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Abstract. Consider a piecewise affine Lipschitz map ϕ : Ω → R, where Ω ⊂ Rd is
an open set, and assume that x 7→ x+t∇ϕ(x) is injective for almost every t > 0. In
(J.-G. Liu, R. L. Pego, Rigidly breaking potential flows and a countable Alexandrov
theorem for polytopes, Pure Appl. Anal., 7(4), 2025) the authors conjecture that
every such ϕ must be locally convex. We prove the result assuming additionally
∇ϕ ∈ BVloc(Ω), for a more general class of measure preserving maps.

1. Introduction

In [LP25] the authors consider the following problem: let Ω ⊂ Rd be an open set,
and consider masses {mi}i∈N and velocities {vi}i∈N such that∑

i

mi = L d(Ω)

where L d is the d-dimensional Lebesgue measure. It is a classical result in optimal
transport [Bre91] that there is a unique convex map ∇ϕ such that

L d
({
x ∈ Ω | ∇ϕ(x) = vi

})
= mi.

Since ϕ is convex, the map x 7→ x + t∇ϕ(x) is injective for all t > 0 on the set
F ⊂ Ω, where

F =
{
x ∈ Ω | ϕ is differentiable at x

}
.

Clearly F is of full measure in Ω, i.e. |Ω \ F | = 0.

Conversely, let a partition of Ω be given, up to a negligible set,

Ω =
⋃
i

Ai, Ai open sets

together with a Lipschitz map ϕ, affine on each Ai, such that x 7→ x + t∇ϕ(x) is
injective on F for a.e. t > 0. The following conjecture was put forward in [LP25]:

Conjecture 1.1. Every such map ϕ must necessarily be locally convex in Ω.

Our aim here is to prove the result for maps ϕ with ∇ϕ ∈ BVloc:

Theorem 1.2. In the above setting, if ∇ϕ ∈ BVloc(Ω), ϕ must be locally convex.

Proving the result for ∇ϕ /∈ BV is presently an almost completely open problem.
The only non-BV case is proved in [LP25] assuming only continuity of the gradient,
i.e. ∇ϕ ∈ C(Ω;Rd).

The paper is structured as follows. In Section 3 we show that every such ϕmust be
subharmonic, this holds without the BV assumption. In Section 2 we conclude the
proof by showing, using the theory of BV functions, that ϕ must be locally convex.
In Section 4 we give a different proof of the subharmonicity of ϕ, based on optimal
transport tools, which yields an additional property of ϕ in the case ∇ϕ /∈ BV .
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2. Measure preserving maps and main result

Our Theorem 1.2 will be a consequence of a more general result, valid for a class
of measure preserving maps.

In all of the following, Ω ⊂ Rd is an open set.

Definition 2.1. Let T be a measurable map T : Ω → Rd and F ⊂ Ω measurable
be given. We say that T is measure preserving on F if for all A ⊂ Ω measurable,
T (F ∩A) is measurable and

T♯L
d⌞(F ∩A) = L d⌞T (F ∩A). (2.1)

Definition 2.2. Let ϕ : Ω → R be a W1,1(Ω) function. We say that ϕ satisfies the
measure preserving condition (in short (MPC)) if there is a full measure set F ⊂ Ω
for which

Tt : Ω → Rd, Tt(x) := x+ t∇ϕ(x) (2.2)

is measure preserving on F for a.e. t ≥ 0.

We prove the following theorem.

Theorem 2.3. Let ϕ ∈ W1,1(Ω) be a map satisfying (MPC), and assume that
∇ϕ ∈ BVloc(Ω,Rd). Then ϕ is locally convex in Ω.

Clearly, Theorem 1.2 follows from (2.3). We would expect every function ϕ ∈
W1,1(Ω) belonging to the more general class of maps satisfying the measure pre-
serving condition of Definition 2.2 to be locally convex, but we have been unable to
prove it.

The proof of Theorem 2.3 consists of two steps. As a first point, we prove the
following proposition, which is valid without the BV assumption.

