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ABSTRACT. In this paper we derive a linear elastic model starting from a nonlinear energy
functional with infinitely many wells, including a second gradient perturbation that penalises
transitions from one well to another. This is achieved by employing a suitable weak convergence
for deformations which allows one to prove compactness by applying a rigidity estimate for
incompatible fields.
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1. INTRODUCTION

This paper investigates the passage from nonlinear to linear elastic models for solid materials
with infinitely many equilibrium states. We perform, through variational convergence, the lineari-
sation of an energy functional given by the sum of a nonlinear elastic term and a second-order
perturbation that controls the surface of transition layers.

The prototypical example of the nonlinear stored elastic energy under consideration is the inte-
gral functional

/QW(VU) dz,

defined on a regular domain  C R? representing the reference configuration of an elastic body,
where v: Q — R? is the deformation. Assuming that the reference configuration is an equilibrium,
the energy density W: Q x R4*¢ — R is minimised at the identity matrix. According to the
assumption of frame indifference, one has W(RF) = W(F) for every R € SO(d) and F € R4*.
Besides the invariance with respect to rotations in the deformed configuration, the energy may
enjoy invariance with respect to transformations in the reference configuration, which are related
to symmetries of the underlying crystal structure. Specifically, one may require that

W(FP)=W(F) forevery P € P and F € R?,

where P is the isotropy group of the crystal lattice, which may be a finite subgroup of SO(d) or
a larger noncompact subgroup of lattice invariant transformations. For a cubic lattice, P may be
given by the group GL(d,Z) of linear bijections of Z¢ (with determinant 4-1) or by the subgroup
SL(d,Z) of orientation-preserving transformations. For a more general Bravais lattice parametrised
by HZ® with H € GL(d), one may have P = H GL(d,Z) H*, i.e., P is conjugate to GL(d,Z).
For more details on this model see e.g. [19] and references therein.

In broad terms, in the present paper we consider a nonlinear energy with infinitely many wells
(SO(d)Up)sen, whose mutual distance is not controlled from above. This leads to a lack of coercivity
at infinity which is overcome by choosing a suitable notion of convergence of the deformations.
Moreover, as it is customary when dealing with multiwell problems [I1} [3], in order to ensure
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compactness we augment the stored elastic energy by a regularising second-order term which
penalises transitions from one well to another. Specifically, for p > 1 and 1 > 0 we consider the
functional

E"(v) ::/QW(VU) dx+77p/Q\V2v|pdx,

defined for v € W2P(Q; R?), subject to suitable assumptions on the regularity and the growth of
W, along with appropriate boundary conditions. In Proposition it is shown that, if E"(v)/n
vanishes as 7 tends to zero, then in most part of the domain the deformation gradient is close to the
well SO(d)U; = SO(d). More precisely, if v(z) = z + eg(x) on a portion of 9 for g in a suitable
class of boundary data and e sufficiently small, we expect the deformation to be a perturbation
of the identity. Accordingly, we introduce the (rescaled) displacements u.(x) := (v(x)—z)/e and
study their asymptotics as € tends to zero. Following, by now, a standard approach [I4], one ought
to rescale the energy by the factor e =2 (which stands from the first nontrivial term in the Taylor
expansion) and consider

1
Fe(u) == ?E"(ide + eu),

which converges pointwise to the standard energy of linear elasticity
1
Fiin(u) = 5/ D2W (z,1)e(u) : e(u) dz.
Q

The convergence of F. to Fi, was proved in terms of I'-convergence in [I4] 2] in the case of a single
well, in [25] [I] for a finite number of wells at infinitesimal distance, and in [8] [26] starting from a
discrete setting; in all these cases n = 0. The case of a finite number of wells at fixed distance was
studied in [3, 4] assuming that the small parameter n = n(e) satisfies a certain decay condition
as € tends to zero. In [I6], in the setting of two wells with one rank-one connection, the authors
combine linearisation with a diffuse-to-sharp interface limit.

The main difference between the present framework and the previous accounts is that, since
the ground states of the elastic energy are unbounded, even a sequence of deformations with
very small energy may still display very large deformation gradients. In effect, this may spark
compactness issues in the weak topology of Sobolev spaces, which is a typical choice for problems
of the kind. Hereby, the remedy is to resort to a weak notion of convergence for Vu., namely the
weak L"-convergence of (Vu.)xq,., with Q. being the set where the deformation gradient Vo, is
close to SO(d) (Definition [I1)). Since the standard rigidity estimate [21] can no longer be applied
to (Vve)xq., the compactness result relies instead on a rigidity estimate for incompatible fields
[24, 23, [10], which may be employed provided r > 1*. The latter result yields that (Vu.)xq, still
converges to Vu weakly in L”, where v is the limit displacement (Theorem 1.2} proved in Section.
The choice of this weak convergence is justified by Example [£.I} where, for d > 2 and 1* <r < 2,
we show a sequence of displacements with equibounded energy that is unbounded in the norm of
WL (Q;RY). In contrast, in the case of finitely many wells, compactness holds in W17 (€; R9) for
such values of r, as proved in [3]. Equipped with the property of compactness of (Vuc)xq., in
Theorem (proved in Section [3)) we show that the I'-convergence of F. to Fji, persists in the
setting of infinitely many wells. This is carried out under a scaling condition on n = n(e), which in
some cases provides a larger range of allowed values for 1 with respect to the the assumptions of [3].
Note that in [3] the scaling was shown to be optimal; in the present context, the optimality is still an
open problem. Nonetheless, when 1 < 2 we provide some examples of sequences of deformations
with equibounded energy converging to deformations with jumps, see Section [d] Physically this
may be interpreted as formation of plastic slips, which is a consistent occurrence in a vast body
of literature in the subject. We refer to, for instance, [0} [I8] 22], demonstrating that deformation
gradients in GL(d,Z) may describe plasticity and dislocations.
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1.1. Setup. Let us give a couple of comments on the notation and conventions present in the
paper:
(a) d > 2 is an integer;
(b) © C R? is an open, simply-connected and bounded set with Lipschitz boundary;
(c) £ and 9! indicate the d-dimensional Lebesgue measure and the (d—1)-dimensional
Hausdorff measure respectively;
(d) for U open in RY, w: U — RY, €: U — R4 and p € [1,4+00] we set lwll oy =

