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Abstract

We present a numerical formulation for the resolution of finite systems of interacting edge
dislocations and wedge disclinations. The approach is based on a finite element discretiza-
tion of a fourth-order elliptic boundary value problem arising from the mechanical equilibrium
equations of plane-strain linear elasticity in the presence of kinematic incompatibilities. The
numerical implementation follows a continuous interior penalty discontinuous Galerkin frame-
work and relies on the solution of a finite set of local cell problems. Our method is validated
against analytical benchmarks and used to explore several non-trivial dislocation-disclination
configurations, illustrating how translational and rotational incompatibilities shape the stress
state of the body.
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1 Introduction

The modeling of systems of dislocations and disclinations is essential for understanding and pre-
dicting the large scale behavior of metal alloys, elastic crystals, and crystalline membranes. This
task is challenging due to the wide range of length scales involved and the complex nature and
magnitude of the associated mechanical fields. Dislocations are translational topological defects,
first introduced by Volterra [I]. In continuum theories [2] [3], they arise as distributional solutions of
mechanical equilibrium with incompatible kinematics and are associated with infinite elastic energy.
By contrast, disclinations, also introduced by Volterra, represent rotational mismatches at the level
of the crystal lattice. They are not strictly topological defects since they have finite energy, although
they still produce singular mechanical stresses.

Interactions between disclinations and dislocations are well documented experimentally and
have a strong influence on material behavior. In crystal plasticity, for example, their combined
effects are important in the modeling of kinking [4] 5], grain boundaries [6, [7], crack-tip plasticity
[8,9]. Due to their high energy, which scales with the square of the radius of their domain, isolated
disclinations are rarely found in nature. Instead, they tend to occur in pairs with opposite mismatch
angles, a configuration that is energetically favorable due to the screening of mechanical stresses
[10, 11]. In graphene, configurations such as disclination dipoles, Stone-Wales defects, and other
complex configurations significantly influence electrical, magnetic, and mechanical properties, as
well as chemical reactivity [12]. Recent progress in the modeling of disclinations and dislocations
has been driven by the development of the g.disclination theory, which provides a unified continuum
framework capable of incorporating phase transformations, grain boundaries, and a wide range of
plasticity mechanisms. For further details, we refer the reader to [13], 14} [15] [16].

The aim of this paper is to introduce a numerical method for solving finite systems of edge dis-
locations and wedge disclinations within a unified variational framework. Our approach leverages
the variational structure of the underlying mechanical model and is based on the solution of cell
problems for the Airy stress potential. The numerical implementation employs the finite element
method in combination with a continuous interior penalty discontinuous Galerkin formulation for
a fourth-order elliptic problem. From a mechanical standpoint, we assume linearized kinematics
in isotropic elasticity under the planar strain regime. Within this framework, we model Volterra
disclinations and dislocations as solutions to the mechanical equilibrium problem, which accounts
for kinematic incompatibilities in traction-free conditions. In continuum mechanics, both dislo-
cations and disclinations are characterized by divergent stresses. Singularities in the stress field
are regularized using the so-called core radius method. This method involves introducing a length
scale, denoted as € > 0, representing the size of the region around the defect where stresses be-
come singular, and the continuum model breaks down. This establishes the semidiscrete nature of
the model. This approach has been successfully analyzed for dislocations by Cermelli and Leoni
[17], building upon the work of Bethuel, Brezis, and Hélein on Ginzburg-Landau vortices (see also
[18, 19, 20, 21} 22]), and later extended to disclinations [23]. Experimental estimations of these
regions suggest that their size is of the order of a few nanometers, as shown in [24].

The main contributions of this work are as follows.

1. Our method simultaneously handles any finite combination of Volterra edge dislocations and
wedge disclinations in general domains. While there exists a large body of research on phe-



nomenological models for microplasticity in both infinitesimal and finite elasticity, much of the
existing literature focuses on empirical descriptions of asymmetries and mismatches via phase
variables, based on the phase field approach [25], 26, 27, 28] 29]. These studies primarily aim to
model statistically stored dislocations and defects, which are relevant to understanding plastic
deformation processes at low to moderate strains, particularly in materials undergoing steady-
state plastic flow [30]. In contrast, our approach focuses on the fundamental question of modeling
interacting systems of Volterra dislocations and disclinations, which represent idealized, isolated
defects purely defined by geometry. We explore a variety of configurations where these defects
interact in non-trivial ways, investigating constructive/destructive interactions.

2. Our method is based on a variational principle, providing a full variational characterization for the

mechanical system with incompatible elasticity, formulated in terms of the Airy stress function.
This function serves as the global unknown of the system, simultaneously accounting for traction-
free boundary conditions and kinematic incompatibility. This approach offers advantages over
the standard implementations of the Airy stress function method in the engineering literature,
which typically involves a two-step process: first solving for an infinite-domain solution, then
adding terms that enforce zero-stress boundary conditions |31}, 32].
Specifically, we solve for the Airy potential, which reduces a tensorial problem (involving stresses
and strains) to a scalar problem, albeit of fourth order. However, a complication arises when
formulating the boundary conditions for the Airy potential. Traction-free conditions on the stress
at the boundary translate, formally, into tangential conditions on the hessian of the Airy potential
[33,[34]. We rely on a characterization developed in [23] to show that these non-classical tangential
conditions are equivalent to parametric Dirichlet-type conditions for the Airy potential. The full
variational characterization of the mathematical model, presented in [35] for smooth domains,
is generalized here for a class of Lipschitz-type domains, which are well-suited for finite element
problems.

3. Our numerical formulation is highly general. Once the geometry of the problem is defined, it
proceeds via the computation of cell formulas. After the cell formulas are obtained, any configu-
ration of edge dislocations or wedge disclinations can be efficiently generated at the postprocessing
stage, without the need to rerun the finite element problem. This approach leads to significant
time savings. More precisely, our approach involves solving 3N cell formula problems, where N
is the total number of defects (in the core radius regularization this refers to the total number
of such cores). Once the corresponding fundamental solutions are determined, any configuration
of defects for a given geometry, represented by K disclinations and J dislocations (under the
condition N = K + J), can be computed on the fly during postprocessing.