Proposition 2.4. Let ϕ ∈ W1,1(Ω) be a map satisfying (MPC). Then ϕ is sub-
harmonic in Ω, that is,

−
ˆ
Ω
∇ϕ(x) · ∇ψ(x) dx ≥ 0 for all ψ ∈ C1

c (Ω), ψ ≥ 0. (2.3)

Unfortunately, it is well known that the gradient of subharmonic functions does
not need to lie in BVloc, as it can be readily seen by looking at the fundamental
solution of the Poisson equation

∆Φ = δ0, Φ =
1

(d− 2)ωd

1

|x|d−2
.

Therefore presently the BVloc assumption in Theorem 2.3 cannot be removed.

We will prove Proposition 2.4 in Section 3, for a more general class of maps which
we call expanding.

Using Proposition 2.4 we can prove Theorem 2.3.

Proof of Theorem 2.3. By the standard theory of BV functions, see [AFP00], since
by assumption ∇ϕ ∈ BVloc(Ω;Rd), we can decompose the derivative D(∇ϕ) as

D(∇ϕ) = Da(∇ϕ) +Ds(∇ϕ) ∈ M (Ω,Rd×d)
where Da(∇ϕ) is the absolutely continuous part of D(∇ϕ) with respect to the
Lebesgue measure L d, and Ds(∇ϕ) is the singular part. Here M (Ω,Rd×d) is the
space of locally finite matrix valued measures. In the following we analyze them
separately.
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1. (Singular part). We have that

Ds(∇ϕ) = dDs(∇ϕ)
d|Ds(∇ϕ)|

|Ds(∇ϕ)|

where dDs(∇ϕ)
d|Ds(∇ϕ)| is the polar matrix, defined for |Ds(∇ϕ)|-a.e. x. By the Al-

berti’s rank 1 theorem [AFP00, Theorem 3.94] for |Ds(∇ϕ)| a.e. x ∈ Ω there exist
a(x), b(x) ∈ Rn \ {0} such that

dDs(∇ϕ)
d|Ds(∇ϕ)|

= a(x)⊗ b(x)

Since the polar matrix dDs(∇ϕ)
d|Ds(∇ϕ)| must be symmetric, we deduce the existence of

λ(x) ∈ R \ {0} and n⃗(x) ∈ Rd \ {0} such that λ(x)n⃗(x) ⊗ n⃗(x) = a(x) ⊗ b(x) for
|Ds(∇ϕ)| a.e. x ∈ Ω, therefore

Ds(∇ϕ) = λn⃗⊗ n⃗ |Ds(∇ϕ)| (2.4)

and the Laplacian of ϕ is

∆ϕ = Tr(Da(∇ϕ)) + λ|Ds(∇ϕ)|.

By Proposition 2.4 we deduce in particular that

λ(x) ≥ 0 for |Ds(∇ϕ)|-almost every x ∈ Ω

therefore the polar dDs(∇ϕ)
d|Ds(∇ϕ)| is a positive definite matrix and by (2.4) Ds(∇ϕ) is

a positive definite matrix valued measure, since for every continuous vector field
ξ ∈ Cc(Ω;Rd), there holdsˆ

Ω
ξ⊥(x) · dDs(∇ϕ)

d|Ds(∇ϕ)|
(x) · ξ(x) d |Ds(∇ϕ)|(x) ≥ 0.

2. (Absolutely continuous part). We will show that in fact the absolutely continu-
ous part is zero. We will use the following well-known Lusin-Lipschitz properties for
BV functions (see [AFP00, Theorem 5.34]). In our setting, since ∇ϕ ∈ BV (Ω,Rn),
there exists a constant κ (depending only on the dimension d) such that for every
Λ > 0 there exists a Lipschitz function fΛ with Lipschitz constant less then κΛ,
such that

L d
({
x ∈ Ω | ∇ϕ(x) ̸= fΛ(x)

})
≤ κ

λ
|D∇ϕ|(Ω).

Letting GΛ := {x ∈ Ω | f(x) = ∇ϕ(x)}, we also have the property

GΛ
1 ⊂ GΛ

2 if Λ1 ≤ Λ2.

