GAUSS-GREEN FORMULAS FOR DIVERGENCE MEASURE
TENSOR FIELDS ON ROUGH DOMAINS

VIRGINIA DE CICCO AND GIOVANNI SCILLA

ABSTRACT. We introduce a notion of pairing between essentially bounded tensor fields
with divergence measure and vector-valued functions of bounded variation, extending
the classical theory to the tensorial setting. This naturally leads to an adaptation of the
definition of normal trace for tensor fields with measure divergence even on a rectifiable
set. As a consequence, we establish tensorial Gauss—Green formulas that remain valid on
sets with low regularity, including sets of finite perimeter. These results yield a unified
and robust framework for integration by parts in the presence of irregular tensor fields
and domains.

1. INTRODUCTION

In continuum mechanics and in many problems of mathematical analysis, the follow-
ing classical Divergence Theorem and the Gauss—Green formula in tensor form play a
fundamental role (see, e.g., [30,[31]).

Theorem 1.1 (Divergence Theorem in tensor form). Let Q2 be a bounded open subset
of RN with smooth boundary. Let A = (A;j) € CHQRN*N) ie. A is a second-order
reqular tensor field. Then

/ DivAdV = [ AndS,
Q o0

where
N N
DivA = | Y 0,4 , and An= ) Ajn, :
J=1 i=1,..N i=1 i=1,...N
RV*N denotes the set of N x N matrices, n = (ny,...,ny) is the exterior normal at the

boundary 02 of 0, dV is the volume element on Q and dS is the area element on Of).
The tensor field A is commonly interpreted as the Cauchy stress tensor.

Corollary 1.2 (Gauss-Green formula in tensor form). Let A = (4;;) € C(Q;RV*Y)
and u € C1(Q;RN). Then the following pointwise identity holds:

(1.1) u-DivA + A :Vu=div(ATu), inQ.

Moreover, we have

(1.2) /u~DivAdV+/A:VudV:/ u-(An)ds.
Q Q o0
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For Theorem see for instance [31} Section 6(1)], while the identities and
are stated in [31, Section 4(1), eq. (11), and Section 18(1)].

Several foundational issues in continuum mechanics—particularly those related to the
representation of Cauchy fluxes—have motivated the development of weaker or generalized
forms of the Gauss—Green formulas. Considerable effort has been devoted to establishing
these results in more general settings and under minimal regularity assumptions.

For a detailed historical overview of divergence theorems we refer to [14]. See also the
recent and comprehensive treatment in [37]. In the papers [5,/7,9./10L13}15-17,22,27,38,39]
the study is confined to the case of vector fields A and scalar functions u. For the case of
tensor fields A and vector functions u, we refer to |28}35,/40].

In particular, in [35] a second-order measure-valued tensor field A is considered, namely
a stress field represented by a tensor-valued Radon measure whose distributional di-
vergence is a vector-valued measure. In that framework, the following notion is intro-
duced: a tensor A is said to be equilibrated if there exists a vector—valued Radon measure
p := Div A in an open set (2, called the divergence of A, and a measure on 912, called the
normal trace of A, such that the Gauss—Green formula holds for every sufficiently
regular vector-valued function u. An equilibrated tensor field admits a natural mechanical
interpretation: it represents the stress field in a continuous body acted upon by a body
force described by a measure p in 2 and by a boundary traction given in the sense of
measures on 0f).

The aim of this paper is to identify a broad class of equilibrated tensor fields, namely
the class of essentially bounded matrix-valued fields with measure divergence

DM> (Q; RV .= {A € L®(Q; RY*M) : Div A € M(Q;RY)},

and to establish Gauss—Green formulas for such tensors under minimal regularity assump-
tions. We restrict our attention to essentially bounded fields, although LP, 1 < p <
+o00, and measure-valued tensor fields have also been investigated in the literature (see
[18/35/40]). The analysis of these more general settings will be addressed in a forthcoming
contribution.

Divergence-measure vector fields arise naturally in the context of nonlinear hyperbolic
equations. The theory of these fields is a fundamental issue in order introduce new tech-
niques in entropy methods (see [9,/10,/13}[15|16,23,25,[26}|36]). In particular, much of
the recent progress in this area stems from applications to the uniqueness theory of weak
entropy or kinetic solutions to hyperbolic conservation laws. Divergence-measure matrix-
valued fields provide the appropriate framework for the analysis of hyperbolic systems of
conservation laws and balance laws (see [13, Section 5] and |16, Sections 10-11]). The
results established in the present paper may contribute to the development of an entropy
approach for systems as well.

Another motivation for our study arises from elasticity and plasticity theory. In this
framework one investigates the deformation u of an elastic body occupying a domain in
RY, clamped along a portion of its boundary and subjected to a prescribed vector field of
external forces (see, for instance, [6, Sect. 6.6] for the linearized elasticity system).

For this reason, in the present paper we allow for very irregular strain functions u, be-
longing to the class BV of functions of bounded variation. In a subsequent work, we plan
to extend the analysis to strains associated with BD functions of bounded deformation,
which naturally arise in plasticity theory.
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A brief literature review on the pairing. It is well known that the classical product rule
holds for smooth scalar functions v and vector fields A in RYV. A first extension of
this identity to the nonsmooth setting of BV functions and vector fields whose divergence
belongs to a Lebesgue space was obtained by Anzellotti [5], who introduced a pairing in
such irregular setting. This construction provides a weak formulation of the product rule
and leads to generalized Gauss—Green formulas. Later, in [9] the authors further developed
this theory and proved that this pairing extends the classical scalar product A-Vu. Using
a regularization argument, they proved that for every bounded v € BV (RY) and every
bounded divergence-measure vector field A there exists a finite Radon measure (A, Du)
satisfying

(1.3) div(uA) = u* div A + (A, Du)

in the sense of measures, where u* denotes the precise representative of u. Subsequently,
under the weaker assumption that u* € Ll1 div A|(]RN ) all the main properties and features

as coarea, Leibniz and Gauss—Green formulas are proved in [22].

While the theory is well understood in the scalar—vector setting, the extension to tensor
fields is not straightforward. The tensorial framework presents additional difficulties, since
the natural pairing will involve the matrix contraction A : Du between the tensor field
A and the matrix field Du, thus requiring a suitable extension of the divergence-measure
theory to matrix-valued fields.

Main results. Our aim is to introduce a notion of pairing between tensor fields with
divergence measure and vector-valued functions of bounded variation, in order to extend
the previous theory to the tensorial setting and, in particular, to get a tensor form of the
Leibniz rule (1.3). The main result of the paper is Theorem below, which extends the
validity of the Gauss—Green formula . It provides a generalization, under very weak
assumptions and in a unified statement, of the classical divergence theorem in tensor form
(see Theorem and its Corollary and of some partial extensions already present
in the literature. Specifically, the Gauss—Green formula considered in [6, Remark 10.2.2]
is established for u € BV,.(RY;RY) and regular tensor fields A € C'(RY;RY*Y). On
the other hand, the case of u € C*(RY;R") and irregular tensor fields is studied in [28].
The class of sets of finite perimeter provides a natural framework for the foundations of
continuum mechanics, since it admits well-defined notions of oriented boundary and outer
normal (see |13,42]). Within the class of sets of finite perimeter, the following unifying
result generalizes all the previous results for essentially bounded tensor fields.

