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Abstract

We study a class of variational transmission problems driven by nonlinear energies with discontinuous
coefficients across a prescribed interface. The model setting consists of integral functionals of the form

F(u; E) = /QO‘E(JL') F(Vu)dz,

where the coefficient o5 takes two constant values on complementary regions separated by a C'' hypersur-
face, and the integrand F’ satisfies standard p-growth and monotonicity conditions with p > 2.
In this nonlinear variational framework, we establish local Morrey-space regularity for the gradient

of local minimizers, proving that Vu € LIQO?(Q) for every 0 < A < n, provided 2 < p < nzf” The

2
proof is based on quantitative decay estimates for the energy near the interface, first obtained in a flat

configuration and then extended to the general case by a suitable approximation argument.

1 Introduction

Transmission problems arise naturally in the study of diffusive processes in heterogeneous media, where
the governing laws change abruptly across fixed interfaces. Typical applications include elasticity theory,
composite materials, and conductivity phenomena. This kind of problems appear also in the study of thermal
insulation of bodies under sources and prescribed boundary conditions (see for example [I, [4]) From a
mathematical perspective, such problems are characterised by the presence of piecewise-defined operators or
energy densities, together with suitable transmission conditions prescribed along the separating interface.
The first systematic investigation of transmission problems in elasticity theory dates back to the seminal
work of M. Picone in the 1950s (see [I7]).

In this paper, we investigate a class of variational transmission problems associated with nonlinear integral
functionals exhibiting discontinuous coefficients across a prescribed interface. Our focus is on the regularity
properties of local minimizers, with particular attention to the behaviour of the gradient near the interface.

Let © C R™ be a bounded domain and let £ C ) be a measurable subset. We assume that the interface
OF is a hypersurface of class C'. We fix two constants 0 < o < 8 < +00 and define

og = Plg + alge,

where 1g denotes the characteristic function of the set E and E° is the complementary of E. We consider
the integral functional

F(u; E) ::/QUE(x)F(Vu)dJ;, (1)

defined for functions u € W1P(Q).
The integrand F: R® — R is assumed to belong to C?(R") and to satisfy standard p-growth and
monotonicity conditions: for all £, € R™,

(VF(E) = VF(n),€ — 1) > v + € + [n2) T |€ - nl?, (H1)



IVE(€) - VE(m)| < L(u® + €2 + ) " |¢ — . (H2)

for some constants v, L > 0, p € (0,1], and p > 2.
Local minimizers of the functional F are understood in the usual variational sense.

Definition 1.1. Let u € W1P(Q). We say that u is a local minimizer of F(-;Q) in Q if, for every ball
B, (o) C Q and every ¢ € Wy P(B,(x0)), one has

F(u; Br(x0)) < Flu+ ¢; Br(xg))-

Before stating our main result, let us place it in the context of the existing literature. In the linear
case p = 2, transmission problems with piecewise constant coefficients have been extensively studied, and
gradient regularity across sufficiently smooth interfaces is by now classical (see, e.g., [12, 13} [I5]). Such results
follow from the elliptic regularity theory for divergence-form operators with discontinuous coefficients (see for
instance [1T], 12} [14} [15] and [2, Theorem 7.53]. In this setting, local W2~ and Holder-type regularity for the
gradient of minimizers is well understood under mild geometric assumptions on the interface.

More recently, fine regularity properties for linear transmission problems across C*® interfaces have been
obtained by Caffarelli, Soria-Carro, and Stinga [10].

By contrast, the nonlinear case p # 2 remains far less developed. To the best of our knowledge, the
only available regularity results for nonlinear transmission problems concern equations subject to additive
transmission conditions on the interface. In particular, in the recent work [9], BMO regularity of the gradient
is obtained for degenerate quasilinear equations under transmission conditions of the form

8’&1 8’&2
Vui|)=— — g(|Vus|) =— = on OF.
9(IVurl) 7~ = 9(|Vua|) 7= = f
In contrast, the transmission condition naturally associated with the variational functional is of
multiplicative type, namely

0
911V 5 r

which arises intrinsically from the Euler—Lagrange equations and expresses the continuity of the nonlinear flux
across the interface. We stress that this multiplicative transmission condition is intrinsic to the variational
structure of the functional , as it arises directly from the Euler-Lagrange equations and cannot be prescribed
independently. The presence of a discontinuous coefficient combined with nonlinear growth prevents a direct
application of standard techniques such as freezing arguments or difference quotient estimates across the
interface. To the best of our knowledge, no Morrey-space regularity results for gradients of local minimizers
are available in this genuinely nonlinear variational transmission setting.

Denoting by LP* the classical Morrey spaces, we can now state the main result of this paper, which
establishes local Morrey regularity for the gradient of local minimizers under minimal geometric assumptions
on the interface.

= gg(|Vu2|)% on OF,

Theorem 1.2 (Gradient regularity in Morrey spaces). Let u € WP(Q) be a local minimizer of the functional
F(; Q) defined m, and assume that OF is a hypersurface of class C*. Suppose that assumptions (H1)—(H2)
are satisfied where 2 < p < % Then, for every 0 < A\ < mn,

Vu e LPXNQ).

loc

Moreover, for every ) € Q, there exists a constant C' = C’(n,p, V,L,B,E,diam(Q),dist(Q’,ﬁQ)) > 0 such
that
HVUHL]J,/\(Q/) S C.

Remark 1.3. Within the present variational transmission framework, Morrey reqularity represents the
natural level of reqularity that can be expected for the gradient of local minimizers, in view of the discontinuous
coefficients and the intrinsic transmission condition.

The proof of Theorem is obtained as a consequence of the following decay estimate for the energy.