We have that fΛ(x) − ∇ϕ(x) = 0 for a.e. x ∈ GΛ, therefore by the locality of the
gradient of BV functions we obtain

DfΛ⌞GΛ = D(∇ϕ)⌞GΛ

so that in particular Ds(∇ϕ)⌞GΛ = 0, and moreover for the absolutely continuous
part there holds

DfΛ(x) = Da(∇ϕ)(x) for L d almost every x ∈ GΛ. (2.5)

Define now the Lipschitz function

TΛ
t (x) := x+ tfΛ(x).
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We have now that, using the standard area formula for the Lipschitz function fΛ,
for every measurable A ⊂ Ω there holdsˆ

A∩GΛ

|detDaTt(x)|dx =

ˆ
A∩GΛ

|detDTΛ
t (x)|dx

=

ˆ
Rd

♯{x ∈ GΛ ∩A | TΛ
t (x) = y}dy

=

ˆ
Rd

♯{x ∈ GΛ ∩A | Tt(x) = y}dy.

(2.6)

Notice that for every disjoint measurable A,B ⊂ F , the measure preserving condi-
tion (2.2) implies that |Tt(A) ∪ Tt(B)| = |Tt(A)| + |Tt(B)| and therefore Tt(A) and
Tt(B) are essentially disjoint; in particular this yields

♯{x ∈ GΛ ∩A | Tt(x) = y} = 1 for a.e. y ∈ Rd.

In fact, assume by contradiction that for a positive measure set B ⊂ Rd there are at
least two elements x1(y) ̸= x2(y) such that Tt(x1(y)) = Tt(x2(y)) = y. Then, by the
measurable selection theorem, there are two measurable sets A1, A2 ⊂ Ω such that
Tt(A1) = B = Tt(A2) up to negligible sets, which is a contradiction. Therefore we
conclude, by letting Λ → +∞, thatˆ

A
|detDaTt(x)|dx =

ˆ
Tt(A)

1dy = |Tt(A)| = |A|

which implies that

|detDaTt(x)| = 1 for a.e. x ∈ Ω.

Therefore we deduce that for almost every x ∈ Ω

1 = |det(IdRd + tDa(∇ϕ)(x))| =
∏
i

|(1 + tλi(x))| (2.7)

where λi(x), i = 1, . . . , d are the eigenvalues of Da(∇ϕ)(x). Repeating the argument
for a dense and countable set of times tj ≥ 0, and using the continuity in t of the

expressions in (2.7), we deduce that for L d almost every x ∈ Ω

1 =
∏
i

|(1 + tλi(x))| for all t ≥ 0. (2.8)

This clearly implies λi(x) = 0 for all i = 1, . . . , d. Since this holds for L d-almost
every x ∈ Ω, we deduce that Da(∇ϕ) = 0.

Finally, using the first step, we conclude

D(∇ϕ) = Ds(∇ϕ) ≥ 0.

is a positive definite matrix valued measure. It is well known that positive definite
distributional Hessian of ϕ is equivalent to ϕ being locally convex, therefore this
concludes the proof. □

3. Subharmonicity and expanding maps

The aim of this Section is to provide a proof of Proposition 2.4. We will prove it
in the more general setting of expanding maps, that we now introduce.

Definition 3.1. We say that a measurable map T : Ω → Rd is expanding if

ρ := T♯L
d⌞Ω ≤ L d (3.1)
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Remark 3.2. Clearly, if T is measure preserving on F ⊂ Ω (Definition 2.2) and F
is of full measure in Ω, there holds

T♯L
d⌞F = T♯L

d⌞Ω = L d⌞T (F ) ≤ L d

therefore measure preserving maps are also expanding according to Definition 3.1.

In the next proposition, we show that if a gradient ∇ϕ is such that x+ t∇ϕ(x) is
expanding for a.e. t ≥ 0, then ϕ is subharmonic:

Proposition 3.3. Let ϕ : Ω → R be in W1,1(Ω) and assume that Tt(x) = x+t∇ϕ(x)
is expanding for a.e. t ≥ 0. Then it holds

∆ϕ ≥ 0 in D ′(Ω). (3.2)

By Remark 3.2, this also proves Proposition 2.4.

