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Abstract. We consider variational energies of the form

(1) EH(u) =
1

2

∫
Ω

H2(∇u) dx

defined on the Sobolev space H1
0 (Ω), where H is a general seminorm. Our primary objective is

to investigate optimization problems associated with the first eigenvalue λH(Ω) and the torsional

rigidity TH(Ω) induced by the seminorm H. In particular, we focus on functionals of the type

Fq,Ω(H) = λH(Ω)T qH(Ω),

where q > 0 is a fixed real parameter. The optimization is performed with respect to the control

H; we analyze both minimization and maximization problems for Fq,Ω(H), as H ranges over a

suitable class of seminorms.
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1. Introduction

In this paper, we investigate a family of variational energies of the form

EH(u) =
1

2

∫
Ω
H2(∇u) dx

defined on the Sobolev space H1
0 (Ω), where Ω is a prescribed bounded open subset of Rd and H is

a seminorm, that is a nonnegative 1-homogeneous function on Rd. Such energies naturally arise

in the study of anisotropic diffusion and geometric variational problems, where the function H

encodes directional or structural preferences of the underlying medium.

Associated with the functional EH , we define two fundamental quantities: the first eigenvalue

and the torsional rigidity (or shortly, the torsion). The first eigenvalue is given by

(2) λH(Ω) = inf
u∈H1

0 (Ω)\{0}

∫
ΩH

2(∇u) dx∫
Ω u

2 dx
,

while the torsional rigidity is defined by

(3) TH(Ω) = sup
u∈H1

0 (Ω)\{0}

(∫
Ω u dx

)2∫
ΩH

2(∇u) dx
.

These quantities play a central role in anisotropic analysis, as they describe, respectively, the

fundamental frequency and compliance of the domain Ω under the metric induced by H. Indeed,

the corresponding PDEs are−div
(
H(∇u)∇H(∇u)

)
= λu in Ω

u = 0 on ∂Ω
for the eigenvalue,

1
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(
H(∇u)∇H(∇u)

)
= 1 in Ω

u = 0 on ∂Ω
for the torsion.

Our principal goal is to study optimization problems involving the quantities λH and TH , where

the main control variable is the seminorm H. To this end, we define

(4) ‖H‖ = sup

{
H(ξ)

|ξ|
: ξ ∈ Rd \ {0}

}
and we consider the space

H =
{
H : Rd → R | H is a seminorm

}
.

The problems of minimizing or maximizing λH and TH over the class H, normalized by ‖H‖ = 1,

have been previously investigated in the literature (see [5, 6, 7, 8]), and we briefly recall the main

results in Section 2. In the present work, we focus on a mixed optimization framework involving

the cost functional

Fq,Ω(H) = λH(Ω)T qH(Ω),

where q > 0 is a fixed real parameter. Both the minimization and maximization problems for the

functional Fq,Ω within the admissible class H are interesting, as they capture different balances

between rigidity and flexibility in the anisotropic setting. Observe that, since λH is an increasing

function of H, while TH is decreasing, the two contributions appearing in the functional Fq,Ω act

in competition with each other. As a consequence, the balance between these opposing effects

plays a fundamental role in the optimization process. In particular, the exponent q becomes a key

parameter in the analysis, as it determines the relative weight of the two terms and thus has a

decisive influence on the qualitative and quantitative properties of the optimal choice of H.

We also point out that optimization problems characterized by a similar interplay between

competing terms have already been studied in the literature. For instance, in [1] and [2], the

optimization is performed with respect to the domain Ω, rather than the parameter H, while in [3]

an analogous problem is considered, in which the classical Dirichlet boundary condition is replaced

by a Robin boundary condition.

We investigate the existence of optimal seminorms Hopt, and analyze their dependence on the

exponent q. In particular, we establish conditions under which the optimal seminorm Hopt is in

fact a norm, thereby revealing geometric and analytical rigidity phenomena underlying the optimal

configurations.

In the final section, we provide additional comments and outline some open questions that, in

our view, deserve further investigation.

2. Preliminary results

In this section, we introduce the notation that will be used throughout the remainder of the

paper and provide a brief overview of the principal results from the existing literature.

The space H is a closed convex subset of the Banach space of 1-homogeneous functions, the

norm of this space is the one given by (4). This space has the Heine-Borel property, i.e. a bounded

and closed set is compact. If H ∈ H, then the set kerH = H−1({0}) is a linear subspace, so it is
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interesting to consider the following subsets, for m ∈ {0, . . . , d}

Hm =
{
H : Rd → R | H is a seminorm and codim kerH = m

}
,

H≤m =
m⋃
k=0

Hk.

We remark that Hd is the set of norms, which is a dense open set of H. We also have that H≤m

is a closed set. It is trivial that H0 = 0, and for m = 1 we have the following characterization

H ∈ H1 if and only if there is η ∈ Rd \ {0} such that H(ξ) = |〈ξ, η〉| for every ξ ∈ Rd.

For proofs of this fact see [8]. Another interesting subset of H that will be investigated is the one

of quadratic seminorms, defined by

Q = {H ∈ H : H2 is a quadratic form}.

When considering variational problems, the sphere of H, defined by

S(H) = {H ∈ H : ‖H‖ = 1} ,

will be of interest, as well as the spheres of the subsets were previously defined, denoted by

S(Hm) = S(H) ∩Hm,

S(H≤m) = S(H) ∩H≤m,

S(Q) = S(H) ∩Q.

We also introduce the notation of some important subsets of Rd. For each d ∈ N and a ∈ Rd, we

consider the ellipsoid

Ed(a) =

{
x ∈ Rd :

d∑
i=1

x2
i

a2
i

< 1

}
,

and we set

Bd = Ed((1, . . . , 1)) =
{
ξ ∈ Rd : |ξ| < 1

}
, Sd =

{
ξ ∈ Rd : |ξ| = 1

}
.

It is well known that

|Bd| = ωd =
π
d
2

Γ
(
d+2

2

) , Hd−1(Sd−1) = dωd.

Definition 2.1 (Generalized First Eigenvalue and Torsion). Let Ω be an open set and H ∈ H,

then we define

λH(Ω) = inf
u∈H1

0 (Ω)\{0}

∫
ΩH

2(∇u) dx∫
Ω u

2 dx

TH(Ω) = sup
u∈H1

0 (Ω)\{0}

(∫
Ω u dx

)2∫
ΩH

2(∇u) dx
.

If H is the Euclidean norm, then we simply write λH(Ω) = λ(Ω) and TH(Ω) = T (Ω).

It is well-known that

T (Ed(a)) =
ωd

(d+ 2)

(
d∏
i=1

ai

)(
d∑
i=1

1

a2
i

)−1

.
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Proposition 2.2. Let Ω be a bounded domain, A an invertible matrix and HA(ξ) = H(Aξ). Then

λHA(ATΩ) = λH(Ω),

THA(ATΩ) = | detA|TH(Ω).

Proof. For any function u ∈ H1
0 (Ω) we define uA(x) = u((A−1)Tx), so uA ∈ H1

0 (ATΩ) and∫
ATΩ
|uA(y)|2 dy = |detA|

∫
Ω
|u(x)|2 dx.

We have∫
ATΩ

H2
A(∇uA(y)) dy =

∫
ATΩ

H2(AA−1∇u((A−1)Tx)) dx = |detA|
∫

Ω
H2(∇u(x)) dx,

implying λH(Ω) = λHA(ATΩ). Notice also that∫
ATΩ

uA(y) dy = |detA|
∫

Ω
u(x) dx,

therefore, THA(ATΩ) = | detA|TH(Ω). �

The proof for the following proposition can be found in [7, 8].

