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ABSTRACT. Consider a piecewise affine Lipschitz map ¢ : Q — R, where Q C R% is
an open set, and assume that z — z+tVé(z) is injective for almost every ¢t > 0. In
(J.-G. Liu, R. L. Pego, Rigidly breaking potential flows and a countable Alexandrov
theorem for polytopes, Pure Appl. Anal., 7(4), 2025) the authors conjecture that
every such ¢ must be locally convex. We prove the result assuming additionally
V¢ € BV (R2), for a more general class of measure preserving maps.

1. INTRODUCTION

In [LP25] the authors consider the following problem: let Q C R? be an open set,
and consider masses {m;};cn and velocities {v; };en such that

Zm = 2%0)

where .#? is the d-dimensional Lebesgue measure. It is a classical result in optimal
transport [Bre91] that there is a unique convex map V¢ such that

zd({x € Q| Vé(z) = ui}) = m;.

Since ¢ is convex, the map = — x + tV¢(z) is injective for all ¢ > 0 on the set
F C Q, where

F = {9: € Q| ¢ is differentiable at x}
Clearly F' is of full measure in ©, i.e. |Q\ F| = 0.

Conversely, let a partition of 2 be given, up to a negligible set,

Q= UAZ" A; open sets
i

together with a Lipschitz map ¢, affine on each A;, such that z — x + tV¢(x) is
injective on F' for a.e. t > 0. The following conjecture was put forward in [LP25]:

Conjecture 1.1. Every such map ¢ must necessarily be locally conver in 2.

Our aim here is to prove the result for maps ¢ with Vo € BVj,:
Theorem 1.2. In the above setting, if V¢ € BVj,(2), ¢ must be locally convex.

Proving the result for V¢ ¢ BV is presently an almost completely open problem.
The only non-BV case is proved in [LP25] assuming only continuity of the gradient,
i.e. Vo € C(Q;RY).

The paper is structured as follows. In Section 3 we show that every such ¢ must be
subharmonic, this holds without the BV assumption. In Section 2 we conclude the
proof by showing, using the theory of BV functions, that ¢ must be locally convex.
In Section 4 we give a different proof of the subharmonicity of ¢, based on optimal

transport tools, which yields an additional property of ¢ in the case V¢ ¢ BV.
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2. MEASURE PRESERVING MAPS AND MAIN RESULT

Our Theorem 1.2 will be a consequence of a more general result, valid for a class
of measure preserving maps.
In all of the following, 2 C R? is an open set.

Definition 2.1. Let 7 be a measurable map T : Q@ — R? and F C Q measurable

be given. We say that T is measure preserving on F' if for all A C €} measurable,
T(F N A) is measurable and

T4 (FNA) = LU T(FNA). (2.1)

Definition 2.2. Let ¢ : Q — R be a W11(Q) function. We say that ¢ satisfies the
measure preserving condition (in short (MPQC)) if there is a full measure set F' C 2
for which

Ty : Q — RY, Ti(x) == x +tVo(x) (2.2)
is measure preserving on F for a.e. t > 0.

We prove the following theorem.

Theorem 2.3. Let ¢ € WHY(Q) be a map satisfying (MPC), and assume that
V¢ € BVioo(,RY). Then ¢ is locally convex in Q.

Clearly, Theorem 1.2 follows from (2.3). We would expect every function ¢ €
WH(Q) belonging to the more general class of maps satisfying the measure pre-
serving condition of Definition 2.2 to be locally convex, but we have been unable to
prove it.

The proof of Theorem 2.3 consists of two steps. As a first point, we prove the
following proposition, which is valid without the BV assumption.

Proposition 2.4. Let ¢ € WH(Q) be a map satisfying (MPC). Then ¢ is sub-
harmonic in §, that is,

—/ Vé(z) - Vip(x)de >0  for allyp € CHQ), Y > 0. (2.3)
Q

Unfortunately, it is well known that the gradient of subharmonic functions does
not need to lie in BV}, as it can be readily seen by looking at the fundamental
solution of the Poisson equation
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Therefore presently the BV}, assumption in Theorem 2.3 cannot be removed.

AD =05, &=

We will prove Proposition 2.4 in Section 3, for a more general class of maps which
we call expanding.

Using Proposition 2.4 we can prove Theorem 2.3.

