DISTANCE FUNCTIONS, CURVATURE AND TOPOLOGY

CARLO MANTEGAZZA AND FRANCESCA ORONZIO

ABSTRACT. We discuss some properties of the distance functions on Riemannian manifolds
and we relate their behavior to the geometry of the manifolds. This leads to alternative proofs
of some “classical” theorems connecting curvature and topology.
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1. INTRODUCTION

In this note we collect and organize in detail, discuss and revisit some material about
the properties of the distance functions on Riemannian manifolds, scattered throughout the
three editions of the book of Peter Petersen [12, 13, 14], in order to connect their behavior with
the geometry of the manifolds and possibly have a point of view, different from the “stan-
dard” one based on the study of the geodesics, leading to alternative proofs of some “classi-
cal” theorems connecting curvature and topology. Heuristically (having in mind the context
of the calculus of variations), focusing on the geodesic flow is considering the “Lagrangian”
point of view in studying the length (or energy) functional, since they are its critical points
(solutions of its Euler equations, which are a system of ODEs), while considering the dis-
tance functions between points or subsets of the manifold is taking the “Eulerian” point of
view, as the distance functions are the “value functions” associated to the length functional
(using a terminology from optimal control theory, see [3] for instance). The straightforward
connection between the two approaches is clearly given by the fact that the distance func-
tions are realized by the length of the minimal geodesics and conversely, the geodesics are
locally the integral curves of the gradients of the distance functions.

This connection also offers the possibility of using more “analytic” tools, related to the
general study of the distance functions, seeing them simply as solutions of the Hamilton—
Jacobi (eikonal) equation ||Vu| = 1 (see [10]). Following Petersen, we describe this approach
in general in the next section, then we specialize it to the particular distance functions from
a fixed point (in Section 3), in order to connect the curvature and the topology/geometry of
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2 CARLO MANTEGAZZA AND FRANCESCA ORONZIO

the manifold. The formulas we get, give us a set of information that can substitute what can
be inferred about the behavior of geodesics, in the “classical” approach, using the second
variation of the length functional and the theory of Jacobi fields.

As examples of application, we will show in Section 4 how these informations can be used
to obtain alternative proofs (possibly easier or more intuitive than the “standard” ones) of
the existence of local isometries between Riemannian manifolds of equal constant sectional
curvature, of the Bonnet-Myers and Cartan-Hadamard theorems, of Synge’s lemma and in
estimating the volume growth of geodesic balls.

Finally, it is also worth underlining that the approach to these results, which belong to the
field called comparison geometry, is to describe locally the manifolds in polar coordinates and
to “compare” the induced metric and the curvature of the geodesic spheres (not geometri-
cally, but analitically, by studying the ODE:s satisfied by their components along geodesics)
with the analogous ones of appropriate space forms.

In the whole paper, we will consider only complete n—dimensional Riemannian manifolds with n >
2 and V will be the Levi—Civita connection. Moreover, we will always use the Einstein convention of
summing over repeated indices.

Acknowledgments. All authors are members of INAAM-GNAMPA. The first author is partially
supported by the PRIN Project 2022E9CF89 “GEPSO — Geometric Evolution Problems and Shape
Optimization”.

2. DISTANCE FUNCTIONS

References for the material of this section are [13, Sections 4-5, Chapter 2] and [14, Sec-
tion 3.2] (see also [12, Sections 2.3, 2.4] and [10]).

Definition 2.1. Let (), g) be a Riemannian manifold and let » : U — R be a smooth function,
where U is an open set of M. We say that r is a distance function if it satisfies the Hamilton—
Jacobi equation ||Vr|| =1 (eikonal equation) on U.

A classic example is the distance function d, : M — R from a point p € M, which is a
distance function outside of {p} and the cut locus of p. The same holds also if K is a smooth
submanifold of M, setting » = di (see [10] for the notion of cut locus of a submanifold
and the analysis of dx when K is only of class C* or merely a closed set). Moreover, if K
is a hypersurface, in a small ball B of M centered at a point p € K, we can consider the
signed distance function JK from K, which coincides with dx in one of the two connected
components of B \ K and with —dg in the other. It is then easy to see that this function is
smooth in the whole ball B, also at the points of K. We remark that restricting ourselves
to considering only these functions would not be particularly limiting, since at least locally
every distance function r : U — R coincides with the function glvg , 0 where ¥, = {r = P},
that is, r is locally equal to a signed distance function, up to a constant.

Given a distance function r : U — R in (M, g), we will denote by 0, the gradient vector
field Vr, by £, = {p € U : r(p) = p} the level sets of r, which (if not empty) are smooth
(embedded) hypersurfaces of (M, g), by the implicit function theorem, since ||Vr|| = 1 on
U. Then, for every p € ¥,, the tangent space T,,%,, is given by the kernel of dr,, : T,M — R,
which coincides with the space of vectors v € T, M orthogonal to 0,|,. We will denote by
g”, V*, Rm” and Riem”, the induced metric on X, the Levi-Civita connection, the Riemann
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operator and tensor of (3,, g”), respectively and if there is no risk of ambiguity, we will drop
the superscript p.

We adopt the convention that
Rm(X, Y)Z = VXVYZ — VYVXZ — V[X7y]Z
and
Riem(X, Y, Z,W) = g(Rm(X,Y)Z, W),

while the sectional curvature of a plane generated by two linearly independent vectors v, w € T, M is
given by

Riem(v, w, w, v)

Sec(v,w) = .
’ [olZlwlf — g3 (v, w)

We define S : T'(TU) — I'(TU) as
S(X) = Vx0r,
for every vector field X on U. Itis the (1, 1)-version of the Hessian of 7, indeed,
9(S(X),Y) =9(Vx0,,Y) =Hessr(X,Y) =Hessr(Y,X) = g(X, Vy0,) = g(X,S(Y)).
Ey means of tensor S, we can define the (1, 1)=tensor S? as S o S and the (0, 2)-tensor Hess?r
’ Hess?r(X,Y) = g(S*(X),Y) = g(S(X),S(Y)) = Hess 7(S(X),Y).
The latter is clearly semidefinite positive. We also notice that in a local chart, there hold
tr(S) = g(S(8;), ;)9 = g’ Hess;jr = gijV?jr =g7V,V,r = Ar
and
tr(S?) = g(*(9:):07)9" = g(S(2:),5(9;))9" = SSjg" gre = |IS||* = |Hess |,

where 0; are the coordinate vector fields.
The Lie derivative of a tensor will be denoted by L, in particular, if X,Y are two vector
fields, we have LxY = [X, Y], in local coordinates,

LxY = (Xiayj Yia)(j)aj,

ozt ozt
obviously LxY = —Ly X and finally Lx X = 0.
We then underline the relation

Vo, X =Vx0, + [0r, X] =S(X) + Ly, X,

that is,
Vo, X — Lo X = S(X). (2.1)

It says that the difference between the covariant and the Lie derivative with respect to 0, of
a vector field X on U, is given by the tensor S applied to X.