Proposition 2.3. If H(ξ, η) = G(η) for every (ξ, η) ∈ Rd−m × Rm. Then, setting Ωx = {y ∈
Rm : (x, y) ∈ Ω} for every x ∈ Rd−m, we have

λH(Ω) = inf
{
λG(Ωx) : x ∈ Rd−m

}
TH(Ω) =

∫
Rd−m

TG(Ωx) dx.

Corollary 2.4. Let H(ξ) = |ξd|, then

λH

(
d∏
i=1

(ai, bi)

)
=

π2

(bd − ad)2
and TH

(
d∏
i=1

(ai, bi)

)
=

(bd − ad)3

12

d−1∏
i=1

(bi − ai).

Proof. For the eigenvalue

λH

(
d∏
i=1

(ai, bi)

)
= inf

x∈Rd−m
λ

((
d∏
i=1

(ai, bi)

)
x

)
= inf

x∈Rd−m
π2

|(ad, bd)|2
=

π2

(bd − ad)2
.

Now, for the torsion, we have

TH

(
d∏
i=1

(ai, bi)

)
=

∫
∏d−1
i=1 (ai,bi)

T (ad, bd) dx =
(bd − ad)3

12

d−1∏
i=1

(bi − ai),

as required. �

Proposition 2.5. Let Hv(ξ) = |〈ξ, v〉| with v ∈ Rd \ {0} and let a = (a1, . . . , ad) with ai > 0 for

every i ∈ {1, . . . , d}. Then,

λHv(Ed(a)) =
π2

4

(
d∑
i=1

v2
i

a2
i

)
,

THv(Ed(a)) =
ωd

(d+ 2)

(
d∏
i=1

ai

)(
d∑
i=1

v2
i

a2
i

)−1

.
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Proof. We can assume without loss of generality that v ∈ Sd−1. To simplify notation, write

Ed(a) = E. There is M = (mij)1≤i≤d,1≤j≤d ∈ O(d) such that Hv(Mξ) = |ξd|; notice that

x ∈MTE if and only if Mx ∈ E, i.e.

d∑
i=1

1

a2
i

 d∑
j=1

mijxj

2

< 1.

Hence (
d∑
i=1

m2
id

a2
i

)
x2
d + 2

 d∑
i=1

1

a2
i

d−1∑
j=1

mijmidxj

xd +

 d∑
i=1

1

a2
i

d−1∑
j=1

mijxj

2

− 1

 < 0.

Denote J = (δij)1≤i≤d,1≤j≤d−1 ∈ Rd×(d−1). For every x = (x1, . . . , xd−1) ∈ Rd−1 such that

(MTE)x 6= ∅, we have

|(MTE)x| =

(
d∑
i=1

m2
id

a2
i

)−1
4

 d∑
i=1

mid

a2
i

d−1∑
j=1

mijxj

2

− 4

(
d∑
i=1

m2
id

a2
i

) d∑
i=1

1

a2
i

d−1∑
j=1

mijxj

2

− 1


1
2

= 2

(
d∑
i=1

m2
id

a2
i

)−1
( d∑

i=1

m2
id

a2
i

)
+

(
d∑
i=1

mid

ai

(MJx)i
ai

)2

−

(
d∑
i=1

m2
id

a2
i

)(
d∑
i=1

((MJx)i)
2

a2
i

) 1
2

.

Now, denoting A = (δijai)1≤i≤d,1≤j≤d ∈ Rd×d and noticing that since Med = v then mid = vi, we

have

|(MTE)x| = 2

(
d∑
i=1

v2
i

a2
i

)−1 [( d∑
i=1

v2
i

a2
i

)
+ (〈A−1v,A−1MJx〉)2 − |A−1v|2|A−1MJx|2

] 1
2

= 2

(
d∑
i=1

v2
i

a2
i

)− 1
2 [

1−
(
|A−1MJx|2 − (〈A−1v,A−1MJx〉)2

|A−1v|2

)] 1
2

≤ 2

(
d∑
i=1

v2
i

a2
i

)− 1
2

,

where the last line is due to Cauchy-Schwarz inequality, with equality achieved when x = 0. Hence

λHv(E) = λHv◦M (MTE) = inf
x∈Rd−1

λ(0, |(MTE)x|)

= inf
x∈Rd−1

π2

|(MTE)x|2
=
π2

4

(
d∑
i=1

v2
i

a2
i

)
.

Now notice that the set EM =
{
x ∈ Rd−1 : (MTE)x 6= ∅

}
is an ellipsoid that can be written as

EM =

{
x ∈ Rd−1 : |A−1MJx|2 − (〈A−1v,A−1MJx〉)2

|A−1v|2
< 1

}
.

Let C = JTMTARTJ , where R ∈ O(d) is such that R(A−1v) = |A−1v|ed and Z = (δid). Notice

that ker (A−1MZMTA) = {A−1v}⊥, hence

A−1MZMTAy =
〈A−1v, y〉A−1v

|A−1v|2
for every y ∈ Rd.
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Therefore, for every x ∈ Rd−1 we have

A−1MJCx = A−1MJJTMTARTJx

= A−1M(I − Z)MTARTJx

= A−1MMTARTJx−A−1MZMTARTJx

= RTJx−A−1MZMTARTJx

= RTJx− 〈A
−1v,RTJx〉A−1v

|A−1v|2
= RTJx,

which gives

|A−1MJCx|2 − (〈A−1v,A−1MJCx〉)2

|A−1v|2
= |RTJx|2 − (〈A−1v,RTJCx〉)2

|A−1v|2

= |RTJx|2 = |Jx|2 = |x|2.

Hence C−1EM = Bd−1, meaning ωd−1| detC| = |EM |. Therefore

THv(E) = THv◦M (MTE) =

∫
EM

|(MTE)|3x
12

dx

=
1

12

∫
EM

8

(
d∑
i=1

v2
i

a2
i

)− 3
2 [

1−
(
|A−1MJx|2 − (〈A−1v,A−1MJx〉)2

|A−1v|2

)] 3
2

dx

=
2

3

(
d∑
i=1

v2
i

a2
i

)− 3
2

|detC|
∫
Bd−1

(1− |x|2)
3
2 dx

=
2

3

(
d∑
i=1

v2
i

a2
i

)− 3
2

|detC|
∫ 1

0

∫
Sd−2

(1− r2)
3
2 rd−2 dω dr

=

(
d∑
i=1

v2
i

a2
i

)− 3
2

| detC|2(d− 1)ωd−1

3

∫ 1

0
(1− r2)

3
2 rd−2 dr

=

(
d∑
i=1

v2
i

a2
i

)− 3
2

| detC|2(d− 1)ωd−1

3

Γ
(
d−1

2

)
Γ
(

5
2

)
2Γ
(
d+4

2

)
=

ωd
(d+ 2)ωd−1

(
d∑
i=1

v2
i

a2
i

)− 3
2

|EM | =
1

(d+ 2)

(
d∑
i=1

v2
i

a2
i

)−1

|E|.

The last equality is justified as follows: first notice that for every x ∈ Rd−1 we have ZRAMJx = ced

for some c ∈ R, hence

JTMTARTZRAMJx = JTMTART (ced)

= JTMTA(c|A−1v|−1A−1v)

= c|A−1v|−1JTMT v

= c|A−1v|−1JT ed = 0.
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Therefore JTMTARTZRAMJ = 0, which implies

|EM | = ωd−1| detC| = ωd−1|det (JTMTARTJ)|

= ωd−1

√
det (JTMTARTJJTRAMJ)

= ωd−1

√
det (JTMTART (I − Z)RAMJ)

= ωd−1

√
det ((JTMTA2MJ)− JTMTARTZRAMJ)

= ωd−1

√
det (JTMTA2MJ).