Proof of Theorem 2.5. By the standard theory of BV functions, see [AFP00], since
by assumption Vo € BV,.(€; ]Rd), we can decompose the derivative D(V¢) as

D(V¢) = D*(V¢) + D* (Vo) € 4 (2, RP*?)

where D*(V¢) is the absolutely continuous part of D(V¢) with respect to the
Lebesgue measure .2, and D*(V¢) is the singular part. Here . (£, R?*%) is the
space of locally finite matrix valued measures. In the following we analyze them
separately.



1. (Singular part). We have that

dD*(V¢)

Vo) = dps(vg)

1D* (V)]
where % is the polar matrix, defined for |D*(V¢)|-a.e. x. By the Al-
berti’s rank 1 theorem [AFP00, Theorem 3.94] for |[D*(V¢)| a.e. x € Q there exist
a(x),b(z) € R™\ {0} such that
4D* (V)
d|D*(Ve)|

Since the polar matrix % must be symmetric, we deduce the existence of

AMz) € R\ {0} and 7i(z) € R?\ {0} such that \(z)7i(z) ® 7i(z) = a(z) ® b(z) for
|D3(V¢)| a.e. z € Q, therefore

D3(V¢) = i@ 7 |D*(Vo)| (2.4)

=a(z) ® b(x)

and the Laplacian of ¢ is
Ap = Tr(D*(V)) + AID*(V9)|.
By Proposition 2.4 we deduce in particular that
Az) >0 for |D*(V¢)|-almost every = € 2
therefore the polar % is a positive definite matrix and by (2.4) D*(V¢) is

a positive definite matrix valued measure, since for every continuous vector field

€ € C.(Q;R?), there holds

(Vo) .
/5 d|Ds )|(x)'f($) d[D*(Vg)|(x) = 0.

2. (Absolutely continuous part). We will show that in fact the absolutely continu-
ous part is zero. We will use the following well-known Lusin-Lipschitz properties for
BV functions (see [AFP00, Theorem 5.34]). In our setting, since V¢ € BV (2, R"),
there exists a constant k (depending only on the dimension d) such that for every
A > 0 there exists a Lipschitz function f* with Lipschitz constant less then kA,
such that

K

21({x € Q| Vo(x) # 1 (2)}) < ZIDVOI().

Letting G := {z € Q| f(z) = V¢(z)}, we also have the property
G} CGY  if Ay < As.

We have that fA(z) — Vo(z) = 0 for a.e. 2 € G, therefore by the locality of the
gradient of BV functions we obtain

Df*G* = D(Vg) .G

so that in particular DS(V<Z>)|_GA = 0, and moreover for the absolutely continuous
part there holds

DfMx) = DY(V¢)(x) for £¢ almost every x € G*. (2.5)
Define now the Lipschitz function

TM x) = x4+ tfA(z).
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We have now that, using the standard area formula for the Lipschitz function f%,
for every measurable A C ) there holds

/ |det DT} (z)|dz = / |det DT (z)|dz
ANGA ANGA

N /Rd tHlz e GANA| TH(x) = y}dy (2.6)

- /Rd tH{x e GANA| T)(2) = y}dy.

Notice that for every disjoint measurable A, B C F, the measure preserving condi-
tion (2.2) implies that |T3(A) UTy(B)| = |T:(A)| + |T:(B)| and therefore T;(A) and
Ti(B) are essentially disjoint; in particular this yields

tHlreGANA|Ty(z) =y} =1  for ae. yeR

In fact, assume by contradiction that for a positive measure set B C RY there are at
least two elements x1(y) # x2(y) such that T;(z1(y)) = T¢(x2(y)) = y. Then, by the
measurable selection theorem, there are two measurable sets A1, Ao C €2 such that
Ti(A1) = B = T;(A2) up to negligible sets, which is a contradiction. Therefore we
conclude, by letting A — +o0, that

/ (det DT} (2)|da = / 1dy = |T(4)] = |A
A T (A)

which implies that
|det DTy (x)| =1 for a.e. x € Q.

Therefore we deduce that for almost every x € (2

1= |det(ldga +tD*(Vo)(@))] = [T 1(1 + ()| (2.7)

where \;(z), i = 1,...,d are the eigenvalues of D*(V¢)(z). Repeating the argument
for a dense and countable set of times t; > 0, and using the continuity in ¢ of the
expressions in (2.7), we deduce that for #? almost every a €

1=]JI0+tX(2))|  forallt>0. (2.8)

This clearly implies A\;(z) = 0 for all § = 1,...,d. Since this holds for .Z?-almost
every = € (2, we deduce that D%(V¢) = 0.