Lemma 2.2. Let r : U — R be a distance function. Then we have
Vo, 0r = 0.
Hence, S(0,) = 0, that is, 0y is a null eigenvector of S and Hessr(0,, ) = 0.
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Proof. For every vector field X on U, we have
9(Va,0r, X) = Hessr(0,, X) = Hessr(X,0,) = g¢(Vx0r,0r) = Xg(0,,0,)/2 =0,

where we used the symmetry of the Hessian and ¢(0,,0,) = 1. O

A direct consequence of Lemma 2.2 is that any integral curve for 0, is a geodesic of (M, g),
parametrized in arclength.

Remark 2.3. Obviously, by definition, we also have Lj 0, = 0.

The field 0, is the outward pointing unit normal vector field along any nonempty X,
and, for every X € I'(T'%,), the vector field S(X) along 3, belongs precisely to I'(T'%,).
Then, the shape operator of ¥, coincides with the map that associates S(X') € I'(T'Y,) to each
X € I'(T'%,), therefore it will be still denoted by S. The associated symmetric (0, 2)—tensor
on the hypersurface ¥, defined as/satisfying

h(X,Y) = —g(VxY,d,) = g(S(X),Y) = Hessr(X,¥)

for every pair of tangent vector fields X,Y to 3, is called second fundamental form h. Its trace
or the trace of the shape operator S with respect to g” is the mean curvature H of ¥,. Notice
that H = tr S and ||h/|? = tr S?, by Lemma 2.2.

Proposition 2.4 (Curvature equations). The following equalities hold [13, Theorems 2-4, Sec-
tion 4.2, Chapter 2],

(1) Vo, + 5% = Rum(d,,)d,
(2) Riem(X,Y, Z, W) = Riem”(X,Y, Z,W) + h(X, Z)h(Y, W) — h(Y, Z)h(X, W)
(3) Riem(X,Y, Z,0,) = Vyh(X, Z) — Vxh(Y, Z)

forany X, Y, Z, W tangent vector fields to ¥,,.

The first identity is called radial curvature equation (see also [1, Theorem 2.4 — Equation 2.5]
and [2, Theorem 3.2] where the ambient is the Euclidean space and the codimension is ar-
bitrary), while the second and the third one are the classical Gauss and Codazzi-Mainardi
equations.

Proposition 2.5 (Equations of Riemannian geometry). The following equalities hold [13, Propo-
sition 7, Section 5.1, Chapter 2],

(1) Vo, g=0

(2) Ly.g = 2Hessr

(3) Ly,S = V.S = —S? + Rm(d,, )0,

(4) Vg Hessr(X,Y) + Hess’r(X,Y) = —Riem(X, 9, 0,,Y)
(5) Lo, Hessr(X,Y) — Hess?r(X,Y) = —Riem(X, 0,,0,,Y)

forany X, Y vector fields on U.

The second equation shows how the Hessian of the distance function r “controls” the
metric g, while the fourth and fifth equation tell us the way the curvature “influence” such
Hessian. Now, the vector fields satisfying Vg, X = 0 and Ly, X = 0 are particularly useful in
order to exploit such information. It is a consequence of the following corollary.
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Corollary 2.6. We have the following equalities
9rg(X,Y) =9(Vy, X,Y) +g(X,Vs,Y)
=2Hessr(X,Y) 4+ g(Lo. X, Y) + 9(X, Ly.Y)
OrHessr(X,Y) = — Hess2r(X, Y) — Riem(X, 0, 0,,Y)
+ Hessr(Vp, X,Y) + Hessr(X,Vy,Y)
=Hess?r(X,Y) — Riem(X, d,,9,,Y)
+ Hess (Lo, X,Y) + Hess (X, Lp,Y)
for every pair X,Y of vector fields on U.

Definition 2.7. Given a distance function » : U — R, we say that the vector field J on U is a
Jacobi vector field for r if Ly, J = 0 and we say that E is a parallel vector field for r if Vo E = 0
inU.

For every Jacobi field J for r, there holds
Va,J =8S(J) =V ;0,

in U, by relation (2.1).
Assuming that the two vector fields in the Corollary 2.6 are Jacobi fields J;, J> for r, we get
(in the “second lines” of the equalities),

0rg(J1, J2) =2Hessr(J1, J2) (2.2)
OrHessr(Jy, Jo) = Hess?r(J1, Ja) — Riem(Jy;0,, 0y, Jo).
In particular, since 0, is also a Jacobi field for r,
0r9(0y, J) = 2Hess (0, J) = 0 and 0rg(J, J) = 2Hessr(J, J), (2.3)

for every Jacobi field J for r. This clearly implies that if .J is orthogonal to 0, at some point on
an integral curve for 0y, it is orthogonal to 0, on the whole curve. Then, if J is not pointwise
proportional to 0,, there holds

OrHessr(J, J) =Hess’r(J, J) — Sec(J, 0,)g9(J — g(J,d,)0r, J — g(J, d,)0,)
> [Hessr(J,J))?/g(J, J) — Sec(J, 0:)g(J — g(J,0:)0y, J — g(J, 0,)0r),
where we used the elementary inequality
[Hess (X, X)]* = [g(S(X), X)” < g(S(X),S(X))g(X, X) = Hess’r(X, X)g(X, X), (24)

that hold for every vector field X on U.
Thus, if J is a Jacobi vector field for  pointwise orthogonal to J,, we have

O, Hessr(J,J) > [Hessr(J, J)]?/g(J,J) — Sec(J,d,)g(J, J) (2.5)
02.9(J, J)/2 = [Hessr(J,J))*/g(J,J) — Sec(J, 8,)g(J, J) = —Sec(J,8,)g(J, J).