Theorem 1.3. Let A € DM (RY;RV*N) and u € BVipe(RY;RY) such that u* €

L|1DivA|,1oc(RN3 RM). Let E C RN be a bounded set of finite perimeter. Then the following
Gauss—Green formulas hold

(1.4) / u*-dDiVA—l—/ (A:Du):—/ ut Tt (A, 0"E)dwN 1,
B! El E

(1.5) / u*-dDivA+/ (A:Du):—/ u - Tr (A, 9°E)daN 1.
ElUo*E ElUo*E o*E

Here E' and 0*E are the measure theoretic interior and reduced boundary of E respec-
tively, and Trt (A, O0*E) are the normal traces of A when 0*FE is oriented with respect to
the interior unit normal vector. Moreover, u* and u® are the precise representative of u
and the traces of u on 9*F respectively, in the sense of BV functions (see Section [2)) and
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L|1Div Al 1OC(RN :RY) denotes the space of the locally integrable functions with respect to

the measure | Div A|.
Theorem extends to the tensorial setting the Gauss—Green formulas obtained in
[7, Theorem 5.3] for Lipschitz domains and in |22, Theorem 5.1] for sets of finite perimeter.
The pairing measure (A : Du) appearing in formulas and will be introduced
in Section [3|in distributional sense, as follows: for every test function ¢ € C2°(Q)

((A:Du), p) ::—/ngu-DivAd:L‘—/QA:[u®V<p]d1:.

When u is a regular function, (A : Du) coincides with the usual scalar product A : Du
between the matrices A and Du. This pairing preserves the main structural features
of the classical theory, such as the absolute continuity with respect to |Du| and Leibniz
rule. Finally, we specialize Theorem [[.3] to some particular domains already considered
in literature. More precisely, we establish some tensor Gauss—Green formulas on rough
domains of finite perimeter (see below) and on the subclass of weakly regular sets
(satisfying ) They will be proved independently in Theorem and Theorem 4.3
respectively.

Theorem 1.4. Let A € DM (RY;RMN) and u € BVio(RY; RY) N LS (RY;RY). Let
E C RY be a bounded open set of finite perimeter satisfying

(1.6) HANVOE\ EY) < +00,

where E° denotes the measure-theoretic exterior of E. Then there evists g € L®°(0E \
E% N1 such that the following Gauss—Green formula holds

/u*-dDivA—i—/(A:Du)——/ ut - Trt(A,0°E) d%”Nl—/ g(x) d#N L.
E E o*E OENE!

In particular, if
(1.7) HNTVWOE) = VNV OE),

the previous Gauss—Green formula reduces to
/u*-dDivA—l—/(A:Du):—/ ut - TrT (A, 0E)d#"N 1.
E E OF

Here Tr™ (A, 0FE) and Tr" (A, 0*E) are the normal traces of A on OE and 8*E, respec-
tively, when they are oriented with respect to the interior unit normal vector.

2. PRELIMINARIES

Vectors and matrices. Let N > 2. For a,b € R, we write a - b for the Euclidean scalar
product and denote by |a| = y/a - a the associated norm. We denote by RY*¥ the set of
real N x N matrices. Given A,B € RV*N  their Frobenius scalar product is defined as

A :B:=tr(ATB),
where AT is the transpose of A and tr(A) its trace. The associated Frobenius norm is
|A|:= VA :A.
For a,b € RY, the tensor product is defined by
a®b:=abl e RV,
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The following identities (see, e.g., [31, Section 3]) follow directly from the definitions:
(2.1) A:(vow)=v - (Aw)=w.(ATv),
for all v,w € RY and A € RVXV,

Given a matrix A € RV*N | we denote by Div A its distributional divergence, defined
columnwise by
Div A := (divA,,...,divAy),
where A; is the i-th column of A and

leAZ.—ZaaAU i=1,...,N.
Zj

Similarly, one may define the rowwise divergence
Div A := (divAl, ..., divAY),
where A’ is the i-th row of A and

divA® = Z%A” i=1,...,N.
Lj

If A is symmetric, then Div A = Div A.
Finally, observe that for every Borel set B C RY one has the total variation estimate

(2.2) |DivA|(B) < Zydey

see, e.g., |4, p. 4].

Measures. The following definitions and basic facts about measures can be found, e.g., in
[4, Chapter 1].

We denote by .Z" and ##N~! the Lebesgue measure and the (N —1)-dimensional Haus-
dorff measure in R, respectively. Unless otherwise stated, a measurable set is understood
to be .ZN-measurable.

Following the notation of [4], for every open set Q C RY we denote by Mo (€2; RY) the
space of vector Radon measures on €, and by M(€Q;RY) the space of finite vector Radon
measures on {2, while by M(€Q) and M..(€2) the spaces of scalar Radon measures and
scalar finite Radon measures on (2, respectively.

Given p € Mioe(;RY) and a p-measurable set E, the restriction ul_ E is the Radon
measure defined by

pLE(B)=u(ENB), V B p-measurable, B C (.

The total variation || of € Mic(€2;RY) is the nonnegative Radon measure defined
by

o
||(E) := sup {Z |u(Ep)|: Ej p-measurable sets, pairwise disjoint, F = U Eh} ,
h=0

for every p-measurable set E € Q. If u € M(;RY), then |u|(Q) < oco.

A measure p € Moo (2 RY) is absolutely continuous with respect to a given nonnegative
measure v (notation: p < v) if |p|(B) = 0 for every Borel set B such that v(B) = 0. Two
positive measures vy, vo € Moo (€ RY) are mutually singular (notation: vy L vs) if there
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exists a Borel set F such that v1|(E) = 0 and |v5|(Q\ E) = 0. Given g € Mioe(4;RY),
the Lebesgque decomposition of u with respect to (ZV)V is

po=ptt+p,
where p = (u$)i—1..n is the absolutely continuous part, satisfying p¢ < £V, and
p® = (pf)i=1,. N is the singular part, satisfying p$ L £V,
A measure p in 2 is concentrated on E C Q if u(Q\FE) = 0. The intersection of the

closed sets E C €2 such that p is concentrated on E is called the support of p and is
denoted by supp(p). In particular,

M\supp(p) = {zr € Q: p(By(z)) =0 for some r > 0} .

We denote by L}L(Q;}RN ) the space of RV-valued functions that are integrable with

respect to p on €2, and by LL 1oc (2 RY) the space of functions that belong to L}L(K; RM)
for every compact set K C 2. In the scalar-valued case, we omit the target space and

simply write L'(Q, ) and L (2, p).