Since MTA2M is positive definite, it admits a Cholesky decomposition as LLT , where L = (lij) is

upper triangular, hence

|EM | = ωd−1

√
det (JTLLTJ) = ωd−1

√√√√d−1∏
i=1

l2ii = ωd−1

d−1∏
i=1

lii.

On the other hand

|E| = ωd|detA| = ωd

√
det(MTA2M) = ωd

d∏
i=1

lii

and (
d∑
i=1

v2
i

a2
i

)− 1
2

=
1

|A−1v|
=

1

|MA−1MT ed|

=
1

|(MTAM)−1ed|
=

1√
〈(LLT )−1ed, ed〉

=
1

|L−1ed|
=

1

ldd
.

Therefore (
d∑
i=1

v2
i

a2
i

)− 1
2 |EM |
ωd−1

=
d∏
i=1

lii =
|E|
ωd

as needed. �

Corollary 2.6. Let Hi(ξ) = |ξi| and let a = (a1, . . . , ad) with ai > 0 for every i ∈ {1, . . . , d}.
Then,

λHi(Ed(a)) =
π2

4a2
i

and THi(Ed(a)) =

 d∏
j=1

aj

 ωda
2
i

d+ 2
.

Consequently, for every e ∈ Sd−1 and H(ξ) = |〈ξ, e〉| we have

λH(Bd) =
π2

4
and TH(Bd) =

ωd
d+ 2

.

We recall here the results on min/max for λH and TH , the proofs for λH are given in [5, 8] and

the proofs for TH are analogous. The isoanisotropic variational constants are defined by

λmin(Ω) := inf
{
λH(Ω) : H ∈ S(H)

}
,

λmax(Ω) := sup
{
λH(Ω) : H ∈ S(H)

}
,

Tmin(Ω) := inf
{
TH(Ω) : H ∈ S(H)

}
,

Tmax(Ω) := sup
{
TH(Ω) : H ∈ S(H)

}
.
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Definition 2.7. Given a bounded open set Ω, the associated directional width function L :

Sn−1 → R, denoted Lω(Ω), is defined as

Lω(Ω) := sup
v∈Rn

sup
{
|I| : I ⊂ {tω + v : t ∈ R} ∩ Ω, I is connected

}
.

We recall the following results, that can be found on [5, 8].

Theorem 2.8. Let Ω ⊂ Rd be a bounded domain. Then

λmin(Ω) := inf
{
λH(Ω) : H ∈ S(H1)

}
= inf

ω∈Sd−1

π2

L2
ω(Ω)

.

Moreover, the infimum is attained if and only if Ω has optimal anisotropic design, that is the

function ω 7→ Lω(Ω) has a global maximum. In this case, if ω0 is a global maximum point, the

seminorm

H0(ξ) = |〈ξ, ω0〉|

is an anisotropic extremizer for λmin(Ω). Furthermore, if ∂Ω is C0,1 then all anisotropic extrem-

izers are in S(H1). In particular, if Ω is convex the minimum is attained and ω0 is given by the

direction of the diameter of Ω, and

λmin(Ω) =
π2

(diam(Ω))2
.

Theorem 2.9. Let Ω ⊂ Rd be a bounded domain. Then

λmax(Ω) := sup
{
λH(Ω) : H ∈ S(Hd)

}
= λ(Ω).

Moreover, if ∂Ω satisfies the Wiener condition, then the only anisotropic extremizer is the Eu-

clidean norm.

Theorem 2.10. Let Ω ⊂ Rd be a bounded domain. Then

Tmin(Ω) := inf
{
TH(Ω) : H ∈ S(Hd)

}
= T (Ω).

Moreover, if ∂Ω satisfies the Wiener condition, then the only anisotropic extremizer is the Eu-

clidean norm.

Theorem 2.11. Let Ω ⊂ Rd be a bounded domain. Then

Tmax(Ω) := sup
{
TH(Ω) : H ∈ S(H1)

}
= sup

A∈O(d)

∫
Rd−1

T
(
(AΩ)x

)
dx.

Furthermore, if ∂Ω is C0,1 then all possible anisotropic extremizers are in S(H1).

As a consequence of Theorem 2.11 as Proposition 2.5 we have the following results for the

torsional isoanisotropic problem in ellipsoids.

Corollary 2.12. Let E be an ellipsoid with ai the length of its semi-major axes. Then,

Tmax(E) =
ωd

(d+ 2)

(
d∏
i=1

ai

)(
max

i∈{1,...,d}
ai

)2

.

Moreover, let v ∈ Sd−1 be a direction such that Lv(E) = diam(E) and Hv(ξ) = |〈ξ, v〉|. Then

Tmax(E) = THv(E) and these are the only anisotropic extremizers.
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This result would maybe suggest that the optimal H ∈ S(H1) for Tmax(Ω) would be the one

given by direction of the diameter of Ω. However, as the following example shows, this is not true

in general, not even for strictly convex domains.

Example 2.13. Let Ω be the right-angle triangle

Ω =
{

(x, y) ∈ R2 : 0 < x < 1, 0 < y < 1− x
}
.

Now let v1 = (0, 1) and v2 =
(

1√
2
, 1√

2

)
and for each v we consider Hv as in the statement of

Corollary 2.12. Notice that if Rθ is the rotation matrix of angle θ, then Hv2(Rπ
4
(x, y)) = |y| =

Hv1(x, y), also

RTπ
4
Ω =

{
(x, y) ∈ R2 : − 1√

2
< x <

1√
2
, |x| < y <

1√
2

}
.

Therefore, from Propositions 2.2 and 2.3 we have

THv1 (Ω) =

∫ 1

0
T (Ωx) dx =

∫ 1

0

|Ωx|3

12
dx =

1

12

∫ 1

0
(1− x)3 dx =

1

48

and

THv2 (Ω) = THv1 (RTπ
4
Ω) =

∫ 1√
2

− 1√
2

T ((RTπ
4
Ω)x) dx =

∫ 1√
2

− 1√
2

(
1√
2
− |x|

)3

12
dx

=
1

6

∫ 1√
2

0

(
1√
2
− x
)3

dx =
1

6
· 1

4

(
1√
2

)4

=
1

96
.

Hence Lv2(Ω) = diam(Ω), but THv2 (Ω) < THv1 (Ω) ≤ Tmax(Ω).

3. Continuity Properties

In the present section we study the continuity properties of the maps H 7→ λH(Ω) and H 7→
TH(Ω). We start by recalling the following result in [8].

Theorem 3.1. Let Ω ⊂ Rn be a bounded open domain. The functions

H 7→ TH(Ω) from H→ R

H 7→ λH(Ω) from H→ R

are lower semicontinuous and upper semicontinuous respectively. Moreover, they are locally Lips-

chitz in Hd and continuous on 0.

Theorem 3.2. Let Ω be a C1 domain and k ∈ {0, 1, . . . , d}. The map

H 7→ TH(Ω) from Hk → R

is continuous.