Notice that 0, = Vr is a parallel (and Jacobi) vector field for r. Moreover, for every parallel
vector field for r, there holds

Lo E = —S(E) = V0,
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in U, again by the relation (2.1).
Assuming that the two vector fields in the Corollary 2.6 are parallel fields Ey, E5 for r, we
get (in the “first lines” of the equalities),

Org(E1, Ey) =0
O,Hessr(Fy, Ey) = — Hess*r(Ey, Ey) — Riem(Ey, 0y, 0,, E»).
In particular, since 0, is also a parallel field for r,
9r9(0r,E) = 8,9(E,E) =0

for every parallel field E for r. This clearly implies that if £ is orthogonal to 0, at some point
on an integral curve for 0,, it is orthogonal to 0, on the whole curve and its norm is constant.
Then, if £ is not pointwise proportional to J,, there holds

OyHessr(E, E) = — Hess*r(E, E) — Sec(E, d,)g(E — g(E,0,)d, E — g(E, 9,)0;)
< — [Hessr(E, E))*/g(E, E) — Sec(E, 0,)g(E —g(E, 8,)9,, E —g(E,9,)0,),

using again inequality (2.4).
Hence, if F is a parallel vector field for » which is pointwise orthogonal to 0, and g(E, E) = 1,
we have

OHessr(E, E) < —[Hessr(E, E)]* — Sec(E, d,). (2.6)

Assuming then a sign on the sectional curvature of (M, g), by means of Jacobi/parallel
fields for r, these formulas give differential information on g. More precisely, using parallel
fields and the last formula above, we obtain information about the evolution of the Hessian
along an integral curve of 0, from the one on the sign of the sectional curvature. Afterwards,
by using Jacobi fields, we “transfer” such information on the Hessian to the metric by means
of equation (2.2).

We can always choose local coordinate systems (!, ..., 2"~ r), given by the flow of the
vector field Vr (this can be done since |Vr| = 1 in U). We call these coordinates adapted to
r. In a coordinate system adapted to r, letting J = a0, + a"0,, it follows that .J is a Jacobi
field for r if and only if the functions a“, a" are independent of r (obviously this implies that
the coordinate fields are Jacobi fields for ). More generally, in such coordinates the first—
order linear PDEs of the Jacobi and parallel vector fields can be treated considering r as a
free variable and solving the associated ODEs. Thus, if we set (or we know) the value of a
vector field on a hypersurface X,, we can extend it (uniquely) at least locally, to a Jacobi or
parallel vector field for r. This is known as the method of characteristics (see [5], for instance).
Therefore, if .J is a Jacobi field for r not proportional to 0, at a point of an integral curve of
this latter, this holds for the whole curve. The same conclusion is true also for parallel fields
for r.

In coordinates adapted to r, the metric is then given by

g = gapdz®® da® + dr @ dr,
hence the symmetric n x n matrix of its components has the form
gt oo gin-1 0

9= gn—11 --- Gn-1n—1 O

0 0 1
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Denoting with h;; = Hessr(0;,0;) the components of the Hessian of r and recalling that
Hessr(0,,-) = 0, we have h;; = hj; and h,, = h,, = h,, = 0, as a consequence,
S% =hag"® and S =S*=9"=0.

Hence, the n x n matrix of the components of S is

st ... 8L, 0
5= st ostl oo
0 ... 0 0

Finally, we define the symmetric (0, 2)-tensor
R(X,Y) = Riem(X, d,,9,,Y),

with associated self-adjoint operator R defined by R(X,Y) = g(R(X),Y’), with component
matrix

RY ... R, 0
R= R .0 R0
0 ... 0 0

where
R} =R, and R, =RY=Rl =0,
noticing that tr R = Ric(9,, 0,).
We can then rewrite some of the previous equations in these coordinates.

Proposition 2.8. The following equations hold
(1) Orgap = 2hap = 2S4g+8
(2) 0,9°% = —2hF = —2¢%7h g’ = —287 g7
(3) &hag = haq/gw)‘h)\/g 2 Riemamﬂ
(4) 9,85 = —S185 ~ R,
Letting G = \/ det g;; = \/ det g, (the density of volume) and recalling that H = tr S, the

following proposition is then a straightforward consequence (using the arithmetic—quadratic
mean inequality).

Proposition 2.9. There hold
(1) 0,logG =trS =H

2
(2) 9,H = — tr % Ric(,,,) = —|[h[|? — Ric(d,d,) < ——

n —

1~ Ric(0y, 0y).

Examining the system of ODEs for the matrices g,z and S5, seen as functions of  (by
evaluating them along an integral curve of J, which is a geodesic parametrized in arclength),

8rgaﬁ = ZS'Och’yB
0,85 = —s1s5 — R

given by the first and the last equations in Proposition 2.8, we notice that it is partially de-
coupled, that is, g, is not present in the second equation, which is of Riccati type (quadratic),
while the first equation is linear.

