 5.17. Let Q cR™ be an open set, p e [1,00), G = {idgn} and D < R™ be

a bounded connected open set with Lipschitz boundary. Let o, = a,, p e, be one

of the p-core functionals in Ex. 5.12 or Ex. 5.16 subordinated to T'Y as in Def. 3.2.
Then,

(1) for every u e EXP(Q;R™),

loc

615% G27 (u,Q) = /;21/1%(511),

where v, is as in Def. 3.9 and G2" is as in Def. 3.4. Furthermore, if D
is as in Rem. 5.3 the function v, can be written more explicitly according
to Prop. 5.15.

(2) if pe (1,00), for every u e LP(Q;R™),

lim(i)r}f Go% (u, Q) < +o0 < u e BYP(Q;R™).
(3) if X < R" is a connected open set, p € (1,00) and u e L} (;R™) satisfies
lim(i)nf G2 (u,Q) =0, then
e—0*
(5.31) u(x)=Azx+h Yz eQ,
where A e RV and h e R™.

skew

Proof. The proof of (1) and (2) follows combining Prop. 5.15, Prop. 5.14, Thm. 1.2
and Cor. 4.4.

To prove (3) we apply Cor. 4.5 and Prop. 5.15 to deduce that for every D’ e
GP(Q) there exist A € R%™ and h € R™ (possibly depending on D') s.t.

skew
w(zr)=Azx+h VoeD'

At this point exploiting the connectedness of 2 we can employ the simple argument
in [AC17, Lem. 8] to deduce that (5.31) holds for A € R7X" and h € R". O

skew
5.3. Other examples of p-core functionals.

Example 5.18. Let m > 1 be a natural number and p € [1,00) and T a subgroup
of Aff(R™). Let D cR™ be a bounded open set. We define,

ap(u,D') =0 Yue LP(R™;R™)VD' e EF (R™).
ap =0 is a (trivial) strong p-core functional (cfr. Rem. 3.13).

If a p-core functional «, is identically equal to zero (Ex. 5.18), then 1, = 0, but
the vice-versa does not hold (see Ex. 5.19).
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Example 5.19. The following example is somehow pathological: linear maps are
not able to entirely describe the behavior of the p-core functional a;, when we are
interested in computing the pointwise limit of G2 (-,Q) as € — 0*.

We consider a p-core functional subordinated to p € [1,00), the reference set
D:=Q = (-1/2,1/2)", m > 1 and the subgroup 'Y with G := {idg=}. The p-core
functional is defined by,

ap(u, D)= inf A Ju@) - Ao - bar(D")) - up/fy da.

Then, v, =0, since

ap (1%, D) = L Jnf DI|(B — A)(z - bar(D"))[5 dz =0,
for all B e R™" and D’ e GP(R").

Being 4, =0 and ay # 0, having in mind Rem. 3.13, we deduce that ay, is not
a strong p-core functional as in Def. 3.12.

Let 2 = D be the ambient space, 6 € (n—p,n)~{0} and u(x) = |x|;6/pel for every
z € QN {0} and u(x) = 0 for every z e R" \ Q. We observe that v € L} (R™;R™)
but Vulg ¢ LP(;R™™). Let,

7(A) = f Ju(@) - Az - bar(D)) - uplf dz ¥A R

We observe that f is convex and strictly positive. Indeed, if f vanished at some
point A e R™™_ then u would be equal a.e. in D to the map I4(- - bar(D)) - up.
We also observe, using the argument in Rem. 5.13, that f is coercive. Therefore,

min f(A) >0 and for every & > 0,
AecRmxn

Gr(u, Q) > " Pay(u,eD) =" Pa,(u(e), D)

_ -n-p=¢ : 6/pA _ ~n-p=0 . A
e min f(ePA) =" min f(A),

thanks to (SC) and the fact that u(ex) = e*/Pu(x) for every x € D. Therefore,

G (u, ) 2 G27 (u, Q) 2 ( min f(A))( lim 5”””5) = +00,
AeRmxn e—>0*
which implies that G*? (u,(2) = +co. Then, being 15, =0, (1.4) and (3.21) cannot
hold.

Finally, we highlight that Ny, =R™", so that P = {0} trivially satisfies (3.20)
and 7p = 0. Therefore, Dy, (ulg) = 0 € LP(Q;R™ ™), but GZ*(u, Q) = G (u,) =
+o0. This then shows that the implication (4.2) in Cor. 4.2 cannot be reversed in
general.

This also proves in a different way that o, is not a strong p-core functional, since
this would be in contradiction with Thm. 1.2.

Example 5.20. Let p e [1,00), m > 1, D c R” be a bounded open connected set
with Lipschitz boundary and S ¢ R™ be a nonempty set. We define,

ay(u, D) = sup £ [(u=ups) vl da,
veS J D’

Then, ay, : LY _(R™;R™) x EP(R™) - [0, +00) is a p-core functional for any I' sub-

loc

group of Aff(R™) . Moreover, ap(~,D’)|Lp(Rn,Rm) : LP(R™;R™) — [0, +00) is lower
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semicontinuous for every D’ € EI’? (R™) being supremum of lower semicontinuous
functionals.

In this case, it is easy to observe that Nwap = {A e R™": A(R™)" o S}. Thus,
if S contains m linearly independent vectors, then Nwap = {0} and can be used

to characterize W1P. Otherwise, the null set is non trivial and can be used to
approximate larger Sobolev-type spaces.
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