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ABSTRACT. We consider variational energies of the form
(1) En(u) = % / H(Vu) da
Q

defined on the Sobolev space H}(Q), where H is a general seminorm. Our primary objective is
to investigate optimization problems associated with the first eigenvalue Ay (€2) and the torsional

rigidity T (€2) induced by the seminorm H. In particular, we focus on functionals of the type
Foa(H) = Au(Q) T{ (),
where ¢ > 0 is a fixed real parameter. The optimization is performed with respect to the control
H; we analyze both minimization and maximization problems for Fy o(H), as H ranges over a
suitable class of seminorms.
Keywords: Shape optimization, spectral optimization, anisotropic energies, anisotropic tor-
sional rigidity, anisotropic eigenvalues.
2020 Mathematics Subject Classification: 49J20, 49J30, 49J45, 47J20.

1. INTRODUCTION

In this paper, we investigate a family of variational energies of the form
1
Ep(u) = / H*(Vu) dx
2 Ja

defined on the Sobolev space H} (), where Q is a prescribed bounded open subset of R? and H is
a seminorm, that is a nonnegative 1-homogeneous function on RY. Such energies naturally arise
in the study of anisotropic diffusion and geometric variational problems, where the function H
encodes directional or structural preferences of the underlying medium.
Associated with the functional Ep, we define two fundamental quantities: the first eigenvalue
and the torsional rigidity (or shortly, the torsion). The first eigenvalue is given by
(2) Ag(Q) = inf M
weH (Q\{0}  [ou? dx
while the torsional rigidity is defined by
(Jou dx)Z
(3) Ty () = ueHE?sg\{O} T H2(Va) da
These quantities play a central role in anisotropic analysis, as they describe, respectively, the

fundamental frequency and compliance of the domain 2 under the metric induced by H. Indeed,

the corresponding PDEs are

—div (H(Vu)VH(Vu)) = Au  in Q

u=20 on 0f)
1

for the eigenvalue,
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—div (H(Vu)VH(Vu)) =1 in
u=20 on 9N

for the torsion.

Our principal goal is to study optimization problems involving the quantities Ay and Ty7, where

the main control variable is the seminorm H. To this end, we define

) ]| =sup{H|§f) : seRd\{O}}

and we consider the space
%:{H:Rd—ﬂR | Hisaseminorm}.

The problems of minimizing or maximizing Ay and T over the class #, normalized by ||H|| = 1,
have been previously investigated in the literature (see [5, 6, 7, 8]), and we briefly recall the main
results in Section 2. In the present work, we focus on a mixed optimization framework involving

the cost functional

Foo(H) = Ag(Q) TH(Q),

where g > 0 is a fixed real parameter. Both the minimization and maximization problems for the
functional F, o within the admissible class # are interesting, as they capture different balances
between rigidity and flexibility in the anisotropic setting. Observe that, since Az is an increasing
function of H, while T is decreasing, the two contributions appearing in the functional F, o act
in competition with each other. As a consequence, the balance between these opposing effects
plays a fundamental role in the optimization process. In particular, the exponent ¢ becomes a key
parameter in the analysis, as it determines the relative weight of the two terms and thus has a
decisive influence on the qualitative and quantitative properties of the optimal choice of H.

We also point out that optimization problems characterized by a similar interplay between
competing terms have already been studied in the literature. For instance, in [1] and [2], the
optimization is performed with respect to the domain 2, rather than the parameter H, while in [3]
an analogous problem is considered, in which the classical Dirichlet boundary condition is replaced
by a Robin boundary condition.

We investigate the existence of optimal seminorms #,,;, and analyze their dependence on the
exponent ¢. In particular, we establish conditions under which the optimal seminorm &€, is in
fact a norm, thereby revealing geometric and analytical rigidity phenomena underlying the optimal
configurations.

In the final section, we provide additional comments and outline some open questions that, in

our view, deserve further investigation.

2. PRELIMINARY RESULTS

In this section, we introduce the notation that will be used throughout the remainder of the
paper and provide a brief overview of the principal results from the existing literature.

The space # is a closed convex subset of the Banach space of 1-homogeneous functions, the
norm of this space is the one given by (4). This space has the Heine-Borel property, i.e. a bounded

and closed set is compact. If H € 7, then the set ker H = H~1({0}) is a linear subspace, so it is



FUNDAMENTAL FREQUENCY AND TORSIONAL RIGIDITY FOR ANISOTROPIC ENERGIES

interesting to consider the following subsets, for m € {0,...,d}

Ho = {H: R? — R | H is a seminorm and codimker H = m} ,

m
Hm = | ¥
k=0
We remark that #(; is the set of norms, which is a dense open set of #. We also have that #<,,

is a closed set. It is trivial that #y = 0, and for m = 1 we have the following characterization
H € #, if and only if there is n € R\ {0} such that H (&) = |(&,n)| for every & € R%.

For proofs of this fact see [8]. Another interesting subset of # that will be investigated is the one
of quadratic seminorms, defined by
Q={Hc# : H”is a quadratic form}.
When considering variational problems, the sphere of #, defined by
S@#) ={H edt: |H| =1},

will be of interest, as well as the spheres of the subsets were previously defined, denoted by

S(#) = S(H) N Hop,

S(#H<m) = S(#) N H<m,

S(Q) =S(#) N Q.

We also introduce the notation of some important subsets of R, For each d € N and a € R%, we

8

consider the ellipsoid
E = e RY: E — <1s,
a(a) {IL‘ a2 }

and we set
Bd:Ed((1,...,1))={§eRd: €] <1}7 Sd:{ﬁeRd: |§!=1}'

It is well known that

[NJIsH

e
|BY| = wa = F ()

2

HITL(STY) = duwy.

Definition 2.1 (Generalized First Eigenvalue and Torsion). Let 2 be an open set and H € ¥,

then we define
Jo H*(Vu) da

Ag(Q) = inf
a() ueHgl?Q)\{o} Jqu? dx
(Jou dx)Z
Ty(Q2) = sup )
weH (Q\{0} Jo H?(Vu) dx

If H is the Euclidean norm, then we simply write Ag(Q2) = A(2) and Ty () = T(Q).