Finally, using the first step, we conclude
D(V¢) = D*(V¢) > 0.

is a positive definite matrix valued measure. It is well known that positive definite
distributional Hessian of ¢ is equivalent to ¢ being locally convex, therefore this
concludes the proof. O

3. SUBHARMONICITY AND EXPANDING MAPS

The aim of this Section is to provide a proof of Proposition 2.4. We will prove it
in the more general setting of expanding maps, that we now introduce.

Definition 3.1. We say that a measurable map T : Q — R? is ezpanding if
pi=T2 0 < 24 (3.1)
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Remark 3.2. Clearly, if T is measure preserving on F' C § (Definition 2.2) and F
is of full measure in €2, there holds

T,4% F =T, Q= " T(F) < £*
therefore measure preserving maps are also expanding according to Definition 3.1.
In the next proposition, we show that if a gradient V¢ is such that x + tV¢(x) is
expanding for a.e. t > 0, then ¢ is subharmonic:

Proposition 3.3. Let ¢ : Q — R be in WHL(Q) and assume that Ty(z) = v+tVo(x)
1s expanding for a.e. t > 0. Then it holds

Ap>0  in2'(Q). (3.2)
By Remark 3.2, this also proves Proposition 2.4.
Proof. We need to show that for every 0 < ¢ € C}(Q), there holds

/Qqu(x)Vv,b(x)d:L‘ <0. (3.3)

Let py = (Tt)ﬂi”dl_Q. Since T} is expanding, we have that for all ¢ : R? — Rt
such that ¥ = 0 in Q¢, there holds

/Rd P(x)dp; < /Rd P(z)dL? = /Rd W(a)dpo. (3.4)

We show that for every ¢ € CL(Q2) compactly supported in ©, the function g¥ :
R+t — RT defined by

9°t) = [ )iy
Rd
is Lipschitz and we compute its derivative. We have for all § > 0
1
s+ +0)Ve(2)) —Y(a +tVe(2))| < LIV(2)| (3.5)

where L is the Lipschitz constant of ¥. Then we have, using the definition of p;,

U+ 0) — g'(t)

—tim [ p(@)dprys - /R (@)

S§—0+ ) 0—0t JRd
~ lim /Q o+ (L + V(@) — vlx + 1V(x))d

_ / lim %w@: T (t+8)Ve(2)) — dl(a + tVe(x))dz
Q 06—0t
_ /Q Vi(z + tVe(z)) - Vo(z)da

where the penultimate equality follows from the dominated convergence theorem,
which we could apply because of (3.5) since V| € L1(€).
Now using (3.4) we compute

0> g¥(t) — g*(0)
~ [ 6" s)as
0

= [ [ Vote+596(w) - Vota)dads.
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In particular we have

0> tliréi % /Ot /Q Vi(x + sVo(x)) - Vo(z)dzds
1 t
= tli%1+ /Q Vo(x) - t/o Vi(x + sV(x))dsdx
= /Qqu(x)ng(:c)dm

where the last equality follows from the fact that
1 t
t/ Vi(x + sVo(x))ds — Vip(x) strongly in L'(Q) as t — 0"
0

because again by (3.5) we have

J

This concludes the proof.

1 t 1 t
t/o Vip(z + sVp(z)) — Vip(z)ds dmg/gt/o Ls|Vo(x)|dsdz

< Lt/Q|V¢(a:)|dx.

4. OPTIMAL TRANSPORT APPROACH

Here we provide a different proof of Proposition 2.4 based on optimal transport
techniques.
Let us define the measures, for all £ > 0,
pi= 240, v = (T)L Q.

In this section we need to assume that the first moment is finite, that is

/\x|2du, /|y[2d1/t < 00

which amounts to assume that T; € L%(Q, R?), or equivalently V¢ € L2(Q2, R%), and

that
/ |z|2dz < oo.
Q

From [Bre91] we know that there exists a unique convex function f; such that
(Vfi)sp = v¢. As above, this means that there exists a set of full measure (which
we can take to be equal to F, recall Definition 2.2) such that V f; exists in F' and

(Vft)ﬁgd = gdl_Ft
where Ft = Vft(F)

We recall the Polar factorization theorem by Brenier [Bre91].

