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ABSTRACT. We show stabilisation of solutions to one-dimensional advective Cahn—Hilliard equa-
tion modeling the Langmuir-Blodgett thin films. This problem has the structure of a gradient
flow perturbed by a linear term Su, . Through application of an abstract result by Carvalho—
Langa—Robinson, we show that for small 8 the equation has the structure of gradient flow in
a weak sense. Combining this with the finite number of steady states implies stabilization of
solutions.
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1. INTRODUCTION

Langmuir-Blodgett films [2, [I4] are obtained by deposition of a thin film of amphiphilic
molecules on a solid substrate, through a mechanism known as the Langmuir-Blodgett trans-
fer. In the typical setting, the solid substrate is immersed in a trough, where the amphiphiles
float freely in the disordered state at the surface of a liquid. The substrate is lifted vertically with
velocity v and the amphiphiles, whose concentration on the surface of the liquid is kept constant,
depose on it. This process has very many industrial applications [20, 22], and also lends itself
to theoretical investigation, in particular for some aspects related to pattern formation. Indeed,
according to the extraction velocity v, the amphiphiles on the substrate can remain in the disor-
dered (liquid-expanded) phase, align in the ordered (liquid-condensed) phase, or even form striped
or checkerboard-like patterns in which the two phases alternate regularly [0, 211, 25].

To model that the liquid expanded and the liquid-condensed phases are preferred ones, one
usually resorts to a potential which attains its minimum value precisely at those configurations.
From the mathematical viewpoint, the paradigmatic tool to describe this and similar phenomena is
the celebrated Cahn—Hilliard equation, originally proposed to study phase separation phenomena
[M], see [19] and the references therein, and also [I7] for a recent review of this subject. A few years
ago, a variation of the classical Cahn—Hilliard equation was proposed in [11], 24] to account for
the extraction velocity v; moreover, the typical double-well potential Wy(s) = 1(s? —1)2 was also
modified to allow modeling a meniscus, the phenomenon generated by the asymmetry between
adhesion and cohesion forces between a liquid and a solid.

By including these elements in the Cahn—Hilliard equation, the following model for the Langmuir—
Blodgett films in a square domain of side length L > 0 was presented in [24]

a =div (V(=Ac—c+ + v((x)) — ve) for (x,t) = (z,y,t) € (0,L)? x (0,+00),
(1.1) c(0,y,t) = ¢o for (y,t) € [0, L] x (0, +00),

co(L,y,t) = cpz(0,y,t) = cuu(L,y,t) =0 for (y,t) € [0, L] x (0, +00),

c(x,0,t) = c(z, L, t) for (z,t) € [0, L] x (0, 400),

where c: (0, L)? x (0,4+00) — R describes the time-dependent concentration of the amphiphiles
(¢ = —1 corresponding to the disordered phase and ¢ = 1 to the ordered one), ¢: (0, L)? — (—1,0)
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describes the profile of the meniscus, and v is the extraction velocity. In [24], the explicit choice

((x) = ;[1+tanh <xxmn>}

lmns

was made, modeling a meniscus at * = Xy of thickness lns; despite this specific example,
it will always required to be analytic. The vertical axis is denoted by x, the horizontal one
by y, and with this convention, the extraction velocity v = (5,0) (8 > 0) points upward; the
first boundary condition models the constant concentration at the liquid free surface; the second
boundary conditions are designed to model the fact that the boundary at * = L has no impact
on the outflow of the concentration; finally, the last boundary condition encodes periodicity in the
horizontal direction.
By denoting the potential by

(1.2) W(x,s) = Wp(s) + v((x)s, where Wo(s) = i(s2 —1)2,
the first equation in can be written as

c = div (V(=Ac+ 9, W (x,¢)) — ve) = div (Vi — ve),
where we have defined the chemical potential = —Ac+ 0;W(x,¢).

The one-dimensional version of (1.1)) was studied in [3], where the change of variables u(x,t) =
c(x, t) — co was performed, yielding, see [3, equation (2.2)],

Uy = ( — Uy + (u+ o) — (u+ o) + C(x))u — Pu,, for (z,t) € (0,L) x (0,7,
(1.3) u(0,t) = uzp(L,t) = p(0,t) = pyp(L,t) =0 for ¢t € (0,17,
u(z,0) = ug(z) for x € (0, L);

the coefficient v is taken to be equal to 1, and the chemical potential u reads, in this case,
(1.4) = () = =t + (u+ co)? — (u+ co) + .

In [3, Theorem 2.4], the existence, uniqueness of weak solutions to (|1.3), and their regularity
was studied. Moreover, the authors established the existence of a global attractor when 3 < L~3
(see [3, Theorem 6.5]). However, a number of interesting questions linger:

(i) Do solutions to stabilize? In other words, do solutions approximate, for large times,
a steady state solution?

(i) Is it possible to extend the results of [3] to the original two-dimensional model of [24]? Is
it possible to prove their stabilization? This latter question, which is possibly the most
relevant for the physical application to the LB transfer, requires a thorough analysis of
the set of steady states of 7 which is not available at present or a new idea.

Question (i) above is particularly interesting when one can leverage the results obtained for 5 =0
(situation in which problem (|1.3) is a Cahn—Hilliard equation with potential W given by ) to
the case 8 > 0, for which atures the non-trivial advective term —pPuy, .

In the present paper, we will concentrate on giving an affirmative answer to the first question.
Our main result is the following.

Theorem 1.1. There exist a positive number Ay and an at most countable set E C [Ag,o0)
such that, if L € (0,00) \ E, then there is * = *(L) > 0 with the following properties. If
up € {u € HY(0,L): u(0) = 0} and u is the corresponding solution to with B € [0, 8], then
there exists u> € C*°(0, L) such that for all m € N we have

(15) Jlimu(t) = 0,2y = 0.

We stress that the notion of solution has to be clarified and we do this later (see Definition
and formula ) The set E, which is defined in below, of exceptional sample lengths
lacks explicit characterization. The origin of its presence comes from the definition of branch points
(see Definition , which are those for which the Implicit Function Theorem cannot be applied.
Fortunately, Theorem [2.10] ensures that E is discrete and therefore negligible.



STABILIZATION OF SOLUTIONS TO A MODEL OF LANGMUIR-BLODGETT FILMS 3

In order to prove Theorem we will show that, for sufficiently small 5 > 0, equation (1.3,
which is a perturbation of a gradient flow of the energy functional

T(u) = /OL (;(um W, ut co)) dz,

is still a gradient flow, albeit, in a weaker sense, see [5] or [23]. This weaker notion is based on
the structure of the global attractor and the lack of homoclinic structures. Once we show this, it
suffices to check that there is only a finite number of steady state solutions to . The strategy
of the proof is borrowed by that in [23], where it was applied to study the stabilization of a
sixth-order Cahn-Hilliard-type equation featuring a convective term.

We start our work with the analysis of steady states of when § = 0. We first estimate the
number of the steady states for any L > 0 by means of the shooting method, see Theorem [2.5
We separately show that there exists Ly > 0 such that for all L € (0, L) there is a unique steady

state of , see Proposition

Then we prove that if v}, ..., v} ") is the family of all steady states of with 8 = 0, then
each v} belongs to a family v}; for small § > 0. A natural tool for proving this is the Implicit
Function Theorem, see [I8], which requires triviality of the kernel of the linearization of the right-
hand side of with # = 0. This is the main technical challenge in the study of the problem
with 8 = 0, which we resolve in Propositions [2.8) and 2.9 and in Theorem [2.10} Remarkably, in
the course of its proof, we invoke the Weierstrass Preparation Theorem, see [15].