It is well-known that

w d | -
=1

=1 7
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Proposition 2.2. Let Q) be a bounded domain, A an invertible matriz and H4(§) = H(AE). Then
Ay (ATQ) = A (Q),
Ty, (ATQ) = | det A|TH(Q).

Proof. For any function u € H{(Q) we define ua(z) = u((A™1)Tx), so us € HF(ATQ) and

/ ua(y)? dy = | det A] / ()2 da.
ATQ Q
‘We have

H%(Vua(y))dy = H?*(AA'Vu((A™HT 1)) de = | det A|/ H*(Vu(z)) dz,
ATQ ATQ Q

implying A\ () = Ay, (ATQ). Notice also that

/ ua(y) dy = | det A| / u(zx) dz,
ATQ Q
therefore, Ty, (ATQ) = |det ATy (Q). O

The proof for the following proposition can be found in [7, 8].

Proposition 2.3. If H(¢,n) = G(n) for every (€,1) € RI™™ x R™. Then, setting Q, = {y €
R™ : (x,y) € Q} for every x € R™, we have

An() =inf {a(@) : xR

Corollary 2.4. Let H(§) = |€4l, then

Ao (H(ai,bi)> = i ar? and Ty (

=1

d a1
b, — 3
(az‘>bz‘)> = % (b: = as).
=1 =1

7

.

Proof. For the eigenvalue

d d LS m?
AH (H(‘“’b")> =, nf, ((H“‘““)) ) = sction (ag bP ~ (ba— aa)?

i=1 =1

Now, for the torsion, we have

3 d—1

d _
ba — ag
" (H“‘“b“) = iy Tt o= T
i=1 \@q,04

i=1 i=1
as required. O

Proposition 2.5. Let H,(¢) = |(&,v)| with v € R\ {0} and let a = (ay,...,aq) with a; > 0 for
every i € {1,...,d}. Then,
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Proof. We can assume without loss of generality that v € S?!. To simplify notation, write
Eq(a) = E. There is M = (myj)i<i<di<j<d € O(d) such that H,(M¢&) = |&]; notice that
r € MTE if and only if Mz € E, i.e.

2

d 1 d
Z? Zmzjazj < 1.
=1 1 7=1
Hence
d_ 9 d g d-l d 2
id 2
2 = Mg —1| <o.
(Z a2 > Ty + Zaz Zmz]mzdx] Tq + Z Zmzjx]
=1 =1 " j=1 1= 1
Denote J = (&j)lgigd,lgjgdfl S Rdx(dfl). For every r = (xl,...,xd,l) S R91 such that

(MTE), # (), we have

2

d m2 -1 d Mg d—1 2 d m2
(MTE),| = (Z a§d> X5 D mi —4<Z a;) Z mexj -1
i=1 j

i=1 i ioj=1 i=1 i i1 @

=1 ! =1 =1 =1 i=1 v

é mz B 2 mz L g (MJz); i - mz, L (M Jx))>? _
:2Za2 ZaerZaT a; _Zaz Z o2

Now, denoting A = (6;5ai)1<i<d1<j<d € R4 and noticing that since Meg = v then mig = v;, we
have

—1 d 5
(MTE),| =2 (Z Z;) KZ Zi) + (A, AT M Jz))? — |A1v]2|A1MJx2]

=1 =1

12\ e (AT, AP\ ]2
=2 Z;z 1— (A M Jz|? - ATop

=1

where the last line is due to Cauchy-Schwarz inequality, with equality achieved when z = 0. Hence
Ay (E) = Ao (MTE) = inf A0, [(MTE),|)
z€eRI-1
2 72 (G ?
= inf —————-=— =< 1.
e =T\

Now notice that the set Epr = {:U e R (MTE), # (Z)} is an ellipsoid that can be written as

1 1 9
Ey = {JJ c R4 1. ’A_lMJg;‘Q - (A" v, A= M Jx)) 1}.

| A~ ol?
Let C = JTMTARTJ, where R € O(d) is such that R(A~'v) = |[A" v|eg and Z = (d,4). Notice
that ker (A"'MZMTA) = {A~'v}+, hence

(Ao, y) A1y

ATy for every y € R%.

A YMZMT Ay =

N|=

N|=
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Therefore, for every z € R?~! we have

A*MJICz = AT MIJTMT AR Jz
=AM - Z)MTART Jz
= AYMMTART o — A'MZMT AR Jx
=RTJz— A'MZMTART Jx

(A=Y, RT Jz) A~

_ pT _
=R Jz ATy]2

= R"Jz,

which gives

(A=, A" M JCxz))?
‘A_I’U|2

((A=Y, RT JCx))?
[A-Ty|2
= ]RTJ:E\Q = \J:BP = \x!Q

A" MICz|? — = |R" Jxf? —

Hence C~'Ey = B4™!, meaning wy_1|det C| = |Eys|. Therefore

T 3
Ty, (E) = Ty,on(MTE) / LIRS PN
By, 12
d -3 8
_1 v; 1 o (A7, ATTM )\ 2
- 12/EM8 (Z a2> [1 —~ (yA MJz|? — AP dx

The last equality is justified as follows: first notice that for every € R%~! we have ZRAM Jx = ceq

for some ¢ € R, hence

JEMTART ZRAM Jx = J" MT AR (cey)
= JTMT A(c| A~ w7 A o)
= c|A |7t JT My

= c|A | g e = 0.
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Therefore JTMTART ZRAM J = 0, which implies

|Ent] = wa 1] det C| = wy_1|det (J"MTART J)|

= wa1y/det (JTMTART JJTRAMJ)

= wd_l\/det (JTMTART(I — Z)RAM.J)

= wd_l\/ det (JTMTA2MJ) — JTMTART ZRAM.J)

= way/det (JTMTA2MT).