Theorem 4.1. Let & : Q — R? be a measurable map in L2(Q; R?), such that éﬁgdLQ
1s absolutely continuous with respect to the Lebesgue measure. There exists a unique
decomposition

E=Vuod
were u : Q@ — R is a convex function and ® : Q — Q is measure preserving (i.e.
<I>ﬁ.$dLQ = Z%.Q). Moreover, Vu is the optimal map for the quadratic transport
cost pushing forward L. to &ZdQ.

We have the following proposition.
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Proposition 4.2. Let {X;}i~0 be a family of maps X; € L2(Q,RY). Let b ¢
L2(Q,R%) be a vector field such that

lim <Xt(”””)_x - b(x)>2 dz = 0. (4.1)
t—0t Jq t
Letting
Xt =V fiod
be the Polar Decomposition of Xy given by Theorem 4.1, it holds
Vhy := M — Pyb, P—id (id—Py)b mL? ast— 0"

where Py : L2(Q, RY) — L2(Q,RY) is the projection on the space of gradients.
Proof. 1. Let h; be defined, up to constants, by

Vi —id

—

As a first step, we compute the weak limit of h; as t — 07. For any function
Y € C%(Q), we compute

Vht =

| @Al nlia) ~ [ (40 +90() - Vin(a) )da

- ‘ / W(x + tVhy(2))dz — / (1/1(:1:) VY (z) - Vht(:r)>dx (4.2)
Q Q
2
< SIV2 eI Vhel
/¢ (X2 0l(w) — [ (0(e)+ V(o) - (Xuw) — ) ) da
Q
[ ot - [ (w(e)+ Vil@) - (i) - o)) (4.3
Q Q
oo 2
< CIVlelXe —id
Since V f; and X; have the same image measure
(Vft)ﬁgdl_gz Xtﬂfdl_g,
and using that, by optimality of V fi,
Vf —id 1
Wil = | T <~ s
t e 1
we obtain from (4.3), (4.2) that
/w(x). (vm(x) - W)dx = /v¢(x). (vm —pv<Xt _id>(x)>d:v
Q t Q t
waqu““ |
L2(2)

Finally, letting ¢ — 0 we conclude
Vhi; — Pyb  weakly in L?(Q,R%) as t — 0T (4.4)




2. The aim of this step is to show that Vh; converges strongly to Py'b by showing
that

lim sup | V|2 < [Pobllge. (4.5)
t—0t

In order to prove (4.15), we first consider the Helmhotz decomposition of b as
b=Vg+b;

where Vg, for some g € WH2(Q), is the L2-projection of b on the subspace of
gradients, and by is a divergence free vector field.

Let by, € L2(Q,RY) be a sequence of smooth divergence free vector fields such
that

Hb1 — bl,nHLQ(Q) <2 bl,n =0 on 99N (4.6)
and consider the corresponding flow map <i>? : Q — €, defined by

A ) )
@‘I)t (z) = b17n((1)t (z)), @,(0,z)==z.

Clearly, é? is measure preserving,
(@)L o= L% q
since by ,, are divergence free. Moreover, define maps X;* € L2(Q2,R%) by
Xu(t,x) = @} (x) +tVg(2] (2)).

By definition we have
~ ~ ~ ~ ;1;2

Note that there holds by triangular inequality

N

(/Q }‘i’?("f) + tVg (P (z)) — (a: + tby () +th(g;')) ‘2 d:c)

gt(/ﬂ

Since by, is smooth, one clearly has

lim ( /
t—0+ Q

We claim that also

1

2 2
dx) +t( / |v9<&>?<x>>—v9<x>|2dx)
Q

=

% —byp(2)

O (z) —

2

lim </ Vg (P} (x)) —Vg(:v)|2dx> = 0. (4.7)
Q

t—0t

This can be easily seen since &D? is measure preserving, via a standard argument as
follows. Let & > 0, then by density there is a Lipschitz function F : @ — R? such
that

|F = Vgl < <.