The second step is to invoke [5, Theorem 5.26] to conclude that is still a gradient flow for
small 3. Since this theorem is written in the language of the strongly continuous semigroups, we
rewrite the existence result of [3] in this language, which, in particular, proves to be very useful
when we have to establish the asymptotic collective compactness of families of semigroups {Sz}s>0
generated by . On this occasion, we prove some estimates on a modified energy functional
(see (4.22))) by using some ideas from [7] that were also employed in a similar context in [I2]. This
yields estimates that are uniform in time and in S on the weak solutions to .

The last step to prove stabilization is the application of [5, Theorem 5.26], which we state
in Theorem below for the reader’s convenience. This theorem provides a check-list of four
conditions to be satisfied to obtain the stability of gradient semigroups. We devote Section [5] to
showing that our problem satisfies these conditions.

We notice that the proof strategy that we use is intrinsically one-dimensional and cannot be
easily established for the original two-dimensional problem . In particular, the question of
counting the number of steady states of the two-dimensional elliptic problem is much more
difficult, see, e.g., [I]. Because of these reasons, the analysis of is left for future work.

The plan of the paper is the following. In Section [2] we study the steady states in the non
advective case, namely problem (1.3)) for 3 =0 (see below). The main result for this case is
Theorem where we prove tha has a finite number of solutions. The brief Section |3| deals
with the small-8 continuation: by continuity (in fact analyticity) the results of Section [2| can be
extended to with 8 € (0, 8y), where the existence of Sy > 0 is proved in Theorem In
Section [ we translate the results in the language of analytic semigroup theory, to prepare the
ground for the application of [B, Theorem 5.26]. Finally, in Section [5| we prove stabilization of
solutions.

2. THE CASE =0

We begin by studying problem ([1.3)) in the regime g = 0, namely

Uy = (= Uaa + (u+co)® — (u+co) + C)m for (x,t) € (0,L) x (0,T),
(2.1) u(0,t) = uz(L,t) =0 for t € (0,T),
1(0,t) = pg(L,t) =0 for t € (0,7,
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where p is defined by (1.4). We have to address different aspects of solutions to the associated
steady-state problem, that is

0=(—tUps+ (u+co)® = (u+co) +¢)
(2.2) u(0) = uy (L) = 0,

(0) = pa(L) = 0.
We start with a preliminary lemma.

Lemma 2.1. A function u is a solution to (2.2) if and only if it is a solution to
(2.3) {O:—Uxa:+(u+co)3—(u+co)+CEM for € (0,L),

for x € (0, L),

rr

u(0) = uz (L) = 0.
Namely, u is steady state if and only if the chemical potential vanishes, = 0.

Proof. If u solves (2.3)), then it is immediate to see that it solves (2.2)). Viceversa, integration of
the equation in (2.2]) twice over (0, z) yields that the chemical potential is an affine function, that
is p(x) = ax + b, for a,b € R. Now, the boundary conditions (2.2))3 imply that a = b = 0. O

We have to address various aspects of solutions to . In particular, we need estimates on
the derivative u, . We have to bound the number of steady states and we have to expose their
dependence on the length L of the domain. We prove estimates on u,(0) which are uniform in L
and will be important for further analysis.

Lemma 2.2. Ifu € C%([0, L)) is a solution of (2.3)), then
V22 = —|c(2) -1 < \@uz(O) < \/5 —deo+ (3 —1)2 = V22, .
Proof. Multiplying (2.3) by u, and integrating from 0 to x € [0, L] yields the first integral

22 (z) = 2u(0) + (u(z) + co)* — 2(u(z) + 0)? — b + 22 + 4/01C ug(s)C(s) ds

(2.4) =2u2(0) + ((u(x) + co)* — 1)2 — (2 —-1)*+ 4/ uz($)C(s) ds.
0
Let
xy = inf{x € (0, L] : uy(x)=0}.
This is well-defined since u,, is continuous and u, (L) = 0.

Lower bound. 1f u,(0) > 0, then v2u,(0) > 0 > —|c2 — 1| and we are done. Assume u,(0) < 0.
Then by definition of x. we have u, < 0 on [0,z,), hence u,(s){(s) > 0 for every s € (0,x.)
because ¢ < 0. Evaluating (2.4) at = x, and using u,(z.) = 0 gives

0 =2u(z,) > 2u3(0) — (c§ — 1)%,
so 2u2(0) < (¢ — 1)?, and since u,(0) < 0,
V2u, (0) > —|c2 —1].

Upper bound. Tf u,(0) < 0, then v2u,(0) <0 < /5 —4co + (2 — 1)? and we are done. Assume
U, (0) > 0. Then u, > 0 on [0,z,). Using —1 < ¢ < 0 we infer, for any = € (0, z.],

T x
4/ ug(s)¢(s)ds > —4/ ugy(s)ds = —4u(x),
0 0
where we used %(0) = 0 in the last identity. Insert this estimate into (2.4) and evaluate at x = x,
to obtain
(2.5) 0 = 2uZ(2:) > 2u2(0) + ((u(zs) + c0)® — 1)2 —(c2 —1)* — du(z.).

Set t := u(x,)+co (so u(x.) =t—cp). Then the sum of the second and last term in the right-hand
side of (2.5) become

(t* — 1) —4(t —co) = ((* — 1)> — 4t + 5) + 4co — 5.
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The key point is the global algebraic inequality (valid for all ¢ € R)

(2.6) (2= 1) =4t +5=t* -2 — 4t + 6= (* —2)* +2(t — 1) > 0.

Using in therefore yields 0 > 2u2(0) + (4co — 5) — (c2 — 1)2, i.e.,
2u2(0) < (cg — 1)? — 4co + 5.

Since u,(0) > 0, taking square roots gives

V2us(0) < /5 — deg + (3 — 1)2,
which is the desired upper bound. O

In order to expose the dependence of solutions to (2.3)) on L we will rewrite this problem in a
fixed domain. For this purpose we set x = Ly with y € [0,1] and 0(y) = u(Ly) + co. The steady
problem ([2.3]) becomes

(2.7) {jf’yy + L2 (07 B o+ ((y, L)) =0, forye (0,1),
U(O) = Co, Uy(]-) = 0,

where ¢ (y,L) = ¢(Ly). Of course, problems ({2.3)) and (2.7 are equivalent.
We will use the shooting method. For this purpose we set up the initial value problem for the

first equation in ,

5(0) = co,  B,(0) = 2.

In order to proceed, we have to make sure that solutions to (2.8]) exist on [0,1]. This is the
content of the lemma below.

(2.8)

Lemma 2.3. For any value of ¢y and Z € [Lzg, Lz,] there exists a unique solution 0(-; L, Z) to
([2.8) on [0,1]. Moreover, if © has a mazimum in [0,1) or 9,(1) =0 when v,(0) > 0, (respectively
¥ has a minimum in [0,1) or 9,(1) = 0 when 9,(0) < 0), then we have the following bounds,

sup |ﬁ(y,L’2)| < maX{I7UM}7 sup |ay{’(yang)| < Lmax{|24|,zr} + L? max{l,vM}.
y€[0,1] y€[0,1]

where vy > 0 is the (only real) solution to vi; — vy = 1.

Proof. We will consider only the case 0,(0) > 0, since the case 7,(0) < 0 can be handled in a
similar way and 0,(0) = 0 is a limit of both cases and does not bring any additional difficulty.

Set yo = 0 and suppose 9,(0) > 0; then the function ¥ is increasing on an interval [0, y1] and it
attains its maximum at y; € (0,1]. We claim that 9,,(y1) < 0, to show which we distinguish two
cases: y; = 1 and y; < 1. In the former case, we have that o, > 0 on [0, 1], hence the condition
Uy(1) = 0 implies that 0, attains at y = 1 its minimum and our claim follows. In the latter case,
we deduce that 9, (y1) < 0 and equation implies

o(y1)® — () + C(y1, L) < 0.
Since —1 < ¢p < 0(y1) we deduce that 9(y;) < vas, where vy is a solution to
v, — vy = 1.