Since MT A%2M is positive definite, it admits a Cholesky decomposition as LLT, where L = (lij) is

upper triangular, hence

|En| = wg_11/det (JTLLTJ) = wyq_4

d—1 d—1
[1% = v Tt
i=1 =1

d
|E| = wd] det A’ = wd\/det(MTA2M) = Wy Hl“

i=1

On the other hand

and
p 1
po a? AT [MATIMT ey
_ 1 _ 1
(MTAM) el \/((LLT) Teq, eq)
_ 1 _ 1
|IL~teq|  laa’
Therefore .
d o\ 2 d
v\ 1EMl _ vy, LB
> 5 =[[u=
=1 % Wi-1 G4 Wd
as needed. O

Corollary 2.6. Let H;(§) = |&| and let a = (a1,...,aq) with a; > 0 for every i € {1,...,d}.
Then,

m? d wqa?
M (Bala) = g0z and T (Bu(@) = jHlaj 2l
Consequently, for every e € STt and H(£) = |(€, e)| we have
2
)\ Bd = ﬂ-— d T Bd — Wd )
B = nB) =

We recall here the results on min/max for Ay and Ty, the proofs for Ay are given in [5, 8] and

the proofs for Ty are analogous. The isoanisotropic variational constants are defined by
Amin(Q) :=1inf {Ag(Q) : H € S(#)},
() = sup (Au(Q) : H € 8(70)},
Tnin(Q) == inf {Ty(Q) : H € S(#)},
Tnax () :==sup {Ty(Q) : H € S(#)}.
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Definition 2.7. Given a bounded open set ), the associated directional width function L :
S"=! — R, denoted L, (Q), is defined as

L, () := sup Sup{m I C{tw+v:teRINQ, Iis connected}.
vER™

We recall the following results, that can be found on [5, 8].

Theorem 2.8. Let Q C R? be a bounded domain. Then
2
. . w
)\mjn(Q) ;= inf {)\H(Q) . He S(%l)} = welISlj;1 m
Moreover, the infimum is attained if and only if @ has optimal anisotropic design, that is the
function w +— L, () has a global mazimum. In this case, if woy is a global maximum point, the

seminorm
Ho(&) = (€, wo)

is an anisotropic extremizer for Amin(Q2). Furthermore, if 02 is C%! then all anisotropic extrem-
izers are in S(#1). In particular, if Q is convex the minimum is attained and wy is given by the

direction of the diameter of €2, and

2

Amin(Q) = ——5-
() (diam(2))?
Theorem 2.9. Let Q C R? be a bounded domain. Then

Amax(Q2) :=sup {Ag(Q) : H € S(#y)} = A\Q).

Moreover, if 02 satisfies the Wiener condition, then the only anisotropic extremizer is the Fu-

clidean norm.

Theorem 2.10. Let Q C R? be a bounded domain. Then
Tmin(Q) ;= inf {TH(Q) : He S(%d)} = T(Q)

Moreover, if 0S) satisfies the Wiener condition, then the only anisotropic extremizer is the Fu-

clidean norm.
Theorem 2.11. Let Q C R? be a bounded domain. Then

Trmax(Q) :=sup {Tu(Q) : H € S(#)} = sup / T((AQ),) dx.
AeO(d) JR4-1

Furthermore, if 02 is C%! then all possible anisotropic extremizers are in S(#1).

As a consequence of Theorem 2.11 as Proposition 2.5 we have the following results for the

torsional isoanisotropic problem in ellipsoids.

Corollary 2.12. Let E be an ellipsoid with a; the length of its semi-major axes. Then,

d 2
—_ Wd . ]
TmaX(E) = (d+2) <Z]~_[ al) <z€?117aX7d} al) '

1

Moreover, let v € S! be a direction such that L,(E) = diam(E) and H,(¢) = |(£,v)]. Then

Twax(E) = Th,(E) and these are the only anisotropic extremizers.
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This result would maybe suggest that the optimal H € S(#(1) for Tyax(€2) would be the one
given by direction of the diameter of ). However, as the following example shows, this is not true

in general, not even for strictly convex domains.
Example 2.13. Let ) be the right-angle triangle
Q={(z,y) eR*:0<2<1,0<y<1—2a}.

Now let v; = (0,1) and vy = (%, %) and for each v we consider H, as in the statement of
Corollary 2.12. Notice that if Ry is the rotation matrix of angle 6, then H,,(Rx(z,y)) = |y| =

s
4

H’UI (x7 y)7 a']‘so

)

1 1
REQ:{(x,y)ERQ: ——=<z<—z/<y<

V2 V2

Therefore, from Propositions 2.2 and 2.3 we have

T (Q)—/lT(Q)d_/l\Qx!?’d_l e dre L
T A S TIRS T AT
and
v = (5 Il
2 vz \ 3
T, (S2) THvl(RZ:Q):/ 1 T((REQ),) do = 1 ( . > i
. -

1/&5 1 3 1 1/1\* 1
= = ——z| dr==---(—4]| =—.
6J, \V2 6 4\V2 96

Hence Ly, (2) = diam(Q2), but Ty, () < Th,, () < Tiax(Q).

3. CONTINUITY PROPERTIES

In the present section we study the continuity properties of the maps H — Ay (2) and H
T (92). We start by recalling the following result in [8].
Theorem 3.1. Let 2 C R" be a bounded open domain. The functions
Hw— Ty(Q) from # — R
H — \g(Q) from # — R
are lower semicontinuous and upper semicontinuous respectively. Moreover, they are locally Lips-

chitz in #5 and continuous on 0.

Theorem 3.2. Let Q be a C' domain and k € {0,1,...,d}. The map
H— Ty (9) from #, — R

1S continuous.