Proof. If k = 0 then it is obvious and if k = d, then it is true because the maps are locally Lipschitz

in the set of norms, so assume k ∈ {1, . . . , d− 1}. Let H ∈ Hk, without loss of generality we can

assume H(ξ, η) = G(η) for every (ξ, η) ∈ Rd−k × Rk, where G is a norm in Rk. Take a sequence

{Hn} ⊂ Hk converging to H. There are rotations An ∈ O(d) and norms Gn in Rk satisfying

Hn(An(ξ, η)) = Gn(η) for every (ξ, η) ∈ Rd−k ×Rk. Clearly, up to a subsequence Gn converges to

G and we can assume An converges to I.
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Consider now x ∈ Rd−k such that for every point in (∂Ω)x, the tangent space is not parallel to

{xl = 0} for l ∈ {d− k + 1, . . . , d}. Since Ω is C1. This implies that for A ∈ O(d) close enough to

I, (AΩ)x is a finite union of sets like

{(y, z) ∈ UA × VA : fA(y) < z < gA(y)},

where the sets UA ⊂ Rk−1 and VA ⊂ R depend continuously (on the Hausdorff complementary

topology) on A and the functions fA, gA : UA → R have C1 dependency on A. Therefore

(5) lim
A→I

(AΩ)x = Ωx,

where the limit is thought in the Hausdorff complementary topology sense. Since Ω is C1, except

for a countable set, every x ∈ Rd−k has the property to ensure (5). Now notice that, for some

compact K ⊂ Rd−k we have

|THn(Ω)− TH(Ω)| = |THn◦An(AnΩ)− TH(Ω)| =
∣∣∣∣∫
K
TGn((AnΩ)x)− TG(Ωx) dx

∣∣∣∣
≤
∫
K
|TGn((AnΩ)x)− TG((AnΩ)x)|+ |TG((AnΩ)x)− TG(Ωx)| dx

≤ C‖Gn −G‖2|K|+
∫
K
|TG((AnΩ)x)− TG(Ωx)| dx.

The last line we used the locally Lipschitz property of torsion for norms, that is true for n large

enough, to complete the proof we use dominated convergence theorem and the continuity of the

torsion with respect to the domain in the Hausdorff complementary topology. �

The same result is not true for the map H 7→ λH(Ω) as the following example shows.

Example 3.3. Let Ω be the domain in Figure 1 and let H(ξ) = |〈e, ξ〉| with e = (1, 0). It is easy

to see that if en =
(
cos 1

n ,− sin 1
n

)
and Hn(ξ) = |〈en, ξ〉|, then

lim
n→∞

Hn = H,

while

lim
n→∞

λHn(Ω) =
π2

|C −A|2
<

π2

|B −A|
= λH(Ω).

Figure 1. Domain for which H 7→ λH(Ω) is discontinuous
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However, if we assume convexity of the domain, we get a kind of continuity for both maps.

Theorem 3.4. Let Ω be a convex domain and k ∈ {0, 1, . . . , d}. The maps

H 7→ TH(Ω) from Hk → R

H 7→ λH(Ω) from Hk → R

are continuous.

Proof. If k = 0 then it is obvious and if k = d, then it is true because the maps are locally Lipschitz

in the set of norms, so assume k ∈ {1, . . . , d− 1}. Let H ∈ Hk, we now prove that both maps are

continuous on H. Take a sequence {Hn} ⊂ Hk converging to H. Therefore there are An ∈ O(d)

such that Hn(An(ξ, η)) = Gn(η) for every (ξ, η) ∈ Rd−k×Rk, where Gn are norms in Rk. By going

through subsequences we can assume An converges to A ∈ O(d) and Gn converges to a norm G in

Rk satisfying H(A(ξ, η)) = G(η) for every (ξ, η) ∈ Rd−k × Rk.
We first prove the torsion map is continuous. Since Ω is convex, then (ATnΩ)x converges to

(ATΩ)x in the Hausdorff sense for every x ∈ Rd−k. Therefore, for n large enough we have

|TGn((ATnΩ)x)− TG((ATΩ)x)| ≤ |TGn((ATnΩ))x − TG((ATnΩ)x)|+ |TG((ATnΩ)x)− TG((ATΩ)x)|

≤ CGTG((ATnΩ)x)‖Gn −G‖+ |TG((ATnΩ)x)− TG((ATΩ)x)|,

which letting n → ∞ implies that TGn((ATnΩ)x) converges to TG((ATΩ)x) for every x ∈ Rd−k,
hence, by dominated convergence theorem

lim
n→∞

THn(Ω) = lim
n→∞

THn◦An(ATnΩ) = lim
n→∞

∫
Rd−k

TGn((ATnΩ)x) dx

=

∫
Rd−k

TG((ATΩ)x) dx = TH(Ω).

Now, we prove the eigenvalue map is continuous. Since there is a compact K ⊂ Rd−k satisfying

λHn(Ω) = λHn◦An(ATnΩ) = inf
x∈Rd−k

λGn((ATnΩ)x) = inf
x∈K

λGn((ATnΩ)x),

there is a sequence {xk,n} ⊂ K such that

lim
k→∞

λGn((ATnΩ)xk,n) = λHn(Ω).

By going through a subsequence we can assume xk,n converges to some xn ∈ K and since Ω is

convex and λGn(·) is continuous on the Hausdorff complementary topology we have λHn(Ω) =

λGn((ATnΩ)xn). Again, by going through a subsequence we have that xn converges to x0 and since

Ω is convex, then (ATnΩ)xn converges to (ATΩ)x in the Hausdorff sense. Therefore, for n large

enough we have

|λGn((ATnΩ)xn)− λG((ATΩ)x0)| ≤ |λGn((ATnΩ))xn − λG((ATnΩ)xn)|+ |λG((ATnΩ)xn)− λG((ATΩ)x0)|

≤ CGλG((ATnΩ)xn)‖Gn −G‖+ |λG((ATnΩ)xn)− λG((ATΩ)x0)|,

which letting n→∞ implies that λGn((ATnΩ)xn) converges to λG((ATΩ)x0). Therefore

lim
n→∞

λHn(Ω) = lim
n→∞

λGn((ATnΩ)xn) = λG((ATΩ)x0) ≥ inf
x∈Rd−k

λG((ATΩ)x) = λH◦A(ATΩ) = λH(Ω).

This together with the uppper semicontinuity of H 7→ λH(Ω) concludes the proof. �
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In particular, the two-dimensional case provides a stronger continuity, the proof for the map

H 7→ λH(Ω) can be seen in [8] and for H 7→ TH(Ω) is analogous.

Corollary 3.5. Let Ω ⊂ R2 be a convex domain. The maps

H 7→ TH(Ω) from H→ R

H 7→ λH(Ω) from H→ R

are continuous. Also, if Ω ⊂ R2 is a C1 domain, then the map

H 7→ TH(Ω) from H→ R

is continuous.

When we restrict the analysis to seminorms induced by quadratic forms, Theorem 3.4 can be

improved, without the need of fixing codimension of kerH.

Theorem 3.6. Let Ω be a convex domain. The maps

H 7→ TH(Ω) from Q → R

H 7→ λH(Ω) from Q → R

are continuous. Also, if Ω is a C1 domain, then the map

H 7→ TH(Ω) from Q → R

is continuous.

Proof. Let H ∈ Q ∩Hk, we now prove that the maps are continuous at H. Let {Hn} ⊂ Q be a

sequence converging to H, then there are An ∈ O(d) such that

Hn(Anξ) =

√√√√ d∑
i=1

α2
i,nξ

2
i .