If y; = 1 our argument is finished, whereas, if y; < 1, we may suppose that v is decreasing on

[y1,y2] and it achieves a local minimum at yo € (y1,1]. If yo < 1, then obviously ¥y, (y2) > 0. If

y2 = 1, we notice that o, < 0 on [y1,y2], hence 0, attains a maximum at y = 1, hence 0y (x2) > 0.
Then, equation yields

5(y2)® — 5(y2) + C(y2, L) > 0.

Since E < 0, we deduce that & must be greater than or equal to v,, < 0, the solution to v3, —v,, = 0.
Hence v,,, = —1.
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Thus, we see that ¢ varies on intervals {[{yx—1, yx| 1, between —1 and vys, where yj and yg1
are consecutive extrema. If yy < 1, then we can continue ¢ past yy to reach the next extremum.
Thus, we conclude that 9(y) € [—1, v] for all y € [0, 1].

The bound on 9, follows from the integration of equation . O

We now define the function f: (0,4+0c0) x R — R by
(2.9) J(L,2) = 5, (1L, 2).

Remark 2.4. The function f defined in is analytic in L > 0 and Z. This is a consequence of
the analyticity of ¢ and of the fact that the nonlinearity in is polynomial. Indeed, we can
assume that L,z € C and therefore standard differentiability with respect to parameters yields
analyticity of f with respect to L and Z. Restricting L and Z to the real line completes the
argument.

Here is the main observation of this section.

Theorem 2.5. For any given L > 0 and ¢y, there is a finite number of solutions to (2.3)). They
correspond to the zeros of the analytic function z — f(L, Z), where f is defined in (2.9).

Proof. Solutions to depend analytically on three parameters ¢, L, and Z (see Remark .
Solution to correspond to zeros of the function Z — f(L,Z). From Lemma [2.2] we know that
these zeros may belong only to the interval [Lzy, Lz,], which is compact. Therefore, analyticity
with respect to z implies that there is only a finite number of them. O

We may be more precise when the sample length, L, small. In this case we may prove uniqueness
of steady states.

Proposition 2.6. There is Ag > 0 such that if L € (0, Ag), then there exists a unique solution to

E3).

Proof. Since problems (2.3) and ([2.7)) are equivalent, we deal with (2.7]) which is more manageable.
Let us notice that when L = 0, then (2.7)) has a unique solution given by o(y) = ¢o. We shall

consider (2.7) as a problem
(2.10) G(L,o(L)) =0,
where
G: R x Ci([0,1]) = €([0, 1))

and C2.([0,1]) = {o € C?([0,1]) : 9(0) = co, 0y(1) = 0}. In order to apply the Implicit Function
Theorem, we have to check that 95G(0, ¢g) is an isomorphism. Indeed,

o,

o
This operator with the boundary conditions h(0) = hy(1) = 0 has a trivial kernel and it is

an isomorphism. Hence, there is Ag > 0 such that for all L € (—Ag, Ag) there is a function
(—Ao,Ag) > L— o(L) is a unique solution to (2.10). O

0,co)h = hyy -

In view of Theorem for each L > 0, we denote by (L), ...,2N(E)(L) the zeros of 7 —
f(L,2) and by ¢(L),...,9N") (L) the corresponding solutions to (2.3)).
We now analyze the set {ZJ(L)};Vz(lL) in more detail. In particular, we partition the pairs
(L,%(L)) in two classes.
Definition 2.7 (Nondegenerate solution and branch point). Let Ly > 0 and consider a zero
- =i N(Lo)
20 € {Z (LO)}jzl .
e We call (Lo, Zg) nondegenerate if 9s f (Lo, Zo) # 0.
o We call (Lo, Z9) a branch point if 0z f (Lo, Zp) = 0.
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Our aim is to relate nondegeneracy of pairs (Lo, Z9) to the triviality of the kernel of the linearized
operator corresponding to problem . This will be developed in the following results.

We start by considering the linearized problem associated with . For a given Ly > 0, let v,
be a solution to for L = Lo. We set D(Mp,) = {u € H?(0,1): u(0) = 0 = u,(1)} and define
the linearized operator My, : D(My,) C L*(0,1) — L?(0,1) as

(2.11) M h = —hy, + L5 (302(y) — 1)h.

Proposition 2.8 (Nondegenerate points yield unique analytic branches). Let Lo > 0 and let
- =4 N(Lo)
Zy € {z (Lo)}j:1
analytic function

If (Lo, Z0) is non degenerate, then there exist € > 0 and a unique real-

Z: (L0—57L0+€) —R
such that f(L,Z(L)) = 0 for |L — Lo| < € and Z(Lg) = Zp. Consequently L — v(-;L,2(L)) €

C([0,1]) is a unique real-analytic branch of steady states near L .

Proof. The real-analytic Implicit Function Theorem (see, e.g., [I3, Section 6.1]) applies to the
analytic map f: (0,00) x R — R defined in (2.9)), at (Lo, Zo), since 9z f # 0. Analytic dependence
of L+ v(-; L, 2(L)) follows from Remark O

In the next proposition, we prove that the loss of nondegeneracy of pairs (Lo, Zg) corresponds
to the nontriviality of the kernel of the operator My, .

Proposition 2.9. Let (Lo, Z9) satisfy f(Lo, Z0) = 0 and let 0.(y) := 0(y; Lo, Z0) denote the corre-
sponding steady state, i.e., Vs is a solution to (2.7). Consider the boundary-value problem

Mp,h=0 fory € (0,1),
h(0) =0, hy(1) =0,
for the linearized operator introduced in (2.11)). Then 0z f (Lo, Z0) = 0 if and only if ker My, # {0}.

(2.12)

Proof. Differentiate the initial-value problem (2.8)) with respect to Z at (Lo, Zy). The variation
h(y) = 0:0(y; Lo, Zo) solves

Mp,h =0 f € (0,1),
(2.13) { Lo ory €(0.1)

h(0) =0, hy(0) =1.
Hence 0z f (Lo, 20) = hy(1). Thus, 0zf(Lo,Z0) = 0 if and only if the solution to (2.13) is also
a solution to (2.12), i.e., if and only if (2.12)) admits a nontrivial solution. Conversely, if k is a

nontrivial solution to (2.12)), then k,(0) # 0 by uniqueness; defining h = k/k,(0) gives h(0) = 0,
1'(0) =1, A'(1) = 0, hence 0z f(Lo, Z9) = 0. 0

Therefore, branch points correspond to nontriviality of the kernel of the linearized operator
Lr, - In the next theorem, we prove that there are at most countably many branch points.

Theorem 2.10 (Rarity of branch points in L). The set
(2.14) E={L>0:3j€{1,....,N(L)}: (L, # (L)) is a branch point }
is discrete (in particular, of measure zero).
Proof. Define the zero level sets, for ¢ = 0,1,
S; = {(L,%) € (0,00) x [Lz¢, Lz] : 9Lf(L,%)=0}.

We immediately notice that the set Sp\ S is a smooth manifold of dimension 1 as a consequence
of the Implicit Function Theorem. Consider any compact set K C (0,+o00) and the projection
7 (0,400) x R — (0,+00) on the first component.

