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Abstract. We show stabilisation of solutions to one-dimensional advective Cahn–Hilliard equa-

tion modeling the Langmuir–Blodgett thin films. This problem has the structure of a gradient

flow perturbed by a linear term βux . Through application of an abstract result by Carvalho–
Langa–Robinson, we show that for small β the equation has the structure of gradient flow in

a weak sense. Combining this with the finite number of steady states implies stabilization of

solutions.
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1. Introduction

Langmuir–Blodgett films [2, 14] are obtained by deposition of a thin film of amphiphilic
molecules on a solid substrate, through a mechanism known as the Langmuir–Blodgett trans-
fer. In the typical setting, the solid substrate is immersed in a trough, where the amphiphiles
float freely in the disordered state at the surface of a liquid. The substrate is lifted vertically with
velocity v and the amphiphiles, whose concentration on the surface of the liquid is kept constant,
depose on it. This process has very many industrial applications [20, 22], and also lends itself
to theoretical investigation, in particular for some aspects related to pattern formation. Indeed,
according to the extraction velocity v, the amphiphiles on the substrate can remain in the disor-
dered (liquid-expanded) phase, align in the ordered (liquid-condensed) phase, or even form striped
or checkerboard-like patterns in which the two phases alternate regularly [6, 21, 25].

To model that the liquid expanded and the liquid-condensed phases are preferred ones, one
usually resorts to a potential which attains its minimum value precisely at those configurations.
From the mathematical viewpoint, the paradigmatic tool to describe this and similar phenomena is
the celebrated Cahn–Hilliard equation, originally proposed to study phase separation phenomena
[4], see [19] and the references therein, and also [17] for a recent review of this subject. A few years
ago, a variation of the classical Cahn–Hilliard equation was proposed in [11, 24] to account for
the extraction velocity v; moreover, the typical double-well potential W0(s) =

1
4 (s

2 − 1)2 was also
modified to allow modeling a meniscus, the phenomenon generated by the asymmetry between
adhesion and cohesion forces between a liquid and a solid.

By including these elements in the Cahn–Hilliard equation, the following model for the Langmuir–
Blodgett films in a square domain of side length L > 0 was presented in [24]

(1.1)


ct = div

(
∇(−∆c− c+ c3 + νζ(x))− vc

)
for (x, t) ≡ (x, y, t) ∈ (0, L)2 × (0,+∞),

c(0, y, t) = c0 for (y, t) ∈ [0, L]× (0,+∞),

cx(L, y, t) = cxx(0, y, t) = cxx(L, y, t) = 0 for (y, t) ∈ [0, L]× (0,+∞),

c(x, 0, t) = c(x, L, t) for (x, t) ∈ [0, L]× (0,+∞),

where c : (0, L)2 × (0,+∞) → R describes the time-dependent concentration of the amphiphiles
(c = −1 corresponding to the disordered phase and c = 1 to the ordered one), ζ : (0, L)2 → (−1, 0)

Date: March 17, 2026.

1



2 M. MORANDOTTI, P. RYBKA, AND G. WHEELER

describes the profile of the meniscus, and v is the extraction velocity. In [24], the explicit choice

ζ(x) = −1

2

[
1 + tanh

(
x− xmns

lmns

)]
was made, modeling a meniscus at x = xmns of thickness lmns ; despite this specific example,
it will always required to be analytic. The vertical axis is denoted by x, the horizontal one
by y, and with this convention, the extraction velocity v = (β, 0) (β > 0) points upward; the
first boundary condition models the constant concentration at the liquid free surface; the second
boundary conditions are designed to model the fact that the boundary at x = L has no impact
on the outflow of the concentration; finally, the last boundary condition encodes periodicity in the
horizontal direction.

By denoting the potential by

(1.2) W (x, s) =W0(s) + νζ(x)s, where W0(s) :=
1

4
(s2 − 1)2,

the first equation in (1.1) can be written as

ct = div
(
∇(−∆c+ ∂sW (x, c))− vc

)
=: div

(
∇µ− vc

)
,

where we have defined the chemical potential µ := −∆c+ ∂sW (x, c).
The one-dimensional version of (1.1) was studied in [3], where the change of variables u(x, t) =

c(x, t)− c0 was performed, yielding, see [3, equation (2.2)],

(1.3)


ut =

(
− uxx + (u+ c0)− (u+ c0)

3 + ζ(x)
)
xx

− βux for (x, t) ∈ (0, L)× (0, T ),

u(0, t) = ux(L, t) = µ(0, t) = µx(L, t) = 0 for t ∈ (0, T ],

u(x, 0) = u0(x) for x ∈ (0, L);

the coefficient ν is taken to be equal to 1, and the chemical potential µ reads, in this case,

(1.4) µ = µ(u) = −uxx + (u+ c0)
3 − (u+ c0) + ζ.

In [3, Theorem 2.4], the existence, uniqueness of weak solutions to (1.3), and their regularity
was studied. Moreover, the authors established the existence of a global attractor when β < L−3

(see [3, Theorem 6.5]). However, a number of interesting questions linger:

(i) Do solutions to (1.1) stabilize? In other words, do solutions approximate, for large times,
a steady state solution?

(ii) Is it possible to extend the results of [3] to the original two-dimensional model of [24]? Is
it possible to prove their stabilization? This latter question, which is possibly the most
relevant for the physical application to the LB transfer, requires a thorough analysis of
the set of steady states of (1.1), which is not available at present or a new idea.

Question (i) above is particularly interesting when one can leverage the results obtained for β = 0
(situation in which problem (1.3) is a Cahn–Hilliard equation with potential W given by (1.2)) to
the case β > 0, for which (1.3) features the non-trivial advective term −βux .

In the present paper, we will concentrate on giving an affirmative answer to the first question.
Our main result is the following.

Theorem 1.1. There exist a positive number Λ0 and an at most countable set E ⊂ [Λ0,∞)
such that, if L ∈ (0,∞) \ E, then there is β∗ = β∗(L) > 0 with the following properties. If
u0 ∈ {u ∈ H1(0, L) : u(0) = 0} and u is the corresponding solution to (1.3) with β ∈ [0, β∗], then
there exists u∞ ∈ C∞(0, L) such that for all m ∈ N we have

(1.5) lim
t→+∞

∥u(t)− u∞∥Hm(0,L) = 0.

We stress that the notion of solution has to be clarified and we do this later (see Definition 4.1
and formula (4.7)). The set E, which is defined in (2.14) below, of exceptional sample lengths
lacks explicit characterization. The origin of its presence comes from the definition of branch points
(see Definition 2.7), which are those for which the Implicit Function Theorem cannot be applied.
Fortunately, Theorem 2.10 ensures that E is discrete and therefore negligible.
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In order to prove Theorem 1.1 we will show that, for sufficiently small β > 0, equation (1.3),
which is a perturbation of a gradient flow of the energy functional

J (u) =

∫ L

0

(
1

2
(ux)

2 +W (x, u+ c0)

)
dx,

is still a gradient flow, albeit, in a weaker sense, see [5] or [23]. This weaker notion is based on
the structure of the global attractor and the lack of homoclinic structures. Once we show this, it
suffices to check that there is only a finite number of steady state solutions to (1.3). The strategy
of the proof is borrowed by that in [23], where it was applied to study the stabilization of a
sixth-order Cahn–Hilliard-type equation featuring a convective term.

We start our work with the analysis of steady states of (1.3) when β = 0. We first estimate the
number of the steady states for any L > 0 by means of the shooting method, see Theorem 2.5.
We separately show that there exists L0 > 0 such that for all L ∈ (0, L0) there is a unique steady
state of (1.3), see Proposition 2.6.

Then we prove that if v10 , . . . , v
N(L)
0 is the family of all steady states of (1.3) with β = 0, then

each vi0 belongs to a family viβ for small β ≥ 0. A natural tool for proving this is the Implicit

Function Theorem, see [18], which requires triviality of the kernel of the linearization of the right-
hand side of (1.3) with β = 0. This is the main technical challenge in the study of the problem
with β = 0, which we resolve in Propositions 2.8 and 2.9 and in Theorem 2.10. Remarkably, in
the course of its proof, we invoke the Weierstrass Preparation Theorem, see [15].

The second step is to invoke [5, Theorem 5.26] to conclude that (1.3) is still a gradient flow for
small β. Since this theorem is written in the language of the strongly continuous semigroups, we
rewrite the existence result of [3] in this language, which, in particular, proves to be very useful
when we have to establish the asymptotic collective compactness of families of semigroups {Sβ}β≥0

generated by (1.3). On this occasion, we prove some estimates on a modified energy functional
(see (4.22)) by using some ideas from [7] that were also employed in a similar context in [12]. This
yields estimates that are uniform in time and in β on the weak solutions to (1.3).

The last step to prove stabilization is the application of [5, Theorem 5.26], which we state
in Theorem 5.3 below for the reader’s convenience. This theorem provides a check-list of four
conditions to be satisfied to obtain the stability of gradient semigroups. We devote Section 5 to
showing that our problem satisfies these conditions.

