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Abstract

Let µ be a �nite Radon measure on an open set Ω ⊂ Rd, singular with respect to the

Lebesgue measure. We prove Lusin-type solvability results for the prescribed divergence

equation and the prescribed Jacobian equation with Lipschitz solutions. More precisely,

for every ε > 0 and every Borel datum f : Ω → R there exists a vector �eld V ∈ C1
c (Ω;Rd)

such that div V = f on a compact set K ⊂ Ω with µ(Ω \ K) < ε, and Lip(V ) ≤ (1 +
ε)∥f∥L∞(Ω,µ). Similarly, for every Borel datum g : Ω → R there exists a map Φ with

Φ− Id ∈ C1
c (Ω;Rd) such that detDΦ = g on a compact set K ⊂ Ω with µ(Ω\K) < ε, and

Lip(Φ − Id) ≤ (1 + ε)∥g − 1∥L∞(Ω,µ). The maps V and Φ − Id can be chosen arbitrarily

small in supremum norm.
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1 Introduction

In [2, Corollary 1.5], Alberti, Bate and the second named author proved that when a Radon
measure µ is singular with respect to the Lebesgue measure, several classical di�erential opera-
tors are not closable from the space of Lipschitz functions to Lp(µ). The list includes gradient,
divergence, and the Jacobian determinant. In particular, there exist equi-Lipschitz functions
un converging uniformly to zero whose derivatives remain large in some �xed direction on a set
of positive µ-measure and equi-Lipschitz vector �elds Vn converging uniformly to zero whose
divergences remain large on a set of positive µ-measure. For the Jacobian determinant, one
instead obtains equi-Lipschitz perturbations of the identity Φn for which detDΦn− 1 remains
large on a set of positive µ-measure.

The purpose of the present paper is to show that the same geometric mechanism can be
exploited in a constructive way. We prove Lusin-type solvability results for the equations1

div V = f and detDΦ = g

with Lipschitz solutions, where the data are only bounded with respect to a singular measure
µ. The solutions are exact on sets of arbitrarily large µ-measure and enjoy uniform Lipschitz
bounds depending only on the supremum norm of the datum. More precisely, our main results
are the following. The symbol µ ⊥ Ld means that µ is singular with respect to the Lebesgue
measure Ld, that is, there exists a Borel set E ⊂ Rd such that Ld(E) = 0 = µ(Rd \ E).

Theorem 1.1 (Lusin solvability for divergence). Let µ be a �nite Radon measure on an open

set Ω ⊂ Rd with µ ⊥ Ld, let f : Ω → R be a Borel function and δ > 0. Then, for every ε > 0,
there exist a compact set K ⊂ Ω and a vector �eld V ∈ C1

c (Ω;Rd) such that

µ(Ω \K) < ε, div V (x) = f(x) ∀x ∈ K,

1The corresponding statement for the gradient was proved in [12]; in [6] it was strengthened to yield solutions
with uniform Lipschitz bounds, at the cost of additional (necessary) assumptions on the datum.
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and

Lip(V ) ≤ (1 + δ)∥f∥L∞(Ω,µ), ∥V ∥C0(Ω) ≤ ε.

Theorem 1.2 (Lusin solvability for the Jacobian). Let µ be a �nite Radon measure on an

open set Ω ⊂ Rd with µ ⊥ Ld, let g : Ω → R be a Borel function and δ > 0. Then, for every

ε > 0, there exist a compact set K ⊂ Ω and a map Φ with Φ− Id ∈ C1
c (Ω;Rd) such that

µ(Ω \K) < ε, detDΦ(x) = g(x) ∀x ∈ K,

and

Lip(Φ− Id) ≤ (1 + δ)∥g − 1∥L∞(Ω,µ), ∥Φ− Id ∥C0(Ω) ≤ ε.

In particular, if (1 + δ)∥g − 1∥L∞(Ω,µ) < 1, then Φ is a global di�eomorphism.

A key feature is that the solutions in Theorem 1.1 can be chosen arbitrarily small in supre-
mum norm. For the divergence equation this also yields perturbations of arbitrary reference
vector �elds, see Remark 4.1. In the Jacobian case our construction is naturally formulated
as an arbitrarily small perturbation of the identity map whose Jacobian is prescribed on sets
of almost full µ-measure, although it is possible to perturb a given di�eomorphism as well, as
stated below.

