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Abstract

We study the asymptotic behaviour of Gagliardo seminorms in H?® defined on thin
films Q. = w x (0,¢). The first relevant order is €'72%, at which the corresponding
limit captures the vertical fractional oscillations through one-dimensional sections. The
second relevant order produces dimension-reduction regimes that undergo a qualitative
transition at the critical exponent s = % For s < %, the dominant contribution is
driven by interactions at finite planar distance, and the dimension-reduction scale is
2. In this regime, the limit is a lower-dimensional fractional energy with an effective
gain of % in the differentiability index. At the critical exponent s = 1/2, the dimension-
reduction scale is £2|loge|, and the limit is local, with dominant interactions at scales
between ¢ and 1, producing a Dirichlet-type limit on w. For s > %, the dominant
contribution is instead driven by interactions at distances of order ¢, the dimension-
reduction scale is €372%, and the second-order I'-limit is still local. We also study the
case s = s, — 17, showing a Bourgain—Brezis—Mironescu-type result.
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1 Introduction

Dimension-reduction problems arise naturally in the study of variational models defined
on thin structures. In many physical situations one considers a family of domains whose
thickness tends to zero and investigates the corresponding asymptotic behaviour of the asso-
ciated energy functionals. Classical examples include thin films, membranes, and plates in
nonlinear elasticity, where three-dimensional models give rise to effective lower-dimensional
theories. The rigorous derivation of such reduced models has been extensively studied us-
ing I'-convergence methods, starting from the seminal work of Le Dret and Raoult [28] and
later developments summarized e.g. in the references [6, 7, 9, 23, 22] .
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Most results in this area concern local energies, typically involving gradients. The
simplest example is the Dirichlet integral

/Q |Vu|?da. (1)

defined on thin domains
Q. =w x (0,e) C RY,

where w is a (bounded) open set in R~ and ¢ represents the thickness of the film. In
this classical setting the asymptotic analysis reveals a separation between derivatives along
the thin direction and derivatives along the planar variables, leading to effective lower-
dimensional energies defined on w. This is done through an asymptotic analysis of func-
tionals (1) as € = 0. In order to provide a common analytical framework, it is customary
to scale the variable u to a function v € H'(w x (0,1)) as follows

v(z', zq) = w(a@ exy), ¥ ew, zq€(0,1), € > 0. (2)

Here the prime indicates quantities depending on (or operations with respect to) the vari-
able ' = (x1,...,24). This change of variables allows one to view functionals (1) as
defined on H'(w x (0,1)). Properly scaling the energies (dimension-reduction scaling; for
the functional (1) simply dividing by ¢), it is shown that their limits are actually finite on
functions depending only on 2, thus understood as functions in H'(w).

In contrast, much less is known when the energy is nonlocal. Nonlocal variational
energies arise naturally in many contexts, including anomalous diffusion, peridynamics,
and fractional phase-transition models. In particular, fractional Sobolev seminorms play
a fundamental role in the theory of fractional Laplacians and nonlocal operators. A com-
prehensive overview of fractional Sobolev spaces can be found in the survey of Di Nezza,
Palatucci, and Valdinoci [20]. A key structural result is the celebrated formula of Bourgain,
Brezis, and Mironescu [5], which shows that fractional seminorms converge to the Dirichlet
energy as the fractional exponent tends to one. This paper had a major impact and it was
later generalized in many directions (see e.g. [36, 14, 13, 12, 27, 24, 19, 34, 26]) and to
different functional spaces (see e.g. [11, 17, 30, 31, 36]).

Despite the extensive literature on fractional Sobolev spaces and nonlocal energies,
the interaction between nonlocal kernels and geometric constraints remains comparatively
unexplored. In particular, the asymptotic behaviour of fractional energies on thin domains
presents new difficulties. Unlike the classical Sobolev case, fractional seminorms couple
interactions across all length scales, and therefore do not naturally decouple into derivatives
along different directions. As a consequence, the derivation of effective lower-dimensional
models requires a more delicate analysis.

The aim of this paper is to study the asymptotic behaviour of fractional Sobolev semi-
norms on thin domains, of the form

ulxr) —u 2
e = [ S e, ®)



with s € (0,1). Our goal is to identify the relevant scaling regimes and to compute the
corresponding I'-limits of the associated energies. A key feature of the analysis is that
the asymptotic behaviour depends crucially on the integrability of the interaction kernel,
which is governed by the fractional exponent.

Our results reveal the existence of two qualitatively different dimension-reduction re-
gimes separated by the critical exponent s = 1/2. Before analyzing the dimension-reduction
process, we preliminarily highlight the first relevant scaling, which is of order e'=25. At
this scaling, the dominant contribution to the energy arises from oscillations along the thin
direction. The corresponding I'-limit captures the fractional oscillations of the rescaled
functions along one-dimensional vertical sections. In particular, the limit energy can be
expressed as the integral over w of one-dimensional fractional seminorms.

At the next scaling order, the behaviour depends on the value of s. When s < 1/2,
long- range interactions dominate and the resulting effective energy remains nonlocal. In
this regime the limit functional corresponds to a fractional seminorm defined on the planar
domain w, with an effective gain of 1/2 in the differentiability index. When s > 1/2
instead, the dominant interactions occur at small scales of order ¢, and the effective energy
becomes local. In this case the I'-limit reduces to a Dirichlet-type functional on w. The
exponent s = 1/2 represents a critical threshold at which the two mechanisms balance and
a logarithmic correction appears in the scaling.

These results show that the dimension-reduction behaviour of fractional energies is
governed by the competition between the thickness of the domain and the characteristic
interaction length scale of the kernel. In particular, the analysis reveals a transition from
nonlocal effective energies to local ones depending on the integrability of the kernel.

Finally, we also consider the regime in which the fractional exponent approaches one
simultaneously with the thickness parameter. In this case, we recover, through a suit-
able renormalization, a Bourgain—Brezis—Mironescu-type limit that connects the present
analysis with the classical thin-film asymptotics for Dirichlet energies.

The results are complemented by compactness results, which suggest the relevant
dimension-reduction convergence of the scaled functions v for the computation of the I'-
limits. We briefly summarize (and slightly simplify for the sake of exposition) the results
below:

Vertical slicing (Theorem 3.3) Let s € (0,1), and define

B2 () = g Luf3(00).

Then we have

1 / 2
I- hmES = sd// / [v(@’, 2a) = v(a’, ya)| dxgdygdx’. (4)

|zq — yd|1+25

The T-limit is taken with respect to the weak convergence in L*(w x (0,1)) of the rescaled
functions v.



This result, in particular, shows that the limit energy describes the fractional oscillations
of the function along one-dimensional vertical sections. Remarkably, the explicit constant
(.4, arising from the change of variables that allows for a Fubini-type argument, can be
written in terms of a hypergeometric function, which itself can be expressed in terms of
Euler’s Gamma function. The result can also be extended to varying s., taking into account
the one-dimensional version of the Bourgain-Brezis-Mironescu result if s, — 1.

At the next order of the asymptotic expansion, the behaviour changes depending on
the value of the fractional exponent s. The following theorem characterizes the resulting
dimension-reduction regimes.

Dimension Reduction (Theorems 4.13, 4.7, and 4.4)
1. Low-integrability regimes. Let s < 1/2. At scale €2 we have

e—0¢€

vz 2
I-lim 12 | // [ |d+21| da'dy’ = Lin%(w) (5)

This limit is calculated with respect to the weak topology in L*(w x (0,1)).

2. Critical regime. For s > 1/2 we have an improved dimension-reduction coercive-
ness result in the strong topology of Li (w x (0,1)). With respect to this convergence, for
s = 1/2 the correct scaling is €%|loge|, and we have

0d

I lim ——— [ ﬁ/Q(QE):M:ll)/wvmpdx’, (6)

e—0 2| log €|

3. High-integrability regimes. Let s > 1/2. At scale €3~2% we have
. 1 2 o 1 1,02 3.0
I'-lim 395 \"U/JS(QE) = fs s,d ’V U‘ dz’. (7)
w

The coefficient K 4 in (7) can also be expressed as a hypergeometric integral, diverging
as s — 1/2+. Note that by the Bourgain-Brezis-Mironescu result, also the functional on
the right-hand side of (5) diverges as s — 1/27.

The dimension-reduction regimes can also be analyzed for varying s.. In particular for
se — 17 we recover an analog of the Bourgain-Brezis-Mironescu result, which implies the
following separation of scale phenomenon at both the first and the second scaling.

Bourgain—Brezis-Mironescu-type Expansion (Theorem 5.1). Let e'=% — 1; that
is, let

1—s. <

[Toge|’

Then, we have



in the sense of I'-expansions [10].

These results show that the dimension-reduction behaviour of fractional Sobolev ener-
gies depends crucially on the integrability of the kernel. In particular, the critical exponent
s = 1/2 separates regimes in which the effective lower-dimensional energy is nonlocal from
those in which it becomes local. To the best of our knowledge, this is the first systematic
asymptotic analysis describing the dimension reduction of fractional Sobolev energies in
thin domains, including the critical transition at s = 1/2.

The paper is organized as follows. In Section 2 we introduce the notation and recall
basic facts on fractional Sobolev spaces and dimension-reduction convergence. Section 3 is
devoted to the analysis of the first scaling regime and the corresponding I'-limit in the thin
direction. In Section 4 we study the dimension-reduction regimes, identify the relevant
scaling laws depending on s, and compute the associated I'-limits. Finally, in Section 5 we
reformulate the results in terms of I'-expansions, highlighting the analogy with the classical
asymptotic expansions for local thin-film energies.
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2 Notation and preliminaries

If z € R then we write 2’ = (x1,...,24_1), and use the notation z = (2/,24). We also
write 9 9
u u
g (2 oy
61’1 81‘d_1

With a slight abuse of notation, this is done both when u = u(z’) and v = u(z). In the

second case, we also write the usual gradient as Vu = (V'u, %).
The symbol
op = Hk_l(sk_l) (8)
denotes the surface measure of the unit sphere in R¥ (in our case, it will be either k& = d
ork=d-1).