We notice that the proof strategy that we use is intrinsically one-dimensional and cannot be
easily established for the original two-dimensional problem (1.1). In particular, the question of
counting the number of steady states of the two-dimensional elliptic problem (1.1) is much more
difficult, see, e.g., [1]. Because of these reasons, the analysis of (1.1) is left for future work.

The plan of the paper is the following. In Section 2, we study the steady states in the non
advective case, namely problem (1.3) for β = 0 (see (2.1) below). The main result for this case is
Theorem 2.5, where we prove that (2.2) has a finite number of solutions. The brief Section 3 deals
with the small-β continuation: by continuity (in fact analyticity) the results of Section 2 can be
extended to (1.3) with β ∈ (0, β0), where the existence of β0 > 0 is proved in Theorem 3.1. In
Section 4, we translate the results in the language of analytic semigroup theory, to prepare the
ground for the application of [5, Theorem 5.26]. Finally, in Section 5, we prove stabilization of
solutions.

2. The case β = 0

We begin by studying problem (1.3) in the regime β = 0, namely

(2.1)


ut =

(
− uxx + (u+ c0)

3 − (u+ c0) + ζ
)
xx

for (x, t) ∈ (0, L)× (0, T ),

u(0, t) = ux(L, t) = 0 for t ∈ (0, T ),

µ(0, t) = µx(L, t) = 0 for t ∈ (0, T ),
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where µ is defined by (1.4). We have to address different aspects of solutions to the associated
steady-state problem, that is

(2.2)


0 =

(
− uxx + (u+ c0)

3 − (u+ c0) + ζ
)
xx

for x ∈ (0, L),

u(0) = ux(L) = 0,

µ(0) = µx(L) = 0.

We start with a preliminary lemma.

Lemma 2.1. A function u is a solution to (2.2) if and only if it is a solution to

(2.3)

{
0 = −uxx + (u+ c0)

3 − (u+ c0) + ζ ≡ µ for x ∈ (0, L),

u(0) = ux(L) = 0.

Namely, u is steady state if and only if the chemical potential vanishes, µ = 0.

Proof. If u solves (2.3), then it is immediate to see that it solves (2.2). Viceversa, integration of
the equation in (2.2) twice over (0, x) yields that the chemical potential is an affine function, that
is µ(x) = ax+ b, for a, b ∈ R. Now, the boundary conditions (2.2)3 imply that a = b = 0. □

We have to address various aspects of solutions to (2.3). In particular, we need estimates on
the derivative ux . We have to bound the number of steady states and we have to expose their
dependence on the length L of the domain. We prove estimates on ux(0) which are uniform in L
and will be important for further analysis.

Lemma 2.2. If u ∈ C2([0, L]) is a solution of (2.3), then
√
2zℓ := −|c20 − 1| ≤

√
2ux(0) ≤

√
5− 4c0 + (c20 − 1)2 =:

√
2zr .

Proof. Multiplying (2.3) by ux and integrating from 0 to x ∈ [0, L] yields the first integral

2u2x(x) = 2u2x(0) + (u(x) + c0)
4 − 2(u(x) + c0)

2 − c40 + 2c20 + 4

∫ x

0

ux(s)ζ(s) ds

= 2u2x(0) +
(
(u(x) + c0)

2 − 1
)2 − (c20 − 1)2 + 4

∫ x

0

ux(s)ζ(s) ds.(2.4)

Let
x∗ := inf{x ∈ (0, L] : ux(x) = 0}.

This is well-defined since ux is continuous and ux(L) = 0.

Lower bound. If ux(0) ≥ 0, then
√
2ux(0) ≥ 0 ≥ −|c20 − 1| and we are done. Assume ux(0) < 0.

Then by definition of x∗ we have ux < 0 on [0, x∗), hence ux(s)ζ(s) ≥ 0 for every s ∈ (0, x∗)
because ζ ≤ 0. Evaluating (2.4) at x = x∗ and using ux(x∗) = 0 gives

0 = 2u2x(x∗) ≥ 2u2x(0)− (c20 − 1)2,

so 2u2x(0) ≤ (c20 − 1)2, and since ux(0) < 0,
√
2ux(0) ≥ −|c20 − 1|.

Upper bound. If ux(0) ≤ 0, then
√
2ux(0) ≤ 0 ≤

√
5− 4c0 + (c20 − 1)2 and we are done. Assume

ux(0) > 0. Then ux > 0 on [0, x∗). Using −1 ≤ ζ ≤ 0 we infer, for any x ∈ (0, x∗],

4

∫ x

0

ux(s)ζ(s) ds ≥ −4

∫ x

0

ux(s) ds = −4u(x),

where we used u(0) = 0 in the last identity. Insert this estimate into (2.4) and evaluate at x = x∗
to obtain

(2.5) 0 = 2u2x(x∗) ≥ 2u2x(0) +
(
(u(x∗) + c0)

2 − 1
)2 − (c20 − 1)2 − 4u(x∗).

Set t := u(x∗)+c0 (so u(x∗) = t−c0). Then the sum of the second and last term in the right-hand
side of (2.5) become

(t2 − 1)2 − 4(t− c0) =
(
(t2 − 1)2 − 4t+ 5

)
+ 4c0 − 5.
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The key point is the global algebraic inequality (valid for all t ∈ R)

(2.6) (t2 − 1)2 − 4t+ 5 = t4 − 2t2 − 4t+ 6 = (t2 − 2)2 + 2(t− 1)2 ≥ 0.

Using (2.6) in (2.5) therefore yields 0 ≥ 2u2x(0) + (4c0 − 5)− (c20 − 1)2, i.e.,

2u2x(0) ≤ (c20 − 1)2 − 4c0 + 5.

Since ux(0) > 0, taking square roots gives

√
2ux(0) ≤

√
5− 4c0 + (c20 − 1)2,

which is the desired upper bound. □

In order to expose the dependence of solutions to (2.3) on L we will rewrite this problem in a
fixed domain. For this purpose we set x = Ly with y ∈ [0, 1] and ṽ(y) := u(Ly) + c0. The steady
problem (2.3) becomes

(2.7)

{
−ṽyy + L2

(
ṽ3 − ṽ + ζ̃(y, L)

)
= 0, for y ∈ (0, 1),

ṽ(0) = c0, ṽy(1) = 0,

where ζ̃(y, L) := ζ(Ly). Of course, problems (2.3) and (2.7) are equivalent.
We will use the shooting method. For this purpose we set up the initial value problem for the

first equation in (2.7),

(2.8)

{
−ṽyy(y) + L2

(
ṽ(y)3 − ṽ(y) + ζ̃(y, L)

)
= 0, for y ∈ (0, 1),

ṽ(0) = c0, ṽy(0) = z̃.

In order to proceed, we have to make sure that solutions to (2.8) exist on [0, 1]. This is the
content of the lemma below.

Lemma 2.3. For any value of c0 and z̃ ∈ [Lzℓ , Lzr] there exists a unique solution ṽ(·;L, z̃) to
(2.8) on [0, 1]. Moreover, if ṽ has a maximum in [0, 1) or ṽy(1) = 0 when ṽy(0) > 0, (respectively
ṽ has a minimum in [0, 1) or ṽy(1) = 0 when ṽy(0) < 0), then we have the following bounds,

sup
y∈[0,1]

|ṽ(y;L, z̃)| ≤ max{1, vM}, sup
y∈[0,1]

|∂y ṽ(y;L, z̃)| ≤ Lmax{|zℓ|, zr}+ L2 max{1, vM}.

where vM > 0 is the (only real) solution to v3M − vM = 1.

Proof. We will consider only the case ṽy(0) > 0, since the case ṽy(0) < 0 can be handled in a
similar way and ṽy(0) = 0 is a limit of both cases and does not bring any additional difficulty.

Set y0 = 0 and suppose ṽy(0) > 0; then the function ṽ is increasing on an interval [0, y1] and it
attains its maximum at y1 ∈ (0, 1] . We claim that ṽyy(y1) ≤ 0, to show which we distinguish two
cases: y1 = 1 and y1 < 1. In the former case, we have that ṽy ≥ 0 on [0, 1], hence the condition
ṽy(1) = 0 implies that ṽy attains at y = 1 its minimum and our claim follows. In the latter case,
we deduce that ṽyy(y1) ≤ 0 and equation (2.8) implies

ṽ(y1)
3 − ṽ(y1) + ζ̃(y1, L) ≤ 0.

Since −1 < c0 < ṽ(y1) we deduce that ṽ(y1) ≤ vM , where vM is a solution to

v3M − vM = 1.

If y1 = 1 our argument is finished, whereas, if y1 < 1, we may suppose that ṽ is decreasing on
[y1, y2] and it achieves a local minimum at y2 ∈ (y1, 1]. If y2 < 1, then obviously ṽyy(y2) ≥ 0. If
y2 = 1, we notice that ṽy ≤ 0 on [y1, y2], hence ṽy attains a maximum at y = 1, hence ṽyy(x2) ≥ 0.

Then, equation (2.8) yields

ṽ(y2)
3 − ṽ(y2) + ζ̃(y2, L) ≥ 0.