Corollary 1.3. Let µ, Ω, and g be as in Theorem 1.2, and let F : Ω → Σ ⊆ Rd be a di�eo-

morphism. Then, for every δ, ε > 0, there exist a compact set K ⊂ Ω and a map Φ ∈ C1(Ω;Σ)
with Φ− F ∈ C1

c (Ω;Rd) such that

µ(Ω \K) < ε, detDΦ(x) = g(x) ∀x ∈ K,

and

Lip(Φ− F ) ≤ (1 + δ) Lip(F )
∥∥∥ g

detDF
− 1

∥∥∥
L∞(Ω,µ)

, ∥Φ− F∥C0(Ω) ≤ ε.

The main ingredient in the proofs is the construction of width functions, invented by
Alberti, Csörnyei and Preiss and already used as a main building block in the re�ned Lusin-
type theorem for gradients proved in [6]. The common core of our proof is a directional scalar
lemma: under a suitable cone-invisibility condition, a bounded continuous scalar function can
be realized as a directional derivative outside a set of arbitrarily small µ-measure, with a
uniform Lipschitz bound and with arbitrarily small supremum norm. Once this is established,
the divergence and Jacobian equations follow from standard measure theory arguments and
simple algebraic computations.

Remark 1.4 (Recti�able measures as a model case). The geometric mechanism behind our
construction is particularly transparent when the measure is concentrated on a recti�able
set. Indeed, suppose that µ is carried by a k-recti�able set with k < d. Locally, such a set
admits approximate tangent planes, and one may choose directions transverse to those planes.
On each recti�able patch, the divergence and Jacobian identities used in this paper suggest
that one should solve a scalar problem by prescribing a directional derivative in a transverse
direction.

This should be contrasted with the situation for Lusin-type C1 approximation: by [10], the
Lusin-type approximation of Lipschitz functions by C1 functions characterizes a much more
rigid class of measures, namely those that can be decomposed into recti�able pieces, possibly of
di�erent dimensions. Thus, from the point of view of approximation by C1 functions, measures
of recti�able type behave genuinely di�erently from generic singular measures.

For the prescription of divergence or Jacobian, however, recti�ability plays a di�erent role.
Even in the recti�able setting, for a general bounded or continuous datum one still needs the
directional scalar lemma in order to keep the solution arbitrarily small in supremum norm
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while controlling its Lipschitz constant. Recti�ability mainly simpli�es the geometry, since
the transverse directions are then immediately available, but it does not change the analytic
nature of the problem. In particular, the possibility of prescribing divergence or Jacobian
is not speci�c to recti�able measures: the same mechanism remains available for arbitrary
singular measures.

The main point of the present work is that one can recover, for a general singular measure,
the same type of transverse construction that is geometrically evident in the recti�able case,
even in the absence of any global recti�able support or globally de�ned normal directions.
The decomposability bundle plays the role of a measurable tangent structure, and the cone-
null/width-function argument provides an e�ective way to exploit directions transverse to it.

Remark 1.5 (Endpoint estimates and the �at chain conjecture). The Lusin-type solvability
of the prescribed divergence and prescribed Jacobian equation, see Theorem 1.1 and Theo-
rem 1.2, should be compared with the classical failure of endpoint bounded-to-Lipschitz esti-
mates for �rst-order equations, in the spirit of Ornstein's non-inequality [13]. The failure of
such estimates for the prescribed divergence equation div u = f, was shown by Preiss [14] and,
independently and by di�erent methods, by McMullen [9], see also the discussion in [4] and the
recent work [7]. Taká£'s counterexample [15] shows that this obstruction for the prescribed
Jacobian equation, detDϕ = f invalidates Lang's formulation of the �at chain conjecture,
which requires pointwise control.

Recall that Ambrosio and Kirchheim [1] developed a theory of metric currents in complete
metric spaces, extending the classical Federer-Fleming theory beyond the Euclidean setting.
A basic open question in their theory is the so called �at chain conjecture; namely whether,
in Euclidean spaces, metric currents with compact support coincide with Federer-Fleming �at
chains with �nite mass; see [1, Section 11]. The conjecture is known to be true in dimension
k = 1, and in the top-dimensional case k = d it was proved by De Philippis and Rindler [8,
Theorem 1.15].

The second named author and Merlo recently pointed out that a possible route towards the
intermediate-dimensional cases 2 ≤ k ≤ d−1 would be a suitable Lusin-type solvability theory
for prescribed di�erential forms; more precisely, the argument shows that the conjecture for k-
currents would follow from an L∞-to-Lipschitz solvability result for the equation dφ = ω on sets
of arbitrarily large measure, for k-forms ω satisfying the natural orthogonality condition with
respect to the bundle V k(µ, ·); see [11, Remark 4.1]. In [6, Conjecture 4.1 and Section 4] this
idea is formulated explicitly, and it is proved there that a positive solution of that conjecture
would imply the Ambrosio-Kirchheim �at chain conjecture in full generality.

