LOW EIGENVALUES OF THE p—LAPLACIAN
IN GENERAL OPEN SETS

LORENZO BRASCO, LUCA BRIANI, AND FRANCESCA PRINARI

ABSTRACT. We consider the minmax Ljusternik-Schnirelmann levels of the constrained p—Dirichlet
integral, on a general open set of the Euclidean space. We show that, whenever one of these levels

lies below the threshold given by the LP Poincaré constant “at infinity”, it actually defines an

eigenvalue of the Dirichlet p—Laplacian. We also prove an exponential decay at infinity for the

relevant eigenfunctions: this can be seen as a Snol-Simon—type estimate for the nonlinear case.

Finally, we exhibit some peculiar examples of unbounded open sets to which our main result

applies.
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1. INTRODUCTION

1.1. Beneath the essential spectrum. Let us start by considering the spectrum of the Dirichlet-
Laplacian on an open set Q C RY. Whenever the embedding

(1.1) Wy (Q) — L*(Q),
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is compact, we know that this spectrum is discrete, made of a diverging sequence of positive
eigenvalues { () }rem {0}, each one having a finite multiplicity. Characterizations of open sets
for which the embedding (1.1) is compact can be found for example in [30, Chapter 15].

Moreover, in this situation we can build a system of orthonormal (in L? sense) associated eigen-
functions {u }rem joy C W, 2(2), which gives a Hilbertian basis of L2(Q). Accordingly, we can
characterize the eigenvalues as follows

A1(2) = inf {/ |Vel|? da / lo|? dx = 1},
eewy?(Q) LJa Q
and for &k > 2

Ae(©) = inf {/ |Ve|? da :/|g0|2dx:1, /cpujdas:(), forjl,...,k:l}.
eewy?(Q) LJa Q Q

Each eigenfunction uy is a minimizer of the corresponding problem. See for example [15, Chapter
VI] or [9, Chapter 4, Section 8] for these facts.

We also recall that an alternative characterization of the eigenvalues is given by the well-known
Courant-Fischer formula

(1.2) k() = inf{ max / V|2 de : K C W, *(2) subspace with dim K = k:}
PEKNS2(R) [¢)
where

5:(9) = {u e 12(Q) + lull 20y = 1}.

However, for a generic open set, it may happen that the embedding (1.1) fails to be compact. In
this case, things become more complicated and intriguing: the spectrum of the Dirichlet-Laplacian
stops being purely discrete (see [7, Theorem 10.1.5]) and we have a non-empty essential spectrum,
indicated by 0ess(€2).

We recall that the latter can be characterized in terms of singular constrained Palais-Smale
sequences (see for example [7, Theorem 9.1.2] or [26, Theorem 7.2]). Namely, we have that A €
Oess(02) if and only if there exists a sequence {p;, }neny C Wol’Z(Q) such that

(1) on € S2(Q), for every n € N;
(@) lm Va2 = X
(3)

we have
nh—>Holo ” - A@n - )\(PnHW*L?(Q) =05
(4) {pn}nen weakly converges to 0 in L?((Q).

A celebrated result by Persson (see [31, Theorem 2.1]) gives a characterization of “geometric”
flavour to the bottom of oess(£2). More precisely, if we introduce the Poincaré constant “at infinity”

E(Q) := sup A\ (2 \ Bg),
R>0
then Persson’s Theorem asserts that
(1.3) inf {)\ >0: e aeSS(Q)} = £(9).

Nevertheless, even when oess(2) # (), it may happen that some discrete eigenvalues with finite
multiplicities “pop-up” beneath the essential spectrum, i.e. there may exist some eigenvalues A <
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E(Q). In this case, we have that these eigenvalues can still be characterized through the variational
principles recalled above (see for example [7, Theorems 10.2.1 & 10.2.2]).

We also recall that the corresponding eigenfunctions are strongly localized in space, in the sense
that they exponentially “fall-off” at infinity. In other words, they enjoy an estimate of the form

(1.4) lu(z)] < Ce el for x € Q,

for suitable C,a > 0. One of the very first papers in the literature proving this kind of results is
[35] by Snol, for Schrodinger operators of the form —A + V| with a non-negative potential V. We
also wish to cite two papers [32, 33] by Simon, which are connected with our main result presented
below.

Nowadays, a result of the type (1.4) is a very particular instance of decay estimates that are
usually named after Agmon, following his influential work [1]. There, one can find a systematic
study of decay estimates for eigenfunctions of —A 4+ V. Since then, it has become a classical
subject in Spectral Theory. Many authors have contributed, by proving extensions, generalizations
and refinements. Without any attempt of completeness, we mention the papers [2] and [13]. An
overview on Agmon estimates and their applications can be found in [24, 25].

1.2. Eigenvalues of the p—Laplacian. The aim of this paper is to extend to the case of the
Dirichlet p—Laplacian the previous analysis of
“eigenvalues lying beneath the essential spectrum” .

This sentence requires some precisions: at first, what it is intended by eigenvalue of the Dirichlet
p—Laplacian on an open set Q C RY. From the point of view of Critical Point Theory, this is
readily said: these eigenvalues can be understood as critical values of the functional

p / IVel” de,
Q
constrained to the “sphere”
8)(9) = {u e L7(Q) : Julloio) =1}

The associated critical points are the eigenfunctions, accordingly. Thus, in other words, eigenvalues
of the Dirichlet p—Laplacian are those numbers A such that there exists u € W, *(2) \ {0} weakly
solving
—Apu = \l|ulP"?u, in Q,
that is
/ (IVulP~2 Vu, V) de = A / [ulP~% u o, for every ¢ € C;° ().
Q Q

Observe that the global infimum of the constrained Dirichlet integral

Aip(Q) = inf {/ [VlP do - / lplP do = 1},
eewy P (@) Lo Q

corresponds to the first eigenvalue or ground state energy.

On the other hand, what is intended by essential spectrum in this context is quite unclear.
Nevertheless, by recalling Persson’s result (1.3) for the linear case, one might bravely guess that
the LP Poincaré constant at infinity

E(Q) = ;li;()) )\LP(Q \FR),
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could be a valid surrogate for the infimum of the essential spectrum, in this nonlinear context.
We are then lead to the following questions: is it possible to produce eigenvalues of the Dirichlet
p—Laplacian below the threshold &,(2)? Do the corresponding eigenfunctions enjoy a decay es-
timate similar to (1.4)? Attempting to answer these questions, we will try to take very minimal
assumptions on the open set €.

Let us start with the simpler case &£,(€2) = +oo: in this case, we have that the embedding
(1.5) WoP(Q) = LP (%),

is compact, see for example Lemma 2.4 below. In this scenario, it is well-known that we can
produce a diverging sequence of positive eigenvalues by suitably mimicking the minmax Courant-
Fischer procedure. This situation is very much studied in the literature, we just mention few
classical references [22, 28, 37], the lecture notes [29] and the PhD Thesis [21], where one can find
many more references.

We briefly recall the construction of this sequence of eigenvalues: for every k € N\ {0}, we set

Wi p(Q) = {K C S,(Q)NW,P(Q) : K symmetric and compact, v(K; W, ?(Q)) > k‘}

Here v(K; W, *()) indicates the Krasnosel’skii genus of K in the norm topology of Wy (), see
(2.1) below for the definition. With this class of compact sets at hand, we can define the k—th
minmaz Ljusternik-Schnirelmann value as follows

1. B(Q) = inf P
(1.6) @ = it e [ VP ds, keN\ {0}

and prove that this actually defines an eigenvalue, if the embedding (1.5) is compact. Let us notice
that, for k = 1, the previous definition boils down A ,(12), i.e. it really gives the first eigenvalue.
For this reason, in what follows we will omit the superscript “LS” in the case k = 1. Moreover, it
is also possible to prove that, for kK = 2, on a connected open set we have

)\%Z(Q) = min {/\ > A p() @ Ais an eigenvalue},
see for instance [27, Theorem 3.4].

Remark 1.1. In order to appreciate these apparently pedantic remarks about £k = 1 and k = 2, the
reader should keep in mind that it is still a major open problem to know whether {Aki(Q)}neN\{o}
exhaust the whole spectrum or not, at least in the case when (1.5) is compact. We also recall that
it would be possible to define the previous minmax levels by means of another index ¢, in place
of the Krasnosel’skii genus: for example, one could use the Zy—cohomological index [20] or the
Ljusternik-Schnirelman Category [36, Chapter 2].

We then consider the case £,(£2) < +oco: here the embedding (1.5) fails to be compact, see again
Lemma 2.4 below. Nevertheless, one could still define the minmax values (1.6) and reasonably
argue that whenever

AR () < £,(9),

we still have an eigenvalue, similarly to what happens in the linear case...
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1.3. Main result. We will show that this is actually the case. Moreover, we will also get a
Snol-Simon—type decay estimate for the relevant eigenfunction (we refer to Remark 1.2 for the
terminology). Namely, we prove the following

Main Theorem. Let 1 < p < oo and let @ C RN be an open set. Let us suppose that there exists
k € N\ {0} such that

(1.7) A (Q) < £,(Q).
Then, for every l € {1,...,k} the minmaz value AE%(Q) is an eigenvalue of the Dirichlet p— Laplacian
on Q.

Moreover, we have:

o if £,(Q) < +oo, for every £ € {1,...,k} there exist two constants Cy = Ce(N,p,Q) > 0 and
ay = ay(p, Q) > 0 such that for every eigenfunction uy € Wol’p(Q) associated to )\%;(Q), we
have

—oy |z
b)

lue(2)] < Celluellry e for every x € Q;

o if £,() = +oo, for every £ € N\ {0} and every a > 0 there exists a constant C; =
Ci(N,p,Q,a) > 0 such that

o |z]
)

lug(z)] < C[Jug|lLeo) e for every x € Q.