Then, if fimin = fmin(7) and fimax = fimax () are the minimum and maximum eigenvalues of
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the matrix S5 (r), with relative g-unit eigenvectors v = v(r) = v*9, and w = w(r) = w9
respectively, these functions are locally Lipschitz and satisfy the ODEs

Liin = — Wiin — B0 0 gy5 = —piiy — Raqv®™? > —ply, — MaxSec (2.7)
Finax = — Hinax — ROW W gy5 = =iy — Rayw®w” < —pif,, — MinSec, © (2.8)

for almost every r, where MinSec/MaxSec denote the minimal /maximal sectional curvature
along the integral curve of 0, that we are considering. Indeed, the matrix S5 is similar to
the matrix S5 obtained by representing S with respect to some smooth orthonormal frame

{E1, ..., Ep_1,0;}. The matrix Sg is symmetric and has smooth entries, hence, by [8, Sec-
tion 6, Chapter 2] there exist n — 1 functions y;(r), at least of class C1, that represent the (pos-

sibly repeated) eigenvalues of §§(r), the same of Sg(r), therefore, considering the function
w(i, ) = pi(r) and following the proof of [9, Theorem 2.1.1], we can conclude the local Lips-
chitz continuity of fimax () = max;—1 -1 p(i, 7). Similarly we can prove the local Lipschitz
continuity of pmin(r). Moreover, for every value r¢ at which the function fumin () is differ-
entiable, we can consider the auxiliary function ¢(r) = S5 (1) 0% (10)u(ro) 9+8(r0) — Pmin(r),
having 7 as a point of minimum, consequently

Pinin(T0) = —Hinin (70) = Rany (70)v (10) 07 (r0) = — i (T0) — MaxSec.
Similarly, we can obtain the differential inequality (2.8) and analogously, there hold

!/

min — 2)\minsgyay'3 P 2)\min,umin (29)
)‘/rnax = 2)‘maxsg'zaz6 < 2)\maxuma)<a (210)

for almost every r, where Apmin = Amin(7) and Amax = Amax(7) are the minimum and maxi-
mum eigenvalues of the matrix g, relative to the unit eigenvectors y = y(r) and z = 2(r),
respectively.

Thus, if the curvature of (M, g) is bounded below, the inequality (2.8), which gives u} .. <
—MinSec, implies that pn.x is bounded above in every bounded interval (by integrating
this last differential inequality and noticing that this can be done by the absolute continuity
of fimax). Then, pmax could possibly go to —oco (hence, a fortiori also fumin), but it cannot
diverge to 4+o00. Therefore, by inequality (2.10), the positive function Apax, hence Anin, is also
bounded above in every bounded interval. Accordingly, the only possible “degeneration”
is that Amin goes to zero as » — r,, for some ry, meaning that the matrix g,3 becomes
degenerate when r approaches the value r.

This is clearly equivalent to the fact that the volume density G goes to zero, as r — ry,
indeed, an analogous analysis can be performed considering the equations for the pair G
and H, in Proposition 2.9.

If (M, g) is complete, r is the distance function from a point p € M and Aynin — 0 as
r — r, along a geodesic o : [0, +00] — M outgoing from p, parametrized in arclength and
minimizing along the interval [0, 7)), then ¢ no longer minimizes the distance beyond ry.
Indeed, there exists a map r — (v!,...,v" 1) (r) € R" ! such that |v(r)|gn—1 = 1 for all
r € (0,79) and

gi1 9gin—1 v
(ry{ -~ | (r)—=0, as r—rg.
In—-11 --- Gn—-1n—1 v
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Hence,

9o (r) (Ua (T)(?@"“a(r)? Uﬁ(r)a{)ﬂ ’0’(7‘)) = va(T)U'B(T’)gag(T’) —0,
asr — ry . Then, there is a sequence r;, — 7, and there exists a vector (v',...,v""!) € R"~!
such that [0|gn—1 = 1 and (v!,...,o" ) (rx) — (@',..., 9" ), as k — oo. Then, since there
holds

Dpe |0'(r) - d(expp)ro“(ﬂ) (7’770)7
on (0,rp), where 7y, ... ,n,—1 are linearly independent vectors in 7,/ which form a basis of
TU/(O)SZ_l, by the continuity of d exp,, and of the metric g, it follows that

d(expp)roa/(O) (ﬁana) =0.
The components 7* are not all zero and 71,...,7,—1 are linearly independent, therefore,
dexp, is singular at 70’(0). Hence, o(ro) is a conjugate point to palong a. Accordingly, the
geodesic o cannot be minimal after o (7). See [10, Section 4], for more information about the
set of focal points of a submanifold.

In the next section we will introduce the last “analytical” tools which, together with the
above differential equations and differential inequalities, we will apply to the study of the
relationships between curvature and topology. More precisely, we will analyze the behavior
of the distance function r from a point, according to the following lines:

(1) If the sectional curvature Sec of the Riemannian manifold is bounded from above
by a constant K, then the minimum of the eigenvalues of the shape operator S of r
is greater than or equal to a quantity depending only on the constant K and on the
value of the function r at the point considered (by using the Jacobi fields for r). In the
case that K is nonpositive, this quantity is always positive (this is used in the proof
of the key Proposition 4.4 for the Cartan-Hadamard theorem).

(2) If the sectional curvature Sec of the Riemannian manifold is bounded from below
by a constant k, then the maximum of the eigenvalues of the shape operator S of r
is lower than or equal to a quantity depending only on the constant £ and on the
value of r at the point considered (by using parallel fields for r). If k is positive, this
quantity diverges negatively as » — r,, therefore the matrix of the coefficients of
the metric becomes degenerate and thus all the geodesics parametrized in arclength
cease to be minimizing in a same interval of length ry. Consequently, the diameter of
the manifold is finite (Synge’s lemma 4.3).

(3) If the sectional curvature is constant, then the eigenvalues of the shape operator are
all equal to a same quantity depending only on the constant of the sectional curvature
and on the value of r at the point considered. Therefore, in a Riemannian manifold
with constant sectional curvature, in geodesic balls, diffeomorphic via polar coordi-
nates, the coefficients of the metric of both manifolds satisfy the same system of first
order linear differential equations along the integral curves of the gradient of respec-
tive distance functions, with the same limit conditions (this will used in Theorem 4.1).

(4) If the eigenvalues of the Ricci tensor Ric are bounded from below by a positive con-
stant [, we can not obtain information on the singular eigenvalues of the shape op-
erator S of r but only on their sum, namely on tr(S), which is bounded from above
by a quantity depending on the constant [ and on the value of r at the point con-
sidered. This quantity diverges negatively for » — 7, and therefore the diameter of
manifold is finite by an analogous argument of the one at point (2) (Bonnet-Myers
theorem 4.2).
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3. THE DISTANCE FUNCTION FROM A POINT

Let (M, g) a complete, n—dimensional Riemannian manifold. We now consider » : M — R
to be the distance function d, from a point p € M, which is well known to be smooth in the
open set D, = M \ ({p} U Cut,), where Cut,, is the cut locus of p (we recall that the squared
distance function from p, given by d2 is smooth also at p and its Hessian is positive definite
in a neighborhood of such point). Notice that the polar coordinates (¢, ) defined on an open
U C D, are then adapted to r and every U, is the part of the geodesic sphere of radius p > 0,
centered at p, belonging to U. Then, the metric tensor can be written as

9= gap do0®® do® + dr @ dr.