By contrast with Lang's formulation, the Ambrosio-Kirchheim point of view is naturally
compatible with Lusin-type statements, where the relevant di�erential constraint is imposed
only on a set carrying almost all the mass of a singular measure. In top dimension, the
di�erential-form equation dφ = ω reduces in coordinates to a prescribed divergence equation:
if one identi�es a (d−1)-form with a vector �eld V , then dφ is exactly (div V ) dx1∧· · ·∧dxd. For
this reason, the top-dimensional case of the Lusin-type strategy proposed in [11, Remark 4.1]
and formulated in [6, Conjecture 4.1 and Section 4] is precisely the solvability of the prescribed
divergence equation on sets carrying arbitrarily large µ-mass. Our theorem of Lusin solvability
for divergence provides exactly this type of test in the singular setting, and this clari�es why
that is the natural substitute for pointwise endpoint estimates in the top-dimensional �at
chain conjecture and identi�es precisely the mechanism by which, despite the failure of such
pointwise estimates, the �at chain conjecture follows in top dimension.

Remark 1.6 (Comparison with Dacorogna-Moser). The classical Dacorogna-Moser theorem
provides smooth solutions to the transport problem between two absolutely continuous mea-
sures. More precisely, if f, g are positive su�ciently regular densities on a bounded smooth
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domain Ω ⊂ Rd with
∫
Ω f =

∫
Ω g, then there exists a di�eomorphism Φ : Ω → Ω such that

g(Φ(x)) detDΦ(x) = f(x) for all x ∈ Ω, (1)

equivalently, Φ#(f dx) = g dx; see [5]. Our result suggests an analogous picture for singular
measures, but with an important distinction.

For absolutely continuous measures, the Jacobian determinant describes the in�nitesimal
distortion of the ambient volume under a change of variables, and the transport equation
between two densities takes the form (1).

By contrast, Theorem 1.2 is still an ambient Jacobian statement, and by itself it does not
imply a direct push-forward relation of the form Φ#µ = gµ for an arbitrary singular measure
µ. What the theorem does provide is a very regular ambient deformation of the space whose
Jacobian is prescribed on sets of arbitrarily large µ-measure.

In this sense, the theorem is about constructing a global change of coordinates whose
Jacobian has the prescribed value on a set of arbitrarily large µ-measure, rather than about
transporting the measure µ itself.
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2 Preliminaries

Throughout the paper, sets and functions are Borel measurable. Measures are �nite, positive
and Radon. If µ is a measure and E is Borel, µ⌞E denotes the restriction of µ to E. For
x ∈ Rd and r > 0, B(x, r) denotes the open Euclidean ball of center x and radius r.

2.1 The decomposability bundle

We recall only the part of the theory that is needed in what follows. Let µ be a positive Radon
measure on Rd. The decomposability bundle is a Borel map

V (µ, ·) : Rd →
⋃
k≤d

Gr(k, d),

where Gr(k, d) is the Grassmannian of unoriented linear subspace of Rd of dimension k. We
refer to [3] for the de�nition and for the structural properties.

The crucial fact concerning this tool which is used here is that singular measures do not
have full decomposability bundle almost everywhere.

Proposition 2.1 ([2, Theorem 2.4]). Let µ be a �nite Radon measure on Rd. Then

V (µ, x) = Rd for µ-a.e. x ⇐⇒ µ≪ Ld.

In particular, if µ ⊥ Ld, then V (µ, x) ̸= Rd for µ-a.e. x ∈ Rd.
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2.2 Cones and cone-null sets

For e ∈ Sd−1 and α ∈ (0, π/2) we set

C(e, α) := {v ∈ Rd : v · e ≥ cosα |v|}

the closed cone with axis e and opening angle α.
The following statement allows us to replace a pointwise choice of a direction transverse to

the decomposability bundle by a �nite family of constant directions. We include the elementary
geometric proof for the reader convenience.

Lemma 2.2. For every α ∈
(
0, π2

)
, there exist unit vectors v1, . . . , vN ∈ Sd−1, depending only

on α and the dimension d, with the following property: for every proper linear subspace L ⊊ Rd

there exists at least one index j such that

L ∩ C (vj , α) = {0}.