We claim that 77, (So NSy N (K x [Lz¢, Lz,:])) C K is finite. If the set SoNS;1 N (K x [Lz¢, Lz,])
is finite, then the claim follows. Otherwise, it has an accumulation point and two cases may occur.
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(a) There exists Ly € K such that So NSy N ({Lo} X [Lz¢, Lz,]) has an accumulation point,
hence the same is true about Sy N ({Lo} X [Lz¢, Lz,]). As a result, the analytic function
of one variable Z — f(Lg, Z) vanishes on a set having an accumulation point. This means
that f(Lg, Z) = 0, which implies that there are infinitely many steady states for L = Ly,
contradicting Theorem [2.5]

(b) The set w1 (So NSy N (K x [Lz¢,Lz])) has an accumulation point. By invoking the
Weierstrass Preparation Theorem (see, e.g., [15, Chapter C, §2]), and possibly up to a
local analytic change of coordinates, we can factor

f(L7 2) = U(L, Z)PL(Z)a

where U is an analytic nonvanishing function, and Py, is a monic polynomial of degree n,
whose coefficients are analytic in L. We recall that the discriminant of Py, is a function of
L and is defined by

» 11 OPL -
d(L) = ()& I 5.

j=1
where Z;, j = 1,...,n is the complete set of zeros of the polynomial Z — P (Z).

In this case, L — d(L) is an analytic function of one variable vanishing on a set with
an accumulation point in a compact set (in the intersection Sy N Sy, zeros are multiple).
Thus, d must be identical to zero on (0, 00). However, we know that for small values of L
there is a unique and simple zero of f(L,-), which contradicts Proposition

The theorem is proved. O

We noted that problems (2.3)) and (2.7 are equivalent, i.e., u is a solution to (2.3)) if and only
if ¥, the scaling of u, is a solution to (2.7)). Moreover, problem (2.12)) has a nontrivial solution if

and only if there is a non-zero solution of

—hgs + (Bu?(z) = 1)h =0, for z €(0,L),

o1s) (3e2(@) ~ 1) 0.1)
h(0) =0, h,(L)=0.

We can summarize the results of this section as follows.

Theorem 2.11. Let us suppose L € (0,00)\ E, where E is defined in (2.14]) and ¢y € (—1,0). Then
there exists a finite family {u', ..., uN )} of steady stated of [2.2) and the linearized operator at
each u', i.e., (2.15) has a trivial kernel.

Proof. We noticed in Lemmathat equations and are equivalent. Existence of a finite
family of solutions to for any positive L and c¢g follows from Theorem after taking into
account that and the rescaled equation are equivalent. Propositi and Theorem
combined show that if L € (0,00) \ E, then all solutions to lead to linearized operators
with a trivial kernel. O

3. CONTINUATION TO SMALL (8

We first address existence of steady state solution of (2.2)) for a range of 8. Later, in the course
of proof of Lemma [5.6] we will study the spectrum of the linearized operator. We return to the
fourth-order formulation with 3 and we define the operator F: X x (—1,1) — L?(0, L) by formula

]:(UHﬂ) = (_uww + (U+CO)3 - (U+CO) +C)Mc — Bu,
where X is the following complete metric space
(3.1) X :={uec H*0,L): u(0) =0, u,(L) =0, u(0) = p.(L) =0}.

At a steady state u, for § = 0, the linearisation D, F(u.,0) = AMy, has kernel {0} provided
the second-order linearised problem (2.13]) is nondegenerate, see Proposition Then, we can
prove the following result.
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Theorem 3.1 (small-8 continuation). Suppose 0 < L ¢ E, where E is defined in (2.14), and let
uwi(L), for some j € {1,...,N(L)}, be a steady state of [2.1). Then the linearized operator at
uw/ (L) has trivial kernel and there exist By > 0 and a C function (—fo, Bo) 2 B+ u% € H*(0,L)
with ué =u(L) and }"(ué,ﬁ) = 0. Moreover, there exists C > 0 depending only on F and u%
such that

(3-2) lufy(L) = o (L)l 20,1 < C1B)-

Proof. The existence of the function § ujB is a direct application of the Implicit Function

Theorem in Banach spaces (see, e.g., [I8 Theorem 2.7.2]). Indeed, the mapping F is of class C! in a
neighborhood of (u7(L),0) in X defined in (3.I). Moreover, due to Proposition D, F(u?(L),0)
has trivial kernel by the nondegeneracy (L, 27 (L)). Since D, F(u/(L),0) is the inverse of a compact
operator, its spectrum consists of eigenvalues, hence D, F(u?(L),0) is an isomorphism. 0

4. SEMIGROUP BACKGROUND

In this section we will recall the existence result of [3]. We want to recast it in the language of
the analytic semigroup theory as exposed in [§] or [10] (to which we redirect the reader for basic
facts). For this purpose we introduce in a concise way the basics of this theory. We have to do this,
because our main tool, i.e., [5, Theorem 5.26], is written in this language. In fact, this theorem
provides a check-list of properties of the semigroup generated by an equation to be established.

4.1. Existence of weak solutions to (|1.3). Here, we recall the statement of the main existence
result in [3]. We first introduce a number of function spaces. We set

Vi={ue H0,L) : u(0) =0}

and we endow it with the scalar product (u,v)y = fOL o' (2)v'(x) dz. We introduce the notion of
weak solution to as follows.
Definition 4.1. Let ug € V be a given initial datum. A function u is a weak solution to
in [0,T] corresponding to ug if u(x,0) = wup(x) for almost every = € (0,L), and the following
conditions hold:

(1) we HY0,T; V') N L*(0,T; H3(0, L));

(2) the chemical potential j == —ug, + OsW (z,u + co) € L*(0, L; V);

(3) for every ¢» € V and almost every ¢ € (0,7T), the function u satisfies

L
@us v = =)y = 8 [ wala)ilo) do
0
(4) for almost every t € (0,7, the function u satisfies the boundary conditions u(0,t) =
ugy (L, t) =0.
The following result was established in [3].

Proposition 4.2. ([3, Theorem 2.4]) Let W be given by (L1.2) and let ug € V. For any T > 0,
there exists a unique weak solution u to the problem (1.3) in [0,T] corresponding to ug in the sense
of Definition[{1l Furthermore, setting

1 (L L
(4.1) E(v) = 5 / v (2)|? dz —|—/ W(z,v(z))dz forveV,
0 0
the following energy equality holds true for almost every t € (0,T):
d L
(4.2) &) + @13 = —/3’/0 g (2, t)p(z, t) da,

where p is defined in . Finally, the solution u depends continuously on the initial data, in
the following sense: given any M > 0, there exists a constant Cpy > 0 (depending on B8, L, M,
and T') such that for every initial data ug ,Gg € V with ||uol|v , ||@o|lv < M the corresponding weak
solutions u, @ satisfy, for all t € [0,T],

lu(t) — a(t)||v < Crrlluo — tollv -
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4.2. Basics of the analytic semigroup theory. By considering a Hilbert space ¢, we rewrite
the problem in (|1.3) as
(4.3) wy + Aw = Fg(w), w(0) = wo

where A: D(A) C # — 5 is the (one-dimensional) bilaplacian operator A = A? = (—A)?, and
where the meaning of Fj3 will be explained momentarily. Here,

D(A) == {we H*0,L) : w(0) = wy(0) = 0, wy(L) = wepe(L) = 0}.

It is not difficult to check that A is a positive definite self-adjoint operator. Hence, it is sectorial
on # = L?*(0,L) and —A is a generator of an analytic semigroup. In particular, the fractional
powers A% are well-defined. We write #* := D(A®); in particular, A'/? = —A with

A% = D(AY?) = {w e H*(0,L) : w(0) =0 =w,(L)}

and
AN =V, (=8) ] = wel,
where, here and hencefort, we use | - || to denote the L*(0, L)-norm || - || 12,z - Indeed,
(4.4) 1(=2)wl® = (w, —Aw) = (wy, wy).
We also recall existence of constants C,, for all a € (0, 1] such that, see [I0, Theorem 1.4.3],
(4.5) A% 4| < Cot~ %N, >0,

where A € (0,inf 0(A)), o(A) being the spectrum of A.
In order to accommodate the boundary conditions coming from p(0) = 0 = (L), we introduce
w = u — 1, where 7 is a smooth function with the following properties,

n(0) =0=mn.(L), 72(0) = c% —co+¢(0), Neaa(L) = C(L).
Then Fj: /% — A given by
(4.6) Fa(w) = AW (z,w + 1+ co) — Bw, — A’y — B,

is well-defined, and one can easily check that Fjg is locally Lipschitz continuous. As a result, the
basic existence result [I0, Theorem 3.3.3] applies, yielding local-in-time strong solutions for data
wo € A#'/? meaning that

(4.7) w e C((0,T); D(A) NC([0,T); #%) N CL((0,T); ).