Proof. We need to show that for every 0 ≤ ψ ∈ C1
c (Ω), there holdsˆ

Ω
∇ϕ(x)∇ψ(x)dx ≤ 0. (3.3)

Let ρt = (Tt)♯L
d⌞Ω. Since Tt is expanding, we have that for all ψ : Rd → R+

such that ψ = 0 in Ωc, there holdsˆ
Rd

ψ(x)dρt ≤
ˆ
Rd

ψ(x)dL d =

ˆ
Rd

ψ(x)dρ0. (3.4)

We show that for every ψ ∈ C1
c (Ω) compactly supported in Ω, the function gψ :

R+ → R+ defined by

gψ(t) :=

ˆ
Rd

ψ(x)dρt

is Lipschitz and we compute its derivative. We have for all δ > 0

1

δ
|ψ(x+ (t+ δ)∇ϕ(x))− ψ(x+ t∇ϕ(x))| ≤ L|∇ϕ(x)| (3.5)

where L is the Lipschitz constant of ψ. Then we have, using the definition of ρt,

lim
δ→0+

gψ(t+ δ)− gψ(t)

δ
= lim

δ→0+

ˆ
Rd

ψ(x)dρt+δ −
ˆ
Rd

ψ(x)dρt

= lim
δ→0+

1

δ

ˆ
Ω
ψ(x+ (t+ δ)∇ϕ(x))− ψ(x+ t∇ϕ(x))dx

=

ˆ
Ω

lim
δ→0+

1

δ
ψ(x+ (t+ δ)∇ϕ(x))− ψ(x+ t∇ϕ(x))dx

=

ˆ
Ω
∇ψ(x+ t∇ϕ(x)) · ∇ϕ(x)dx

where the penultimate equality follows from the dominated convergence theorem,
which we could apply because of (3.5) since |∇ϕ| ∈ L1(Ω).

Now using (3.4) we compute

0 ≥ gψ(t)− gψ(0)

=

ˆ t

0
(gψ)′(s)ds

=

ˆ t

0

ˆ
Ω
∇ψ(x+ s∇ϕ(x)) · ∇ϕ(x)dxds.
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In particular we have

0 ≥ lim
t→0+

1

t

ˆ t

0

ˆ
Ω
∇ψ(x+ s∇ϕ(x)) · ∇ϕ(x)dxds

= lim
t→0+

ˆ
Ω
∇ϕ(x) · 1

t

ˆ t

0
∇ψ(x+ s∇ϕ(x))dsdx

=

ˆ
Ω
∇ϕ(x)∇ψ(x)dx

where the last equality follows from the fact that

1

t

ˆ t

0
∇ψ(x+ s∇ϕ(x))ds −→ ∇ψ(x) strongly in L1(Ω) as t→ 0+

because again by (3.5) we haveˆ
Ω

∣∣∣∣1t
ˆ t

0
∇ψ(x+ s∇ϕ(x))−∇ψ(x)ds

∣∣∣∣ dx ≤
ˆ
Ω

1

t

ˆ t

0
Ls|∇ϕ(x)|dsdx

≤ Lt

ˆ
Ω
|∇ϕ(x)|dx.

This concludes the proof.
□

4. Optimal transport approach

Here we provide a different proof of Proposition 2.4 based on optimal transport
techniques.

Let us define the measures, for all t > 0,

µ := L d⌞Ω, νt := (Tt)♯L
d⌞Ω.

In this section we need to assume that the first moment is finite, that isˆ
|x|2dµ,

ˆ
|y|2dνt <∞

which amounts to assume that Tt ∈ L2(Ω,Rd), or equivalently ∇ϕ ∈ L2(Ω,Rd), and
that ˆ

Ω
|x|2dx <∞.

From [Bre91] we know that there exists a unique convex function ft such that
(∇ft)♯µ = νt. As above, this means that there exists a set of full measure (which
we can take to be equal to F , recall Definition 2.2) such that ∇ft exists in F and

(∇ft)♯L d = L d⌞Ft

where Ft = ∇ft(F ).

We recall the Polar factorization theorem by Brenier [Bre91].

Theorem 4.1. Let ξ : Ω → Rd be a measurable map in L2(Ω;Rd), such that ξ♯L
d⌞Ω

is absolutely continuous with respect to the Lebesgue measure. There exists a unique
decomposition

ξ = ∇u ◦ Φ
were u : Ω → R is a convex function and Φ : Ω → Ω is measure preserving (i.e.
Φ♯L

d⌞Ω = L d⌞Ω). Moreover, ∇u is the optimal map for the quadratic transport

cost pushing forward L d⌞Ω to ξ♯L
dΩ.