Proof. Choose a �nite geodesic 1
2

(
π
2 − α

)
-net {v1, . . . , vN} ⊂ Sd−1, meaning that for every

n ∈ Sd−1 there exists j such that

n · vj ≥ cos

(
1

2

(π
2
− α

))
.

Let L ⊊ Rd be a proper subspace and choose a unit vector n ∈ L⊥. Then, by the de�nition of
the net, there exists an index j such that n · vj ≥ cos

(
1
2

(
π
2 − α

))
. Thus, for every v ∈ L\{0},

it holds

(v·vj)2 =
(
v ·

(
vj − (vj · n)n

))2 ≤ |v|2
∣∣vj−(vj ·n)n

∣∣2 = |v|2
(
1−(vj ·n)2

)
≤ |v|2 sin2

(
1

2

(π
2
− α

))
,

which implies v /∈ C (vj , α), since sin
(
1
2

(
π
2 − α

))
=

√
1−sinα

2 < cosα for α ∈
(
0, π2

)
.

De�nition 2.3. A Borel set E ⊂ Rd is called C(e, α)-null if for every Lipschitz curve γ :
[0, 1] → Rd such that γ̇(t) ∈ C(e, α) for a.e. t ∈ [0, 1], one has

H1
(
E ∩ γ([0, 1])

)
= 0.

Remark 2.4. If L ⊂ Rd is a linear subspace and L∩C(e, α) = {0}, then also L∩C(−e, α) = {0}.
Indeed, if v ∈ L ∩ C(−e, α), then −v ∈ L ∩ C(e, α).

The next lemma is one of the main local tools. See [3, Lemma 7.5] for a proof and also [6,
Lemma 2.3].

Lemma 2.5 (Concentration on cone-null sets). Let B ⊂ Rd be a Borel set, let µ be a Radon

measure, and let e ∈ Sd−1, α ∈ (0, π/2) be such that

V (µ, x) ∩ C(e, α) = {0} for µ-a.e. x ∈ B.

Then there exists a C(e, α)-null Borel set F ⊂ B such that µ(B \ F ) = 0.

2.3 Width functions

The second local tool is the existence of a so-called width function. See [3, Lemma 4.12] for a
proof and also [6, Lemma 2.4].

Lemma 2.6 (Width function). Let e ∈ Sd−1, α ∈ (0, π/2) and let E ⊂ Rd be compact and

C(e, α)-null. Then for every ζ > 0 there exists a function φ ∈ C∞(Rd) such that:
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(i) 0 ≤ φ(x) ≤ ζ for every x ∈ Rd;

(ii) 0 ≤ ∂eφ(x) ≤ 1 for every x ∈ Rd and ∂eφ(x) = 1 for all x ∈ E;

(iii) |∂vφ(x)| ≤
1

tanα
for every v ∈ e⊥ with |v| = 1 and every x ∈ Rd.

Remark 2.7 (Gradient bound). A direct consequence of Lemma 2.6 is that

|Dφ(x)| ≤ 1 +
1

tanα
∀x ∈ Rd.

We set

cα := 1 +
1

tanα
.

3 A local scalar property

The common core of our construction is the following local scalar result.

Proposition 3.1. Let U ⊂ Rd be open, let ν be a �nite Radon measure on U , let e ∈ Sd−1,

let α ∈ (0, π/2), and let λ ∈ C(U) ∩ L∞(U, ν). Assume that there exists a C(e, α)-null set
F ⊂ U such that ν(U \ F ) = 0. Then for every η > 0 and every δ > 0 there exist a compact

set K ⊂ U and a function u ∈ C1
c (U) such that

ν(U \K) < η, ∂eu(x) = λ(x) ∀x ∈ K,

and

∥Du∥C0(U) ≤ (1 + δ)cα∥λ∥L∞(U,ν), ∥u∥C0(U) ≤ η.

Proof. Set M := ∥λ∥L∞(U,ν). If M = 0, taking u ≡ 0 and any compact set K ⊂ U with

ν(U \K) < η gives the conclusion. Hence, we may assume M > 0. Fix t ∈
(
0, 12

)
such that

+∞∑
n=0

tn +
+∞∑
n=0

t2n+4 =
1

1− t
+

t4

1− t2
< 1 + min{δ, η}. (2)

By inner regularity, choose a compact set K0 ⊂ F such that

ν(U \K0) <
η

2
.

Since K0 ⋐ U , there exists an open set W ⊂ U with

K0 ⋐W ⋐ U.