We use the notation a ~ b, meaning that we consider indifferently the quantities a
and b in the argument considered; this convention will be used throughout the paper to
illustrate approximation arguments.



2.1 Dimension-reduction convergence

In the following, w denotes a bounded connected open subset of R~! with Lipschitz bound-
ary, and for all € > 0 we define the thin film

Q. =w x (0,e) c R

In order to define a notion of convergence for functions u. defined on 2. as ¢ — 0,
we rescale them onto a fixed domain. To this end, we define functions v. € L!(Q), with
Q=wx(0,1), by

ve(1) = v (2, 24) = uc (2!, e2g). 9)

Besides strong and weak convergence for v, in the spaces LP(w x (0,1)), we will also use a
notion of convergence for functions u. € L'(€.) toward a dimensionally reduced function
u € LY(w). Tt is customary to proceed as follows [28, 9].

Definition 2.1 (Dimension-reduction convergence). We say that u. € LP(2.) (dimension-

reduction) converge in LP to u € LP(w) as e — 0, and we use the notation u. PR, in Lr,
if:

1) the scaled functions v. defined by (9) converge in LP(Q) to some v = v(a'); that is,
to some v is independent of xy;

2) the limit u € LP(w) is defined by the equality u(z") = v(a’).
We will use a similar terminology if the scaled functions v. converge to v in a different
topology; in particular, in LL or in LP-weak. Moreover, we will often use equivalently v

loc
and u to denote the limit, even though they formally belong to different function spaces.

In the case of thin films modeled by local energies in Sobolev spaces, this convergence
is ensured by the following compactness result (see, for example, [6], Section 14.1). The
proof relies on a simple application of Fubini’s theorem, which allows one to decouple the
“vertical” and “planar” components of the gradient.

Lemma 2.2 (Dimension-reduction compactness for local functionals). Let {u.} be a se-
quence with u. € H'(€.), and suppose that

1
supE/ V> dz < +o0.
€ €

Then, up to the addition of constants, u. is precompact; that is, there exists c. such that
us + ¢ is precompact, with respect to the dimension-reduction convergence in L?, the limit
u belongs to H'(w) and

1
/ \V'ul|?dx’ < liminf/ |V, |*dz.
w e—=0 € Q.



2.2 Fractional Sobolev spaces

If @ ¢ R? is a bounded connected open set, the fractional Sobolev spaces H*($) are defined
as the set of functions in L?(92) such that their Gagliardo seminorm

u(z) — u(y)|? 1/2
Ll (1) = </QQ | ;)_y,dfél' dxdy)

is finite (see [29, 20], to which we refer for notation and results).

The space H'(Q) is a singular limit of the spaces H*(f2) in the following sense.

Theorem 2.3 (Bourgain-Brezis-Mironescu limit theorem [5, 36]). If us is a family of
functions with us € H*(Q2) and sup,(1 — s) Luﬁls(m < +o00, then, up to subsequences and

the addition of constants, us converges in L*(Q) as s — 1 to a function u € H(Q).
Furthermore, for u € H'(Q) we have

: u(z) — u(y)? Ud/ >
I-lim(1 - ———=—dxdy = — Vul|“d
iy S)/m o gz W g o Vel

with o4 defined in (8). Furthermore, the limit holds also pointwise.

3 TI'-limit in the vertical direction

We now start our analysis of the squared Gagliardo seminorms

u\r) —u 2
LuJi(Qa):/ Ju@) = wW)I” ) g,

Q.x0. |z —y|dts

by considering the scaling for which the asymptotic behaviour is governed by the ‘thin
direction’” z4. To give a heuristic idea of this scaling, we consider a function u = wu(z,)
and write the corresponding Gagliardo seminorm in terms of the function v defined by
v(xq) = u(exq). After the change of variables x = €z and y = ew, we have

lu)2(Q.) = g2 /0 1 /0 l(v(zd)—v(wd))Q( ﬁ . le%dz’dw’)dzddwd. (10)

With z4 — wy # 0 fixed, using the change of variable £ = 2’ — w’ and taking into account
the integrability of the kernel, we estimate

1
a1 / d.
/ [ = w]dF e Jrt1 (|2 — wal? + €2) 2



We can then integrate out the dependence on |zy — wy| by the change of variable { =
|zq4 — wq|C, which gives

1 |w] 1 1
—dZdw ~ / ¢ )
/ 2 =l (6‘“ Ri1 (14 |(P)+e ) [0 = wal T

Plugging this relation back into (10) we obtain

2 1-2s — v(wg))?
[uf5(€) ~ el /Rd A s IC’ / / !zd g2 Geadwa (1)
This formula suggests that

i) the first scaling is e!=25;

ii) the limit can be expressed as the integral over w of the one-dimensional Gagliardo
s-seminorms along the vertical sections, multiplied by an appropriate constant.;

iii) The coefficient is given by a hypergeometric integral that encodes the interaction
between the planar and the vertical variables.

To justify this argument, we first establish a preliminary result that allows us to extend
the previous reasoning to functions depending also on the planar variable. More precisely,
we prove matching lower and upper bounds for the s-seminorm in terms of the integral of
the one-dimensional s-seminorm taken along the thin direction.

In the following, for 7 > 0 small enough, we define the sets

wr = {2’ €w: dist(2’,0w) > 7} and QI =w, x (0,¢).

Lemma 3.1 (Estimate of the seminorm in the thin direction). Let s. € (0,1), and let
{uc}e be a sequence in H% () such that the following properties hold:

e (equiboundedness) Sup.~ ||ts||oo = Loo < +00;

e (equi-planar Lipschitz condition) there exists L > 0 such that for all e > 0

lue (2, 2q) — uc(y',2q)| < Lla’ — 4| for all 2’9 € w, 24 € (0,¢).

Let 7 > 0 and define

Clue(2, 2q) — ue (2, yq
(ug) = /// [ue |1€+(235 i dxg dyq dx’. (12)

|Td — Ya

For every n > 0, the following estimates hold:

(14 n)[ucl?, () + 5¢( ) > Cs, g Ve(ue), (13)
w2 (00) - <z>7§> < (14 )Caa Vel (1)



The constant Cs q is defined by

1
Csq= / — dt. 15
T e (g jeR)et "
Moreover, the function ¢ depends only on Lo, L, w, and 7, and satisfies
lim ¢(e) =

Proof. The idea of the proof is to decompose the interaction energy into a vertical compo-
nent, corresponding to interactions along the thin direction, and a horizontal component,
which will be shown to be negligible as ¢ — 0.

We extend ue to R4™! x (0,¢) by setting ue(2/,74) = 0 for 2’ € R¥~1\ w. For each
measurable subset A of R4™!, we define

_ 2
wr de—yd!2+\$ —yl )3t

_ 2
- rm—ww+m ’W*%

wr |$d—yd!2+\f€ yl )2t

Note that, even though the extension may not belong to H® (R%~! x (0,¢)), the above
quantities are finite. This follows observing that |2’ — y/| > 7 whenever 3 ¢ w and 2’ € w,
and using the equi-boundedness of ..

Since the change of variable 2z’ — ¢ = |2z4|¢ gives the equality

1 d-1 C
/ U S 1)
R (|22 4 |2 =y [2) 2+ R (12412 + (|24)[€])2) 2+ |2l

for all zg # 0 and 2’ € R?!, then using Fubini’s Theorem we can write

6 —
L RTY =0y /// [ue (@', 2a) —u=(@ ydl® ) (17)

|zq — ya| 125

A triangular inequality gives
_ _ 1 _
LR < (L + L (R + EI?,T(Rd Y (18)
1
L R < (LI R + 12 (R (19)
b /'7 K

for all n > 0.



We now show that
IR < ege), (20)

where ¢ depends on L, w and 7, and lin% ¢(g) = 0. Noting that for all 2’ € w,
E—

1 1 Od—1
a < | ae' - ,
/RW (lra —al? + 2 —y/ )T+~ Jras o €192 7 (L4252
where o4_1 = H472(S972), we get

_ Ud,1L2 \w ’
I;T(Rd 1 \(U) < ﬁEQ (21)

Hence, we only have to estimate the integral in the set where 3’ € w. We have

€ €
1
2L2/ / /|$/—y/’2/ — dt dy' dyq dz’
wr J0 w 0 (t2+‘x1_yl’2)§+8

2L2%c¢(¢)

IN

I (w)

IN

where L is the Lipschitz constant and

€ 1
g) = — ’2/ dt dy' dx’. 22
(e) /w/wl vl” | B gy W (22)

Since the integrand in (22) pointwise converges to 0 almost everywhere, and it is estimated
by

/ /12 : 1 / /|3—d—2s oo 1
2" =] A Gl : g dw
0 (242" —y/[?)2t 0 (1+w?)2tse

+oo 1
diam(w)!=2% |2’ — y'|2_d/ —erw,
0 (14 w?)ztse

IN

with

//’xl—y/‘Qddx/dy/<+oo7
w Jw

by Lebesgue’s Theorem we obtain lir% ¢(e) = 0. Since (21) holds, this implies (20).
E—
Noting that (21) holds also for I. ,(R?~!\ w), we can write

Ie,T(Rd_l) = Ie,T(W> + 7e, (23)

: : o 2 —1-2s: .2
with the remainder r. satisfying |r.| < 041 L5 |w, |77 %%

10



Recalling (18) and (19), estimates (20) and (23) imply that

AR £ ()T (o) + e + S
< () lucf? (00 + Ot 29,
[ue 2. (QF) = Cr7 172 < Lo (w) = re]
< (IR + WTEE),
and, since (17) holds, the claim follows. O

It is useful to provide a more explicit expression for the constants C 4 in (15), as stated
in the following proposition. We note that the computation of these constants, as well as
of others appearing below, relies on the evaluation of the integral

+o0 1 B F(s—l)
/0 arep =V e

which holds for s > % Here I" denotes the usual Euler’s I' function.