Since ζ̃ < 0, we deduce that ṽ must be greater than or equal to vm < 0, the solution to v3m−vm = 0.
Hence vm = −1.
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Thus, we see that ṽ varies on intervals {[yk−1, yk]}Nk=1 between −1 and vM , where yk and yk+1

are consecutive extrema. If yN < 1, then we can continue ṽ past yN to reach the next extremum.
Thus, we conclude that ṽ(y) ∈ [−1, vM ] for all y ∈ [0, 1].

The bound on ṽy follows from the integration of equation (2.8). □

We now define the function f : (0,+∞)× R → R by

(2.9) f(L, z̃) := ṽy(1;L, z̃).

Remark 2.4. The function f defined in (2.9) is analytic in L > 0 and z̃. This is a consequence of
the analyticity of ζ and of the fact that the nonlinearity in (2.8) is polynomial. Indeed, we can
assume that L, z̃ ∈ C and therefore standard differentiability with respect to parameters yields
analyticity of f with respect to L and z̃. Restricting L and z̃ to the real line completes the
argument.

Here is the main observation of this section.

Theorem 2.5. For any given L > 0 and c0 , there is a finite number of solutions to (2.3). They
correspond to the zeros of the analytic function z̃ 7→ f(L, z̃), where f is defined in (2.9).

Proof. Solutions to (2.8) depend analytically on three parameters c0 , L, and z̃ (see Remark 2.4).
Solution to (2.3) correspond to zeros of the function z̃ 7→ f(L, z̃). From Lemma 2.2, we know that
these zeros may belong only to the interval [Lzℓ, Lzr], which is compact. Therefore, analyticity
with respect to z̃ implies that there is only a finite number of them. □

We may be more precise when the sample length, L, small. In this case we may prove uniqueness
of steady states.

Proposition 2.6. There is Λ0 > 0 such that if L ∈ (0,Λ0), then there exists a unique solution to
(2.3).

Proof. Since problems (2.3) and (2.7) are equivalent, we deal with (2.7) which is more manageable.
Let us notice that when L = 0, then (2.7) has a unique solution given by ṽ(y) = c0 . We shall

consider (2.7) as a problem

(2.10) G(L, ṽ(L)) = 0,

where

G : R× C2
bc([0, 1]) → C([0, 1])

and C2
bc([0, 1]) = {ṽ ∈ C2([0, 1]) : ṽ(0) = c0, ṽy(1) = 0}. In order to apply the Implicit Function

Theorem, we have to check that ∂ṽG(0, c0) is an isomorphism. Indeed,

∂G

∂ṽ
(0, c0)h = hyy .

This operator with the boundary conditions h(0) = hy(1) = 0 has a trivial kernel and it is
an isomorphism. Hence, there is Λ0 > 0 such that for all L ∈ (−Λ0,Λ0) there is a function
(−Λ0,Λ0) ∋ L 7→ ṽ(L) is a unique solution to (2.10). □

In view of Theorem 2.5, for each L > 0, we denote by z̃1(L), . . . , z̃N(L)(L) the zeros of z̃ 7→
f(L, z̃) and by ṽ1(L), . . . , ṽN(L)(L) the corresponding solutions to (2.3).

We now analyze the set {z̃j(L)}N(L)
j=1 in more detail. In particular, we partition the pairs

(L, z̃j(L)) in two classes.

Definition 2.7 (Nondegenerate solution and branch point). Let L0 > 0 and consider a zero

z̃0 ∈
{
z̃j(L0)

}N(L0)

j=1
.

• We call (L0, z̃0) nondegenerate if ∂z̃f(L0, z̃0) ̸= 0.
• We call (L0, z̃0) a branch point if ∂z̃f(L0, z̃0) = 0.
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Our aim is to relate nondegeneracy of pairs (L0, z̃0) to the triviality of the kernel of the linearized
operator corresponding to problem (2.2). This will be developed in the following results.

We start by considering the linearized problem associated with (2.7). For a given L0 > 0, let ṽ∗
be a solution to (2.7) for L = L0 . We set D(ML0

) = {u ∈ H2(0, 1) : u(0) = 0 = ux(1)} and define
the linearized operator ML0

: D(ML0
) ⊂ L2(0, 1) → L2(0, 1) as

(2.11) ML0
h := −hyy + L2

0(3ṽ
2
∗(y)− 1)h.

Proposition 2.8 (Nondegenerate points yield unique analytic branches). Let L0 > 0 and let

z̃0 ∈
{
z̃j(L0)

}N(L0)

j=1
. If (L0, z̃0) is non degenerate, then there exist ε > 0 and a unique real-

analytic function

z̃ : (L0 − ε, L0 + ε) → R
such that f(L, z̃(L)) = 0 for |L − L0| < ε and z̃(L0) = z̃0 . Consequently L 7→ ṽ(·;L, z̃(L)) ∈
C1([0, 1]) is a unique real-analytic branch of steady states near L0 .

Proof. The real-analytic Implicit Function Theorem (see, e.g., [13, Section 6.1]) applies to the
analytic map f : (0,∞)×R → R defined in (2.9), at (L0, z̃0), since ∂z̃f ̸= 0. Analytic dependence
of L 7→ ṽ(·;L, z̃(L)) follows from Remark 2.4. □

In the next proposition, we prove that the loss of nondegeneracy of pairs (L0, z̃0) corresponds
to the nontriviality of the kernel of the operator ML0

.

Proposition 2.9. Let (L0, z̃0) satisfy f(L0, z̃0) = 0 and let ṽ∗(y) := ṽ(y;L0, z̃0) denote the corre-
sponding steady state, i.e., ṽ∗ is a solution to (2.7). Consider the boundary-value problem

(2.12)

{
ML0

h = 0 for y ∈ (0, 1),

h(0) = 0, hy(1) = 0,

for the linearized operator introduced in (2.11). Then ∂z̃f(L0, z̃0) = 0 if and only if kerML0
̸= {0}.

Proof. Differentiate the initial-value problem (2.8) with respect to z̃ at (L0, z̃0). The variation
h(y) = ∂z̃ ṽ(y;L0, z̃0) solves

(2.13)

{
ML0h = 0 for y ∈ (0, 1),

h(0) = 0, hy(0) = 1.

Hence ∂z̃f(L0, z̃0) = hy(1). Thus, ∂z̃f(L0, z̃0) = 0 if and only if the solution to (2.13) is also
a solution to (2.12), i.e., if and only if (2.12) admits a nontrivial solution. Conversely, if k is a
nontrivial solution to (2.12), then ky(0) ̸= 0 by uniqueness; defining h := k/ky(0) gives h(0) = 0,
h′(0) = 1, h′(1) = 0, hence ∂z̃f(L0, z̃0) = 0. □

Therefore, branch points correspond to nontriviality of the kernel of the linearized operator
LL0

. In the next theorem, we prove that there are at most countably many branch points.

Theorem 2.10 (Rarity of branch points in L). The set

(2.14) E :=
{
L > 0 : ∃ j ∈ {1, . . . , N(L)} : (L, z̃j(L)) is a branch point

}
is discrete (in particular, of measure zero).

Proof. Define the zero level sets, for i = 0, 1,

Si :=
{
(L, z̃) ∈ (0,∞)× [Lzℓ , Lzr] : ∂iz̃f(L, z̃) = 0

}
.

We immediately notice that the set S0 \ S1 is a smooth manifold of dimension 1 as a consequence
of the Implicit Function Theorem. Consider any compact set K ⊂ (0,+∞) and the projection
πL : (0,+∞)× R → (0,+∞) on the first component.

We claim that πL
(
S0∩S1∩ (K× [Lzℓ , Lzr])

)
⊂ K is finite. If the set S0∩S1∩ (K× [Lzℓ , Lzr])

is finite, then the claim follows. Otherwise, it has an accumulation point and two cases may occur.
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(a) There exists L0 ∈ K such that S0 ∩ S1 ∩ ({L0} × [Lzℓ , Lzr]) has an accumulation point,
hence the same is true about S0 ∩ ({L0} × [Lzℓ , Lzr]). As a result, the analytic function
of one variable z̃ 7→ f(L0, z̃) vanishes on a set having an accumulation point. This means
that f(L0, z̃) ≡ 0, which implies that there are infinitely many steady states for L = L0 ,
contradicting Theorem 2.5.

(b) The set πL
(
S0 ∩ S1 ∩ (K × [Lzℓ , Lzr])

)
has an accumulation point. By invoking the

Weierstrass Preparation Theorem (see, e.g., [15, Chapter C, §2]), and possibly up to a
local analytic change of coordinates, we can factor

f(L, z̃) = U(L, z̃)PL(z̃),

where U is an analytic nonvanishing function, and PL is a monic polynomial of degree n,
whose coefficients are analytic in L. We recall that the discriminant of PL is a function of
L and is defined by

d(L) = (−1)(
n
2)

n∏
j=1

∂PL

∂z̃
(z̃j),

where z̃j , j = 1, . . . , n is the complete set of zeros of the polynomial z̃ 7→ PL(z̃).
In this case, L 7→ d(L) is an analytic function of one variable vanishing on a set with

an accumulation point in a compact set (in the intersection S0 ∩ S1, zeros are multiple).
Thus, d must be identical to zero on (0,∞). However, we know that for small values of L
there is a unique and simple zero of f(L, ·), which contradicts Proposition 2.6.