”wHLP(U;]Rd) and ||fHLp(U) = ||§||Lp(U;Rdxd)§
(e) given s > 1 the associated Sobolev exponent is s* :=ds/d — s if s < d, s* := 400 if s > d;
(f) the symmetrised gradient of w: U — R is denoted by e(w) = (VwT + Vw)/2;
(g) Br(z) denotes the open ball of radius R centred at x in R%
(h) I signifies the identity matrix in R4*¢ while idy is the function idga(x) = z defined for

z € U,
(i) SO(d) c R¥*4 is the set of all proper rotations;
) ngxn‘f is the collection of symmetric matrices in R?*9;
(k) for two matrices M, N € R*? we denote by M : N = tr(MTN) the Frobenius scalar
product and by |M| the Frobenius norm of M;
(1) {e1,e2,...,eq} is the standard Euclidean basis in RY;
(m) the usual tensor product of two vectors z,y € R? is the matrix z ® y € R?? such that
(x®y)ij = z5y;; if M € R4 and 2 € R? then M ® 2 € R4*4*4 ig the 3-order tensor with
(M @ z)1ij = Myizj;
(n) ¢ > 0 denotes a generic constant whose value may change from place to place and where
every relevant dependence is indicated in the subscript;
(0) when we work with sequences indexed by ¢, it is understood that e denotes the element of
a sequence £, — 0.

Throughout we fix a set of countably many wells labelled as
oo
K= U K,
=1

whereby

(K1) for every £ € N there exists Uy € GL(d,R) such that Ky := SO(d)Uy;
(K2) K, = SO(d);
(K3) there exists dmin > 0 such that ming; dist(K7, Kp¢) > Omin.

Prominent examples of sets satisfying assumptions — are the linear group GL(d,Z), i.e.
all matrices in Z?*¢ with determinant 41, and the special linear group SL(d,Z) = GL*(d,Z), i.e.
all matrices in GL(d, Z) with determinant 1.

The energy of the considered hyperelastic body is modelled by means of an infinite-well energy
density W: R? x R4 — [0, +00) which satisfies the following properties:

(W1) (Measurability) W is £(RY) @ B(R?*9)-measurable where £(R?) and B(R*?) are the o-
algebras of Lebesgue measurable sets in R? and Borel sets in R%*? respectively;

(W2) (Frame indifference) for #%-a.e. v € R%, any F € R?™¢ and R € SO(d) it holds W (z, RF) =
W(z, F);

(W3) (Equilibrium) for any F € K the equality W (-, F') = 0 holds .#%-a.e in R%;

(W4) (Coercivity) there exists a constant cyr > 0 such that for #?-a.e. x € R? and any F € R?*9
we have W (z, F) > cy min{dist(F, K)? 1};
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(W5) (Regularity) there exists o > 0 such that for .Z%-a.e. x € R? the function W (z,-) is C? in
B, where B, := {F € R™4 : dist(F, K) < o} and

d
Z |828JW(SL‘7 )| <c,
ij=1
for some constant ¢, > 0.
We fix r € [1*%,2], p > 1 and a function n = n(¢) > 0 such that
(H1) limeo nek% =0; ,
(H2) for d = 2, lim._,on/e = +oo; for d > 3, there exists ¢ > 0 such that 7 > ce?7 1.
For an open set U C R? and v € W2P(U;R?) we consider the rescaled, singularly perturbed energy
functionals defined by

1 p
F.(v,U) := E—Q/UW(Q:,VU) dz + Zﬁ/U|Vzv\p dz

Assumption (H1)) is needed to ensure that the singular perturbation vanishes in the limit as ¢ — 0.
Assumption (H2)) will be essential in the proof of the compactness result, Theorem Note that
and (H2|) are consistent when r < min{2, (3p — 2)1*/p} (where (3p —2)1*/p > 1* if and only
if p > 1, while (3p — 2)1*/p > 2 if and only if p* > 2). Moreover, if d = 2, then r = 2 is the only
possibility allowed by .

The variational problem which we are going to analyse shall be posed on deformations v:  — R?
satisfying a prescribed boundary condition on a subset I' C 9€2. We assume that T" is open in the
relative topology of 99, s#?~1(T") > 0 and cap(T'\I') = 0, where the notion of capacity is as in [3].
The boundary condition takes the form v(z) = x +eg on I in the sense of traces, with

g € WH°(R%: RY) N WP (R RY). (1)
It is always possible to define an open set Qp C R, bounded, simply-connected, Lipschitz and
such that Q C Qp, Z4Qp\Q) > 0 and T' = Qp N . Deformations defined in Q and complying

with the boundary condition are extended to Qp by setting v(z) = x + e g in Qp\Q.
For s > 1 let us define the admissible set of competitors by

W;’;(QD;RCI) = {uec W (Qp;RY) :u=gin Qp\Q},
Wy(Qp:iRY) := W (Qp; RY) N W2P(Qp; RY).