We have the following proposition.
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Proposition 4.2. Let {Xt}t>0 be a family of maps Xt ∈ L2(Ω,Rd). Let b ∈
L2(Ω,Rd) be a vector field such that

lim
t→0+

ˆ
Ω

(
Xt(x)− x

t
− b(x)

)2

dx = 0. (4.1)

Letting

Xt = ∇ft ◦ Φt
be the Polar Decomposition of Xt given by Theorem 4.1, it holds

∇ht :=
∇ft − id

t
→ P∇b,

Φt − id

t
→ (id− P∇)b in L2 as t→ 0+

where P∇ : L2(Ω,Rd) → L2(Ω,Rd) is the projection on the space of gradients.

Proof. 1. Let ht be defined, up to constants, by

∇ht :=
∇ft − id

t
.

As a first step, we compute the weak limit of ht as t → 0+. For any function
ψ ∈ C2(Ω), we compute∣∣∣∣∣

ˆ
Ω
ψ(x)d[(∇ft)♯L d⌞Ω](x)−

ˆ
Ω

(
ψ(x) + t∇ψ(x) · ∇ht(x)

)
dx

∣∣∣∣∣
=

∣∣∣∣ˆ
Ω
ψ(x+ t∇ht(x))dx−

ˆ
Ω

(
ψ(x) + t∇ψ(x) · ∇ht(x)

)
dx

∣∣∣∣
≤ t2

2
∥∇2ψ∥∞∥∇ht∥2L2

(4.2)

and ∣∣∣∣∣
ˆ
Ω
ψ(x)d[(Xt)♯L

d⌞Ω](x)−
ˆ
Ω

(
ψ(x) +∇ψ(x) · (Xt(x)− x)

)
dx

∣∣∣∣∣∣∣∣∣∣
ˆ
Ω
ψ(Xt(x))dx−

ˆ
Ω

(
ψ(x) +∇ψ(x) · (Xt(x)− x)

)
dx

∣∣∣∣∣
≤ t2

2
∥∇2ψ∥∞∥Xt − id∥2L2 .

(4.3)

Since ∇ft and Xt have the same image measure

(∇ft)♯L d⌞Ω= Xt♯L
d⌞Ω,

and using that, by optimality of ∇ft,

∥∇ht∥L2(Ω) =

∥∥∥∥∇ft − id

t

∥∥∥∥
L2(Ω)

≤ 1

t
∥Xt − id∥L2(Ω)

we obtain from (4.3), (4.2) that∣∣∣∣∣
ˆ
Ω
∇ψ(x) ·

(
∇ht(x)−

Xt(x)− x

t

)
dx

∣∣∣∣∣ =
∣∣∣∣∣
ˆ
Ω
∇ψ(x) ·

(
∇ht − P∇

(
Xt − id

t

)
(x)

)
dx

∣∣∣∣∣
≤ t ∥∇2ψ∥∞

∥∥∥∥Xt − id

t

∥∥∥∥
L2(Ω)

.

Finally, letting t→ 0 we conclude

∇ht −→ P∇b weakly in L2(Ω,Rd) as t→ 0+ (4.4)
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2. The aim of this step is to show that ∇ht converges strongly to P∇b by showing
that

lim sup
t→0+

∥∇ht∥L2 ≤ ∥P∇b∥L2 . (4.5)

In order to prove (4.15), we first consider the Helmhotz decomposition of b as

b = ∇g + b1

where ∇g, for some g ∈ W1,2(Ω), is the L2-projection of b on the subspace of
gradients, and b1 is a divergence free vector field.

Let b1,n ∈ L2(Ω,Rd) be a sequence of smooth divergence free vector fields such
that

∥b1 − b1,n∥L2(Ω) ≤ 2−n, b1,n = 0 on ∂Ω (4.6)

and consider the corresponding flow map Φ̃nt : Ω → Ω, defined by

d

dt
Φ̃nt (x) = b1,n(Φ̃

n
t (x)), Φ̃n(0, x) = x.