Proposition 1.4. Let u be a local minimizer of the functional F(-;2) defined in under the assumption of
Theorem . Then there exists a constant 0 < 79 < 1 such that the following holds: for every T € (0,7¢) there
exists g = €o(7) > 0 with the property that, if B.(xo) € Q and one of the following conditions is satisfied,

(i) |E N By(z0)| < €0l By,
(i) |Br(20) \ E| < €0|B,|,



(iii) there exists a half-space H such that

((EAH) N By (x0)|
|Br|

€0,

then, for every 0 < § < n, the estimate

/ |Vl dz < Cor"? / |Vul|P de + "
Brr(z0) By (z0)

holds, where the constant Cy depends only on n,v,L,a, 3,6 and ||Vul|2(q)-

Remark 1.5. For the proof of Theorem|1.9, it would be sufficient to state the proposition only in case (i).
We nevertheless include the other two cases for the sake of completeness.

We give an outline of the proof of Proposition It relies on decay estimates for the gradient near
the interface, first established in a flat configuration, i.e. when the interface coincides with a hyperplane.
Section 3 is devoted to this “flat case”.

The starting point is a local boundedness estimate for the tangential gradient V'u, where V' =
(Opys- -0, ,) denotes the vector of derivatives parallel to the interface. This is proved in Proposition 3.2
via a difference-quotient argument with test functions involving only tangential increments. A key ingredient
is a Moser iteration applied to Z := \Ai’hu|m/ P During the estimates, the full gradient Vu enters through the
structure conditions (H1)-(H2) and is treated as a weight; this is the origin of the restriction 2 < p < 2.

The bound obtained in Proposition 3.2 is preliminary, since the decay exponent in the estimates is not
optimal and the constant may depend on p. To obtain the scale-invariant Lipschitz estimate for V'u stated
in Proposition 3.4, we perform a rescaling argument, which requires uniformity with respect to p. This
uniformity is proved in Lemma 3.3, exploiting the boundedness of V'u and a Poincaré-type inequality for
Z = |0;u|™P,i=1,...,n — 1, which is an admissible Sobolev function by Theorem 3.1.

Once the tangential Lipschitz bound is available, we prove the Morrey estimate in the flat case in
Theorem 3.5 by a comparison argument (Section 3.2). Finally, the general case follows from a standard
flattening /approximation procedure using the C'* regularity of the interface, along the lines of the quadratic
theory (see, e.g., [5l [@]).

2 Auxiliary results and notation

Throughout the paper we set
V3= i 4 [V,

where Vu denotes the weak gradient of w.

Definition 2.1. Let Q C R™ be an open set, 1 < p < oo, and 0 < XA < n. The Morrey space LP* () is the
set of all functions f € LY (Q) such that

loc

1/p
I fllrr@) == sup <7’A/ LfIP dy) < o0,
zeQ, r>0 QNB(z,r)

where B(z,r) ={y e R": |y — z| <r}.
We will make use of the following iteration lemma that can be found in [3, Lemma 2.VIII].
Lemma 2.2. Let ¢: (0,7] = R be a nonnegative function such that for every o € (0,7], t € (0,1) and € > 0
(to) < (At + Be)d(o) + ¢ Ko™,
where 0 < p <A, A>0, B>0, K>0 and > 0. Then for every § < A — p it holds that
d(to) < (1 4+ At*0¢(0) + KM (to)*,
where M = M (A, B, 6, \, i, 8) is a positive constant.

Lemma 2.3 (Standard p-growth bounds). Assume (H1)-(H2). Then there exists a constant C =
C(n,p,v, L) > 0 such that for all £ € R™

CT W+ 1€P)% —Cu < F(§) < C(12 + €)% + Ce.



The following results on higher integrability and local Holder continuity of minimizers are classical. Since
their proofs are standard, we omit them and refer the reader to |7, [§].

Theorem 2.4 (Higher integrability). Let u € WP(Q) be a local minimizer of the functional . There exist
s>1and C = C(n,p,v,L,B) such that for any ball Ba,(xg) CC

/ |Vu|*? dz < C(/ (‘Vu‘er,up) dx) .
B,(z0) Bar(x0)

Theorem 2.5 (Hélder continuity). Let u € WP(2) be a local minimizer of the functional (1)). Then
(i) For any open set ' € Q the quantity |[ul| ;g is bounded by a constant C' = C(n,p,v, L, B) |lul 12(q)-

(i) w is locally Holder continuous in €.

3 Flat case

In this section, we establish a local boundedness estimate for the gradient of a minimizer of the functional
, hereafter denoted by F, in a ball B,.(zg) centered at a point xzy € F, assuming that the interface OF is
flat in B,(xg).

Up to a rotation, we may assume that the inner normal vg is aligned with the e,-direction. In particular,

E={z€Q: {(x—zg,e,) >0}.
For B, (z¢) C , we define
Br($0)i = Br(zo) N{xn 2 (zo)n }, Ly = By(zo) N {xn = (zo)n }-

Then it follows that
BT(.T()) NE = BT($0)+.

For the sake of readability we denote
A=VF and o=o0%g.

Moreover, we use the notation

V' = (Opys-es 0 )

for the tangential gradient, i.e., the gradient with respect to the first n — 1 variables.

3.1 Lipschitz estimate for V'u

The technique involved in the proof makes use of difference quotients. Let us set the notations.

Difference quotients.

For s € {1,...,n} and h € R\ {0} we define the difference quotient

Aspf(@) = fle+hes) = f),  bonf(z):= AhTf(x)

The translate of f in the direction of e, will be denoted by
fhe. (@) := f(z+ hes).
In order to guarantee that x and = + hes belong to B,(xg) we work in
B, _jn(z0) :=={z € R" : |z —zo[ <7 — |h[} C By(20).

We remark that a local minimizer u € WP (B, (zo)) of F satisfies the following weak Euler-Lagrange
equation:

/B o AT, V0 e =0, ¥ € WiP(B,(r0) ()

In the flat case, the existence of second derivatives of the minimizer u, separately in B;} and B,", up to
the boundary I',., can be established by standard arguments; we refer the reader to [7, Section 8.4]. In our
setting, one can additionally prove a further property — useful in what follows — namely that the tangential
gradient V'u admit a gradient also across the interface T',.