(2)

We also employ the notation H;,r (Qp;RY) = W;”IE(QD;Rd). In the context of the forthcoming
analysis we shall regard the energy as a functional of the displacement and we set:

B )
I E otherwise in W17 (Qp;RY).

(3)

In the sequel we will use the convention v := idga + cu.

1.2. The main statements. The overarching theme of our discourse is the derivation of the
linearised elasticity model through the asymptotic analysis of the functionals F.. To complete the
introductory section let us state the main results to which this paper is devoted. Before embarking
on the statement of the I'-convergence result, we introduce the specific notion of convergence that
will be used in the sequel. Recall the exponent r defined in .

Definition 1.1 (w-convergence). Let U C R? be an open set. We say that a sequence (u.) C

W;”E(U;Rd) w-converges to some u € W;”E(U;Rd) in U, written u. — u, provided there exist
measurable sets U, C U such that £4(U\U.) — 0 and (Vu.)xy. — Vu weakly in L"(U; R?¥9).
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We may now state the compactness result, proof of which is provided in Section [2}

Theorem 1.2 (Compactness). Let n and r satisfy (H2) and g as in with p > 1. Furthermore
let W:R? x RX? — [0, +00) be a density satisfying (W1)-(W4). Let (us) C W,y(Qp;R?) be a
sequence satisfying
sup Fe (ue) < +00. (4)
€

Then there exists u € ngﬁ’lf(QD;Rd) such that, up to subsequences, u. —s u in Qp. Moreover
there exists a constant C > 0 and a sequence o > 0 with 1/C < g, < C for all € > 0 such that
(Vue)xa, — Vu weakly in L™(Qp; R*Y), where Q. := {dist(Vv; SO(d)) < 0.} C Qp.

Remark 1.3. In view of the following theorem, a posteriori one has u € Hgl’F(QD; R%). A

The following I'-convergence result will be proved in Section

Theorem 1.4 (I'-convergence). Let n, r and p satisfy (H1)-(H2) and g as in , Furthermore
W1)-(W5))

let W: R x R¥*4 — [0, 4+00) be a density satisfying . Then F. I'-converges to Fiin as
e — 0 with respect to the w-convergence in Qp, where

1

= D*W(z,De(u) : e(u)dzr if u € H: 1(Qp;RY),
Fiin(uw) :=1¢ 2 Ja, gr (20 )

+00 otherwise.

Let us provide a further convergence property of the recovery sequences, which is verified in
Section

Theorem 1.5 (Stronger convergence of symmetric gradients). Under the hypotheses of Theorem
let u € H;)F(QD;Rd) and suppose that (us) C Wy(Qp;R?) is a recovery sequence for u, i.e.,
Ue — u in Qp and lime_,o F- (ue) = Fun(u). Then, up to subsequences, there exist compact sets
U. C Qp such that L4(Qp\U.) — 0 and e(u.)xv. — e(u) strongly in L™ (Qp; RIX4).

sym
Remark 1.6. It is apparent that as a consequence of Theorems and setting
me = inf{F.(u): u € W,(Qp; R},
Miipn = min{Fn(u): v € H;,F(QD;]Rd)},

we have m. — mii, as € — 0. Also for any sequence (u.) C Wy(Q2p; R?) such that F.(u.) = m. +
o(1), the maps u. w-converge to u where u € H;,F (2p; R?) is the unique solution to the minimum
problem for my;,. Furthermore there exist measurable sets U. C p such that Z4(Qp\U.) — 0
and e(u.)xy. — e(u) strongly in L"(Qp; RIXd). A

sym

Remark 1.7. In the case of finitely many wells analysed in [3], a certain scaling regime on 7 allowed
one to obtain a stronger notion of convergence for u. than the one in Definition [1.1] i.e., the weak
convergence in W17 (£2). Let us stress that in the present setting compactness cannot be retained
in the regime of weak topology of W17 (€;R4) if 1* < r < 2 and d > 2 as showed in Example
For » = 2 we do not have any counterexample and the question of compactness in all of §2 is still
open.

The results in [3] were proved under the additional assumption that W(z, F) > cdist(F, K)?
for some ¢ € [0,2] when F is large enough. Let us now compare our assumptions on the range of
r and 7 with those in [3] in the case of ¢ € [0, 1] for simplicity. The hypotheses (HI)-(H2) above
permit greater values of r when p* < 2. Moreover, they allow a larger range for n when 1* < r < 2;
in fact, in the latter case the range for 1 provided in [3] was not proved to be optimal. A
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Remark 1.8 (The case d=1). We comment on the special instance of d=1 which is not included in
the hypotheses of the results displayed above. In [3, Theorem 1.7] it is shown that, already at the
level of finitely many wells, any transitions between the wells are ruled out. Thus if K is given by
a countable set of isolated points in R, the methodology of tackling linearisation readily translates
to the aforementioned result. A

2. COMPACTNESS RESULT

Firstly let us give some prerequisite measure theoretic aspects, a thorough explanation of which
can be found, e.g. in the monographs [5, 20]. We recall that a measurable set F C R? is said to be
of finite perimeter in an open set U C R? provided

Per (E,U) := sup{/ divpdzr : ¢ € CHU;RY), ol oo ) < 1} < 4o00.
B

Any set E C R? of finite perimeter in U satisfies the equality Per (E,U) = 291 (U N 0*E) where
0*E denotes the reduced boundary of E. In addition let us recall a generalisation of the coarea
formula, cf. [20] Section 4.5.9].