Proposition 3.2 (Alternative expression for Cs 4). We have

c :/ 1 2 TE+1)I(3+5s)oq  aaD(3+5)
s’ Ré-1 (

dé = —= L =g =2 7 24
EPETER I A e T e

For the sake of completeness, we include the proof in the Appendix.

Observing that

(!, 24) — (e’ ya) - 1hwrtfvwfﬂ ,
/ // g — gl 7% dxg dygdx’ = el= [t — 7|1 dt dr dx’,

where v denotes the rescaled function defined by

v(z!,t) = u(2', et),

the previous lemma shows that the natural scaling factor is e!=2%.

Using the estimates in Lemma 3.1, we can now prove the I'-convergence result in this
scaling. The I'-limit is computed with respect to the weak convergence in LZ (w x (0,1)) of
the rescaled functions v., under the assumption that they are bounded in L2 (w x (0,1)).
As in the integer case; that is, for the Dirichlet integral on H!(£2), this property is not
guaranteed, up to addition of constants, since we only have a control in the z4-direction.
However, such a condition follows from a control of u at z4 = 0; e.g., prescribing boundary
conditions u(x’,0) = ug(x’).

11



Theorem 3.3 (Gamma-limit at the first scaling). Let so € [0, 1] be fized, and {s:}. C (0,1)
be such that s. — sg as € — 0. Let the functional E. be defined in H*(€.) by

Fe() = g 02, (92).

Then the following I'-convergence results hold with respect to the weak convergence in
Ll200( x (0,1)) of the corresponding scaled functions:
e if sop < 1, then

, o', 2q) — v(@’,ya)|? /
I- 2141;% ES( = 807 / / / ‘1+230 d.fl?d dyd dl‘ ’

|Tq — Ya

with Cs, q is defined in (15);

e (Bourgain—Brezis—Mironescu-type result) if so = 1, then

— /
I- hn%(l—se // ‘6% z xd’ dxgdz’,

where we have used (24) to write Cy g = 35.

Proof. Let us be such that the corresponding scaled functions v. weakly converge to v in
L% (wx(0,1)). Note that we can suppose that the sequence {u.} is equibounded in L>(€)
up to a truncation argument, since the functionals E. decrease by truncation. Let 7 > 0
and ¢, : R4~ — [0, +-00) be a mollifier with support in B, (0). We set ul (2, 24) = uc * @5,
where the convolution is performed in the variable /. Then, the sequence {ul}. satisfies
the uniform Lipschitz condition required to apply Lemma 3.1. Noting that

ez, () = [l J2. (wr x (0,¢)),

we can apply Lemma 3.1 to the sequence {ul}. with Q. replaced by QI = w; x (0,¢).
Then, by (13) and the arbitrariness of 7 > 0 therein, noting that £2%¢(e) — 0 we get

° JuZ(x',za) —ul(2',ya)l?
C dhm 1nf g2se—1 / / / dzq dyq dz’
S0, . ’-I'd _ yd‘l—l—QSg

VoI (2, zq) — oI (2, ya)|?
= dhm mf / / / dxq dyg dx’,
50 o |33d _ yd|1+23E

where v (2/, zq) = ul(2/,ex4). If we also set v™ = v p,, we have the convergence v — v7
in L?(w, x (0,1)). We now separately consider the cases sp < 1 and sy = 1.

lim inf F, (u.)
e—0

v

e Case sg € [0,1). By Fatou’s Lemma, we get
1\1} (@', zq) —vI (2, yd)|
lim inf dzgdyg dx’
=G / / / |zq — ya| 125 i Qa G

1 o7 (2!, 2q) — v (2, ya)|?
dxg dyg dz’.
/wQT / / |zq — ya| 20 Y

12




Taking the limit as 7 — 0 we obtain the lower bound.
The upper bound for a function v: R4 x (0,1) — R such that

v, za) — vy, xa)| < Ll2" — |

for all 2/, € R~! and x4 € (0,1), is achieved by the trivial recovery sequence u.(z', 24) =
/! Xq

v(z’, %4). Indeed, estimate (14) gives

£2s¢ 1 _
B-(u.) < f()+(1+n / // [0, 2a) = (@', ya)l dg dyg d'

‘xd _ yd‘H_QS

allowing us to obtain the upper bound. For a general v € L?(w x (0,1)) we can proceed by
approximation.

e Case sy = 1. Again by Fatou’s Lemma,
YT (2!, zq) — vI (2, ya)|?
lim inf (1-— drg dyg dx’
) / > / / |2q — yal' T2 eyt

> ! ’ dxgdz’,
L%A o (o) doa

where we used the I'-convergence result for the s-seminorms of Bourgain, Brezis and
Mironescu, Theorem 2.3. Taking the limit as 7 — 0 we obtain the lower bound.

For the upper bound, we can proceed exactly as in the case sy < 1, by considering
the trivial recovery sequence u. (2, 4) = v(2', %4) for a function v which is Lipschitz with
respect to the planar variable. Using (14) multiplied by 1 — s, we get

%% (e) Iy 2 /
(1= s)Bu(u) < =22 (1) + (14 )Cra | (1= 520l 12,0, 1o
Wr
Using the pointwise convergence in Theorem 2.3 we obtain the upper estimate. O

4 The dimension-reduction regimes

We now describe the behaviour of Gagliardo seminorms in the dimension-reduction regimes.
We first determine two different scaling laws for s < 1/2 and s > 1/2, and then prove
dimension-reduction compactness, in the first case with respect to a weak convergence,
and in the second case with respect to a strong convergence, and compute the I'-limits
with respect to those convergences. The case s = 1/2 is critical and is obtained as a limit
case of both other regimes.

13



4.1 Determination of the scalings

The heuristic argument used to identify the next scaling after ¢!=2% in the asymptotic
analysis—namely, the scaling at which a dimension-reduction effect appears—is the fol-
lowing. Interactions between points at distance of order € or smaller can be regarded as
genuinely d-dimensional, whereas interactions between points at distance larger than € are
essentially (d — 1)-dimensional.

These two types of interaction scale differently depending on whether s > % (the high-
integrability regime) or s < 1 (the low-integrability regime). In the former case, the
dominant contributions come from interactions at scales not larger than e, while in the
latter case the dominant interactions occur at scales greater than or equal to €.

We now illustrate the heuristic argument, giving an estimate of the pointwise limit of
lu)? (€) when u(z’,z4) = v(2') with v a Lipschitz function and s. — so, where s € [0, 1]
is fixed. We can limit our analysis to v(2’) = z1. In order to give an upper bound, for fixed
x € Q. we can subdivide interactions inside the ball Bg.(x), where K > 1 is any constant,
and those outside the cylinder {y € Q. | |2/ — /| < (K — 1)}, since

Qe C Bge(7) x C(g_1)c(7), Cig—1e(x) ={y € Qe : 2" — /| > (K — 1)e}.
We then have

(u(z) — u(y))’ / 21— g2 / .
gz WS T W S ———dy
/BKE(I)QQE ’x — y|d+255 BKE(‘,'E) |x — y|d+285 BKE(I) |:1: _ y‘d+255 2

1 Ke 1—9
B
/BKE |§|d+2se =2 . 0

2 2S¢
< CK2 285
= 1 _ 867
so that () ( ))2 -
—u y _ ev™ Se
/ / Ay < CKPTR ] ——, (25)
BK& QQE ‘ﬂf ‘ 1 Se

with C' depending only on d. Note that the term K?~2% is largely suboptimal for K large.
As far as the interactions outside the cylinder are concerned, if R denotes the diameter
of w, we have

(u(z) — u(y))? 1
s dy < C — _dy
/C<K De(w) |w—ylits Cure o) |7 — /[ FF252
1
e C’e/ ——_q¢
(K—1)e<|¢|<Ry [€/]0T25=72
R
= Ce / =25 dt
(K—1)e
_ 1-2sc 1—-2s,¢
< C’e((K 1)e) R ‘ (26)

25, — 1
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The high-integrability regime. We now consider the case sy > 1/2, so that, from (26),

we have " )) 5 s
—u g 48
" dy < C(K )1 255|w| , (27)
/5 /C’(K l)s( ) |.'L' o |d+286 286 -1

with C' depending only on d, and, together with (25), that

K27235 N (K _ 1)1235)

2 3—2s
Q) < ©
LUJSE( z—:) > C|W|6 ( 1—s. 2s. — 1

(28)

On the other hand, we can give a lower bound by considering only y € B, (x) for
x € Q. with dist(2/,0w) > &/2 and x4 € [¢/4,3e/4], so that

_ 2 2
[ ety [ e,
B.a(x)nQ. | — y|THee B.ya(x) [T — y|*2o
1/ 1 1 1
= 5 T oW = / Trarzs—2 4
d B4 (@) ’x _ y|d+255 2 d B4 ’§‘d+2ss 2

C e/2 2—2s¢
- / 2edt = C——,
d 0 1-— Se

which shows that 52
lul? () > C\w! : (29)

_88

with C' depending only on d.
Estimates (28) and (29) suggest that the relevant scaling of the energy be
1) e372% for 59 € (1/2,1)

£3—2s¢

2) §—— for so = 1.

The low-1ntegrab111ty regime. We now turn to the case syp < 1/2, in which the sign of
the denominator in (26) changes, so that we have

( ))2 5 R17235
y < Ce|w|——— (30)
/5 /C'(K 1)5(1‘) ‘.f[f - y‘d+28 1- 286

with C' depending only on d. This estimate, together with (25), implies that

1-2s, KQ—QSe
[u)2,(92) < Clu] (EQL s T

<C Rl—QSo 2
1—2s. 1—58)— el <

where this last constant C also depends on sg.
To check that the scaling is sharp, with fixed § > 0, for all 2/ € w with dist(2/, dw) > &
we estimate

o é 1—2s. K 1—2s;¢
(u(x) U( )) dy > Cg/ t—QSEdt — 085 ( 5)
Ke

d+2 )
/{yEQE:K€<|£—y|<5} |z — y|dt2se 1— 2s.
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so that [u)? (Qe) > Ce?, with this last constant also depending on §. Hence, in this regime
the relevant scaling is €.