The theorem is proved. □

We noted that problems (2.3) and (2.7) are equivalent, i.e., u is a solution to (2.3) if and only
if ṽ, the scaling of u, is a solution to (2.7). Moreover, problem (2.12) has a nontrivial solution if
and only if there is a non-zero solution of

(2.15)

{
−hxx + (3u2(x)− 1)h = 0, for x ∈ (0, L),

h(0) = 0, hx(L) = 0.

We can summarize the results of this section as follows.

Theorem 2.11. Let us suppose L ∈ (0,∞)\E, where E is defined in (2.14) and c0 ∈ (−1, 0). Then
there exists a finite family {u1, . . . , uN(L)} of steady stated of (2.2) and the linearized operator at
each ui, i.e., (2.15) has a trivial kernel.

Proof. We noticed in Lemma 2.1 that equations (2.2) and (2.3) are equivalent. Existence of a finite
family of solutions to (2.3) for any positive L and c0 follows from Theorem 2.5 after taking into
account that (2.3) and the rescaled equation (2.7) are equivalent. Proposition 2.9 and Theorem
2.10 combined show that if L ∈ (0,∞) \E, then all solutions to (2.3) lead to linearized operators
(2.15) with a trivial kernel. □

3. Continuation to small β

We first address existence of steady state solution of (2.2) for a range of β. Later, in the course
of proof of Lemma 5.6, we will study the spectrum of the linearized operator. We return to the
fourth-order formulation with β and we define the operator F : X× (−1, 1) → L2(0, L) by formula

F(u, β) :=
(
− uxx + (u+ c0)

3 − (u+ c0) + ζ
)
xx

− βux ,

where X is the following complete metric space

(3.1) X := {u ∈ H4(0, L) : u(0) = 0, ux(L) = 0, µ(0) = µx(L) = 0}.

At a steady state u∗ for β = 0, the linearisation DuF(u∗, 0) = ∆ML has kernel {0} provided
the second-order linearised problem (2.13) is nondegenerate, see Proposition 2.9. Then, we can
prove the following result.



STABILIZATION OF SOLUTIONS TO A MODEL OF LANGMUIR-BLODGETT FILMS 9

Theorem 3.1 (small-β continuation). Suppose 0 < L /∈ E, where E is defined in (2.14), and let
uj(L), for some j ∈ {1, . . . , N(L)}, be a steady state of (2.1). Then the linearized operator at

uj(L) has trivial kernel and there exist β0 > 0 and a C1 function (−β0, β0) ∋ β 7→ ujβ ∈ H4(0, L)

with uj0 = uj(L) and F(ujβ , β) = 0. Moreover, there exists C > 0 depending only on F and uiβ
such that

(3.2) ∥ujβ(L)− uj(L)∥H4(0,L) ≤ C|β|.

Proof. The existence of the function β 7→ ujβ is a direct application of the Implicit Function

Theorem in Banach spaces (see, e.g., [18, Theorem 2.7.2]). Indeed, the mapping F is of class C1 in a
neighborhood of (uj(L), 0) in X defined in (3.1). Moreover, due to Proposition 2.9, DuF(uj(L), 0)
has trivial kernel by the nondegeneracy (L, z̃j(L)). Since DuF(uj(L), 0) is the inverse of a compact
operator, its spectrum consists of eigenvalues, hence DuF(uj(L), 0) is an isomorphism. □

4. Semigroup background

In this section we will recall the existence result of [3]. We want to recast it in the language of
the analytic semigroup theory as exposed in [8] or [10] (to which we redirect the reader for basic
facts). For this purpose we introduce in a concise way the basics of this theory. We have to do this,
because our main tool, i.e., [5, Theorem 5.26], is written in this language. In fact, this theorem
provides a check-list of properties of the semigroup generated by an equation to be established.

4.1. Existence of weak solutions to (1.3). Here, we recall the statement of the main existence
result in [3]. We first introduce a number of function spaces. We set

V := {u ∈ H1(0, L) : u(0) = 0}

and we endow it with the scalar product (u, v)V :=
∫ L

0
u′(x)v′(x) dx. We introduce the notion of

weak solution to (1.5) as follows.

Definition 4.1. Let u0 ∈ V be a given initial datum. A function u is a weak solution to (1.3)
in [0, T ] corresponding to u0 if u(x, 0) = u0(x) for almost every x ∈ (0, L), and the following
conditions hold:

(1) u ∈ H1(0, T ;V ′) ∩ L2(0, T ;H3(0, L));
(2) the chemical potential µ := −uxx + ∂sW (x, u+ c0) ∈ L2(0, L;V );
(3) for every ψ ∈ V and almost every t ∈ (0, T ), the function u satisfies

⟨∂tu, ψ⟩V,V ′ = −(µ, ψ)V − β

∫ L

0

ux(x)ψ(x) dx;

(4) for almost every t ∈ (0, T ), the function u satisfies the boundary conditions u(0, t) =
ux(L, t) = 0.

The following result was established in [3].

Proposition 4.2. ([3, Theorem 2.4]) Let W be given by (1.2) and let u0 ∈ V . For any T > 0,
there exists a unique weak solution u to the problem (1.3) in [0, T ] corresponding to u0 in the sense
of Definition 4.1. Furthermore, setting

(4.1) E(v) := 1

2

∫ L

0

|vx(x)|2 dx+

∫ L

0

W (x, v(x)) dx for v ∈ V,

the following energy equality holds true for almost every t ∈ (0, T ):

(4.2)
d

dt
E(u(t)) + ∥µ(t)∥2V = −β

∫ L

0

ux(x, t)µ(x, t) dx,

where µ is defined in (1.4). Finally, the solution u depends continuously on the initial data, in
the following sense: given any M > 0, there exists a constant CM > 0 (depending on β, L, M ,
and T ) such that for every initial data u0 , ū0 ∈ V with ∥u0∥V , ∥ū0∥V ≤M the corresponding weak
solutions u, ū satisfy, for all t ∈ [0, T ],

∥u(t)− ū(t)∥V ≤ CM∥u0 − ū0∥V .
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4.2. Basics of the analytic semigroup theory. By considering a Hilbert space H , we rewrite
the problem in (1.3) as

(4.3) wt +Aw = Fβ(w), w(0) = w0

where A : D(A) ⊂ H → H is the (one-dimensional) bilaplacian operator A = ∆2 = (−∆)2, and
where the meaning of Fβ will be explained momentarily. Here,

D(A) := {w ∈ H4(0, L) : w(0) = wxx(0) = 0, wx(L) = wxxx(L) = 0}.

It is not difficult to check that A is a positive definite self-adjoint operator. Hence, it is sectorial
on H = L2(0, L) and −A is a generator of an analytic semigroup. In particular, the fractional
powers Aα are well-defined. We write H α := D(Aα); in particular, A1/2 = −∆ with

H 1/2 = D(A1/2) = {w ∈ H2(0, L) : w(0) = 0 = wx(L)}

and

H 1/4 = V, ∥(−∆)1/2w∥ = ∥wx∥,
where, here and hencefort, we use ∥ · ∥ to denote the L2(0, L)-norm ∥ · ∥L2(0,L) . Indeed,

(4.4) ∥(−∆)1/2w∥2 = (w,−∆w) = (wx, wx).

We also recall existence of constants Cα for all α ∈ (0, 1] such that, see [10, Theorem 1.4.3],

(4.5) ∥Aαe−At∥ ≤ Cαt
−αe−λt, t > 0,

where λ ∈ (0, inf σ(A)), σ(A) being the spectrum of A.
In order to accommodate the boundary conditions coming from µ(0) = 0 = µx(L), we introduce

w = u− η, where η is a smooth function with the following properties,

η(0) = 0 = ηx(L), ηxx(0) = c30 − c0 + ζ(0), ηxxx(L) = ζx(L).

Then Fβ : H 1/2 → H given by

(4.6) Fβ(w) = ∆∂sW (x,w + η + c0)− βwx −∆2η − βηx

is well-defined, and one can easily check that Fβ is locally Lipschitz continuous. As a result, the
basic existence result [10, Theorem 3.3.3] applies, yielding local-in-time strong solutions for data
w0 ∈ H 1/2, meaning that

(4.7) w ∈ C((0, T );D(A)) ∩ C([0, T );H 1/2) ∩ C1((0, T );H ).

Let us note that the semigroup theory provides locally more regular solutions than the weak ones
constructed in [3].

Since it suffices that the initial condition u0 is in V = H 1/4 to construct a weak solution,
we cannot immediately claim that weak and strong solutions coincide. However, Proposition 4.2
assures us that for a.e. t0 > 0 the weak solution u(t0) is in H

3(0, L) and satisfies the appropriate
boundary conditions, hence it is in H 1/2. Thus, the strong solution of (4.3) with the nonlinearity
(4.6) and initial condition w0 = u(t0) − η exists. By the uniqueness part of Proposition 4.2, we
see that the strong solution w(t) + η and the weak solutions u(t) must coincide on [t0, T ). Since
t0 > 0 and t0 < T are arbitrary, we see that both types of solutions agree on (0,∞).