Lemma 2.1 (Fleming-Rishel). Let U C R? be an open set. Given a Borel function ¢: U — [0, +00)
and ¢ € WHY(U) there holds

/¢|vw|d:c:// A ds.
U R JUNO*{yp<s}

In the interest of proving the compactness theorem, it is crucial to invoke some relevant proper-
ties of the curl operator on matrix-valued special functions of bounded variation. In particular we
will state a curl-type rigidity estimate and an estimate on the curl of the approximate gradient.
Let us recall that given ¢ € C*(Qp;R4*?), by canonical identification R?X4*d =2 R? x RIX4 | the
object curl ¢ is an antisymmetric tensor in R4*4*? whose entries are (curl ¢)x;; = ipr; — 0jPri-
Thereby for a mapping ® € L' (Qp;R4*4), the curl of ® is defined in the sense of distributions by

d
(curl @, ) := Z /Q 405 (pri; — Prji) do (5)
i k=1"$D

with ¢ € O (Qp; R¥*4xd) Moreover, given 3 such that curl 3 is a measure, we denote by |curl 3]
its total variation.

We will employ the following rigidity estimate with a curl term which was proved in [24, Theorem
3.3] for d = 2. For the extensions to d > 3 see [23] Theorem 3|, [15, Lemma 3.3, Remark 3.4] and
also [10]. In order to apply Lemmabelow, we shall need the assumption that r» > 1*; for r < 1%,
one may argue locally on a subdomain and get a rigidity estimate with a constant depending on
that subdomain. However, this would not be sufficient to obtain a compactness result with the
convergence of Definition [L.1}(3).

Lemma 2.2 (Rigidity). Let r € [1¥,2]. Given a set U C RY which is bounded, open, Lipschitz and
simply-connected, there exists a constant ¢; = c1(r,U) > 0 such that for any § € L™ (U; R¥*?) with
curl 8 a bounded measure on U, there exists a rotation R = R(B) € SO(d) such that

18 = Rll ooy < 1 (Ildist(8, SOW@)| o) + lewrl B(T) 7).

Secondly, we will use the following fact.
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Remark 2.3. We note that there exists a constant ca = ¢o(d) > 0 such that for any measurable E C
U and any v € W21(U; R?) satisfying Per (E;U) < 400 and Vv € L®(E;R¥?) curl (Vv)xg) is
a measure and the following curl-type estimate holds:

lcurl (Vo)xp)|(U) < 2 ||Vl oo () Per (B U). (6)
The estimate @ is obtained directly from the definition of the curl in along with Schwartz’s
theorem. Concretely, we argue as follows: using and the fact that (Vo)xg € SBV (Qp; R**4)
with D((Vv)xg) = V2 ZYL E + [(Vu)xg] @ vg L O*E, for ¢ € C®(Qp; RX4*) we
compute

(curl ((Vv)xE), Z / (0")xE 05 (Prij — rji) dz
Qp

i,7,k=1

Z / VU ®VE)k1j(<pkzj ka]z) %d T Z / 8 61} L)Dlﬁj @k]z)d
O*E

Jk 1 ,jk 1
S | (90 @ vesons — ) 1 3 [ 100,05~ 0,004 s
i,5,k=1 SE i,7,k=1

Now by Schwarz’s theorem, the second summand in the last equality above vanishes.
See also [9, Theorem 3.1] for a more general result for SBV-vector fields. A

The objective of the next result is to verify that, given a sequence v. of deformations with a
boundary condition and a suitable control on the energy, Vv, lies around SO(d) in most part of
the domain.

Proposition 2.4 (One-well bound). Let g € W1>°(R% RY). Furthermore let W: R% x R4*d —
[0,+00) be a density satisfying (WI)-(W4). Let (v.) C W*P(Qp;R?) be a sequence satisfying

= idgpe + €9 in Qp\Q and
2

. €

611_% ?FE(U@QD) =0.
Then for every k € (0, min{1, dmin}/2) there exists ¢, > 0 such that for any ¢ > 0 sufficiently
small, there exists o. € (k/2, k) such that for

Q. = {dist(Vve, SO(d)) < 0.},
the following are satisfied:
(i) Per (Q,Qp) < xS Fe(ve,Qp);

*

(it) L% (Qp\ Q) < %(%FE(UE,QD))l ;

(iii) |dist(Vve: SOW@) ey < o (2P (v, 20) )

1
2

Proof. The main idea of the proof is to select, with the aid of Lemma a sublevel set of
dist(Vue, SO(d)) whose perimeter decays at an appropriate rate with respect to e. The required
properties will follow by means of an isoperimetric-type argument and the coercivity of the density
W. Firstly let us set, for any s > 0,

Q2 = {dist(Vve, SO(d)) < s}.
We define also, for notational brevity,

fo(z) = dist(Vo.(2), SO(d)) 7 |V2v. ()|,
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where p’ := p/(p—1). Fix k € (0, min{1, dmin}/2). Using the coercivity (W4) of W and Young’s
inequality gives
g2

1 felliay < %/AW(SL’,V’UE)ﬁ n|V2v.|dz < ¢ p F.(ve, A) for any open set A C QF.  (7)

Appealing to the Fleming-Rishel formula of Lemma applied to ¢. = dist(Vo,, SO(d))ﬁ)(Q?
and 9. = dist(Vov., SO(d)), we may write:

/ ¢E\Vz/)5|dx2/ / dist(Vve, SO(d)) 7 d%ﬂd*lds:/ 7 Per (Q2,Qp)ds.  (8)
Qp 0 QDﬂz‘?*Qg 0