The critical regime. At s = 1/2 the interactions at scale up to € and larger than any
fixed § > 0 are negligible. As a consequence, the correct scaling turns out to be £2|loge|,
and the limit is local. Note that, compared with the other regimes, when s = 1/2 we have
£2 = 3725, however, at this scaling the functionals diverge. The I'-limit is obtained by
optimizing the arguments from the cases s # 1/2.

4.2 TI'-limit in the high-integrability case

In the case where s, — so > %, we prove a dimension-reduction theorem with respect to
strong convergence in L' for sequences of functions such that

1-—s
63_28j LUEJi(QE)

is equibounded, even though the factor 1 — s. is actually redundant unless s, — 1. We
show that the cluster points of such sequences belong to H'(w), and that the corresponding
I-limit is a multiple of the Dirichlet integral.

4.2.1 Strong dimension-reduction compactness

Lemma 2.2 is based on the fact that, in the notation of Definition 2.1, we may write
1 1 v,

2
/ \Vu5|2dx—/ V've[*da + = de/ |V, |2dz,
€ Jo. wx (0,1) e Jux(0,1) 1024 wx (0,1)

which at the same time proves compactness for v. in H'(w x (0,1)) and that g—;’z tends
to 0. The decoupling of the “horizontal” and “vertical” derivatives is not straightforward
for Gagliardo seminorms. To overcome this difficulty, in the following result we adopt a dis-
cretization procedure for the Gagliardo seminorm, which allows us to construct sequences
in local Sobolev spaces. The scaling argument can then be applied to these sequences.

Theorem 4.1 (Non-local dimension-reduction compactness). Let s = s. — sop > 1/2 and

let u. be such that )
-8
supﬁlueﬁ(@e) <8 < +o0.
€

Then there exist u € H'(w) and a subsequence {uc,}; such that, up to the addition of

DR .
constants, ue;, — u locally in L'

Proof. To make the proof easier to follow, we divide it into several steps.

Step 1. A first change of variables with a bound on the range of interactions.

16



We fix r € (0,1/2) and, in view of the heuristic computation in Section 4.1, we limit our
analysis to interactions with |z — y| < er; that is, using the change of variables £ =y — x,

we estimate
1 lu(z + &) — u(z)]?
€ g Q) > dxdg, 31
Lueli( )>AmQGMWH%%Ag €7 e (1)

where QF = {z € Q. : dist(z, 08;) > re}.

Step 2. Parameterization on the Stiefel manifold.

The inner integral in (31) can be interpreted as a difference quotient, which will yield
suitable piecewise-affine interpolations.

Before addressing the general case d > 2, we first illustrate the strategy in the simpler
case d = 2. In this situation, each vector £ can be completed to the orthogonal basis
{¢,&+}. By symmetry, we obtain that

1
waﬂm»z[mgﬂmwﬁsgfwaa,

where

u\x —Uﬂf2 u\x J‘—U"EQ
) = § [ e muol ute k) —ulf

2
The functionals F§ can be discretized on suitable square lattices oriented with &.
In dimension larger than two, the extension of £ to an orthogonal basis is performed
using the set of orthonormal bases (Stiefel manifold) of R?

V ={7 = (v1,..,vq) : v; € S¥! such that (v;, ;) =0 for i # j}.

We observe that V' has Hausdorff dimension equal to kg := d(d — 1)/2.
Following the notation in [38, page 3445] (see also [8, Remark 5]), we write { = erpu,
for some basis element v, of 7 € V| and rewrite (31) as

225 gl 1< luc(z + erprn) —u (a:)‘2
2 0 > (57“) / 0d / - / € n € ka (— .

(32)

This follows from a standard change of variables; the same argument (with full details) is
given in [8, Section 3.1].

Step 3. Discretization on lattices with lattice size up to er.

Given p > 0 and 7 € V, we define

Zﬁv = {z1pv1 + 20pv0 + ... + zaprg : (21, ..., 24) € Zd}

17



and @,z as the cube generated by the orthogonal basis {pv, ..., prq}. With fixed p € (0,1),
we set

() :={k € erZly - k+ erQuy CC Q},
and for every k € Z77(€2) we define

- 1
k+€TQp7

By Jensen’s inequality, we then have

d . 2
/ [ue(z + erpry) — ue ()| do

2
o lerp]

k ) — PﬁkZ
> Z Z|5r |d’u6 +vn) — e (k)] dzx.

- 2
keerzd, n=1 erp)

Step 4. Estimate with piecewise-affine interpolations.

We still let u2” denote the piecewise-affine interpolation of the discrete function ul”
defined on IZQ(Q), extended through a standard Kuhn decomposition (see, e.g. [8, Re-
mark 6]). This function is well defined on a slightly smaller set of the form Q¢ for some ¢

depending only on d. We then have

(k)2 :

lerp|?
kEerzV n=1

From (32) we then obtain

1-s 9 2(1-9) 04 7|2
Sl 2 =30 [ [ Ve e (33)

where (1. denotes the probability measure on (0,1) x V defined as follows

2(1—s)
A

dpe = (7)dp

Step 5. Estimate with a sequence in H'(€.).
We define the functions

18



where we have highlighted the dependence on r of the interpolations, and note that
Vi) = [ Vu@)duelp.7)
(0,1)xV

in the sense of distributions. An application of Jensen’s inequality in (33) then gives

1—s 9 r2(1-s) o4
e3—2s LUEJS(QE) > c ﬁ Qer

\Vul|?dz. (34)

Step 6. Compactness of comparison functions.

We can apply compactness Lemma 2.2 with w replaced by any w’ compactly contained in
w and with (0, 1) replaced by (cr, 1 —cr). We then obtain that the scaled functions v (z) =
u”(z',ex4), up to subsequences and addition of constants, converge in L?(w’ x (er,1—cr))
to a function v"(x) = u"(2') with " € H'(w').

Step 7. Compactness of the original sequence.

We have )
/ jue — uflde < I+ 12 (35)
€ Juw' x(ecre(1—cr))
where
E::/ > [ el - W) drduom)
[0,1]x k zar @) k+erQow
T D SR N A O CIE R )
[0,1]x keZET @) k+erQ u
and

() = {k e erﬁ; tk4ereQup CC Q}.

To give a bound on I} and I2, we can proceed as in [8, Section 3.1], using the refined
lower estimate in (32).

Using a scaled Poincaré-Wirtinger inequality (see, e.g. [29, Theorem 6.33]), we have
that

3 A e () — u® (k)| d

keTer(:) terQom

1/2
4 |ue(z) — ue(y)|?
< Plerp|2 Z </(k+€ oy Jo- s dxdy ,
Tl pr

kETEr(Qe)

19



where P is the Poincaré-Wirtinger constant for the d-dimensional unit cube. By this

estimate, using the concavity of the square root and that #i'zg(ﬂs) ~ gdiiﬁlrd’ we then have

1 1
= PrfeyV1 — 521_%|w|% 5
_S —_—

1
1l < Per 2153wz (1 - ) e e 5

8\/5. (36)

Regarding 12, we note that

1 _ _ _
S ) - ) do < oV IVt (2)] da.
k+€TQpV k+TQp7
This implies, using (32), that
IZ2<rye d|w]/ Z / \Vul” (z)[2dx dpe(p, 7) < er?5! dlw] S. (37)
° T 24 [0,1]x k+erQ o ’ - 2dcd

k IET (Q)

From (35), (36), and (37) we obtain that u. — " in L'. In particular, we see that u" is
independent of r, and that the convergence of the corresponding v isin L] (wx(0,1)). O

Remark 4.2 (‘Sub-optimal’ lower bound). Let s = s. — so > 1/2 and let u. — u in L,
with v € H'(w). Then from (34) and by the arbitrariness of w’ we have

fimint 1552 e300 = 20701 - 20074 [ 9P (33)

for all r € (0,1/2¢c), where ¢ is the dimensional constant in Step 4 of the proof of Theorem
4.1. This lower bound will be improved in the case sy < 1.
4.2.2 A Bourgain—Brezis—Mironescu-type result for s — 1~

The lower bound obtained in the previous section turns out to be sharp in the case s, — 1.
As a consequence, we have the following Bourgain—Brezis—Mironescu-type result.

Theorem 4.3 (Dimension-reduction Gamma-limit for s — 1). Let s =s. — 17 ase — 0.

Then we have )
Polim L= [u?(0,) = ‘2’;/ V'uf2de’

e—0 63

for all uw € H'(w), where the T-limit is computed with respect to the dimension-reduction

convergence in LlOC

Proof. Let u, DR, with respect to the local-L! dimension-reduction convergence. From
Remark 4.2 we then obtain

R 2 94 1,12 3.0
llgl}(]nf@LUEJs(Qg) > (1 —207“)2d/w|v ul*dx’,
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which gives the desired lower bound by letting » — 0.

As for the upper bound, by a density argument it suffices to consider v € C?(@). Let
then v € C%(w), and with an abuse of notation, let u also denote the function u = u(a’),
independent of the d-th variable, which we view as an element of H*(€).). We first note

that
1—s

ur) —u 2
L u(e) ~u@) )

lim sup o — g[dt2s

e—0

for all » > 0. Indeed, if L is such that |u(z) — u(y)] < L|x — y|, then, noting that if
|z — y| > 2e then |2/ — /| > &, we have

/{(x,y)695:|x—y>ra}

_ 2
/ )~
{(29) €0 xQeila—y|>re} 1T — Y|

<

/ L2‘JZ _ y‘Zfdede dy
{(2,y)€Qe X Qe:|z—y|>re}

<co(f | > de dy
Qe J{re<|€]<2¢e}

+/ / ‘.T/ - y/|27d723dl, dy)
Qe J{yeQe:|z’—y'|>e}

2e 4
< O(H (5" el ( / N C O

TE

+oo
t_QSdt>
2e

g

< C(m((rs)Hs _(26)22)T 4 (25)1*28)

2s —1
63—25
< C’<1 (12725 _ 92725y 4 53725).
— S

Note that we have implicitly used the fact that s > 1/2. Hence, we have

1-— _ 2
3—2i / %dﬁ dy
€ {(z,9)€Qe:|z—y|>re} |z — |
< C((T2_28 _ 22—25)+ +1— S). (40)

Letting s — 1, we have (39).

