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ABSTRACT. For a given admissible vector field X, we define a geometric quantity for asymptotically
flat 3-manifolds, called X—-ADM mass and we establish a relative positive mass theorem via a mono-
tonicity formula along the level sets of a suitable Green’s function. Under different assumptions
on X, we obtain generalizations of the “classical” positive mass theorem, like the one for weighted
manifolds and the one “with charge” under some topological restrictions. Finally, we also discuss
the rigidity cases.
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1. X—ADM MASS AND THE MAIN THEOREM

Let (M, g) be a Riemannian manifold. We denote by Ric and R the Ricci tensor and the scalar
curvature, respectively. The symbol V denotes the Levi—Civita connection, while the associated
Laplace-Beltrami operator is given by A = trV?2. The convention of summing over the repeated
indices is always adopted unless otherwise stated.

In order to state precisely our main result, we recall the definition of an asymptotically flat
manifold and introduce the notion of X-ADM mass.

Definition 1.1. A 3—-dimensional Riemannian manifold (1, g) (with or without boundary) is said
to be asymptotically flat if there exists a closed and bounded subset K such that M \ K is diffeo-
morphic to R minus a closed ball B,.(0) by means of a coordinate map ¢ : M \ K — R3\ B,.(0)
such that

gij = 0ij + O2(|z|77), (1.1)
for some 7 > 1/2 and all 4,5 € {1,2,3}. The pair (M \ K, ) will be called an asymptotically flat
coordinate chart of (M, g) and the real number 7 will be called the order of decay (briefly, the order)
of the metric g in such asymptotically flat coordinate chart.

Above, we adopted the Landau big—O convention (which can be easily adapted to manifolds
that are diffeomorphic, outside a closed and bounded subset, to R3® minus a closed ball with
center at the origin). We briefly recall it. Let f be a smooth real-valued function defined outside
a compact set of R3, and let T € R. We write f = Oy (|z|~7) if there exists a constant C' > 0 such
that |0% f(x)| < C|z|~11=7 for every z € R* \ Br(O), when R > 0 is sufficiently large, for every
multi-index o with 0 < || < k.

Definition 1.2 (X—~ADM mass). Let (M3, g) be an asymptotically flat manifold. A smooth vector
field X on M is said to be admissible if there exists an asymptotically flat coordinate chart (M \
K, o) such that X* = O;(|z|~*7™), for every i = 1,2, 3 and some 75 > 1/2.
Given an admissible smooth vector field X, we will assume that R + 2div(X) € L' (M, g) so that
the limit ‘

1 Lxt

My = o B / (959ij — Digjj + QX’)m docucl,
{lzl =7}

that we call X-ADM mass of (M, g), exists and is finite. Indeed, as for the by-now “classical”
ADM mass, the existence and finiteness of the above limit, as well as its independence of the
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asymptotically flat coordinate chart, can be established by following the same arguments as Bart-
nik [5] or Chrusciel [11].

The aim of this paper is to prove the following 3—dimensional generalized positive mass theorem,
relative to the X-ADM mass.

Theorem 1.3 (X-Positive mass theorem). Let (M, g) be an orientable, connected and complete, asymp-
totically flat 3—manifold and let X be an admissible smooth vector field on M. Assume that:

(a) R+ 2div(X) € LY(M, g);
() RY = R+ 2div(X) — (1+1/k) | X|2 > 0, for some k € R\ (~2,0];
(¢) the second integral homology group Ho(M';Z) does not contain any “spherical” class.

Then,
myx = 0.

Furthermore, the following statements are true.

(1) Ing?) > 0with k € R\ [-2,0] and mx = 0 (the equality case), then X vanishes on M and
(M, g) is isometric to (R?, geel)-

(2) If RE;Q) > 0and mx = 0, then X is a gradient of a smooth function and (M, g) is conformally
isometric to (R3, geucl)-

The definition of X-~ADM mass and this associated positive mass theorem X-PMT provide a
unified framework that encompasses several known results as special cases. Specifically:

o If X* = O4(|z|~172), for every i € {1,2,3} and some 75 > 1/2, the X—~ADM mass
coincides with the “classical” ADM mass

MADM = Mo = % TEEIOO / (0945 — aiﬂjj)% doeucl
{lzl=r}

By choosing X to be identically zero (which is obviously admissible), the X-PMT then
reduces to the “classical” positive mass theorem (see [41, 47]) in dimension 3 and with
H,(M;Z) without spherical classes, while, if X is non—zero, the X-PMT still yields the
“classical” positive mass inequality under a more general assumption on the scalar cur-
vature. Hirsch, Miao, and Tsang [26, Corollary 1.3] obtained a similar result allowing
the presence of “corners” in the manifolds. In the smooth case, however, our theorem
encompasses a broader class of manifolds.

o In [4], Baldauf and Ozuch introduced the weighted mass m(g) for an asymptotically flat
weighted manifold (M™", g, f). In dimension 3, the V f~ADM mass is actually equal to
my(g)/16m, therefore, our Theorem 1.3 includes the weighted positive mass theorem [30,
Theorem 1.6] of Law, Lopez, and Santiago (under the above topological assumption on
Hy(M; 7).

o Theorem 1.3 is also related to the following positive mass theorem with charge. Let £ be
an admissible smooth vector field, representing an electric field. If R and div(£) belong
to L' (M, g) and the inequality R — 4 |div(£)| — 2|£|*> > 0 holds, then mapy > |Q|, where
Q is the “total charge” given by

o= (/) [ £alal) doer
{lz[=r}
This kind of positive mass theorem was established under quite general assumptions
by Chrusciel, Reall and Tod in [12] (for recent developments on the subject, see [40] and
references therein). We notice that (under the above topological assumption on Hy(M; Z))
it follows from Theorem 1.3. Indeed, we may assume without loss of generality that
Q > 0, then since the inequality R—4|div(£)|—2|£€|* > 0 implies R&;Q) > Owith X = -2¢€,
by applying Theorem 1.3 (with X = —2£), we get the inequality mapwm > [Q|.
The X-PMT is established through a monotonicity formula holding along the regular level
sets of the minimal positive Green’s function for the operator Lx = A — (1/2)V x with a pole at
some point of M.



X-ADM MASS AND X-POSITIVE MASS THEOREM 3

In general, monotonicity formulas play an important role in geometric analysis. In compar-
ison geometry, classical examples include the monotonicity formula for minimal submanifolds
and the Bishop—-Gromov volume comparison theorem and in the context of geometric flows, the
Huisken monotonicity formula for the mean curvature flow [27], the Perelman entropy formula
for the Ricci flow [39] and the Geroch monotonicity of the Hawking mass along the inverse mean
curvature flow [19, 28]. In a series of works [14, 15, 17], Colding and Minicozzi obtained some
monotonicity formulas along the level sets of the minimal positive Green function for the Lapla-
cian operator with a pole in non-parabolic Riemannian manifolds with nonnegative Ricci curva-
ture. Using such monotonicity formulas, they showed the uniqueness of tangent cones for Ein-
stein manifolds [16]. The one-parameter family of monotonicity formulas introduced in [17] has
been extended for weighted manifolds with nonnegative Bakry—Emery Ricci curvature in [43],
as well as for the case of positive Ricci curvature in [32]. In the context of potential theory, sim-
ilar monotonicity formulas to those of Colding and Minicozzi were used in [1] to obtain new
Willmore-type geometrical inequalities and generalized in [6] to prove an optimal version of the
Minkowski inequality, in non—parabolic Riemannian manifolds with nonnegative Ricci curva-
ture.