We will construct inductively a decreasing sequence of compact subsets of W

K0 ⊃ K1 ⊃ K2 ⊃ · · ·

and, for every n ≥ 0, a sequence of functions un+1 ∈ C1
c (W ) such that, setting

rn := λ− ∂e

n∑
k=1

uk,

the following estimates hold for every n ≥ 0:

ν(Kn \Kn+1) <
η

2n+2
, (3)

∥rn∥C0(Kn) ≤ tnM, (4)

∥Dun+1∥C0(U) ≤ tnM
(
cα + tn+4

)
, (5)

∥un+1∥C0(U) ≤ τ t2n+4M, (6)
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where

τ := min

{
1,

δ

M
,
η

M

}
.

Since r0 = λ, then (4) is true at n = 0.

Assume by induction that Kn and un are already de�ned and satisfy the estimates. Since
rn is continuous on the compact set Kn, it is uniformly continuous, namely there exists ρn > 0
such that

|rn(x)− rn(y)| ≤ tn+1M ∀x, y ∈ Kn, |x− y| < ρn.

Choose a �nite covering

Kn ⊂
Nn⋃
i=1

B(xn,i, ρn/2).

De�ne a Borel partition of Kn by

En,1 := Kn ∩B(xn,1, ρn/2),

and for i ≥ 2,

En,i :=
(
Kn ∩B(xn,i, ρn/2)

)
\
⋃
m<i

En,m.

Then the sets En,i are pairwise disjoint, their union is Kn and diam(En,i) ≤ ρn for every i.
Hence the oscillation of rn on En,i satis�es

oscEn,i(rn) ≤ tn+1M.

By inner regularity, for every i choose a compact set Ln,i ⊂ En,i such that ν(En,i \ Ln,i) <
η

2n+2Nn
and set

Kn+1 :=

Nn⋃
i=1

Ln,i.

Then Kn+1 is compact, Kn+1 ⊂ Kn, and

ν(Kn \Kn+1) =

Nn∑
i=1

ν(En,i \ Ln,i) <
η

2n+2
.

This proves (3).
Since the compact sets Ln,i are pairwise disjoint and contained in W , there exist pairwise

disjoint open sets On,i ⊂ W with Ln,i ⋐ On,i ⋐ W . Choose cuto� functions χn,i ∈ C∞
c (On,i)

with χn,i ≡ 1 in a neighborhood of Ln,i and such that 0 ≤ χn,i ≤ 1.
Since each Ln,i ⊂ K0 ⊂ F and F is C(e, α)-null, thus for every i there exists φn,i ∈ C∞(Rd)

satisfying the conclusions of Lemma 2.6 with

E = Ln,i, ∥φn,i∥C0(Rd) ≤ ζ =
τ tn+4

1 + maxi ∥Dχn,i∥C0(W )
.

Choosing points yn,i ∈ Ln,i, we can set an,i := rn(yn,i) and de�ne

wn,i := an,i χn,i φn,i, un+1 :=

Nn∑
i=1

wn,i.
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Since the supports of χn,i are pairwise disjoint, the supports of wn,i are pairwise disjoint as
well. Therefore un+1 ∈ C1

c (W ) and

∥Dun+1∥C0(W ) = max
i

∥Dwn,i∥C0(W ), ∥un+1∥C0(W ) = max
i

∥wn,i∥C0(W ).

By Leibniz' rule,
Dwn,i = an,i

(
χn,iDφn,i + φn,iDχn,i

)
,

hence

∥Dwn,i∥C0(W ) ≤ ∥rn∥C0(Kn)

(
cα + ∥φn,i∥C0(W )∥Dχn,i∥C0(W )

)
≤ tnM

(
cα + tn+4

)
,

which is (5). Similarly,

∥wn,i∥C0(W ) ≤ |an,i| ∥φn,i∥C0(W ) ≤ tnM · τtn+4 = τ t2n+4M,

so (6) follows.
It remains to control the new residual on Kn+1. Fix x ∈ Ln,i. Since χn,i ≡ 1 on a

neighborhood of Ln,i, we haveDχn,i(x) = 0. Since the supports are disjoint, all other functions
wn,m with m ̸= i vanish in a neighborhood of x. Hence

∂eun+1(x) = ∂ewn,i(x) = an,i ∂eφn,i(x) = an,i.

Therefore
rn+1(x) = rn(x)− ∂eun+1(x) = rn(x)− an,i.

Since x, yn,i ∈ En,i, we obtain

|rn+1(x)| ≤ oscEn,i(rn) ≤ tn+1M.