From (39), we obtain that the asymptotic behaviour of 83%25Fa75(u) is the same as that

of
1—s

2
u(r) — u(y
= u(e) —u@),

/{(z,y)emz|m—y|<re} | — y| 2

with truncated range of interactions.
We now simplify the asymptotic analysis when |z — y| < re. We can write

u(@) = u(y) = (Vu(@),z - y) + O(jz — y|?)

21



uniformly in x, so that, with fixed n > 0

[lu(z) = u(y)]® — [(Vu(@), 2 - y)P| N[(Vu(z),z = y)* + Cyla — y[*

<
2 4
< nClx —y|* + Cylz — y,

and

lu(z) — u(y)[?
lz — y|@+es dx dy

' /{(m,y)EQE:w—y|<ra}

_ 2
-/ LACEECIM
{(z,y)€Qe:|x—y|<re} |z — y|
< nCelul €[2425de + Celn] / €402 g dy
|§|<re} El<re}
1
< - 3-2s 5—2s
> 0(771 — 36 + e )
_ 1 3 2s _
B Cl—s (77+C(1 s) ) (41)

Letting e — 0T first, by the arbitrariness of 7 and this estimate, together with (39), we
also have that the asymptotic behaviour of ;;255 |12 (£2) is the same as that of

1— o 2
32?/ |<Vu(l‘),$d+2éy>! dz dy.
€ ()€ |a—y|<re} 1T — Y
We now take r < %, so that
[ (Sutoa =,
{((z9)eQutla—yl<re) |2 =Yl

2
. | [ it
wXx(re,(1—r)e) J Bre(x) ‘ZL’ - y‘

[(Vu(z), &) |?
= —==—dfd
/wx(rs 1-r)e )/TE |£|d+28 S

1 —d—2s
-/ Ve | dg s
wX(re,(1-r) d Bye
= / ( |Vu(:c)|2cd(r5)2_2s dzx
wX rs 1 7’
= (1—2r)r* 25 /]V’ IR

Between the third and fourth line of the previous formula, we have used the remark that,
by the symmetry of the domain of integration, we have

(Vu(z),&)* = 2 [(es, &)1 21 €]?
[, e e = v [ g de= wuwpy [ a
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for all elements of the canonical basis {e1,...,eq}. Hence,

liminf ~— [u)2() > (1 — 2122 /yv’ N2da! (42)

e—0 63 2s

for all r < % Conversely, for all » > 0 we have

[(Vu(@),z — y)[*
B y\"“s

/ dx dy
{(z,y)€Qe:|z—y|<re}

& —y)|? 25670 / /
dydz = r*~ V'u da’,
/X(Oe /TE |d+2S S2d | |

repeating the same computations as above, so that

1 ad / N2 g
i <% [V .
hIEIlS(l)lp 5 5 F. s(u) > / |Viu(z")|*dz (43)
The desired limsup ineuality fOHOWS fI'OIIl (42) and (43) by lettlng r— O D

4.2.3 Convergence for sy € (1/2,1)
We complete our computations of I'-limits in the case sy > 1/2.

Theorem 4.4 (Dimension-reduction Gamma-limit in the super-critical regime). Let s =
se = so € (1/2,1) as € = 0. Then we have
9 1

1 1012 7,0
P ling L0, (0) = 7= =Ko [ [V'ufds

for all uw € H'(w), where the T-limit is computed with respect to the dimension-reduction

convergence in Lloc, and

1 €' /
Koa— e, 44
4 B2 d - 1) /RCH At [ ¢ (44)

The form of the coefficient K 4 highlights a combination of planar interactions, which
give the integral in R, and of interactions in the vertical directions weighted by s, whose
integral gives the coefficient 1/(3 — 2s).

Remark 4.5 (Comparison with C; 4). The coefficients C; 4 and K 4 are related as follows

1
Ksd = Ge o3 =29 ot (45)

For the sake of readability, the proof is postponed to the Appendix.
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Proof of Theorem 4.4. We use the notation

F2(u) = g lu]2(92)

Lower bound. Let u, DR, w e H'(w) in Llloc' Up to restricting the lower bound to a
slightly smaller thin film, we can suppose that the convergence of the functions v, where
ve(2',1q) = ue(2,e24), to u is in L?(w x (0,¢)). With fixed K > 0 for each w’ compact

subset of w we can estimate

1 € 5 / / o / 2
Fiue) > 5 / / / / e’ +8ya) = ue@ - 2 g 1 gygaet (46)
€ B Jow' Jo Jo ((zg — ya)? + [€[2)>7

for & small enough. For every & # 0 we introduce the probability measures
1

dué = dzaqdyd,
T O (wa—ya)? + |22

13 € 1
C.(¢) = —dzqdyq, 47
=[] g (47)

and the averaged functions

where

€)= [ ) / ke, 2a) e, 9a) = / ) / ke, ya) e, )

Note that we have u¢ — u in L2 (w). From Jensen’s inequality we then deduce that

s 1 o o [ @ )~ (@),
R 2 g [P | o arde’

We use the notation ﬂgl for the piecewise-affine interpolations on lattices aligned with the
vector & (in R?"! instead of R?), we then obtain

1 y
s > 112 ! 1=6"12 3.1 3¢/
R0 > gy [, 1€RCA€) [ 19 Paatae (48)

up to restricting to a slightly smaller w”. Up to a further average, analogous to that in
Step 5 of the proof of Theorem 4.1, we can suppose that ﬂg — u weakly in H!(w"), so
that

e—0

s o 1
llrgrilélf F?(uz) > liminf EE Ty /BKE &' )2C(¢)de! /w// |V ul?da’. (49)
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By a change of variable and Fubini’s Theorem, we can compute
5 e re ‘5/’2
[ —d€'dzadyq
Brce 0 Jo JBr. (g —yq)?+|€)2)2"°

1 rl |£/|2
= &% / / |t — 7| % / ———————d¢dtdr.
0 Jo B (L+[¢2)27

[t—7]

Noting that, by Lebesgue Dominated Convergence Theorem,

1 1 ‘5/’2
lim / / |t —r|'2 / ——d¢'dtdr
K—+oco 0 0 B g (1+’£/|2)§+S

[t—7]
1 1 |§/‘2
:/ / \t—T|1—28dth/ ————d¢’
0 0 Rd—1 (1_|_ |5/‘2)§+S

1 €' /
- d
(I —-s5)(3—2s) /]Rd—l (1+ |§/‘2)§+s &

we obtain
im [P = oo [ o
K—+o0 /B, c (1—15)(3—2s) Jga— (1+ ‘5/‘2)%—1—8

Eventually, we then have the estimate
. 1
hIEn_}élf FZ(ugz) > 1_7501{80’(1 /w” IV'ul?da,

and we can finally let w” invade w.

Pointwise convergence and upper bound. We show a pointwise convergence result for
u € C?(R4-1).

Note that, if we fix K > 0 arbitrary, then the contribution of the integral in the set
{|2'—y'| > eK} is negligible as e — 0 with respect to the contribution in the complementary
set. Indeed,

wlz)) — w2
J 2] = I ray < 12 C-(€)) €/ e,
{lo'—yzeK} 1T =Y {eK<|¢'}

where L is a Lipschitz constant for v in w, and C.(¢’) is defined in (47). Since C.(¢') <
?|¢/|747% and s > 1, we obtain

1 AN /|2 1
T / ‘U(x ) Z’—(’—yQS)’ dr dy < C — / |§,‘2_d_28d£/
&7 Jo—yizexy 1 =Yl e o —y|2ek}

1 oo
= Cﬁad_l / t_QS dt
3

A
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where C' > 0 does not depend on K, € and s. Since K can be chosen arbitrarily large and
1—2s < 0, we obtain that we can consider the s-seminorm only in the set {|2’ —¢/| < eK}.
Then, we can estimate

1
FX0) < mge [ €€ [ 0 +€) —ula)) P+ 00

obtaining by symmetry

1
FX0) < g [, EPCA [ Dulda’ tosie (5)

Since (50) holds, the upper bound follows by letting K — 400 in (51), and recalling the
lower-bound estimate we obtain the pointwise convergence of F?(u). t

Remark 4.6 (Continuity as sy — 1). We note that, after scaling by 1— s, the limit of the
I'-limits obtained in Theorem 4.4 as sg — 1~ converge to the I'-limit obtained in Theorem
4.3. Since the functionals are equicoercive this can be deduced by some general topological
arguments (see [16]), but, since we have an explicit formula for the coefficients, it suffices
to check that -
. d
lim Kgq=—.
o1 T g
For the sake of readability, we postpone this computation to the Appendix.

(52)

4.3 The critical scaling s = 1/2

The behaviour at s = 1/2 can be described by refining the case s. > 1/2, which must be
adjusted with a logarithmic correction. The corresponding result is the following.

Theorem 4.7 (Dimension-reduction Gamma-limit in the critical regime). Let {u.} be such
that

1
su

2
1p m[uahmma) < +o0.