In recent years, monotonicity formulas in the context of a “level set approach” have been inten-
sively applied to the study of 3-manifolds with nonnegative scalar curvature. A significant step
in this direction was made by Stern in [44], where an integral inequality linking the scalar curva-
ture of a closed 3-manifold to harmonic maps into S' was derived using the Bochner formula, the
traced Gauss equation, and the Gauss-Bonnet theorem. Since then, new monotonicity formulas
holding along level sets of harmonic and p-harmonic functions have led to new results for 3—
manifolds with nonnegative scalar curvature, in particular, in the asymptotically flat setting. For
instance, a new proof of the positive mass theorem was obtained in [3] and simpler proofs of the
Riemannian Penrose inequality (without rigidity) were found in [2, 25] by exploiting p-harmonic
functions. New results involving the connections ADM-mass/p—capacity and area/p—capacity
were established in [35, 37] via harmonic functions and in [34, 48] via p—harmonic functions. Out-
side of the asymptotically flat setting, gradient integral estimates were found in [10, 18, 36, 38] for
3-manifolds with nonnegative scalar curvature and a new positive mass theorem in asymptot-
ically hyperbolic three-manifolds in [29] was recently proved using the Green’s functions with
a pole for the Laplacian operator. Among the many other related developments of the positive
mass theorem, which was proved by Schoen and Yau [41, 42] in the case 3 < n < 7 and by
Witten [47] in the spin case, there are its generalizations to weighted manifolds. These general-
izations were recently established by Baldauf-Ozuch in [4] in the spin case, by Chu—Zhu [13] in
the case 3 < n < 7, and by Law-Lopez-Santiago [30] for smooth metric measure spaces. The
analogues of the Ricci and scalar curvatures in a smooth metric measure space are the m-Bakry—
Emery Ricci and scalar curvatures for m # 0. A natural generalization of the m-Bakry—-Emery
Ricci curvature Ric+ Vdf — (1/m)df @ df with a given weight f of class C™ is the m-Bakry-Emery
Ricci curvature Ric + (1/2)Lxg — (1/m)X” ® X° with a given smooth vector field X. Taking into
account the corresponding scalar curvature, the formulation of X-PMT arises. Finally, the use
of the drift Laplacian is not new and already appeared in [7]. In that paper, the authors consid-
ered solutions that are asymptotic to linear coordinate functions; therefore, the analogy between
the present work and [7] is the same as the one between [3] and [8]. However, there are three
main differences that we now describe. First, we allow the smooth vector field to have non—
zero divergence, while in their work, Bray, Hirsch, Kazaras, Khuri and Zhang considered only
divergence—free vector fields. Secondly, their setting allows asymptotically cylindrical ends for
the manifolds. Thirdly, we also allow other (stronger) hypotheses on the scalar curvature in order
to have a complete picture of the rigidity case (without asymptotically cylindrical ends).

As mentioned above, the key ingredient of Theorem 1.3 is the following monotonicity result.

Theorem 1.4. Let (M, g) be a complete, non—compact, orientable, 3—dimensional Riemannian manifold,
and let X be a smooth vector field on M. Suppose that:

(@) RY =R+ 2div(X) — (14 1/k) |X|? > 0, for some k € R\ (—2,0);
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(b) the second integral homology group Ho(M'; Z) does not contain any spherical class.

Assuming that there exists the minimal positive Green’s function G, for Lx = A — (1/2)V x with a pole
at some point o € M and vanishing “at infinity”, we consider the function

u = 1-—4nG,,

and let F : (0, 4+00) — R be defined as follows:

F(t) = 4t + 3 / |Vu|> dH? — 2 / |Vu|HdH? + 2 / g(X,Vu) dH?, (1.2)
{u=1-1/t} {u=1-1/t} {u=1-1/t}

where H is the mean curvature on the regular part of the level set {u = 1 — 1/t} \ {|Vu| = 0} computed
with respect to the unit normal vector field v = Vu/|Vul|. Then, we have

0<s<t<+4+o0o = F(s) < F(),
provided 1 — 1/s and 1 — 1/t are reqular values of .

Roughly speaking, Theorem 1.3 will follow from Theorem 1.4 by taking the limits of F(¢) as
t — 0" and as t — +o0.

The paper is organized as follows: In Section 2, we show the existence and the needed prop-
erties of the minimal positive Green’s function with a pole for the operator Lx = A — (1/2)Vx
when M is asymptotically flat. In Section 3, we prove the monotonicity result above, Theorem 1.4.
Then, finally, in Section 4, we obtain the X—positive mass theorem, Theorem 1.3.

2. THE MINIMAL POSITIVE GREEN’S FUNCTION FOR Lx WITH A POLE

The aim of this section is to establish the existence of the minimal positive Green’s function g,
for the operator Lx = A — (1/2)Vx with a pole at some point 0 € M, to describe its asymptotic
behavior near the pole and at infinity in a complete asymptotically flat 3-manifold (17, g), under
the assumption that X is an admissible smooth vector field on M.

2.1. Existence and asymptotic behavior of the minimal positive Green’s function G, for the
operator L x near the pole. We adopt a step-by—step approach. The second and third steps are
in the same spirit of [29, Section 3].

Step 1. Let Q be an arbitrary bounded and connected open set with smooth boundary such that o € Q.
The operator Lx admits a unique positive minimal Green’s function G5} in Q with pole at o, which is the
Dirichlet Green’s function with pole o of L x in Q2. Moreover, for any normal coordinate system (z*, z2, 2)

centered at o and deﬁned on an open ball B, (o) with B, (o) C (Q, there exist constants b2, a®, )

11 7 ’ 1,11,2
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coeﬁftczents of the metric g and the vector field X, and there exists a function f € C?(Q) such that
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in B.,-O/4(O).
On the punctured open ball B, (o) \ {o} we consider the function

1 i
w=— +b§?)x— + |x|(a(1) +c

1) 21 pt2 (1) ... xi4>
2| ||

iz [ 2 €iyoia [+
x xi g2 gt

1 i1, .. pl5
P B,

i
] T TP T e T

+ Jof (a4 ¢

(3 T
1112 ‘LE|2

(3) xil . xi4 (3) J}il 'J,‘iﬁ 3) xil L Jtis
+ €i1~.-i4w + hil...ie,w + lil_..igw) .(2.2)

Expanding the coefficients of the operator Lx = A — (1/2)Vx, that is, expanding the func-
1 m (2 42)
cise b, d

1142/ Ti14213%47 Tty 7 iriois’

(2) ®3) B8 B (3) (3) : (o
Jiviginizinr @0 Clinr €3 iininr P iinininie @NA 17500 iiii S0 that the function w satisfies

Lxw=h on B,/ (o)\{o},

where h is a smooth function on the punctured open ball B, (0) \ {0} that admits a C'-extension
on B, (o), still denoted by h. See Appendix A for a proof.
Then, by Theorem 6.14 in [20], there is a unique solution f to the Dirichlet problem

Lxf=-h in B, (o) with f= —w\aBTn(o) on 9B, (o)

tions X, g* and Ffj, it is possible to determine the constants bl(.?), a, ¢

belonging to C2 (B, (0)). We claim that w + f = 47G."**), indeed, by construction, it satisfies
Lx (w + f ) = —4md, on B, (0) in the sense of distributions (here, 4, denotes the Dirac delta
measure at 0). Indeed, for every ¢ € C2°(B,,(0)), there holds