Since O(d) is compact, up to a subsequence An converges to some A ∈ O(d), we can also assume

that the coefficients αi,n converge to αi. We can choose An to be such that αi = 0 for i ∈
{1, . . . , d− k}. Therefore, if we define the sequence Gn as

Gn(Anξ) =

√√√√ d∑
i=d−k+1

α2
i,nξ

2
i ,

we have that the sequence {Gn} ⊂ Hk converges to H. It is also clear that Hn ≥ Gn. So, if Ω is

convex, by the semicontinuities of the maps and by Theorem 3.4 we have

λH(Ω) ≥ lim sup
n→∞

λHn(Ω) ≥ lim inf
n→∞

λHn(Ω) ≥ lim sup
n→∞

λGn(Ω) = λH(Ω).

and

TH(Ω) ≤ lim inf
n→∞

THn(Ω) ≤ lim sup
n→∞

THn(Ω) ≤ lim inf
n→∞

TGn(Ω) = TH(Ω),

proving the continuity of both maps. If Ω is C1, then the continuity of H 7→ TH(Ω) follows

analagously using Theorem 3.2 instead of Theorem 3.4. �

As a consequence of Theorems 3.2 and 3.4, we can enhance the results in Theorem 2.11.
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Corollary 3.7. If Ω is C1 or convex, then there is H ∈ S(H1) such that

Tmax(Ω) = TH(Ω).

4. On the existence of optimal seminorms

Definition 4.1. Let Ω ⊂ Rd be a bounded domain and let q ∈ R. For every seminorm H we define

Fq,Ω(H) = λH(Ω)T qH(Ω).

The isoanisotropic constants associated with the functional Fq,Ω are defined by:

Mq(Ω) = sup
{
Fq,Ω(H) : ‖H‖ = 1

}
,

mq(Ω) = inf
{
Fq,Ω(H) : ‖H‖ = 1

}
.

Our first results below show that for large q the functional Fq,Ω has a minimizer which is actually

a norm, and the same happens for the maximization problem when q is small.

Theorem 4.2. Let Ω ⊂ Rd be a bounded domain. Then there is q̄ > 0 such that for every q ≥ q̄,

we have

mq(Ω) = inf
H∈S(Hd)

Fq,Ω(H).

In addition, there is q̃ such that for every q ≥ q̃, there is Hq ∈ S(Hd) such that

mq(Ω) = Fq,Ω(Hq).

Proof. We first prove that

c = inf
H∈S(H≤d−1)

TH(Ω)

T (Ω)
> 1.

The proof follows by contradiction, it is clear that c ≥ 1, so assume c = 1. Therefore, there is a

sequence {Hn} ⊂ S(H≤d−1) such that

lim
n→∞

THn(Ω) = T (Ω).

Since S(H≤d−1) is compact, the sequence converges to some H ∈ S(H≤d−1) up to a subsequence.

Due to lower semicontinuity of the torsion, we have

T (Ω) = lim inf
n→∞

THn(Ω) ≥ TH(Ω) > T (Ω).

arriving at the contradiction. Therefore if q > q̃ = (log (λ(Ω))− log (λmin(Ω))) (log c)−1 we have

λH(Ω)T qH(Ω)

λ(Ω)T q(Ω)
≥
(
λmin(Ω)

λ(Ω)

)
cq > 1,

proving the infimum is can be taken only in S(Hd). Notice that if E is the euclidean norm, then

we proved that

mq(Ω) ≤ Fq,Ω(E)

for every q ≤ q̃, hence the infimum can be taken in F−1
q,Ω((−∞, Fq,Ω(E)])∩S(H). Due to Theorem 3.1,

the map H 7→ Fq,Ω(H) being continuous in Hd, also, as a consequence of the proof of the first

statement, we have F−1
q,Ω((−∞, Fq,E(Ω)]) ⊂ Hd. This implies that F−1

q,Ω((−∞, Fq,Ω(E)]) ∩ S(H) is

compact, therefore continuity assures the existence of a minimizer. �

In the same way we proved Theorem 4.2, we can prove the following result.
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Theorem 4.3. Let Ω ⊂ Rd be a bounded domain. Then there is q̄ > 0 such that for every q ≤ q̄,

we have

Mq(Ω) = sup
H∈S(Hd)

Fq,Ω(H).

In addition, there is q̃ > 0 such that for every q ≤ q̃, there is Hq ∈ S(Hd) such that

Mq(Ω) = Fq,Ω(Hq).

We consider now, the particular case of H ∈ Q to deal with q small for the infimum problem

and large for the supremum problem.

Definition 4.4. The quadratic isoanisotropic constants are defined as

M̃q(Ω) = sup {Fq,Ω(H) : H ∈ S(Q)} ,

m̃q(Ω) = inf {Fq,Ω(H) : H ∈ S(Q)} .

Proposition 4.5. Let E be an ellipsoid. For every q ≤ 1 and j ∈ {1, . . . , d}, we have

λ(E)T q(E) > λHj (E)T qHj (E)

(
a2
j

d∑
i=1

1

a2
i

)1−q

> λHj (E)T qHj (E).

where ai are the principal axis of E and Hj(ξ) = |ξj |.

Proof. Without loss of generality we can assume that E = Ed(a). By subadditivity of H 7→ λH(Ω)

we have for every j ∈ {1, . . . , d}

λ(E) >
d∑
i=1

λHi(E) =
d∑
i=1

π2

4a2
i

= λHj (E)a2
j

d∑
i=1

1

a2
i

.

Due to Corollary 2.6 we have

T (E) =
ωd
d+ 2

(
d∏
i=1

ai

)(
d∑
i=1

1

a2
i

)−1

= THj (E)

(
a2
j

d∑
i=1

1

a2
i

)−1

for every j ∈ {1, . . . , d}. Putting both inequalities together gives the desired result. �

Theorem 4.6. Let E be an ellipsoid with ai the lengths of its semi-major axes. For every q ≤ 1,

we have

m̃q(E) = inf
H∈S(H1)

Fq,E(H) =
π2|E|q

4(d+ 2)q

(
max

i∈{1,...,d}
ai

)2(q−1)

.

Moreover, if q < 1 and e is a direction corresponding to the longest semi-major axis, and H(ξ) =

|〈e, ξ〉|, then

m̃q(E) = Fq,E(H)

and these are the only minimizers. If q = 1, then every H ∈ S(H1) is a minimizer.

Proof. Take H ∈ Q ∩Hd with ‖H‖ = 1, there is R ∈ O(d) such that

H(Rξ) =

√√√√ d∑
i=1

α2
i ξ

2
i .
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Denote

M =


α−1

1 0 . . .
...

. . .

0 α−1
d .


Let j ∈ {1, . . . , d} be such that αj = 1. From Proposition 2.2 and 4.5, denoting the principal axis

of MRTE as ai,H , we have

Fq,E(H) = λH(E)T qH(E) = λH◦R(RTE)T qH◦R(RTE) = λ(MRTE)|detM |−qT q(MRTE)

>

(
a2
j,H

d∑
i=1

1

a2
i,H

)1−q

λHj (MRTE)| detM |−qT qHj (MRTE)

=

(
a2
j,H

d∑
i=1

1

a2
i,H

)1−q

λHj◦M−1(RTE)THj◦M−1(RTE)

=

(
a2
j,H

d∑
i=1

1

a2
i,H

)1−q

λHj◦M−1◦RT (E)T q
Hj◦M−1◦RT (E) ≥ m̃q(E),

where the last inequality comes from the fact that ‖Hj ◦M−1 ◦RT ‖ = 1, since

(Hj ◦M−1 ◦RT )(ξ) = |〈M−1RT ξ, ej〉| = |〈RT ξ,M−1ej〉| = |〈ξ,Rej〉|.