The outline of the paper is as follows. After presenting the mathematical background of the
semidiscrete modeling approach for systems of disclinations and dislocations, in Section [2] we present
our main analytical result, Theorem [2.2] which establishes the well posedness of mechanical equi-
librium problems in the presence of kinematic incompatibility. The theorem is formulated both
in the standard stress/strain framework and in terms of the Airy stress potential. Additionally,
it provides a characterization of the equilibrium solution in terms of cell formulas for the Airy
potential, which serves as the basis for the numerical implementation. In Section [3| we describe
our numerical implementation, which leverages the well-posedness theorem, with particular empha-
sis on the characterization of the mechanical equilibrium problem via cell formulas. In Section
we present simulations of relevant configurations involving disclination-dislocation interacting sys-
tems. Additionally, we provide supplementary materials, including video collections of parametric
simulations.



2 Preliminaries and analytical model

We denote by € a domain in R? with Lipschitz boundary (the precise requirements on © will be
specified in Definition below). We consider a collection of J € N edge dislocations placed at
M. 2D € Q and characterized by their Burgers vectors b',..., b’/ € R2, and a collection of
K € N wedge disclinations placed at y™), ...,y € Q and characterized by their Frank angles
st .., s% € R. We require that {¢D}N = {$(j)}3-]:1 U {y®1E  results in a set of N = J + K
distinct points (so that no two different defects are occupying the same position, i.e., £ (i) £ ¢liz) jf
i1 # i2).

We work within the framework of linearized elasticity in planar strain regime [36]. The consti-
tutive law relating the strain tensor € € RE;H% to the stress tensor o € Rg;nzl is given by o = Ce,
where C denotes the Cauchy elasticity tensor. For isotropic materials, this relation can be inverted
and takes the form

1+v 1+v 1+v
€11 = E ((1 — V)0'11 — I/O'QQ) ) €12 = g12, €99 = <(1 — V)O'22 — VO'11) . (2.1)
We describe incompatible kinematics by means of the incompatibility operator inc: H*(Q; Rg;n%) —
HR=2(Q) (see [37, 38, [39] 140, 411, 42]) defined by
ince := (9%611 — 28§1x2612 + 62%622 , (2.2)

where differentiation is intended in the weak sense. In the presence of dislocations and disclinations,
the condition of kinematic incompatibility reads [43] 44 23| 35]

J K
ince = Z WWM%(]‘) - Zsk5y(k> =, (2.3)
k=1

j=1 [67]

where 5§<i) is the Dirac delta supported at £ € © and the operator a(bj)L/‘bj‘ is the derivative in
the direction of the (unit) vector (b7)*/|0/| and is understood in the sense of distributions. The
measure ¢ is a measure of the presence of defects in the body; in the absence of dislocations and
disclinations (i.e., when ¢ = 0), the body is in the condition of geometric compatibility and ince = 0
in €.

When looking for equilibrium configurations of an elastic body, one seeks to solve the minimiza-
tion problem

min {W(& Q) : €€ LZ(Q;RS;HZI), (2.3) is satisfied }, (2.4)
where W(-;Q): L*(€;R2%?) — R is the mechanical energy functional
1 1
W(eQ) == [ c:edv == [ Ce:eda. (2.5)
2 Jo 2 Jo
The associated Euler-Lagrange equation is
Dive =0 1in Q,
on=20 on 01, (2.6)

ince=(¢ in €,

where Div is the row-wise divergence operator, and the traction-free condition emerges as the natural
boundary condition. The Airy stress function method introduces a scalar potential v: 2 — R such
that the stress can be written as (see [36] section 5.7])

o= o] = A(v), (2.7a)



where A: HF2(Q) — H*(Q;R2X2) is defined by

Sym

A(v) = cof (V) = < Vmaez ”’W?) (2.7b)

—VUzomy Vg1

and the cofactor operator cof : R?*% — R?*2 acts on 2 x 2 matrices in the following way:

(mll m12> —m cof(m) _ < ma2 _m21> ]

ma1  Ma2 —mi2 M
A straightforward computation shows that, if o and v are related by (2.7)), then Diveo[v] = 0 is
automatically satisfied; moreover, owing to (2.1) and (2.7)), the incompatibility operator (2.2)) reads

ince = 175”2 A2y, so that the kinematic incompatibility condition ([2.3) becomes, for the Airy stress
function v € H¥2(Q),

1 -2
E
By (2.1) and (2.7)), the mechanical energy functional W in (2.5)) depending on the strain e can be

rewritten as a functional G(;Q): H2(2) — R defined in the following way:

A%y = (. (2.8)

G(v; Q) = %1 gy /Q [[VZ0]? — v(Av)?] da. (2.9)

The aim, now, is to see equation (2.8 as the Euler-Lagrange equation of a suitable functional, that
keeps the presence of the defects into account through the measure ¢. As proposed in [23], the
functional Z(-;Q): H%(Q)) — R defined by

Z(v; Q) == G(v; Q) + ((,v), (2.10)

where (¢,v) is the duality pairing between the measure ( and the function v, yields as its
Euler-Lagrange equation, together with the boundary condition V2vt = 0 on 9, which is the
translation, in the Airy variable, of the condition on = 0 on 02, as a simple computation using
shows.

We adopt the core-radius approach (see, e.g., [I7]) and we formulate the problem by removing
small disks around each defect €@, (i = 1,...,N) and by transferring the effects of i) to the
boundaries of these disks. More precisely, let € > 0 be such that the open disks BZ := B.(¢®), for
i=1,...,N, are all disjoint and well contained in € (this is possible since the points €@’ are all
distinct), and define

N N
Q. =0\ <UB;), with 90, = 9Q U (UaB;‘), (2.11)
i=1 =1
and the e-regularized functional
J 1 A K Sk
T.(v;) = G(v; Q) + > 2/ (Vo TI(6)) dH + > 2/ vdH?, (2.12)
j=1 e aBg 1 e 8B§

where the boundary integrals are the approximation of the corresponding atomic measures in ¢ (see
(2.3)). We seek to minimize the functional in (2.12)) in the class

%(Q:) = {v e H{(Q) :v=d" in B, for some affine functions a’, i = 1,...,N}. (2.13)



The functional in was introduced in [35] to model an elastic body with kinematic incompati-
bilities of translational type (measured by the Burgers vectors ') and rotational type (measured by
the Frank angles s¥). Owing to the adopted regularization strategy, the corresponding equilibrium
configurations exhibit smooth stress fields. Formally, as ¢ — 0, the functional Z.(+; €2.) converges to
the limit functional Z(+; ) in (2.10). The variational convergence of this family has been partially
investigated in [23].