/ g(Vw+ ), V) + %ZDQ(X,V(w + 1) du

Br, (0)
. 1
—am [ (VD). Ve 4 Lg%+ ) an
By, (0)\Be(0)
= lim [—/ Vg(V(w+ f),v)dH? — / W Lx(w+ f)dp
e—0+ dB.(0)
B, (0)\Be(0)
= — lim V(w+ f),r)dH? = — lim Vw,v) dH? = 4m)(0),
lim, BBE(O)M( (w+f),v) lim aBE(U)M( ) ¥(o)

where v is the outward pointing normal to dB. (o) and the last limit is obtained by means of the
expression (2.2) of w in the normal coordinate system (z!, 22, z%).
Notice that f + w is positive in B, (o) \ {0}, by the maximum principle. Moreover, for every
positive Green’s function GE) of £x in B, (0) with pole at o, since L x (47réf ro(0) f)=0
in the sense of distributions, the function 4#@5 ro(0) 4y f can be extended smoothly to the whole
B,,(0) and again by the maximum principle, there holds
inf (47r(~¥(l,3’"°(0)— w — f) = inf (47réoB’"°(o)— w — f) =47 inf é?“’(o) =0,

Bry(0) 9B, (o) 9B, (o)
hence, the claim follows.
Let us now consider the general case of a connected bounded open set 2 of M with smooth
boundary and such that o € Q. In this case, we choose a smooth cut-off function ¢ which is
identically equal to 1 in B, ,4(0) and vanishes in M \ B, /5(0). Then, there is a unique solution f
to the Dirichlet problem

Lxf=—-vh—wlxy—29(Vw,Vi) inQ with f=0 ondQ
belonging to C*(£2) and arguing as before, it follows that 4G5 = Yw + f.

Step 2. Existence of exterior and global barriers.
We fix a normal coordinate system centered at o € M defined on an open ball B, (o) and an
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asymptotically flat coordinate chart (U, ¢ = (2,27, 2%)) of (M, g) with decay rate 7 > 1/2, as in
Definition 1.1.
For any 0 < € < 7, we consider the function

1 1
el el

oy =
One can check that
Lxdy = 702001 — g7 TH0pmdy — (1/2) X'0pi¢y = —e(1+2)|a| > + 02| %77),

as a consequence of assumptions (1.1) and X* = O(|z|='~7). Then, there exists R > 1 such that
¢+ is a positive function satisfying Lx ¢, < 0 in the set {|z| > R}. Similarly, one can show that,
possibly passing to a larger R > 1, the positive function

1 1
O =

satisfies Lx ¢_ > 0 in the set {|z| > R}.
Without loss of generality, we can assume that B, (o) N {|z| > R} = @, then we consider two
nonnegative cut-off functions v, and v g, such that:

o 1y, is the same cut—off function that we used in Step 1: identically equal to 1 on B, ,4(0)
and vanishing in M \ B, />(0);
o g isidentically equal to 1 on {|z| > 4R} and vanishing in M \ {|z| > 2R}.
By means of these cut-off functions, we can define on the whole M the function

hi = —r,h — wLxr, —29(Vw, Vb)) + g Lx by .

By [9, Section 4], there exists a unique function v, € C?(M) that vanishes at infinity and satisfies
Lxvy = hy in M. Now, the function 7, = 1, w + vy, is smooth in M \ {0} and satisfies
Lxvy = =476, + Yr Lx ¢+ in M (distributionally). Thus, 74 is a supersolution of Lx in M \ {o}
which tends to 400 getting close to the pole 0 and vanishes at infinity. By the maximum principle,
it follows that v is positive in M \ {o}.

Step 3. The operator Lx admits a unique positive minimal Green’s function G, in M, with a pole at o,
which vanishes at infinity. Moreover, for any normal coordinate system (z',x?,2%) centered at o € M
and defined on an open ball B, (0), the function 4nG, can be written on B, ,4(0) as in formula (2.1),
with f € C?(M).

Let {Q;}jen be a (precompact) exhaustion of M, i.e. a sequence of bounded, connected open sub-
sets of M with smooth boundaries such that B,,(0) € Q1, Q; C Q41 and ;@ = M. In

Step 1, we showed that the operator £x admits a unique positive minimal Green’s function G
with pole at o which is the Dirichlet Green’s function with pole o of Lx in §2;, for every j € N.
By the maximum principle, (G} jeN is a strictly increasing sequence of positive functions and
each function g? 7 satisfies 47rg§“ < v4. Therefore, by combining the interior Schauder elliptic
estimates with the Ascoli-Arzeld theorem and a standard diagonalization argument, we obtain
that, possibly after passing to a subsequence, the sequence Gy converges in Cf_on M \ {o} to a
function G,, for any fixed k > 2. In particular, the function G, satisfies LxG, = 0in M \ {o}. Now,
we observe that the following chain of inequalities holds on the punctured open set 2; \ {o}:

Gr,w + [ = 4nGH < AnG, < Ty = hr,w + vy (2.3)

where w is the smooth function on B, (o) \ {0} determined in Step 1, satisfying the equation
Lxw = hon B, (0)\ {0}, the function h admits a C'-extension to B, (o) which we still denote
by h, 1., is the cut-off function introduced in Step 2 and the functions f% are the ones appearing
in formula (2.1), relative to the subsets ;.

Then, the sequence {f*%},> is not only nondecreasing, but also bounded from above on every
Q, for all k € N. Therefore, by combining once again the interior elliptic estimates with the
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Ascoli-Arzela theorem and a diagonalization argument, possibly passing to a subsequence, the
sequence { %} ;en converges to a function f in C2_(M). This implies that the function f satisfies

Lxf=—trh—wLlxty, —29(Vw, Vi)

in M, since each f% solves the same equation in 7. Then, one can check that £LxG, = —4,
in M, as 47G, = ¥, ,w + f in M (passing to the limit in the equality on the left-hand side of
formula (2.3)).

Furthermore, formula (2.3) implies that G, > 0 on M\ {o} and that G, vanishes at infinity. Finally,
if G, is a positive Green’s function on M, that is, G, is a positive function satisfying £xG, = —d,
in M in the sense of distributions, the maximum principle yields G5 < G,inQ; ; \ {o}. Passing to
the limit, it follows that G, < C:o in M\ {o}.

2.2. Asymptotic behavior at infinity of the minimal positive Green’s function G, for the oper-
ator L x with pole at o € M. The asymptotic behavior at infinity of the minimal positive Green’s
function G, for the operator £ x, with pole at o, in a generic asymptotically flat chart follows in the
same way as [33, Appendix A] (see [24, Section 4] for the asymptotic expansion of the conformal
Green'’s function). For completeness, we include the proof here.

Let (U, = (z',2%,2%)) be an asymptotically flat chart of (M, g), as in Step 2. There, we
showed that there is R > 1 such that the functions

1 1 1 1

== — T and = — 4+ —
=T T e - = T e

are positive and satisfy Lx ¢4 < 0 and Lx¢_ > 0 in the set {|z| > R}, respectively. Therefore, by
Step 3, the maximum principle implies

(% * #)({ﬁfﬁz} Go)9- < G < (% B ﬁ)({\ i) %, 00 )0+ @4

on {|z| > R}. Now, in order to obtain the desired estimates, we consider a cut-off function 1z
which is identically equal to 1 on {|z| > 4R} and vanishes in R? \ {|z| > 2R}. By means of this
cut—off function, we define

§ = wR Pxg + (]- - 1;/)2R) Jeucl

which is a complete asymptotically flat Riemannian metric on R?, the smooth admissible vector
field X = Yr @« X on R? and go ¥ r ©+Go, which is a smooth function satisfying

L5Go = A5G, — (1/2) V%G, € CZ(R?),
for which there exist two positive constants C, Cy such that
Cila|™ < Go < Cala] ™!

outside a sufficiently large open ball.
By applying Theorem A.33 in [31], we then get G, = Os(|z|~") and by combining this result with
the fact that £ ¢ G, € C2°(R?) and §i; — §;; = Oa(]z|~7), it follows that

Ao = f=0(l| 7).