As we said, the coordinate vector fields g1, . .., 9pn-1, 0, are Jacobi vector fields for r, while
Oy is a parallel vector field for r.

We recall how such polar coordinates are defined. Let Sp~! C T,,M to be the unit sphere with
respect to g,. From now on, we fix a linear isometry X from (7,,M, g,) to (R", (-,-)) which
maps the vectors of a chosen orthonormal basis B = {ei,...,e,} of T,M in the vectors
of the canonical orthonormal basis of R" and we consider a chart (V,6) of S~!, obtained
identifying S”'~* with the (n — 1)-dimensional standard unit sphere S"~! (whose canonical
metric is denoted by gsn-1) through the isometry X. For some € > 0 the open set

U = {exp,(r§) : r€(0,e)and £ € V'}

is contained in D), therefore the map

¢:(&r)eV x(0,e) C S;“l X RT — exp,(r{) €U C M
is a diffeomorphism. This, in turn, implies that the map

po(071,1d): (0",...,6" ", r) € 0(V) X (0,¢) — exp, (ré(0)) € U
is also a diffeomorphism whose inverse ¢ provides polar coordinates on U.
At the same time, we can consider on the open set U the chart z given by the normal coordi-
nates with respect to the fixed orthonormal basis B of T),M. Notice that transition map from
¢ to x is given by
zop 1:(0,7) (V)% (0,6) C R x RT — (rel(6),...,r"(0)) € R™

In order to get information from the previous differential equations and inequalities, we
first analyze the behavior of the metric and of the Hessian of the distance function r = d,
alongany (minimal) geodesic r +— ~(r) = exp,(r{) in U (which is an integral curve for 9,),
asr — 0%,

Proposition 3.1. The following limits hold along any unit velocity geodesic v — ~y(r) = exp,(r§),
for & e Sp7,
(1) 7’1—1}[?7L Job = 7‘1—1>I(r)le g(aea ’ a@ﬁ) =0
for each o, € {1,...,n — 1}. Consequently
i o3 =0

for every pair Jy, Jo of Jacobi fields for the distance function r, pointwise orthogonal to O,
being J1, Jo pointwise linear combinations of the coordinate fields Og with coefficients inde-
pendent of r.
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. 9ap
lim (Hessr Oger, Opp) — —) =0
2) i, (Hessr(Ope, 0ps) = =

foreach o, p € {1,...,n— 1}. Consequently

9(J17J2)) _0

lim (Hess r(J1,J2) —

r—0t
for each pair Jy, Jo of Jacobi fields for the distance function r, pointwise orthogonal to O, .
H J,J) 1
esst(J, J) ) _0

li —_— =
@) ri%lJr ( g(J,J) T
for every Jacobi field J for the distance function r, which is pointwise orthogonal to 0, and
never zero on the geodesic curve ~y.

H 1
li =0.
@ Jim (=5 -7) =0
(5) lim <Hessr(E, E)— 1) =0
r—0+t T
for every parallel field E for the distance function r, with unit norm and pointwise orthogonal
to 0.
Proof. Let us denote by {04, ...,0,} the coordinate vector fields associated with the normal

coordinates chart (U, z) and by {9p1,...,dgn-1,0,} those induced by the polar coordinates
chart (U, ¢), where both charts are like above. Moreover, let £ = £(6). The first limit is direct
consequence of the fact that
gap(1(r)) = 0(r%),
since there holds
_ Oa'op’l) , \O@lop™) o 08
forevery a, f € {1,...,n — 1}.
About the second limit, we start by observing that

i 0
Hess (0 | (), Ops |y ) = Hessr( 85 (0)0ily(r) 855( )05l (r )
agt o
2650‘ (0)855 (9) Hessr(@ |’y 8]‘]7(74))
—aglaie 8 — E(0)EI(9) — 1Tk ko
=1 oo (0)555(0) |0 — E(0)E (0) =TS (4(r)E"(0)|
agt  ogd
=1 o () oo (0)[55 — TG EE)]
where we used the identities
5 ) k ) o 7
Hessr(9;,0) = %2~ “5 - Th" and 51(9)8; ) = 0.

Hence, by equality (3.1), we have

Hess (91 1), 00 1)) — ~0a31(r)) = o (0) o (0) 355 — g13(1(1) — T (1)) (0)

and by the properties of the normal coordinates, we obtain the second limit.
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Let us consider a nonzero linear combination J of Jg1,...,0n-1, that is J = a“0p with
some coefficient a,, # 0. Then, we have

1 1( o’ G (0) 555 0) 55 — rTH(V(r)E*(0)] 1)
ror a®a® 95 () 55 (6)gij (7 (1)
_ a5 (0) 555 (6) 116y — 915 (1(r) — D5 ((r))€" (8)]
a®aP 95 (0) 252 (0)gij (+(r)) ‘

Now, we observe that de 1'Hopital rule, together with the properties of the normal coordi-
nates, implies

Hessr(J,J)
9(J,J)

(1)

Tim g1y (() — 3] = Tim €5(6) 925 (5(r)) =0,

Then, the third limit follows by observing that

T N2, L LoE o i
Tim %0 S5 (0) S5 (0)gis(0(r)) = a0’ oo (0) o (06 = gl () >0, (32)

By the previous computations, we have

HOE) -0 = wSe(r) -

= 9" (3(r)) (Fless (00 bytas Do ) — 901 (r)

= g (1) e (6) S (0) 61y g (1) — T ()N 6)].