Approximate limits. The following basic definitions and results can be found, e.g., in
[4, Sections 3.6 and 4.5].
We say that a function u € L1 _(;RY) has an approzimate limit z € RN at x € Q if

loc
I 1/ ha(y) — 2| dy = 0
o0t 2N (Bo(@)) Jpom T

in this case we say that x is a Lebesgue point of u. The set Sy C 2 of points where this
property does not hold is called the approzimate discontinuity set of u, and, thanks to
Lebesgue’s differentiation theorem, we know that .Z~(S,) = 0. For any z € Q\ S, the
approximate limit z is uniquely determined and is denoted by z =: a(z).

Given u € L}OC(Q;RN ), we say that x € Q is an approzimate jump point of u if there
exist a,b € RN, a # b, and a unit vector ¥ € RY such that
1
lim ————— —al|ldy=0
i T e, 100l =0
(2.3) )
lim ———— —b||dy =0,
i ) o, 10 bl

where B (z) :={y € B;(z) : (y—=z)-v >0}, and B, (z) :={y € B.(z): (y—z)-v <0}
The triplet (a,b,v), uniquely determined by up to a permutation of (a,b) and a
change of sign of v, is denoted by (u™(z),u™(z),v,(z)). The set of approximate jump
points of u is denoted by Jy, and it clearly satisfies J, C Sy. It is easy to check that Jy
and S, are Borel sets, and 1, u™ and u~ are Borel functions.

Finally, for u € LIIOC(Q; RM) we define the precise representative of u in z € Q as
1

u*:c::lim/ u(y) dy,
( ) r—0+t .XN (BT(JE)) B (x) ( )
whenever the limit exists. It is then clear that

u(x) z € Q\ Su,
(2.4) u’(z) = { ut(z) + u ()

5 r € Jyu.
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A priori, it is not clear whether u* is well posed in Sy \ Ju, in general. However, for
sufficiently regular functions it is known that Sy \ Jy is suitably small (for instance, when
u is a function of bounded variation, see Section .

Let u € LY(Q;RY), and consider the sequence

(2.5) Ue =1 xu= (N *UL,Ne ¥ U, ...,Ne *UN),

where n.(z) = aiNn(g) and 7 is a positive symmetric mollifier. Then, combining [4,
Proposition 3.64(b) and Proposition 3.69(b)] we get

(2.6) u. —» u*  pointwise in Q\(Su\Ju) as € — 0.

2.1. Functions of bounded variation and sets of finite perimeter. For a detailed
treatment of the theory of BV functions, we refer the reader to the monograph [4].

We say that u € L'(Q) is a function of bounded variation in © if its distributional
derivative Du € RV*V is a finite Radon matrix-valued measure in Q. The vector space
of all functions of bounded variation in €2 is denoted by BV ().

If u € BV(Q), then Du can be decomposed as the sum of the absolutely continuous
and the singular part with respect to the Lebesgue measure, i.e.

Du = D% + D?u, D% = Vu 2V,

where Vu is the approximate gradient of u, defined .#"-a.e. in Q (see |4, Section 3.9]).
On the other hand, the jump set Jy is countably #¥ ! rectifiable, #N"1(Sy \ Ju) = 0
(see |4, Definition 2.57 and Theorem 3.78]), and the singular part D®u can be further
decomposed as the sum of its Cantor and jump part, i.e.

D*u = D + D'u, Du:= D*ul(Q\ Sy), D’u:= D*ul J,,

where the symbol pul B denotes the restriction of the measure p to the set B. We will
denote by D% := D% + D°u the diffuse part of the measure Du.

The precise representative u* of u is defined in Q \ (Sy \ Ju) (hence s#V~1l-ae. in
Q) as in (2.4). The mollified functions u. pointwise converge to u* in its domain (see
[4, Corollary 3.80]).

Let © be an open set with Lipschitz boundary. Then for VN 1-ae. z € 9Q, there
exists a vector ug(x) € R such that

(2.7) lim o~V / [u(y) — ug()|dy = 0
p—0 QNB,(z)

(see [4, Theorem 3.87]). The function ug € L'(09) is called a trace of u on 9.

We conclude this section recalling an approximation result by smooth functions, due
to Anzellotti and Giaquinta (see, e.g., [4, Theorem 3.9] combined with [29, Remarks 1.18
and 2.12]).

Theorem 2.1. Let u € BV(Q;RY). Then there exists a sequence (uy)reny C C(Q;RY)
such that

w, —»u in LYQRY)  and lim /|Vuk|d1::/]Du|.
Q Q

k——+o0

If, in addition, €1 is a bounded open set with Lipschitz boundary, then uy o = uq for all k.
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For every M > 0, let
Ta(s) := max{min{s, M}, —M}, seR.
For u € (%;R), define the componentwise truncation map 77 : RY — RY by
Tv(u) = (Tar(ur), Tar(u2), - .., Tar(un)),

and, for brevity, set

(2.8) uM = 7).
Since Ty is 1-Lipschitz and Tj/(0) = 0, it follows that 7y, is 1-Lipschitz, 73,(0) = 0 and
(2.9) [ ()| < [[ulf.

Proposition 2.2 (Properties of the truncated functions). Let u € BV (;RY), and for
every M > 0, define uM as in (2-8). Then u™ € BV(Q;RY) and the following properties
hold:
(1) (DM = (uM)* = ut N 1a.e. in Q. In particular, (u™)* — u*, AN "1 q.e.
mn
(ii) [DuM| < |Du| in the sense of measures, for every M > 0;
(iil) [|[@™]E| < |[u®| for every M > 0, hence

. 1 - -
I(a*)™] < U+ vM >0 for AN ae xeQ;

(iv) if u € M(Q) with p < #N~1 andu € BV(Q;RN)OL}L(Q;RN), then ()M — u*
in L, (Q; RN).

Proof. The fact that u™ € BV (Q;RY) for every M and the identities in (i) follow from the
general chain rule in [2, Theorem 2.1] (and the argument of its proof), using that 73,(0) =
0 and 7/ is 1-Lipschitz, which also implies (ii). From [4, Proposition 3.69(c)], if x € Jy,
then x € Jyu if and only if (u™)M(z) # (u™)M(x), in which case (u™)*(z) = (ut)M(z).
Otherwise, = ¢ Syn and uM(z) = M (z) = (u")M(z) = (u*)M(z). Therefore, we can
write
(uM)E(z) = (uH)M(z)  for all z € Q\(Su\Ju),

hence 7#N~1-ae. in Q. Note also that for M > max{|[u*(2)|,|u=(z)|} we have
(uM)*(z) = u*(z), and this implies that [u™]* — u® "V~ lae. in Q. Property (iii) fol-
lows from ([2.9), the identities in (i) and the definition of u*. Finally, (iv) is a consequence
of (i), the bound in (iii), and the Lebesgue Dominated Convergence Theorem. O

Let E ¢ RY be an ZN-measurable set. For every open set @ C RY the perimeter
P(E,Q) is defined by