We need to establish a number of properties of the solution. The following integral representa-
tion of strong solutions will be very useful for us, see [8, 10],

w(t) = e−∆2(t−t0)w0 +

∫ t

t0

e−∆2(t−σ)
(
∆∂sW (x,w + η + c0)− βwx −∆2η − βηx

)
dσ

= e−∆2(t−t0)w0 + (Id− e−∆2(t−t0))η

+

∫ t

t0

e−∆2(t−σ)
(
∆∂sW (x,w + η + c0)− βwx − βηx

)
dσ.

(4.8)

Since we want to use it to deduce estimates of weak solutions, t0 must be greater than zero.
Let us note the following smoothing effect.
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Lemma 4.3 (Instantaneous smoothing). Let u0 ∈ V and let u be the corresponding weak solution
to (1.3). Then, for every 0 < τ < T < ∞ and every m ∈ N, there exists a positive constant
Cm,τ,T = Cm,τ,T (u0, L, β, η, ζ) such that

sup
t∈[τ,T ]

∥u(t)∥Hm(0,L) ≤ Cm,τ,T .

In particular,

u(t) ∈ C∞(0, L) for every t > 0.

Proof. Fix 0 < τ < T . Since u ∈ L2(0, T ;H3(0, L)) as per Definition 4.1(1), there exists t0 ∈
(0, τ/2) such that u(t0) ∈ H3(0, L) and satisfies the boundary conditions.

Set w = u−η. By the discussion preceding (4.8), the weak solution coincides on [t0, T ] with the
strong solution of (4.3) issued from w(t0). In particular, w ∈ C

(
(t0, T ];D(A)

)
∩ C1

(
(t0, T ];H

)
,

and, since D(A) ↪→ H4(0, L), we infer that there exists a positive constant Cτ,T (u0, L, β, η, ζ)
depending on u0 , L, β, η, and ζ such that

sup
t∈[τ,T ]

∥w(t)∥H4(0,L) ≤ Cτ,T (u0, L, β, η, ζ).

We now assume that for some m ≥ 4 there exists a constant Cm,τ,T (u0, L, β, η, ζ) > 0 such that

sup
t∈[τ,T ]

∥w(t)∥Hm(0,L) ≤ Cm,τ,T (u0, L, β, η, ζ)

and bootstrap. Since Hm(0, L) is a Banach algebra in one space dimension and Fβ is a differ-
ential polynomial of order at most two, see (4.6), we have that there exists a positive constant

C̃m,τ,T (u0, L, β, η, ζ) such that

(4.9) sup
t∈[τ,T ]

∥Fβ(w(t))∥Hm−2(0,L) ≤ C̃m,τ,T (u0, L, β, η, ζ).

Writing (4.8) with initial time t0 and applying A(m+1)/4, we obtain, thanks to (4.5), that

∥w(t)∥Hm+1(0,L) ≤Cm,τ,T (u0, L, β, η, ζ)∥w(t0)∥H + C3/4

∫ t

t0

(t− s)−3/4∥Fβ(w(s))∥Hm−2(0,L) ds

≤Cm,τ,T (u0, L, β, η, ζ)∥w(t0)∥H + 4T 1/4C3/4C̃m,τ,T (u0, L, β, η, ζ)

=:Cm+1,τ,T (u0, L, β, η, ζ),

for every t ∈ [τ, T ].
Hence w is bounded in Hm(0, L) on [τ, T ] for every m ∈ N. Since η is smooth, the same is true

for u, possibly redefining the constant Cm,τ,T . □

4.3. Estimates uniform in β. Our convergence analysis depends on uniform-in-time estimates
on solutions in various Sobolev norms. On the way we will revisit the proof of existence a global
attractor for (1.3) given in [3, Theorem 6.5]. We will improve it by making it independent of L and
β ∈ (0, 1]. The first step in this direction in a new proof of existence of an absorbing ball. We will
use, for this purpose, an argument based on the ideas of [7], which were developed in [12]. Then,
we show uniform-in-time estimates in the Sobolev norms Hm for all m ≥ 2. This is more than
enough to establish the existence of a global compact attractor Aβ in the H1-topology. However,
the uniform bounds in higher Sobolev norms will be useful when we want to infer stabilization not
only in H1(0, L), but also in Hm(0, L), for m ≥ 2, see Theorem 5.7 below.

Let us call the semigroup of weak solutions generated by (1.3) by Sβ . Here is our basic result
on Sβ .

Proposition 4.4 (Absorbing ball in H1(0, L)). Let us suppose that β ∈ (0, 1]. The semigroup
Sβ(t) : V → V , u0 7→ Sβ(t)u0 = u(t), generated by the unique weak solutions to equation to (1.3)
for u0 ∈ V has an H1 absorbing ball B = {u ∈ V : ∥u∥H1(0,L) ≤ M1(L, ζ)}, i.e., for a set B ⊂ V

bounded in the H1-topology, there is tB > 0 such that S(t)u0 = u(t) ∈ B for u0 ∈ B and t ≥ tB .
The value of the constant M1(L, ζ) > 0 is provided at the end of the proof.
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Proof. We will proceed in a number of steps developing a priori estimates.
Step 1. We claim that weak solutions, in the sense of Definition 4.1, to equation (1.3) with u0 ∈ V
fulfill, for every β ≤ 1,

(4.10)
d

dt

[ ∫ L

0

W0(u+ c0) dx+
1

2
∥ux∥2

]
+

1

2
∥(−∆)−1/2ut∥2 ≤ β∥u∥2 + ∥ζx∥2,

where we recall that W0 is the classical double-well potential defined in (1.2). Indeed, application
of the integral operator (−∆)−1 : L2 → D(−∆) ⊂ H2 to both sides of equation (1.3) yields

(4.11) (−∆)−1ut − uxx + (u+ c0)
3 − (u+ c0) + ζ − β(−∆)−1ux = 0 ,

Since (−∆)−1ut and uxx belong to H1, we may pair the above equation with ut . Next, integration
by parts and rearranging yield

d

dt

[
1

4
∥u+ c0∥4L4 −

1

2
∥u+ c0∥2 +

1

2
∥ux∥2

]
+ ∥(−∆)−1/2ut∥2 ≤ β|⟨(−∆)−1ux, ut⟩|+ |⟨ζ, ut⟩ |,

(4.12)

where ⟨·, ·⟩ denotes the duality pairing between V and V ′. We notice that the right-hand side can
be handled by using the Cauchy inequality with ϵ = 1/2; indeed,

|⟨(−∆)−1ux, ut⟩| = |⟨(−∆)−1/2ux, (−∆)−1/2ut⟩| ≤
1

4
∥(−∆)−1/2ut∥2 + ∥(−∆)−1/2ux∥2

≤ 1

4
∥(−∆)−1/2ut∥2 + ∥u∥2,

(4.13a)

the last inequality being justified by having ∥(−∆)1/2∥ = 1, which follows from (4.4), and the fact
that the norm u 7→ ∥ux∥ on V is equivalent to the standard one in H1. In an analogous fashion,
we estimate

(4.13b) |⟨ζ, ut⟩| = |⟨(−∆)1/2ζ, (−∆)−1/2ut⟩| ≤
1

4
∥(−∆)−1/2ut∥2 + ∥ζx∥2.

By using inequalities (4.13) in (4.12) and taking into account that β ≤ 1, we obtain (4.10).

Step 2. Estimate (4.10) was a preliminary result. The next one will give the first uniform-in-time
estimate. We claim that the inequality

(4.14)
d

dt
∥(−∆)−1/2u∥2 + 1

8
∥u+ c0∥4L4 + ∥ux∥2 ≤ 2K1(L)

holds true for all weak solutions u of (1.3) with u0 ∈ V , where K1(L) is a positive constant whose
explicit expression is given by formula (4.21) below.

Indeed, by using u itself as a test function in (4.11), we obtain

0 = ⟨(−∆)−1ut, u⟩ − ⟨∆u, u⟩+ ⟨(u+ c0)
3, u⟩ − ⟨u+ c0, u⟩+ ⟨ζ, u⟩ − β⟨(−∆)−1ux, u⟩

= ⟨(−∆)−1/2ut, (−∆)−1/2u⟩+ ∥ux∥2 + ∥u+ c0∥4L4 − ∥u+ c0∥2 + ⟨ζ, u+ c0⟩
− ⟨(u+ c0)

3, c0⟩+ ⟨u+ c0, c0⟩ − ⟨ζ, c0⟩ − β⟨(−∆)−1ux, u⟩.
(4.15)

This is legitimate, because all the ingredients are in L2. Subsequently, we use a series of estimates
based on Young’s inequality and on the fact that |c0| ≤ 1, namely,

c0(u+ c0)
3 ≤ 1

8
(u+ c0)

4 + 54, (u+ c0)
2 ≤ 1

2
(u+ c0)

4 +
1

2
,

c0(u+ c0) ≤
1

2
(c20 + (u+ c0)

2) ≤ 1

2
c20 +

1

4
(u+ c0)

4 +
1

4
≤ 1

4
(u+ c0)

4 +
3

4
.