Since the identities (3.1) and (3.2) imply

n—1

. S
Jap (’Y(T)) =3 rzaag(r, 9) and lim Qo3 (7'7 9) = gal,;a’ (6)7
r—0t
we get that

HO() — 2 2 )05 (0) 05 (6) ~ [3; — 955 (3(r) — 1T (1(1)E )]

where each a®’(r, ) converges to ggnﬁ,l (€) as r — 0T. Then, the fourth limit follows from
P

what was said earlier.
Concerning the last limit, let £ be a unit parallel vector field for the distance function r,
pointwise orthogonal to 9,, then

gt
00«
Now, we notice that, since E(y(r)) is a parallel vector field along the curve /), the func-
tions 76 (y(t))(0€'/90%)(0) converge as r — 07, therefore, we have

= 5 (1) (1)) (Bess (@ sy, s ) — 90 (1)

E= baaga = rb®

0;.

(Hess r(E,E)— %)

y(r)
= P () (1)) g (0) 0o (0) L [855 — g1 (1) — 1T (1(r)EF )]

which yields the desired limit. O
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Let us introduce the last “analytical” tool, which is the following general result for differ-
ential inequalities.

Proposition 3.2 (Riccati comparison principle). Given two C* functions py, p2 : (0,b) — R such
that
1) pr+pt <ph+ 03

(2) limy 0+ (pi(t) — 1) =0
fori € {1,2}, we have pa(t) = p1(t) for every t € (0,b).

From this proposition it clearly follows that if two functions p1, p2 : (0,0) — R satisfy
. 1
pL+pi=ph+p5  and lim (Pi(t) - *) =0,
t—0t t
fori € {1, 2}, then p; = po.

Proof. We choose t; € (0,b) and define

t
10 = [ (pa(r) + r(7)) dr
to
for any t € (0,b). Since the first hypothesis leads to
d
2 ((p2 = pr)el) = (b = P 403 — p)e! >0,

the function (p2 — p1)e’ is nondecreasing in (0, b). It then follows that

pa(ta) — pi(ta) = (pa(tr) = puta)) e/ =/ 02), (3.3)

for every 0 < t; < t < b. Now, by the second hypothesis, p;(t) = t~! + 0;(1) for each
i € {1,2}, where the expression o;(1) denotes any function converging to zero as t — 0.
Then, we observe that

pa(t) — p1(t) = o0:(1) (3.4)
and

10 = (el pa() d = 2108 () + 0n),

where the expression O, (1) is used to denote any function bounded in a right neighborhood
of 0. Therefore, the function ef(*) converges to zero as ¢ — 0F. By using this result along
with equality (3.4) in inequality (3.3), we get

pa(t2) — p1(t2) > lim (pQ(tl) — pl(tl))ef(tl)—f(tQ) =0,
t1—0t

which yields the desired inequality. O

Given a real constant k, we define the function sn; : R — R as
sin (VEt)/VE fork >0
sng(t) = qt fork=0
sinh (V—kt)/vV~k fork <0
which can be easily seen to satisfy the ordinary differential equation
ff+kf=0
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with f(0) = 0 and f/(0) = 1. Then, adopting the convention that 7/vk = 400 when
k < 0, by direct check, the function sn (¢)/sny(t) on the open interval (0, 7/v/k ) satisfies the
ordinary differential equation

I+ =k
and

10+ (snk (t) t
Applying then the Riccati comparison principle, we obtain the following inequalities
along any minimal geodesic v from p € M, as above:

sni(t) 1 ) _

(1) If (M, g) has sectional curvature Sec < K, then from formulas (2.3) and (2.5), we have

Hessr(J, J) Hess r(J, J)\ 2 sn'\/ s\ 2
Op| —F— — ) > -K=(— ,
( g(J, J) >+< g(J, J) ) (snK) +<snK>
for every nonzero Jacobi vector field J for the distance function r, which is at every
point a linear combination of 9y1,...,0p»-1 (hence at every point orthogonal to 9;).
Recalling the third limit in Proposition 3.1, we can then apply Proposition 3.2 and
conclude that

Hess, r(J, J)( - sn' (7)

g(J,J) = sng(r)
implying
!
Hessr > W () g (3.5)
sng(r)

on T, S, (p), where ¢ = exp,(rv) and S,.(p) = exp, (rSj—1), for every r € (0,¢) in the
domain of the function sn'y /sng.
(2) If (M, g) has sectional curvature Sec > k, then from the formula (2.6) we have

/ / / 2
OrHess r(E, E) + [Hessr(E,E)> < —k = (SHJ) + (%) ’
Sy SNz

for any parallel vector field £ for the distance function » with unit norm and point-
wise orthogonal to 0,. Then, by the fifth limit in Proposition 3.1 and Proposition 3.2,

t
st sn} ()
Hess, (£, E)(r) < TE .
implying /
Hessr < su (7) g (3.6)
sn(r)

on 1,5, (p), where ¢ = exp,(rv) and S,(p) = exp,(rSp~1), for every r € (0,¢) in the
domain of the function snj /sny.
(3) If (M, g) satisfies Ric > k(n — 1)g for a real value k, from the second point of Propo-

sition 2.9, we get
H H \2
- < —k.
0 (n—l) + (n—l)

Then, by the fourth limit in Proposition 3.1, Proposition 3.2 implies

Ar =H(r) < (n— 1)22;’:8 (3.7)
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for every r € (0, ¢) in the domain of the function snj_/sny.
The cases with K or k equal to zero are particularly relevant:

(1) If (M, g) has nonpositive sectional curvature Sec < 0, then
Hessr > g
,
on 7S, (p), with ¢ = exp,(rv) and r € (0, ¢).

(2) If (M, g) has nonnegative sectional curvature Sec > 0, then
Hessr < g
,
on 7S, (p), with ¢ = exp,(rv) and r € (0, ¢).

(3) If (M, g) satisfies Ric > 0, then

Ar =H(r) <

for every r € (0,¢).

It follows that, if (M, g) has constant curvature k, there holds
sny(r)
sng(r)
on Ty S,(p), with ¢ = exp,(rv) and Hess 7(0,,-) = 0, for every r € (0, min{e, 7/Vk}) (setting
7/Vk = +oo,if k < 0).