Theorem 3.1. Let u be a minimizer of F in B.(x¢). Then O;u € Wlf)cz( r) for every i = 1...n — 1.
Moreover the following properties hold:

i) ue W2A(BF) eue W22 (B;);

loc loc

ii) for every xy € Ty and R > 0 such that Byr(xo) C B,, it holds that

c
/ VP2 IVVul de < — VP dz,
Bry2 R Bar

where C' = C(%, n, p, , B,M) is a positive constant.

Proof. Without loss of generality, we may assume that xo = 0. Let p € (O, %) and choose a cutoff function
n € C°(B,) such that

C
n=1on By, 0<n<, |V < —,
P

for a positive constant C. Fix ¢ € {1,...,n — 1} and let h € R\ {0} satisfy |h| < p/2. We define the test
function
¢ = Dq (0 Agpu) € WoP(B,).

By the Euler-Lagrange equation satisfied by u, using the change of variables y = x — he; and observing
that o depends only on z,, (hence A; 0 =0 fori € {1,...,n —1}), we obtain

0= / o (A(V0), A V(1P Aspu) da
B

P

:/B o (A A(V), V(P A ) da

P

— [ oA AT ) I+ 20 8 ) d 3)
B

P

=> / o AN n A (V) (720 A pu + 20 A pu d;n) da
We represent the difference quotient of A using the fundamental theorem of calculus:

d
A, A (Vu) = / %AJ (Vu+thA;,Vu) dt

1
h
Z < 8kAJ Vu +th A; hVu) dt) akAi,hU- (4)
We introduce the auxiliary quantity

Win = (1 + |Vu(@)]* + |Vu(z + hei)\z)l/Q.

By the growth assumptions on VA and by [7, Lemma 8.3], we infer that

1
/ oA (Vu + th A, Vu) dt' <C(p,L) Wf:i:Q’
0

and, by the monotonicity assumption,

</ Op A7 (Vu + th A, , V) dt) &6k = Clp,v) WF2le]? (5)

7,k=1

for every £ € R™.

Combining , and and applying Holder’s and Young’s inequalities, we obtain

[ WA Al i < 0 / WET2 A, | Al [V 7 d

B,
( / th2772|VAz hU| dm—i——/ |Al hu| dl‘),



where C' = C’(n,p7 8 %) > 0. Choosing ¢ > 0 sufficiently small and absorbing the first term into the

a’
left-hand side, we deduce

_ C _
/ W:’h 2 7 |VAivhu|2 dr < — / Wif’h 2 |Ai,hu|2 dx
Bp/Q p BP

2
Sy (6)
p B
2p

where we have used the estimate
/ WA | A pul? do < ChQ(/ WP da +/ dsnul? d) < C’h2/ VP da.
B, ’ B, ’ B, Bz,
Dividing (@ by h? we obtain

- C
/ Wi.ph 2 772 |V5i,hu|2 dz < — VPdzx. (7)
BP/2 ’ P Bs,

Since P2 < Wf,:z, estimate @ yields a uniform bound for {0; s Vu}n<,/2 in L2(Bp/2)- By the standard

characterization of Sobolev spaces via difference quotients (see [7, Lemma 8.2] or [8, Theorem 7.11]), applied

to u and Jju, it follows that O;u € WLQ(Bp/Q) and that, up to a subsequence,

Sinu — Ou  strongly in L*(B,s), Véinu — VOu strongly in L*(B, ;) and a.e.
We now pass to the limit in . Since Wi p, — V a.e. in B, /5, by Fatou’s lemma we infer
/ VP2 0?2 |VOu|? dr < lim inf/ W2 02 V6 pul? d.
B/J/Z h—0 /2 ’
Combining the previous inequality with @, we get

C
/ VP22 \V@iu|2 dr < — VPdz.
By/2 p Ba,

Summing over i € {1,...,n — 1} and recalling that n =1 on B, /, yields

C
/ VP2 WV u? dr < 7/ VP dx,
B2 P Bz,

which proves (i) (up to the relabelling p = 2R).

Finally, since o is constant in each of the sets B, the same argument can be repeated inside BF also for

i = n, yielding d,u € W,-?(BE). Therefore u € Wg’Q(B;") and u € W22(B;7), proving (7). O

loc loc

In what follows we assume that n > 2 and 2 < p < 2* := % Since the computation leading to the desired
estimate is rather lengthy, we divide the proof into several steps. We first establish the local boundedness of
the tangential gradient V'u, without keeping track of the precise dependence of the resulting estimate on the
constants and the exponents. This preliminary result allows us, in the subsequent propositions, to work with
powers of the gradient V'u in place of difference quotients, thereby simplifying the exposition and focusing
on the improvement of the estimate and on the precise dependence on the constants.

Proposition 3.2. Let u be a minimizer of F in B,(xo), xo € I',. Then Viu € L>(Bs(20)), for every
pe(0,r)andie{1,...,n—1}.

Proof. Without loss of generality, we can assume that g = 0. We divide the proof in three steps.

Step 1: A Caccioppoli type inequality combined with Sobolev—Poincaré inequality.
We start writing an equation involving v and A; pu. We show that the following equation holds:

[ o) AV = A(V), V) do =0, Yo € Wi (B, ). ®)
By in



For any ¢ € Wol’p(Bp_|h|), the translated function ¢_p ., € Wol’p(Bp) can be used in the Euler—Lagrange
equation . Being A; po(z) = 0, a tangential translation then yields

/ o(z) (A(Vune,), Vo) dx = 0.
B, in
Subtracting the same identity with A(Vu), we obtain
/ o(z) (A(Vupe,) — A(Vu), Vo) dx = 0,
By n|

that is, (8].
Now we choose a suitable test function in . For any m > p we denote m := 277” > 2 and define

¥ = 02| Appu[™ 20 pu € Wy P (B, ). It holds that
Vip = 20| A pu| " 2A puVn 4 (1 — D02 | A wu| "2V (A ).
Plugging ¢ in , we get