The rest of this subsection is devoted to a couple of (detailed) comments on this result. We start
with the exponential fall-off.

Remark 1.2 (Fall-off). As for the “compact case” &£,(2) = 400, our decay estimate represents
an extension to the nonlinear case of [33, Theorem 2| by Simon, recalled above. The latter deals
with Schrédinger operators —A + V on the whole RY | under the effect of a non-negative strongly
confining potential V' (see Definition 2.6 below).

In the “non-compact case” &£,(£2) < 400, our estimate is a nonlinear variation on the classical
result by Snol, previously recalled. In particular, we have that

akS"'Sa17

with the notation above. That is, the higher the eigenvalue, the slower the exponential decay.
Moreover, these exponents deteriorate (i.e. they approach 0) as the eigenvalues approach the
spectral threshold &,(Q): we refer to Proposition 3.1 below, for this fact. This behaviour is in
perfect accordance with Snol’s result. Indeed, in [35, Theorem pag. 282], this estimate is proved
for eigenfunctions of —A 4V, corresponding to an eigenvalue A\ below of the essential spectrum Ey .
Also in [35], the exponent « dictating the fall-off depends on the difference & — A and it goes to
0, as this difference goes to 0. More precisely, Snol’s exponent is given by

Ev — A
=1 1
a og<+ K ),

for constant K depending on the (positive) potential V. For these reasons, in what follows we will
refer to the estimate of the Main Theorem as Snol-Simon-type decay estimate.

Finally, we wish to point out that our method of proof is different from those of both [33] and
[35] and based on nonlinear techniques: we first obtain exponential decay in L? norm and then use
an L — LP estimate “localized at infinity” to transform it into a pointwise decay estimate. The
decay in LP norm is obtained by combining Caccioppoli and Poincaré inequalities, while the second
estimate is a classical tool in the De Giorgi-Moser regularity theory for quasilinear equations.
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It is worth mentioning that, once we obtain decay estimates on the eigenfunctions, it is possible
to exploit the equation so to obtain some decay and integrability estimates on their gradients, as
well (see Corollary 3.3 below).

We then briefly comment on how we prove the existence part of the Main Theorem.

Remark 1.3 (Existence of eigenfunctions). There are various ways to get existence of eigenfunc-
tions. Of course, we can focus on the case £,(£2) < 400, in light of what we have previously recalled.
In the Hilbertian setting (i.e. for p = 2), a purely variational approach based on concentration-
compactness arguments is provided by Smets, see [34, Theorem 4.1 & Theorem 4.2], for a slightly
different eigenvalue problem. His approach relies on the possibility to characterize higher eigen-
values as an infimum, possibly on the orthogonal complement of a finite dimensional vector space.
This fact is true for p = 2, but it has no counterpart for p # 2. For this reason, it is less clear
whether this approach can be applied for the full range of p, see for instance [34, Remark 4.4 (b)].

We briefly explain our route. We use a spectral stability argument, i.e. we prove that our minmax
Ljusternik-Schnirelmann values can be approximated by the eigenvalues of a perturbed operator,
having good compactness properties. More precisely, we “compactify” the original eigenvalue prob-
lem by considering a new family of problems, each one obtained by adding a strongly confining
potential V,,. For this family, we can prove existence of infinitely many “perturbed” eigenvalues,
by the usual minmax procedure recalled above. Moreover, if V,, tends to 0 (in a suitable sense)
as n goes to co, we can prove that these eigenvalues converge to the original minmax Ljusternik-
Schnirelmann values. Then, in order to prove that those lying below &£,(€2) actually define an
eigenvalue, we aim to infer strong convergence in LP of the “perturbed” eigenfunctions. Here, we
crucially exploit that these “perturbed” eigenfunctions enjoy a uniform Snol-Simon decay estimate,
whenever they are associated to a “perturbed” eigenvalue which is converging to a )\ki(Q) < ().
The uniform fall-off in turn implies an LP equi-tightness property, which permits to appeal to the
classical Riesz-Fréchet-Kolmogorov compactness criterion. In a nutshell, we obtain compactness
through regularity.

In the language of Calculus of Variations, this is essentially a I'—convergence-type argument
in disguise, but used for higher critical points, other than the global minimum (see [8, 16] for the
general theory of I'—convergence). In doing this, we crucially borrow some ideas from the paper
[14] by Champion and De Pascale.

1.4. Plan of the paper. The paper starts with some preliminary materials contained in Section 2.
The main content of Section 3 is the Snol-Simon-type estimate of Proposition 3.1, which holds more
generally for non-negative subsolutions of the eigenvalue equation. As a consequence, we also obtain
some decay and integrability properties for their gradients. Section 4 is devoted to the “perturbed”
eigenvalue problem described above, obtained by adding a strongly confining potential. Here, the
technical Lemma 4.1 may be of some independent interest. The proof of the Main Theorem is
contained in Section 5, while in Section 6 we provide some examples of unbounded open sets to
which our result applies. The paper ends with two appendices: in particular, in Appendix B we
show that, for p = 2, the minmax Ljusternik-Schnirelmann values below the essential spectrum
coincide with the eigenvalues given by the Courant-Fischer formula.

Acknowledgments. We thank Bernard Helffer for some discussions on Agmon—type estimates
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this paper.
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2. PRELIMINARIES

2.1. Notation. We will always denote by N € N\ {0} the dimension of the ambient space. For
zo € RY and R > 0, we set

Bpr(z¢) = {x ERYN @ |z — x| < R}.
The writing Br will stand for the previous set, in the particular case where zy equals the origin.

We recall the definition of Krasnosel’skii genus. For every symmetric closed subset A of a Banach
space X, this is defined by

(2.1) v(A; X) = inf {k € N : 3 a continuous odd map f: A — Sk_l} ,

with the convention that v(A; X) = +oo, if no such an integer k exists, and that y(0; X) = 0. We
refer to [36, Chapter II, Section 5] for more details on the genus.

For an open set 2 C RY and an exponent 1 < p < 0o, we indicate by W1?(£2) tha standard Sobolev
space

WiP(Q) = {@ e LP(Q)) : Vp e LP(Q)},

endowed with the norm
1

Ielwroi = (19150 + IV6lRq)) s for every ¢ € WH¥(Q).

By W,?(Q) we mean the closure of C§°(Q) in WHP(). For 1 < p < N, we denote by p* the
Sobolev exponent, defined by
._ Np
p = N—p

2.2. Some Poincaré inequalities. We start with the following simple Poincaré-type inequality.
The result is well-known, but since the case p > N is often a bit overlooked in the literature, we
prefer to give the details. The reader familiar with the subject can certainly skip it.

Lemma 2.1. Let 1 < p < oo and let E C RY be a measurable set with finite measure. Then, for
every ¢ € C5°(RY) and every e > 0 we have:

o ifl<p<N
/ o dz < C|E|¥ / VolP da:
E RN
e ifp=N
C
/\¢|Ndxs—|E|/ IWINdeCe/ olN d;
E € RN RN
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e ifp>N

C
/ o do < —— |B|% / VolP +Ce / olP dz,
E E N RN RN

for a constant C = C(N,p) > 0.

Proof. We first observe that for every p < ¢ < oo, by Holder’s inequality we have!

(22) [ 1ol e < 1B ol

We now proceed by distinguishing the three cases: 1 <p < N,p= N and p > N.
Case 1 < p < N. We choose ¢ = p* in the previous inequality. Then, by Sobolev inequality we get

p 1
/\wlpd:ﬂS\EP*ﬂ*
E

V| dx,
. /RN| ’

and we can conclude.

Case p = N. By Ladyzhenskaya’s inequality (see for example [9, Theorem 3.6.4]), we have

2 2
el < v ([ 19 as) " ([ 1o ao)
RN RN

Thus, from (2.2) with ¢ = 2 N, we get

/|¢|Ndxs|E\%£N (/ |W|Ndz> (/ |saNdx>
E RN RN

By using Young’s inequality, we get for every ¢ > 0

E|L L
Lo ar < BEX [ (0ol ao+ 228 [ o an,
E 3 RN 2 RN

as desired.

Case p > N. This is similar to the previous case. We can use Morrey’s inequality (see for example
[9, Theorem 3.6.8])

1—-N N
el ey < M 9l oy 990 oy
Then, by (2.2) with ¢ = co, we get
-N
[ 1o do < BLME,, Il i, 19l e
Again by Young’s inequality, for every € > 0 we get
N _
[ lordo< SIBE M e [ el PR M e [ e da,
E p RN RN

This concludes the proof. O

p—N

The following weighted Poincaré-type inequality will be useful.

IIn the case q = 00, it is intended that p/q = 0.



LOW EIGENVALUES 9

Lemma 2.2. Let V € L _(R"Y) be a non-negative function, such that there exist a constant o > 0
and a radius R > 0 for which we have

(2.3) Viz) > «, for a.e. x € RNV \ Bp.

Let 1 < p < oo, then there exists a constant Cn p g, > 1 such that we have

1
R / lo|P dx < / [Vl? dz +/ Vpl? dz, for every o € CS°(RN).
CN,p_’Rva RN RN RN

Proof. We take ¢ € C§°(RY) and decompose the integral over RY as follows

[ erde= [ jerass [ s
RN Br RN\Bg

For the second integral, we simply use (2.3), thus we get

1
/ olP dx < / oz + 1 / V |gl? da.
RN Br @ JRN\Bp

In order to estimate the integral on Bg, we can appeal to Lemma 2.1. The case 1 < p < N is
immediate, we consider the remaining cases.