Then, up to subsequences and addition of constants, {u.} converges to u € H'(w) with
respect to the dimension-reduction convergence in L?>-weak. Furthermore, we have

. 1 2 _ 0d-1 1,12 9.0
F_il—rf(l) e2|loge] Luf1p(82) = d—1 /w Viulde

for all u € H'(w), where the T-limit is computed with respect to the dimension-reduction
convergence in L?-weak.
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Proof. We now use the notation
1 1 (u(z) — u(y))?
F1/? —  ul? () = ——— AR 7 WY)) grd
= ogel 12 = gl Josa, z -yt W

In order to prove the equi-coerciveness of F? and the lower bound we follow the line
of the proof of Theorem 4.4. In this case, though, the relevant interactions are between
the scale € and the scale 1. We then modify the argument in the proof of Theorem 4.4
accordingly. In particular, inequality (46) can be changed to

€ ! / 2
FP(ue) 2 o / / / / [us(@’ + &, ya) = “E(wdffd” dr' drgdyade’ (53)
e |10g5| Bs\Bx. ((ra —ya)? + [£]?) 2

for € small enough, where § > 0 is any fixed positive number not exceeding the distance
of ' from dw. The arguments following (46) in the proof of Theorem 4.4 can then be
repeated word for word, arguing that, up to subsequences and addition of constants we
can suppose that u. — u with u € H'(w"). Correspondingly, inequality (49) becomes

1
li fFl/ > li f— Tul?da’ 4
fminf Fo 7 (ue) 2 iminf o =g =1y Coks / Viulda, (54)

/ / / 7y
Cers = zadyqde’
Bs\Brk- (g — ya) 2+ |§/’ )

in analogy with (47). Changing variables, we obtain

1 1 112
3
Ce ks 252/ / / L T d¢'dzqdyg.
0 JO JBs/(clny—yah) \Br/lag—val (1+[€]?) 2

For fixed t # 0, we have

where

12
[
i Bsye)\Brse (14 |€'[?) 2
e—0 1
d—1
Bé/(st)\BK/t ‘5,’

=1;
e

hence, in (54) we can substitute C; g s with

I

Using this expression in (54), we obtain

———de¢'d¢ dxqdyq = oq_1(5172)e%(log § — loge — log K).

/ld—1
lzg—yal) \BEK/lzg—yg] |§‘

lim inf FM2(u.) > lim inf ;”_*11 / ) \V'ul|?dx’.

27



The liminf inequality then follows by letting w” tend to w.

In order to prove the upper bound, as usual, it suffices to show it for piecewise-affine
functions and argue by density. Furthermore, since the I'-limit is local, it suffices to con-
struct a recovery sequence for an affine map u. Thanks to its Lipschitz continuity, for fixed
K > 0 we have

1 (u(z) — u(y))?

e2loge| Jio. xan{jo—y|<key T —yldt?

dxdy < C .
|log e|

Hence, we can limit ourselves to considering pairs with |2/ — 3/| > Ke, for which the
computation is the same as that performed for the lower bound. O

Remark 4.8 (asymptotic behaviour as s — 1/2). The asymptotic analysis described in
the previous theorem can be extended to s. — 1/2 ase — 0. In this case, the correct scaling
depends on s. and interpolates between the scaling ¢%|loge| and the scalings 2/ (% — 5¢)
for s. < 1/2 and e37%% /(s. — 1) for s. > 1/2. We refer to [35] for a similar analysis in the
context of fractional phase transitions (see also [37, 39]).

4.4 I'-limit in the low-integrability case

In the case s. — sp < 1/2 we only have a dimension-reduction compactness result for
the weak L? convergence. The corresponding I'-limits are still given by lower-dimensional
Gagliardo seminorms.

4.4.1 A weak dimension-reduction compactness result

We prove a dimension-reduction compactness result with respect to the weak L? conver-
gence. It is based on the following general slicing result valid for all s € (0,1). The lemma
is a version adapted to thin films of part of a slicing result in [29, Lemma 6.35], following
the line of the proof therein. It provides an estimate only for the ‘vertical’ part of the
seminorm, a complete slicing result not being available. Note that the hypothesis that w
being bounded is not necessary, but some regularity of its boundary is used.

Lemma 4.9 (Slicing on the ‘thin’ direction). There exists C' > 0 such that for all € > 0,
€ (0,1), and u € H*(Q:) we have

® Ju(2!, xq) — (@, yq)|? / / u(y)|?
drgdygdz’ < C dx dy. 5%
/// |24 — ya|' 2 e _Ja. !m— !‘”25 B (55)

Proof. Given 2’ € w and x4 # yq € (0,¢), we consider the ball B = B(2/, x4,y4) centered
at 2* = (2/, 2494) with radius w. Note that, for e small enough (with respect to the
dimensions of w), |B N Q| > ¢,|B| with ¢, > 0 by the Lipschitz assumption on w. Hence,

lu(a, zq) — u(z’,ya)|? < 2 lu(a, 2q) — u(2)]* + |u(z) — u(a’, ya)|*
lzg — yalt T2 = cw|B| JBna. |q — yq|l 2
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By Fubini’s Theorem and by exchanging the role of x4 and 34 in second term of the sum,
we then get

€ lulz!, xg) — ulzx
/// [ |xdd— yd|f+2syd)| dzq dyg dx’

3
1
< CA A ‘U(J;) - U(Z)‘ZA XBNQ. (Z)W dyd dx dZ7 (56)

with C' > 0 only depending on ¢, and the dimension d. If xpnqo.(2) = 1, then |z — z*| <

|Tq—yal
4

, and we can estimate

|z —z| <|z—2%|+ ]z — 2" < ‘xd;yd‘+‘xd;yd‘;

We obtain

R 1 +o0 2 3\ d+2s 1
I SR pmd—1-2s gy 2 <f> S —
/0 xBno. (2) |2q — yq|TH1+2s Ya = /4lav3 d+2s\4 |z — z|d+2s

From (56), the claim follows with C' > 0 depending only on w and the dimension d. O

Note that in terms of the scaled function v: w x (0,1) — R given by v(2’,t) = u(a’, et),
estimate (55) becomes

Uo(a/, zq) — v(2/, yq)|? (y)?
drg dygda’ < Ce*s~ 1/ / dxdy. (57
/// g gz dyade < C2 rx—y|d+28 zdy. (57)

Remark 4.10 (Rigidity). Lemma 4.9 implies a rigidity result for ‘pointwise’ convergence.
More precisely, given u: w x (0,1) — R and defining u. (2, z4) = u(2’, %), by (57) we

obtain
1‘“95 xq) — u(’, yd)’ / 25—1 2
// / |zq — yaqll T2 dzqdygde” < Ce™ " uc [ (Qe).

Then, if €271 |uc)2 (Qe) = 0(1)z—0, the function u does not depend on the d-th variable;
that is, u(a’, z4) = v(a’).

Lemma 4.9 allows us to prove a compactness result, in the sense of the weak dimension-
reduction convergence in L? (see Definition 2.1). We start by showing a compactness result
for sequences bounded in L?.

Lemma 4.11. Let {u.} be a bounded sequence in L*(w x (0,1)) such that

lim —— [ue] . (Q) = 0

e—0 6255_1

Then there exists u € L?(w) such that, up to the addition of constants and up to subse-

quences, U DR, u weakly in L? in the sense of Definition 2.1.
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Proof. Up to the addition of constants and up to subsequences, we have the weak con-
vergence v — v. To show that v does not depend on the ‘thin’ variable, we apply the
Poincaré inequality and Lemma 4.9, obtaining

1 1 Ve T, T — VT
[ R e R e e

Ce?se~ lLuajss(Qg) < ¥t = o(1),, (58)
where v.(z') = fol ve(2',t) dt. Since v. — v in L*(w), where o( fo o', t)dt, by (58)
and the lower semicontinuity of the norm we find that the weak hmlt v does not depend
on 4. ]

IN

IN

Theorem 4.12 (Dimension-reduction compactness). Let {uc} be such that
1 2
sup — lue 5, (2:) < +oo.
3

Then there exists u € L?(w) such that, up to the addition of constants and up to subse-
quences, U, DR, u weakly in L? in the sense of Definition 2.1.
Proof. By the Poincaré inequality (see [29, Theorem 6.33]), we have

_ C
Hu;_: — Ug”%z(gs) < ;LuEst(QE)7

where U, = Iésl Jo. ue(x) dz. Then

B C
l|lve — UEH%Q(wX(O,l)) < ?LUEJi(QE)’

which is bounded by assumption. The conclusion follows from Lemma 4.11. O

4.4.2 Increase of integrability in dimension reduction

Lemma 4.12 suggests the scaling for a dimension reduction limit of the Gagliardo semi-
norms. This is confirmed by the following theorem, which shows a gain of 1/2 in the
Gagliardo seminorm.

Theorem 4.13 (Dimension-reduction Gamma-limit in the sub-critical regime). Let s =
Se = 80 < %; then the T -limit with respect to the dimension-reduction convergence in L? of

()
F2( T2 /E /E |x _ y|d+28 T garzs dxdy (59)
is given on L*(w) by the H3+50 _seminorm squared in w; that is, noting that d — 1 + 2(% +

s0) = d + 2sp, by
s u(2’) — u(y)?
Fo(u) = /w e
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Proof. Lower bound. By compactness, the limit is independent of z4. If u. — w; that is,
ve — uin L?(w x (0,1)), then for all fixed § > 0 and s = s. — 0

1 _ 2
liminf F2(uc) > liminf — Jus(x) — ue(y)]
E—r

d+2
e0 € /ngs N {lz/—y|>5) T — y|tT2se

2
. ) 0P
e=0 (wxa)n{le/—y/|>5} [T/ — |25

2
> /// lu(z’) — dgﬂ)‘ddy
(wxw){|a/—y'|>6} 1T — Y|4

The lower bound is optimized by letting § — 0.

Upper bound. For u Lipschitz, note that

jul@) — u)®

|
€% J i x0)nflo—y'|<s} [T — y|dt2se

B 2
4 o=
2\ J(Qexo)nflo—yl<2e} T — y|dF2se
B 2
‘o [u(z) — u(y)| d:r:dy)

/ /|d+2
(QexQ)N{2e<|a’—y'| <8} 1T — /|42
C

1
g2 </(nggm|x—y<26} |z — y|d—2+2se

1
2
+e / —dxdy)
(wxw)N{2e<|z’—y’|<d} ‘x, - y/’d—2+2s

C 2e 0
< —2(5 / t1 72 dt 4 &2 / t‘258dt)
€ 0 €

S 0(51_285 + 51—255),

IN

dxdy

while
1 AN /|2
lim2/ %dmdy
e=0 €% J(Q.xQo)n{|z'—y'|>5} |z — y| c
N NP
:/ —|u(;/v) /ZS—Z/%” dxdy.
(wxw)n{lz/—y/|>6} |2/ — y'|4F250
Hence,

. u(z’) = u(y)?
S
s 20 < [ -y

by the arbltrarlness of 4.
For u e H 2+30( ) the result is obtained by approximations. O
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Remark 4.14 (Beyond Gagliardo seminorms). Theorem 4.13 holds more generally for
$e — S0 € (—3,3), with the same proof. If s < 0, the integral in (59) is not a Gagliardo
seminorm. However, it is well defined for the functions in L?(£2). The resulting I'-limit can

still be interpreted as a squared sy + % Gagliardo seminorm.