(i — 1) / o (@) 1A AV up,) — A(Va), V(A pu)) da
By n|
~ 9 / o (@) 0| Aunul ™2 Ay A(Vup o) — A(Va), Vi) da.
Bp—in|
Setting .
Win = (1 + |Vul® + [Vup,e, |*)2
and observing that m — 1 > 1, we apply (H1)), (H2), Holder’s and Young’s inequalities and infer that

)

ow/ Wg,:an\Ai,hu\m72|V(Aivhu)|2 dz
By in

<281 [ a0Vl do
Bo—n|
€ - m— 1 - m
<orl5 [ WEBRAm T @R e+ o [ WAl da].
B B

p—Ih| p—Ih|

for any € > 0. Choosing
av

268L°
so that av — BLe = av/2, we can absorb the first term on the right-hand side into the left-hand side and
obtain

_ . L _ -
th 2n2|Ai,hu|m72|v(Ai,hu)|2 dr < C(ﬁa ) / thQ\AahU\m\VUIQ dz, 9)
By in a V/)JB,
where ) )
L
c=1(2) ()
« v
Defining
7 = |Aiyhu|?,
so that

2
vz = () 1Al VA
using @[) we get a Caccioppoli type inequality for Z,

/ W22V (m2) do < 2/ WP 2|\ Vn|?Z? da + 2/ WPV Z 0% dx
By 7

Bo-in Bp—in
8L 2 p—2 272
<Clp,=,— |(1+m?) WPV 27 da.
a’ v B '

p—Ih|



We then combine this inequality with the Sobolev—Poincaré inequality. Let us fix § < p” < p’ < p. We

choose n € C}(B,/) such that n =1 on B, and |Vn| < #, for some positive constant C. Applying the

Sobolev-Poincaré inequality, remarking that u?=2 < Wf ;2 and making use of Holder’s inequality, we get

()" = f o) e

< (f wrrvenP )

ol

V2)Pde)

p!! p!

o 1
np Gy ) (et T (W2 da
B L B ’

of
1

a v o2 pf o 2
<o(nnff)aemiu= Lo (] wrtzia)
p/

—2 1

o v L o2-p o e »
n’p’B’L>(1+m2> ne pp(]i Wf?hd"’”) (][ Zpdx)

P

Since

where

L
e

we infer that
2r o) gL ot 2= p (p\" =2
21 de ) < C{mp, = S (b m?) 2T P (D) ()

(]{9 p=p"\p ]{9

Step 2: Obtaining the starting inequality for Moser’s iteration. Let y = % > 1 and

zv da:) RGT))

o'’ o’

1 1
We remark that {px}ren, is a decreasing sequence such that pp — £. We set mg = p and
mg ZpXk7 Vk € N07

so that mg11 = xmg, {Mmk}tren, 18 an increasing sequence and my, — +o0o. Furthermore, we define

= (f

Applying with m = my, Z = |Alhu|% (so that Z2" = |A; pu|™+), p' = pr and p" = ppy1, we deduce
that

|Ai,hu|mlC dl‘) o s Vk € Np.

Pk

[N

Th p=2 Tk L - ' "
Y. < A®y(p) = Y, ?, where Ay = C(n,p, g, 1/) (1 + mi) uszi <p) ,

p/ _ p// p/
for every k € Ny. Raising to the power mi*.u = mik = X—lk, we get
X p=2 1
Yk+1 < A]: (I)p(p) 2 x*Yy, Vk € Ng. (11)

Step 3: Moser’s iteration. Iterating N times starting from k& = 0, we get

N-1 —2 —~N-1
Yy < ( H A§k>‘1’p(P)p2pzk° #Y(»
k=0



Letting N — 400, we estimate the infinite product

ﬁ Allv/Xk = exp (i XlklogAk> .

k=0 k=0
Recall that "
A =Cop 2 (1+m? )”2pk<p> ;o ome=px",
Pk — Pk+1 \ Pk
where Cy = Cj (n,p, g, %) Since pj, = p(5 + zrr7), we have
p Pk ! p\"
- = o5 —— <2, — ] <g¢
Pl T PRALT g Pk = Pkl <Pk)
for a constant ¢ = ¢(n) > 0 independent of k. Hence, for a new constant C; = Cl< n,p, g, %),
A < CLp'F (14 m3) 22k,
Taking logarithms yields
2—p 1 9
log A, <logCy + log p + 3 log(1 4+ mj) + klog2.
Therefore
=1 1 1 K log(l4m3?) =
> —ploghi < (10%01+ plog“) ZﬁﬁgZi;@k + (log2) Z
k=0 X k=0 X k=0 X k=0

Since x > 1, the geometric series ), - X~ ¥ converges and Dok x~* converges as well. Moreover, using
my = px* we have
log(1 +m3) < log(2p®) + 2klog x,

hence >+ x Flog(1+m?) < oc. It follows that

Z -log A, < o0, and thus H A,lg/xk <,
k= k=0

where C' = C(n,p, g, %,,u) > 0.
and computing
B=2 shboo L P2 _x_
q)p(p) RS0XE = <I>p(p) Xt
we obtain .
1Auhtll o,y < CBp(0) 5 2T 1A ptll i -
Dividing the previous inequality by h and lettlng h — 0, we conclude that

P=2 _x_ =2 _Xx_ P P
Vil poo (5, ) < CPplp) 2 X1 [[Viul[1p5,) < CPp(p) 7 X7 (1* +|Dul?*)® dz
( 2) (By)

P

< CP,(p) 7 T,
which is the thesis. O

Having obtained local boundedness for V/u, we can now proceed by using an appropriate test function to
derive a uniform boundedness estimate for V'u independent of p.