Assuming, without loss of generality, that 7 € (1/2, 1) and by exploiting the asymptotic behavior
of the function f, we then have

Cdm ) |z -y
3



8 CARLO MANTEGAZZA AND FRANCESCA ORONZIO

Let us now rewrite G, in R3 \ {0} in the following way:

~

6.0) =~ [ttt [ twa g [ () S
&

{lyl > l=1/2} {lyl <l=l/2}
1 / f(y) dy — - f(y)
4m |z —y| 4 [z —y|
{ly—o| <|z|/2} {ly—e| > |2|/2and |y| > |2|/2}

Since f = O(|z|™377) and {|ly — z| < |z[/2} N {ly] < |z|/2} = O, the absolute values of the
second, fourth and fifth integrals can be easily bounded by C|z|~'~", for some constant C' > 0.
Concerning the third integral, we start by observing that

1 1
[ fo -yl

@ — g — |2 [yl — 22y’
2|z =yl (Jo =yl +l2l) | |lel |z =yl (|2 =yl + [2])
2 2

] ] | R ]

ClaPle =yl falle—yl T fal® 22

where the last inequality follows from {|ly — x| < |z|/2} N {|y| < |z|/2} = ©. Hence, the decay
rate f = O(|z|=377), with 7 € (1/2,1), implies that the absolute value of the third integral can
also be bounded by C|z|~1~7, for some constant C' > 0. Thus, we have

~

(o) =~y [ S0yt 2(a)
R3

in R3\ {0}, with z = O(|z|~177).

We notice that the function ¢ satisfies £ ¢ (gz) = O (Jz|73~7), hence, applying again Theo-
rem A.33 in [31], we obtain z = Oy(|z|~1~7). Finally, combining these results with formula (2.4),
we conclude

A
go =-—+ 02(‘x|—1—7—)’

||

where A is a positive constant.

3. A MONOTONICITY FORMULA
Before showing the proof of Theorem 1.4, we recall some results that guarantee that the func-
tion F is well-defined.

o Every level set of u = 1 — 471G, is compact and has finite 2-dimensional Hausdorff mea-
sure H? of (M, g), by [22, Theorem 1.7].

o The set {|Vu| = 0} has locally finite 1-dimensional Hausdorff measure, see [21, Theo-
rem 1.1]. In particular, H?({|Vu| = 0}) = 0.

o If fis a continuous function on M \ {o}, the equality

fdH? = / fdo
{u=s} {u=s}*

holds, as a consequence of two previous points, where ¢ denotes the canonical (volume)
measure associated with the induced Riemannian metric on {u = s}*={u = s}\ {|Vu| =

0}.
Proof of Theorem 1.4. As before, we proceed by steps.
Step 1. The auxiliary function

F:se(—o0,1)— / |Vu| "t g(V|Vul, Vu) dH? € R
{u=s)
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belongs to I/Vli’cl(—oo, 1).
To show this, we start by observing that F' € L] (—o0,1), as a consequence of the coarea for-
mula [6, Proposition 2.1 and Remark 2.2]. Let us consider the vector field Y, given by

Y =V|Vul,
which is well-defined and smooth on the open set M, \ Crit(u), where M, is defined as
M, =M\ {o}.
Notice that
F(s) = / g(Y, |§Z|) dH?
{u=s}

everywhere and the divergence of Y on M, \ Crit(u) can be expressed as
div(Y) = |Vu|™! <|Vdu|2 — | V|Vu||* + Ric(Vu, Vu) + g(VAu, Vu)) ,
by the Bochner formula. Moreover, we also have
29(VAu, Vu) = 2Vu (Au) = Vu(9(X,Vu)) = g(VvuX, Vu) + Vdu(X, Vu),
since u satisfies the equation £xu = 0 in M,. We claim that
div(Y) € Ly, (M,) .

Indeed, if K is a compact subset of M,, by Sard’s Theorem, K C EY = {s < u < S}, for some
regular values s, .S of u such that —oco < s < S < 1. Then, similarly to the proof of Theorem 1.1
in [3], let us consider a sequence of smooth nondecreasing cut—off functions {7, }ren on (0, +00)
such that

. 1 L1 1 !
’I’]}CEO m 0737]C s 0<’I’]]€<3 m 3*1673]6771 y nkEl m F,—FOO .

noticing that this sequence is converging pointwise monotonically to the function identically
equal to 1 on (0, +00). We use these cut—off functions to define, for every k € N, the vector field

Y, = nk(|Vu|) Y,
which is smooth on M,. For any such Y}, the divergence is given by
div(Ye) = i (|Vul)Y + n3,(IVul) | VIVl 2 3.1

and, on any compact subset of M, \ Crit(u), it coincides with the vector field Y, provided & is
large enough. By these considerations and applying the divergence theorem, there holds

F(S)—F(s) = /div(Yk)du > /Pk dp + /Dk dp, (3.2)
ES ES ES
where we set
Pk = nk(|Vu|) P and Dk = nk(|Vu|) D,
with
P = [Vul}[IVdu* ~ | VIVul ] Lar crn > 0.
and ) )
D = |Vu|™* [Ric(Vu, Vu) + §(VX)b(Vu, Vu) + §Vdu(X, Vu)}]lMo\Crit(u).
Now, since the functions Dy, satisfy the inequality
D] < |Vul ([Ric| + [VX]) + [X||Vdu| € Lio(M,),

applying the dominated convergence theorem, we have D € L*(E¥) and

lim /Dkdu:/Ddu < 4o00.
k——+oo
ES 12
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This fact, combined with inequality (3.2), implies that the sequence of the integrals of the func-
tions Py, is uniformly bounded from above. We now notice that, since P > 0 and the sequence
{nk } ken is nondecreasing, the nonnegative functions P, converge monotonically pointwise to the
function P on M,. Thus, the monotone convergence theorem yields

lim /Pkdu —/Pdu < 4o00.

k— 400
ES

In particular, we have P € L' (E?). Since div(Y) 1\ crit(u) = P+ D, it then follows that div(Y') €
L} .(M,), as claimed.
We are now ready to prove that I € W, (—o0, 1) with weak derivative given by

Fs) = /\vurldiv(Y)dW
{u=s}

almost everywhere in (—o0, 1). First we observe that the right-hand side is a function belonging
to Ll .(—o0,1), by applying the coarea formula [6, Proposition 2.1 and Remark 2.2], coupled with

loc

the result div(Y) € L{ _(M,). Then, considering a test function ¢ € C°(—o0, 1), we have

/1 W(7) F(r) dr = / ar [ WVl gV @i = [ (¥, Vo) du

— 00 {u:s} Mo
= Jim 9(Ye, Vi (u)) du = — m / P (u) div(Ye) dp,
M,

where the second equality follows by the coarea formula, the third one by the dominated conver-
gence theorem, whereas the last one is a simple integration by parts. Let us put —co < s < § < 1
such that supp ¢ C (s, S) and s, S are regular values of u. By identity (3.1), it follows that