Being able to cover all D,,\ {p} by polar coordinate systems as above, choosing appropriate
open sets U, we conclude that these inequalities hold along all geodesics ¢, for every ¢ €

Sp~! and for every r € (0, ¢(£)) (where ¢(¢) is the first value such that ~¢ reaches the cut locus
of p) within the domain of the corresponding functions, sn’ /snx or snj /snj.

Hessr = (3.8)

The space form (M7, g) is given by (R", gean), when k = 0, the sphere (S’ll VE Jean ), When

k > 0 and the hyperbolic space H" with its canonical metric rescaled by the factor —1/k,
when £ < 0.

For any p € M, the open set obtained by M} without p and the cut locus of p, is isometric,
with its natural metric, to the following warped product:

(M7, 1) = (S"fl X (O,W/\/E),sni(r) gsn—1 +dr ® dr) (3.9)

with the convention

W/\F:{ﬂ/\/ﬁ fork >0

+00 fork <0

Remark 3.3. We observe that the right members of inequalities (3.5), (3.6) and (3.7) are the
analogous quantities to the ones at the left members, for the space forms with constant cur-
vature. In particular, if we denote with Hj(r) the mean curvature of the geodesic sphere
of radius r of the space form with constant curvature £ € R, we have the following mean
comparison inequality

H(r) < Hy(r), (3.10)
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along any minimal geodesic v from p € M, as above, under the assumption that satisfies
Ric > k(n —1)g.

Remark 3.4. Along the same line, based on Riccati comparison principle, analogous conclu-
sions (suitably modified) can also be drawn if r is the distance function from a submanifold,
or a general distance function (see [7, Section 3]).

4. APPLICATIONS

In this section we are going to apply the “analytical” tools (differential equations and in-
equalities) that we discussed in the previous sections, to show “alternative” proofs of some
“classical” results about the relationships between curvature and topology, which are usu-
ally proved by means of the Jacobi vector fields and the second variation formula of the
length/energy functional for geodesics. The “standard” proofs can be found in [6], for in-
stance. We invite the reader to compare such proofs in order to evaluate the differences in
the complexity of the two lines.

Riemannian manifolds with constant sectional curvature

The following proposition is the local version of the well known “classification theorem”,
asserting that any complete Riemannian manifold with constant curvature is the quotient of
a space form (see [6, Section 3.F], for instance).

Proposition 4.1. If the n—dimensional Riemannian manifold (M, g) has constant sectional curva-
ture k, then for every p € M there exists an open neighborhood of p isometric to an open subset of the
n—dimensional space form (M}, g}') of constant curvature k € R.

Proof via the distance functions.
With the notation of the previous section, considering polar coordinates (r, ) in a neighbor-
hood of p € M, we have r = dj and we concluded in equation (3.8) that

sny(r)

s (r)

on TS, (p), for every ¢ = exp,(rv) € S,(p) and v = v(6).

From the expression for the metric along the geodesic r — v(r) = exp,(rv) in the proof of
the first point of Proposition 3.1, we have

lim M = gi%_l(v) , 4.1)

2
r—0+  sni(r)

Hessr =

forevery a, € {1,...,n—1}.
From the first equation of Proposition 2.8, we have

Oy a3 (1(r)) = 2Hess (e, 3ps) = 22 g )

sng(r)
therefore,
 9ap(1(r) _ s05(1)0rgap(v(r)) = 25 (r)smy (r)gas(V(r)) _
dr sn2(r) sni(r) ’
that is, the function r +— % is constant and we have

Gos (1)) = g, (v) sni(r),
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by the limit (4.1). Hence,
g = sna(r) ggn-1 + dr @ dr,

then, (M, g) is locally isometric to (M}, g}!), by the discussion immediately before Remark 3.3.
([l

The Bonnet-Myers theorem and Synge’s lemma

One of the most classical result in Riemannian geometry is the following Bonnet-Myers
“diameter estimate”.

Theorem 4.2 (Bonnet-Myers theorem). Let (M, g) be an n—dimensional complete Riemannian
manifold such that Ric > k(n — 1)g, for some k > 0. Then, the diameter of M is bounded above by

W/\/E

Proof via the distance functions.

Assume for contradiction that there exists a minimizing geodesic v : [0, L] — M of unit
speed starting from p € M, with L > «/v/k. The distance function d,, is then smooth along
the image of v and, for every r € (0, L), the geodesic sphere S,.(p) is a hypersurface in a
neighborhood of every point v(r). By the inequality (3.7), along the image of v the mean
curvature H(r) of the geodesic sphere S, (p) would satisfy

H(r) < (n — 1)Vk cot(VEr).

Since L > 7/vk, this would lead to a contradiction since cot(vk ) — —ocoasr — (7/vVE ).
U

For completeness, we mention that this diameter estimate is optimal, as the standard n-
dimensional sphere S I of radius 1/v/k, has Ricci tensor equal to (n — 1)kg and diameter

7/V'k, moreover, Cheng’s maximal diameter theorem (see [13]) says that if (M, g) satisfies the
assumptions of the Bonnet-Myers theorem and has (maximal) diameter equal to 7/ Vk, then
(M, g) is isometric to ST N3 with its canonical metric. Finally, such estimate implies (by

passing to the universal covering of the manifold) that the manifold has finite fundamental
group, besides being compact.

Even if the following Synge’s lemma is clearly a special (weaker) case of the Bonnet-
Myers theorem, we anyway prove it for historical reasons (it actually came before, obtained
by Synge as a consequence of its second variation formula for the length functional [15]) and
since in this way we take the opportunity to show a slightly different line, still based on the
properties of the distance functions, that can be adapted to prove Theorem 4.2 also.

Lemma 4.3 (Synge’s lemma). Let (M, g) be a complete Riemannian manifold with sectional cur-
vature Sec(w) > k > 0 for every 2—plane m C T,M and every p € M. Then M is compact, with
diameter less than ot equal to w/\k .

Proof via the distance functions.

We follow the same proof strategy as in the Bonnet-Myers theorem using the fundamental
equations, but reasoning on the maximal eigenvalue pinax of the matrix Sg in polar coordi-
nates centered at p, which is the maximal eigenvalue of the second fundamental form of the
geodesic spheres centered at p.