Lemma 3.3. Let u be a minimizer of F in B,.(xg), xg € .. Then, setting x = %, for everyi e {1,...,n—1}

it holds that
2 2\ % T
sup |Vu| < C(][ (1?4 [Vul?)? dw) ,
B%(xo) Bp(w())

for every p € (O, %) and for some positive constant C' = C(n,p, g, A) independent of L.

v



Proof. Let us fixi € {1,...,n— 1} and p < r. Without loss of generality we may assume that zo = 0. Let
m > p and set m := 22 > 2. Reasoning as in Proposition we obtain the inequality @, which we recall
here for the reader’s convenience:

J

By the boundedness of 0;u proved in Proposition [3.2] we can pass to the limit as h — 0 in the previous
inequality. More precisely, by Proposition [3.2] and Theorem [3.1|(ii), for every i € {1,...,n — 1} we have, as
h — 0,

_ — L - m
WA Al T S < (2.5 ) [ WAl v
p=1h] Boini

dipu — Oju  a.e. in B, dipu — Gju  in LfOC(Bp),

and moreover

V(8inu) = VOiu in Li, (B,).
Since d;u € LS. (B,) and VP=2 <1+ V? € L{ (B,), the right-hand side integrand is dominated by an Li

loc loc loc
function, hence dominated convergence applies. Therefore, by weak lower semicontinuity on the left-hand

side and dominated convergence on the right-hand side, we may pass to the limit in @ as h — 0, obtaining

J

We now introduce the notation

VP22V VYl dr < C / VP2V, Vn|? da. (12)
Bp

P

Z = |V1U|%7
which is well defined in B, , by Proposition @ Moreover, by Theorem @ we have

2
|VZ‘2 - <T;L> IViu|m*2\VViu|2 a.e. in Bp/g.

With this notation, inequality can be rewritten as

J

Now we want to obtain the starting inequality for Moser’s iteration. Define

VPRV Z | de < Cm2/B VP22 22 du, (13)

P

where C' = C’(p7 g, L) > 0.

174

P
2

Y =1 + Z’ (I)p(S) ;:][ (MQ + |Du|2) dx.

s

Fix § < p” < p' < p and choose € C}(B,) such that n = 1 on B, and [Vy| < ¢(p’ — p”)~". Set
Z1:=(Z—1)4. Then Z; < Z and VZ; = VZ a.e. on {Z > 1}. Moreover,

{Z > 1} ={|Vu| > 1} C {|Du| > 1}.

Since p > 2, this implies V > 1 and hence V?~2 > 1 on spt Z;. Using this observation and , we obtain

J,

Nz <z [ Ve [ pzPd

o’ p P

< 2/ VP3| 22 dx+2/ VP22 |V Z | dx
B

B
< C(1+m?) VP2 V|2 Z% dx.
B,

o’ o’

By Sobolev’s inequality and Holder’s inequality we deduce

(o) <o
B B

/

c /p " V1+m2¢)1’(pl)p;p<][

=

V<nzl>|2dx)2

o’ o’

1

zZP da:) '

IA

p—=p B

o



Finally, since Y < 2+ Z; and Y > 1, we have Y2' < C(1 + Z7") and Y? < C(1 + ZP). Using also the
standard scaling inequality

()" e

(nf)” dz) T o

f,

C o\ / -
V2 d:c) §C(” '0\/1+m2<1>p(p’)"zf<

2
p”) p=p" B,

o’
we conclude that

;) n—2

yP dw) %. (14)

(£

With the previous inequality we can start the Moser iteration. Let y := 2? > 1 and define

!t

1
11 . e W
Pk = p(2 + 2k+1)7 my = px", Yi:=1+|Viul[ 7, N = <][ e dm) .
B,,

Since S my
VP =04Vl 77 )P < (14 Va7 )P =Y,
applying with m = my, p' = px and p”’ = pr11 and raising to the power m21:+1 = mLk = %, we have

1 p—2 1
Ni1 < A @,(p)% 3% Ny,

k
where A, < C2F,/1+ m3. Iterating and using the convergence of [, A,lc/X , we obtain

1
P—2 X _ P
Vsl s,y < C Bylp) 5 5 (f Yo”dx) ,

BP
which concludes the proof of the lemma. O

Finally, exploiting a rescaling argument, we refine the Lipschitz estimate of the previous lemma, obtaining
the correct power-law decay of the energy.

Proposition 3.4. Let u be a minimizer of F in B.(xzg), xo € T'y. Then for everyi € {1,...,n — 1} it holds

that .
sup |Viu| < C’(][ (n? + |Vu|2)§ da:) p7
Bg(l’O) B, (x0)

Jor every 0 < p < 5 and for some positive constant C' = C’(n,p7 g, %) independent of .

Proof. Let 0 < p < r and set

=

z u(zo + py)
E .= ][ (1 + |Vul*)z dz )", v(y) = ————, y € Bi.
( Bp(-'ff()) ) pE

Then v € W1P(B;) and
Vo(y) = E7' Vu(zg + py)  for ae. y € By.

Step 1: Basic bounds and the rescaled coefficient. By definition of E we have

p(xo)
hence F > p and therefore
~ H
=—¢c(0,1
=g € (0.1]
Moreover, since
p 1
(W + 12> = S (W +17)  Vi>0,

we infer )
przof  eavap)ds — Brf [Pz
2JB,(z0) B, (x0)
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Define the rescaled coeflicient

o,(y) :==op(xo+py), yeEB1

In the flat case, o, still takes only the two values «, 3 and the interface is {y, = 0} (up to the fixed rotation),
so we keep the same notation ¢ for o, in what follows.

Step 2: The rescaled integrand G and the Euler-Lagrange equation. We introduce the rescaled
integrand
G(&) = E"PF(ES),  §eR”,

and its gradient .
A(€) := VG(&) = EP A(E¢), A:=VF.

A standard change of variables shows that, up to the constant factor p™ E?, the functional F on B,(z¢) is
equivalent to the functional

F(w; By) ::/B o(y) G(Vw) dy.