[vtwantiydn = [ v [P+ D+ ot (9ul) 9194 P] d

The standard identity
Vdul* ~ | V|Vl [* = [VuP b + | VT |Vul * = [Val b + | VT[Va] P + [Vu(#/2),  (33)
along with the fact that

Ay g(VIVu|,Vu) 1 g(X,Vu)  g(V|Vu|, Vu) (3.4)

H — _ 1
|Vl |Vul? 2 |V |Vul2

gives
2 2 [ 2 - 2 1
Vdul? = |VIVul P > 5|V IVul [+ 5| V4Vl P~ 51X [Val| 9] 9]|
1 1
> S1VIVul P - 5 IX|Vul| Vdu
which leads to

|Vu|~! [ V[Vu||* < 2P + |X|| Vdul,
outside the set of the critical points of u, so |[Vu| ™! | V|Vu| |> € L] _(M,), whereas |Vu| n},(|Vul) is
always bounded. Then, as limy,_, 7, (7) = 0 for every 7 € (0, +00), the dominated convergence
theorem implies
lim /¢ L (IVul) | VIVu| Pdp = 0.

k—+oo
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In conclusion, we obtain

/1 W (1) F(r)dr = — Jim /1/) ) div(Y) d, /w ) div(Y

1
= - / P(T) / |Vu| "t div(Y) dH?dr,
— 00 {u=7}
where in the last identity we used again the coarea formula. The first step clearly follows.

Step 2. The function

Fi :se(—00,1)— /g(X,Vu) dH? € R
{u=s}
belongs to W' (=00, 1). B
By the coarea formula, F; € L{ (—oc,1). We consider the vector field Z, given by
Z = |Vu| X,

on the open set M, \ Crit(u), which satisfies everywhere

~ Vu
Fi(s) = Z, dH?
0= [ oz i)
{u=s}
and
div(Z) = |Vu|div(X) + g(V|Vu|, X)

on M, \ Crit(u).
In this case, div(Z) € L] (M,) trivially holds, therefore, by the coarea formula [6, Proposition 2.1
and Remark 2.2], the function defined almost everywhere in (—o0, 1),

5 — V|~ div(Z) dH?
{u=s}

belongs to Li. .(—o00, 1). Considering a test function ¢ € C2°(—o0, 1), we obtain

jw’(ﬂﬁl(ﬂm = /ldT /1&’(u)\Vul_lg(Z,VU)d’H2 = /9(27 Vi (u)) dp

—00 {u=s} M,
= kgrﬁI—loo g(Zk, V’L/J(u)) du = — kEI-',I-loo /w(u) le(Zk) du,

M,

where Z;, denotes the smooth vector field 7 (|Vu|) Z. Let s, S € (—o0,1) be such that suppy C
(s,S5) and s, S are regular values of u. Then, there holds

/ () div(Ze) dp = / () [me(19ul) div(2) + [Vul i (|Vul) g(V |Vl X)] du,

which, by the dominated convergence theorem, leads to

1
/W(T) Fi(r)dr = — kgrfm /1/) )div(Zy) d /1/) ) div(Z

M,

- /1¢(T) /|Vu|’1div(Z)d”H2dT.

—oo {u=7}
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In particular,

Fl(s) = / |Vu| ! div(Z) dH?
{u=s}
almost everywhere in (—o0, 1).

Step 3. The function

Fy i se(—o0,1) — / |Vul? dH? € R
{u=s}
belongs to W' (—oo, 1).

loc
By arguing as before, but replacing the vector field Z with a new vector field

W = |Vu|Vu,

we have that F, € W, (—00, 1), with weak derivative given by

~ 1
Fy(s) = /\Vu|‘1div(W)d7-£2 - ; /g(X,Vu) a2 + /|vu|—1g(V|vu|,vu) 2

{u=s} {u=s} {u=s}
almost everywhere in (—o0, 1). Since the right-hand side of the this equality belongs to the space

W1 (00, 1) by the previous two steps, the conclusion of this step follows.

Step 4. Every regular level set of w is either connected, or none of its connected components is a 2—sphere.
We start by observing that if we set u(0) = —oo, the function v : M — [—00, 1) is continuous and
proper. Then, for any regular value s € (—o0, 1) of u, the set M \ {u = s} is a disjoint union of
connected open sets. Among these, there exists a unique bounded open set that coincides with
{u < s}, whereas each of the remaining components is unbounded and their union is {u > s}.
Indeed, since u : M — [—00, 1) is continuous and proper, the set {u < s} is bounded and it must
be the (finite) union of disjoint bounded and connected open sets each one with boundary given
by some union of connected components of the regular level set {u = s}. Then, if o does not
belong to one of such open sets, by the maximum principle (v is bounded there) it would follow
that u is constant, which is a contradiction with the regularity of the level set. Hence, the set
{u < s} is a single bounded and connected open set containing the pole o. Arguing similarly, one
can prove that also all connected components of {u > s} are unbounded. Now, we assume that
the regular level set {u = s} has a connected component ¥ that is a 2-sphere. Since the second
integral homology group H>(M;Z) does not contain any “spherical” class, the surface ¥ is the
boundary of a bounded and connected open set € (see e.g. [23]). If o does not belong to 2, then O
is contained in M \ {0} with boundary ¥ and this is impossible, again by the maximum principle,
as above. Therefore, the pole o must belong to 2, hence the function u tends to —oo getting close
to the pole and v = s on 9. The maximum principle then implies that u < s everywhere in
Q, thus, Q C {u < s}. If there is a point p € M which belongs to {u < s} and not to Q, as the
set {u < s} is connected, there is a path from o to p contained in {u < s}. Due to the fact that
o € €, this path must intersect its boundary where the value of the function v is s. Since this is
impossible, we conclude that 2 = {u < s}, hence ¥ = 002 = 0{u < s} = {u = s}, implying that
this level set is connected.

Step 5. Conclusion of the proof.
Putting together the information collected in the first three steps, we get F' € Wb!(0, +-00), in
particular, it admits a locally absolutely continuous representative in (0, +o0) that coincides with

F defined pointwise in the statement of Theorem 1.4 on the set
T = {te€(0,+00) : 1 —1/t is a regular value of u } . (3.5)

We know that, by the completeness of M, the set 7 is open in (0, +o0) and that, by the Sard’s
theorem, the complement of 7 in (0, +00) has zero Lebesgue measure. Notice that the function
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F is at least continuously differentiable on the open set 7 and that, by previous results, we can
write

F(t) — F(s) = / F/(r)dr
(s,H)NT

1
= / {471' + 372/|Vu|2d7-[2 + 7/ {29()(, Vu) + |Vu| tg(V|Vul, Vu) | dH?
(s,t)NT p. p

1
= or [ [ 3905, 90) = [Vul 009190, V)| a3

T

- % / [div(X) + |Vu|_1g(V|Vu|,X)] dH?

-

1
+ |Vu|_2[|Vdu|2 — | V|Vu||? + Ric(Vu, Vu) + 5g(vWX, Vu)
=,

1
+ 5 |Vu|g(VVu|,X)] dH?

+ 27 /g(X7 Vu)dH? + / {div(X) + |Vu_lg(V|Vu,X)} d?-l2}d7,

T E7'
where X, denotes the level set {u = 1 — 1/7} and we used the identity
Vdu(X,Vu) = |Vul|g(X, V|Vul).