Thus ∥rn+1∥C0(Kn+1) ≤ tn+1M , (4) is proved and the induction is complete.
To conclude the proof of the proposition, observe that, by (6), it holds

∞∑
n=0

∥un+1∥C0(U) ≤ τM
∞∑
n=0

t2n+4 ≤ η

8
< η.

and, by (5),
∞∑
n=0

∥Dun+1∥C0(U) ≤M
∞∑
n=0

tn
(
cα + tn+4

) (2)
< (1 + δ)cαM.

Thus the series
∑∞

n=0 un+1 converges, in the C1-norm, to a function u ∈ C1
c (W ) with

∥u∥C0(U) < η, ∥Du∥C0(U) ≤ (1 + δ)cαM.

Finally set K :=
⋂∞

n=0Kn. Since Kn are decreasing compact sets, K is compact. Moreover,
by (3),

ν(U \K) ≤ ν(U \K0) +

∞∑
n=0

ν(Kn \Kn+1) <
η

2
+

∞∑
n=0

η

2n+2
= η.

If x ∈ K, then x ∈ Kn for every n, and by (4)

|rn(x)| =

∣∣∣∣∣λ(x)− ∂e

n∑
k=1

uk(x)

∣∣∣∣∣ ≤ tnM → 0.

Since
∑n

k=1 uk → u in C1 as n→ +∞, we conclude that

∂eu(x) = λ(x) ∀x ∈ K,

completing the proof.
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4 Prescribed divergence

We now derive the prescribed divergence theorem from the directional scalar lemma.

Proof of Theorem 1.1. Up to modifying f on a set of arbitrarily small measure, we can assume
that f ∈ L∞(Ω, µ) and call M := ∥f∥L∞(Ω,µ).

By Lusin's theorem there exists a compact set C ⊂ Ω such that µ(Ω \ C) < ε
3 and f |C is

continuous.
Let us �x α ∈

(
0, π2

)
and δ̃ ∈

(
0, 12

)
such that

cα(1 + δ̃) =

(
1 +

1

tanα

)
(1 + δ̃) < 1 + δ (7)

and let v1, . . . , vN be the directions given by Lemma 2.2.
For every j = 1, . . . , N de�ne

Aj :=
{
x ∈ C : V (µ, x) ∩ C(vj , α) = {0}

}
.

Since x 7→ V (µ, x) is Borel and the set

{L ∈ Gr(k, d) : L ∩ C(vj , α) = {0}}

is open in the Grassmannian, each Aj is Borel. By Proposition 2.1 and Lemma 2.2, it holds

µ
(
C \

⋃N
j=1Aj

)
= 0. Make the family disjoint by setting

B1 := A1, Bj := Aj \
⋃
m<j

Am (j = 2, . . . , N).

Then the sets Bj are Borel, pairwise disjoint, contained in C, and µ
(
C \

⋃N
j=1Bj

)
= 0. By

inner regularity choose compact sets Cj ⊂ Bj such that

µ
(
C \

N⋃
j=1

Cj

)
<
ε

3
.

Since the Bj are pairwise disjoint, the compact sets Cj are pairwise disjoint as well. Since

the restriction of f to the compact set
⋃N

j=1Cj is continuous and |f | ≤M everywhere, by the

Tietze extension theorem there exists a continuous function f̃ : Ω → R such that

f̃ = f on
N⋃
j=1

Cj , ∥f̃∥C0(Ω) ≤M.

We now �x pairwise disjoint open sets Uj ⋐ Ω such that Cj ⊂ Uj , choose cuto� functions
ψj ∈ C∞

c (Uj) such that
0 ≤ ψj ≤ 1, ψj ≡ 1 on Cj ,

and set λj := ψj f̃ ∈ Cc(Uj). Then

λj = f on Cj , ∥λj∥C0(Uj) ≤M.

Fix j. By Lemma 2.5, applied to µ on the set Cj , there exists a C(vj , α)-null set Fj ⊂ Cj

such that µ(Cj \Fj) = 0. Considering the restricted measure νj := µ⌞Cj , it holds νj(Uj \Fj) =
0.
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Now we apply Proposition 3.1 with α, δ̃ as �xed in (7) and

U = Uj , ν = νj , e = vj , λ = λj , ηj :=
ε

3N
,

obtaining a compact set Kj ⊂ Uj and a function uj ∈ C1
c (Uj) such that

νj(Uj \Kj) <
ε

3N
,

∂vjuj(x) = λj(x) ∀x ∈ Kj ,

∥Duj∥C0(Uj) ≤ (1 + δ̃)cαM < (1 + δ)M,

∥uj∥C0(Uj) ≤ ε.