In particular, the minimality of u in B,(zo) implies that v is a minimizer of .7?(, By) in By, hence v satisfies
the weak Euler—Lagrange equation

| o Ao Vo d=0. oW ().

Step 3: Structure conditions for A. For every £,m € R™ we have
(A(&) = A(n), & —n) = E7P (A(E€) — A(En), E€ — En)
p—2
> vETP(p? + |BE + | Enf?) 7 B¢ — )
p—2
= v(i® + €7+ l*) 7 1=l
and similarly
[A() — A(n)| = B'"P|A(E€) — A(En)|
p=2
< LE'P (2 + |EE? + [Bnl?) > El¢ -]
p—2
= L(@* + ¢ +1n*) | —nl-
Therefore A satisfies the same structural conditions with the same constants v, L and with parameter fi € (0, 1].

Step 4: Uniform energy bound for v. Using the identity Vv = E~'Vu(zg + py), we obtain

2 2.2
-2 2% pe o, [Vu(zo +py)|”\ 2
= f (L Ml toPyE,
]{Bl(u +[Vol?)* dy ]{91 m 7 y
=E? (1® + |Vu|2)g
Bp(xﬂ)
—EPEP=1.

dzx

Step 5: Apply Lemma and scale back. Applying Lemma (with radius p = 1) to v we find a
constant C' = C(n,p, g, %) independent of i (and hence of 1) such that, for every i € {1,...,n — 1},

RN
sup |9;v| < C(][ (% + |Vol*) 2 dy) =C.
B2 B,

Finally, since d;u(xzo + py) = E 9;v(y), changing variables back gives

1
sup |OQ;u| = E sup |0;v]| <CE = C( (1 +|Vul?)? dx) "
B, /2(z0) B2 By (o)
which is the desired estimate. O]
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3.2 DMorrey estimate in the flat case

Theorem 3.5. Let u be a minimizer of F in B.(xg). Then for every § € (0,1) it holds that

n—>9y
/ |VulP dx < C’(S) / (14 |Vul®)* dz,
BF 14 Bf

for every 0 < s < § < 7 and for some positive constant C' = C(n,p, g, L 5) independent of .

v
Proof. Without loss of generality, we may assume that 2o = 0. Since u € WP(B,.) and is locally Holder
continuous up to I'y., the trace u(-,0) is well defined pointwise and coincides with the Sobolev trace on
I',. Moreover, by Proposition u(-,0) € Wh>°(By), for every p < r/2 and its constant extension in the
z,~direction belongs to W1°°(B,), with distributional gradient (V'u(-,0),0). We define

U(z) == u(z) —u(@’,0), Vae€ B,

so that U = 0 on I',. The function U defined above vanishes identically on the flat boundary I',, which allows
us to exploit classical boundary regularity theory up to the flat boundary. At the same time, U satisfies a
perturbed Euler—Lagrange equation, where the perturbation is encoded in the tangential gradient term b
defined below, and will be estimated accordingly.

Recalling that the tangential gradient V'u admits a trace on I', (e.g. by Theorem 3.1(ii) and Proposi-
tion 3.4), we set

b(a') := (V'u(a’,0),0) € R, ¢ el

and extend b to B} by b(z',x,) := b(2'), so that ||bHLOO(B;r) = [IV'ul[pr,). Let 0 < o < p < § with
B;‘ C E (hence the coefficient equals § in B;,“, and in particular in BY). U solves

/+<A(VU +0), V) dr =0, Ve WhP(BI). (15)
B

Now let Uy € WHP(B) be the unique weak solution to the unperturbed Euler-Lagrange equation associated
with F' in B}, with boundary datum U, namely

/ (A(VU), V) dz =0 ¥ € WiP(BD). (16)
BE

Equivalently, Uy is the unique minimizer of Fy in U + W, *(B;).
Set W:=U—-U € Wol’p(Bj). Subtracting from the above equation and testing with ¢ = W, we
obtain

/ (A(VUy) — A(VU +b), VW) dz = 0. (17)
B

Step 1: a comparison estimate. Set £ := VU, and 1 := VU + b. Since
VW =VU ~VUy=(n—b)—&=—(E—n+b),

from we infer
[ ta© - am.s—nar= [ a©-am.p

Bg
By monotonicity (H1) and growth (H2), for a.e. x € B},
p—2
(A€) = Am), & —m) = v(p® + [ + [n*) 7 [€—nl*,

and

p—

p=2
[{A(€) = A(n), b)| < L(k® + €] + nf*) 7 1€ —nl [b].
Applying Young’s inequality to the right-hand side yields, for every ¢ € (0, 1),

(A©) — AM).B)| < ev (i + 162 + [1P) T 16— nf® +C() (1 + [E1* + )= [bP.

Integrating and absorbing the e-term, we obtain

2 —2
/+ (42 + VU2 + [VU +b2) % |VUy — (VU + )2 da < 0/+ (12 + VU2 + VU +b2) % |2 da. (18)

o Bs
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We now estimate [+ [VIW|P. Note that
VW = (VU — (VU + b)) +b.

Hence, we have

/ VWP dz < 0/ VU = (VU +b)[ dz+ Co™ [bl]7 . - (19)
BF Bf 7

Accordingly, by and we deduce that
p—2
/B+ VWP < C(/B+ (12 +|VU* + VU +b*) = |b]? da + a"|b||§m(3;)>

P
2

<= [ 2+ IV + VUP)E do + 00 b1 ),
Bf i

where C(e) = Ce™L.
Step 2: control of VU, by VU. By minimality of Uy (using U as a competitor) we have

/ F(VUy) dx < / F(VU) dx.
BF B
By virtue of Lemma [2.3] we infer

/Nﬂ +|VU[?) % do < C/+<M2+ IVU)% dx + Co™piP. (20)
B B

o

Step 3: boundary gradient bound and energy decay for U,. Since Uy is a weak solution to the
homogeneous quasilinear elliptic equation in divergence form in B and satisfies the homogeneous
Dirichlet condition Uy = 0 on the flat portion of the boundary I',, boundary C1'® regularity theory applies.
In particular, by Lieberman [I6, Theorem 1, p. 1203|, there exist constants ag € (0,1/2) and C = C(n,p,v, L)
such that

1
V00~ < € (f 62+ (W0 o) (21)
doo B
We point out that the constants C, g in depend only on n, p,v, L and are uniform in p € (0, 1]. Relying

on this result, we now deduce a decay estimate for VU, which is a direct consequence of .