The class functions provides the appropriate framework for identifying mechanical equi-
librium solutions. It was first introduced in [23] and encodes unknown affine boundary conditions
on the internal boundaries. It was proved in [23, Proposition A.2] that these boundary conditions
characterize the fact that

Viut=0 on 09, (2.14)

provided that both v and 99 is of class C2. Owing to ([2.7)), this condition ensures zero normal stress
on 0f). , and was first recognized by Michell [33]. In what follows, we extend the variational theory
developed in [35] for smooth domains to a broader class, defined below, that includes polygonal
domains.

Symbol Description ‘ Symbol Description

Q Reference configuration Qe Reference configuration
(simply connected) (non-simply connected)

e>0 Core radius x = (x1,22) Point in Q, Q.

0. Dirac delta function at x v Airy stress function

€; €5 Strain tensor; components 05 045 Stress tensor; components

s,sf €R Frank angle b, b’ € R? Burgers vector

y*) Position of disclination 2@ Position of dislocation

xt = (—x9,21) 7/2-rotation of a vector Iz := —z+ —m/2-rotation of a vector

n = (ny,ng) outward normal to a domain t=nt unit tangent to a domain

KeN Number of wedge disclinations | J € N Number of edge dislocations

E>0 Young modulus v € (—1,3) Poisson ratio

Table 1: Relevant material and geometric parameters.

Symbol Description

() Space of continuous functions defined in {2
Cck(Q) Space of k-time differentiable functions defined in €, k > 1
) Space of p-th power Lebesgue integrable functions defined in 2, p > 1
WHP(Q)  LP-maps having k-th order derivatives with components in LP(Q), k € N
H?(2) Special notation for W22((2)
) Set of functions f € H?(Q2) such that f = 9,f = 0 on 99
H—? Dual space of HZ(€2)
Vf, V2f Gradient and Hessian matrix of f, respectively
Af, A2f Laplacian and bilaplacian of f, respectively (A2f := AAf)

Table 2: Notation for function spaces and operators.

Definition 2.1 (Piecewise-C? Lipschitz domains). Let Q C R? be a bounded, open, and simply
connected set with Lipschitz boundary I' := 092. We say that Q is a piecewise-C? Lipschitz domain



if T is globally Lipschitz and made of the union of L > 1 portions {T"¢ }é:=1 of class C2. The endpoints
of each portion I'* of the boundary are named in the following way:

rt =[p’ P,  with P =Pl

Theorem 2.2. Let Q be as in Definition [2.1] and let Q. be defined as in ([2.11). Let Z and %(.)
be defined as in (2.12)) and (2.13)), respectively.

(I) Let © € €(2). Then the following three statements are equivalent.
(1) The function v is the unique solution to the problem
min {Z(v; Q) 1 v € €(Q) }. (2.15)

(2) The function 0 satisfies the Euler-Lagrange equation for (2.15)) in weak form, namely

J K
1 ,
0= 17 (V26 : V26— vAD A] d + ][ (Vo TI(Y)) dH' + > ][ sPodH!
E Ja. ‘= Jon! — Jopk
(2.16)
for every ¢ € €(Q).
(3) The function v is given by
E
o(x) = —ﬁw\/(*ln(x),@), forxz € Q. (2.17)
—v
where ® = (sl,slél) + bé,slgél) — bl sN,sNﬁgN) + bév,stgN) — V) and where
ko= (ko kb k3o kY BN RY ) Qo — R3N s the vector whose elements are obtained
from the following cell problems: for everyi=1,..., N, the functions /16 and K& (r=1,2)
are the unique solutions to, respectively,
A2%ky =0 in Q, A%k, =0 m g,
Ko = Opnko =0 on 09, Kr = Opky =0 on 01,
ko =1 on 832 , and Ky = Ty on aBé ,
Onko =0 on OB! Onkr = Ny on OB,
Ko = Opko =0 on OBL, if I #1, Kp = Opky =0 on OBL, if I #1i.
(2.18)
(I) Letting © as in (I) and 6 = o[d] = cof (V20), define € € LQ(QE;RE;H%) by
é:=C"'6 = C ' cof (V?0). (2.19)
If b € HY(S).), then the strain é € H?*(Q; R2X2) is the unique solution to
DivCe =0 m g,
Cen=0 on 09, ,
ince =0 m Qe ,
. (2.20)
/ (€rg,c — €qer) dzg = 8 fori=1,...,N,
aBi
/ lere — Zq(€reg — €cqr)] dze = b. fori=1,...,N andr =1,2,
oBi

where the boundaries OB, are oriented counter-clockwise.



(III) Suppose that the unique solution € to (2.20) belongs to COO(Q&;RS;rﬁ). Then, there exists ©
satisfying (2.19) such that it also verifies (1), (2), and (3) in (I).

Proof. (I) We start by observing that the space ¢'({.) is (weakly) closed in HZ(f2), so that
the minimum problem in admits a solution by applying the direct method of the calculus
of variations; moreover, the solution is unique owing to the strict convexity of the functional Z..
Notice that the boundedness of minimizing sequences in Hj () is obtained thanks to Friedrichs’s
Inequality, which holds for Lipschitz domains. Thus, implication (1)=-(2) follows from imposing
that the first variation 0Z.(0;.)[¢] vanish for every ¢ € €' (€.). Viceversa, implication (2)=-(1)
follows from the strict convexity of the functional.

The proof that (1)=-(3) can be found in [35, Proposition 3.2]. There, to conclude, a symmetry
property of the trilinear form (A.2)) was used (see [35, Lemma C.2|), which relied on the fact that
09 was of class C2. In the present case, where 0 is only Lipschitz continuous, the same symmetry
property holds true and it is proved in Lemma (see formula ) On the contrary, the proof
that (3)=(1) can be borrowed from [35, Proposition 3.2| as this part remains valid also for  as in
Definition 2.1

(IT) To prove the second part of the theorem, one can integrate by parts the weak form of the
Euler-Lagrange equations , thanks to the H*-regularity of ©. Since B! is a circle for every
i1=1,...,N and € € HQ(QE;RE;HZI) implies that the integrands are (at least) L! (see, e.g., [45]
Theorem 6.10]), the boundary integrals in are well defined and are obtained by appropriately
choosing affine test functions ¢ € €(£2;) in . More precisely, we refer to [35, Proposition 3.3],

which ensures that (2.16]) becomes

2
L= A2 = in L2(.),
1-— I/2 N 1 i .
I On(AD)dH" = s for every i =1,..., N,
OB?
e : (V2ot), 1 A (2.21)
Z (xlat(Af)) — 220, (AD) + ly) dH' =b] foreveryi=1,..., N,
oBi -
1— 2 2At )
v <x18n(A17) + x20:(AD) + M) dH' = foreveryi=1,...,N,
E aBg 1—v

for every ¢ = 1,..., N, where n is the outer unit normal to .. The first equation in
corresponds to the third equation in thanks to the Airy transformation . Then, thanks
to [35, Proposition 2.2] the last three equations in correspond to the last two equations in
([2:20). Since 9 € H*(Q:)N€(€L), again ensures that the second equation in holds true;
finally, the first equation in is trivially satisfied thanks to the fact that Div(Cé) = Divée =
Div(cof(V?9)) = 0.