Now, by using the identities (3.3)-(3.4) and the traced Gauss equation, we get

2

ZT
F(t) — F(s) = / {47T - /R dH? + 37’2/|Vu|2d7-[2 + 37/ [g(X,Vu) — |Vu|H| dH?
(s,t)NT po =, =,

R |VT|Vul|? |h?  3H2] .,
b B e B ST el BRI il I
+/{2 Nt |

_ g(VvuX, Vu)
[Vul?

. 9(V|Vul, X) -
+E[{d (X) + }d%z}d

] dH?

[Vl

Then, the identities
div(X) — [Vu|2g(Vvu X, Vu) = div(X) — g(V,X,v) = div' (X) = divl (X T) + g(X,v)H,
VIVl VIVul o+ 9(V|Vul|, Vu)
LX) = X X)L
(o) = oS+ XT) a0 25T

B VT |Vl
B [Vl

1
7XT) + 5|XL|2 — g(X,v)H,
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where v = Vu/|Vu| and div' is the tangential divergence along a generic surface, impl
g 8 gag ply

5.
F(t) — F(s) :/ {47r - /RTdHQ + 372/|Vu|2d7{2 + 37/ [g(X, Vu) — |vu|H} >
(s,)NT s, =, .
3 . [TR VTVal? (Vv o
- = X X
2/g(X,I/)Hd?'-[ +/ [2 + div(X) + Vul? + V]
XP b s
ey | AR pdr

s,
:/ {471' - /RTCZHQ + 37'2/\Vu|2d7-[2 + 37'/ [g(X,Vu) - |Vu|H] dH?
(s, t)NT pI p- po

2

3 R ViVul 1
- = X. v)H dH? = iv(X —xT
2/g( ,V)HdH +/ [2 + div( )-&-’ vl 5

X2 X L2 101 2 312
Jf*:J+J+JW““

Therefore, by adding and subtracting the term | X+ |2/4, we obtain

=,
F(t) — F(s) :/ {471' — /RTd’HQ + 372/|Vu|2d’;‘—12 + 37/ [g(X,vu) — |vu|H} dH?
=,

(s,NT X, 5,
3 R 1 Vv 1 _.f
— g(X,v)H+ |= + div(X) — = |X? -xT
b [ = gocxom [+ oo - x| T 4 g
5,
2 8 i, 3H]
Ll X =
+ 5 +4\ I* + 1 dH* »dr
R . 3 [[2Vuy| .
= — = - d
[ o [ P ns ] o
(s,H)NT 2, s,
1 . SAPO N I v | vt I T L S I
- — = =X ELlan? Y dr.
+/[2<R+2d1V(X) 2|X| )—i—‘ Yl +3 +5 H T

.

(3.6)

We now observe that the Euler characteristic of every regular level sets of u is less than or equal to
2. This follows from Step 4, taking into account that, since M is orientable, every connected com-
ponents of a regular level set of u is itself orientable. Consequently, the Gauss—Bonnet theorem
implies
R~
4 — / T d%2 = 0 5
s,
for every 7 € 7. Then, the conclusion of Theorem 1.4 follows from equality (3.6), as

k42

T | X|? (3.7)

1
R+ 2div(X) - 5 |X* = RY +

and Rg?) > 0, by assumption. O
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Remark 3.1. We observe that by the same argument, under the assumptions (a) and (b) of Theo-
rem 1.4, if the function u is any solution of £ xu = 0 taking values in an interval (71, 72) C (—o0, 1),
the function F defined by formula (1.2) on theinterval I = (1/(1—m1),1/(1—72)) is nondecreasing
on the set

T ={tel:1-1/tisaregularvalueofu}.

Combining Theorem 1.4 with standard facts about the asymptotic behavior of the Green’s
functions near a pole, one obtains the following rigidity statement.

Proposition 3.2. Under the assumptions of Theorem 1.4, if the function F is constant on the set T
(defined in formula (3.5)), then:

(@) FRY =R+ 2div(X) — (14 1/k)|X|2 > 0, for some k € (—o0, —2) U (0, +00), then (M, g)

is isometric to (R3, geucl)-
) IFRG?Y =R+ 2div(X) — (1/2) | X|2 > 0, then (M, g) is conformally isometric to (R3, geycr).
Proof. By Step 1 of Section 2, the operator £ x admits a unique positive minimal Green’s function

gon ©) with pole at o in an open ball B,, (0), for any r < inj(o). It also turns out that, for any
normal coordinate system (z!, 22, 2®) centered at o and defined on the ball B,., (o), the asymptotic
behaviors

Gy — 1/(4nr)| = o(r™Y)  and  |VGE 4+ (Vr/dmr?)| = o(r2)

occur (here, r denotes the distance function from the pole 0 € M). Now, since G, = f ra(0) + w,

where w is a smooth function that satisfies Lxw = 0 in B,, (o) and an appropriate boundary
condition, the function G, has no critical points in a neighborhood of the point o. Therefore, there
exists a maximal time 7" > 0 such that Vu # 0 in u=*(—o00,1 — 1/T). Then, the function F is
continuously differentiable on the interval (0,7") and, by the assumption that F' is constant on
the set T, there holds F/ = 0in (0,7). Thus, all nonnegative summands in formula (3.6) are
forced to vanish, for every ¢ € (0,T). Now, we need to distinguish between cases (a) and (b). In
case (a), by equality (3.7), the claim follows in the same way as in [3, Corollary 1.3]. Notably, X
turns out to be zero on the whole M. In case (b), the result that all nonnegative summands in
formula (3.6) are forced to vanish for every t € (0,T) implies that

B |Vul?
X = Vlog<(1_u>4 (3.8)
in the open set u™!(—o0,1 — 1/T). If T < +o0, there exists p € Xr such that Vu(p) = 0. We
consider v : [0,¢] — M a smooth curve parametrized by the arclength from o to p and satisfiying

v((0,€)) C u='(—00,1— 1/T). Let f be the function given by
Fit) = ~1tox (120 ) (o)

for every t € (0, ¢]. We observe that

l—e l—e
Fe—e) - Fuy2 = / Pty dt = / o(X(+(1)). 7/ (1)) dt.
/2 /2

which yields
Fe=a)l < 1Fe/2)] + sup|X] < oo,

for any € € (0,¢/2). This is not possible since f(t) — +oo ast — £~, by virtue of the fact that
Vu(p) = 0. Therefore, T' = +o00, u has no critical points and X is the gradient of the function f

given by
_ |Vul?
7=tox (2

on M \ {o}. Notice that, since X is a smooth vector field on the whole M and f(p) — 0 as
p — o, the equality (3.8) also implies that f is smooth on all M. Since |Vu| # 0 everywhere, all
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the level sets of v are regular and diffeomorphic to each other. More precisely, by the vanishing
of the Gauss-Bonnet term in equality (3.6), they are all diffeomorphic to a 2-sphere and M is
diffeomorphic to R?. Furthermore, the metric g can be written on M \ {0} as

B du ® du

s (u,9) dv® @ d¥”? |
[Vul? + gap(w) ?

where go5(u,9) d9® @ di¥® represents the metric induced by g on the level sets of u. Exploiting
the vanishing of the traceless second fundamental form of the level sets in equality (3.6), together
with

2|\Vu
AV s gvs).

it turns out that the coefficients g,g(u,?) satisfy the following first order system of PDE’s

OugGap — JapOuf = 2ga,8/(1 - u),

H =

hence,
eI ) g5 (0,0) A0 @ A0 = (1= ) P (0) 9% © d0°
Thus, we have

_f |Vul|? <du®du

B Vul?