Case p = N. By Lemma 2.1, we have for every € > 0
C 1
/ lo|N dz < = |Bg] / VoY de + Ce / lo|N da + = / VoY da.
RN ) RN RN (0% RN\Bg

By choosing € = 1/(2C), we can absorb the L™ norm of ¢ and conclude.

Case p > N. This is similar to the previous case. Still thanks to Lemma 2.1 we have

p 1
/ ~ / |Vg0|p+Cs/ lo|P dz + — / V||V d.
RN RN RN Q@ JRN\Bp

By choosing again € = 1/(2C'), we conclude. O

Remark 2.3. The precise form the constant Cy p g, above is not very important for our scopes.
We only stress that it exhibits the following natural behaviours

lim Cpy R, =400 = 1im CNnp.R.a-
R 400 3Py, a0 )Py 1,0

We then give a simple characterization of the compact embedding W, (Q) < LP(2) in terms
of £,().

Lemma 2.4. Let 1 < p < oo and let 2 C RN be an open, set. Then
Wy ?(Q) < LP(Q) is compact — £,(9) = +o0.

Proof. The implication <= is a direct consequence of [10, Lemma A.l], for example. For the
converse implication, we prove that if £,(2) < 400, then the embedding fails to be compact. By
assumption, we have

A p(Q\ Br) < &,(R) < 400, for every R > 0.
For every n € N\ {0}, we take ¢, € C5°(Q\ B,) C C5°(Q) € W, P(Q) such that

/ oulPdz=1  and A (Q\Bn) < /7|V<pn|pdm§)\1,p(Q\Bin)+—
Q\B, OQ\B,,
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Such a function exists by definition of A ,(2\ B,,). Thus, we have constructed a bounded sequence
in W, (), with unit LP(2) norm, which can not admit subsequences strongly converging in L”(£2).
This gives that the embedding W, (Q) < £,(Q) fails to be compact. O

At last, we present a simple result asserting that an open set supports the LP Poincaré inequality
if and only if the Poincaré constant “at infinity” is positive. In light of the previous result, it is not
restrictive to consider the case &£, < 400 only.

Lemma 2.5. Let 1 < p < oo and let Q@ CRYN be an open set such that £,(?) < +o0o. Then we have
Ap(2) >0 = E(QY) > 0.

Proof. The implication == follows from the fact that A; ,(Q) < &£,(Q2), which in turn is a conse-
quence of the monotonicity of A; , with respect to the set inclusion.

In order to prove the converse implication, let us assume that £,(€2) > 0 and show that Q
supports the LP Poincaré inequality. By definition and by monotonicity, this entails that there
exists R > 0 such that

— _ &
A1 p(Q\ Br) > p(2 ), for every R > Rq.
Let us take n € C§°(Bag,,) such that
C
0<n<1, n=1on BRm ||V77||L°° <

Rq’
for some dimensional constant C' > 0, and set ( = 1 —n € C®(RY). For every ¢ € C§°(Q), we
observe that

ne € Wy (2N Bagy,) and CopeWyP(Q\ Bry)-
We then have
1

onlrde < s [ V(e de
/S;OBQRQ )\LP(Q ﬂ BQRSZ) QQBQRQ
2r=1 P
< IVolPde + —————— / || da.
A1p(B2Rg) /mBzRQ RO M p(B2ra) JBong\Ba,,

On the other hand, we also have

1
pCPdr< e [ V(e da
/S;\BRQ Al,p(Q \ BRQ) Q\BRQ
2p / 2P C'P
< — [VolP de + ———— / lp|P da.
gp(Q) Q\BRQ Rg gp(Q) BQRQ\BRQ

By summing the two estimates and using that

P42 P (4P =27 and A\ p(Barg) = 2Ra) P Aip(Bi),

we get, after some standard manipulations
(2.4) / lolP dz < Cn (R?Z + 1) / |VlP da + L / loP dz| |
Q o &(Q) Q RG JBog,

for a suitable constant Cy,, > 0.

2r—1
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In order to handle the last term, we can appeal to Lemma 2.1. Indeed, in the case 1 < p < N,
we directly get
1

w [ rarsc [verd
Q J Barg, Q

which gives the claimed estimate. Instead, for the case p = N, we get

1 C
ay | teltar< S [ vetars e [ an
Q JBarg € Ja

which is valid for every € > 0, up to modify the constant C. In conjunction with (2.4), this gives

/|g0| dr < Cn (RQ +5N1( )) <1+1> / |Veo|V dz

+Cn (RQ +S ) RN / lo|N da.

RY 1 &(@)

2 Cyn RggN(Q) +1’
we can absorb the LY norm on the right-hand side and prove the desired Poincaré inequality.
Finally, for the case p > N we can proceed similarly: we leave the details to the reader. O

By choosing

2.3. A weighted Sobolev space. We now need a definition, in order to precise a specific class of
potentials we wish to work with.

Definition 2.6. Let V € L} _ (R™) be a non-negative function. We say that V is a strongly confining
potential if it has the following property: there exists an increasing function « : (0, +00) — (0, +00)
such that

lim «a(R) = +oo,
R—+o00

and for every R > 0 we have
V(z) > a(R), for a.e. x € RN\ Bp.

Proposition 2.7. Let 1 < p < oo and let Q C RN be an open set. For a strongly confining potential
V >0, we define @é’p(Q; V) to be the completion of C§°(Q), with respect to the norm

lellgr @y = (/Q [Vel? d$+/QV|<p|”dm> ., for every v € C5°(Q).

Then, this is a Banach space compactly embedded into LP(Q). Moreover, it can be identified with
Wy (Q; V), i.e. the closure of C3°(Q) in the weigthed Sobolev space

WhP(Q; V) = {4,0 c Wwhr(Q) : / VplP de < —l—oo} ,
Q

endowed with the norm

lollwro o, = ( / Vel do + /ﬂ(l ) wlpdar>
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Proof. By Lemma 2.2, the two norms
HSO”@(}@(Q;V) and [ellwrr @),

are equivalent on C§°(€2). Thus, the two spaces 25 (; V) and W, *(€; V) can be identified in a
canonical way. Moreover, we note that for every R > 0 it holds

1 1 )
lo|P dow < ——= / ViplPde < —=<1oll? 1005 for every o € WP (; V).
/Q\BR a(R) Jo\Bp a(R) "2yreiv) 0

Thanks to the Riesz-Fréchet-Kolmogorov Theorem, the previous fact ensures that every bounded
sequence {@, Jnen € Wy P(9; V) admits a subsequence strongly converging in LP(f) to a function
. Moreover, thanks to a standard argument (see for example the proof of [9, Theorem 3.7.4]), we
have that the space VVO1 P(Q; V) is also weakly closed and thus the limit function ¢ still belongs to
WP (V). 0

The next simple technical result will be needed somewhere in the sequel.

Lemma 2.8. Let 1 < p < oo and let Q C RN be an open set. We take a strongly confining potential
V >0, then for every ¢ € C3°(Q) and ¢ € WyP(2) N L>®(), we have

Cpe Wol’p(Q;V).
Proof. By definition of W, (Q), there exists a sequence {@p }nen € C5°(2) that converges to ¢ in
WLP(Q). Without loss of generality, we can further suppose that

(2.5) sug lonllze @) < 2l¢llLe () and lim ¢, (x) = ¢(z), for a.e. x € Q.
ne

n—00
Then, it is not difficult to verify that

Jim ([Con = Collwrry) = 0.
In particular, the fact that

A Vlen =l ICde =0
follows from (2.5) and Lebesgue Dominated Convergence Theorem. Indeed, we have

Vign =@l 16 < 37 [@l8 iy V ¢ € LA (),

thanks to the fact that V € Ll (Q) and ¢ € C§°(Q). Since {¢ ¢n tnen € C5°(Q), the statement is

loc

proved. O

3. EXPONENTIAL FALL-OFF OF SUBSOLUTIONS

The Snol-Simon-type decay estimate of the Main Theorem will be a consequence of the following
more general result, which holds for non-negative subsolutions.

Proposition 3.1 (Exponential decay at infinity). Let 1 < p < oo and let @ C RY be an open set
such that M1 ,(Q) > 0. For a constant A such that

Ap() <A< E,(9Q),
we consider v € Wg’p(Q) a nonnegative subsolution of the equation
(3.1) — Apu = AuP in Q.
Then:
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o if £,(Q) < +oo, there exist two constants C = C(N,p, A, Q) > 0 and o = a(p, A, Q) > 0 such

that v satisfies the following decay estimate
(3.2) 0 <wv(x) <C|v|Leye Izl fora.e. x €.
Moreover, the constant a decreasingly depends on A and we have
lim «a=0;
AER(Q)

o if £,(Q) = +oo, for every o > 0 there exists a constant C = C(N,p, A\, Q,a) > 0 such that

(3.2) holds.

Proof. We adapt to the case of the p—Laplacian the proof of [6, Theorem 5.1]. The proof will be
slightly more elaborated, since we do not take any assumption on the “geometry at infinity” of the
set Q, differently from the framework of [6].

We divide the proof in various parts, for ease of readability.