Since νj is supported on Cj , replacing Kj by Kj ∩ Cj if necessary, we may assume Kj ⊂ Cj .
To conclude, de�ne

V :=
N∑
j=1

ujvj .

Since the supports of the uj are contained in the pairwise disjoint open sets Uj , the �eld V
belongs to C1

c (Ω;Rd). Moreover

DV (x) = Duj(x)⊗ vj if x ∈ Uj ,

and DV (x) = 0 outside
⋃

j Uj . Hence

∥DV ∥C0(Ω) = max
j

∥Duj∥C0(Uj) ≤ (1 + δ)M.

Therefore
Lip(V ) ≤ (1 + δ)M.

Similarly,
∥V ∥C0(Ω) = max

j
∥uj∥C0(Uj) ≤ ε.

Set

K :=
N⋃
j=1

Kj .

Since the Kj are �nitely many compact sets, K is compact. Let us now �x x ∈ K; then there
exists a unique j ∈ {1, . . . , N} such that x ∈ Kj and all other terms uivi in the de�nition of
V , for j ̸= i, vanish in a neighborhood of x. Thus in a neighborhood of x, we have V = ujvj .
Writing vj = (β1, . . . , βd), it holds

div V (x) =

d∑
k=1

βk∂ekuj(x) = ∂vjuj = λj(x) = f(x),

where the last equality holds because x ∈ Kj ⊂ Cj and λj = f on Cj . Therefore

div V = f on K.

Finally,

µ(Ω \K) ≤ µ(Ω \ C) + µ
(
C \

N⋃
j=1

Cj

)
+

N∑
j=1

µ(Cj \Kj)

<
ε

3
+
ε

3
+

N∑
j=1

ε

3N
= ε,

completing the proof.
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Remark 4.1 (Background �elds). If W ∈ C1(Ω;Rd) is any given vector �eld, applying Theo-
rem 1.1 to the scalar datum f−divW yields a �eld Z ∈ C1

c (Ω;Rd) such that divZ = f−divW
outside an arbitrarily small exceptional set, with ∥Z∥C0(Ω) arbitrarily small. Then V :=W+Z
satis�es div V = f outside an arbitrarily small exceptional set and is arbitrarily close to W in
the supremum norm.

5 Prescribed Jacobian

We now prove the prescribed Jacobian theorem.

Proof of Theorem 1.2. Up to modifying g on a set of arbitrarily small measure, we can assume
that g ∈ L∞(Ω, µ) and let L := ∥g − 1∥L∞(Ω,µ).

We choose again α, δ̃ as in (7) and consider the �nite family v1, . . . , vN of directions given
by Lemma 2.2.

As in the proof of Theorem 1.1, by Lusin's theorem there exists a compact set C ⊂ Ω such
that µ(Ω \C) < ε

3 and g|C is continuous. Similarly, we de�ne the disjoint compact sets Cj on
which V (µ, ·) ∩ C(vj , α) = {0} and the open, pairwise disjoint sets Uj ⋐ Ω with Cj ⊂ Uj .

Applying the same arguments of the proof of Theorem 1.1 with the function g− 1 in place
of f , we obtain compact sets Kj ⊆ Cj and functions uj ∈ C1

c (Uj) such that

µ(Cj \Kj) <
ε

3N
,

∂vjuj(x) = g(x)− 1 ∀x ∈ Kj ,

∥Duj∥C0(Uj) ≤ (1 + δ̃)cαL < (1 + δ)L,

∥uj∥C0(Uj) ≤ ε

and de�ne

Φ(x) := x+

N∑
j=1

uj(x)vj .

Since the supports of the uj are contained in pairwise disjoint open sets, Φ belongs to C1(Ω;Rd)
and Φ− Id ∈ C1

c (Ω;Rd). Moreover

∥Φ− Id ∥C0(Ω) = max
j

∥uj∥C0(Uj) ≤ ε.

Also,
DΦ(x) = I + vj ⊗∇uj(x) if x ∈ Uj ,

and DΦ(x) = I outside
⋃

j Uj . Hence

∥D(Φ− Id)∥C0(Ω) ≤ max
j

∥Duj∥C0(Uj) ≤ (1 + δ)L,

so Lip(Φ− Id) ≤ (1 + δ)L.
Set K :=

⋃N
j=1Kj . Let us �x x ∈ K and, in order to show that detDΦ = g on K, we

observe that x ∈ Kj for some j and that ui(x)vi = 0 for i ̸= j in a neighborhood of x. In this
neighborhood it thus holds

Φ = Id+ujvj , DΦ = Id + vj ⊗∇uj .