du ® du cap(0) 5
= 9 .
A=) d¥® @ dv

T—u 1w
Notice that the vanishing of term R + 2div(X) — (1/2)|X|? in formula (3.6) implies that the

scalar curvature R of the metric § is zero everywhere. Therefore, by considering the function
t =1/(1 — u) and by observing that the metric g can be written as

G=e + Gop(u,9) d9™ ®dz9f’)

g=dt®dt+t*cas(0) d0* @ d¥”

the scalar curvature of each level set of the function ¢ with respect to the metric cq5(6) d9* @ d¥?
is identically equal to 2. Since each level set of the function ¢, which is also a level set of the
function u, is diffeomorphic to a 2-sphere, we conclude that each of them is isometric to (S?, gs2)
and that (M, g) is isometric to (R?, geyel)- O

4. PROOF OF THEOREM 1.3

In Section 2, we established the existence of the minimal positive Green’s function G, for the
operator Ly = A — (1/2) Vx with a pole at some point o € M, in a complete asymptotically
flat 3-manifold (M, g) of order 7 € (1/2,1), under the assumption that X is a smooth admissible
vector field of M. We also proved that:

o For any normal coordinate system (z', 2%, 23) centered at o and defined on an open

ball B, (o), there exist constants bl(- a), 051122, 65111)21 i b(2) d? 2 a®), )
(3) h(g) 3t4 1213 112131415

(3) :
€ inigiar Mirigigisisio A0 15 ii i, depending on the coefficients of the metric g and

the vector field X and there exists a function f € C?(M) such that

1 ()T 1 (1) 2 2 (1) iz gis pia
AnGo = 1 +0i ﬁ + If\{ Wt e, ]2 +e’3”2’:3’:“T]
(2) i gtz gts (2) xhgi gt plagts
+ |3;“ [ e + dzng.w fi1i2i3i4i5 T}
(3) (3) it (3) xh gt pis gia (3) i gt s e gis gle
+ |$‘ |: + 01112 | +e 11121314 ‘.’E|4 hi1i2i3i4i5ia |x|6

21 72 13 ¥4 205 6 17 218

+ 1(3? ,,,,,, + f,

1172132415261718 |$|8
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in B, /4(0). It then follows that
1

_ —1
go - 47'('7" - 0(7” ) ) (41)

1 _ -2
’Vgo + ) VT’ = o(r7?), 4.2)

1 /2 R
Vdgo—m(;dr@)dr—Vdr)’ = o(r %), 4.3)

where r denotes the distance from the pole o. In particular, the function G, has no critical
points in a neighborhood of the point o.

o For any asymptotically flat coordinate chart (U, (2!, 22, %)) of (M, g), there is a positive
constant A such that

G, = 2 4 On(ja 7). (4.4)

||
Thus, the function G, has no critical points also “going to infinity”.

In Section 3, we considered the function v = 1 — 47G,, defined the function F : (0, +c0) — R
as

F(t) = 4nt + t° / |Vul|? dH?* — ¢* / |Vu|HdH?* + 2 / g(X,Vu) dH?,
{u=1-1} {u=1-1} {u=1-1}
where H is the mean curvature on the regular part of the level set {u = 1 — 1/¢} \ {|Vu| = 0}
computed with respect to v = Vu/|Vu| and showed that
0<s<t<+oo and 1-1/s,1—1/tareregularvaluesofu = F(s) < F(t),
if
RY =R+ 2div(X) — (14 1/k) | X[ > 0,
for some k € R\ (—2, 0] and the second integral homology H>(M;Z) does not contain any spher-

ical class.
By combining these results, we infer that

lim F(t) < lim F(¢). 4.5)

t—0+ t——+o00

We now analyze these two limits.
Lemma 4.1. Under the conditions (4.1), (4.2), (4.3) and the assumption G, — 0 at infinity, we have
lim F(t) = 0.
t—0t

Proof. We start by recalling that, setting u(0) = —oo, the function v : M — [—00, 1) is continuous
and proper, as v — 1 at infinity. This fact, together with condition (4.2), implies the existence
of some t € (0,%p) such that the open set {u < 1 — 1/ty} contains no critical points of u. Thus,
(0,tg) € T, where the set T is defined by formula (3.5). Then, F'is continuously differentiable and
nondecreasing on the interval under consideration. This monotonicity guarantees the existence
of the limit of F(t) as t — 07. We will denote this limit by ¢ and in order to compute it, we
consider the function

F(t) = 2nt? + /

{u<1—%}

|Vul? g(VIVu|,Vu)  1g(X,Vu) |Vul
(1—u)s (1—u)? 2 (1—u)? | (1—wu)?

dp

for every t € (0,tp). First, we show that the function F is well-defined, moreover, the fol-
lowing argument will also imply that lim;_,o+ F(t)/t = 0. We observe that the decay condi-
tions (4.1), (4.2) and (4.3) yield

(&} . Cs Cs

C C
<l-u< 2, DLV < =2 Vdu| < =2, (4.6)
r r 2 72 73



18 CARLO MANTEGAZZA AND FRANCESCA ORONZIO

for some positive constants C; > 0,7 =1, ..., 5. Therefore, the open set {u < 1—1/t} is contained
in the ball B¢,:(0) and
Vol _ G o(V|Vul, Vu)| _ G oX.V0)| _Ci
L-u? S cP Q—uwp | S —up | S
Thus, we get
/ [Vul? , g(VIVu[,Vu)  1g(X,Vu)| [Vu|
1—u)? 1—u)? 2 (1—w2 |1 _—u2z™
{u<i—1%
Vul? | g(VIVul,Vu)  1g(X,Vu)| [Vu|
< = du
(1—u) (1—u)? 2 (1—u)? | (1—u)?
BCQt(o)
C}  Cs\ Oy / C3 ( )
Sl l=rt+=3) 55 1—u)dp + =5 sup |X| ] Vol(Bc,:(0)) . 4.7
(cr+cs) G ()( i + G5 {swp 1X1) Vol(Bewue)). (47)
cotlO

Now, the estimates Vol(B,(0)) = 3nr® + O(r®) and Area(8B,(0)) = 4mr? + O(r*) imply

| W~

Vol(B,(0)) < =Cerr® and Area(9B,(0)) < 4C7mr?, (4.8)

3
for some positive constants Cg, C; > 0 and for any r € (0,79), where 1y > 0 is sufficiently small.
Therefore, by applying the coarea formula in inequality (4.7) and using estimates (4.6) and (4.8),
we obtain

/ [Vul*> | g(VIVul,Vu)  1g(X,Vu)| [Vy| d
1—w? ' (1-w? " 2(1-w?|d—uz™
{u<1-1
2 O\ C 402
< 3 Z4 6 4o 3 2Ly 3
\2w0207(0%+cf) Gt + CoCim Bi‘i&o)'X' st

forall t € (0,ty), possibly passing to a smaller ¢, > 0. The reason for introducing the function
F(t) lies in the fact that