Proof. If k = 0 then it is obvious and if k = d, then it is true because the maps are locally Lipschitz
in the set of norms, so assume k € {1,...,d — 1}. Let H € ¥}, without loss of generality we can
assume H(£,1) = G(n) for every (£,1) € R¥™F x R*¥ where G is a norm in R*. Take a sequence
{H,} C # converging to H. There are rotations A, € O(d) and norms G, in R¥ satisfying
H,(An(€,1)) = Gp(n) for every (&,1) € R&F x RF. Clearly, up to a subsequence G,, converges to

G and we can assume A,, converges to 1.



10 GIUSEPPE BUTTAZZO AND RAUL FERNANDES HORTA

Consider now = € R4* such that for every point in (99Q),, the tangent space is not parallel to
{x; =0} forl € {d—k+1,...,d}. Since Q is C'. This implies that for A € O(d) close enough to
I, (AQ), is a finite union of sets like

{(y,2) € Ua x Va: faly) <z <galy)},

where the sets Uy C RF~! and V4 C R depend continuously (on the Hausdorff complementary
topology) on A and the functions fa,g4: Us — R have C! dependency on A. Therefore

(5) };ling(AQ)x =Q,

where the limit is thought in the Hausdorff complementary topology sense. Since €2 is C'!, except
for a countable set, every € R4* has the property to ensure (5). Now notice that, for some

compact K C R* we have

Th, () = T (Q)] = [THyoa, (An)) — T (Q)] = ‘/K T, ((AnQ)z) — Te() da
< /K Te, ((Anfd)z) = Ta((Anfd)2)| + |Te((Anf)z) — Ta(:)| dx

< OG- GIPIK] + / Te((An)s) — Te ()| d.
K

The last line we used the locally Lipschitz property of torsion for norms, that is true for n large
enough, to complete the proof we use dominated convergence theorem and the continuity of the

torsion with respect to the domain in the Hausdorff complementary topology. H

The same result is not true for the map H — Ay () as the following example shows.

Example 3.3. Let Q2 be the domain in Figure 1 and let H(&) = |(e,&)| with e = (1,0). It is easy
to see that if e, = (cos 1, —sin 1) and H,(£) = |(en, &), then

n’

lim H, = H,
n—0o0
while
7T2 71'2 \ 0
lim A, () = = .
A A () = 15— < poa = MW
A B C

FIGURE 1. Domain for which H +— Ay () is discontinuous
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However, if we assume convexity of the domain, we get a kind of continuity for both maps.

Theorem 3.4. Let Q be a conver domain and k € {0,1,...,d}. The maps
H— Ty(9) from ¥, — R
H — \g(Q) from ¥, — R

are continuous.

Proof. If k = 0 then it is obvious and if k = d, then it is true because the maps are locally Lipschitz
in the set of norms, so assume k € {1,...,d — 1}. Let H € #},, we now prove that both maps are
continuous on H. Take a sequence {H,} C #; converging to H. Therefore there are A4,, € O(d)
such that H,(A,(&,1)) = Gn(n) for every (&,7) € R™% x R¥ where G,, are norms in R*. By going
through subsequences we can assume A,, converges to A € O(d) and G,, converges to a norm G in
R* satisfying H(A(£,n)) = G(n) for every (&,n) € R9F x RE,

We first prove the torsion map is continuous. Since 2 is convex, then (ALQ), converges to

(ATQ), in the Hausdorff sense for every 2 € R*. Therefore, for n large enough we have
T, (An92)z) = Ta((ATQ)o)| < [T, (A70)z — Ta (A Q)0)| + [ Ta(A7.Q)2) — Ta((ATQ)y)]
< CaTa((AR o) |Gn — G|l + |Ta (A7 Q)w) — Ta(ATQ)2)],

which letting n — oo implies that Tg, ((A1Q),) converges to Tg((ATQ),) for every z € Rk,

hence, by dominated convergence theorem

lim Ty, (Q) = lim Ty, on, (ATQ) = lim Ta, (ALQ),) dz

n—oo n—oo Rd—k
:/ To((ATQ),) dz = Ty(Q).
Rd—k
Now, we prove the eigenvalue map is continuous. Since there is a compact K C R** satisfying

)\Hn (Q) = AHnOAn (AZQ) = lnf )\Gn((AgL-‘Q)x) = lnf AGn((AZQ)x)’

rERA—Fk zeK

there is a sequence {zy,} C K such that
lim A, (ALQ)s,,) = Am, (Q).
k—oo ’

By going through a subsequence we can assume xy, converges to some z;, € K and since € is
convex and Ag, (+) is continuous on the Hausdorff complementary topology we have Ap (2) =
Mg, ((ATQ),,). Again, by going through a subsequence we have that x,, converges to o and since
Q) is convex, then (A1Q),, converges to (ATQ), in the Hausdorff sense. Therefore, for n large

enough we have

A, (A7 Q)a,) = Aa (AT Q)ao)| < e, (A7), — Aa (A Q) + A6 (A D)) = Ac((AT Q)]
< Caa (AR Q)z,)[IGn = Gl + e (A Q)a,) — Aa (AT Q) ),

which letting n — oo implies that A\g, (A1), ) converges to Ag((ATQ).,). Therefore

lim A, (Q) = lim Ag, (4, Q)z,) = A6((AT Qo) = inf AG((ATQ)2) = Aroa(ATQ) = A ().
n—oo relR*™

n—00

This together with the uppper semicontinuity of H — Ay (£2) concludes the proof. O
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In particular, the two-dimensional case provides a stronger continuity, the proof for the map

H — Mg () can be seen in [8] and for H — T () is analogous.

Corollary 3.5. Let Q C R? be a convexr domain. The maps
Hw— Ty(Q) from # — R
H — \g(9) from #H — R

are continuous. Also, if @ C R? is a C' domain, then the map
H— Ty(Q) from #H — R
1S continuous.

When we restrict the analysis to seminorms induced by quadratic forms, Theorem 3.4 can be

improved, without the need of fixing codimension of ker H.

Theorem 3.6. Let 2 be a convex domain. The maps
H— Ty (Q) from Q@ - R
H — \g(9) from Q - R

are continuous. Also, if Q is a C' domain, then the map
Hw— Ty(Q) from Q - R
18 continuous.