(III) The proof mirrors that of [35, Theorem 3.3|, using that the boundary condition o n = Cen =
0 on 99, reduces to V2vt = 0 on 9. The geometric lemma contained in [23, Proposition A.2]
cannot be applied in our conditions, since 9 is not globally of class C?; for the present case, we
resort to Proposition [AT] O

Remark 2.3. The following remarks and observations regarding Theorem [2.2] are in order.

1. The result contained in this theorem is that

[0 solves (2.15]) < € solves (2.20) | < (2.19) holds,



provided there is enough regularity (as per the assumption in (III)). This regularity is needed
to ensure that the boundary integrals in (2.20)) are well defined.

2. Theorem above contains the results of [35, Theorem 3.3|, under weaker assumptions on
the regularity of 9 (therefore providing a stronger statement). We point out that, in [35]
Theorem 3.3|, the proof of part (III) is obtained with a different strategy: there, the smooth-
ness of the boundary allows one to conclude by invoking classical elliptic regularity results. In
contrast, in the present case, the proof can be achieved thanks to Proposition in the Ap-
pendix, which allows us to extend the result in [23, Proposition A.2] to the case of a domain 2
as in Definition where the boundary is globally Lipschitz and piecewise C2.

3. From an algorithmic perspective, Theorem (Part (I)) suggests the following strategy: first
solve the 3V cell problems once for a given geometry and core radius, then reconstruct
the Airy potential ¢ for arbitrary sets of Burgers vectors and Frank angles via . This de-
couples geometry from defect data and turns the equilibrium problem into a finite-dimensional
algebraic computation in postprocessing (see Section . Another important advantage and
application of these formulas is that they simplify the treatment of the boundary conditions
for the stress. By enforcing Dirichlet boundary conditions, they transform the minimization
problem in (), which is well posed but involves unknown boundary values of the
Airy potential on the cores, into a finite dimensional algebraic minimization. See also [46], [47].

4. By a standard localization argument and resorting to the Sobolev Embedding Theorem, one
can see that, for every i € {1,..., N}, the solutions s} and % (r = 1,2) to the problems in
[2.18) are (at least) of class C*# (for any 8 € (0,1)) up to dBL. As a consequence, V20t is
well defined pointwise on OB for every i € {1,..., N}, and so is the normal stress & n.

3 Numerical formulation

As highlighted in Remark 3 above, the 3N cell problems depend only on the geometry of
the system, in particular on the locations of the defects and on the value of . They do not depend
on the type of defect (dislocation vs. disclination), nor on the magnitudes of the Burgers vectors
or Frank angles. After the 3N cell problems have been solved for a given distribution of cores in
the elastic body, they can be reused to compute, in real time, the Airy stress potential generated
by any configuration of N defects placed at those locations and with core radius €, for any choice
of Burgers vectors and Frank angles via formula ([2.17)).

The prototype of the cell problem corresponds to a fourth order biharmonic equation in an H?
scalar unknown. We solve this problem using the C? interior penalty discontinuous Galerkin (C%-
IPDG) method. C°-IPDG methods are nonconforming finite element (FE) schemes. Unlike H?
conforming FE methods, which require globally C'!' smooth shape functions, use only C¥ continuous
elements to approximate fourth order elliptic problems. This is achieved by modifying the weak
formulation and introducing a penalization term that accounts for jumps in the gradients of the
shape functions across mesh facets.

The main advantage of C°-IPDG methods over H? conforming FE methods lies in their ease
of implementation. While H? conforming FE methods require specialized higher-order elements,
such as the Argyris or Hsieh-~Clough-Tocher elements, the C°-IPDG approach can be implemented
using standard Lagrangian elements. For a review of such higher order elements we refer the reader
to [48, [49]. Mixing finite element methods offers a valid alternative to tackle higher order problems.
For a review of H? conforming mixing finite element methods that use C° globally continuous



piecewise polynomial base functions we refer to [50, 51} 52]. For a comprehensive review of DG
methods for second order elliptic problems, we refer the reader to [53, 54], and for the C°-IPDG
formulation of the biharmonic problem, to [55, 56].

Let 7 denote a regular triangulation of Q. C R? into closed triangles. Define &y as the set
of boundary edges covering 0€2, &, as the set of internal edges, and Ecore; as the set of boundary
edges covering B! (i = 1,...,N), so that £ = & U Eout U (Uf\il Ecorm) is the collection of all
edges. For T' € T, let P3(T') be the space of polynomials of degree at most three defined on T'. For
I'e{l,...,N} and p € {0,1,2} we define the following 3N finite element spaces

V;(T) = {u e C'Q.) :ulr €P3(T) YT €T, u=0on &y,
u =0 on Egre,; for every i € {1,..., N} \ {I},u=u, on 5core,[}- (3.1)

These spaces are used to solve the cell formula problems associated with K, . For a given index I,
only the corresponding hole is active: the boundary conditions on its edges are

up =1, w =z, wu2=x9,

while all remaining holes satisfy homogeneous boundary conditions.
For every edge e € £ and every scalar field u: 2. — R, the jump and average operators are
defined as follows

Uple —u_|e ife€&n, Urle + e ifeec &y,
[u]e = . N {ufe = 2
u’e if e € Eout Ui=1 gcore,i U’e if e € Eout UZ]'\L:[ gcore,i
(3.2)
where uy = u|p+, u— = ulp—, and T, T~ are two closed triangles whose intersection is e € &y, .