By the mean value theorem we find o, € (k/2, k) such that

/ 5% Per (Q2,Qp)ds > // ¥ Per (Q2,Qp)ds > gagPer (QZ:,Qp) > cPer (22:,Qp), (9)
0 K/2

where the constant ¢ depends on k. Observing that |V (z)| < |[V2v.(2)| for L%-a.e.z € Qp in
conjunction with (8) and (9] leads to

R
Il = [ 57 Per(©2,0p) ds > cPer (92-,2p), (10)
0

Combining (7)) and yields (i). Note that Per (2=, Qp) — 0. Moreover, since v, = idga +£¢ in
Qp\Q, for € > 0 small enough we have Qp\Q C {dist(Vve, SO(d)) < 0.} and thus an application
of the isoperimetric inequality yields (7i). From the coercivity (W4) of W this leads to:

/ dist” (Vv., SO(d)) dz <  |dist(Vo., SO() [} aqze) < c2 (Fo(ve, 277))5 .
QZe ©

Therefore (4i) follows and the proof is completed. O

Remark 2.5. Comparing the estimate in Proposition (iii) to the case of finitely many wells
considered in [3], there it was possible to show an estimate on ||dist(Vu., SO(d)||1r(q), i-e. a control
in L™ across the entire domain . This is mainly due to the possibility of bounding dist(-, SO(d))
from above by an auxiliary geodesic distance dy (-, SO(d)) associated to W, see the proof of [3]
Theorem 2.3] for a precise definition. However in the setting of infinitely many wells an analogous
geodesic-type bound does no longer hold since there is no apriori bound from above on the mutual
distance between the wells, see also Example A

Remark 2.6. The statement of the proposition above could be phrased more generally without the
imposition of boundary conditions, but at the cost of assuming a strong separation requirement
on the set wells, namely,

(K3’) there exists dmin > 0 such that ming,, dist(Ke, Kpn) > Omin-
An example satisfying such an assumption is provided in below. Under (K3’) let us prove
the existence of a majority well K,  around which the deformation gradient Vu. lies in most of
the domain. This would be trivial if the number of energy wells were finite. In contrast, in the
present setting we may establish the existence of a majority phase by employing an isoperimetric
argument.
Firstly let us set, for any ¢ € N and any s > 0, U? := {dist(Vv., K) < s}. Arguing as in the
2

previous proof with ¢. = dist(Vv., K)»" xy» and . = dist(Voe, K), we obtain

&2

Per (UZ=,Q) < c—F.(ve, Q).
n
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Now setting U5 := {dist(Vv., K;) < s} let us prove that for any ¢ > 0 sufficiently small there
exists a unique /. € N such that Uff"’a occupies majority of volume, namely:

LY NULEe) < 24Uk,
To this end let us suppose for contradiction for all £ € N one has £¢(Q\UL7) > £4(ULo<).
Since 0. < min{1, dmin/2}, by (K3') the sets US°¢ are pairwise disjoint. Hence, we have
o] oo d—1
Per (UZ,9) = Y Per (UL°2,Q) > ¢y min { L4 (Q\UL), 24 (UL<)}
=1 =1
o0 d—1 o0 1 oo
> 2N UL) T 2 2N UL LN Q)T 20 2N (UL) = c LN UL).
=1 =1 =1
Also using coercivity (W4)) of W and the fact that o. > k/2 we have

1
5 Wz, Vv.)dr < —
ozZCw U\US*® ReCw

LY \UZ) < £2F. (v, Q).
In other words ¢ (Q\UE"E) — 0 as ¢ — 0. Thus for € > 0 small enough, combining the previous
inequalities yields

2
24@) = 21Q\U) + L) < LHOUL) + e Fefoe,UL)

which is a contradiction since the quantity on the right hand side tends to zero as ¢ — 0. Therefore
there exists /. € N such that £¢(Q\Ut=7=) < L4 (Ut=o¢).

Finally, by the same reasoning as in the previous proof, we obtain Per (Uff"’f ,Q) < C%FE(UE, ),
* 1

fd(Q\U€Z5io-e) S c(%FE(UHQ))l and HdiSt(v’UE;KZE)”LT(U;ZE’UE S C(EQFE(/UE,UEZE)O'z))§. A

)

We now contemplate the proof of compactness property of equi-bounded energies stated in
Theorem In particular we will show that a sequence of displacements with uniformly bounded
energies admits a convergent subsequence with respect to the topological framework of Definition

LT

Proof of Theorem[I.4 We notice that the sequence (v.) satisfies the assertions of Proposition
We proceed with the proof in several steps.

Step 1: Curl-estimate in the majority well. In view of the definition of 2. and specifically the
choice of o, |Vve()] < /N + dmin for all z € Q., thus (Vv.)xq. is uniformly bounded in Qp. In
particular, by @ the sequence (Vv.)xq, satisfies the hypotheses of Lemma Thus we may find
a rotation R, € SO(d) such that

1(V0)x0, = Bell ) < e(Iist(Vee)xa, SO@) | gy + lewd (Vo) xe,)l(20) 7). (11)

Subsequently using Proposition parts (ii) and (iii) we obtain:

S

Idist (Vo) xe.» SO | () < Iist(Ver, SO |, + L (2p\)
g2 T (12)
+ C(ZFe(/U87 QD))

[NIE

< 6(62FE(UE,QD))

On the other hand invoking the estimate @ yields
lcurl (Voz)xe.)[(2p) < ¢l Vel oo q,) Per (2, 2p)

13
< cPer (Q,0p). (13)
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Inserting the estimates (12)-(13) into (11), in conjunction with Proposition [2.4] (i), we arrive at
2 1

1920030, = Bl o < (200 20)) + (A0 50) ).