Proof. Let H € Q N #}, we now prove that the maps are continuous at H. Let {H,} C Q be a
sequence converging to H, then there are A4,, € O(d) such that

d
2 2
Z G i
=1

Since O(d) is compact, up to a subsequence A,, converges to some A € O(d), we can also assume

Hn(Ang) =

that the coefficients «;, converge to «;. We can choose A, to be such that o; = 0 for i €

{1,...,d — k}. Therefore, if we define the sequence G,, as

d

Gn<An§) = Z Ck?’n 2'2:

i=d—k+1

we have that the sequence {G,} C #} converges to H. It is also clear that H, > G,. So, if  is
convex, by the semicontinuities of the maps and by Theorem 3.4 we have
A (Q) > limsup Ag, (2) > liminf Ay, (2) > limsup A, () = Ag(Q).
n—00 n—00 n—00

and

T (Q) <liminf Ty, (Q) < limsup Tx, () < liminf Tg, () = T (),

n—o0 n—00 n—r00
proving the continuity of both maps. If Q is C!, then the continuity of H + Ty () follows

analagously using Theorem 3.2 instead of Theorem 3.4. 0

As a consequence of Theorems 3.2 and 3.4, we can enhance the results in Theorem 2.11.
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Corollary 3.7. If Q is C! or convexz, then there is H € S(#1) such that

Tinax(Q2) = Ty ().

4. ON THE EXISTENCE OF OPTIMAL SEMINORMS
Definition 4.1. Let Q C R? be a bounded domain and let ¢ € R. For every seminorm H we define

Foo(H) = g(Q)TH(Q).

The isoanisotropic constants associated with the functional F, o are defined by:
My(Q) = sup {Fyo(H) : ||H| =1},
mg(Q) = inf {F,o(H) : |H| =1}

Our first results below show that for large ¢ the functional F, o has a minimizer which is actually

a norm, and the same happens for the maximization problem when ¢ is small.

Theorem 4.2. Let Q C R? be a bounded domain. Then there is § > 0 such that for every q > q,
we have

Q)= inf F,qo(H).
mq(S2) L w.0(H)

In addition, there is ¢ such that for every q > q, there is Hy, € S(#4) such that
mq(Q) = Fyo(Hg).

Proof. We first prove that
. Tu(2)
c= inf

> 1.
HeS(H<q 1) T()

The proof follows by contradiction, it is clear that ¢ > 1, so assume ¢ = 1. Therefore, there is a
sequence {H,} C S(#<4—1) such that

lim Ty, () = T(Q).

n—oo
Since S(#H<4—1) is compact, the sequence converges to some H € S(#H<q—1) up to a subsequence.

Due to lower semicontinuity of the torsion, we have

T(Q) = liminf Ty (Q) > T (Q) > T(9).

n—oo
arriving at the contradiction. Therefore if ¢ > § = (log (A(R2)) — log (Amin(2))) (log¢) ™! we have

M (QTHQ) _ (Aain( @)
NOTH () Z( Q) > >

proving the infimum is can be taken only in S(#4). Notice that if £ is the euclidean norm, then
we proved that
me(2) < Fya(€)

for every ¢ < @, hence the infimum can be taken in Fq_slz((—oo7 Fo,.a(E)])NS(#). Due to Theorem 3.1,
the map H +— Fj, o(H) being continuous in #4, also, as a consequence of the proof of the first
statement, we have qué((—oo,Fq,g(Q)]) C #Hy. This implies that Fl;é((—oo,Fqﬂ(é’)]) NS(#) is

compact, therefore continuity assures the existence of a minimizer. O

In the same way we proved Theorem 4.2, we can prove the following result.
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Theorem 4.3. Let Q C R? be a bounded domain. Then there is § > 0 such that for every q < q,

we have

M,(Q) = sup Fya(H).
HEeS(7,)

In addition, there is ¢ > 0 such that for every q < q, there is Hy € S(#4) such that
My(Q2) = Fya(Hy).

We consider now, the particular case of H € Q to deal with ¢ small for the infimum problem

and large for the supremum problem.

Definition 4.4. The quadratic isoanisotropic constants are defined as
Mqy(2) = sup {Fyo(H) : HeS(Q)},
mge(Q) =inf{Fya(H) : HeS(Q)}.

Proposition 4.5. Let E be an ellipsoid. For every g <1 and j € {1,...,d}, we have

1

1—¢
ME)TU(E) > A, (E)T} (E) <a§ > a2) > A, (E)T} (E).

i=1

where a; are the principal axis of E and H;(&) = |&;].

Proof. Without loss of generality we can assume that £ = E;(a). By subadditivity of H — Ay (2)
we have for every j € {1,...,d}

d 2 d

d
AE) > Y (B) = D0 5 = Ay (B)2 Y %
=1 ? ]

i=1
Due to Corollary 2.6 we have

-1

wd d d 1 d 1 -

i=1 =1 1 7

for every j € {1,...,d}. Putting both inequalities together gives the desired result. O

Theorem 4.6. Let E be an ellipsoid with a; the lengths of its semi-major axes. For every q <1,

we have

7T2‘E|q 2(g-1)
no(E)= inf F,p(H) = ——— i )
ig(E) Helél(?fl) 0.5 (H) 4(d + 2)4 (ie?ll?.}.fd} “ >

Moreover, if ¢ < 1 and e is a direction corresponding to the longest semi-magjor axis, and H(§) =
(e, &), then

my(E) = Fyp(H)

and these are the only minimizers. If ¢ = 1, then every H € S(#1) is a minimizer.