Definitions should be applied componentwise when u is a vector or a matrix. For any T € T,
let n := diam (7). We take n. to be the outward unit normal on e € &, pointing from T~ to T .
Notice that [0, u] and {0, n u} are independent of the particular labeling of two adjacent triangles
T+ and T~. The vector n. denotes the outward unit normal when e € Eoy or € € Ecorei, for
ie{l,...,N}

We are now in the position to show the CO-IPDG formulation for the 3NN cell formula problems
(2.18). For a given p € {0,1,2} and a given I € {1,..., N}, find /@é € Vé(’T) such that

Al ) = L) Yy €C(T), (3.3)

where

A(KII), ) = TZT (/T VQKII) V3 d§> — Zg (/e[[VmIIJ ne]e{VZpne - nete dH 4 (3.4)
€ ec
a

{n}e
Up)= > <{ » /gpanewd?ll /egpanenewd?%l>7 (3.5)

eegcore,[

/ [V ne]e{VZEine nete dH — / [[w;.ne]]e[[v@.ne]]ed#),

with go = 07 g1 = (ne)l y g2 = (ne)2' Herea

N
C(T) = {u S Co(ﬁg) : U‘T € Pg(T) VT € T, u=0on &y U (U 5core,i> } )

=1
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denotes the space of test functions that vanish on all boundaries.

We employ the DolfinX /FEniCSx framework [57] for finite element discretization, and PETSc
[58] for efficient and scalable linear algebra operations. Our implementation is available at https:
//github.com/EdoardoF1993/planar_elasticity_dislocations_disclinations!

3.1 Validation of the numerical implementation

We validate the numerical framework presented in by comparing numerical solutions with
exact formulas available in radial geometry. Throughout this section, €2 is the unit disk centered
at the origin so that Q. = B1(0) \ B-(0). We set v = 0.15 and E = 1 and use third-order
polynomial shape functions. The interior penalty parameter has been selected via trial-and-error
and set equal to @ = 10 for all simulations discussed in this paper. Comparable values are used
in standard implementations, see for instance [59] and the DOLFINx biharmonic demo available at
docs.fenicsproject.orgl

Validation on the solutions to cell formula problems (2.18]). In this paragraph, we construct
numerical solutions to (2.18]), and compare them with the corresponding analytical expressions. In
Q. , the three (unique) solutions to the corresponding three cell formula problems read

x1 Z2

k(@) = Cr(jz* = 1) + Cox®In|z| + C3ln|z|, ri(z) = P(x)m and  ki(z) = P(m)m, (3.6)
where P(z) := 1Cy|z|?> + Cs|z| + Co|z| ™' + $C7|z|In |z, and
Cy = —%, Cy =2 - ¢ —, Cyi=— 4522 In(e) — (3.7)
(1—¢e2)" —4e2In”(e) (1 —¢2)" —4e2In”(e)

Figure [I] shows a superposition of the exact solutions and their numerical approximations, with
agreement observed in both energy norms and pointwise values for various values of the core radius
e € (0,1).

An important point in our mathematical theory is the imposition of the affine boundary con-
ditions for all boundary value problems for the Airy function. As explained in Section [2] see also
Theorem for the mathematical framework and Remark [2.3}4 to Theorem this guarantees
that the normal stress vanishes. We systematically verify that this zero stress condition is obtained
in our numerical simulations, see Fig. [1| bottom right.

Owing to the radial symmetry of the problem, x} and 3 differ only by a rotation of the domain.
Consequently, their H?-norms are identical. For this reason, the comparison between the numerical
and analytical solutions for the cell problem associated with H% is omitted.

Validation on configurations with disclinations and dislocations. In this paragraph, we
obtain numerical solutions for configurations that contain a single disclination placed at different
positions of the core. These solutions are compared with the exact solutions for the same config-
uration of disclinations on the full disk B;(0). The aim of this comparison is to show that the
numerical model can approximate the stress fields and the energies of the reference model when e
is sufficiently small.
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Figure 1: Cell formulas, comparison of analytical and numerical solutions. The yellow curves
represent the analytical expressions computed using Egs. , while the blue circles are computed
numerically. Top row: L?-norm of V2x} (left) and V2ki (right) for different values of ¢ € (0,1).
Inset: profiles of x§ (left) and s} (right) for several values of e, with z; € (—1,1) \ [~¢,¢] and
w2 = 0. Bottom row: profiles of 9k} (left) and 9,,x{ (right) for different values of e, with
z1 € (=1,1) \ [—¢,¢€], 2 = 0, and p = |z|. Inset: three-dimensional and contour plots of 8,
(left) and dppri (right) computed for e = 0.05. A mesh size of n = 0.08 is used, with further
refinement near the cores.

The analytical expression of the Airy function induced by a single wedge disclination of Frank
angle s, located at a generic y*) € B1(0) is

A sk
i(z) = - mg(w;y(’“)),
1 |z — y]? (3.8)
_ 1 — 2 1— 2 o 21 f
G (z;y) = { 167 (( |z| ) ( | )+|x Y| n\:c|2\y]2—2x-y+1 or x # vy,
0 otherwise,

where ¢ is the Green function for the bilaplacian operator in the unit disk, see [60]. Results are
shown in Figure [2| for two values of €, namely € = 0.01 on the left and € = 0.05 on the right. The
comparison between these two cases indicates that, for values of € of the order of 10~2 or smaller,
the regularized model accurately captures the behavior of the continuum model.

12



Observe that the norm of the stress decreases as the disclination approaches the boundary of €2,
accompanied by a corresponding reduction in the magnitude of the Airy stress function. The same
behavior has been observed in continuum models of dissipative evolution of disclinations defined on
the full domain €2, where both the elastic energy and the stress field tend to zero as the disclination
moves toward the boundary of a circular domain, until it is eventually expelled, see [61].
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Figure 2: Isolated disclination benchmarks. Configurations with an isolated disclination at different
locations. Left: L?-norm of o for a single positive disclination located on different positions on the
x1 axis. The yellow curve indicates the analytical solution, the blue dots indicate the numerical
solution (¢ = 0.01). The inset shows the profile of the Airy potential for both the analytical solution
(black dashed curve) and numerical solution (colored curve) obtained using € = 0.01. Right: profiles
of the Airy potential for ¢ = 0.05. A mesh size of n = 0.02 is used, with additional refinement in
the vicinity of the cores.

As a second numerical test we consider two wedge disclinations of opposite sign located on
the x1 axis at equal distance from the origin. The analytical expression of the corresponding Airy
stress function is obtained from Eq. , using the linearity of the problem. The numerical model
reproduces the stress field accurately for £ = 0.01, see the left panel of Figure 3] The profile of
the L? norm of the stress shows that the stress, and consequently also the mechanical energy, tend
to vanish as the disclinations are located closer to 92, as well as when they are located closer
to the origin of the domain, where they eventually coincide and annihilate. We remark that the
numerical approximations of the stresses considered here correspond to the quantities denoted by &
in Theorem For ease of notation, in this section and in what follows, we drop the hat symbol.
Stress values are reconstructed from the Airy potential via Eq. .