Now notice that by the boundary condition one has |R. — I| < ce, where ¢ also depends on g
and Qp\Q. Therefore, for € > 0 small enough we may actually write

(V0 v, — Loy < e (2P0 2))* 4 (fFE<vE,QD>)1:). (14)

By and the convergence £2/n — 0, cf. ([{2), we have (Vo.)xq, — I strongly in L"(Qp; R?*9)
ase — 0.
Step 2: Convergence of (Vu:)xq.. Since Vv, = I 4+ eVu,, the bound in can be rewritten

as

s

917

1 e i
||(VUE)XQE||L7‘(QD) < C(-FE(UE)Q + ( 1 ]:e(ua)) ) <gc, (15)

where the last conclusion follows from and the bound 271 < ¢, cf. (I2). Up to subsequences
(Vue)xq, converges weakly in L"(Qp; R¥*?) as e — 0 to some & € L"(2p; R¥*4). Moreover, the
bounds in (6)) and imply convergence of the curl of (Vu.)xq, in total variation:

jewrl ((Vue)xe, ) [(@) = = [ewrl ((Vor — Ixa.)|(2p)

IVve — Iy gy Per (22, Qp) < c% 50

(16)
<

M lom

as ¢ — 0. By standard decomposition results [7] the limit £ is a gradient; since Vu. = Vg in
Qp \ Q, there exists u € VV;;{:(QD; R?) such that ¢ = Vu. O

3. '-CONVERGENCE

This section is devoted to the proof of the I'-convergence stated in Theorem We first deal
with the establishment of the I'-limit of (F.). Referring to [12] for details, let us begin by defining
the lower and upper I'-envelopes of (F;): for any u € H;,r (Qp; RY) we set

F'(u) := inf { limiélf}"e(ug): (ue) C WH(Qp; RY), ue =5 u}
e—
17
F''(u) := inf { imsup Fr(u:): (ue) € WH(Qps RY), ue =5 ul. (a7)
e—0
For notational brevity we also rephrase the functional Fyy,(u): H ;I(QD;Rd) — [0,400) from
Theorem [[4] as
Flin (u) = C(x)e(u) : e(u) dz (18)
Qp
whereby the symbol C customarily stands for the fourth order tensor defined through the relation

C(x) := % D*W (x, 1)

for L%a.e.x € Qp.
In view of establishing the I'-lim sup, we recount the following density result which can be found
in the supplementary section of [3].

Proposition 3.1. [3, Proposition A.3] For any u € H;’F(QD;Rd) there exists a sequence (ug) C
Whee(Qp; RY) N W2P(Qp; RY) satisfying ue = g in Qp\Q and u. — u strongly in H*(Qp; R?) as
e —0.
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We are now ready to proceed with the proof of Theorem [T.4]

Proof of Theorem[14} It suffices to prove that for any u € H;F(QD; R?) there holds
F'(u) = F"(u) = Fin(u).

Firstly we notice that by definition 7/ < F”. We now divide the proof into two steps.

Step 1: F" < Fun. Since Fy, is continuous in the strong topology of H'(Qp;R?), in view
of the density result Proposition it is sufficient to verify the claim for v € W (Qp;R?) N
W2P(Qp;RY) such that v = g in Qp\Q. In this case it is easily seen that the functionals F.
pointwise converge to Fiy, see[3] for details.

Step 2: F' > Fin. Let (us) C W;’;(QD;Rd) be a sequence such that u. — u. Without loss
of generality we may suppose that sup, F.(u:) < +00 so in particular (u.) C W,(Qp;RY) . Let
o > 0 and Q. C Qp be as in Theorem so Z%Qp\Q) — 0. Then invoking Theorem 1.2
there exists @ € W;’;(QD;R"I) such that (Vu.)ya, — Vi weakly in L"(Qp; R?*?) and u. —2 .
Combining these facts along with the hypotheses leads to the equality & = u. Now let us define
the sequence (w.) C L"(Qp;R¥*4) by

we == e(u:)XxB., Be:= {|Vu5| < 1/5%}.
We notice that for € > 0 small enough B, C .. Also, by the definition of B. and by ,
Z4Q\Be) < €%HVUEHZT(QE) < ces,

which in conjunction with the convergence (Vu.)yq, — Vu weakly in L"(Qp; R?4) implies that
we — e(u) weakly in L (Qp; R¥?). From here onwards, we mimic the argumentation in the proof
of [, Theorem 1.9] with slight adjustments. By property (W2) it is possible to express the energy

density W in terms of the function V': Qp x RYXY — [0, +00) in the following manner

V(z,2(CF - 1)) = W(z,F).

where OF := FTF is the Cauchy-Green stress tensor. The properties (W2)-(W4) of W imply
existence of A > 0 such that for all M € R&X¢

sym
D?V(x,0)M : M = D*W (2, )M : M > \M|?. (19)

Let us define two auxiliary quantities associated to V: for x € Qp and o,7 > 0
wo(w) :=sup{|D*V (z,5) — D*V(2,0)| : |S| < 0} and C®7 :={x € Qp :wy(r) <7}. (20)

Clearly for any 7 > 0 there holds .Z4(Qp\C?™) — 0 as ¢ — 0. Performing a Taylor expansion of
V(z,-) around 0 yields ¢t = ¢(¢) € (0,1) such that the equality

V(- ee(ue) +2CVu.)