P(E,Q) := sup{/ divedr : ¢ € CHORY), [l@/leo < 1}.
E

We say that E is of finite perimeter in Q if P(E, ) < 4o00. Denoting by x g the charac-
teristic function of F, if F is a set of finite perimeter in 2, then Dyg is a finite Radon
measure in Q and P(E,Q) = |Dxg|(Q). If @ ¢ RY is the largest open set such that E
is locally of finite perimeter in €2, we call reduced boundary 9*E of E the set of all points
x € Q in the support of |Dxg| such that the limit

(o) il DXEBp()
o0 DXl (B, @)
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exists in RY and satisfies |Ug(z)| = 1. The function v: 9*E — SV~1 is called the measure
theoretic unit interior normal to E. We recall the classical result by De Giorgi (see, e.g.,
[4, Theorem 3.59]) which states that 0*F is countably (N — 1)-rectifiable and

(2.10) |Dxgp| =N "1LO"E.
Given E C RN an .Z"N-measurable set, for every t € [0,1] we denote by E* the set
LN(EN B,(x))
E' = RY .1 £ =1
et i S

of all points where E has density t. The sets E°, E', 0°E := R \ (E° U E') are called
respectively the measure theoretic exterior, the measure theoretic interior and the essential
boundary of E. If F has finite perimeter in €2, Federer’s structure theorem states that
PENQC EY?2CO°E and V1 (Q\ (E°UO°EUE"Y)) =0 (see [4, Theorem 3.61]).

2.2. The pairing for vector fields. Let us consider
DM (GRY) = {A € LZ (U RY) : divA e M(Q)},

that is, the space of all locally bounded vector fields whose distributional divergence is a
bounded Radon measure in §2.

Then, according to [5,9], the pairing between A € DM (Q;RY) and Du, for a given
function u € BVic(Q2) N LiS.(2) is the distribution given by

(2.11) w € C () = (A, Du), p) = —/ pu*ddivA — / uA - Vedz,
Q Q

where u* is the precise representative of the BV -function u. Since the measure div A
is absolutely continuous with respect to s#V~1 and u* is well defined 2N ~'-almost
everywhere, this definition is well-posed. As proven in [9], it holds that

(2.12) uA € DME (4 RY),

and the pairing is a Radon measure in €2, absolutely continuous with respect to |Dul,
satisfying the following Leibniz-type formula:

(2.13) (A, Du) = div(uA) — u* div A.
In [22] the authors, redefining the pairing distribution for functions u € BVj,¢(£2) such

that u* € L|1 div A 10c(§2) (thus requiring a dependence between the scalar functions and

the vector field), still obtained a measure with the same properties as before, and proved
a coarea formula and a Leibniz rule, and finally achieved generalizations of the Gauss—
Green formulas. The following representation result can be found in [22, Theorem 4.12]
and |17, Theorem 3.5].

Theorem 2.3. Let A € DMZ(Q;RY) and u € BV () N L|1diVA| 10c(82). Then the
measure (A, Du) admits the following decomposition:
(i) absolutely continuous part: (A, Du)* = A -Vu LY ;
Tt (A, J,) +Tr (A, J,
T ( ) )—; ( )(u+—u_)7-[N_1|_Ju;

(ii) jump part: (A, Du)! =
(iii) Cantor part:
(A, Du)°L(Q\ Sa) = A- DUL(Q\ Sa),

where S 4 is the approrimate discontinuity set of A.
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2.3. Matrix-valued fields with measure divergence. We consider the space of essen-
tially bounded matrix fields with measure divergence:

DM>(Q; RNy := {A € L®(Q;RYVN) : Div A € M(Q;RY)}.
The following lemma provides an approximation result for stress fields. See |9, Theorem

1.2] for the analogous result concerning vector fields, and [33, Lemma 2.3] for more regular
stress fields.

Lemma 2.4. Given A € DM (Q; RN*N) | there exists {Ar} € O (Q;RV*N) such that
(i) Ap — A in LY(Q;RN*N);
(ii) lim / | Div Ai| = | Div A|(Q).
Q

k——+o0

Proof. The existence of the sequence {Ay} satisfying (i) and (i) can be obtained by
adapting the arguments of |9, Theorems 1.1 and 1.2] to the matrix-valued setting. O

The next result shows that the divergence measure of A is absolutely continuous with
respect to N1,

Proposition 2.5. Let A € DM>®(Q;RN*N) and let B C Q be a Borel measurable set
such that #N~1(B) = 0. Then |Div A|(B) = 0.

Proof. In view of (2.2)), it will suffice to apply [9, Proposition 3.1] to each real-valued
measure |divA;|, i =1,..., N. O

As a consequence, the set

(2.14) Oa = {:L' € Q: limsup N1

r—0+t

| Div A|(B,(z)) S O} ’

is a Borel set, o-finite with respect to s#N~1. Moreover, the measure Div A admits the
decomposition ‘

Div A = Div* A + Div® A + Div’ A,
where Div® A is absolutely continuous with respect to £, Div® A(B) = 0 for every Borel
set B with #V~1(B) < 400, and
(2.15) Divi A = f 7N 1.0,
for some Borel vector-valued function f (see |3, Proposition 2.5]).

2.4. Normal traces. We first recall the definition of traces of the normal component of
a vector field C € DM (£; R), which can be defined as distributions Tr*(C, ¥) on every
oriented countably .7V ~!-rectifiable set ¥ C Q (see [1,5,9]). According to [1], given a
domain €' € Q of class C!, the trace of the normal component of C on 9 is defined in
the distributional sense by

(2.16) (Tr(C,09), ¢) ::/ c-wda:+/ pddivC, Vo e C(Q).
Q/ Qf

It is shown in [l, Proposition 3.2] that this distribution is in fact induced by an L*°
function on 99, which we continue to denote by Tr(C, 9€'), and satisfies the estimate

| Te(C, 0| Lo 90y < IC | Loo (i)

Now, since ¥ is oriented and countably .7V ~!-rectifiable, we can find countably many
oriented C'* hypersurfaces %;, with classical normal vectors vy, and pairwise disjoint Borel
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sets F; C ¥; such that sZV~1(2\ U; Ei) = 0. Moreover, we may assume, without loss of
generality, that for each ¢ there exist two open, bounded sets ;, 2, with C' boundaries
and exterior normal vectors vgq, and Vo respectively, such that E; C 99Q; N 08, and

vy, (z) = vo,(z) = —vo (2) Vx € F;.

We then define the orientation on X by setting vs(x) := vs,(x) for #N"1-ae. x € E;.
Using the localization property established in [1, Proposition 3.2], the normal traces of C
on X are defined by

Tr (C,%) := Tr(C,0;), Tr™(C,%):=—Tr(C,00,), N1 _ae. on E;.
These two normal traces belong to L>®(X, #N 1Y) (see |1, Proposition 3.2]) and satisfy
(2.17) divCLE = [Tv7(C,%) - Tt~ (C, )] VLY.