(4.16)

If we combine these inequalities with (4.15) and take into account that |c0| < 1, then we reach

1

2

d

dt
∥(−∆)−1/2u∥2 + ∥ux∥2 + ∥u+ c0∥4L4 −

1

2
∥u+ c0∥4L4 −

L

2

≤ 1

8
∥u+ c0∥4L4 + 54L+

1

4
∥u+ c0∥4L4 +

3L

4
+ |⟨ζ, c0⟩|+ |⟨ζ, u+ c0⟩|+ β|⟨(−∆)−1ux, u⟩|.

(4.17)
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We can now use Young’s inequality with ϵ = 1/8 and the fact that |ζ| ≤ 1 to estimate

ζ(u+ c0) ≤
1

2
|ζ|2 + 1

2
(u+ c0)

2 ≤ 1

2
+

1

2

(
ϵ

2
(u+ c0)

4 +
1

2ϵ

)
=

1

32
(u+ c0)

4 +
5

2
,

whence

(4.18) |⟨ζ, u+ c0⟩| ≤
1

32
∥u+ c0∥4L4 +

5L

2
.

Moreover, by observing that

(4.19) ∥(−∆)−1f∥ ≤ L2∥f∥
and using Young’s inequality with ϵ and η, we can estimate,

|⟨(−∆)−1ux, u⟩| = |⟨(−∆)−1ux, u+ c0⟩ − ⟨(−∆)−1ux, c0⟩|

≤ ϵ

2
∥(−∆)−1ux∥2 +

1

2ϵ
∥u+ c0∥2 +

ϵ

2
∥(−∆)−1ux∥2 +

1

2ϵ
∥c0∥2

≤L4ϵ∥ux∥2 +
1

2ϵ

η

2
∥u+ c0∥4L4 +

1

2ϵ

1

2η
L+

1

2ϵ
L

=
1

2
∥ux∥2 +

1

32
∥u+ c0∥4L4 + 8L9 + L5,

(4.20)

after choosing ϵ = 1/2L4 and η = 1/16L4. By using inequalities (4.18) and (4.20) in (4.17) and
rearranging terms, we get

1

2

d

dt
∥(−∆)−1/2u∥2 + 1

2
∥ux∥2 +

1

16
∥u+ c0∥4L4 ≤ 231

4
L+ L5 + 8L9 + |⟨ζ, c0⟩|

≤ 235

4
L+ L5 + 8L9 =: K1(L),

(4.21)

which proves (4.14).

Step 3. Now we are able to prove the existence of an absorbing set. To do so, we define the
“energy”

(4.22) E1(t) :=
∫
Ω

W0(u+ c0) dx+
1

2
∥ux∥2 + ∥(−∆)−1/2u∥2.

We will prove that E1(t) is bounded if t is larger than a certain tB > 0 that only depends on the
data of the problem.

By adding estimate (4.14) to estimate (4.10), we obtain

d

dt
E1(t) + θE1(t)− θ

(∫
Ω

W0(u+ c0) dx+
1

2
∥ux∥2 + ∥(−∆)−1/2u∥2

)
+

1

8
∥u+ c0∥4L4 + ∥ux∥2 +

1

2
∥(−∆)−1/2ut∥2 ≤ β∥u∥2 + ∥ζx∥2 + 2K1(L).

Here we added and subtracted a small fraction of E1 (θ > 0). A rearrangement yields

d

dt
E1(t) + θE1(t) +

(
1

8
− θ

4

)
∥u+ c0∥4L4 +

(
1− θ

2

)
∥ux∥2

≤ θ∥(−∆)−1u∥2 + Lθ

4
+ β∥u∥2 + ∥ζx∥2 + 2K1(L) ≤ (θL4 + 1)∥u∥2 + Lθ

4
+ ∥ζx∥2 + 2K1(L),

where we used (4.19) and β ≤ 1. By Young’s inequality with ϵ = 1/16, we obtain

∥u∥2 ≤ 1

16
∥u+ c0∥4L4 + 18L.

Thus, recalling (4.19), we estimate

d

dt
E1(t) + θE1(t) +

(
1

8
− θ

4

)
∥u+ c0∥4L4 +

(
1− θ

2

)
∥ux∥2

≤ θL4 + 1

16
∥u+ c0∥4L4 +

[
18(θL4 + 1) +

θ

4

]
L+ ∥ζx∥2 + 2K1(L)
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By choosing θ̄ = (L4 + 4)−1, the term with ∥u + c0∥4L4 vanishes and we can neglect the term

containing ∥ux∥2, since θ̄ < 2; we obtain

d

dt
E1(t) +

1

L4 + 4
E1(t) ≤

L(144(L4 + 2) + 1)

4(L4 + 4)
+ ∥ζx∥2 + 2K1(L) =: K2(L, ζ),

so that Gronwall inequality leads to

(4.23) E1(t) ≤
(
E1(0)− (L4 + 4)K2(L, ζ)

)
e−t/(L4+4) + (L4 + 4)K2(L, ζ)

and this is enough to conclude. Indeed, it is easy to see that there exists tB > 0 depending on
E1(0), L, and ζ such that E1(t) < (L4 + 4)K2(L, ζ) + 1 =:M1(L, ζ) for all t ≥ tB . □

The proof we presented above shows a uniform-in-β ≤ 1 bound on the absorbing set and time tB .
However, we need uniform estimates on u in higher Sobolev norm. The constant variation formula
(4.8) yields bounds on w = u− η, hence we have them for u too.

Lemma 4.5. Let us suppose that w0 ∈ B ⊂ V , where B is bounded, and that t ≥ t2 := tB + 1,
with tB provided by Proposition 4.4. Then there exists a positive constantM2(B,L, η, ζ), depending
only on B, L, η, and ζ, such that Sβ(t)w0 ∈ H2(0, L) and ∥w(t)∥H2(0,L) ≤M2(B,L, η, ζ).

Proof. It is enough to apply ∆ to both sides of (4.8) to estimate the second-order derivative of w.
If we take λ ∈ (0, inf σ(∆2)), then estimate (4.5) yields

∥∆w(t)∥ ≤∥∆(e−∆2(t−tB)(w − η) + η)∥

+

∫ t

tB

∥∥∆(
e−∆2(t−σ)

(
∆∂sW (x,w + η + c0) + βwx − βηx

))∥∥dσ =: I1(t) + I2(t).

It is easy to see that due to (4.23) we have the following estimate, where we used (4.5) again,

I1(t) ≤ C1/4(t− tB)
−1/4e−λ(t−tB)∥w0∥H1 + C1/2(t− tB)

−1/2e−λ(t−tB)∥η∥+ ∥ηxx∥
≤ C1/4∥w0∥H1 + C1/2∥η∥+ ∥ηxx∥ =: c0(B,L, η),

for every t ≥ t2 = tB + 1. Moreover,

I2(t) ≤
∫ ∞

tB

∥∆(e−∆2(t−σ)∆∂sW (x,w + η + c0)
)
∥ dσ +

∫ ∞

tB

∥∆
(
e−∆2(t−σ)(βwx − βηx)

)
∥dσ

=: J1(t) + J2(t).

Again, since for t ≥ tB the solution lies in the absorbing set, it is easy to see that

J2(t) ≤ β

∫ ∞

tB

C1/2
e−λ(t−s)

(t− s)1/2
(M1(L, ζ) + ∥ηx∥) dσ =: c1(B,L, η, ζ).

Finally, we estimate J1 ; for this purpose we notice that∥∥((w + η + c0)
3
)
x

∥∥ ≤ 3
(
LM1(L, ζ) + (∥η∥L∞ + 1)2

)
(∥wx∥+ ∥η∥) =: c2(B,L, η, ζ),

where we also used that ∥w∥L∞ ≤ L1/2∥wx∥ for w ∈ V .
Our claim follows by combining these estimates with the bound in V , i.e.,

M2(B,L, η, ζ) :=
√
M1(L, ζ)2 + c0(B,L, η)2 + c1(B,L, η, ζ)2 + c2(B,L, η, ζ)2.

The proof is concluded. □

The above lemma implies that the absorbing set in V is compact. We combine it with the
following well-knows fact.

Proposition 4.6. (see [16, Theorem 1]) Let us suppose that a strongly continuous semigroup
S(·) on Z has a compact attracting set K. Then there is a compact global attractor for S(·) and
A = ω(K).

In this way we deduce the following corollary.
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Corollary 4.7. For all β ∈ (0, 1) the semigroup Sβ has a global attractor, Aβ , which is compact
in H1-topology. Moreover, there exists R > 0 such that Aβ is contained in the ball BV (0;R) in
the H1-topology.

Proof. Proposition 4.4 combined with Lemma 4.5 imply that the absorbing set is compact in
the H1-topology. The fact that Sβ is a strongly continuous semigroup in V was established
in the course of proof of [3, Theorem 6.5]. Hence, Proposition 4.6 yields existence of a global
attractor for each β ∈ (0, 1]. The uniform bound on the attractor in H1-topology follows from
Proposition 4.4. □

We finally note the following uniform bounds, away from initial time.

Proposition 4.8 (Uniform higher-order bounds after an arbitrary delay). Let B ⊂ V be bounded
and let tB be the entering time of the absorbing ball provided by Proposition 4.4. Then, for every
τ > 0 and every m ≥ 2, there exists a positive constant Mm,τ =Mm,τ (B,L, η, ζ) depending on B,
L, η, and ζ, such that, for all β ∈ [0, 1], all u0 ∈ B, and all t ≥ tB + τ ,

∥Sβ(t)u0∥Hm(0,L) ≤Mm,τ .