Reduction to the LP norm. We first claim that it is sufficient to prove that the desired exponential
decay in LP norm, i.e. we just need to prove that:

o if £,(Q) < 400, there exist & = a(p, A, ) > 0 and a constant C; = C1(p, A, ) > 0, such
that

(3.3) vl r\Br) < C1 lv]lLr ) e R, for every R > 0;

o if £,(Q2) = 400, for every o > 0 there exists a constant C; = C1(p, A, 2, ) > 0 such that
(3.3) holds.
Indeed, assume that (3.3) holds. By using [11, Lemma 2.3] with ¢ = p, we have that v € L>°(Q)
with Y
[0l Lo (@) < C2 AP ||v][Lr(e),
for some Cy = C2(N,p) > 0. This in turn implies that

N
(3.4) o]l 2 (5a) < (02 e A) e vl oy,  for z € By
Moreover, on account of [11, Lemma 7.1] with ¢ = p, we have that

N
(3.5) vl Loe(@\Brsy) < Cs (L+A)7 [|v]lLe\BR)> for every R > 0,

for a constant Cs = C35(N,p) > 0. Then, from (3.5) and (3.3) with R =n € N\ {0}, we would get
for almost every « € By, 42 \ Bhy1

0 < 0(@) < ol (@B < C3 L+ [V,
< C3Cy (14 M) (o]l oy e ™"
< (CsCrer® (14 0)7 ) oll ooy e
The claimed estimate (3.2) would follow by combining the latter with (3.4) and setting
C = maX{CQGZQ/\P%, O3 Oy e2o (1 +>\)p%}.

Ezponential decay in LP(2): case £,(2) < 4+00. We are now going to show the validity of (3.3).
Let us start by noticing that, thanks to the choice of A\, we have
A
&)
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We introduce the following function of one real variable

h o+ [0,min{l,1/(p—1)}] — [0,1]
1-—-1¢

t — (1 —-(p—-1)t

which is bijective and decreasing. Thus, there exists 0 < gy < 1 with the following property?
1 A
3.6 h =—(14+——=].
(36) o =3 (14 £
We also notice that, by definition of &,(£2), there exists ro = ro(£2) > 0, such that
(3.7) (1 —ean)&(Q) < A1 p(Q\ Br), for every R > rq.
For every R > 0, we take the following radially symmetric Lipschitz cut-off function
(3.8) n(a) = min { (2| - B)+1}.
Observe that
0<n<1, 7 =0 on Bg, n=1onRY\ Bg,1, IVl oo mry = 1.

We want to use this cut-off “at infinity” to obtain a suitable Caccioppoli inequality for v. More
precisely, observe that by assumption v satisfies the following the inequality

/Q(|Vv\p72Vv,V<p> dr < )\/vafl pdx, for every ¢ € Wol’p(Q), © > 0.
We use it with the test function ¢ = 9P v, which is feasible. This gives
(3.9) p/ (|Vo|P~2 Vv, Vi) vnP~t da +/ [VolPnP < X / vP P dx.
By using Young’s ineguality, we get for every 6 > 0 ’ ’
D /Q<|Vv\p_2 Vo, V)P tudr > —(p—1)4 /Q |VolP nP — 1P /Q [Vn|P vP dz.

We plug this estimate into (3.9), so to readily deduce

3.10 1—(p—1)¢ VolP nP de < 6177 VnlPoPde+ A | vPnPde.
(3.10) (1-(p—1)
Q Q Q
In particular, by choosing § = €, o, we obtain
(3.11) (1—(p—1)ea,n) / |VolPnP dz < E;{f /g |VnP oP dz + A /21/” nP du.
Q ) ¢

We now employ the elementary inequality given in Lemma A.1 below, with
€ =€q,A, a=nVv and b=vVn.
Thus, we have
V@0l = [Tl 17| < eqn [Vol? 7 + e, ¥ e 07 [Vl

2Just observe that

1 A
~ (1 1 d  limh(t) = 1.
2 ( +6p(9)) <tooad s igho
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In particular, we can infer that
(1—(p—1)ean) /Q V(on)Pde < (1 - (p—1)ean) (1 +ean) /Q VolP P da
+H1= - Deanehil e [ Vil de
<1 +eqr)A /vanpdx

+ 6;2)_)1\? {(1 +ean) +(1—(p—1)ean) Cp] /Q [Vn|P vP dz.

In the second inequality, we used (3.11). We now observe that
[ IV @nPde = 2@\ Br) [ oo da,
Q Q

thanks to the Poincaré inequality for nu € WO1 P(Q2\ Br). By combining the last two estimates, we
obtain

— 1+eqn
Mo (Q\ B /vp Pdr < . /\/vp P dx
1717( \ R) o "7 (1 o (p o 1) 5(27)\) o 77

1—p (14+¢can) } /
+e +c Vn|P vP dz.
oA [(1 —(p—Deaxr) "] Jo vl

We can further estimate from below the leftmost term, by applying (3.7), at least for large R. We
thus obtain for every R > rg

(3.12)

1+eqn /
100 &) [ orido < Tean) N Jy U e
( o) Ep(2) o n 1I-=(p—-1ean) Ja !
o [ (L4ean) }/
e Ye VPP dx.
QA [(1_(]9—1)69,)\) Y Q| 4

We now use the properties of the cut-off function 7: we get in particular

1+4+¢caa
1—ceqn)&E(Q / P dx < ’ )\/ vP dx
( &) O\Bra1 (1-(®P-Deaxr) JoBg

1
+ E;;/\p { (1 +e0.,) + Cp:| / vP dx.
A L= (p=1)ean) QN(Bry1\Br)

We further decompose

/ vpdxzf vpdx—|—/ P dax,
QN\Br A\ BRr+1 QN (Br+1\BR)

thus with simple manipulations we arrive at
1—
[(69*) (1= (0= ean) £ () - )| / o do
I +ean ’ O\ Bt

1-(p—-1
< {8;2_; <1+( (p JEQN) Cp) +/\] / vP dx.
) 1+ EQLN QN(Br+1\BR)
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We polish a bit the previous estimate, by labeling the relevant constant. First, we observe that

1—eqn &) — A
ST (1 (p—1 Q) - A=
(T722) - - Do) e - A= =2,
by virtue of (3.6). Then we set
2 1— (I—-(—1eanr)
Cy=Cs(Qp,N) = ——— Pl1 : A
1= Gl P A= ey [gm ( T v, )7
With this notation, we have obtained
(3.13) / vPdx < C’4/ vP dx.
Q\BR+1 QO(BR+1\BR)

From the previous estimate, we can now easily deduce the desired exponential decay in the LP norm

of v. It suffices to set
A(R) := / vP dz,

and observe that (3.13) can be equivalently rewritten as

AR+1) < <1 5%4) A(R), for every R > rg.

In particular for R > rg + 1 we have

04 [R—ro] 04 R—ro—1
< —70]) < < e
A(R) < A(ro+ [R—10)) < (1+c4> Alro) < <1+c4> /QU o

where we also used that

A(rg) = / P dr < / P dz.
O\B,, Q

All in all, we have shown that

Cy \" [1+o\
/ vP dx < ( 1 ) ( + 4) / vP dx, for every R > rg + 1.
Q\Br 1+ 04 C’4 Q

On the other hand, for 0 < R < rg + 1 we have

Thus, by setting

we get (3.3).
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We conclude this part by proving the monotonicity property of the positive exponent a. Indeed,
by recalling the definition of the constant Cy, the exponent « is given by

1 1 1 E,(Q) — A 1
azlog(l—i—c):log 1+ p(2) —r—
p 4 p cl-p 1+( (p )5Q,>\)C A
QA 1+<€Q’)\ P

In turn, by (3.6) the constant eq » is given by

o= (3 (gm))

Thus, by recalling that h (and thus =1, as well) is decreasing, we get that A+ eq » is decreasing,

with
lim eqyx= lim A7! 1 1+ A =h1(1)=0
AE @) T A g @) 2 &5Q))) o

Accordingly, it is not too complicated to see that « decreasingly depends on A and

lim «a=0,
AE(Q)

as claimed.

Ezponential decay in LP(Q): case £,(Q) = +o00. It is enough to reproduce the previous arguments,
by replacing in every occurrence &,(£2) by any fixed number & strictly greater than A. For example,
one could take &€ = 9 A\, where 9 > 2 is a fixed constant. Accordingly, we choose the constant £y so
to satisfy

1+9
29’
in place of (3.6). Observe that actually such a choice is independent of both © and A, this time.

The proof then runs exactly as before, we leave the details to the reader. We just observe that we
get this time

(3.14) h(eg) =

azllog 1+(1971)>\ !
P 2 {5119” <1 + d=p-1e) cp) + )\]
1+ey
Since A > A1 ,(€2), we have
o> } log ¢ 1+ e 1);‘1,1)(9) i _11)
b [5119” <1 + # cp) + )\LP(Q)}

Moreover, by construction, using that h~! is decreasing and ¥ > 2, we have that

4 (149 1 /(3 _
= —_— > — = E.
cg=h ( 79 > h 1 g
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We can thus infer

1 9 —1) A1 ,(0 1 1 9—1
a > — log 1+( )21’p() —:log(1+).
p =1—-p 1 Cp by Q p Qp
2o (1 12 ) @
Hence, we can obtain the claimed exponential decay with the last exponent, which is independent
of X\ and can be made arbitrarily large, since 1 > 2 is arbitrary. O

Remark 3.2. In the case £,(€2) = 400, as one may easily expect, taking larger and larger exponents
« leads to a quantitative loss in the estimate. In other words, the constant C blows-up, accordingly.
Indeed, a closer inspection of the proof shows that in this case we can take

20\ X 1 TOPH 9 N
C =max{ Cre**Ar”, (3 (1—|—C> e (14 M) 5,
4
thus it diverges to +o00, as a goes to +0o. We also observe that
lim 04 = 0,

a—r 400
as well as possibly

lim rg = 4o0.
a——+00

As a consequence of the previous result, we can also obtain some decay and integrability prop-
erties of the gradient. This is the content of the following result, that we record for completeness.