As our third and final test we consider a single edge dislocation centered at x = 0. We report
the analytical expression of the corresponding Airy stress function

lz|2 — In|z?> -1
x

E : 0,
o(z) = b x Flz), Fla):= 8t v# (3.9)
1—0v2
0, z=0.
A direct computation shows that A%9(x) = —b x A%vp (), where the function vp (see [35, Formula

(2.22b)]) satisfies the problem A2 (e x vp) = e x Vg for any e € R?, subject to the boundary
conditions 9(x) = 8,9(x) = 0 on dB1(0), so that A% = —% bx Vdy. The right panel of Figure
shows that the Airy stress function obtained numerically for several values of £ approaches the
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analytical expression in the limit € — 0. The inset also shows that the square of the stress (and,
consequently, the mechanical energy of the system) diverges proportionally to |loge|, as expected
for an edge dislocation.
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Figure 3: Left: profiles of the Airy potential for a pair of wedge disclinations with opposite Frank
angles, symmetrically located along the xi-axis, both at a distance % from the origin. The black
dashed curve represents the solution obtained using Eq. , while the continuous colored curve
shows the numerical solution for ¢ = 0.01. The inset displays the L?-norm of ¢ for different values
of d. Right: profiles of the Airy potential computed for an edge dislocation, for various values of ¢,
compared with the analytical solution (Eq. ) The inset shows values of stress norms obtained
numerically for different values of €. A mesh size of n = 0.02 is used, with additional refinement in

the vicinity of the cores.

4 Illustration of complex interactions

We present simulations of relevant configurations of isolated wedge disclinations, disclination dipoles,
and edge dislocations. In what follows, we consider a core size ¢ = 0.01, unless otherwise stated.
We consider Burgers vectors of magnitude |b| = 1072 and disclinations with Frank angle s = 40.1.
The numerical values are nondimensional and chosen for illustrative purposes only. Their absolute
magnitudes reflect relative scalings between parameters, for example |b| ~ €, and are not intended
to represent any specific material.

4.1 Stack of edge dislocations and isolated wedge disclination

We consider the interaction between a fixed stack (pile—up) of edge dislocations and an isolated
wedge disclination positioned at varying distances. The purpose of this study is to examine how
the mechanical stress generated by the dislocation—disclination system depends on the sign of the
Frank angle and on the orientations of the dislocations. The computational domain is the square
= (—1,1) x (—=1,1). The three edge dislocations are located at x; = —0.05, z; = —0.025, and
x1 = 0, respectively, and the wedge disclination is positioned on the positive x; axis at a distance
d from the origin, with d treated as a control parameter. The corresponding perforated domain 2.
is obtained by removing three closed disjoint balls of radius € centered at the dislocation cores and
a fourth closed ball of the same radius centered at the disclination.
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Figure 4: Dislocation pile-up and isolated disclination. Top left: [|o||12(q, r2x2) as a function of d,
the position of the wedge disclination on the x; axis. Circles represent numerically computed values,
and squares (stars) indicate maximum (local/global minimum) points. A solid line is included to
guide the eye. Remaining panels: contour plots of 99 for case (i) (top-right), case (ii) (bottom-left)
and case (iii) (bottom-right). A mesh size of n = 0.02 is used, with additional refinement in the
vicinity of the cores.

Three configurations are considered (see Figure @): (i) the three edge dislocations have Burgers
vectors aligned with the positive xo—axis, and the wedge disclination has positive Frank angle s = 0.1
(blue curve); (ii) as in configuration (i), except the Burgers vector of the dislocation in the middle
points downward (orange curve); (iii) as in (i), except that the wedge disclination has a negative
Frank angle s = —0.1 (green curve).

For the case (i), we observe (see top-left panel of Figure E[) o]l 22 (0. r2x2) attains its maximum
when the wedge disclination is located at d(;) = 0.075. The parametric study reveals a critical
disclination—stack separation establishing two energetic regimes: for smaller separations, that is,
x1 = d < d;), the energy minimum corresponds to the disclination being closer to the dislocation
stack, whereas for x1 = d > d;), it corresponds to a position closer to the boundary. We observe a
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qualitatively similar behavior for the case (ii), although the critical distance d(;;) corresponding to
the maximum is reduced to ~ 0.05. In case (iii), the stress behavior is monotone, and the mechanical
system tends to separate the negative wedge disclination from the stack of edge dislocations.

The interaction between edge dislocations and the wedge disclination is localized and signifi-
cant only when the distance among the edge dislocations is comparable to the disclination—stack
separation, as illustrated by the stress field panels in Figure [4

Comparison of the stress curves for the three configurations shows that configuration (i) is the
most mechanically stressed, while configuration (iii) is the least stressed. Inspection of the stress
fields indicates that a negative disclination reduces the mechanical stress produced by the dislocation
stack (see o992, bottom right), whereas a positive disclination increases it (see ogg, top right). This
result is consistent with the fact that a dislocation with an upward-pointing Burgers vector can be
represented as a disclination dipole, where a negative wedge disclination precedes a positive one

[62].

4.2 Stack of edge dislocations and dipole of wedge disclinations
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Figure 5: L?>norm of o as a function of the distance d between the stack of edge dislocations and the
dipole of wedge disclinations. Circles denote the numerically obtained values, while the continuous
line is added to guide the eye. Square (star) symbols represent stationary points corresponding to
local/global maxima (minima). A mesh size of 7 = 0.02 is used, with additional refinement in the
vicinity of the cores.

We now consider a configuration consisting of a pile—up of edge dislocations interacting with a
dipole of wedge disclinations, placed at varying distances. As in the previous section, three edge
dislocations are located at 1 = —0.05, z1 = —0.025, and 7 = 0 within the square domain € =
(—1,1)2. We denote by d the distance between the dislocation pile-up and the closest disclination,
and by h = 0.025 the fixed separation between the two disclinations forming the dipole. The distance
between the dislocation pile—up and the center of mass of the disclination dipole is therefore d+h /2.