Clearly, Φ̃nt is measure preserving,

(Φ̃nt )♯L
2⌞Ω= L 2⌞Ω

since b1,n are divergence free. Moreover, define maps X̃n
t ∈ L2(Ω,Rd) by

X̃n(t, x) = Φ̃nt (x) + t∇g(Φ̃nt (x)).

By definition we have

X̃n
t = ∇f̃t ◦ Φ̃nt , f̃(t, x) :=

x2

2
+ tg(x).

Note that there holds by triangular inequality(ˆ
Ω

∣∣∣Φ̃nt (x) + t∇g(Φ̃nt (x))−
(
x+ tb1,n(x) + t∇g(x)

)∣∣∣2 dx

) 1
2

≤ t

(ˆ
Ω

∣∣∣∣∣ Φ̃nt (x)− x

t
− b1,n(x)

∣∣∣∣∣
2

dx

) 1
2

+ t

(ˆ
Ω
|∇g(Φ̃nt (x))−∇g(x)|2dx

) 1
2

Since b1,n is smooth, one clearly has

lim
t→0+

(ˆ
Ω

∣∣∣∣∣ Φ̃nt (x)− x

t
− b1,n(x)

∣∣∣∣∣
2

dx

) 1
2

= 0.

We claim that also

lim
t→0+

(ˆ
Ω
|∇g(Φ̃nt (x))−∇g(x)|2dx

) 1
2

= 0. (4.7)

This can be easily seen since Φ̃nt is measure preserving, via a standard argument as
follows. Let ε > 0, then by density there is a Lipschitz function F : Ω → Rd such
that

∥F −∇g∥L2 ≤ ε.
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Therefore we estimate

lim
t→0+

(ˆ
Ω
|∇g(Φ̃nt (x))−∇g(x)|2dx

) 1
2

≤ 2

(ˆ
Ω
|∇g(x)− F (x)|2dx

) 1
2

+ lim
t→0+

(ˆ
Ω
|F (Φ̃nt (x))− F (x)|2dx

) 1
2

≤ 2ε+ Lip (F ) lim
t→0+

(ˆ
Ω
|Φ̃nt (x)− x|2dx

) 1
2

= 2ε

Since this holds for every ε > 0, (4.7) is proved. Therefore we have

lim
t→0+

1

t

(ˆ
Ω

∣∣∣Φ̃nt (x) + t∇g(Φ̃nt (x))−
(
x+ tb1,n(x) + t∇g(x)

)∣∣∣2 dx

) 1
2

= 0 (4.8)

We thus compute

1

t
∥Xt − X̃n

t ∥L2 ≤ 1

t
∥Xt − (id + t∇b)∥L2

+
1

t
∥(id + t∇b)− (id + t(∇g + b1,n))∥L2

+
1

t
∥(id + t(∇g + b1,n))− X̃n

t ∥L2

≤ o(1) + 2−n + o(1)

(4.9)

where o(1) is a quantity approaching zero with t→ 0, and we used respectively (4.1)
to estimate the first term, (4.6) to estimate the second term, and (4.8) to estimate
the third term. Then we can estimate the 2-Wasserstein distance between Xt♯L

d⌞Ω
and (X̃n

t )♯L
d⌞Ω as

distW2

(
Xt♯L

d⌞Ω, (X̃
n
t )♯L

d⌞Ω
)
= ∥Xt − X̃n

t ∥2L2 ≤ t22−n+1 (4.10)

for all t > 0 and sufficiently small. By the triangular inequality for the 2-Wasserstain
distance, we obtain that

distW2

(
Xt♯L

d⌞Ω, L d⌞Ω
)
≤ distW2

(
Xt♯L

d⌞Ω, (X̃
n
t )♯L

d⌞Ω
)

+ distW2

(
L d⌞Ω, (X̃

n
t )♯L

d⌞Ω
)

≤ t22−n+1 + t2∥∇g∥2L2

(4.11)

where we have used that

distW2

(
L d⌞Ω, (X̃

n
t )♯L

d⌞Ω
)
≤ t2∥∇g∥2L2 (4.12)