Corollary 3.3. Let 1 < p < oo and let @ C RN be an open set such that A1 ,(Q) > 0. For a
constant X such that

Ap(Q) <A< E(Q),
we consider v € Wy (Q) a nonnegative subsolution of the equation (3.1). Then®:
o if £,(Q) < 400, there exists M = M(p, A, ) > 0 such that
(3.15) IVl zo@\Briy) < Me o] 1oy, for every R >0,

where « is the same exponent as in Proposition 3.1. Moreover, for every 0 < 8 < « there
exists a constant

C= C(C,p,A,ﬂ,OL 7B) > 07
such that

(3.16) [ vl el da < E ol

o if £,() = +o0, for every a > 0 there exists a constant M = M(p, A\, Q, ) > 0 such that
(3.15) holds. Moreover, for every B > O there exists a constant
C=C(C.p,\B) >0,
such that (3.16) holds.

In particular, in both cases we have that

/ |[Vou|7 dx < 400, for every 0 < v < p.
Q

3We use the notation C for the same constant of Proposition 3.1.
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Proof. For simplicity, we consider the case £,(2) < +o0, only. The other case can be treated in
the same way.

In order to show (3.15), we go back to the Caccioppoli inequality (3.10). By choosing § =
1/(2(p—1)), we get

1
f/\Vv|p77pdx§2p_1 (p—l)p_l/|Vn|pvpdac+)\/vpnpdm.
2 Jo Q Q

Thanks to the properties of the cut-off function 7, this in turn gives

1
= / [VolP de < (2”_1 (p—1)P~1 + /\> / P dx.
2 Q\BR+1 Q\BR

In order to conclude, we can apply the exponential decay of the LP norm proved in (3.3) on the
right-hand side. This gives the claimed decay estimate (3.15), with

M= (20 (p—1)P"2 4+ 2\)¥ C.

The proof of (3.16) is similar, we simply amend the choice of the test function. We fix R > 0 and
consider a standard cut-off function n € C§°(Bg+1) satisfying

0<n<1, n=1on Br, HVn”LOO(]RN) SC;

for some dimensional constant C' > 0. We take 0 < § < « as in the statement and use in the weak
formulation the following test function

0 =nP ey,
We obtain

/ [Voul?P n? PPl gy < X [ P nP ePPlel g —ppB / <|va2 Vo, |x> vn? ePPlel g
Q Q x

Q
—-p / (IVoP~2 Vo, Vi) vnP~t ePPlel dg,
Q
We now use Young’s inequality in the right-hand side: for every § > 0, we then obtain

/|vu|pnp€pﬁ\r\d93§)\/ oP P ePPll dg
Q Q
Jr(;(pfl)ﬂ/ |vv|pnp6p5\w| der(;l*pﬁ/vpnpepB\w\ dx
Q Q

+0(p— 1)/ |VolP P ePPl2l dg 4 5P / o? | Vn|P Pl da.
Q Q
We can choose in particular
1
2 -1)(A+p)
and absorb in the left-hand side the terms containing Vv. By exploiting also the properties of n
and using some simple algebraic manipulations, this leads to

/ |VolP PPl do: < € (A 41+ BP) / oP PPl gy,
QNBg Q

NBRr+1

We can now appeal to the decay estimate (3.2), so to obtain

/QmBR |Vv|p ePBlzl qo < Cp (/\ +14+ ﬂp) cr (/RN e—Pla=p)|z| dac) ||’UH1[j,p(Q) =:C ||U||I£p(9)-
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By taking the limit as R goes to +oo and using the Monotone Convergence Theorem, we get (3.16)
as desired.
Finally, for every 0 < v < p, Hélder’s inequality provides

ol pP=y
/ |Vo|"dz < (/ |Vu[P erPlel dz) ’ (/ = dx) T < ool
0 0 0

In light of (3.16), this shows the desired integrability. a

4. PERTURBED EIGENVALUE PROBLEMS

We will need the following crucial technical result. We state it in a slightly larger generality than
that really needed for our scopes. The proof is largely inspired by that of [14, Theorem 3.3].

Lemma 4.1. Let 1 < p < oo and let @ CRY be an open set such that A\ ,(2) > 0. Let X(Q) be a
Banach space with the following properties:

e C5°(0) C X(Q);
o X(Q) C WyP(Q) with continuous inclusion, i.e. there exists C > 0 such that

IVollze) < Cllellx@)y, — for every € X(Q).
We set

X p(Q) = {K CS(Q)NX(Q) : K symmetric and compact, v(K; X (Q)) > k},
and
Wi p(Q) = {K C S, ()N Wol’p(ﬂ) : K symmetric and compact, v(K; Wol’p(Q)) > k}

Then, for every K € Wy ,(Q) and every 6 > 0, there exists K5 € Xy, () such that

max / [VplPde < max/ |Vo|?P dz + 4.
peEKs Q peK Q

Proof. We first notice that the assumption A ,(£2) > 0 ensures that
(4.1) ¢ = IVollLe @)
is an equivalent norm on VVO1 P(Q). We take K and ¢ > 0, as in the statement. We set for simplicity

M := max/ [VlP de,
PEK Jo

which is a positive real number and define

42) . (M:(m)i 5

At last, we fix a radius r = r(M, cq, §) > 0 such that

N Ot

(43) r< s,

and

(4.4) (1—cqr)P [1+ g‘dlrgua.

=
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Observe that such a choice is feasible, since for r N\, 0 the left-hand side in (4.4) converges to 1,
while the right-hand side is strictly larger than 1.

The reason for this choice will be clear in a while, let us now proceed with the construction of
the set K declared in the statement.

We start by observing that K is compact, thus we can find a finite number of functions {¢1, ..., pe} C
K such that

£
T
K| J{p e W@ 190 - Voillie < 1}
=1

where r > 0 is the radius previously introduced. In particular, each ¢; belongs to S,(£2), thus it
has unit L?(2) norm. By density of C5°(2) in W, *(2), we can choose {11, ...,1¢} C C§°(Q) such
that

r

5 forie{1,...,(}.

Vb = Vil ey <

This implies that for every ¢ € {1,...,¢} we have
1,p . r 1,p .
{eWeP(@) : IVe = Vel < 5} S {0 € Wg() + IV = VahillLogey <7}

and thus we get

14
(4.5) Kc|/ {go € WIP(Q) : ||V — Vil oy < r},
i=1

as well. We define
Fo={%a1, ..., £},

i.e. this is the convez hull of the finite family {1, ..., +,}. Observe that, since C§°(Q2) C X (),
the previous set F' is in particular a symmetric convex closed subset of X (€2), which is compact, as
well. By indicating with Proj; the projection operator from Wol’p(Q) to F', we then set

K = Proj.(K).
Here the projection is intended with respect to the equivalent norm (4.1) on W, "* ().
Let us verify that the elements of K are uniformly detached from the origin. More precisely, we
claim that

(4.6) l0lmoey = 1—car,  for every v € K,

where cg is the constant defined in (4.2). Indeed, let us take ¢) € I?, this implies that ¥ = Projz(y)
for some ¢ € K. By property (4.5), there exists ¢ € {1,...,¢} such that

IV — VibillLray < 7.
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Thus, from the triangle inequality and the properties of projection operators (recall that i; € F),
we have

9]z @) = IProjr (@)l @) = ll¢llLe @) — IProjz(v) — ¢llLr (o)

1 \" .
> lellrey ~ (5 ) IVProi(s) — Vol
P

1
1\
> lellro = (5 ) 19~ Vel
sP
1 \r
> [lpillr o) = llvi — @llLr) — <>\1(Q)> Vi = Vel Lo
P

L\
S1— () (1Y = Vol + [V — Vool 1o
>1- (5 ) (199 = Tolzni + 196 = Tolzria)

1 %
>1- () (IVei = Vil ey + 2|V — Vol r(a))
Al,p(Q)

=5 m)

We remark that we have also used Poincaré inequality twice. In conclusion, we have obtained (4.6),
as claimed. N

Now, we observe that the set K is symmetric and, by virtue of the continuity of the projection
operator, is compact with respect to the norm topology of I/VO1 P(Q). Actually, it is compact with

S

or
o

respect to the norm topology of X (), as well. Indeed, we have KCFCX (©) and by construction
F in turn is contained in a finite dimensional subspace, where all the norms are equivalent. This is
enough to justify our assertion.

Nevertheless, the set K is still not the one we are looking for: indeed, it is not a subset of S,(2).
Thus we have to renormalize its elements. To this aim, we consider the odd continuous functional
T : Wy (Q) — W, P(Q) given by

Y

1
T i [Yllr@) > 5,
191 2 ) @) =73

T(y) =
21, otherwise.

Observe that the restriction of T' to F' takes values in X () and it is continuous with respect to
the norm topology of X (). On account of (4.6) and the choice (4.3), we clearly have

_
101l e o)

Finally, we are ready to define

(4.7) T() €S,(QNX(Q), foreveryeK.