In contrast to the configuration studied in Section involving the interaction between a
dislocation pile—up and a single disclination, which led to the emergence of strongly localized stress
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concentrations, the present setting exhibits long—range elastic interactions between the dislocation
pile—up and the disclination dipole.

In Figure [5] we show the norm of the mechanical stress integrated over the associated perforated
domain Q. for several values of d in the range [0.1,0.9] and for four different configurations defined
by different orientations of Burgers vector and of the dipole. Cases (i) and (ii) differ by an inversion
of the orientation of the middle dislocation in the stack, while the disclination dipole is identically
aligned in both configurations. In both cases, the stress curves exhibit very similar shapes, albeit
with different magnitudes. Each curve displays a well-defined maximum at d(;) ~ 0.60 and d;; ~
0.55, respectively. For small dipole-stack separation (below d(i)), the energy minimum corresponds
to the disclination dipole being closer to the dislocation stack, whereas for large separations (above
d(i)), it corresponds to a position closer to the boundary. The behavior changes dramatically when
the orientation of the disclination dipole is inverted, see cases (iii) and (iv). The stress profiles
are shallow and display a broad plateau, with stress values varying within a narrow range over a
large interval of the distance d. In case (iii), we observe a sequence of critical points consisting of a
local minimum followed by a local maximum. In the case (iv), the behavior of the stress curve is
monotonic, and the stress decreases as the disclination dipole migrates toward the boundary.

4.3 Disclination between a stack of dislocations

We consider a configuration with two fixed, vertically aligned dislocations and an isolated discli-
nation whose horizontal position is varied between them. As a result, the disclination is subject
to a complex set of anisotropic and asymmetric elastic effects induced by the dislocation pair. To
analyze this behavior, we consider three distinct scenarios, each defined by the orientation of the
Burgers vectors and the sign of the disclination. The dislocations are placed along the vertical axis
at the coordinates (0, 0.1) and (0, —0.1) within the square domain = (-1, 1)2.

In Figure [0, top left panel, we show the norm of the stress integrated over the associated 2.
as a function of the location of the wedge disclination for the three different scenarios studied. We
observe that the interaction effects are highly localized, see the inset in Figure |§| (top—left panel).
There exists a perfectly symmetric case (ii), in which the stress profile attains its maximum at
the origin of the system, corresponding to the configuration where the disclination core is aligned
with the cores of two dislocations having opposite Burgers vectors. In this case, the stress fields
generated by the dislocations partially screen each other. In the remaining two cases, where the
Burgers vectors point in the same direction, the stress profiles exhibit an asymmetric behavior.
Compared to these configurations, case (ii) appears overall less mechanically stressed, consistently
with the partial screening induced by oppositely oriented Burgers vectors.

A common feature shared by all three configurations is that the stress magnitude decreases
toward its minimum as the disclination is closer to the boundary of the domain, further from the
dislocation pair. On the boundary of €2, the normal component of the stress vanishes. As expected,
for 099 the zero trace values are achieved on the top and bottom boundaries. However, when the
disclination is located at the center of the domain or at an intermediate position, tangential stress
components along the boundary become significant.

4.4 Interaction of disclinations with a cavity

We study the effect of the interaction between two disclinations with opposite Frank angles; located
on opposite sides of a rectangular domain containing a large cavity in the middle. The aim is to
investigate the screening effects of the stresses induced by the two disclinations, as influenced by
the topology of the domain. We consider the domain Q = (—1,1) x (—0.33,0.33). The centers of
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Figure 6: Top-left panel: L2 norm of ¢ as a function of the disclination position along the z; axis.
Circles mark the results of numerical experiments, while the solid line is included to guide the eye.
Squares indicate maximum values. Other panels: contour plots of o99 captured for five different
positions of the wedge disclination, yg = £0.9, +0.5, 0.0. A mesh size of n = 0.02 is used, with
additional refinement in the vicinity of the cores.

~

the cores are placed at various positions along the horizontal axis midway through the rectangle,
spanning from left to right, parametrized by 2d, the mutual distance between the two disclinations.
A cavity is located at the center of the domain, and it is assumed to have no rotational or transla-
tional mismatch. In our numerical framework, this cavity is modeled as a core of varying radius R,
centered at (0,0), with associated Frank angle s = 0 and Burgers vector b = 0. To summarize, in
this configuration we have

Q. =Q\ {Br(0) UB. (+d,0)} .

Results of the simulations are shown in Figure [7 displaying the profiles and fields of the stresses
for selected values of R and d. To enable comparison of the stress norms across configurations with
different values of the inner radius, and consequently for different domains 2., in Figure [7}-left we
normalize the stress norm by dividing by |€2.|. Each curve exhibits a maximum corresponding to
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a critical distance between the two disclinations. For separations below this value, configurations
with smaller distances are energetically favored, whereas for larger separations configurations with
larger distances are energetically favored.

Remarkably, the maximum value of the normalized stresses increase as R increases. A qualitative
interpretation of this phenomenon can be deduced from inspection of the stress component fields
(see Figure Izl»right). As R increases, the screening effect of the two disclinations with opposite
Frank angles progressively weakens. In the final case, for R = 0.3, the system behaves as if there
were two isolated disclinations in two disconnected domains.

Finally, we observe that, across different values of R, the stress curves exhibit the same trend for
large values of d, that is, when the disclinations are located close to the boundaries of the domain.
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Figure 7: Left panel: normalized stress norm (||o|z2(q, r2x2)/[€2|) for different values of the mutual
distance between the two wedge disclinations and for different values of R. Squares indicate the
values of d that maximize the stress norm for each R. For d > 0.6, larger values of R result in
higher normalized stress. Right panel: stress field o192 displayed for the value of d that maximizes
the stress norm, indicated with squares in the left panel. The screening effects in the stresses,
present for small values of R, tend to vanish as R increases. A mesh size of n = 0.02 is used, with
additional refinement in the vicinity of the cores.

Conclusion

We developed a numerical model for resolving dislocation—disclination interactions in domains with
Lipschitz-regular boundaries. We implement the finite element method for Dirichlet problems involv-
ing the bilaplacian, where dislocations and disclinations are represented through incompatibilities
prescribed on e-scale cores following the core-radius regularization approach. The framework is
general: by solving a collection of cell problems associated with fundamental solutions for selected
unitary boundary conditions, the solution for any configuration of dislocations and disclinations can
subsequently be obtained through linear superposition at the postprocessing stage.

The key advantage is that, once the cell problems are solved for a given geometry and topology
of the problem, interactions between defects of any intensity, orientation, and nature (dislocation-
s/disclinations) follow from simple postprocessing.