For our purposes, we need to extend definition (2.16)) to a matrix-valued field. Given a
domain € as above, we define the trace of the normal component of A € DM (Q; RV*N)
on 0 in the distributional sense as the n-tuple of scalar distributions

Tr(A,0Q) := <Tr(A1, 0Q), Tr(A,08), ..., Tr(An, 8(2’)) .

Then, recalling (2.16)), we have
N

(Tr(A,00), @) =Y (Tr(A;,00), ;)
(2.18) i=1

= A:chdm—i—/cp‘dDivA, Vo € C(Q;RY).
Q/ Qf

Therefore, this distribution is induced by a vector-valued L™ function on 92" (which we
still denote by Tr(A,9§')), the estimate

| Tr (A, 0 || oo (90rim) < 1A oo (rimiv vy
holds, together with the localization property
Tr(A,0Q;) = Tr(A,09;) #N"! —ae on E,

if ' is a Borel subset of 021 N 0€)y and vq, = vq, on E. This allows us to define the
normal traces of A on X by

Tr (A, Y) = Tr(A,00;), Trt(A,X):=—-Tr(A,00), V! —ae onE,
thus extending |1, Definition 3.3] to a matrix-valued field. These two normal traces belong

to L;N—le(E;RN) and, arguing as for |1, Proposition 3.4(ii)] with minor changes, we

have
Div/ ALY = [Trt(A,X) — Tr (A, )] VLS.
On the other hand, it holds that
TrH(A,Y) £ Tr (A%) AN ae inXNO,.
By , it then follows that for every Borel set B C (2
|IDivi ALY|(B)=0 = #V1.04(B)=0,

that is,
AN 04 < |Div? A
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3. A NEW PAIRING FOR TENSOR FIELDS

Let us introduce a new pairing between a matrix-valued field A and the matrix derivative
of a function in BV (€; RY). In analogy with [22], for A € DM>(Q; RV*V), we introduce
the function space

BV(RY) 1 Ly, o (BRY) i= {u € BV(QRY) : u € Lipg, 5 (GRY) } .

Then, for every A € DM*(; RY*N) and u € BV (;RY) N L! (% RY) we define

| Div A
the linear functional (A : Du): C°(2) — R by
(3.1) ((A:Du), p) :——/gou*-dDiVA—/A:[u®Vg0]dx.
Q Q

It is easy to check that

N
(3.2) (A:Du) =) (A;,Du,),

=1

where (A;, Du;) is the pairing (2.11)). Similarly, we can define

<(A:Du)780> 1:—/98011*'dDiVA—/QA:[u®ch]d:U.

and we have
N

(A:Du) =) (A", Du,).
i=1
Moreover, (A : Du) = (A : Du) whenever A is symmetric. In the following we focus on
(A : Du); the same arguments and results can be applied to (A : Du).

Remark 3.1. From the classical product rule (1.1 it is immediate to check that, if A €
CHQ; RN and u € CH(Q; RY), then

(A:Du)=A:VuzV
in the sense of measures.

The structural properties of the space BV(Q;]RN ), in particular the fact that each
component of a vector-valued BV function still belongs to BV, are crucial in order to
deduce the following result from [22, Theorem 4.12], in view of property . However,
we prefer to provide an independent proof for the reader’s convenience and for future
reference.

Theorem 3.2. Let A € DM®(Q;RV*N) and u € BV(;RY) N L|1DivA|(Q;RN). Then,

the distribution (A : Du) defined in (3.1) is a Radon measure in Q, absolutely continuous
with respect to |Dul, and it holds that for every open set U €

(3.3) |(A : Du)|(B) < [|Al[zeeny|Dul(B)  for every Borel set B C U.
Moreover, div(ATu) € M(Q;RY) and the equation
(3.4) div(ATu) = u* - DivA + (A : Du)

holds in the sense of measures in €.
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Proof. We first assume that u € BV (Q;RY) N L>(Q;RY). In this case, we may follow the
ideas of |9, Theorem 3.1]. Let {Aj} be the sequence of Lemma and let {ux} be the
sequence approximating u given in Theorem Then, arguing as in [9], we can prove
that

/Q\div(Aguk)]dx = sup {/Q(Afuk) Veodr: ¢ € CHQ), [|¢lloo < 1}
< 3 {llufloo| Div Ag|(Q) + | Al VUgll 10y }

whence, passing to the limit as £ — 400, we get

| div(ATw)[(2) < 3{[[u]lco| Div A[(2) + [| Al Duf ()} < +o0.

Since ATu € L>*(Q;RY), we conclude that ATu € DM>(Q; RY).
We subdivide into steps the rest of the proof.
Step 1. First, we assume that u is Lipschitz continuous on compact subsets of 2. We
claim that (3.4)) holds in the form
(3.6) div(ATu) =u-DivA + A : Vu2V

in the sense of measures on (2.
From Lemma [2.4) we have Div A — Div A as Radon measures on . Then
u-DivA, + A, :Vu?ZY —u-DivA+A:VuZY in M(Q).
Moreover, div(Afu) — div(ATu) in the sense of distributions. Collecting these facts we
can compute the limit in the sense of distributions of the identity
div(Afu) =u-DivAy + Ay : Vu gV,
so that (3.6) holds in the sense of distributions. Since C}() is dense in C.(f2), the same

identity holds in the sense of measures.

(3.5)

Step 2. Let u € BV(;RY) N L2(;RY), and define the sequence of mollifications
{u.} as in (2.5). Then, from Step 1 we get

div(ATu.) =u. -DivA + A : Vu. 2V in M(Q).
Since S#N71(Sy\Ju) = 0, from (2.6) we have that u. converges to u* #¥~lae. z in
Q and, by virtue of Proposition also |Div Al|-a.e. on €. Then, by the Dominated
Convergence Theorem applied to the measure Div A, we obtain
(3.7) u; -DivA —u"-DivA ase — 0in M(Q).
Arguing as for (3.5), we get that the sequence {div(ATu.)} is equibounded in M(Q).
Since div(ATu.) converges to div(ATu) on (2 in the sense of distributions, we then have

(3.8) div(ATu,) — div(ATu) ase — 0 in M(Q).

Collecting (3.7) and (3.8]), we obtain

A :Vu, — div(ATu) —u*-DivA = (A : Du) ase — 0 in M(Q),
so that (A : Du) is a Radon measure on 2. To prove (3.3), we can follow the argument
of [5, Theorem 1.5].
Step 3. Now, we deal with the general case u € BV (Q;RY) N L|1DivA|(Q5RN)7 for
which we can adapt the second part of the argument for the proof of |27, Proposition
4.4]. Let M > 0 and u™ be defined as in (2.8). Then, by Proposition we have
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u ¢ BV(OQ;RY) N L®(Q;RY), (uM)* — u* s#V"1- ae. in Q and in L‘lDiVA‘
Passing to the limit as M — 400 in

: DuM = — u)* . dDiv A — : [uM T
<(A.D ),<p> /Qcp( )*-dDiv A /QA [u” ® Vyldz,

(Q;RM).

we obtain (A : Du) as the weak* limit of (A : Du™) in the sense of measures. Therefore,
(A : Du) is a Radon measure on Q. Moreover, using Proposition [2.2(ii) and (3.3) for
(A : DuM), for each B C U € Q we get

(A s DuM)|(B) < [|All | DUM [(B) < |All | Dul(©)  for every M,
whence (3.3 follows also for (A : Du). Finally, div(uA) is a measure and (3.4) holds. O

Remark 3.3. If Div A << #N (and, with a slight abuse of notation, we denote its density
also by Div A), the pairing can be defined equivalently as

((A: Du), ¢) ::—/ngu-DiVAda:—/QA:[u®Vg0]dx.