Ks = T(K) =T o Projp(K).
From what previously observed, we get that K; is a subset of S,(£2) N X (€2) which is compact in
the norm topology of X () and symmetric.
To show that K5 € X ,(Q2), we have also to estimate its genus, still with respect to the norm
topology of X(£2). From [36, Chapter II, Proposition 5.4], by observing that T o Projr can be
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regarded as a continuous odd functional from WO1 P(Q) to itself and by using that K € Wy ,(£2), we
deduce that
(K5 Wy P () 2 (K Wy () = k.
Since, by appealing to Lemma A.2, we have
V(K5 X(Q)) = 7 (K5 Wy (),

we get K5 € Xy, ,(Q), as desired.
We are left with estimating the p—Dirichlet integral for functions belonging to Kj: by construc-
tion, for every n € Ks, we have

n:L, forsomewefz'.
Y]l 2r (@)
Thus, by (4.6)
[ 1vords
(4.8) / VP de = 24— < (1 —cqr)P / [Vp|P de.
Q W)‘p dr Q
Q

By using that ¢ € K = Projp(K), we have that ¢ can be written as a convex combinations of the
functions {£41,...,£1}. Thus, by convexity and evenness of the p—Dirichlet integral, we obtain

(4.9) |[V|P de < max / |V |P dz.
O {1 ..... Z} Q
In order to conclude, we observe that for every i € {1,...,¢} we have by triangle inequality

1 p
/Q\VT/)i\pdx < K/ﬂ [Vil? dﬂ?) + | Vap; — V‘piHLP(Q)‘|

P P
<[Mi+l]"=wm [1+ Tl] .
2 2M?7»
It is now time for the weird choice (4.4) to come into play: this assures that the last quantity is not
larger than (M + §) (1 — cq r)?. Thus, we get

[VipilP de < (M +0) (1 —cqr)P, for every i € {1,...,¢}.
Q
By using this information in (4.9) and going back to (4.8), we finally get
/ |[Vn|Pde <M+ 4, for every n € Ks.
Q

This eventually establishes the claimed assertion. O

For a strongly confining potential V', we extend to the weighted space WO1 P(Q; V) (recall Propo-
sition 2.7) the definition of Wy ,(€2). Namely, we introduce

Wi p (V) = {K CS,(Q)NW,P(QV) : K symmetric and compact, v(K; Wy* (V) > k:}

Thanks to the previous result, we can prove an approximation results for the minmax values (1.6).
This is a generalization of [11, Lemma 4.1] to higher critical values, in the case ¢ = p. It is the
main result of this section.
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Proposition 4.2. Let 1 < p < oo and let Q@ CRY be an open set such that A\ ,(2) > 0. Finally,
let V>0 be a strongly confining potential and let {ey }nen be a decreasing infinitesimal sequence of
positive numbers. For every n € N and k € N\ {0}, we define

/\LS Q‘/;L = inf n y
hop (S5 V) cen™am gleagg ()

where
Gn(p) = / |Vo|P dx +/ Vi lo|P dx and Vau(z) =€, V(z).
Q Q
Then, we have

(4.10) lim ALS (V) = A5 (Q).

n— oo

Moreover, the quantity A%ED(Q; Vi) is a critical value for the functional G, restricted to the manifold

Sp(Q) N W P(Q; V), i.e. there exists a function uk, € Sp(Q) N Wy P (V) such that

J V™ Vi Vi o+ [ Vol e
Q Q

= /\kf’p(Q; Vi) / |u;€7n|p_2 Upn pdr, for every ¢ € C5°(Q).
Q
Finally, each function uy y, is such that
N
2
wen €L2(Q) and  Jurallee) < Oy (V)

Proof. We first observe that
Gn(p) <max{l,eq} (/ |[Vo|P dx +/ VplP dm) , for every ¢ € Wol’p(Q; V).
Q Q

Thus, the functional G, is finite and C* on the Banach space VVO1 P(Q; V). We divide the proof in
three parts, according to the claim we want to prove.

Proof of (4.10). We observe that, thanks to Lemma A.2, we have W, ,(€2; V') C Wy, ,(©2). Moreover,

Gnlp) > / [VlP, for every o € Wy (Q; V).
Q
These immediately imply that
A (V) > A5(Q2) and thus lim inf A (V) > A (Q).
In order to prove the reverse inequality, we take K € Wi ,(©2) and § > 0. We apply Lemma 4.1
with X () = WP (€; V): then there exists K5 € Wy ,(Q; V) such that

max/ [VlP de < max/ |Vo|P dz + 4.
wveEKs Jo peEK Jo

We also observe that
o [ Vigp s,
Q

is a continuous functional on VVO1 P(Q; V). Thus, by compactness (with respect to the norm topology)
of K5, we have that there exists a constant Cs i; > 0 such that

/ Vel dx < Cs,xy, for every ¢ € Kj.
Q
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In particular, we have that
/ Vo lplP dz < e, Cs k5, for every ¢ € K.
Q
In conclusion, we get

)\I;;Sp(ﬂ; Vo) < max Gn(p) < gleal)((/ﬂ [VolP de + § + e, Cs k-
This implies that
lim sup /\I,;SP(Q; Vo) < max/ [VlP dz + 6.
§ veEK Jq

n—oo

By taking the infimum over K € W ,,(Q2), this in turn implies
lim sup )\II;SP(Q; Vi) < A%SP(Q) +4.
n—»00 ’ ’
This is enough to get the reverse inequality, thanks to the arbitrariness of 6 > 0.

Proof of the criticality. We wish to appeal to classical minmax theorems, for example [37, Corollary
4.1]. We fix n € N, we just have to check that the restriction of G, to the manifold S, (Q)NW, *(Q; V)
satisfies the Palais-Smale condition, at every level A > )\Ifi;(ﬂ; V,.). In other words, we have to show
that if {¢©m }men is such that

(4.11) {@mtmen € Sp(Q) N WP (2 V),

(4.12) i Galpm) = A

and

(4.13) lim swp|8Gulenl(6) = Ap [ onl o] | =0,
m oo Q

012 00y <

then there exists @ € S,(€2) N W, (Q; V) such that
A lom = Zlwrr @) =0,

up to a subsequence. Here we denoted by dG,,[¢,,] the first variation of G,, computed at ¢y, i.e.

0Gn[om]() = p/ <|V<Pm‘p72 Vom, Vi) d:chp/ Vi |<Pm‘p72 YmYdz, for everyy € WOLP(Q§ V).
Q Q

We notice that the sequence {¢m tmen is bounded in I/VO1 P(Q; V): indeed

1

||30m||W01'P(Q;V) S (1 + maX{17 E:Ll} gn(@m)) pv

and the last term is uniformly bounded in m, thanks to (4.11) and (4.12). Therefore, up to a
subsequence, it converges to some @ € W, ?(Q; V), weakly in W, ?(Q; V) and strongly in LP(f2),
thanks to Proposition 2.7. This already ensures that

7€ SQNWIP (V).

We can now proceed with a standard argument. We set for simplicity

b= sup  |6Gulpm](¥) — Ap /Q (o P2 o da .

L
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On account of (4.13), this is an infinitesimal sequence of positive numbers. In particular, we have

(419 [80ulonl(om — )| < 0 bom — Plgniam + 30 | [ lonl?™ o (o = D).

We note that, by Hélder’s inequality and (4.11), it holds

(4.15) /Q |0 P20 (m — P) da

< lem = Pllzr)-

Since the sequence {¢m }men is bounded in I/VO1 P(Q; V) and is strongly converging in LP(2), from
(4.14) and (4.15) we get

m}gnoo ‘égn[@m](‘pm - 90)‘ = 0.
On the other hand, by the weak convergence, we have

lim
m—00

560l (om — @)‘ —0,

as well. By putting them together, we obtain

m— 00

lim ’agn () (Pon — ) — 66 7)o — @)‘ 0.

By recalling the definition of G,,, this permits to infer that

(4.16) 0= lim [ (|Von|""*Von — VP~ VG, Ve — V§) dx,
m— 00 Q

and

(4.17) 0= W}gnoo o 14 (|90m|p_2 Pm — |¢‘p_2 @) (m — ¢> dx.

We can now appeal to standard monotonicity inequalities for the power function z — |z|?, in order
to get the desired strong convergence in WO1 PO V).

L°° bound. The fact that each uy,, is globally bounded, together with the claimed L°° estimate,
can be obtained by observing that |uy | is a non-negative weak subsolution of

—Apv+ Vi Pt = NS (V) 0P in Q.
By using that V,, > 0, this in particular implies that |ug_,| € Wy ?(Q; V) C Wy (Q) weakly satisfies

—Ap|ug,n| < )\}fp(Q; Vi) [tk n p—1 in Q.

3

We can thus conclude by appealing to [11, Lemma 2.3]. O

Remark 4.3. By construction, we have that V,, <V and thus it is not difficult to see that
)\ki)(Q; Vi) < A};i,(ﬂ; W), for every n € N.

Therefore, from the previous L*> bound, we get in particular

(4.18) ol e @) < Cvp (AI,;?;D(Q; VO)) " My,

which is uniform with respect to n.
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Corollary 4.4. Let 1 < p < oo and let Q@ C RY be an open set such that £,(Q) < +oo. Let us
suppose that there exists k € N\ {0} such that

A5 () < £,(Q).

With the notation of Proposition 4.2, for every 1 < £ < k there exists an index ny € N and two
positive constants Cy and oy independent of n such that

(4.19) lug.n(z)] < Cpeell, for a.e. x € Q1 and for every n > ny.

Proof. We first observe that, with our standing hypotheses, £,(£2) > 0. In particular, Lemma 2.5
ensures that A ,(2) > 0. The assumption on )\%,SP(Q), together with the property (4.10), implies
that for every £ € {1,..., k} there exists n, € N and a positive number A\, with /\%2((2) < Ao < E(),
such that

AEE(Q; Vi) < Mgy for every n > ny,

as well. In particular, we get that |us,,| € W, () is a nonnegative subsolution of the equation
—Apu =N uP™t, in €,

for every m > ny. Taking into account that wug , has unit LP(€2) norm, by applying Proposition 3.1
we get that there exist C' = C(N,p, A¢,2) and a = a(p, Ag, ) such that ug,, satisfies the uniform
decay estimate

g ()] < Cpeelel, for a.e. x € Q and for every n > ny.

This concludes the proof. (|

5. PROOF OF THE MAIN THEOREM

As previously observed, the assumption (1.7) ensures that A; ,(£2) > 0. We then divide the proof
in two parts: we first prove that each minmax value below the threshold &,(f2) is an eigenvalue.
Then, we show how to get exponential decay at infinity of the relevant eigenfunctions.