Fix 7 € (0,1). If 7 < ap, then by and the inclusion B, C B = we have

Qoo

/ VUJP dz < | B | VU0
.

TO

p
L*>(Bdy0)

< CT”/ (1% + |VU|?) % da, (22)

Bf

where we used that |B_ | = 7"|B}| and possibly enlarged the constant C'.
If instead 7 > ay, then trivially

/+ VU |P da < /+ IVUo? da,
B B;

TO

and since 7" > « we obtain

/+ VU d < ag"T"/+ VU dar < CT”/+(M2+|VUO|2)§ da, (23)

TOo

where the last inequality follows from |VU,[P < (u2 4 |VUy|?)P/2.
Combining and , we conclude that for every 7 € (0,1) there exists a constant C = C(n,p,v, L)
such that

/+ VU [P dar < cTn/+(M2+|VUO\2)% dz. (24)
B Bs

TOo

Step 4: decay for VU and Morrey iteration. Using VU = VU, + VW, for any 7 € (0,1) we have

/ VU PP dx < C’/ VU |P dx + C’/ VWP dx.
B, B, B3
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By and we obtain, for every ¢ € (0, 1),

VUPde < Cr" | (12 +|VUH)3de+Ce [ (4 + VU + |[VU|?) % da + Ce)o™ b _, .
B, BF B (Bs)

o

< C(r"+e)/+(u2+|VU|2)% dz + C(t" +e)o"uP + C(e)a™|b]|” (B
BU

SC(T”+5)/ [VUP de +C(r" + €)™ + O™ b v
B

Fix 6 € (0,1). Since o < p, we may write 0™ = 0" %09 < 0" 9p%. Therefore (25) implies

/+ |VU|pdx§C(T"+€)/ VU dx + Ce™'o™° 5(1+||b||1’w B+>)
B

TOo

for a suitable positive constant C' depending only on n,p,v, L. Choosing € > 0 sufficiently small (depending
only on C, §) and applying Lemma to ¢(o fB+ |[VUIP dx (with A =n and v = n — ) we infer that

/ |VU|pdx§CT"_5/2/ VU da+ C(ro)" =" (14 ] (26)
B,

L°°(B+))

for all 7 € (0,1) and 0 < o < p.

Step 5: conclusion for Vu. Choose o = p/2 and 7 = 2s/p (so that B = B and 7 € (0,1) whenever
0 < s < p/2). Using and the inequality [VulP < C(|VU|P 4 [b[P), we obtain

n—ao
VulPde < C (2 VU dz + 03"—5;)6(1 +IolE e )
BF p BT (B,/2)

p/2

Moreover, since VU = Vu — b, we have

/B+ |VU|pd:cgc/B+ Vel? d+ Co" bl e )70/ (14 |Vul?)® do + Cp™|1b]|?
p/2 2

Loo(B+ 5

By the tangential Lipschitz estimate (Proposition 3.4),

P

%
P
||b||Leo<B;/2)—|V'u|mrp/2>s0<][ (v + [Vul?) ) -

Inserting these bounds and absorbing the lower-order contributions into the right-hand side, we conclude
that for every 0 < s < p/2 < I,

n—ao
/ |Vu|pda:§(]<8> / (14 |Vul?)# da
B P B

P

with C' = C’(n p,E a, o, 6) independent of u. This concludes the proof. O

Remark 3.6. Let the assumptions of Theorem[3.5] be satisfied. Then the estimate

n—ao
VulPde < O 2 (1+|Vul?)® do
.
B} P B

holds for every 0 < s < p < r, possibly with a different constant C > 0.

More precisely, the restriction 0 < s < p/2 < r/4 in Theorem can be removed at the price of modifying
the constant C by a unwersal factor depending only on n and 6. In particular, the resulting constant still
depends only on n,p, £ a, 0 and is independent of .

l/’

4 Proof of Proposition 1.3
Proof. Fix 7 € (0,79) (to be chosen small only depending on n,p,v, L, f/«) and assume without loss of

generality that xo = 0. We prove that there exists £9 = £9(7) > 0 such that if B, (zo) € Q and one of (i)—(iii)
holds, then for every 0 < § < n, then

/ [Vul? de < C()Tn_6</
Bry B

15
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where CO = CO(napv v, L»ﬂ,év ||vu||L2(Q)) > 0.
Step 1: the flat comparison in case (iii). Assume that (iii) holds true. Up to a rigid motion we may
assume that H = {z,, > 0} and set

FEyg:=HNB,, oy ::5ILEH+O‘]]-BT\EH-

Let ug € u+ Wy" (Bz) be the unique minimizer of the functional

Fu(w; Br) := /BT og(z) F(Vw)dx.