It is well posed under the assumption that Div A € LY (Q;RY), since u € BV (Q;RY) C
N
L¥-1(Q;RY) (see, e.g., [4, Theorem 3.47]), if N > 1. In this case, Hélder’s inequality

yields u € L‘lDiVA‘(Q;RN) and

[div(ATw)|(©) <3 {u]_x | DivA|y + Al Dul()} < +o0,

whence div(ATu) € M(Q). For N = 1 we have u € BV(Q) C L (). Then u €
LRDA‘(Q) and

|D(ATW)[() < 3 {]lulleo| Div All1 + [|Alloo| Dul(2)} < +00,
so that D(ATu) € M(9).

If u € BV(Q;RY) N L*(Q;RY), as a consequence of Theorem we have ATu €
DM>®(Q;RY). Then, according to definition , we can consider the normal traces
of ATu on a countably 7N~ -rectifiable set ¥ C Q. The following result provides a
representation formula for these traces, in the same vein of |22, Proposition 3.1].

Proposition 3.4. Let A € DM*™(Q;RV*N) u e BV(Q;RV)NL>®(QRY) and let ¥ C Q
be a countably N1 rectifiable set, oriented as in Section |2.4l Then the normal traces
of ATu on ¥ are given by

ut - Trf(AY), N1 —ae in JyNY,

3.9 Tr* (AT, %) =
(3.9) (A", %) {ﬁ-’I‘ri(A,E), AN — e in X\ Jy.

Proof. 1t will suffice to show for Tr™, since the proof for Tr* is analogous. Recalling
the notation of Section [2.4] we may assume that Jy is oriented with vy on Jy N Y. We
adapt the argument of Proposition 3.1 in [22].
We will perform a blow-up argument around each point x € X such that
(a) z € Q\ (Su \ Ju), z € E; for some i, the set E; has density 1 at z, and z is a
Lebesgue point of both Tr™ (A, ¥) and Tr~ (ATu, ) with respect to sV~ L 98;

(b) \Divé&]l_Qi(Bs(x)) = o(eM 1) and |div(ATu)|LQ(B.(z)) = o(eV 1) as
e —U.
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Note that #V~l-a.e. x € ¥ satisfies (a), since SV ~1(S,\Ju) = 0, and (b), as a conse-
quence of |4, Theorem 2.56 and (2.41)]. In order not to overburden the notation, we set
u (z):=u(x) if z € 2\ Sy.

Let n € C®(RY) be a cut-off function, with suppn C B;(0), such that 0 < n < 1,
and for every € > 0 set 1:(y) :=n (%) We will use both the definitions of trace
and . In particular, for £ small enough, we can choose 7. and ¢ = u™(x)n, as test

functions in (2.16]) and (2.18)), respectively. Note that
Ve(y) =u”(z) @ Vne(y),
hence by (2.1))
A:Vep(y) =A:(u (2)©Vne(y) =u (2)- (AVne(y)) = Vie(y) - (ATu " (2)) .
Then, for € > 0 small enough, we can write

1
eN-1

= 51% /Q Vne(y) - AT (y)u(y) dy+5N%1 /Q 1e(y) ddiv(ATw)
1
(3.10) Nt

— vt [ V) AT()ul) - AT (@) dy

/89.[Tr(ATu, Q) —u(z) - Tr(A, )] n-(y) N~ (y)

_ 1i _ .
/Qiu (96)~(A(y)Vna(z»/))dy—EN_l/Q ne(y)u=(z) - d Div A(y)

A

+ EN% / e (y) d[div(AT ) — u” (x) - Div Al(y)

i

=: J1(€) + J2(€) .

Using the change of variables z = (y — z) /e, as ¢ — 0 the left-hand side of this equality
converges to

T (ATu, 8)(z) - u(z) - Tr~ (A, )] /H n(z) dAN(2),

where I, is the tangent plane to ¥; at x. Clearly n can be chosen in such a way that
fHI ndsAN1 > 0.
Therefore, in order to prove (3.9) for Tr™ it suffices to show that the two integrals .J; ()

and Ja(e) on the right hand side of (3.10) converge to 0 as € — 0.
With the change of variables z = (y — =) /e we have that

Ji(e) = o AT (z + e2)[u(z +e2) —u (z)] - Vn(z) dz,

where

As £ — 0, these sets locally converge to the half-space P, := {z € RN : (z, v(z)) < 0},
hence

lim lu(z +ez) —u (x)|dz = lim lu(x +ez) —u (x)|dz =0
e—0 Qmel e—0 P.NB;
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(see |4, Remark 3.85]) so that

1)) < Al e (.00 |V / (e +e2) —u ()| dz — 0.
Q:NB;
As for Jy(e), using (b) we have

| div(A"w)|(Be(x))

|!DivA|(Be(f€))

limsup |J2(¢)| < limsup |u™ (z) 1 + lim sup Jaa] =0,
e—0 e—0 € e—0 5
so that Jo(e) — 0 and the proof is complete. O

Remark 3.5. Let Q' € Q be an open set with Lipschitz boundary. Then (3.9) holds with
¥ = 99 and ut(z) = u¥(z), u () = u\¥(x), where these traces are defined for
H#N"lae x €0 by [2.7). See [7, Lemma 5.6] for the analogous result in the scalar
case.

Since Jy is countably .## VN ~1-rectifiable, Proposition immediately yields the follow-
ing result, which is the analog of |22, Corollary 3.2].

Corollary 3.6. Let A € DM®(Q;RV*N) and u € BV (Q;RN) N L®(Q;RN). Then the
normal traces of ATu on Jy are given by

T (ATw, Jy) =ut - TrH (A Jy), NP —ae in J,.

In particular

(3.11) div(ATu)L Jy = [u" Trt (A, Jy) —u™ - Tr~ (A, Jy)] V'L Ty
We are now ready to state the main decomposition theorem for the pairing measure.
Theorem 3.7. Let A € DM*™(Q;RY*N) and u € BV (;RY) N L‘lDivA‘(Q;RN). Then

the measure (A : Du) admits the following decomposition:
(i) absolutely continuous part: (A : Du)® = A : Vu.ZV;
(ii) jump part: (A : Du)! = Tr*(A, Jy) - (ut —u™) 2V 1L J,.
(iii) Cantor part: (A : Du)°L(Q\ Sa) = A : Dul_(Q\ Sa), where Sa is the approz-
imate discontinuity set of A.