Proof. Let w(t) = Sβ(t)u0 − η. Fix τ > 0 and set

τj := 2−jτ, sn :=

n∑
j=1

τj .

Then sn < τ for every n ∈ N and sn ↑ τ .
By Proposition 4.4, there exists M1(L, η, ζ) > 0 such that

sup
β∈[0,1]

sup
u0∈B

sup
t≥tB

∥w(t)∥H1(0,L) ≤M1(L, η, ζ).

We start with the case m = 2. Arguing exactly as in the proof of Lemma 4.5, but writing (4.8)
on the interval [t− τ1, t] instead of [tB , t], we find a positive constant M2,τ =M2,τ (B,L, η, ζ) such
that

sup
β∈[0,1]

sup
u0∈B

sup
t≥tB+s1

∥w(t)∥H2(0,L) ≤M2,τ .

Since we have an absorbing set in H1, the constant M2,τ depends on B not on an individual
u0 ∈ B. Neither M2,τ depends on t, because the function s 7→ e−λss−α is integrable over (0,∞),
provided that λ > 0 and α ∈ (0, 1).

We now bootstrap. Assume that for some m ≥ 2 we already know that there exists a positive
constant Mm,τ =Mm,τ (u0, L, η, ζ) such that

sup
β∈[0,1]

sup
u0∈B

sup
t≥tB+sm−1

∥w(t)∥Hm(0,L) ≤Mm,τ .

Fix t ≥ tB + sm . Then t− τm ≥ tB + sm−1 , so the induction hypothesis is available on the whole
interval [t− τm, t]. Arguing as in (4.9) we have the existence of a positive constant

sup
s∈[t−τm,t]

∥Fβ(w(s))∥Hm−2(0,L) ≤ C̃m,τ ,

where Cm,τ is independent of t, β, and u0 ∈ B. Writing (4.8) with initial time t − τm, applying

A(m+1)/4, and using (4.5), we obtain

∥w(t)∥Hm+1(0,L) ≤C
∥∥A1/4e−AτmAm/4w(t− τm)

∥∥
+ C

∫ t

t−τm

∥∥A3/4e−A(t−s)A(m−2)/4Fβ(w(s))
∥∥ds

≤Cτ−1/4
m ∥w(t− τm)∥Hm(0,L) + C

∫ t

t−τm

(t− s)−3/4∥Fβ(w(s))∥Hm−2(0,L) ds

≤Mm+1,τ .

The constant Mm+1,τ is independent of t, β, and u0 ∈ B.



16 M. MORANDOTTI, P. RYBKA, AND G. WHEELER

This proves by induction that for every m ≥ 2,

sup
β∈[0,1]

sup
u0∈B

sup
t≥tB+sm−1

∥w(t)∥Hm(0,L) ≤Mm,τ .

Since sm−1 < τ , the same bound holds a fortiori for all t ≥ tB + τ . Finally, since η is smooth, the
estimate transfers from w to u = w + η. □

5. Stabilization of solutions

5.1. Tools of the dynamical systems. Our aim is to recall the weak notion of the gradient
flow studied in [5]. It is based on the notion of global compact attractor.

Definition 5.1. ([5, Definition 1.5]) A set A ⊂ Z is the global attractor for a semigroup S(·) : Z →
Z if (i) A is compact; (ii) A is invariant; (iii) A attracts each bounded subset of Z.

We may now recall notion of the gradient flow used in [5].

Definition 5.2. [5, Definition 5.3, Definition 5.4, Theorem 5.5] We say that a semigroup S with
a global attractor A is a gradient flow with respect to the family S = {E0, . . . , Ek} of invariant
sets provided that:
1) For any global (eternal) solution ξ : R → Z taking values in A, there exist i, j ∈ {0, . . . , k} such
that

lim
t→−∞

dist(ξ(t), E i) = 0 and lim
t→+∞

dist(ξ(t), Ej) = 0.

2) The collection S contains no homoclinic structures.

Before we state our main tool we recall that distH(A,B) denotes the Hausdorff distance between
compact sets A and B, which is defined with the help of the metric of the ambient space Z.

The theorem below calls for checking the collective assymptotic compactness. We say that
strongly continuous semigroups {Sβ(·)}β on Z are collectively asymptotically compact provided
that for any sequence {βn}n for any sequence tn → +∞, and any bounded sequence {xn} ⊂ Z
such that {Sβn

(tn)xn}n is also bounded, we can show that {Sβn
(tn)xn}n contains a convergent

subsequence.
Our main tool is the following theorem.

Theorem 5.3. ([5, Theorem 5.26]: Stability of gradient semigroups). Let S0(·) be a semigroup
on a Banach space (Z, ∥·∥Z) that has a global attractor A0 and that is a gradient flow with respect
to the finite collection S0 of isolated invariant sets {E0

0 , E1
0 , . . . , Ek

0 }. Assume that:

(a) for each β ∈ (0, 1], Sβ(·) is a semigroup on Z with a global attractor Aβ;

(b) {Sβ(·)}β∈[0,1] is collectively asymptotically compact and
⋃

β∈[0,1] Aβ is bounded;

(c) Sβ(·) converges to S0(·), in the sense that

∥Sβ(t)u− S0(t)u∥Z → 0 as β → 0

uniformly for u in compact subsets of Z; and
(d) for β ∈ (0, 1], the attractors Aβ contains a finite collection of isolated invariant sets

Sβ = {E0
β , E1

β , . . . , Ek
β} such that

lim
β→0

distH(Ej
β , E

j
0) = 0

and there exist η > 0 and β1 ∈ (0, 1) such that for all β ∈ (0, β1), if ξβ : R → Aβ is a
global (or eternal) solution, then

sup
t∈R

dist(ξβ(t), Ej
β) ≤ η ⇒ ξβ(t) ∈ Ej

β for all t ∈ R.

Then there exists a β2 ∈ (0, β1) such that {Sβ(·)}β∈(0,β2) is a gradient semigroup with respect
to Sβ . In particular, for β ∈ (0, β2),

Aβ =

k⋃
i=1

Wu(E i
β) .
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One of the thing we have to do before we apply Theorem 5.3 is to choose the Banach space Z.
Corollary 4.7 tells us that the right choice for Z is Z = V , which is equal to H 1/4.

5.2. Convergence of solutions. In this subsection we check that conditions of Theorem 5.3 are
satisfied.

Lemma 5.4 (Hypothesis (b) of Theorem 5.3). Let Z = V = H 1/4. Then the family {Sβ(·)}β∈[0,1]

is collectively asymptotically compact on Z. Moreover,
⋃

β∈[0,1] Aβ is bounded in Z.

Proof. Boundedness of the union of attractors. By Corollary 4.7, there exists R > 0, independent
of β, such that

Aβ ⊂ BV (0;R) for all β ∈ (0, 1].

The same uniform dissipative estimate used to prove Corollary 4.7 (and ultimately Proposition 4.4)
does not depend on β (the transport term is lower order), hence the same R also bounds A0

in H1(0, L). Therefore,
⋃

β∈[0,1] Aβ is bounded in V , hence so is its closure.

Collective asymptotic compactness. Let {βn} ⊂ [0, 1], let tn → +∞, and let B := {xn : n ∈
N} ⊂ V be bounded. By Lemma 4.5, there exist t2 > 0 and M2 = M2(B,L, η, ζ) > 0 (depending
only on the bound of B in V , but not on β) such that for every β ∈ [0, 1] and every x ∈ B,

Sβ(t)x ∈ H2(0, L) and ∥Sβ(t)x∥H2(0,L) ≤M2 for all t ≥ t2 .

Choose N ∈ N such that tn ≥ t2 for all n ≥ N . Since, in addition, Sβn(tn)xn ∈ D(A), then

{Sβn
(tn)xn}n≥N is bounded in H 1/2 ⊂ H2(0, L). Since the embedding H 1/2 ↪→ H 1/4 = V is

compact by the Rellich Theorem, the sequence {Sβn
(tn)xn}n≥N has a convergent subsequence

in V . This is precisely collective asymptotic compactness in Z = V . □

Now, we will check that hypothesis (c) holds.

Lemma 5.5 (Hypothesis (c) of Theorem 5.3). Let Z = V = {u ∈ H1(0, L) : u(0) = 0} and let
K ⊂ V be compact. Then for every T > 0 we have

sup
t∈[0,T ]

sup
u0∈K

∥Sβ(t)u0 − S0(t)u0∥Z −→ 0 as β → 0.

In particular, for each fixed t ≥ 0,

sup
u0∈K

∥Sβ(t)u0 − S0(t)u0∥Z −→ 0 as β → 0,

which is exactly hypothesis (c) of Theorem 5.3.

Proof. Fix T > 0. Since K ⊂ V is compact, it is bounded, hence there exists M > 0 such that

∥u0∥V ≤M for all u0 ∈ K.