Proof. Take H € Q N #y with ||H|| = 1, there is R € O(d) such that
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Denote
ozfl 0

-1
0 ay

Let j € {1,...,d} be such that a; = 1. From Proposition 2.2 and 4.5, denoting the principal axis
of MRTE as a; m, we have

Fyp(H) = A (E)TH(E) = Aor(RTE)T}, o(RTE) = A\(MRTE)|det M| 1TY(MRTE)

a’
=1 %

d 1—q
1 —
> <H 2 H) A, (MB"E)|det M|™Tf, (MR E)

d 1—q
1
= (a?,H Z ag) Arjorr—1 (RTE) Ty op-1 (RTE)

i=1 &,H

d 1-q

1 ~

- (a?’H Z a2H> )\HjoMiloRT(E)TgljoM—loRT(E) > mq(E)v
Z:1 17

where the last inequality comes from the fact that |[H; o M ! o RT|| = 1, since
(Hjo Mo RT)(&) = [(MT'R"¢,¢5)| = (RTE, M "ej)| = [(€, Re;)l.
Now, let H € S(#}) N Q with k € {2,3,...,d — 1}. There is a sequence {G,,} C S(#4) N Q that

converges to H. Let R, be such that

Gn(Rng) =

where oy, = 1 for every n and
lim oy, = «; for every i € {1,...,d}, where o; = 0 for every i € {1,...,d — k}.

We can assume that up to a subsequence R, converges to some R satisfying

d
HRE =,| Y o2
i=d—k+1
Denote
ozl_ﬁll 0
My = ;
0 a;}z
by our last computation, we have
d 1=q
(6) Fyp(Gn) > <a3,Gn > ai) 1ig(E).
i=1 5Gn

Notice that the choice of which axis of MnRzE is a;q, is free, so we choose it such that a; g, >
ajq, if i <j, so there is A,, € O(d) such that

A M,RYE = Eg((a16,s - - -5 aa,)) =: En.
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We aim to prove that at least k£ of these axis have a positive limit. Notice first that the limit of

the axis are never zero due to (6) and F, g(G,) being bounded. Assume by contradiction that

lim a; g, = +oo for every i € {1,...,d—k+1}

n—oo

therefore, in the Hausdorff sense we have
lim E,, = R&F x B,

where E’ is an ellipsoid in R*~!, which means that for every linear subspace V of dimension k we

have
HE(V Nlim E,) = 4o0.

On the other hand, take W,, = A,,({0} x R¥) and W = lim W,,. Notice that since lim o > 0 for
i € {d—k+1,...,k} then there is a compact set D C R¥ such that M, RTEN ({0} xR*) c {0} x D,

therefore

HE(Qim E, N W) = lim #*(A,M,RTEN A, W,,) = lim H*(A,(M,RYE N ({0} x R¥)))

n—oo n—oo
< lim sup H*(A, ({0} x D)) < 400,
n—0o0
giving a contradiction, hence there is ig € {1,...,d — k + 1} such that lima;, ¢, < 400, which

implies that ; := lima; g, < 400 fori € {d—k+1,...,d}. Therefore, using this and Theorem 4.6

in (6) we have

d 1=q
. 1 _
Fop(H) = lim Fyp(Gy) > lim (afmn > = ) g (E)

n—0o0

d 1—q d 1—q
1 1
. 2 - N 2 = - ~
> nh%rglo (ad,Gn Z 5 ) mg(E) = (fyd Z 2) mg(E) > mg(E).

Qa~
i=d—k+1 4Gn imd—k41 Vi

We now compute 1,(E), for each v € S¥1 we define H,(¢) = [(v,&)|. Let A € O(d) be such
that AE = FE4(a). We can assume without loss of generality a1 < ag < --- < a4, write Av =0 =

(01,...,0q), from Proposition 2.5, we have

4(d + 2)1

1—q
2|E|q (dzﬁ < > )1)
2 Ui 2
d+2 =1 7 i=1 aq
d— 1

B (L)
A, (E)TH (E) = A\, (AE)T}; (AE) = (Z )

x2|Blt , 1\ L Bl 1\
- )Wt 5| 2o (=) -
4(d + 2) a2 4(d +2)7 \ a3

Notice that this inequality is actually an equality if we take v = AT ey, hence

~ 772‘E‘q 2(g—1)
m‘l( )_ 4(d+2)qad )

as required. O

As a consequence of Theorem 4.6 together with Theorem 3.6 we have
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Corollary 4.7. Let E be an ellipsoid. For every q <1, there is H € S(#) \ S(#1) such that

My(E) = Fy5(H).

It is important to notice that it is not clear that the threshold for my(E) is ¢ = 1. Due
to Theorem 3.6 there is always a minimizer for 7my(E), however, for ¢ > 1 we do not have a
characterization for it as in Theorem 4.6. It is expected that in this case, the minimizers will no

longer be in S(#1), and we give a result in this direction.

Proposition 4.8. Let E be an ellipsoid with a; the lengths of its semi-magjor axes ordered as

ayp > ag > -+ > ag and let

log 2

(12 '
log [ 14 —4
Pa—1

qE 221'+

If ¢ > qg, then

E) = inf F,p(H).
1B = et ")
and
mq(E) = inf F,g(H).
JE) = inf Fys()
Proof. We can assume without loss of generality that £ = E4(a) with a = (a1, ag, ..., aq). Denote

for a € [0, 1] the seminorm

Ho(§) = (/a8 + &

Notice that H, € S(#) for every o € [0,1]. Assume now ¢ > gg > 1, from the computations of

the proof of Theorem 4.6 we have

2|EJ4 _
inf  F o(H) = 47r |E 2(q—1) = F, (Ho).

HeS(#) (d+ 2)qad

Take a € (0, 1] such that
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this is possible because ¢ > qg. We compute Ty (F) using Proposition 2.3 and Proposition 2.2.

Let Gof = /a22? + y2 be a norm in R?, then

-2 o
1

2
_ / 1-3" %) Ta, (Ba(ag-1,a0)) da
Ed,Q(al...‘,ad,g) ; ai

=Ta, (F2(agq-1,aq)) (

—2
=aT(FE
(Ba(a™tag_1,aq)) 1;[ )d+2
-1 /q-2
ma tag_jaq [ 1 a? 4wy
e atan) ) ares

Wy ﬁ 1 n a? -
a; — + - .
~d +2 paley afl a?l_l

Also, from Proposition 2.3 and Proposition 2.2 we have

)\H‘1 (Ed(a)) = )\Ga (Eg(ad_l, ad)) = )\(Eg(aflad_l, ad)).