Now, let H ∈ S(Hk) ∩ Q with k ∈ {2, 3, . . . , d − 1}. There is a sequence {Gn} ⊂ S(Hd) ∩ Q that

converges to H. Let Rn be such that

Gn(Rnξ) =

√√√√ d∑
i=1

α2
i,nξ

2
i ,

where αd,n = 1 for every n and

limαi,n = αi for every i ∈ {1, . . . , d},where αi = 0 for every i ∈ {1, . . . , d− k}.

We can assume that up to a subsequence Rn converges to some R satisfying

H(Rξ) =

√√√√ d∑
i=d−k+1

α2
i ξ

2
i

Denote

Mn =


α−1

1,n 0 . . .
...

. . .

0 α−1
d,n

 ,
by our last computation, we have

(6) Fq,E(Gn) >

(
a2
d,Gn

d∑
i=1

1

a2
i,Gn

)1−q

m̃q(E).

Notice that the choice of which axis of MnR
T
nE is ai,Gn is free, so we choose it such that ai,Gn ≥

aj,Gn if i ≤ j, so there is An ∈ O(d) such that

AnMnR
T
nE = Ed((a1,Gn , . . . , ad,Gn)) =: En.
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We aim to prove that at least k of these axis have a positive limit. Notice first that the limit of

the axis are never zero due to (6) and Fq,E(Gn) being bounded. Assume by contradiction that

lim
n→∞

ai,Gn = +∞ for every i ∈ {1, . . . , d− k + 1}

therefore, in the Hausdorff sense we have

limEn = Rd−k+1 × E′,

where E′ is an ellipsoid in Rk−1, which means that for every linear subspace V of dimension k we

have

Hk(V ∩ limEn) = +∞.

On the other hand, take Wn = An({0} × Rk) and W = limWn. Notice that since limαi,n > 0 for

i ∈ {d−k+1, . . . , k} then there is a compact set D ⊂ Rk such that MnR
T
nE∩({0}×Rk) ⊂ {0}×D,

therefore

Hk(limEn ∩W ) = lim
n→∞

Hk(AnMnR
T
nE ∩AnWn) = lim

n→∞
Hk(An(MnR

T
nE ∩ ({0} × Rk)))

≤ lim sup
n→∞

Hk(An({0} ×D)) < +∞,

giving a contradiction, hence there is i0 ∈ {1, . . . , d − k + 1} such that lim ai0,Gn < +∞, which

implies that γi := lim ai,Gn < +∞ for i ∈ {d−k+1, . . . , d}. Therefore, using this and Theorem 4.6

in (6) we have

Fq,E(H) = lim
n→∞

Fq,E(Gn) ≥ lim
n→∞

(
a2
d,Gn

d∑
i=1

1

a2
i,Gn

)1−q

m̃q(E)

≥ lim
n→∞

(
a2
d,Gn

d∑
i=d−k+1

1

a2
i,Gn

)1−q

m̃q(E) =

(
γ2
d

d∑
i=d−k+1

1

γ2
i

)1−q

m̃q(E) > m̃q(E).

We now compute m̃q(E), for each v ∈ Sd−1 we define Hv(ξ) = |〈v, ξ〉|. Let A ∈ O(d) be such

that AE = Ed(a). We can assume without loss of generality a1 ≤ a2 ≤ · · · ≤ ad, write Av = ṽ =

(ṽ1, . . . , ṽd), from Proposition 2.5, we have

λHv(E)T qHv(E) = λHṽ(AE)T qHṽ(AE) =
π2|E|q

4(d+ 2)q

(
d∑
i=1

ṽi
2

a2
i

)1−q

=
π2|E|q

4(d+ 2)q

(
d−1∑
i=1

ṽi
2

a2
i

+

(
1−

d−1∑
i=1

ṽi
2

)
1

a2
d

)1−q

=
π2|E|q

4(d+ 2)q

(
d−1∑
i=1

(
1

a2
i

− 1

a2
d

)
ṽi

2 +
1

a2
d

)1−q

≥ π2|E|q

4(d+ 2)q

(
1

a2
d

)1−q
.

Notice that this inequality is actually an equality if we take v = AT ed, hence

m̃q(E) =
π2|E|q

4(d+ 2)q
a

2(q−1)
d ,

as required. �

As a consequence of Theorem 4.6 together with Theorem 3.6 we have
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Corollary 4.7. Let E be an ellipsoid. For every q ≤ 1, there is H ∈ S(H) \ S(H1) such that

M̃q(E) = Fq,E(H).

It is important to notice that it is not clear that the threshold for m̃q(E) is q = 1. Due

to Theorem 3.6 there is always a minimizer for m̃q(E), however, for q > 1 we do not have a

characterization for it as in Theorem 4.6. It is expected that in this case, the minimizers will no

longer be in S(H1), and we give a result in this direction.

Proposition 4.8. Let E be an ellipsoid with ai the lengths of its semi-major axes ordered as

a1 ≥ a2 ≥ · · · ≥ ad and let

qE = 1 +
log 2

log

(
1 +

a2
d

a2
d−1

) .

If q > qE, then

mq(E) = inf
H∈S(H)\S(H1)

Fq,E(H).

and

m̃q(E) = inf
H∈S(Q)\S(H1)

Fq,E(H).

Proof. We can assume without loss of generality that E = Ed(a) with a = (a1, a2, . . . , ad). Denote

for α ∈ [0, 1] the seminorm

Hα(ξ) =
√
α2ξ2

d−1 + ξ2
d.

Notice that Hα ∈ S(H) for every α ∈ [0, 1]. Assume now q > qE > 1, from the computations of

the proof of Theorem 4.6 we have

inf
H∈S(H1)

Fq,E(H) =
π2|E|q

4(d+ 2)q
a

2(q−1)
d = Fq,E(H0).

Take α ∈ (0, 1] such that

α >
a2
d−1

a2
d

(
2

1
q−1 − 1

)
,



18 GIUSEPPE BUTTAZZO AND RAUL FERNANDES HORTA

this is possible because q > qE . We compute THα(E) using Proposition 2.3 and Proposition 2.2.

Let Gα(x, y) =
√
α2x2 + y2 be a norm in R2, then

THα(E) =

∫
Ed−2(a1....,ad−2)

TGα


√√√√1−

d−2∑
i=1

x2
i

a2
i

E2(ad−1, ad)

 dx

=

∫
Ed−2(a1....,ad−2)

(
1−

d−2∑
i=1

x2
i

a2
i

)2

TGα (E2(ad−1, ad)) dx

= TGα (E2(ad−1, ad))

(
d−2∏
i=1

ai

)∫
Bd−2

(1− |x|2)2 dx

= αT (E2(α−1ad−1, ad))

(
d−2∏
i=1

ai

)
4ωd

(d+ 2)π

= α
πα−1ad−1ad

4

(
1

a2
d

+
α2

a2
d−1

)−1(d−2∏
i=1

ai

)
4ωd

(d+ 2)π

=
ωd
d+ 2

(
d∏
i=1

ai

)(
1

a2
d

+
α2

a2
d−1

)−1

.

Also, from Proposition 2.3 and Proposition 2.2 we have

λHα(Ed(a)) = λGα(E2(ad−1, ad)) = λ(E2(α−1ad−1, ad)).

Now, notice that the following rectangle is contained in E2(α−1ad−1, ad)

Rα :=

(
α

ad−1
+

1

ad

)− 1
2
(
−
√
ad−1

α
,

√
ad−1

α

)
× (−

√
ad,
√
ad) ⊂ E2(α−1ad−1, ad).