Let us note that the semigroup theory provides locally more regular solutions than the weak ones
constructed in [3].

Since it suffices that the initial condition wug is in V = 4#/* to construct a weak solution,
we cannot immediately claim that weak and strong solutions coincide. However, Proposition 4.2
assures us that for a.e. ty > 0 the weak solution u(to) is in H3(0, L) and satisfies the appropriate
boundary conditions, hence it is in /2. Thus, the strong solution of with the nonlinearity
and initial condition wy = wu(tg) — 7 exists. By the uniqueness part of Proposition we
see that the strong solution w(t) + n and the weak solutions u(t) must coincide on [tg,T'). Since
to > 0 and tg < T are arbitrary, we see that both types of solutions agree on (0, c0).

We need to establish a number of properties of the solution. The following integral representa-
tion of strong solutions will be very useful for us, see [8] [10],

¢
w(t) = e‘A2(t_t°)w0 + / e~ A (t=0) (ADW (z,w 4+ n + co) — Bwg — A%y — Bn,) do

to
(4.8) — e Aty (Id— e_A2(t_t°))77

t
+ / e~ B (=) (A@sW(a:,w +n+co) — Pwy — ,81]33) do.

to
Since we want to use it to deduce estimates of weak solutions, ¢y must be greater than zero.
Let us note the following smoothing effect.
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Lemma 4.3 (Instantaneous smoothing). Let ug € V' and let u be the corresponding weak solution
to (L.3). Then, for every 0 < 7 < T < oo and every m € N, there exists a positive constant
Cm,T,T = Cm,T,T(UOa L7 57 m, C) such that
sup |lu(t)||gm0,0) < Cm,r 1
te(r,T]
In particular,
u(t) € C*°(0,L) for every t > 0.

Proof. Fix 0 < 7 < T. Since u € L?*(0,T; H3(0,L)) as per Definition 1), there exists ty €
(0,7/2) such that u(ty) € H3(0, L) and satisfies the boundary conditions.

Set w = u—mn. By the discussion preceding , the weak solution coincides on [tg, T'] with the
strong solution of issued from w(ty). In particular, w € C((to, T]; D(A)) N C*((to, T); ),
and, since D(A) — H*(0, L), we infer that there exists a positive constant C. r(ug, L, 3,7,()
depending on ug, L, 3, 1, and ¢ such that

sup Hw(t)HH‘*(O,L) < CT,T(U(%LaBanvC)'
te(r,T]

We now assume that for some m > 4 there exists a constant Cy, » 7(uo, L, 8,1, ) > 0 such that

sup |lw(t)|amo,0) < Cm,r1(uo, L, B,7,()

te[r,T)
and bootstrap. Since H™(0, L) is a Banach algebra in one space dimension and Fg is a differ-
ential polynomial of order at most two, see (4.6), we have that there exists a positive constant

CmvT7T(u07 L7 67 7, C) such that

(4.9) S[UI;] | Eg (w(t) | m—2(0,L) < Conr1 (w0, Ly B,1,C).
te|r,

Writing (4.8)) with initial time to and applying A +1/4 we obtain, thanks to (&.5)), that
t
[w(®)[| gm+1(0,) < Crm,r,r(u0, Ly 8,1, C)llw(to)ll s + 03/4/ (t = )" Fg(w(s) | am-2(0,z) ds
to

< Con (10, L, B, 1, Q)l|w(to) | + 4T *Cs1aCon 71 (uo, L, 8,1, )
= m+1,T,T(u05 La ﬁa 7, C))

for every t € [1,T].
Hence w is bounded in H™(0, L) on [r,T] for every m € N. Since 7 is smooth, the same is true
for u, possibly redefining the constant C,, - 7. O

4.3. Estimates uniform in §. Our convergence analysis depends on uniform-in-time estimates
on solutions in various Sobolev norms. On the way we will revisit the proof of existence a global
attractor for given in [3, Theorem 6.5]. We will improve it by making it independent of L and
B € (0,1]. The first step in this direction in a new proof of existence of an absorbing ball. We will
use, for this purpose, an argument based on the ideas of [7], which were developed in [12]. Then,
we show uniform-in-time estimates in the Sobolev norms H™ for all m > 2. This is more than
enough to establish the existence of a global compact attractor Ag in the H L_topology. However,
the uniform bounds in higher Sobolev norms will be useful when we want to infer stabilization not
only in H'(0, L), but also in H™(0, L), for m > 2, see Theorem [5.7| below.

Let us call the semigroup of weak solutions generated by (1.3) by Sz . Here is our basic result
on Sﬁ .

Proposition 4.4 (Absorbing ball in H'(0,L)). Let us suppose that 3 € (0,1]. The semigroup
Sp(t): V=V, uyg — Sg(t)ug = u(t), generated by the unique weak solutions to equation to
for ug € V has an H* absorbing ball B ={u € V : ||ul|g1(0,r) < M1(L,()}, i.e., for a set BCV
bounded in the H'-topology, there is tp > 0 such that S(t)ug = u(t) € B for ug € B and t > tp .
The value of the constant M (L,() > 0 is provided at the end of the proof.
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Proof. We will proceed in a number of steps developing a priori estimates.
Step 1. We claim that weak solutions, in the sense of Definition to equation (1.3) with ug € V
fulfill, for every g <1,

[ [* 1 1 -
(4.10) dt[/ Wolu + co) dar+ 5 e | + 5 1=8) 2wl < Bllull” + Gl

where we recall that W is the classical double-well potential defined in (|1.2)). Indeed, application
of the integral operator (—A)~!: L2 — D(—A) C H? to both sides of equation ([1.3]) yields

(4.11) (=A) My — g + (u+co)® — (u+co) + ¢ — B(=A)tu, =0,

Since (—A)~tu; and u,, belong to H', we may pair the above equation with u; . Next, integration

by parts and rearranging yield
(4.12)
d |1 4 1 2 1 2 —1/2,, 12 -1
3 |z lleteollzs = Sllutcoll” + Slluall®| + 1(=A)7 uell™ < BIU(=A) ua, ue)| + (¢, ue) |,

where (-, -) denotes the duality pairing between V and V’. We notice that the right-hand side can
be handled by using the Cauchy inequality with ¢ = 1/2; indeed,

[((=2) gy )| = [((=A) 7 g, (—A) 7 2uy)| < il\(—A)’l/QUtll2 (=) g

(4.13a) 1
< 212712+,

the last inequality being justified by having ||(—A)'/2|| = 1, which follows from (£.4)), and the fact
that the norm u + ||u,| on V is equivalent to the standard one in H!. In an analogous fashion,
we estimate

(4.13b) (G| = [{(=2)2¢, (=) uy)| < il\(—A)’l/zmll2 +I¢ 1%

By using inequalities (4.13]) in (4.12)) and taking into account that 8 < 1, we obtain (4.10)).
Step 2. Estimate (4.10) was a preliminary result. The next one will give the first uniform-in-time
estimate. We claim that the inequality

_ 1
(4.14) (—A) "2l + gl +collza + lual* < 2K1 (L)

d
Tl
holds true for all weak solutions u of th ug € V, where K (L) is a positive constant whose
explicit expression is given by formula (4.21]) below.