Since the Jacobian is invariant under orthonormal changes of coordinates, we can choose one
such that vj = (1, 0, . . . , 0) and simply compute

detDΦ(x) = 1 + ∂vjuj(x) = 1 + g(x)− 1 = g(x).
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Finally,

µ(Ω \K) ≤ µ(Ω \ C) + µ
(
C \

N⋃
j=1

Cj

)
+

N∑
j=1

µ(Cj \Kj)

<
ε

3
+
ε

3
+

N∑
j=1

ε

3N
= ε.

To prove the last assertion, by (1 + δ)∥g− 1∥L∞(Ω,µ) < 1, writing Φ = Id+(Φ− Id) and using
the triangular inequality, we have

|Φ(x)− Φ(y)| ≥ |x− y| − |x− y|Lip(Φ− Id) ≥ |x− y|
(
1− (1 + δ)∥g − 1∥L∞(Ω,µ)

)
,

which proves that Φ is injective and

Lip(Φ−1) ≤ 1

1− (1 + δ)∥g − 1∥L∞(Ω,µ)
.

Since the extension of Φ to the whole Rd is a di�eomorphism with its image, its image is open
in Rd; moreover, this image is also closed in Rd because Φ coincides with the identity outside
(the interior of) a compact set E and Φ(E) is closed because compact. The connectedness of
Rd yields the surjectivity of Φ.

We now show that the above result allows us to perturb any given di�eomorphism.

Proof of Corollary 1.3. Since F is a di�eomorphism, the set Σ is open; moreover, since µ ⊥ Ld,
also ν := F#µ satis�es ν ⊥ Ld.

De�ne h : Σ → R by
h(y) := (g ◦ F−1)(y) detDF−1(y).

and let us consider an open set U ⋐ Σ with ν(Σ \ U) < ε
2 . Applying Theorem 1.2 on U with

measure ν and datum h, we �nd a compact set K ′ ⊂ U and a map

Ψ ∈ C1(U ;Rd), Ψ− Id ∈ C1
c (U ;Rd),

such that

ν(U \K ′) < min

{
ε

2
,
dist(U, ∂Σ)

2

}
, detDΨ(y) = h(y) ∀y ∈ K ′,

and

Lip(Ψ− Id) ≤ (1 + δ)∥h− 1∥L∞(Σ,ν), ∥Ψ− Id ∥C0(U) ≤ min

{
ε

2
,
dist(U, ∂Σ)

2

}
.

The last estimate in particular implies Φ(Σ) ⊆ Σ.
Set

Φ := Ψ ◦ F, K := F−1(K ′).

Then Φ ∈ C1(Ω;Σ). Since F is a di�eomorphism and K ′ is compact, the set K is compact.
Moreover,

µ(Ω \K) = µ
(
F−1(Σ \K ′)

)
= ν(Σ \K ′) < ε.

If x ∈ K, then F (x) ∈ K ′, and by the chain rule

detDΦ(x) = detDΨ(F (x)) detDF (x) = h(F (x)) detDF (x).
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By the de�nition of h,
h(F (x)) = g(x) detDF−1(F (x)),

hence
detDΦ(x) = g(x) detDF−1(F (x)) detDF (x) = g(x) ∀x ∈ K.

Finally,
Φ− F = (Ψ− Id) ◦ F,

hence
spt(Φ− F ) ⊂ F−1

(
spt(Ψ− Id)

)
.

Since spt(Ψ− Id) ⋐ Σ and F−1 is continuous, it follows that Φ− F ∈ C1
c (Ω;Rd). Moreover,

∥Φ− F∥C0(Ω) = ∥(Ψ− Id) ◦ F∥C0(Ω) = ∥Ψ− Id ∥C0(Σ) ≤ ε.

Also,
Lip(Φ− F ) ≤ Lip(Ψ− Id) Lip(F ) ≤ (1 + δ) Lip(F )∥h− 1∥L∞(Σ,ν).

Since ν = F#µ, we have

∥h− 1∥L∞(Σ,ν) = ∥h ◦ F − 1∥L∞(Ω,µ).

By the de�nition of h,

h(F (x)) = g(x) detDF−1(F (x)) =
g(x)

detDF (x)
,

therefore
∥h− 1∥L∞(Σ,ν) =

∥∥∥ g

detDF
− 1

∥∥∥
L∞(Ω,µ)

.

Thus
Lip(Φ− F ) ≤ (1 + δ) Lip(F )

∥∥∥ g

detDF
− 1

∥∥∥
L∞(Ω,µ)

,

which is the desired estimate.
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