Therefore

Fq,E(Hα)

Fq,E(H0)
= λ(E2(α−1ad−1, ad))

 ωd
d+ 2

(
d∏
i=1

ai

)(
1

a2
d

+
α2

a2
d−1

)−1
q (

π2

4a2
d

(
ωd
d+ 2

(
d∏
i=1

ai

)
a2
d

)q)−1

=
4a2

dλ(E2(α−1ad−1, ad))

π2

(
a2
d

(
1

a2
d

+
α2

a2
d−1

))−q

≤
4a2

dλ(Rα)

π2

(
a2
d

(
1

a2
d

+
α2

a2
d−1

))−q
= a2

d

(
1

ad
+

α

ad−2

)2
(
a2
d

(
1

a2
d

+
α2

a2
d−1

))−q

≤ 2

(
a2
d

(
1

a2
d

+
α2

a2
d−1

))1−q

< 1,

where the last line is due to q > qE > 1. Hence

mq(E) ≤ m̃q(E) ≤ Fq,E(Hα) < Fq,E(H0) = inf
H∈S(H1)

Fq,E(H),

which concludes the proof. �

Regarding the study of M̃q(Ω), we give a result when Ω = Bd, but first a technical lemma.

Lemma 4.9. Let αi ≥ 0 and let

H(ξ) =

√√√√ d∑
i=1

α2
i ξ

2
i .
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Then

λH(Bd) ≤

(
1

d

d∑
i=1

α2
i

)
λ(Bd).

Proof. Let u be the eigenfunction associated to λ(Bd) normalized by ‖u‖2 = 1. Since u is radial

we can write u(x) = f(|x|) for some function f : [0,∞)→ R. Therefore

λH(Bd) ≤
∫
Bd
H2(∇u) dx =

∫
Bd
H2

(
f ′(|x|) x

|x|

)
dx

=

∫ 1

0

∫
Sd−1

(f ′(r))2H2(ω)rd−1 dω dr

=

(∫ 1

0
(f ′(r))2rd−1 dr

)∫
Sd−1

d∑
i=1

α2
iω

2
i dω

=

(
1

dωd

∫ 1

0

∫
Sd−1

(f ′(r))2rd−1 dω dr

)( d∑
i=1

α2
i

∫
Sd−1

ω2
i dω

)

=
λ(Bd)

dωd
ωd

d∑
i=1

α2
i =

(
1

d

d∑
i=1

α2
i

)
λ(Bd),

as required. �

Theorem 4.10. For every q ≤ 1, we have

M̃q(B
d) = λ(Bd)T q(Bd)

Moreover, the Euclidean norm is the only maximizer for the functional Fq,Bd.

Proof. Let H ∈ S(Q), without loss of generality we can assume that there are αi ≥ 0, with

maxαi = 1, satisfying

H(ξ) =

√√√√ d∑
i=1

α2
i ξ

2
i .

Assume first that αi > 0 for every i ∈ {1, . . . , d}, by Proposition 2.2

TH(Bd) =

(
d∏
i=1

α−1
i

)−1

T (Ed(α
−1
1 , . . . , α−1

d ))

=

(
d∏
i=1

αi

)
ωd

(d+ 2)

(
d∏
i=1

α−1
i

)(
d∑
i=1

α2
i

)−1

=
ωd

(d+ 2)

(
d∑
i=1

α2
i

)−1

.

By a continuity argument, using Theorem 3.6 we have

(7) TH(Bd) =
ωd

(d+ 2)

(
d∑
i=1

α2
i

)−1
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for αi ≥ 0. By Lemma 4.9 and (7) we have

Fq,Bd(H) = λH(Bd)T qH(Bd)

≤

(
1

d

d∑
i=1

α2
i

)
λ(Bd)

 ωd
(d+ 2)

(
d∑
i=1

α2
i

)−1
q

=

(
1

d

d∑
i=1

α2
i

)
λ(Bd)

dT (Bd)

(
d∑
i=1

α2
i

)−1
q

=

(
1

d

d∑
i=1

α2
i

)1−q

λ(Bd)T q(Bd).

Notice that if H is not the Euclidean norm, then there is i0 such that ai0 < 1, hence

Fq,Bd(H) < λ(Bd)T q(Bd),

which concludes the proof. �

Remark 4.11. Putting together Theorem 4.6 and Proposition 4.8, in dimension d = 2 and for

the ellipse

E =

{
x2

a2
+
y2

b2
< 1

}
,

with a ≤ b, we obtain:

• for every q ≤ 1

m̃q(E) =
π2|E|q

4q+1
b2(q−1),

achieved for H(ξ) = |ξ2|;
• for every

q ≥ 1 +
log 2

log (1 + (a/b)2)

m̃q(E) and mq(E) are achieved on a norm.

In particular, if E is the unit disc D, for every q ≤ 1 the minimal value m̃q(D) is achieved on any

H(ξ) = |〈e, ξ〉| with |e| = 1, and for every q ≥ 2, m̃q(D) and mq(D) are achieved on a norm.

We summarize in Tables 1–4 what is known on the problems mq(Ω),Mq(Ω), m̃q(E) and M̃q(E).

These are the results of Theorem 4.2, 4.3, 4.6, 4.10 Corollary 4.7 and consequences of Theorem 3.6

and Corollary 3.5.

q mq(Ω) Mq(Ω)

small - Achieved on S(Hd)

large Achieved on S(Hd) -

Table 1. Ω is any bounded domain
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q m̃q(E) M̃q(E)

small Achieved on S(H1) and characterized Achieved on S(Hd)

q ≤ 1 Achieved on S(H1) and characterized Achieved on S(H) \ S(H1) (or by | · | if E = Bd)

q > 1 Achieved on S(H) Achieved on S(H)

large Achieved on S(Hd) Achieved on S(H)

Table 2. E is an ellipsoid

q mq(Ω) Mq(Ω)

small Achieved on S(H) Achieved on S(Hd)

large Achieved on S(Hd) Achieved on S(H)

Table 3. Ω ⊂ R2 is convex

q mq(Ω) Mq(Ω)

small - Achieved on S(Hd)

large Achieved on S(Hd) Achieved on S(H)

Table 4. Ω ⊂ R2 is C1

5. Remarks on some inequalities

We recall that, when H(ξ) = |ξ| the following Kohler-Jobin inequality holds:

λ(Ω)T q(Ω) ≥ λ(B)T q(B)

for every bounded domain Ω with |Ω| = 1, whenever q ≤ d/(d + 2). Theorem 5.2 shows that a

similar inequality cannot be expected in the case of degenerate seminorms H. We first give a proof

of important bounds on the functional F1,Ω(H).

Proposition 5.1. Let Ω ⊂ Rd be bounded domain and let H ∈ H. Then,

λH(Ω)TH(Ω) ≤ |Ω|.

In addition, if H ∈ Hk and Ω is convex, then

λH(Ω)TH(Ω) ≥ π2|Ω|
4kds(d+2)(d+ 2)

,

where s = 1
2 if Ω is symmetric and s = 1 if not. If we also have k = 1, then

λH(Ω)TH(Ω) ≤ π2

12
|Ω|.

Proof. For every ε > 0, there is a function wε such that

TH(Ω) ≤ (1 + ε)

(∫
Ω
wε dx

)2(∫
Ω
H2(∇wε) dx

)−1

.

Therefore, by Hölder inequality we have

λH(Ω)TH(Ω) ≤
(∫

ΩH
2(∇wε) dx

)∫
Ωw

2
ε

(1 + ε)
(∫

Ωwε dx
)2(∫

ΩH
2(∇wε) dx

) ≤ (1 + ε)|Ω|,
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the result now follows by letting ε go to zero.