L2 2 2 2 (21)
=3D V (-, tlee(us) +°CVu.)) (e e(ue) + 2CVu,) : (ee(us) +e*CVu,)

holds .Z%-a.e.in B. N C%". Fix parameters a, 0 € (0,1). Let us observe that for ¢ > 0 small
enough |e e(u.) + e2CVu.| < ¢ in B.. Thus in view of and there exists 7 = 7(a, \) > 0
where A > 0 is the one of , such that the bound

Wz, I +eVu.) > %D?V(z, 0)(e e(us) + 20Vu.) : (e e(us) + £2CVu,) (22)
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holds for .#%-a.e. x € B. N C%7. Henceforth integrating yields

1

—2/ W(z,I+eVue)dx
€% JB.nCcer

! (23)
> 2 / D2V (,0)(e(ue) + 2CVuL) : (e(us) + 2CVu.) da.
2 JB.ncer

Further we recount that from the properties of W and (I8), the relation D?V(-,0)F : F = 2C(-)F
F, holds for all M € RZX4 and Z%-a.e.in Qp. Since e(CVu.)xp. — 0 uniformly in Qp, we

sym
have w. + (CVue)xp. — e(u) weakly in L™(Qp; RdXd) In turn the lower semicontinuity of the
functional on the right hand side of the inequality in (23] implies

1
liminf — W(x,I+eVu:)dx > 2 DV (z,0)e(u) : e(u) dz
e—=0 € Q 2 cet
7 (24)
=« C(x)e(u) : e(u) dz.
cer
Passing to the limit as g N\, 0 followed by a 1 in gives
hmlnf]-' (ue) > hmlnf—/ W(x, I+ eVue)dr > Fin(u)
e—0
and this concludes the proof. O

To conclude this section we provide a proof of strong convergence property of recovery sequences
asserted in Theorem [L.5l

Proof of Theorem[I.5 Let s € (1,7) be fixed. We have to show that there exist sets U. C Qp
such that £4(Qp\U.) — 0 and e(u:)xy. — e(u) strongly in L"(Qp;R?*4). To this end let us
recount that in view of the proof of Theorem [1.4] the sets B. := {|Vu.| < 1/e3} are such that
LY0\B.) < cet and e(u)xp, — e(u) weakly in L’”(QD RdXd) Here the set Q. C Qp is as in
Theorem Furthermore from the estimates in and (| in the proof of Theorem we
have

e—0 52 e—0

lim inf i/ W(z, I+ eVue)dz > lim infa/ C(x)e(ue) : e(ue) dx
B.nCe: B.nCe:

>« C(x)e(u) : e(u) dz
cer
where a, ¢ € (0,1) and the set C®7 is as in (20). Using the fact that F.(u.) > 1/e? [ W(x, I +
eVue) dx in conjunction with lim._,o Fe(ue) = Fiin(u) and then resorting to a diagonal argument,
one finds g.,a. > 0 with o — 0 and a. — 1 as € — 0 such that

lim i/ W(z,I+eVue)de = C(x)e(u) : e(u) dx
B.nCee:m b
= lim C(x)e(ue) : e(ue) de.

e—0 B.NCee™
We now set D. := B. N C% 7. Since also .£4(Q.\D.) < ces by Chebyshev’s inequality, the
weak convergence of e(u.)xp, — e(u) in L"(Qp;R¥*9) is preserved. Appealing to the positive
definiteness of C(x) on REX? yields e(u.)xp, — e(u) strongly in L"(Qp;R4*9). O

Sym
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4. EXAMPLES

In this section we provide constructions that aim to elucidate the preceding discussions and
complete the narrative. In these examples we operate with the special linear group SL(d,Z) =
GL*(d,Z) C Z%*4 i.e. all matrices in GL(d, Z) with determinant 1. This type of wells is motivated
by models of crystals and is considered for instance in [6] [18] [19].

In the interest of presentational clarity let us henceforth assume the set of wells to be given by

K = U SO(d)Ly, with Ly :=1 +keg_1 @ eq. (25)
keZ

Also let us assume cyy dist?(F, K) < W (z, F) < Cy dist?(F, K) which implies a boundedness of the
energy density in the set {I+teq—1 ®eq: t € R}. As above we use the convention v, := idga + €u,.
For the due constructions in all the present section we employ a family of mollifiers ¢},, such that
supp (V) C Bi/n(0), [VY,| < end™! and |90l 11 (gay = 1 for any n € N.

In the following example, we show a sequence of displacements with equibounded energy that is
unbounded in the norm of W17 (Q; R%), justifying the choice of the weaker convergence of Definition
We are only able to display such an example when r € (1*,2), which implies d > 2. Note
that, in the case of finitely many wells, compactness holds in W (Q;R?) for such values of r, as
proved in [3].

Example 4.1 (No boundedness in W17 (Q)). Here we suppose that d > 2 and the exponents r, p
fulfill the assumptions as above, moreover r # 1*,2. Further for simplicity we assume that (H2)

T

holds as equality, i.e., n ~ €717, Since d > 2 and r € (1*,2), this implies s%/n — +00. Consider
now parameters k.,n. € N and v, € (0,1) such that

(a) ke = +o0,

(b) ke < /2 e/,

() ne = 1/(nk:) = /(> k),

(d) ve = (2n)TT o~ (71 Jk) T,
We notice that (a) and (b) are compatible because of the assumption €4 /5 — +oco. Further, (b)
and (c) imply ne — +oo, while (d) implies v. — 0. Finally, (b) implies (nka)ﬁ < sﬁ/Z, thus
1/n. <wv./2.