Step 1: low eigenvalues. We can suppose that £,(€2) < 400, otherwise we already know that every
)\kSp(Q) defines an eigenvalue, as recalled in the Introduction. We wish to show that for every
fixed index 1 < ¢ < k as in the statement, the sequence {us, }nen constructed in Proposition 4.2
converges to an eigenfunction for AIgi(Q), up to a subsequence. We first observe that by construction
we have

(51)  {ugntnen € Sp(Q)NW,P(Q) and /Q Vg, |P de < )\%E(Q; W), for every n € N.

Thus, the sequence {ug ,, }nen is bounded in W, ? (). Consequently, it converges weakly in W, (£2)
to some limit function u, € W1P(Q), up to a subsequence. We can further assure that this
convergence is strong in LP(2), thanks to Corollary 4.4, which in turn permits to apply the classical
Riesz-Fréchet-Kolmogorov compactness result. In particular, we get that u, € S,(Q2) and thus
up Z 0. We claim that wuy is the desired eigenfunction. In order to prove this fact, we will show that
we can pass to the limit in the weak formulation of the equation

(5.2) — Aptugn + Vy [uen P2 upn = AEZ(Q; Vi) [t P2 wg s in .
To this aim, let R > 0 and ¢ € C§°(RY) a cut-off function such that

Q

0<¢<1, (=1lonBgr, ¢(=0mRY\ B, [V(|x< =,

=
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for some dimensional constant C' > 0. We note that, thanks to (4.18), we can also assume that the
sequence {ugp fnen is *—weakly convergent to u, in L*°(€2). In particular, we have u, € L*(), as
well.

Hence, we can test the weak formulation of (5.2), with the function ¢ (ug,, —us) € Wy (V).
This is admissible by Lemma 2.8. We obtain

/ <|Vw7n|p72 Vg n, V(g —ue)) (de = /\22(9; V) / |w’n|p72 Upp (e — up) (da
Q Q

*/Vn |u£,n
Q

— / <|Vue,n|pf2 Vugm, V) (ugn — ue) de.
Q

p=2 Up,n (uf,n - U@) Cd(E

By using the uniform bound (5.1) and the strong LP(€2) convergence, it is not difficult to see that
the first and third terms on the right-hand side converge to 0, as n goes to co. As for the second
one, we observe that by using the properties of ¢ and the L* bounds (4.18), we have

‘/ Vo |u£,n|p72 Ug,n (u&n - ué) Cdﬂj
Q

<ep / V ¢ g P uen — ue| dz
Q

<ea P (Mt fudlie) [ Ve

Bar

By using that V € LL _(RY), we get that this integral converges to 0, as well. Thus, we obtain

loc

n—oo

lim / (VU P72 Vg, Vg, —ue)) Cda = 0.
Q
On the other hand, we also get

lim [ (|Vu|P~2 Vg, V(ug, —ug)) (de =0,

n—oo O

which simply follows from the weak convergence in LP(2) of the gradients. We can thus infer

lim (\VW,HV’*Q Vg, — |V [P~2 Vg, V(ugpn —ue)) (de =0,

n—oo Q
as well. This in particular implies that
(5.3) lim ||Vugn — Vug| ey =0, for every R > 0,
n—oo )

by standard monotonicity inequalities for the convex power z — |z|P.
We now wish to pass to the limit in the identity

/ (Vitgn P~ Vitgn, Vo) der + / Vi [t P2 g o i = NS (9 Vi) / g, P2 g 0
Q Q Q

for every ¢ € C§°(Q). For the leftmost term, it is sufficient to use (5.3), since ¢ is compactly
supported. For the rightmost one, we can use the strong LP(2) convergence and (4.10). Finally,
we notice that
lim Va ‘Ug)n|p72 Upn pdr =0, for every ¢ € C3°(Q).

Q

n—oo
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Indeed, again in view of the uniform L bounds (4.18), we have

Vn |u€,n|p_2 Ug,.n P dx
Q

<e, / V [uenlP ol do < e @l M2 V dz.
Q spt(¢)

and the last quantity converges to 0, as n goes to co.
As a result, by taking the limit as n goes to oo, we get
/ (IVue|P~% Vg, Vo) do = A%E,(Q) / lue|P~2 up @ der, for every ¢ € C3°(Q).
Q Q
Since uy # 0, we have proved that u, is an eigenfunction of the Dirichlet p—Laplacian on €2, with
associated eigenvalue )\II;’;SD(Q).

Step 2: decay at infinity. For £ € {1,...,k}, if uy is an eigenfunction associated to AE%(Q), then
|ue| is a subsolution of (3.1) with A\ = AE%(Q) < &p(€?). Thanks to Proposition 3.1, it satisfies the

desired exponential decay estimate. Observe that since eigenfunctions of the p—Laplacian are C1:®
(see for example the classical reference [17] and more recently [3, Theorem 1.1]), we can assure that
the decay estimate actually holds everywhere, and not only almost everywhere.

6. SOME EXAMPLES

6.1. Sets with a massive core. Let @ C RY be an unbounded connected open set, with the
following property: there exists an open bounded subset Qg C 2 (the “massive core”) such that

(6.1) Aki(Qo) < &,(Q), for some k € N'\ {0}.
By domain monotonicity, the property (6.1) in turn implies
A (Q) < £,(Q).

Hence our main Main Theorem applies, ensuring that, for every £ € {1,...,k}, the minmax value
)\éf (Q) is an eigenvalue of the Dirichlet p—Laplacian on {.

As a simple explicit example of this situation, we may consider an infinite slab with a sufficiently
large ball attached to it: such a ball represents the “massive core”. Indeed, if we take

Q¢ = Br and 0= ((—;;) x RN—l) U Qo,

then, it is rather easy to show that
_ 11
NS (Q0) = RPNS(BL), &) = Aiy ((—2, 2)) =i (m)".

Thus, for every given k € N\ {0}, condition (6.1) is satisfied whenever the radius R is chosen so
that

=

(NS (B))

Tp

< R.

Observe that for this set Q, the embedding W, *(2) < LP(Q) is not compact.
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6.2. Curved waveguides. There is a wide literature devoted to the analysis of the (linear) Spectral
Theory of curved waveguides, starting from the pioneering work of Exner and Seba [18] (see also
the paper [23] by Goldstone and Jaffe).

The landmark result of [18, Theorem 4.1] can be summarized as follows: while a straight planar
strip Q has purely essential spectrum (and thus the bottom of the spectrum A; () is not attained), it
is sufficient to bend it “a little bit” in order to produce a new domain € for which A; () is attained
by a positive eigenfunction. Thus, the geometric modification produces (at least) an eigenvalue
beneath the bottom of the essential spectrum. We refer to [4] for a related result, aiming at giving
a quantitative lower bound on this curvature-induced eigenvalue, as well as to the book [19] for a
systematic study of this phenomenon, considering also the higher dimensional case.

Phenomena of this type in the nonlinear setting are much less studied: to the best of our knowledge,

-----

consider open sets of the form
N-1

(6.2) Q=ST(s)+ Y tjvi(s) : sER, t:=(t1,....tn_1) €EB ¢,
j=1

where:

o I': R — RY isa CH! curve such that [I'(s)| = 1 for every s € R, whose curvature function
k belongs to L™ (R);

e cach v; € R — RY is almost everywhere differentiable, with
(v;(s),vi(s)) = &s5, (vi(s),I"(s)) =0, for every i,j € {1,...,N — 1}, s € R;

e B’is either a (N — 1)—dimensional ball or an (N — 1)—dimensional spherical shell, in both
cases centered at the origin.

Moreover, the following non-overlapping condition is assumed
(6.3) sup [t ||k Lo ) < 1.
teB’

In a nutshell, the set Q is a (sufficiently thin) smooth tubular neighborhood of the image of the
curve I'.

Then, in [5, Corollary 1] it is shown that if  is a bent tube, i.e. kK # 0, then the following result
holds:

(6.4) lim k(s)=0 =  A,(Q) <&(Q).

|s]—o0

We can thus apply our Main Theorem and assures that the value A\ ,(£2) is attained by some
positive eigenfunction, i.e. the nonlinear counterpart of the Exner-Seba result holds true.

6.3. The infinite whip. We now exhibit an example of an unbounded connected open set 2 C R?
with the following properties:

o £,(Q) < +o0
e it holds
A (Q) < £,(Q),  for every k € N\ {0}
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Thus, according to our Main Theorem, each of the infinitely many minmax values )\%%(Q) is actually
an eigenvalue of the Dirichlet p—Laplacian.

Such a set will be constructed in the form of a planar curved waveguide (see the previous subsection).
More precisely, we define the C1>! curve

1 t
(155, e (onm),

Yn(t) =
(t,0), if [t] >,
and first consider a family of open sets ,, defined according to (6.2), by taking

B - (_;, ;) and I (s) = Yn(on(s)).

Here ¢, : R — R is the increasing change of variable such that ¢,,(0) = 0 and |I'},(s)| = 1, for every
s € R. Observe that I'), is a C! curve. In this case, the curvature function x, is given by

_ (n+ 1)2 cos ¢ () sin“t
() = ((n +1)2 + sin? qﬁn(s))% 15 € (=50, 50), where so = / \/T

and it vanishes otherwise. In particular, the non-overlapping condition (6.3) is satisfied for every
n € N. We also observe that for every R > 271 we have

(—oo,—R)x( ; ;) CQn\BRCRx(—; ;)

By recalling that for an half-strip of the form (—o0,b) X (—a,a) we have

A p((—00,b) % (—a,a)) = A1 p((—a,a)) = (;L';)p

we then obtain that
Mp(Q \ Br) = (ﬂp)p, for every R > 27 and thus Ep(Qy) = (Wp)p,

thanks to the monotonicity of A1, with respect to the set inclusion. Thus, by applying (6.4), we
have that
M p(Qn) < E(Q) = ()", for every n € N.