To see that (4.12) holds, first notice that since (Φ̃nt ) is measure preserving, we deduce

(∇f̃t)♯L d⌞Ω= (∇f̃t)♯ ◦ (Φ̃nt )♯L d⌞Ω= (X̃n
t )♯L

d⌞Ω. (4.13)

In particular ∇f̃t is an admissible map between L d⌞Ω and (X̃n
t )♯L

d⌞Ω, with cost

∥∇f̃t − id∥2L2 = t2∥∇g∥2L2

and this proves (4.12). Since ∇ft is the optimal map between L d⌞Ω and (Xt)♯L
d⌞Ω,

we deduce that for all t > 0 small

∥∇ft − id∥2L2 = distW2

(
Xt♯L

d⌞Ω, L d⌞Ω
)
≤ t2∥∇g∥2L2 + t22−n+1 (4.14)

We thus conclude that

lim sup
t→0

ˆ
|∇ht|22 ≤

ˆ
Ω
|∇g|2dx+ 2−n.
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This holds for all n, so that

lim sup
t→0

∥∇ht∥L2(Ω) ≤ ∥∇g∥L2(Ω). (4.15)

Using that ∇ht ⇀ ∇g weakly, we thus conclude from (4.15) that the convergence is
strong by the uniform convexity of L2.

3. Notice that we have∥∥∥∥Φt − id

t

∥∥∥∥
L2(Ω)

≤ ∥ht∥L2(Ω) +

∥∥∥∥Xt − id

t

∥∥∥∥
L2(Ω)

≤ 2

∥∥∥∥Xt − id

t

∥∥∥∥
L2(Ω)

. (4.16)

Then we deduce
∇Xt − id

t
=

∇ft ◦ Φt − Φt
t

+
Φt − id

t
= ht(Φt) +

Φt − id

t
,

and we conclude that

lim
t→0

Φt − id

t
= lim

t→0

Xt − id

t
− lim
t→0

ht ◦ Φt = b− P∇b. □

where we used that since (4.16) holds, then ht ◦ Φt → P∇b strongly in L2 (this can
done as in the proof of (4.7)).

Applying the result to our setting, we obtain:

Corollary 4.3. Let ϕ ∈ W1,2(Ω) such that (MPC) holds. Let ∇ft,Φt be the maps
in the polar decomposition of Tt, i.e.

Tt = ∇ft ◦ Φt.
Then

lim
t→0

∥∥∥∥∇ft − id

t
−∇ϕ

∥∥∥∥
L2

= 0, lim
t→0

∥∥∥∥Φt − id

t

∥∥∥∥
L2

= 0,

We also obtain a different proof of the following Proposition.

Proposition 4.4. Let ϕ ∈ W1,2(Ω) such that (MPC) holds. Then

∆ϕ ≥ 0.

Proof. Let ∇ft,Φt be as above. Being ∇ft measure preserving and monotone, hence
BV, it holds

det
(
id + tDa∇ht(x)

)
= 1,

for L d-a.e. x ∈ Ω, where we recall

∇ht =
∇ft − id

t
.

If λi(t, x) are the eigenvalues of Da∇ht(x) one gets, using the arithmetic-geometric
inequality

1 =

(∏
i

(1 + tλi(t, x))

) 1
d

≤ 1

d

∑
i

(1 + tλi(t, x)) = 1 +
t

d

∑
i

λi(t, x). (4.17)

By (4.17), there holds
Tr(Da∇ht) ≥ 0

while for the singular part of the Laplacian, one has

t(∆ht)
s = (∆ft)

s ≥ 0,

being ft convex. Hence ∆ht ≥ 0 in the sense of distributions,ˆ
Ω
∇ψ(x) · ∇ht(x)dx ≤ 0 for all ψ ∈ C1

c (Ω), ψ ≥ 0.
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Since by Corollary 4.3 we have the convergence ∇ht → ∇ϕ in L2, we deduce for
every ψ ∈ C1

c (Ω) that

0 ≥ lim
t→0+

ˆ
Ω
∇ψ(x) · ∇ht(x)dx = lim

t→0+

ˆ
Ω
∇ψ(x) · ∇ϕ(x)dx

and this proves the result. □
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