Indeed, by using w itself as a test function in , we obtain

0= ((=A) " ur,u) — (Au, ) + ((u+ o), u) — (u+co,u) + (G u) = BU(=A) ug, u)
(415)  ={(=8)" Py, (=8)72u) + Jlual® + flu+ coll s — lu + col|* + (¢, u + co)
— ((u+co), co) + (u+co, co) = (C, co) = B{=2) iz, ).

This is legitimate, because all the ingredients are in L?. Subsequently, we use a series of estimates
based on Young’s inequality and on the fact that |co| < 1, namely,

1 1 1
cou+ co)® < g(u—&— 00)4 + 54, (u+c)? < §(u+co)4 + 2

(4'16) 1 1 1 1 1 3
co(u+cp) < 5(63 +(u+co)?) < =ct + Z(u+ co)* + 15 E(U +co)t + T
If we combine these inequalities with (4.15)) and take into account that |cg| < 1, then we reach
1d _ 1 L
3 =) 2ul 4 s 4l collhe = 2wt eolh — &
(4.17)

1 3L -
< gl collza +54L + Zllu coll e + =5 + [C o)l + (G w+ eo) + BH(=A) " ua, w)].
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We can now use Young’s inequality with e = 1/8 and the fact that || < 1 to estimate

1 1/¢€ 1 1 5
2 <L 1fe 4, 1 o
Clu+cy) < \C| (u+co) 2+2(2(u+co) +2€> 32(u+co) +2,
whence
1 5L
(4.18) |<C»U+CO>|§§\|U+COH%4+7-

Moreover, by observing that

(4.19) (=)~ Il < 22111

and using Young’s inequality with € and 7, we can estimate,

[{(=2) " g, u)| = [((=A) g, u+ co) = ((—A) g, o)

_ € _ 1
<Sl=a) 1uw||2+f||u+cou2+f||<—A> g P+ ol
4.20 1 1
(4.20) < Delual? + - Bl colt + oLt o

1
= 5 lhuel” + ﬁllu +collza +8L% + L7,

after choosing € = 1/2L* and n = 1/16L*. By using inequalities (4.18) and (4.20)) in (4.17) and
rearranging terms, we get

1 1 231
vy S =) 2ul 4 Zlhuel? + ol + eollfe < BRL+ L9481+ [(G ol
< —L + L7 +8L% = K, (L),
which proves (4.14]).

Step 3. Now we are able to prove the existence of an absorbing set. To do so, we define the
Léenergy”

1
(4.22) &ut) = / Wo(u + co) dz + 5 lua|* + 1(=2) 712l
Q

We will prove that & (¢) is bounded if ¢ is larger than a certain ¢t > 0 that only depends on the
data of the problem.

By adding estimate (4.14) to estimate (4.10)), we obtain
d 1 _
& (O + 06 () — 9(/ Wo(u + co) dz + o [lua|” + [[(=4) 1/2u||2>
Q

1 1 _
+ gl +collzs + llual® + 511(=2) V2P < Bllull® + 16 lI? + 2K (L)
Here we added and subtracted a small fraction of & (6 > 0). A rearrangement yields
d 1 6 0
&51(15) +0&1(t) + (8 - ) lu+ col| e + <1 2> [l
_ Lo Lo
SON(=2) 7 l® + =5 o Bllull® + 116 1* + 2K (L) < (0L + Dlful® + = + Gl + 2K (L),
where we used (4.19) and g < 1. By Young’s inequality with e = 1/16, we obtain
JJul < *llu +col[za +18L.
Thus, recalling (4.19)), we estimate
d 1 6 " 0 9
&1 (0) +0E(1) + (8 - 4) Ju+collzs + <1 - 2) [l |

4
<9L +
- 16

1 0
llu+ col 74 + [18(9L4 +1)+ 4} L+ ||G|? + 2K (L)
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By choosing 6 = (L* 4+ 4)~1, the term with [[u + co||3, vanishes and we can neglect the term
containing ||u,||?, since 6 < 2; we obtain

d 1 L(144(L*+2) + 1

GO0+ T < T LGP 2R (1) = KalL.0),
so that Gronwall inequality leads to
(4.23) E1(t) < (E1(0) — (L* + 4) Ko (L, C))e /D 4 (L 4+ 4) Ky (L, Q)

and this is enough to conclude. Indeed, it is easy to see that there exists tg > 0 depending on
&1(0), L, and ¢ such that & (t) < (L* + 4)Ko(L,¢) + 1 = M;y(L,¢) for all t > tp. O

The proof we presented above shows a uniform-in-8 < 1 bound on the absorbing set and time ¢ .
However, we need uniform estimates on u in higher Sobolev norm. The constant variation formula

(4.8) yields bounds on w = u — 7, hence we have them for u too.

Lemma 4.5. Let us suppose that wyg € B C V, where B is bounded, and that t > t5 == tp + 1,
with t g provided by Proposition . Then there exists a positive constant Ms(B, L, n, (), depending
only on B, L, n, and ¢, such that Sg(t)wy € H*(0,L) and ||w(t)| g2(0,1) < Ma(B, L,1,().

Proof. Tt is enough to apply A to both sides of (4.8) to estimate the second-order derivative of w.
If we take A € (0,inf 0(A?)), then estimate ([4.5) yields

1AW < A2 (w — ) + )|
¢
+ / HA(e‘Az(t_”) (A@SW(x,w +n4co) + Pw, — an)) H do = I, (t) + I2(t).
tp

It is easy to see that due to (4.23]) we have the following estimate, where we used (4.5)) again,
Li(t) < Cuya(t — tp) e Jug | o + Cyyo(t — t5) ™27 X7 |l + |||
< Cryallwollm + Cp2linll + [1neall = co(B, L, n),
for every t > to = tg + 1. Moreover,

I(t) < / IIA(efAQ(t"’)AasW(x,w+77+00))||d0+/ 1A (=2 =7 (Bu, — i) || do

tp tp

= Jl(t) + Jz(t).
Again, since for t > tg the solution lies in the absorbing set, it is easy to see that

oo —A(t—s)
Jo(t) < B ) Cl/zm(Ml(L,C) + [1n:1) do = e1(B, L, 1, C).

Finally, we estimate J; ; for this purpose we notice that
[ ((w+n+c0)®) || < 3(LM(L,C) + (Inllze +1)%) (lwall + [In]]) = c2(B, L,n, ),

where we also used that ||w| g~ < LY?||lw,]| for w € V.
Our claim follows by combining these estimates with the bound in V, i.e.,

M2(37 L7 7, C) = \/Ml(L7 4)2 + CO(Ba L7 77)2 + Cl(B? La m, C)Q + CQ(B? L7 7, <)2
The proof is concluded. O

The above lemma implies that the absorbing set in V' is compact. We combine it with the
following well-knows fact.

Proposition 4.6. (see [16l, Theorem 1]) Let us suppose that a strongly continuous semigroup
S(-) on Z has a compact attracting set K. Then there is a compact global attractor for S(-) and
A=w(K).

In this way we deduce the following corollary.
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Corollary 4.7. For all B € (0,1) the semigroup Sg has a global attractor, Az, which is compact
in H'-topology. Moreover, there exists R > 0 such that Ag is contained in the ball By (0; R) in
the H'-topology.

Proof. Proposition [£.4] combined with Lemma imply that the absorbing set is compact in
the H'-topology. The fact that Sz is a strongly continuous semigroup in V' was established
in the course of proof of [3 Theorem 6.5]. Hence, Proposition yields existence of a global
attractor for each 8 € (0,1]. The uniform bound on the attractor in H!-topology follows from
Proposition .4 O

We finally note the following uniform bounds, away from initial time.