V’IAJE = ide

Figure 1. Construction of v in Example The picture displays a two-dimensional section
of a three-dimensional cube, passing through opposite vertices of the cube.
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Let Q = {(z1,...,2q) € R |zq| + -+ + |zg| < 1}. Define Q. == QN {zqg > 1 — 1.}, see
Figure Let 9. € W1 (Q;R?) be such that Vo, := IXQ\QE + Lkaxﬁs with Lg as in
and subsequently define v. € W2P(Q; R?) by the convolution product v, := ¥,_ * 9.. Note that
LU supp(W (-, Vv.))) = L% supp(V3v.)) ~ v~ /n. and |V?v.| ~ k.n. ~ 1/n when not zero.
From the computation

1 Vdfl
F(ve, ) ~ = ;E (1 + npkfn?c.’),
by (¢) and (d) and by the boundedness of W, we deduce that F.(vc, Q) is uniformly bounded.
Simultaneously we observe that
;7_ v,

r kl 4
Vel o) > Ve >

where we employed (a), (d) and the fact that » > 1*. This shows that the Sobolev norm of u, is
unbounded in 2. However, easy computations show that there is 5 € (1*,r) such that ||Vuc|
is unbounded for every s > 5 and bounded for s = s.

L2()

Henceforth, we assume that d = 2 and p = r = 2 for simplicity. In the following example we
see that when 7 < €2, which violates , then the relative perimeter of the set 2. introduced
in Theorem does not vanish. This produces jumps in the limit deformation gradient or in the
limit deformation itself.

Example 4.2 (Scaling versus compactness). Assume d = p = 7 = 2 and n < €2. Let Q =
{(z1,22) € R? : |21 + |2o| < 1}.

i) (Plastic slip). Consider two diverging sequences k., n. € N whose scaling will be determined
in the due course. Let v. € (0,1/2) with v, — 0. Let Q. = {(x1,22) €Q:1/2—v. < a2 <
1/24v.}, see Figure Further let 0. € W°°(Q;R?) be such that V. = I X\ +Lk. Xg. »
cf. , and define v. € H?(Q;R?) by the convolution product v. := o, * 0.. Since
L2 (supp(W (-, Vv.))) = L?(supp(V?v.)) ~ 1/n. and \|V2v5\\i2(9) ~ kZn., setting n. ~
1/€% it holds

F.(ve, Q) ~

e2n,

2 2
2 n 2
+§k€nsf1+ <52> ks.

We may choose k. — oo such that k.(n/e?) ~ 1 in which case it follows F.(v.,Q) < c. On
the other hand ||Vu€||2L2(Q) ~ k2/(%2n.) ~ €*/n? > 1 and one readily observes that (u.)

V’IA)S = idR2
Vi. = Ly, e?
V’IA)E = idR2

Figure 2. Construction of a deformation with a jump as in Example (i).
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UE:Lk

€

Ve = idRz

Figure 3. Construction of a deformation with no majority well as in Example (ii).

create a jump discontinuity in the limit as € — 0, which may be interpreted as a plastic
slip.

ii) (No majority well). Define Q' := {(z1,22) € Q : 22 > —1/4}, 9. € WH(Q;R?) such
that Vo, := I'xo\o + Li.Xo/, and ve := ¥, * 0., see Figure Let k. and n. be
as above. Reproducing the computations of part i) makes Fg(v.,2) equibounded and
||Vu5||2LQ(Q) > 1. Also in this way, there is no well occupying the majority of the domain.

Now we present an explicit construction exhibiting lack of exact rigidity for differential inclusions
in the discrete group SL(2,7Z). The non-rigid maps that comply with the gradient constraint can
be defined in such a way that they fulfill given boundary conditions on the whole boundary.

Example 4.3 (Non-rigidity in SL(d,Z)). Let Q = (0,1)2. For k € N let p¥, ... p5 be the
vertices (enumerated anticlockwise) of the square QF := (1/(2k),1 — 1/(2k))? and let QF, ..., QF
be a triangulation of the annulus Q\Q* as in Figure [4| below. Let us subsequently define v, €
W1>o(Q;R?) by setting Vv, := R* in QF where R is a rotation of QF by 7/2 anticlockwise such
that v (pf) = pfy, and v (p§) = p¥; let vy, be given by the piecewise affine interpolation in Q\Q*
subject to the triangulation as in Figure |44 Then one can check that vy € H}(Q;R?) + idgz and
Vi, € SO(2)SL(2,7Z).

Using such microstructure of Example in conjunction with the scaling argument as in part
i) of Example we may come up sequences of deformations with equibounded energy which
simultaneously are equal to the identity across the entire boundary and which give rise to jump
discontinuity in the limit.

Q Q

Vg (Pg)
Vk

P1 b2 Uk (plf)

L
2k

Figure 4. Transformation between reference and deformed configuration induced by the defor-
mation of Example @
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Let us relate such non-rigidity phenomenon of the latter example to the linearisation procedure
carried out in Section [3| In particular, setting K = SO(2)SL(2,7Z) as the set of wells, the use of
the second order regularisation term in the definition of F. is inevitable for the derivation of a
linear model. Indeed the construction exhibited in Example tells us that there exist nontrivial
equilibrium states even after imposing boundary conditions across the entire boundary of the
reference domain. Nevertheless, should we specify our considerations to the set of wells being
laminates instead, as in , and set I' = 0 p, the linearisation procedure may be performed
without employing the regularisation term. This can be deduced from the fact that there is only
one rank-one connection between wells which in consequence forces the equilibrium states to be
trivial.
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