We validated the model on a set of configurations exhibiting nontrivial dislocation—disclination
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interactions, highlighting how translational and rotational incompatibilities influence the stress
states of the system. We have examined the energy response of these configurations and observed
a dependence of energy minima and maxima on defects arrangement and geometry. This opens the
door to the investigation of the driving forces, stability, and spatiotemporal evolution of coupled
dislocation-disclination systems.

Future developments will include extensions toward nonlinear models to study realistic metallic
materials under large deformations, with the goal of capturing the emergence of plasticity from
the interplay of nanoscale defects and geometric incompatibilities. This includes the observation of
hardening and softening behavior and the computation of full stress-strain curves. Another direction
is the extension of the present two—dimensional planar strain model to plate theories, such as the
von Kéarmén model, which requires coupling the Airy stress function with the out-of-plane deflection
variable (see [63]). Further extensions include the systematic study of plasticity, damage, fracture,
and fragmentation, and their mutual interactions. Finally, the model can serve as a benchmark
for comparison with ab-initio simulations investigating the coupled dynamics of dislocations and
disclinations.
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A Technical results

In this appendix we collect a few technical results that are needed in the proof of Theorem [2.2]

A.1 Equivalence of boundary conditions for piecewise-C? Lipschitz domains

Here we show that if A is a piecewise-C? domain according to Definition and v € C?(A), then
the boundary condition V2vt = 0 on dA is equivalent to requiring that v|r be the trace of an affine
function on every connected component I' of JA.

Proposition A.1. Let A C R? be an open and bounded set as in Deﬁmtion and let v € C*(A).
Then for every connected component I'y (q=1,...,Q, Q > 1) of 0A we have that

Vit =0 onT, & v =aq, Opv=0na, only, (A.1)
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for some affine functions aq, g=1,...,Q.

Proof. Let I'; be a connected component of JA. On each curve Fg (¢ =1,...,L(Q)), apply
[23, Proposition A.2] to obtain that there exist L(gq) affine functions (and therefore 3L(q) real

parameters)
l
q

l
q

14

¢ ¢ _ 4 ¢ 0 )4
Ly 2z, = ag(z,) = ag 171 + ag 975 + @y

such that v|pe () = al(x), for every £=1,..., L(q).
q
Let us denote by g, 0 and g,1 the traces of v and of its normal derivative 0,v, respectively, on
I';. Therefore, we can apply [64, Theorem 3| which yields that the condition

(atgq,o)” — gga1t € HI/Q(Fq) (A.2)

must be satisfied. Besides implying continuity, ({A.2)) implies that there are no jumps at the corners
P,f of the boundary.
Eventually, this implies that the trace gq0 at the boundary is only one affine function, i.e.,

afl = aé for every £ =2,...,L(q). To see this, we impose the continuity of (A.2]) and of g4 at the

qu ’s. By our positions, given ¢, the point qu is the end point of Fg and the starting point of Fg“.

Let us denote by tf; = (tf;,l, tf;g)—r and by nf; = (ngl,ngg)—r = (tf;?Q, —tél)—r the tangent and normal

vectors, respectively. The continuity of (A.2) across qu reads

(Val b))t = ((Val, n))th = (Va6 )nl = ((Valt, neth))iet!

which, in components, reads

o s
( a2 > = _;’E%rl , for every £ =1,..., L(q), (A.3)

_aq’l Q71

where we have used that HtgH = 1 for every £ = 1,...,L(q); this fixes 2L(q) constraints. The
continuity equations of g, at each qu = (X 5’1, X 5,2) reads

14 l l l L A+1+y0 L+1 4 l+1 _
ag1Xg1+agoXgotago=a,y Xg1tas Xgota,y, for every £ =1,..., L(q),

which fixes L(q) constraints and, by virtue of (A.3), implies that af;ﬁ = aao forevery £ =2,..., L(q).
The special case L(q) = 1 can be treated by adding a fictitious point qu and repeating the
argument above with L(q) = 2. O

A.2 A symmetry property of the Monge-Ampére operator

In this section we recall the definition of the Monge-Ampére operator and extend [35, Lemma C.2]
to the case of 9 Lipschitz and functions with H? regularity.

Definition A.2 (Monge-Ampére operator). Let Q C R? be an open set, for any &, € H?(2), the
Monge—-Ampeére operator is defined as

[€,7](z) = cof (V2E(z)) : V2n(x) for a.e. z € Q. (A.4)

We now present Lemma [A-3] establishing an important property for the following trilinear form
H?(Q) x HA(Q) x HX(Q) 3 (¢,1, x) = /9[1/1,77](33)X($) dz. (A.5)
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Lemma A.3. Let Q be as in Deﬁm’tz’on and let Q. be defined as in [2.11). Let n,x,v € H?(£.)
with 1) such that 1 = dpp = 0 on 0N, and v has affine trace on each OBL, for i € {1,...,N}.
Then

/ [, )(@)x(z) dz = / [, x)(@)n(z) de. (A.6)
Q. Qe

Proof. Consider a sequence of functions ¢™ € C°(Q) approximating 1 in the H?(f).)-norm and
such that 1™ are affine on every dB!. By the definition of the Monge-Ampére operator (A.4]) and
using integration by parts, one obtains

/ ™, 7 x dz = / ¥ Cof (V24™) : V2 de
Qe Qe

= /BQEMCof(V%m)n, V) dH!' — / ( Div (x cof (V2™)), V) da A7)

€

= Z/@Bg (&) COf V21/J )n, V’I’]> dHl _ / <D1V (X cof(V2wm)),V7)> de.

£

The integrals under the summation symbol are individually zero: this follows from [23 Proposi-
tion A.2] applied to 1™, using the identity cof(M) = IIT MTI for any M € ngxn% together with the
relation IIn = —t. We are therefore left with

/ [ n] xdz = —/ {Div (x cof(V*y™)), V) dz
Qe Qe

- /Q (cof (V2™ Vx, Vi) dz: — / ( Div(cof (V*9™)), Vp)xdz  (A.8)

€

= —/ <C0f(V2¢m)vX7vn> dz,
Qe

since a straightforward computation shows that Div(cof(V2%™)) = 0 pointwise in .. The last
expression in (A.8]) is symmetric in n and x, and so is the first one. We have thus shown that

[ o= [ @ nds. (A.9)
Qe Q.

Finally, passing to the limit as m — oo yields (A.6)). O
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