Now, notice that the following rectangle is contained in Es(a~lag_1,aq)

1
o 1) 2 fag—1 [aq—1 -1
o = - - , - » E -1, .
R, <Gd—1 + ad) ( 5 o ) X (—v/ag,v/aq) C Ex(a™ “ag_1,aq)
d 2 -1
—EN)  N(Ey(ata ,a a; 5
Fy 5(Ho) (Ea( 4-1,2)) d+2 (H ) ( d—1>

Therefore
(i (72 (1)) )
4ad)\(E2(a ag—1,aq)) < (;2—1— ))
d

2 2 2 2 -4
S4ad)\(2R) a?l 1 o « ) o %4_ (;z
™ ad,Q ay ag_q
1 a?
<2(a?| 5+ — <1

where the last line is due to ¢ > qg > 1. Hence

q -1

Fq,E(Ha)

mq(E) < mg(E) < Fyp(Ha) < Fyp(Ho) = Heiél({;‘,l)Fq,E(H)v

which concludes the proof. Il

Regarding the study of Mq(Q), we give a result when Q = B¢, but first a technical lemma.

Lemma 4.9. Let o; > 0 and let
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d
1
d § 2 d

Proof. Let u be the eigenfunction associated to A\(B?) normalized by |juljz = 1. Since u is radial

Then

we can write u(x) = f(|z|) for some function f: [0,00) — R. Therefore
Ar(BY) < H2(vu) dz = /dH2 (f’(@\),%) da
/ / H%(w)r® ! dw dr
§d—1
d
_ 102 d—1 2 2
_(/O (f'(r))*r dr) /Sdliz;alwz dw

(o [ et avar) (i 2 dw)
d

=1

d d
Ay et = (30 )

as required. O
Theorem 4.10. For every q < 1, we have

M, (BY) = A(BY)T9(B)
Moreover, the Euclidean norm is the only mazimizer for the functional F, pa

Proof. Let H € S(Q), without loss of generality we can assume that there are «; > 0, with

max a; = 1, satisfying

d
> a2e2.
=1

Assume first that o; > 0 for every i € {1,...,d}, by Proposition 2.2

d —1
Ty (BY) = (H%1> T(Balay®,....a5"))
i=1

() e (1) (57)

d -1
Wy
) (ZO‘?> '

=1

By a continuity argument, using Theorem 3.6 we have

d -1
=1
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for a; > 0. By Lemma 4.9 and (7) we have

Notice that if H is not the Euclidean norm, then there is ig such that a;, < 1, hence
F pa(H) < X(B")T(BY),

which concludes the proof. O

Remark 4.11. Putting together Theorem 4.6 and Proposition 4.8, in dimension d = 2 and for

2?2
B = { +b2<1}

the ellipse

with a < b, we obtain:
e for every ¢ < 1

- 2| E|4 _
mq(E) = 4(14_1’ b2(q 1)’

achieved for H (&) = |&f;
e for every
log 2
log (1 + (a/b)?)

mgy(F) and mgy(FE) are achieved on a norm.

g=1+

In particular, if E is the unit disc D, for every ¢ <1 the minimal value 1m4(D) is achieved on any

H(§) = |(e,&)| with |e| = 1, and for every ¢ > 2, m4(D) and mg(D) are achieved on a norm.

We summarize in Tables 1-4 what is known on the problems m(2), M,(Q), i, (E) and M,(E).
These are the results of Theorem 4.2, 4.3, 4.6, 4.10 Corollary 4.7 and consequences of Theorem 3.6
and Corollary 3.5.

q mg(£2) M, (€2)
small - Achieved on S(#,)
large | Achieved on S(#(y) -

TABLE 1. Q is any bounded domain
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q 1ig(E) Mq(E)
small | Achieved on S(#(1) and characterized Achieved on S(#,)
q < 1| Achieved on S(#;) and characterized | Achieved on S(#) \ S(#1) (or by | - | if E = B%)
qg>1 Achieved on S(#) Achieved on S(#)
large Achieved on S(#,) Achieved on S(#)

TABLE 2. F is an ellipsoid

q mg(£2) M,(€2)
small | Achieved on S(#) | Achieved on S(#,)
large | Achieved on S(#;) | Achieved on S(#)

TABLE 3.  C R? is convex

q mq(£2) M,(€2)
small - Achieved on S(#,)
large | Achieved on S(#4) | Achieved on S(#)
TABLE 4. Q C R?is C!

5. REMARKS ON SOME INEQUALITIES
We recall that, when H (&) = [£] the following Kohler-Jobin inequality holds:
A)T(2) = M(B)T*(B)

for every bounded domain 2 with |Q2| = 1, whenever ¢ < d/(d + 2). Theorem 5.2 shows that a
similar inequality cannot be expected in the case of degenerate seminorms H. We first give a proof

of important bounds on the functional F o(H).

Proposition 5.1. Let Q C R? be bounded domain and let H € #. Then,
Aa(Q)TH(Q2) < (9.

In addition, if H € #;. and Q) is convex, then

A QT (Q) > "1
SIS = 4kds(@v2) (d + 2)

where s = % if Q is symmetric and s = 1 if not. If we also have k = 1, then

71.2
<

Ag()Ty(Q2) < 12

€.

Proof. For every € > 0, there is a function w, such that

TH(Q) < (1+¢) </Qw d:c>2 </QH2(VwE) das>_1.

Therefore, by Holder inequality we have

(Jo H2(Vw:) dz) (14 ¢) (o we dx)2
Jo w? (Jo H*(Vw,) dz)

A ()T (Q) < < (1+¢e)9Q],
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the result now follows by letting € go to zero.