Now assume that Ω is convex and that H ∈ Hk, up to a rotation we can assume that H(ξ, η) =

G(η) for every (ξ, η) ∈ Rd−k ×Rk for a norm G in Rk. Due to Theorem III in [4], there is a norm

N ∈ Q in Rk such that
√
kN ≥ G ≥ N , extending this to a seminorm Ñ(ξ, η) = N(η) we have

√
kÑ ≥ H ≥ Ñ . Also from Theorem III in [4], there is an ellipsoid E such that E ⊆ Ω ⊆ dsE,

where s = 1
2 if Ω is symmetric and s = 1 if not. Notice that |E| ≥ d−sd|Ω|. Therefore, from

Theorem 4.6 we have

λH(Ω)TH(Ω) ≥ λÑ (dsE)T√kÑ (E) =
1

kd2s
λÑ (E)TÑ (E) ≥ π2|E|

4kd2s(d+ 2)
≥ π2|Ω|

4kds(d+2)(d+ 2)
.

Now assume that H ∈ H1. Hence, up to a rotation H(ξ) = |ξd|. Notice also that Ωx is always

an interval, therefore

λH(Ω)TH(Ω) =
π2

(Led(Ω))2

∫
Rd−1

|Ωx|3

12
dx

=
π2

12

∫
Rd−1

|Ωx|2

(Led(Ω))2
|Ωx| dx ≤

π2

12

∫
Rd−1

|Ωx| dx =
π2|Ω|

12
,

which concludes the proof. �

Theorem 5.2 (Degenerate Kohler-Jobin). Let H ∈ H≤d−1. Then, for every q ∈ R,

inf
|Ω|=1

λH(Ω)T qH(Ω) = 0.

Proof. Let k ∈ {1, . . . , d − 1} be such that H ∈ Hk, without loss of generality we can assume

H(ξ, η) = G(η) for every (ξ, η) ∈ Rd−k × Rk, where G is a norm in Rk. There are c1, c2 > 0 such

that c2|η| ≥ G(η) ≥ c1|η|, hence, if we denote

Ek(ξ) =

√√√√ d∑
i=d−k+1

ξ2
i ,

we have c2Ek ≥ G ≥ c1Ek and therefore

λH(Ω)T qH(Ω) ≤ c2
2c
−2q
1 λEk(Ω)T qEk(Ω)

for every bounded domain Ω, hence it is enough to prove the theorem for Ek.
First we assume q < 1, consider Ωn = (0, 1)d−k−1 ×

(
0, ω−1

k n−k
)
× (nBk), then |Ωn| = 1. Due

to Proposition 2.3 we have

λEk(Ωn) = inf
x∈Rd−k

λEk((Ωn)x) = inf
x∈(0,1)d−k−1×(0,ω−1

k n−k)
λ(nBk) = n−2λ(Bk)

and

TEk(Ωn) =

∫
(0,1)d−k−1×(0,ω−1

k n−k)
T (nBk) dx = ω−1

k n−knk+2T (Bk) =
n2

k(k + 2)
.

Therefore

lim
n→∞

λEk(Ωn)T qEk(Ωn) = lim
n→∞

n−2λ(Bk)
n2q

kq(k + 2)q
= 0.

Now assume q ≥ 1 > 2
k+2 , from Proposition 2.1 of [2] there is a sequence of bounded domains

Un ⊂ Rk such that |Un| = 1 and

lim
n→∞

λ(Un)T q(Un) = 0.
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Let Ωn = (0, 1)d−k × Un, then |Ωn| = 1 and, due to Proposition 2.3 we have

λEk(Ωn) = inf
x∈Rd−k

λEk((Ωn)x) = inf
x∈(0,1)d−k

λ(Un) = λ(Un)

and

TEk(Ωn) =

∫
(0,1)d−k

T (Un) dx = T (Un).

Therefore

lim
n→∞

λEk(Ωn)T qEk(Ωn) = lim
n→∞

λ(Un)T q(Un) = 0

and the conclusion follows. �

6. Final remarks and questions

In this section we list some open problems that in our opinion merit to be further investigated,

together with some additional comments and remarks.

• The first question is about the existence of optimal seminorms Hopt for the functional Fq,Ω

over the entire class S(H). In Section 3, we examined several continuity properties of the

mappings H 7→ λH(Ω) and H 7→ TH(Ω). In particular, Example 3.3 illustrates that, in

the case of λH , additional structural assumptions on the domain Ω are necessary in order

to ensure continuity. By contrast, the functional TH appears to exhibit a greater degree

of robustness with respect to variations of the seminorm H. This observation naturally

leads to the question of identifying general conditions on the domain Ω under which both

mappings are continuous from H (endowed with the topology of uniform convergence on

compact subsets) into R. This result would immediately yield the existence of optimal

seminorms H for the functional Fq,Ω over the entire class S(H), both in the corresponding

minimization and maximization problems.

• As q → 0, the contribution of the term T qH(Ω) becomes progressively less significant,

and the functional Fq,Ω approaches the limit functional λH(Ω). As already illustrated in

Example 3.3, the associated minimization problem for λH(Ω) may fail to admit a solution

for general domains Ω. It therefore remains unclear whether, for fixed but sufficiently small

q, one can construct an analogous counterexample showing the nonexistence of minimizers

for Fq,Ω as well. We believe that this delicate issue deserves further and more systematic

investigation.

By contrast, the maximization problem associated with Fq,Ω always admits an optimal

solution Hopt for q sufficiently small; moreover, this solution can be shown to be a norm.

An interesting open question is whether this optimal norm coincides with the Euclidean

one when q is small enough. In our view, this issue also calls for deeper and more careful

analysis.

• At the opposite extreme, as q →∞, the influence of the term λH(Ω) becomes progressively

negligible, and the minimization problem for Fq,Ω approaches that of the functional TH(Ω).

The latter problem is well understood and is uniquely minimized by the Euclidean norm.

In this regime, we are able to show that, for q sufficiently large, a minimizer Hopt indeed

exists and is a norm. What remains open, however, is whether this optimal norm must

necessarily coincide with the Euclidean one, or whether new minimizers may arise in the

large regime of parameter q.
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Similarly to the minimization problem for small q, in the opposite regime of large q

the existence of solutions to the maximization problem for Fq,Ω, for general domains Ω,

remains an open question. Establishing either positive results or suitable counterexamples

in this setting appears to be a challenging and promising direction for future research.

• Throughout this work, we have restricted our attention to energies exhibiting quadratic

growth, as described in (1). However, a natural and substantially broader framework is

obtained by considering energies with general p-growth (with p > 1), namely

EH(u) =
1

p

∫
Ω
Hp(∇u) dx.

It is reasonable to expect that many of the results established in the present paper extend to

this more general setting, possibly under appropriate modifications of the assumptions and

techniques. Such an extension could lead to further interesting developments, particularly

in the limiting regimes as p→ 1 and p→∞.
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anisotropic p-Laplace operator. Commun. Pure Appl. Anal., 26 (2026), 244–259.

[7] R.F. Horta, M. Montenegro - Optimal anisotropic estimates for a class of minimum energy levels via the

Lane-Emden problem in R2 to differential operators degenerating on lines. Work in progress, 2025.

[8] J. Haddad, R.F. Horta, M. Montenegro - Anisotropic optimization for membranes in higher dimensions and

new shape phenomena. Work in progress, 2025.

Giuseppe Buttazzo: Dipartimento di Matematica, Università di Pisa
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