Subtracting the Euler-Lagrange equation satisfied by u from the one satisfied by ug and testing them with
u— ug, we get

/, i
2

Using assumptions (H1)) and (H2) and Holder’s inequality, for every € > 0 it holds that

og(DF(Vu) — DF(Vug)) - (Vu — Vug) do = / (o —og) DF(Vug) - (Vu — Vug) dzx

r B
2

/ [Vug — VulPde < C (u2+\VuH|2)p%|Vu—VuH\dx

<ol
€ J(EAEy)NB

Choosing ¢ sufficiently small, we get

r
2

(1® + |VuH|2)g dx + s/ |[Vu — Vug|P dx).
Br

r
2

P
2

/ |\Vug — VulPde < C (1 + |[Vug|®)® da.
Br

z (EAEH)OBg

Thus, the minimality of uy with respect to u, Holder’s inequality and Theorem yield

/ \Vuy — VulP de < / (14 |Vu|?)? dz (27)
B (EAEH)NBy

EAE) N B\ ¢ v o \*
< (BT BD) i (f 0 wup# o)
T B,

3053*%/ (14 |Vul?)? dz,

r

where we have used assumption 4i) and C = C(n,p, /«,v/L) is a positive constant.
Since Ey has flat interface in B;, Theorem Remark (applied in B;f and, similarly, in B; ") and
the minimality of uy with respect to u yield that for every 0 < § < n,

/ Vunl? de < CTH/ (1+ |Vug )} d:ngT”*‘s/ (1+ V)% da, (28)
B B,

B,

with C = C(n,p,8/a, L/v,d). Combining and we get

/ |Vu\pdx§0/ [Vug|Pdx + C |[Vu — Vugl|P dz
B., B., By

< C(Tn_6 + e}fé) / (14 |Vul?)? da (29)
B,

_1
Choose €9 = £o(7) > 0 so small that Ce—:é ¢ <7779 Then simplifies to

/ |VulP de < 07"5(/ |Vu|pd:c+r”>.
B B,

T

Step 3: the one-phase cases (i) and (ii). Assume (i): |E N B,| < g9|By| (the case (ii) is analogous). Let
us denote by v € u + VVO1 P(Bz) be the unique minimizer of the functional

G(w) = /B F(Vw) dx.

r
2
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We can proceed as in step (zi¢) subtracting the Euler-Lagrange equation satisfied by u from the one satisfied
by v and testing them with u — v, getting

/, :
2

Using assumptions (H1)) and (H2) and Holder’s inequality, for every € > 0 it holds that

og(DF(Vu) — DF(Vv)) - (Vu — Vv)dz = / (o —og) DF(Vv) - (Vu — Vv) dz

r B
2

/ Vo —VulPde < C (,u2—|—|Vv|2)p%|Vu—Vv|dx
B ENBy

ot
€ JENB

Choosing ¢ sufficiently small, we get

r
2

(1 + \Vv|2)g dx + 5/ |[Vu — VolP dx).

r
2

[Nn}

P
2

/ Vv — Vul|P dz < C/ (1 +[Vv]?)® da.
Br ENBy

Using the minimality of v compared with « and Theorem [2.4] we deduce,

/ Vv — VulP dz < / (14 |Vu|?)? dz
Br ENBr

ENB.\'"¢ e \*
< ( ) |34(f’<1+|VuP>zdw)
B,] -

T

< Caé_% / (14 |Vu|?)? dz,

r

|
¥

where we have used assumption i) and C' = C(n,p, 8/a,v/L) is a positive constant. Thereafter we can argue
as in the previous step using the classical decay estimate for minimizers of regular integrals in the Calculus of
Variations

/ Vol dx < CT"/ [Vul? dz,
B

TP B,

for every p < 3. O

5 Proof of Theorem [1.2

Proof. Let Q' € Q. We show that for every e > 0 there exists 0 < r.(e) < d := dist(€2’, 9) such that for
every zo € OF N there exists a halfspace H = H(z¢) C R™ satisfying

((EAH) N By (20|
B, |

<eg, forall0<r<re). (30)

Let us choose H(z() as the halfspace determined by the tangent hyperplane T, 0F and the exterior
normal to E at xq. Since JE NS is a Cl-hypersurface, for each zop € AE N (after a rigid motion) OF can be
represented in a neighborhood of x as the graph of a C! function. The halfspace H(z() approximates E in
measure at small scales, and by compactness of 9E N €Y and continuity of the unit normal, the approximation
can be chosen uniformly with respect to xo € 9F N Q. This yields the claim .

Fix ' € Q and let A € [0,n). Set

d:=n—Xe(0,n].

Let 79 € (0,1) be given by Proposition 1.3 and fix 7 € (0,7). Let g9 = €9(7) > 0 be the corresponding
threshold in Proposition 1.3. We take ¢ = £¢/2™ and obtain 7 := r.(g9/2") € (0,d) such that for every
€ OEN and every 0 < r < rg there exists a halfspace H with

(BAH) N B,(z)| =0
[B,] 2

(31)

Let z € ' and 0 < r < rp/2. We distinguish two cases.

(a) One-phase case. If B.(z) N OF = 0, then either B,.(z) C E or B,.(z) C E°. Hence |E N B,(x)] =0 or
|B,(x) \ E| =0, and condition (i) or (ii) of Proposition 1.3 holds on B,(z). Actually, we could even get
better regularity, the function u being p-harmonic in B, (z) (see also Remark [L5)). (b) Two-phase case. If
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B,.(z) NOE # ), choose z* € OE N B,(x). Then B,(x) C Ba.(z*) and Ba,(z*) € Q since 2r < rg < d.
Applying at x* with radius 2r, we find a halfspace H such that

" €
|(EAH) N By (2*)] < 2% | Bar| = €0 | By.

Therefore,
[(EAH)N B, (z)| < (EAH) N By (x)| < €0 | By,

i.e. condition (iii) of Proposition 1.3 holds on B, (x).
In either case, Proposition 1.3 applies on B,.(z) and yields the existence of a positive constant Cy such

that
/ [VulP dy < Cy T"_‘;(/ |VulP dy + r"),
B, (z) B, (z)

forall z € O, 7 < 79 and all 0 < r < r¢/2. This inequality implies that

sup p‘s_”/ [VulP dz < C(r‘s_"/ |Vul? dz + T").
zeQ’ B,(x) B, (x)

p€E(0,70T)

For every x € Q' and p € [rpr,d) it holds that

p‘s_"/ [VulP dz < (7'07")5_”/ |Vul|P dz.
By () Ba()

Thus, taking into account the previous two estimates, it holds that

sup p‘;*”/ [Vul|P de < 400,
zeQ’ By ()
p€(0,d)

which leads to the thesis.
O
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