Proposition 4.8 (Uniform higher-order bounds after an arbitrary delay). Let B C V be bounded
and let tp be the entering time of the absorbing ball provided by Proposition[{.4l Then, for every
T > 0 and every m > 2, there exists a positive constant M, » = My, (B, L,n, () depending on B,
L, n, and ¢, such that, for all € [0,1], all ug € B, and allt > tp + 71,

1S5 (t)uoll zrm(0,0) < M, 7.
Proof. Let w(t) = Sg(t)up —n. Fix 7 > 0 and set

n
Ty =277, Sp = E Tj.
J=1

Then s,, < 7 for every n € N and s, T 7.
By Proposition there exists Mj(L,n,¢) > 0 such that

sup — sup  sup [[w(t)|| a0,y < Mar(L,7,).
BE[0,1] w€EB t>tp
We start with the case m = 2. Arguing exactly as in the proof of Lemma but writing (4.8])
on the interval [t — 71, ] instead of [¢5, ], we find a positive constant My , = Mos (B, L,n, () such
that

sup sup sup |[w(t)|[g20,0) < Ma s .
56[0,1] ug€EB t>tp+s1
Since we have an absorbing set in H!, the constant M; ; depends on B not on an individual
ug € B. Neither M, . depends on t, because the function s — e~**s~% is integrable over (0, c0),
provided that A > 0 and « € (0,1).
We now bootstrap. Assume that for some m > 2 we already know that there exists a positive
constant My, » = M, r(uo, L,n, ) such that
sup sup sup  Jlw®t)||gmo,0) < Mp,r -
B€[0,1] uwoEB t>tp+sm—_1
Fixt>tp+ s, . Thent— 7, >tg+ s;m_1, so the induction hypothesis is available on the whole
interval [t — 7,,,t]. Arguing as in (4.9) we have the existence of a positive constant
sup ||Fﬁ(w(3))||Hm*2(0,L) < C'm,‘ra
SE[t—Tm, 1]
where C,, ; is independent of ¢, 3, and up € B. Writing (4.8) with initial time ¢ — 7, applying
Am+D/4 " and using (4.5, we obtain

1w ()| gmt1(0,0) < C||A1/4€7AT’"Am/4w(t —Tm)||

t
+C t | A3/4em A=) Alm=2/4 i (w(s))]| ds
m t
< Cr Hw(t = 1)l om0,y + C (t = )74 F(w(s)) | rm—2(0,1) ds
t—Tm

< Mm+1,‘r~

The constant M, 41 - is independent of ¢, 3, and vy € B.
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This proves by induction that for every m > 2,

sup sup sup  Jw(®)|[amo0,0) < M7
[‘36[0,1] upEB t>tp+Sm—1
Since s,,_1 < 7, the same bound holds a fortiori for all ¢ > tg + 7. Finally, since 7 is smooth, the
estimate transfers from w to u = w + 7. O

5. STABILIZATION OF SOLUTIONS

5.1. Tools of the dynamical systems. Our aim is to recall the weak notion of the gradient
flow studied in [5]. It is based on the notion of global compact attractor.

Definition 5.1. ([, Definition 1.5]) A set A C Z is the global attractor for a semigroup S(-): Z —
Z if (i) A is compact; (ii) A is invariant; (iii) A attracts each bounded subset of Z.

We may now recall notion of the gradient flow used in [5].

Definition 5.2. [5, Definition 5.3, Definition 5.4, Theorem 5.5] We say that a semigroup S with
a global attractor A is a gradient flow with respect to the family S = {&£°,...,&*} of invariant
sets provided that:
1) For any global (eternal) solution £: R — Z taking values in A, there exist i,j € {0,...,k} such
that

Jim dist(£(t),€) =0 and lim_dist(&(t), £ =0.

——00

—+o0

2) The collection S contains no homoclinic structures.

Before we state our main tool we recall that disty (A, B) denotes the Hausdorff distance between
compact sets A and B, which is defined with the help of the metric of the ambient space Z.

The theorem below calls for checking the collective assymptotic compactness. We say that
strongly continuous semigroups {Sg(-)}s on Z are collectively asymptotically compact provided
that for any sequence {8,}, for any sequence t, — +o00, and any bounded sequence {z,} C Z
such that {Sg, (t,)%n}n is also bounded, we can show that {Sgz, (¢,)z,}n contains a convergent
subsequence.

Our main tool is the following theorem.

Theorem 5.3. (|5, Theorem 5.26]: Stability of gradient semigroups). Let So(:) be a semigroup
on a Banach space (Z,||-||z) that has a global attractor Ay and that is a gradient flow with respect
to the finite collection S° of isolated invariant sets {EJ,&L,...,EL}. Assume that:

(a) for each B € (0,1], Sg(-) is a semigroup on Z with a global attractor Ag;
(b) {S8(-)}pefo,1) is collectively asymptotically compact and Uy 1) Ap is bounded;
(c) Sg(-) converges to Sy(-), in the sense that
1Sg(t)u — So(t)ullz — 0 as B—0
uniformly for u in compact subsets of Z; and
(d) for B8 € (0,1], the attractors Ag contains a finite collection of isolated invariant sets
Sp = {Eg,gé, . ,gg} such that
gigb disty (EF, &) =0
and there exist n > 0 and 1 € (0,1) such that for all € (0,51), if £g: R — Ag is a
global (or eternal) solution, then
Supdist(fg(t),fg) <n = &) e 5% for allt € R.
teR

Then there exists a B2 € (0,51) such that {Sz(-)}pe(0,8,) s a gradient semigroup with respect
to Sg . In particular, for 5 € (0, B2),

k
Ag =)

i=1
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One of the thing we have to do before we apply Theorem is to choose the Banach space Z.
Corollary tells us that the right choice for Z is Z =V, which is equal to /4.

5.2. Convergence of solutions. In this subsection we check that conditions of Theorem [5.3] are
satisfied.

Lemma 5.4 (Hypothesis (b) of Theorem. Let Z =V = 4. Then the family {Ss(-)} sefo.1]
is collectively asymptotically compact on Z. Moreover, Uﬂe[o)” Ag is bounded in Z.

Proof. Boundedness of the union of attractors. By Corollary [4.7] there exists R > 0, independent
of B, such that

Az C By (0; R) for all g € (0,1].

The same uniform dissipative estimate used to prove Corollary (and ultimately Proposition
does not depend on 3 (the transport term is lower order), hence the same R also bounds Ag
in H'(0, L). Therefore, Ugepo,1] As is bounded in V', hence so is its closure.

Collective asymptotic compactness. Let {8,} C [0,1], let ¢, — 400, and let B := {z, : n €
N} C V be bounded. By Lemma [4.5] there exist t > 0 and My = M3(B, L,1,¢) > 0 (depending
only on the bound of B in V, but not on ) such that for every g8 € [0, 1] and every = € B,

Ss(t)z € H*(0,L) and | Ss(t)z| g2(0,) < Ma for all ¢ > to.

Choose N € N such that ¢, > ¢, for all n > N. Since, in addition, Sg, (tn)x, € D(A), then
{8Ss, (tn)Tn}n>n is bounded in s#'/2 ¢ H?(0,L). Since the embedding #1/2 — #1/4 =V is
compact by the Rellich Theorem, the sequence {Sg, (tn)%n}n>n has a convergent subsequence
in V. This is precisely collective asymptotic compactness in Z = V. O

Now, we will check that hypothesis (c¢) holds.