4.5 Asymptotic behaviour for sy — 1/2

We now analyze the behaviour of the I'-limits obtained for sy # 1/2 at the point 1/2. We
recall that, for sy < 1/2 and s. — sp, we have

s S S |u(z’) —u(y')?
F O(U) :F—;l_r)r%)?tujsa(gg) :/w/w’w/_yw)dx/dy/

For sp > 1/2 and s. — sp we have

1 1
Foo(u) = T-lim ———|u? (Q.) = SOKSMJ/ \V'ul|?dx’.

e—0 g3—28¢ e 1-—

Proposition 4.15 (Blow-up at the critical regime). Let F*0 be defined as above for sy #
1/2. Then we have

. 1 Od—1 2
1 ‘ ff‘FSO ——/ V'ul*dx’.
80%11{1/2 %0 2 (U) 2(d — 1) w | U| v

Proof. For the right-hand side limit we only have to compute the asymptotic behaviour of
K, 4. For the sake of notational simplicity, we rename s = sg, and check that

. O0d—1
lim (25— 1), = 4
i @2s = DRsa = 50577

For s — 1/2% the behaviour of K 4 is the same as that of

Od1 /+oo P
—dz.
2(d—1) Jo (1+22)2ts

We directly estimate this integral. A less direct way would be to resort to its representation
in terms of the function I'.
Let N > 1 be fixed. Then, for all z > N

(]Vi\[;) %JFSZ_QS < <

and we estimate

( N2 )g+sN123</+°° Zd J <N1725
N2 +1 2s—1 7 [y (1+22)%+5 s 1
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Since N is arbitrary, it follows that
400 Zd
lim (28—1)/ ——dz=1.
s—i+ N (1422)27s

Since the integral in (0, N) is bounded by N%*! independently of s, we can conclude.
If so < 1/2 then F*°(u) = |u] §0+l(w)' From Theorem 2.3 in the d — 1 setting, we have
2

Jim (1= 9)luli) = 575 [l

We can conclude by taking s = so + % O

4.6 The case w unbounded

It is worth noting that for w unbounded, the results do not change, even for s, — 0, contrary
to the case studied by Maz’ya and Shaposhnikova in [33] (see also [1, 15, 25, 18, 32]). This
is due to the increase of differentiability in the dimension-reduction process. We briefly
state and proof this fact in the following result.

Theorem 4.16. The limit dimension-reduction I'-convergence theorems in the previous
sections hold with respect to the corresponding dimension-reduction convergences of u. to
u locally in w.

Proof. The lower bound is achieved by the trivial estimate
[u)2(9) > [u)3((wn Br) x (0,¢)).

We can then apply the corresponding theorem replacing w with w N By, and let T — +o0.

Conversely, to prove the upper bound, by density, it suffices to consider functions
u € C®(w). Let T be such that the support of u is contained in Br. Since in this
argument we may take T  arbitrarily large, we have

_ 2 400
/ / (U(-r) ZSZZ) dedy ~ Ud—152 / ‘U(IE/) |2dl‘, / t_2_28dt
Brx(0,e) J(RI-1\Bp)x(0,¢) 1T — Y w T

1
_ 2 N2 g,/
= O0q-1¢€ /wu(x )| dx W

If s < 1/2 this term is negligible by letting 7' — +o0. In the other cases, it is even negligible
for a fixed T' as ¢ — 0. This shows that the constant sequence u.(x) = u(z') is a recovery
sequence also in this case. ]
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5 Development by I'-convergence

In this section, we re-read our results in terms of developments by I'-convergence as in [4].
In that framework, in particular, given a sequence F;, we can write

Fo L MNP 4+ 0 F2 4 0(Msr)

if \ie >> Ao, F! := F./\1. D-converge to F!, F? := (F. — min F')/\s. I-converge
to F2?, and the I-limit of A\ o(F. — min F')/n. is 0 in the set of minimizers of F*! if
AMe >> 1 >> Ag.. We suppose that the I'-limits exist and are not trivial. The I'-
limits are considered with respect to a suitable topology, but, in general, the coerciveness
properties of the functionals F? improve with respect to those of the functionals FJ. In
the setting of [4], functionals are considered as defined in a common space. In our case,
this holds after scaling the variable u to v, so that more generally we use the concept of
expansion by I'-convergence in the sense of [10].

In order to clarify the use of the notation above, we first consider the local case u €

H(Q.), and consider the functionals
F.(u) = / |Vu|?dz.
Qe
Using the variable v, scaling the xd—variable we obtain

F.(u) = / ’ dm—i—a/ |V'v|?dz.
€ Jwx(0,1) 337d wx(0,1)

We choose \i . = 1/e and the weak L?(w x (0, 1))-topology for the scaled functions, with
respect to which we compute the I'-limit of

1 _w_ v
Rl = 5 —/(

0,1 |04

ov |2
Fl(v :/ —
) wx(0,1) Oxq
ov

with domain the functions v € L?(w x (0,1)) whose weak derivative 9z, 1s also in L?(w x

“do 4 2 / |V'v|?du;
% (0,1)

that is,
dx,

(0,1)). The minimum of F is 0, and is achieved on functions dependmg only on z’. We
then choose Ao, = ¢, and we compute the I'-limit of

1 1
c(v) = ZF(u) = 5 /wx(m) e “do + wx(m)wvy dr,

which is the functional finite only on functions v € H*(w x (0,1)) depending only on z/,
on which

F2(y) = / V'o[2da.
wx(0,1)
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Finally, if we take ¢ << 1. << %, we have

1 0 if v =0
I'-lim (/ ) dr + — / |V'vl2dx) - I 5eg ‘
=0 \ENe Juwx(0,1) afUd Ne Jwx(0,1) 400 otherwise,

by comparison with F'' and F?2.
In this sense, we have

1
/ \Vu|?dx L / ) dm+5/|vlv| dz’' + o(e),
. € Jwx(0,1) aib’d

using the dimension-reduction notation with apices in the second integral as a shorthand
to highlight that its domain is the set of H'-functions independent of zg.

In light of the above explanation, we can state our results as follows (after noting that
Cij2.a = 55

Theorem 5.1 (T'-expansions). Let s. € (0,1) with s — sop # 1/2. Then we have the
following T-expansions with respect to the weak convergence of v in L?(w x (0,1)):

(i) if so € [0,1/2)
LUJEE(QS) g 1— 2550807 // /1 |U x md ([L‘/ yd)‘2 dl'ddyddm/

‘xd _ yd‘H_QSU

2
// P d+28| dx' dy' + o(e?);
(ii) if so = 1/2, then

1 / 2
LUJ1/2 £ 7d 11// / [v(', 24) = v(@", ya)| dxq dyg dx’

|za — yal?

+€2|10gsldd__11/|V’v[2dz’+0(52|log6|);

(iii) if so € (1/2,1)

1 / 2
w2 (@) L ey, /// lv(z!, 24) — v(2', ya)| diry dyg da’

|zg — yd\HQSO

LB / V' 0|2da’ + o(325%);
w

(1=

61—238 o4 1 8’1) 2 , 5 - , 3 2s
24 & +o(7=5)-
1—5€2d/w/0 ’aazd 1-— /|VU| 7' +o 1-—
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Remark 5.2 (Separation of scales). When sy = 1 it may be interesting to consider the
case 1 — s, = O(Ilogd) for which we can assume that e'=% tends to x € (0,1]. In that
case, the expansion can also be written as

r Kk°og

_ 2 L 12
0= stz LS8 [P fagar s a2t [190pa oo

In particular, in the regime where e'=% — x > 0; that is, if 1 — 5. = O(; =
2

| log ) ), we have

el72% ~ k%/e and 3725 ~ K2e, so that

1
(1-so)luf2 (@) £ 242 // ‘Oxd‘ drgda’ + er? §/|V’v|2da§/—l—o(5).

If kx =1; thatis,if 1 — s, = o(m), this result shows a separation of scale effect; that is,
the asymptotic analysis is formally the same as letting first s — 1 with ¢ fixed, so that, by
the results of Bourgain, Brezis, and Mironescu,

0d

. . 2 .
i1 - ) [uf300) = 55 | VuPda,
and then using the expansion
1
|wapar L2 dm+e/ V02’ + o(e), (60)
. € Jux(0,1) Oy

for the analysis as € — 0.

6 Behaviour of Gagliardo seminorms in W*? for general p

We briefly comment on the case p # 2, for which we consider

w20 = | N ) S0 iy,

In the following, we state the convergence results, with a short explanation of the necessary
changes in the statements and proofs. The proofs are only slightly more complicated in
the notation, but follow the same lines.