Now assume that 2 is convex and that H € #}, up to a rotation we can assume that H(&,n) =
G(n) for every (£,1) € R¥F x R* for a norm G in R*. Due to Theorem III in [4], there is a norm
N € Q in R¥ such that VEN > G > N, extending this to a seminorm N(&,71) = N(n) we have
VEN > H > N. Also from Theorem III in [4], there is an ellipsoid E such that £ C Q C d°F,
where s = 3 if Q is symmetric and s = 1 if not. Notice that |E| > d=*¢|Q|. Therefore, from
Theorem 4.6 we have
1 2 |E| 72 |Q|

>

= — Ag(E)T5(E) > '
e W EVTR(E) 2 s gy 2 4kd*(®+2)(d + 2)

A (Q)Ta(Q) > Ay (d°E)T 5 (B)

Now assume that H € #;. Hence, up to a rotation H(§) = |£4|. Notice also that €, is always

an interval, therefore

A () TH(Q) Gl / %l
= XL
A (Le, ()2 Jgar 12
w2 19| T 72|Q|
- e de< = Q| dz = ,
12 Jga (Led(Q))2| v < 35 /Rdl‘ e =5
which concludes the proof. O

Theorem 5.2 (Degenerate Kohler-Jobin). Let H € #<4_1. Then, for every q € R,

inf Mg (Q)7T7(Q) = 0.
o A Q)T () =0

Proof. Let k € {1,...,d — 1} be such that H € #}, without loss of generality we can assume
H(&,m) = G(n) for every (€,1) € RTF x RF where G is a norm in R¥. There are c1, cy > 0 such
that ca|n| > G(n) > ci|n], hence, if we denote

d
> e

i=d—k+1

we have c2&, > G > ¢1&;, and therefore
A (T () < ey A (QTE, ()

for every bounded domain €2, hence it is enough to prove the theorem for &.
First we assume ¢ < 1, consider Q,, = (0,1)¥%~1 x (0,w; 'n™%) x (nB*), then |Q,| = 1. Due

to Proposition 2.3 we have

e (Q,) = inf Ae, ((Qn)z) = inf AnB*) = n=2\(B*
&, () b £, ((n)z) xe(m)ngx (o) (nB¥) = n"“\(B")
and )
n
Te, (Q) = / T(nBY) de — w-'n-Fnk 27 (B = "
»(n) (0,1)4=k=1x (0w, 'n=F) (nB%) k (B°) k(k+2)
Therefore

2q
: q ERE -2y Rk n _
33 Ao ()15 () = fi N B ey =0
Now assume ¢ > 1 > %ﬁ, from Proposition 2.1 of [2] there is a sequence of bounded domains
U, C R* such that |U,| = 1 and

lim A\(U,)T(U,) = 0.

n—oo
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Let Q, = (0,1)% x U,, then |©2,| = 1 and, due to Proposition 2.3 we have

Aolf) = inf e, (@)= inf | A(U) = AT

and
Te, () = / T(U,) dz = T(U,).
(071)d—k

Therefore
lim Agk(Qn)Tgk(Qn) = lim \NU,)T%U,) =0

n—o0

and the conclusion follows.

6. FINAL REMARKS AND QUESTIONS

23

In this section we list some open problems that in our opinion merit to be further investigated,

together with some additional comments and remarks.

e The first question is about the existence of optimal seminorms H,,; for the functional F, o

over the entire class S(#). In Section 3, we examined several continuity properties of the
mappings H — Ay () and H — Ty(Q). In particular, Example 3.3 illustrates that, in
the case of Ay, additional structural assumptions on the domain ) are necessary in order
to ensure continuity. By contrast, the functional T appears to exhibit a greater degree
of robustness with respect to variations of the seminorm H. This observation naturally
leads to the question of identifying general conditions on the domain 2 under which both
mappings are continuous from # (endowed with the topology of uniform convergence on
compact subsets) into R. This result would immediately yield the existence of optimal
seminorms H for the functional Fy, o over the entire class S(#€), both in the corresponding
minimization and maximization problems.

As ¢ — 0, the contribution of the term T} (2) becomes progressively less significant,
and the functional F, o approaches the limit functional Ay (Q2). As already illustrated in
Example 3.3, the associated minimization problem for A\ (€2) may fail to admit a solution
for general domains €2. It therefore remains unclear whether, for fixed but sufficiently small
q, one can construct an analogous counterexample showing the nonexistence of minimizers
for F, o as well. We believe that this delicate issue deserves further and more systematic
investigation.

By contrast, the maximization problem associated with Fj, o always admits an optimal
solution H,y; for ¢ sufficiently small; moreover, this solution can be shown to be a norm.
An interesting open question is whether this optimal norm coincides with the Euclidean
one when ¢ is small enough. In our view, this issue also calls for deeper and more careful
analysis.

At the opposite extreme, as ¢ — oo, the influence of the term A\ (£2) becomes progressively
negligible, and the minimization problem for F}, o approaches that of the functional T (€2).
The latter problem is well understood and is uniquely minimized by the Euclidean norm.
In this regime, we are able to show that, for ¢ sufficiently large, a minimizer H,,; indeed
exists and is a norm. What remains open, however, is whether this optimal norm must
necessarily coincide with the Euclidean one, or whether new minimizers may arise in the

large regime of parameter q.
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Similarly to the minimization problem for small ¢, in the opposite regime of large ¢

the existence of solutions to the maximization problem for Fj o, for general domains {2,

remains an open question. Establishing either positive results or suitable counterexamples
in this setting appears to be a challenging and promising direction for future research.

e Throughout this work, we have restricted our attention to energies exhibiting quadratic

growth, as described in (1). However, a natural and substantially broader framework is

obtained by considering energies with general p-growth (with p > 1), namely

1 P
Bulu) = /Q HP (V) da.

It is reasonable to expect that many of the results established in the present paper extend to
this more general setting, possibly under appropriate modifications of the assumptions and
techniques. Such an extension could lead to further interesting developments, particularly

in the limiting regimes as p — 1 and p — oc.
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