For u0 ∈ K and β ∈ (0, 1), set uβ(t) := Sβ(t)u0 and ū(t) := S0(t)u0. By [3, Theorem 6.6] (applied
with β0 = 1 and with our potential W , see (1.2)), there exists a constant C > 0, depending only
on L, W , T , and the bound M (but not on the particular choice of u0 ∈ K), such that

∥uβ(t)− ū(t)∥V ≤ C β for all t ∈ [0, T ] and all β ∈ (0, 1).

Taking the supremum over u0 ∈ K and t ∈ [0, T ] gives

sup
t∈[0,T ]

sup
u0∈K

∥Sβ(t)u0 − S0(t)u0∥V ≤ C β −−−→
β→0

0.

Since Z = V , this yields the desired convergence in Z and proves hypothesis (c). □

We are going to check that part (d) of the hypothesis of Theorem 5.3 holds. In the present case

the invariant sets Ej
β are points in Z, i.e., ujβ , hence distH(Ej

β , E
j
0) = ∥ujβ − uj0∥Z .
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Lemma 5.6 (hypothesis (d) of Theorem 5.3 is satisfied). Let us suppose that L > 0 does not
belong to E. Then,

(5.1) lim
β→0

∥ujβ − uj0∥Z = 0.

Moreover, there exist γ > 0 and β1 > 0 such that if ξβ : R → Aβ , for all β < β1 , is an eternal
solution, then

sup
t∈R

∥ξβ(t)− ujβ∥Z ≤ γ =⇒ ξβ(t) = ujβ for all t ∈ R.

Proof. Step 1. The limit in (5.1) is an immediate consequence of (3.2) from Theorem 3.1. We are
left with the latter statement. Since we deal with couples (L, z̃j) which are nondegenerate, as an

immediate consequence, we have that the linearized operator L β
L associated with (1.3), namely

L β
L h = ∆(−∆h+ ∂2s2W0(u

j
β)h)− βhx ,

is non-singular when β = 0, due to Theorem 2.10.

Step 2. We claim that L β
L is not only non-singular for β ∈ (0, β1), for a certain β1 > 0 (that will

be defined at the end of this step), but also that there exists δ0 > 0 such that for all δ ∈ (−δ0, δ0)
and all a ∈ R we have

(5.2) δ + ai ∈ ρ(L β
L ) for β ∈ (0, β1).

For this purpose we recall a well-known fact that L 0
L is equivalent to a self-adjoint operator

T : D(T ) ⊂ L2(0, L) → L2(0, L), i.e.,

(−∆)1/2(−∆+ ∂2s2W0(u
j
β))(−∆)1/2 =: T = (−∆)−1/2L 0

L(−∆)1/2,

where

D(T ) = {u ∈ H4 : (−∆)1/2u(0) = ((−∆)1/2u)x(L) = µ((−∆)1/2u)(0) = µ((−∆)1/2u)x(L) = 0}.

The operators −∆ and −∆+ ∂2s2W0(u
j
0 + c0) are self-adjoint. Hence,

(Tu,w) =
(
(−∆+ ∂2s2W0(x, u

j
β + c0))(−∆)1/2u, (−∆)1/2w

)
=

(
(−∆)1/2u, (−∆+ ∂2s2W0(u

j
β))(−∆)1/2w

)
=

(
u, (−∆)1/2(−∆+ ∂2s2W0(u

j
β))(−∆)1/2w

)
= (u, Tw).

Due to this equivalence we conclude that the spectrum of L 0
L is real.

We define δ0 > as follows. Since σ(L 0
L) is real discrete and it does not contain zero there is

δ0 > 0 such that if z belongs to the strip Σδ0 = {z ∈ C : |ℜz| ≤ δ0}, then the distance from z

to σ(L 0
L) is at least δ0. Now, we shall see that there is β1 > 0 such that Σδ0 ⊂ ρ(L β

L ) for all
β ∈ (0, β1). We compute

(L β
L − (δ + ai)Id)−1 = (L 0

L − (δ + ai)Id+ L β
L − L 0

L)
−1

= (L 0
L − (δ + ai)Id)−1(Id+ (L 0

L − (δ + ai)Id)−1(L β
L − L 0

L))
−1.

Our claim will follow if we show that

∥(L 0
L − (δ + ai)Id)−1(L β

L − L 0
L)∥ ≤ 1

2

for all β ∈ (0, β1) independently of a and δ0 . We notice that

∥(L 0
L − (δ + ai)Id)−1(L β

L − L 0
L)∥ ≤ ∥(L 0

L − (δ + ai)Id)−1L 0
L∥ · ∥(L 0

L)
−1(L β

L − L 0
L)∥.

Moreover, since

(L 0
L − (δ + ai)Id)−1L 0

L = Id+ (δ + ai)(L 0
L − aiId)−1

and ∥(L 0
L − (δ + ai)Id)−1∥ is bounded by the inverse of the distance from δ + ai to σ(L 0

L), we
infer that

∥(L 0
L − (δ + ai)Id)−1L 0

L∥ ≤ 1 +

√
δ20 + a2√
δ20 + a2

= 2.
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Now, we investigate (L 0
L)

−1(L β
L − L 0

L). We notice that

(L β
L − L 0

L)h = 3∆[((ujβ)
2 − (uj0)

2)h]− βhx .

Now, Theorem 3.1 implies that

∥(L 0
L)

−1(L β
L − L 0

L)∥ ≤ C1β for β ∈ (0, β0)

where C1 depends on ∥uj0∥H4 and the constant C appearing in (3.2). By combining these estimates,
we reach

∥(L 0
L − aiId)−1(L β

L − L 0
L)∥ ≤ 2C1β ≤ β0

2
≤ 1

2
,

for 0 < β < β1 := β0

4C1
.

Step 3. By (5.2), the equilibrium ujβ is hyperbolic. Hence there exist local stable and unstable

manifoldsWs
loc(u

j
β) andWu

loc(u
j
β) (see [9, Theorem 2.3]). Moreover, there exists γ > 0 such that the

following characterisation holds: if a solution z(t) satisfies z(0) ∈ BZ(u
j
β , γ) and z(t) ∈ BZ(u

j
β , γ)

for all t ≥ 0, then z(0) ∈ Ws
loc(u

j
β); similarly, if z(t) ∈ BZ(u

j
β , γ) for all t ≤ 0, then z(0) ∈ Wu

loc(u
j
β).

Now let ξβ : R → Aβ be an eternal solution with supt∈R ∥ξβ(t) − ujβ∥Z ≤ γ. Then ξβ(0) ∈
Ws

loc(u
j
β) (by the t ≥ 0 condition) and ξβ(0) ∈ Wu

loc(u
j
β) (by the t ≤ 0 condition), hence

ξβ(0) ∈ Ws
loc(u

j
β) ∩Wu

loc(u
j
β) = {ujβ}.

Therefore ξβ(t) ≡ ujβ for all t ∈ R, which is exactly the implication required in hypothesis (d). □

After checking that the assumptions of Theorem 5.3 are satisfied we may state our main result.

Theorem 5.7. Let us suppose that L > 0 does not belong to E and let β ∈ (0, β2), where β2 is
provided by Theorem 5.3 for this L. Then for any u0 ∈ V there exists ψ ∈ C∞(0, L), such that
the unique solution u to (1.3) corresponding to u0 converges to ψ in Hm(0, L) for all m ∈ N.

Proof. We divide the proof into three steps.
Step 1. We are going to check that we may invoke Theorem 5.3 while taking Z = V = H 1/4. In

the course of proof of Corollary 4.7 we recalled that semigroup Sβ generated by (1.3) is strongly
continuous in V . Above all, this corollary shows existence of global attractors and a uniform
bound, hence the hypothesis (a) of Theorem 5.3 holds.

Step 2. We showed in Lemmas 5.4, 5.5, and 5.6 that the assumptions (b), (c), and (d) of
Theorem 5.3 are satisfied. Thus, we deduce from this result existence of positive β2 such that each
semigroup Sβ for β ∈ (0, β2) is a gradient flow in the sense of Definition 5.2. This implies that
for any u0 ∈ V the ω-limit set ω(u0) may consist only of the steady states, because there are no
homoclinic orbits. Since the set Sβ of steady states is finite and ω(u0) is connected, we see that

it is a singleton, thus there exists ψ ∈ H 1/4 such that

lim
t→+∞

∥u(t)− ψ∥V = 0.

Step 3. By Lemma 4.3, we have that u(t) ∈ C∞(0, L) for every t > 0. Moreover, Proposition 4.8
applied with B = {u0} and τ = 1 shows that, for every N ≥ 2,

sup
t≥tB+1

∥u(t)∥HN (0,L) <∞.

Since ψ is a steady state of (1.3), elliptic bootstrapping applied to the stationary equation yields
ψ ∈ C∞(0, L).

We already know from Step 2 that u(t) → ψ in V = H1(0, L). Fix m ≥ 2 and choose N > m.
Since both u(t) and ψ are bounded in HN (0, L) for t ≥ tB + 1, interpolation gives

∥u(t)− ψ∥Hm(0,L) ≤ C ∥u(t)− ψ∥θH1(0,L)∥u(t)− ψ∥1−θ
HN (0,L)

→ 0 as t→ ∞

for a suitable θ ∈ (0, 1). This proves convergence in Hm(0, L) for every m ∈ N. □
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