Proof. The proof of (i) is immediate from [22, Theorem 4.12], in view of (3.2)), since
(A;, Du;)* = A; - Vu; LN for every i = L,...,N. Assertion (ii) follows by combining
(3.4) and (3.11), once we note that (A : Du)’ is concentrated on Jy. Regarding (iii),
since Sa = ;-1 Sa,, we have Q\Sa C Q\Sj, for every ¢ = 1,...,N. Therefore, by
[22, Theorem 4.12],

(Ai, Duy)°L(Q\ Sp) = A; - Du; L(Q\ Sy) foreveryi=1,...,N
and the conclusion follows by ([3.2)).

Remark 3.8 (BV matrix-valued fields). Let u € BV(Q;RY) and A € BVjyo(Q;RV*N) 0
L (Q;RV*N) . Then clearly A € DM*(Q; RY*Y) and

loc
Tre(A, Ju) = AJ vy, AN ae. in Jy,

where Ai are the traces of A on Jy (see [4, Theorem 3.77]). Hence, the jump part of
(A : Du) can be written as
AT+ A

5 : Diu= A*: D’u.

(A : Du)’ =
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In particular, when A € C1(;RV*N) and u € BV (;RY) we have
(A:Du)=A": Du,
in the sense of measures.

Remark 3.9. The Cantor part of the pairing measure is completely represented as in
Theorem (iii) only if
(3.12) |Du|(Sa) =0.

This requirement may represent a significant restriction to the applicability of Theorem[3.7]
Indeed, |D°u|(Sa) can be arbitrarily large: by adapting [17, Example 3.9], one can con-
struct a field A € DM*>(Q; RV*N) whose set Sa has Hausdorff dimension equal to N.
On the other hand, we identify some relevant cases in which is satisfied. First,
we note that it is equivalent to |D%u|(Sa) = 0, since .Z~(Sa) = 0. This implies that
it is satisfied, for instance, when S is o-finite with respect to s#V~1 (see |4, Propo-
sition 3.92(c)]), hence by any A € BVipe(Q;MYN*N) N L (Q; MM*N). Looking at the
assumptions on u, ([3.12) holds when Du = 0, i.e. if u € SBV(Q;RY). Moreover, since
the set ©a defined is o-finite with respect to SN ~!, we remark that assumption

(3.12)) is equivalent to |Du|(Sa \ ©a) = 0.

3.1. Proof of Gauss—Green formulas. We are going to prove Theorem The proof
follows an argument similar to that of [22, Theorem 5.1].

Proof of Theorem[I.3 Since E is bounded, it is not restrictive to suppose that A €
DM>(RY; RV*N) and u € BV(RY;RY) with u* € L|1Div Al(]RN :RY). We divide the
proof into two steps.

Step 1. We first assume that u € BV (RY; RY)NL>(RN; RY). Recall that g € BV (RY),
the reduced boundary 0*FE is a N ~!-rectifiable set and that

1
(3.13) XE = Xgt + S Xo°E-

Let us consider the vector field B := ATu. Then ygB has compact support, hence
div(xgB)(RY) = 0 (see [20, Lemma 3.1]). Moreover, since by the vector field
B belongs to DM (RYN;RY), by using the pairing for scalar BV functions recalled in
Section and choosing in xe and B in place of u and A, respectively, we get

(3.14) / X5 ddiv B = —(B, Dxg)(R"Y).
RN
By the definition of normal traces, formula (2.17)) and Proposition it holds
(3.15) divBLO*E = (u" - Tr" (A, 0"E) —u™ - Tr (A, 0*E)) A"V Lo*E.

With this, (3.13]) and (3.15)), the left hand side of (3.14) can be rewritten as
(3.16)

1
/ XpddivB = [ ddivB + / [u™ - Tr"(A,0°E) —u - Tr (A, 0°E)] d#N 1.
RN El 2 JoE

On the other hand, for what concerns the right hand side of (3.14)), by [22, Remark 4.4]
and (2.10) we obtain

+ * - *
(B. D) = Tr"(B,0*E) + Tr (B,0*E)

2

HANIL9E.
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Recalling that ut € LY(9*E, N1 0*E) (see [4, Theorem 3.84]) and applying Propo-
sition it follows that
1
(3.17) (B, Dyu)®Y) = / Sl T (A, 0°) T (A, 9°E)] AN
O*FE
Finally, plugging (3.16)) and (3.17)) into (3.14)) and simplifying some terms, and recalling
the definition of B, we obtain
(3.18) / ddiv(ATu) = — / ut - Trt (A, 0°E) daN L.

jou O*E

Using now formula (3.4]) and the new pairing (A : Du), the left hand side of (3.18) can

be rewritten as

/ d(u*-DivA+(A:Du))=—/ ut - TrT (A, 0°E) d#V L,
E? O*E

This concludes the proof of ([1.4). In order to prove (|1.5)) it suffices to note that, by (3.18))
/ ddiv(ATu) = / ddiv(ATu) +/ [u™ T (A,0"E) —u™ - Tr (A,0°E)] doN !
ElU9*E El O*E
= - / ut - Trt(A,0°E) doaN ! + / [u™ Tr" (A, 0°FE) —u™ - Tr (A,0*E)] do'N 1,
O*E o*E
hence ([1.5)) follows. This concludes the proof of Step 1.

Step 2: We now assume u € BVj,.(RY;R") such that u* € L|1DivA|,1oc(RN;RN)' We

prove (1.4)) by means of a truncation argument, which can be compared with [22, Theorem
5.1].

For every M > 0, we define the truncated function u™ € BVj,.(RY; RV )N L>®(RN;RY)
as in (2.8) so that, in view of the Step 1, we can write

/ (uM)*. dDivA+/ (A : DuM) = —/ (uM)T . Tt (A, 0" E)daN 1.
B! E! O*E
By Proposition 2.2{iv), we have

lim (uM)*.dDivA = [ u*-dDivA,
M—+co J 1 El
while arguing as in the Step 3 of the proof of Theorem [3.2 we get
lim (A:DuM)_/ (A : Du).
M—+co J g1 El
To conclude, by Proposition [2.2(i) and (iii) we have (u)* — u* in LY(9*E; N 1),

so that we obtain

lim (uM)+-Tr+(A,a*E)d%N1:/ u” - Tt (A, 0°E)daN 1

which combined with the previous estimates gives (|1.4)). O
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4. GAUSS—GREEN FORMULA FOR WEAKLY REGULAR SETS

In this section we derive another version of the Gauss—Green formula for a particular
class of bounded open sets E C RY with finite perimeter, namely the so-called weakly
reqular sets (see [34, Definition 2.5]), for which

(4.1) HNYHOE) = N O*E).

In order to do that, we will need some technical results which may also be of independent
interest. More precisely, we establish the following extension theorems and gluing con-
structions involving vector-valued functions and tensor-valued fields (analogous results for
vector fields have been obtained, for instance, in [16,20,21]).