A continuity argument shows that, for every n € N, there exists L, > 7 such that the bounded
open set

On = QN ((—Ln, L) x R),
still satisfies
(6.5) A1 p(On) < b for every n € N.

The desired open set §2 is now obtained by suitably gluing together the sets O,, so to build an
“infinite whip”, as in Figure 1. More precisely, we denote

O, = QN ([—Ln, L] % R),
and define the translation parameters
T0 = Lo and Tn=2(Lo+ - +Lp_1)+L,, forn>1
We then have the following
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FIGURE 1. The “infinite whip” of Lemma 6.1. This can be viewed as the tubular
neighborhood of the curve in dashed line, which is “asymptotically straight” at
infinity.

Lemma 6.1 (The infinite whip). With the previous notation, let us define

0= (x0x (53)) 0 (U @+ ner).

where e; = (1,0). Then we have:
(1) &(Q) = (m)";
(2) )\I,;SP(Q) < &E,(Q), for every k € N\ {0}.
Proof. Let us first compute £,(€2). By construction, for every n € N, we have the following inclusions

11 11 2
- —in T a'a g Q BT g R T 570 )
(OO’T)X(22) \ Br, X<22+n+1)

which give at once

(1+:27) " @) <xa@\ B < ()"

The latter, taking the limit as n goes to oo, proves that £,(Q2) = (m,)?.

We can now show point (2) by exploiting (6.5). Specifically, we fix k € N\ {0} and for every
1 <n <k we take U,, € Sp(€2) the unique positive eigenfunction associated to A1 ,(O,, +1€1). We
extend it to be zero in 2\ (O, + m,e1)). Observe that such an eigenfunction exists because the set
is bounded.

Thanks to the fact that {Uy,Us,...,Us} have disjoint supports, we have that they generate a
k—dimensional vector subspace of W, (£2)

Ky = Vect({Uh...,Uk}).
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Then K;,NS,(€) is a compact symmetric subset of W, *(€), with genus equal to k (see for example
[36, Chapter II, Proposition 5.2]). Moreover, we observe that

k k
Sl eKnS,@ = Y |l / UilP dz = 1
i=1 Q

i=1
k

— a:(al,...,ak)eS’gp_l::{xGRN:Z|xi|p:1}.
i=1

Therefore, for every n € N, we have
k

/\I,;SP(Q) <  max (Q)/Q\V@P’dx: max Z|0¢i‘p/ﬂ|VUi|p dz

T pEKRNS, aesy,

k
= makxl Z |Oéi‘p /\17;,,(01‘)

a€S,y i
k
< max |o;|P b = 7b.
aeszjl ; ’ b b
Observe that we used the optimality of each function U; and (6.5). We thus have obtained the
desired conclusion. O
APPENDIX A. TECHNICAL TOOLS

The following inequality is well-known, we provide a proof for completeness and in order to get
a precise control on the constants.

Lemma A.1. For every 1 < p < oo, there exists a constant ¢, > 0 such that

(A1) la + 0P — |a|?| < elal? + cp B, for every a,b € RY and every 0 < e < 1.

gp—1

Proof. We first write
1 1
d
|a+b|p—|a‘p:/ $|Q+tb|pdt:p/ <|a+tb|p72 (a+tb),b>dt.
0 0

By using Cauchy-Schwarz inequality, we thus obtain

1 1
‘Ia + 0P — Ial”‘ <p / o+ tbP bl dt <p / (laf + ¢ [o)?=* [b] dt.
0 0

By applying Young’s inequality on the last term, we deduce that

1
a8 ~Jal?| < =15 [ (ol + )7 d + 577
0

< 27785 (p = 1) (laf + [bI7) + 6" [bIP.

for every § > 0. In the second inequality, we also used the convexity of the function 7 — 77. Finally,
by taking € > 0 and choosing ¢ so that

2 tp—1)i=c¢.

we get the conclusion. ]
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Lemma A.2. Let (X,|,-||x) and (Y,||,-|ly) be two Banach spaces. Let us suppose that X CY
with continuous inclusion, i.e. there exists a constant C > 0 such that

[z[ly < C|lz|x, for every x € X.

Then for every closed set K C X which is symmetric and compact in the norm topology of X, we
have

V(K X) = y(KGY).

Proof. We first observe that each sequence {z,}n,en C K converges in the norm topology of X if
and only if it converges in the norm topology of Y. One of the two implications is clear, due to the
continuity of the inclusion. On the other hand, let us suppose that

lim ||z, —Z|ly = 0.
n—oo
By compactness of K, we have that {x,, }neny admits a subsequence {z,, }ren and point ¥ € K such
that
lim [, —llx = 0.
k—oc0
Observe that
[T -7ly < lim || -z, [y +C lim [[g—z,[x =0,
k—oc0 k—oco
so that 7 = Z. Moreover, we can repeat the previous argument for every subsequence {x,, }ren C

{z, }nen and obtain that it always admits a further subsequence, still converging in X to the same
limit Z. This finally shows that we have convergence in X of the full sequence, i.e.

lim |z, —Z||x =0,
n—oo

as well.

Thanks to previous property, for every k € N the following fact holds: a function f : K — SF~!
is continuous with respect to the norm topology of X if and only if it is continuous with respect to
that of Y. In light of the definition of Krasnosel’skii genus, this is enough to conclude. |

APPENDIX B. THE CASE p =2

In the Hilbertian case p = 2, we use the following distinguished notation
M(Q) = inf / |Ve|? dz,
PES (N2 (Q) Jo

as in the Introduction. In this section, we show that the minmax values constructed in the Main
Theorem coincide with the usual Courant-Fischer minmax values

() = inf{ max / \Vul?dz : K C Wy*(Q) subspace with dim K = k} ,
u€EKNSy (Q) Q
recalled in the Introduction. Thus, for p = 2 our result boils down to the classical case.

Proposition B.1. Let Q C RY be an open set and let us suppose that there exists k € N\ {0} such
that

(B.1) AER(Q) < £(Q) = sup A\ (Q\ Bg).

Then, for every £ € {1,...,k} we have
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Proof. We can limit ourselves to the case £(€2) < +o00, otherwise the result is already contained in
[12, Theorem A.2]. We may suppose that k > 2, otherwise the claim is straightforward. We start
by observing that for every vector subspace K C VVO1 2(Q) having dimension ¢, it holds

KnN SQ(Q) € W&Q(Q),
ie. K NS2(R) is a compact symmetric subset of VVO1 ’Q(Q), with genus equal to £ (see for example
[36, Chapter II, Proposition 5.2]). This entails that
A5 () < Ae(Q).

In order to prove the reverse inequality, we will use an approximation argument*. Namely, let us
consider the same operators of Proposition 4.2, i.e.

o —Ap+ Vi, o,

with homogeneous Dirichlet boundary conditions. The quadratic form naturally associated to this
operator is given by the functional G,,, defined in Proposition 4.2. By classical Spectral Theory, for
every fixed n € N\ {0}, the compactness of the embedding W, *(Q; V) < L?(Q) guarantees that
such an operator has a discrete spectrum, made of a diverging sequence of positive eigenvalues,
each one with finite multiplicity. They can be characterized through the Courant-Fischer formula

(V) = inf{ max  Gn(u) : K C W;?(Q;V) subspace with dim K = 6}.
ueEKNS2(Q)

Moreover, the infimum on the right-hand side is attained by

K, = VCCt({uLn, - 7u£,n}>7

i.e. by the vector subspace generated by the first ¢ eigenfunctions of the operator. In fact, these
eigenfunctions can be chosen so that

/ Uin Ujn dT = 045, for every n € N, 4,5 € {1,...,¢},
Q
and the following characterization also holds:
Ae(SV4) = min {gn(gp) : /cpuimdﬂc:(), ie{l,...,f—l}}.
PES(NNW 2 (V) Q

We are now ready to conclude the proof: according to [12, Theorem A.2], for every £ € N\ {0} we
have

NS (V) = A Vn):/Q|Vug7n\2dx+/QVn g |2 dr,

i.e. the equality claimed in the statement holds true for the approximating operator. By the proof
of the Main Theorem, we know that each {u; , }nen converges strongly in L?(Q) to an eigenfunction
u; of the Dirichlet-Laplacian on 2, up to a subsequence. In particular, we still have

(B.2) / u; u; de = 6,5, for every i,j € {1,...,¢}.
Q

4This route will avoid considering the Spectral Resolution of the Dirichlet-Laplacian on Q (see for example [7,
Chapter 6]). Indeed, this last operator could have a continuous part in its spectrum, under the standing assumptions
on the open set. On the contrary, the approximation argument will only need the spectral properties of operators
having a discrete spectrum. The reader with a sufficiently good expertise in Spectral Theory will certainly find our
argument a bit akward.
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By virtue of Proposition 4.2 and by the lower semicontinuity of the Dirichlet integral, we thus get
for every ¢ € {1,...,k}

AP (Q) = lim_ A (V) > lim i Vg | do 2/Q|Vuz|2dx

On the other hand, by defining the /—dimensional vector subspace

?zVect({ul,...,ug}),

we get

¢ 2
max / E a; Vu;| dx
-1
)ES Q =1

a=(ag,...,ap

4
max «; Uy x < Uy Z,
2\ VuPde < | [Vug*d
i=1 Q Q

a=(a1,...,00) €S~

() < max /|Vgp\2dm
PeRNS:2(Q) Jo

thanks to the orthogonality relations (B.2) and the fact that each w; is an eigenfunction. In turn,
we get the reverse estimate

AFS(9) > Ae(Q),

as desired. O
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