6.1 First scaling

For general p, the first scaling is e! ~*. Arguing as in the derivation of the scaling for p = 2
in Section 3, we can write

1
p( gd—sp _ g
Luli( / / v(za) — v(wa))” (/U;XL; E _w|d+spd2 dw )ddewd
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and

1 w| 1 1
— = ddw ~ / d ,
/§X‘:‘Z—wd+8p (6‘“ s (1 () ) T

deducing that the natural scaling factor is e'=*P.
We can state the analog of Theorem 3.3, with the constant C 4., defined by

1
Cs.d; :/ ey & 61
W Jre (14 Je) o

in place of U, 4. Calculations analogous to those performed in Proposition 3.2 give

1+s +1
c %F( 2p) adF d F(%)
sdp =T 2~ N 207 \2) p(p+d)’
& () )
Theorem 6.1 (Gamma-limit at the first scaling). Let so € [0, 1] be fized, and {s:}. C (0, 1)
be such that se — so as € — 0. Let the functional E. be defined in W*5P(Q;) by

1
el=sep

and  Cigp =

Es(u) = Lu ge (QE)

Then the following I'-convergence results hold with respect to the weak convergence in
LY (w % (0,1)) of the corresponding scaled functions:

e if 5o <1, then

1 / p
- lim Ea( — 50 dp/ / / |U fL' a'»'d ($ yd)| dCCd dyd dx/
e—0

lzq — yd\Hsop

with Csy 4.p as in (61);
o if so =1, then

I-lim (1 — s0)Ex 1dp// ‘ (2, 24 ‘ dxgdx’.
e—0 ’

Proof. For general p, we can follow mutatis mutandis the proof of Theorem 3.3, using the
constant Cf g.p. ]

6.2 Second scaling (dimension reduction)

The scaling arguments in Section 4.1 highlight the critical exponent s = 1/p. Correspond-
ingly, the energies scale as €2 for s < 1/p, as €%|loge| for s = 1/p, and as e!*P=*P for
s > 1/p. The behaviour for s € (0,1) is summarized in the following theorem. The related
compactness results can be proved as in the case p = 2. We remark in particular that for
s < 1/p the limit exhibits a gain of differentiability of 1/p.
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Theorem 6.2 (Gamma-limit at the second scaling). Let s = s, — so € (0,1) as e — 0.
Then we have
() (subcritical regime) if so < 1/p then we have

1 u(@’) —u(y) P
I'-lim — \"LLJP (Qg) = /w . deldy/7

where the I'-limit is computed with respect to the dimension-reduction convergence in LP-
weak;
(ii) (critical regime) for s = 1/p we have

1

r- i [uf?, () = = / P2 () / VulPda
p 2 Jga—2 w

=y 2| loge|

for all uw € WYP(w), where the T-limit is computed with respect to the dimension-reduction
convergence in LllOC ;

(ili) (supercritical regime) if so > 1/p then we have

. 1 1 / ’
F'gl_%mlu % () = ]-_SOKSO’d;p/w VulPdx

for all w € WYP, where the T'-limit is computed with respect to the dimension-reduction
convergence in Llloc, and

Kogy— — 2 / ST (62)
P+ p = sp) Jra-r (14 |g)2) 5"

Proof. The proof follows closely those of Theorems 4.13, 4.7, and 4.4. A minor but repeated
change must be made when considering integrals of functions of type |(a,v)[P on S*, with
k either d or d — 1. While in the case p = 2 this quantity is more easily written as |a|?o} /F,
for arbitrary p it can be expressed as

a|p/ A [PdHE.
Sk

As an example, when repeating the argument leading to (48), using the expression above
with a = V'@, we obtain the right-hand side

1 /
s e [ v e, (63)
Ke w//

from which we deduce the lower bound for case (ii) and the form of the constant K 4.,,. O

Finally, the case s. — 1 is described as follows.
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Theorem 6.3 (Dimension-reduction Gamma-limit for s — 1). Let s =s. — 17 ase — 0.
Then we have

1—s 1
lim ——— p — P jayd—1 1P g
- lim e Lu5(82) 2/Sd1 1 [PdH (V)/wIV ulPdx
for all uw € H'(w), where the T-limit is computed with respect to the dimension-reduction

convergence in LllOC .

Proof. Although the compactness argument still works in this case, the resulting lower
bound, corresponding to that in Remark 4.2, is not sharp. Hence, it must be achieved as
for the case (iii) in the previous theorem. The rest of the proof is completely analogous to
the case p = 2, except for the expression of the limit constant. O

7 Concluding remarks

We have examined the behaviour of Gagliardo seminorms in H*® on thin films of thickness €.
The interplay between thickness and the derivation exponent s results in a variety of
limiting behaviour at the dimension-reduction scaling. For low-integrability regimes s <
1/2, the relevant interactions are those at finite distance and the energy scaling is 2.
After rescaling, the limit energy is still a Gagliardo seminorm of the same form. Due to
the reduced dimension of the space, this form highlights an effective gain of 1/2 in the
differentiability exponent. At the critical exponent s = 1/2 the energy scales as £2|loge|,
while for 1/2 < s < 1 it scales as €3725. The corresponding rescaling acts as if producing a
Bourgain-Brezis-Mironescu kernel leading to a dimensionally-reduced Dirichlet integral in
the limit. The same holds as s — 1 after scaling by the singular factor 1 — s.

We finally make some comments in the direction of the derivation of lower-dimensional
elasticity theories in the spirit of Le Dret and Raoult [28]. The present analysis can be
compared with a recent work on the derivation of variational membrane models in the
context of anisotropic nonlocal hyperelasticity in [21]. There, nonlocal gradients with
anisotropic kernels are considered, and the behaviour of the limit functionals depends on
suitable dimensionally reduced nonlocal or local gradients according to the scaling of the
anisotropic kernels with €. In contrast to our case, the possible behaviour is not determined
by s. Conversely, for given convolution kernels, which are related to the Bourgain—Brezis—
Mironescu approach (see [2]), the dimensionally reduced theories are always local. In that
case, the scaling of the energies depends on the ratio between the scaling of the kernel and
the thickness of the film (see [3]).

8 Appendix

We gather here the computations related to the hypergeometric integrals defining C; 4 and
K, 4.
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Proposition 8.1 (Alternative expression for Cs 4 (Proposition 3.2)). We have

_ 1 _ 2 TG+ DI +s) og _ arD(5+5)
Ce /Rdl( - Tty

—— - d§
(14 feR)Eit T VT T(§+s) 2 I(
Proof. In order to carry out the computation, we introduce the quantity
+oo de2
Ji = / ——————dz < +o0.
0 (1+ 22)2+Fs

Integrating in radial coordinates, we obtain

1
Cs,d = / ————d{ =04 1J;.
Rict (14 |¢[2)5 e

For all d > 4 and s € (0, 1) a simple integration by parts provides the iterative relation

d—3
i P S 4
Ji= Ty asdae (64)
To obtain an explicit formula for J§, we then have to compute the products (d —2+2s)(d—
4+42s)---(2s) if d is even, and (d—2+2s)(d—4+2s)--- (1+2s) if d is odd. By recursively
using the property of the Euler I'-function that I'(1 4+ «) = aI'(«), it follows that

(d—2+2s)(d—4+2s)-(25) = 2° ((s)) if d is even

(d—2+25)(d—4+2s)--(1+25) =25 ngg if d is odd.
2

Applying the previous formula with d — 2 in place of d and s = %, we obtain

if d is even,

s (4=t
(d -3 =2%" (%) if d is odd.

here (d—3)!! denotes the product of all the positive integers up to d — 3 that have the same
parity (odd or even) as d — 3. Hence, recalling that I'(3) = /7 and I'(1) = 1, we obtain
the formula

L(45H)T(s)

2
5 +5)

1 s .
o/r T 2sJ, if d even
I'(%

!
I
‘&

1y
G+ )(23+1)J§ if d odd.
+5)

l\D\)—l
= o |

r(¢+
LT
(4
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It remains to compute

I(4+5) 5_/+°° R R
or(1+s) 3 )y (I+22)+s 7 1425

+oo 1
0

+ Z2)1+s

which give the explicit formula for Jj

10(ENTE +5
2 I(5+s)
d—1
in terms of the function I". Recalling that 041 = 2@ and using (65) we can write
2
(5 +s
Cou = 0artf =n'5 L2 TS,
(5 +5s)
da (Y
= 351 [Ea) /7, we also have
oo 2 TE+DI(3+5) oa
S,d - \/77_ F(%l + 5) 2d’
and the proof is completed. O

Remark 8.2 (Relation between K4 and Cs4 (Remark 4.5)). The coefficients C, 4 and
K 4 are related by

1
Kog= Cs.q-
4T 25— 1)(3—2s)
We write . p
Ud_l d s e z
Kyg=-——%"1 19 where I :/ — 4=
T (3-2s)(d—1)"° T 4 2)ie

Since an iterative formula corresponding to (64) also holds for I¢ with d — 1 in the place
of d — 3; that is,
d-—1

= —
d7 g 949592

for all d > 2 and s € (5, 1), following the computations in Proposition 8.1, we obtain

l\D\»—I

10T 174t 1
d—1 <2)d(8) Szd 1 (221)I‘(s—7) if d even
. 2y T(s+9) 4 T(s+3) 2
I —
’ —10(5H0(s + & ~1T(%4) T(s+3
d () (Sd+2)1f—d (23 (S+12) if d odd.
2 I'(s+ %) 4 T(s+9§) s—3



Noting that (s — 1)['(s — 3) = I'(s + 3), we have the following representation formula for
K, 4 in terms of the Gamma function

_ 0d—1 I(4GHT(s + 3)
Ks’d_2(3—1)(3 25) 121(3 4

Recalling the expresswn of the constant Cs 4 in (24), the desired relation follows for all
d>2and s € (3,1).

Remark 8.3. We have

a4
lim K
e Y A

We can check this directly from the definition of K, 4, without using its rewriting in
Remark 8.2. We write

+o00 d
Od—1 z 0d—1 1
Koq= / dz = I,
G=2)d-DJ (12" Bo2)d-1"

and note that

Od—1
lim K
ool ed T T

The general recursive formula obtained by integration by parts in the case s = 1 simply
reduces to IC% = d%‘llld_g, so that

1. (66)

(d-=1!' ;  (d-Dnx |
1 0 Iy = 3 if d even
Iy = (d—1)! I
-y (d-1! _
0 I = 0 if d odd.
Recalling the expression
-1l
LMTF if d even
og  d (%)f_ d—1 dl
- — 1)
oa-1 d—1T(§+1) d2_d1(d dnl)” if d odd,
used in the proof of Proposition 3.2, we then have [ 5 = dgdl Ugfl

recalling (66), we complete the proof.
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