We first consider extensions on overlapping domains. Here, the overlap is an open set
containing the boundary JF of a bounded set of finite perimeter in €2, and the gluing
takes place along OF by restricting the respective vector fields to F and its complement.

Theorem 4.1. Let Q@ C RY be an open set, E be a set of finite perimeter in Q and
U W C RN open sets such that W € int(E) C E € U C Q. Let A; € DM (U; RV*N)
and Ay € DM (Q\ W;RN*N) Given vy € BVio(U;RY) N L (U;RY) and uy €

BVioe (2 \ W;RN) N L2 (Q\ Wi RY), let vi(z) := AT (z)w(z), i = 1,2. Then vi €

loc

DME(U;RN), vo € DM (Q\ W;RY), the extension

loc
i), ifzeFE,
viz) = {VQ(:II), ifr e Q\ E,

belongs to DM (Q;RY) and

loc
divv = x g1 div vy 4 xgo div vy + [TrH (v, 0*E) — T~ (vo, 0*E)| AN 1 LO*E.

Proof. In view of (2.12)), it is sufficient to use |20, Theorem 5.1] with F' = v and F; = v;,
i=1,2. 0

We now address extensions on complementary domains. Here, the two vector fields are
extended by zero on their complements and summed to obtain the gluing along dU.

Theorem 4.2. Let U € Q C RV be open sets with HAN1OU) < co. Let Ay €
DM (U; RV*NY and Ay € DM (Q\U; RV*N) . Given uy € BVipe(U; RM)N LS (U; RY)

loc loc loc

and ug € BVioo(Q\ U;RY) N L2 (Q\ U;RY), define

loc

AT (@)ui(z), ifzel, o, ifveU,
vi(@):= {o, frea\u, Y@= {Ag(x)uQ(x), ifzcQ\T,

and set
v(z) = vi(z) + va(x).
Thenvi € DM (U;RY), vo € DM (Q\U;RY), v € DM(Q;RY) and the divergence

loc
measure of the extension can be represented as
divv = xy1 div vy 4 xpo div vy + [TrF (vi, 0*U) — Tr~ (vo, 8*U)| N 1L O*U.
Proof. Tt will suffice to apply [20, Theorem 5.3] with Fi=v;,i=1,2 d

By combining this gluing construction and the integration by parts formula (3.4) we
are now in a position to prove the following result.
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Theorem 4.3 (Tensor Gauss-Green formula for weakly regular sets). Let A € DM (RY; RV*N)

loc
and u € BVio(RY;RV) N L%C(RN;RN). Let E C RY be a weakly reqular set. Then the

following Gauss—Green formula holds:
(4.2) /u*-dDivA+/(A : Du) = —/ ut - TrT (A, 0E)d#N 1,
E E OE

where Tr (A, OF) is the normal trace of A when OF is oriented with respect to the interior
unit normal vector (which exists N "1-a.e. in OF, see [19, Theorem 2.9]).

Proof. Since E is a set of finite perimeter, it holds 0*F C OF, hence (4.1)) implies that
A N-YOE \ 0*E) = 0. Consequently,
(4.3) AN VLOE =N VLo*E, AN Y E'\E)=0, sV Y(E"\(RY\E)) =0
Let us consider the vector field
=AT(2)u(z), freckE
— AT _ Vi (:C) ) )
V(@) = xu(2) AT (z)u(z) {07 e RN\ B

By (4.3) we may apply Theorem so that v € DM (RY) and it is compactly sup-
ported. Hence,

0 =divv = xgdivvy + Tr" (vy,0F) AN IE.
Therefore, by Proposition we obtain

(4.4) /ddiv(ATu):—/ ut - Trt(A,0F) doN 1,
E OF

Now, we write the left-hand side of (4.4)) using the pairing (A : Du), and, applying the
integration by parts formula (3.4)), we obtain

/d(u*~DivA+(A:Du)):—/ u" - Tr'(A,0F) dN 71,
E oF

which corresponds to (4.2)). O

5. GAUSS—GREEN FORMULA UP TO THE BOUNDARY ON ROUGH OPEN SETS

In [12], the authors consider the general class of rough domains by imposing a weaker
notion of regularity on ). Specifically, the open set €2 is assumed to satisfy

(5.1) N0\ Q%) < +oo,

where Q° denotes the measure-theoretic exterior of Q. It is shown (see [12, Theorem
3.1]) that the sets satisfying (5.1)) are exactly those that can be approximated from the
interior by smooth sets with uniformly bounded perimeter. Moreover, as proved in [12,

Theorem 4.2], every bounded open set satisfying (5.1)) is an extension domain for bounded

divergence-measure fields. That is, for every A € D./\/li’OOC(RN :RY), the extension

A(z) == xo(z)A(z)

defines a divergence-measure field in RY with | div A|(RY) < 4o0. Furthermore, open sets
satisfying (5.1) are also extension domains for bounded BV functions (see [12, Corollary
7.2]). Finally, each weakly regular set is a rough set, since

2N 100\ Q0) < #VH00) = AN 107 Q) < 400
The following result is based on [12, Theorem 5.2].
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Theorem 5.1. Let A € DM (RY; RV*N) and u € BVjoo(RY; RY) N L2 (RV;RY). Let

E C RN be a bounded open set of finite perimeter satisfying (5.1). Then there exists
g € L®(OFE \ E% 2#N=1) such that the following Gauss—Green formula holds

(5.2) /Eu*-dDivA—i-/(A:Du)

E

:/ u" - Tr™ (A, 0°E) d%N_l/ g(z) dN 1,

O*E OENE!

where Trt (A, 0%E) is the normal trace of A when 0*E is oriented with respect to the
interior unit normal vector.

Proof. Let v(z) := (ATu)(x), and Vv denote the extension of v to RY. Then v €
DM (RY;RN). By [12, Theorem 5.2] there exists a trace g € L>®(0E \ E% #N~1)

loc
/ g(x)d Nt = 2/ (v,DxE) / ddivv,
HE\EO O E dENE!

such that
where (v, Dxg) is the pairing defined in (2.11)).

Note that OF \ E° = (OE N EY) UO*E up to a sV~ !null set. By Proposition we
have

(v,Dxg) = Tr* (v, 0" E) N L Lo*E
= %Tﬁ(v,a*E)%N*ll_a*E

1
= 5u+ CTrT (A, 0°E) N O E.
Moreover, choosing ¢ € C}(RY) with ¢ = 1 on E in [12, Theorem 5.2], we obtain the
following Gauss—Green formula up to the boundary:

/ ddivv:—/ u+~ﬁ+(A,6*E)d%N_1—/ g(x)ds N1,
E o*E OENE!

where g is the density of the measure divv = div(m) with respect to N LL(OENEY).
Now, by using formula (3.4)) and the new pairing (A : Du) for vector-valued BV functions,
the identity (5.2]) follows. O

Remark 5.2. If E is weakly regular, then s#V~1(0E\ 0*F) = 0. In particular, this entails
that #VN"YOENEY) = #N"1(OE N E°) =0, so that (5.2)) reduces to (4.2)).
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