Assume for contradiction that there exists a minimizing geodesic v : [0, L] — M of unit
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speed starting from p € M, with L > 7/v/k. Then, we have seen that along such geodesic,
the differential inequality (2.8) holds,

8rﬂmax(7a) < _M?nax(r) — MinSec,

for almost every r € (0, L) (the function pimax is absolutely continuous), so under our as-
sumptions,
ar#max(r) + M?nax(r) < —k.

Since S5 = haxg™? and hog = Hess7(0pa, Oys ), by performing computations similar to those
carried out to obtain the second and the third limits in Proposition 3.1, it follows that

S8 =2 1+ o(1), (4.2)
as r — 07. Consequently, we obtain
1
max —-=o(1),
() =+ = 0(1)

asr — 0%,

Applying then the Riccati comparison principle, Proposition 3.2 (which can be easily seen to
work even if the functions are only absolutely continuous and the inequality in the statement
holds only almost everywhere), we conclude that

snj. (1)
< Mk
fmax (1) < sty (r)
forevery r € (0,7/vk ),as L > 7/v/k. This would lead to a contradiction, since cot(v/kr) —
—o0,asr — (m/VEk )™, O

Riemannian manifolds with nonpositive curvature

Another well-known classical result is the Cartan-Hadamard theorem, saying that the uni-
versal covering of a complete Riemannian manifold with nonpositive curvature is diffeo-
morphic to R". The key point of the proof is to show the following proposition.

Proposition 4.4. Let (M, g) be a complete Riemannian manifold with nonpositive sectional curva-
ture. Then, every point p € M has no conjugate points.

Proof via the distance functions.

Similarly to the alternative proof of Synge’s lemma 4.3 above, we consider the minimal
eigenvalue jimin of the matrix Sg in polar coordinates centered at p, which is the minimal
eigenvalue of the second fundamental form of the geodesic spheres around p.

Let v : I — M a unit-speed geodesic starting from p, up to its first conjugate point (if it
exists).

If v is minimizing, the differential inequality (2.7) holds,

a7”,“4min (T) > _:ur2nin (7“)
for almost every r € I. Moreover, by formula (4.2), we have fimin () > 1/r for every r € I.
Then, since (formula (2.9))
8r)\rnin (T) = 2>\min (T)Nmin(r)
for almost every r, where Ay, is the minimal eigenvalue of the matrix g,3, we conclude that
Amin(7) = 6 > 0 for every r € I. It follows that there cannot be any point conjugate to p along
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the geodesic v, by the discussion at the end of Section 2.
We refer the reader to [11] for the general case where 7y is possibly non-minimizing. 0

Volume growth of geodesic balls

We deal with estimating the volume growth of the geodesic balls of complete Riemannian
manifolds whose Ricci curvature is bounded below by a constant (which is not necessarily
positive).

Proposition 4.5 (Bishop inequality). If (M, g) is a complete Riemannian manifold of dimension n,
satisfying Ric > k(n — 1)g for some k € R, then there holds

Vol(B,(p)) < Voli(B,(p)),

for every p € M and for all v € (0,7/vk ). Here, B,.(p) denotes the geodesic ball of radius r > 0
centered at a point p € M.

Proof via the distance functions.
We start by considering the polar coordinates ¢ = (¢, r) defined in the neighborhood

U= {exp,(tv) e M: ve Sg_l \{N}andt € (0,¢(v))} ,

of the point p (recall that c(v) is the first value such that the geodesic exp,(tv) reaches the
cut locus of p), induced by the stereographic projection (V, ) of S~ from the north pole N.
Afterwards, we denote by W the open subset ¢(U) C R™ and we notice that

Wng:{(Q,t)G]R” . 0 e R"! and te(O,w/\/E)},

by the Bonnet-Myers theorem, when & > 0.

We set G = /det g;; o ¢!, which is the density of the canonical volume measure of (M, g)
in the polar coordinates ¢ on U. By construction, G is then clearly defined on V.

Now, we recall that the Riemannian submanifold obtained by M} without p and the cut locus
of p, is isometric to (M}, g!), given by formula (3.9). The latter is, in turn, isometric to

(Sp~" x (0.7/Vk ), sni(r) ggnr + dr @ dr).

We then denote by G (¢, r) the analogue of G (6, r) for the latter space, which is obtained by
using the aforementioned chart (V, 6) of Sg_l and is thus defined on W.

In the same notation of the proof of Proposition 4.1, along a unit-speed geodesic r — y(r) =
exp, (rv) with v = v(0), by formula 4.1, there holds

G(0,r) sp-1

lim ———="— =detg [ (v),

in particular, G(6,7)/Gk(6,7) — lasr — 0%,
Since, by Proposition 2.9, we have

H(0,r) = —log\/ 0,r) and Hy(0,7) *—log\/Gkﬁr

if Ric > (n — 1)kg, then by the mean curvature comparison inequality (3.10), it follows
H(#,r) > H(0,r), thus

ﬁlog VG(6,r) —log VGr(0,7) that is, 9 Glo.m) <0
or Gi(6,r)
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This clearly implies that G(0,r) < Gi(6,7), then the conclusion follows by integration. In-
deed, by using the fact that the cut locus of p has zero volume measure in (M, g), we observe
that

VoI(B, () = | G(6.1)d0 ds

where W, = ¢(U,) C W, with
U, = {expp(tv) eEM:ve Sg_l \{N}andt € (O,min{r,c(v)})} .

Then, setting #(¢) = min{r, c(v(#))}, the result obtained above, coupled with Fubini’s theo-
rem, implies

£(0) £(0) r
Vol(Br(p)):/ de/ G(0,t) dt g/ a9 [ G0,t)dt </ dQ/Gk(Q,t) dt=Vol, (B, (p)).
R 0 R R 0

n—1 n—1 /0 n—1

O
Remark 4.6. Along the same lines, the Bishop—Gromov inequality also follows: the function

Vol(B;(p))
Vol (B (p))

is nonincreasing, for r > 0 (see [4, Theorem II1.4.5]).
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