Therefore we estimate

Jim (/Q\Vg(é?(x)) - Vg(w)\zdw) < 2(/9\%(%) —F@)de)

+ lim ( Q|F(<i>?(az)) —F($)|2dx>

N[

t—0t

1
3
< 2e¢ + Lip (F) lim (/ |7 () —ac]de> =2
Q

Since this holds for every € > 0, (4.7) is proved. Therefore we have

M=

lim 1( /Q 87 (2) + 199(8 (2)) — (2 + b () —|—th(37))‘2 d:c) —0 (48

t—0t ¢

We thus compute

1 - 1 .
SIXe = X7le < 11X~ (d + £9b) e
1
+ 2 Gd + tVb) — (id + £(Vg + by)) e

1. . Sn
+ 2+ 6T+ 1) — X7
<o(l)+27"+o(1)

where o(1) is a quantity approaching zero with ¢ — 0, and we used respectively (4.1)
to estimate the first term, (4.6) to estimate the second term, and (4.8) to estimate
the third term. Then we can estimate the 2-Wasserstein distance between Xtﬂ.i” 4 q

and (X'[‘)ﬁ.fdl_g as
distw, (X120, (X1),L%q) = || X — X['|If. < 727 (4.10)

for all ¢ > 0 and sufficiently small. By the triangular inequality for the 2-Wasserstain
distance, we obtain that

distw, (X320, £ ) < distw, (XyyLq, (X]),20)
+ distw, (L%, (X[)1L% ) (4.11)
< 227+ 2| Vgl
where we have used that
distw, (L% 0, (X)3:L% ) < 2||Vgl3e (4.12)
To see that (4.12) holds, first notice that since (®}) is measure preserving, we deduce
(V)L o= (Voo (90)p2 o= (X]");:L g, (4.13)
In particular V f; is an admissible map between £ q and (X]");-Z% q, with cost
IV fe —id|g. = [ Vglza

and this proves (4.12). Since V f; is the optimal map between .Z%_q and (Xt)ﬁ.fdl_g,
we deduce that for all £ > 0 small

IV fi —id|[3 2 = distw, (XL q, L%0) < ?||Vg|ia + 227! (4.14)
We thus conclude that

limsup/|Vht|§ g/ |Vg|?da + 27"
t—0 Q
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This holds for all n, so that
tisup [ Vhllza(o) < |Vgl12(0) (4.15)
ﬁ

Using that Vh; — Vg weakly, we thus conclude from (4.15) that the convergence is
strong by the uniform convexity of L2.

3. Notice that we have

o, —id X; —id X; —id
H : < ||htHL2(Q>+' 'f szH : (4.16)
bl t il LI R100)
Then we deduce
X; —id o, — o, —id d; —id
VX 1:vftot b, P lzht(q)t)"‘ ¢ 17
t t t t
and we conclude that
o, —id X; —id
lim —— ¢ —1im 2% Jim by 0, = b — Pyb. 0
t—0 t t—0 t—0

where we used that since (4.16) holds, then h; o ®;, — Pyb strongly in L? (this can
done as in the proof of (4.7)).

Applying the result to our setting, we obtain:

Corollary 4.3. Let ¢ € W'2(Q) such that (MPC) holds. Let V fi, ®; be the maps
in the polar decomposition of Ty, i.e.

Tt = Vft o (I)t-
Then - 1 o id
lim ﬁ—w —0, lim| -t =0,
t—0 t L2 t—=0 t L2

We also obtain a different proof of the following Proposition.

Proposition 4.4. Let ¢ € W2(Q) such that (MPC) holds. Then
A¢p > 0.

Proof. Let V fi, ®; be as above. Being V f; measure preserving and monotone, hence
BV, it holds
det (id + tD*Vhy(z)) =1,
for Z%-a.e. z € Q, where we recall
_ Vfi—id
==

If A\i(t,x) are the eigenvalues of D*Vh;(x) one gets, using the arithmetic-geometric
inequality

Vhy

1= (TTa+enen) < ;;u Finh ) =1 +2;w, . (417)

1

By (4.17), there holds
Tr(D*Vh) >0
while for the singular part of the Laplacian, one has
HAR) = (Afy)* >0,

being f; convex. Hence Ah; > 0 in the sense of distributions,

/ Vi(x) - Vhg(z)de <0 for all ¢ € C}(Q), ¥ > 0.
Q
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Since by Corollary 4.3 we have the convergence Vh; — V¢ in L2, we deduce for
every 1) € C1() that

0> lim / Vi(a) - Vh(@)de = lim | Vi(x) - Vo(z)de
Q Q

t—0+ t—0+

and this proves the result. O
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