Lemma 5.5 (Hypothesis (¢) of Theorem . Let Z =V = {u € HY0,L) : u(0) = 0} and let
K CV be compact. Then for every T > 0 we have

sup sup ||Sg(t)uo — So(t)uollz — 0 as 8 — 0.
te[0,T] uoeK

In particular, for each fixed t > 0,

sup [Sg(t)uo — So(t)uollz — 0 as B — 0,
Uo €

which is ezactly hypothesis (c) of Theorem[5.5,
Proof. Fix T > 0. Since K C V is compact, it is bounded, hence there exists M > 0 such that
[uollvy < M for all ug € K.

For ug € K and 3 € (0,1), set ug(t) :== Sa(t)up and @(t) :== So(t)ug. By [B, Theorem 6.6] (applied
with By = 1 and with our potential W, see (|1.2))), there exists a constant C' > 0, depending only
on L, W, T, and the bound M (but not on the particular choice of ug € K), such that

lug(t) —a(t)|y <CB  forallte[0,T] and all 3 € (0,1).
Taking the supremum over ug € K and ¢ € [0,7] gives

sup sup ||Sg(t)uo — So(t)uollv < C B ——0.
te[0,T] uwo€K B—0

Since Z =V, this yields the desired convergence in Z and proves hypothesis (c). O

We are going to check that part (d) of the hypothesis of Theorem holds. In the present case
the invariant sets £; are points in Z, i.e., uj , hence distu (€3 ,£5) = [Jup — upllz -
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Lemma 5.6 (hypothesis (d) of Theorem is satisfied). Let us suppose that L > 0 does not
belong to . Then,
; J J _
(5.1) tim [l = w1z = 0.

Moreover, there exist v > 0 and 81 > 0 such that if {5: R — Ag, for all B < B1, is an eternal
solution, then

supllés(t) —ulllz <7 =  &s(t)=u} forallteR.
teR

Proof. Step 1. The limit in (5.1 is an immediate consequence of (3.2)) from Theorem [3.1] We are
left with the latter statement. Since we deal with couples (L, 27) which are nondegenerate, as an

immediate consequence, we have that the linearized operator fLﬁ associated with (|1.3]), namely
LPh = A(=Ah+ 0% Wo(ub)h) — Bhy |
is non-singular when 5 = 0, due to Theorem [2.10

Step 2. We claim that ff is not only non-singular for 8 € (0, 81), for a certain 8; > 0 (that will
be defined at the end of this step), but also that there exists g > 0 such that for all 6 € (—do, dp)
and all a € R we have

(5.2) §+aiep(Z’)y  for Be(0,B)

For this purpose we recall a well-known fact that £} is equivalent to a self-adjoint operator
T: D(T)C L*(0,L) — L*(0,L), i.e

(—A)V2(=A + 0L Wo(up)(—A)2 =T = (=A) 220 (—A) 2,
where
D(T) = {u € H*: (=28)2u(0) = ((-2)"*u)o(L) = u((=2)u)(0) = u((—A)"?u).(L) = 0}.
The operators —A and —A + 0% W, (u + ¢p) are self-adjoint. Hence,
(T, w) = (=2 + 0% Wolw, uj + c0)) (= 4)u, (—2)!*w)
= ((=2)"%u, (=A + 0% Wo (u}))(—A)2w) = (u, (~A)/2(=A + 0% Wo (u})) (—A)/*w)
= (u, Tw).

Due to this equivalence we conclude that the spectrum of .# is real.

We define &y > as follows. Since o(.Z}) is real discrete and it does not contain zero there is
dp > 0 such that if z belongs to the strip X5, = {z € C : |Rz| < do}, then the distance from z
to o(£Y) is at least . Now, we shall see that there is ; > 0 such that X5, C p(XL’B) for all
B € (0,51). We compute

(LP = (5 +ai)Id)™" = (L2 — (6 + ai)[d+ £ — L)
= (L0 — (6 +ai)[d) " (Id + (£ — (6 + ai)[d)~ (L] — £P)
Our claim will follow if we show that

I(ZE = (5 +ai)Id) (L — 2P|l <

| —

for all g € (0,31) independently of a and §y. We notice that
(L2 = (6 + ai)Id) (L = LD)| < (L — (6 + ai)Id) " L0 - 1(LD) " (L — LD)I-
Moreover, since
(LY — (6 +ai)Id) L0 = Id+ (6 + ai) (LY — aild)™*

and |(£2 — (6 + ai)Id)~!| is bounded by the inverse of the distance from & + ai to o(£}), we
infer that

2 2
120 — (64 aip1d) " 2f) <1+ YO E® _

V03 + a?
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Now, we investigate (Zf)*l(ff — #?). We notice that
(L7 —LD)h = 3A[(w) — (ud)*)h] — Bha
Now, Theorem [3.1] implies that
L)L - LD < OB for Be (0,5)

where C; depends on ||u% |74 and the constant C appearing in ([3.2]). By combining these estimates,
we reach

(28 — aitd) " (2f — 2D <208 < 2 < L,

for 0 < B < By = 2.

Step 3. By , the equilibrium ujﬁ is hyperbolic. Hence there exist local stable and unstable
manifolds Wy, .(uj;) and Wi (uz) (see [9, Theorem 2.3]). Moreover, there exists 7 > 0 such that the
following characterisation holds: if a solution z(t) satisfies 2(0) € Bz (uj, ) and z(t) € Bz(ujp,)
for all ¢ > 0, then 2(0) € Wy, (uj); similarly, if 2(¢) € Bz (ujp, ) for all ¢ < 0, then 2(0) € Wi (uz).

Nowl let £5: R — Ag be an eternal solution with SUP;er 1€6(t) — upllz < 7. Then £5(0) €
W, (up) (by the ¢ > 0 condition) and £5(0) € Wi (uj) (by the ¢ < 0 condition), hence

€5(0) € Wi (uh) N Wise (uh) = {u}}.
Therefore £5(t) = UJB for all t € R, which is exactly the implication required in hypothesis (d). O

After checking that the assumptions of Theorem [5.3] are satisfied we may state our main result.

Theorem 5.7. Let us suppose that L > 0 does not belong to E and let 5 € (0, 82), where Ba is
provided by Theoremfor this L. Then for any ug € V there exists ¢ € C*(0, L), such that
the unique solution u to (1.3)) corresponding to uy converges to v in H™(0, L) for all m € N.

Proof. We divide the proof into three steps.

Step 1. We are going to check that we may invoke Theoremwhile taking Z =V = /4. In
the course of proof of Corollary we recalled that semigroup Sz generated by is strongly
continuous in V. Above all, this corollary shows existence of global attractors and a uniform
bound, hence the hypothesis (a) of Theorem holds.

Step 2. We showed in Lemmas and that the assumptions (b), (c¢), and (d) of
Theorem [5.3] are satisfied. Thus, we deduce from this result existence of positive 82 such that each
semigroup Sg for 8 € (0, 52) is a gradient flow in the sense of Definition This implies that
for any ug € V the w-limit set w(up) may consist only of the steady states, because there are no
homoclinic orbits. Since the set S of steady states is finite and w(up) is connected, we see that
it is a singleton, thus there exists ¢ € #'/* such that

Jlimu(t) = gllv =0.

Step 3. By Lemmal[d.3] we have that u(t) € C>(0, L) for every ¢ > 0. Moreover, Proposition [£.§]
applied with B = {up} and 7 = 1 shows that, for every N > 2,

sup |lu(t)|| g~ (o,0) < 0.
t>tp+1
Since 1) is a steady state of , elliptic bootstrapping applied to the stationary equation yields
Y € C>*(0,L).
We already know from Step 2 that u(t) — ¢ in V = H'(0, L). Fix m > 2 and choose N > m.
Since both u(t) and 1 are bounded in HY (0, L) for ¢t > ¢ + 1, interpolation gives

a(t) =l 0.0 < C ut) = %01 0,1 06) = Yoy =0 ast =00

for a suitable 6 € (0,1). This proves convergence in H™(0, L) for every m € N. O
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