F(t) :/0 F(r)dr,

by the coarea formula. Thus, by using that F' is continuously differentiable in the set 7, it follows
that F is of class C? on the interval (0,¢y) and F'(t) = F(t) for every t € (0,ty). Then, the
generalized version of de 'Hopital’s rule in [45, Theorem II] gives

t t
¢ =limsup F(t) > limsup Ft) =0= liminf& > liminf F(t) =4,
t—0+ t—0+ t t—0+ t t—0t
which implies ¢ = 0. O
By formula (4.4), we have a positive constant B such that
B
u= 1—m+02(|$|_1_T), (4.9)

asu =1—4nG,.
Lemma 4.2. Under the assumption of Theorem 1.3, we have
lim F(t) < 8mmx/B. (4.10)

t——+oo
Proof. In order to show the claim, we will proceed similarly to [37, Section 3], but we will also use
some results contained in [35, Section 2]. The reason lies in the fact that we need to obtain area
estimates on the level sets {u = 1 — (1/t)}, for t € (0, 4+o0) sufficiently large, in a different way
with respect to [37, Section 3], where we used the divergence form of the equation satisfied by the
function u. We start by observing that there is a Ty € (0, +o00) such that the set {u > 1 — (1/Tp)}
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is contained in U, where (U, (z', 22, 2%)) is an asymptotically flat coordinate chart of (M, g) that
we fix from now on. Possibly passing to a larger Ty, by identity (4.4), the set {u > 1 — (1/Tp)}
does not contain critical points of u. Now, we notice that all the level sets {v = 1 — (1/¢)}, with
t € [Ty, +00), are connected. Indeed, since M has a single end (being asymptotically flat), every
openset {u > 1— (1/t)}, with ¢t € T, is connected. The connectedness of these level sets then
follows since the number of the connected components of {u =1 — (1/t)}, with ¢t € [Ty, +00), is
the same as {u = 1 — (1/7})}, which is in turn equal to the number of the connected components
of {u > 1— (1/T},)}. Moreover, by assumption (1.1) and asymptotic expansion (4.9), we deduce

B —2—T
|Vu| = W+O(|x| 7, (4.11)

B 3 i,..7 —3—7

Therefore, possibly passing to a larger 7j, the mean curvature H of {u = 1 — 1/t}, for any ¢ €
[T, +00), which is computed with respect to the unit normal v = Vu/|Vu|, satisfies

H = |%| +O(|z|7177). (4.12)
This implies that the level sets {u = 1 — 1/t} are outer area—minimizing, as well as the coordinate
spheres. By combining this fact with the estimate
|z| = Bt +O(t*™7) (4.13)
on{u=1-1/t} ast — 400, we can conclude that
Area({u=1-1/t}) = 47B*t* + O(t*"7) (4.14)

(see [35, pages 357-358]).
We now use this area estimate to show that the last term in the following equivalent form of the
function F,

2
F(t):i(l&r— / H? dH? +4 / mdﬂ2>+i / (21?;' —H) dH?, (4.15)

{u=1-1 {u=1-1} {u=1-1

converges to zero as t — +oo. Indeed, estimates (4.9), (4.11) and (4.12), yield

2|Vul| 1
i el B € 7.
VU w = o)

By combining this and equality (4.13), from formula (4.14) we then have that the integral of the
last term in equation (4.15) is of the form O(¢t~27), hence this last term goes to zero, as t — +oo,
since 7 > 1/2.
We now set ( )
t 2 11,2 9(X,Vu 9
XM(t)_4<167r / H*dH* + 4 / = d?—[)
{u=1-1} {u=1-1}
and we analyze its behavior at infinity. To this aim, it is convenient to use either an overbar
or a subscript e whenever a quantity is computed with respect to the Euclidean metric e in the
asymptotically flat coordinate chart (U, (2!, %, 23)), thatis, e = §;;dz'®dz’. Conversely, we agree
that quantities computed with respect to the metric g will be denoted without any additional
symbol. Moreover, the covariant derivative with respect to g will be denoted by V, whereas the
symbol D will indicate the Euclidean covariant derivative. Finally, we denote by ~ the (0, 2)-
symmetric tensor given by

g9~ e = (gij = 0ij) da’ ® da’
and we observe that, according to formula (1.1), there holds

g7 = 9 =+ Ol ) |
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where 7 = §%§*i~;,. Our first task is to obtain an expansion for the mean curvature H of
¥ = {u = 1 — 1/t} in terms of its Euclidean mean curvature H. We start by observing that
the unit normal vector v = Vu/|Vu| is related to the Euclidean one ¥ = Du/|Dul. through the
formula

VO
= (14 22D 5 i O,
where v; = §~,;,. Since the mean curvatures are computed as

Vdu)m

H = (¢ — vi1) ( - (Ddu)i;

|Dule

and H= (6-7'7)

respectively, by noticing that |Ddul./|Dul. = O(|z|~!) by expansion (4.9) and setting 7"/ = "/ —
779, we then arrive at

ik, jl (Ddu)l j

~(@, 7 : 1 Con
H= (1+ <2 ))H T]j(ajgikfiakgig)lf =N Vke Dul L4+ 0|z,

which implies

IRV Ddu); Cyor
H? = (1++(7,7)H —2Hn’(3ggm— c%gu)v — 2H "7 e (|D |)j +O(|z[72727).

As the metric induced on X; by g can be written as g — ”‘l%%%“, the area element can be expressed
as
dH? = L i O(|z|~%")| dH" 41
H2 = |1+ 509y + Ol ~7)| dFE. (4.16)

Putting all together, the “Willmore energy integrand” then satisfies

Ui\ 1
H2 dH? = [(1 +7(7,7) + %) 0 — 2HpY <3jgik - 53’“9”’)#

— Ddu);; —o_or] A2
— 2annﬂw(|Du|)J + O(|z| 7272 )} dH". (4.17)

Now, by means of formula (4.9) again we have

7= z |+O(|x| ), (4.18)
% = ﬁ(ézj — 30:,0,7" 7' + O(|x|”)) :
which imply
H = = (1+0(e ) @19
and, in turn,
2Hn”’“77””“% B |;277’“%+0(x|”>~ (4.20)

Plugging these two last equalities in formula (4.17), we obtain

o2 _ g2 A ooy 2 A iy L __),k ]
H2dH? = |H + ‘$|2’y(l/,u) op T (ajgzk S0kgi; )7 + O(lal )| dH .

To proceed, we now claim that

4 2 Coor

|x|27( v) — an’yij iz |(17 9igi?® — divs,w' ) + O(|z[72727), (4.21)

where w is the differential 1-form defined by w = v;,7"dz’ and w' denotes its tangential com-
ponent. To prove the claim, let us first observe that

du -~ Ddu);e
D o=

w=w' 4w =w' +7(7,7)

|Dul.
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By means of expansions (4.19) and (4.20), we then observe that

i i i . Ddu);;
N 0ig;k 7" = 0" 0y 0" = 00w — nmnﬂwi( |Du|)”
e

—_— 1
= divw — Quw; 77’ — ﬁﬁ Iy 4+ O(|z|2727)

1
leth + 'V(V V)H_ ﬁn '71] —|—O(|1’|_2_2T)

1 17 —2—-27
=05 + Oz 72727,

]

_ 2
= divg,w' + —7(7,7) —
]
which yields formula (4.21). As a consequence,

3 2 .
nwajgikﬁk‘F *ﬂ”akgijﬁk + O(|x|—2—27—) d'HQ

_ 2 2
H2dH? = [HQ— o divs,w + 00,9, 7" —
|z || |z

4
||
= [HQ | | legt - %5” (&-gjk - Bkgij)ﬁk + O(x|227)] dﬂQ . (4.22)

In view of equality (4.13), formula (4.22) becomes

H? dH? = {Hz - B%EEMT - B%aij (9i9jk — Orgij ) V" + O(tQQT)} dH° onY,. (4.23)
Now, we observe that
g(X, Vu)
(1—wu) |z
as a consequence of estimates (4.9), (4.16), (4.18) and the fact that X = O(|z|~"~!). Similarly as
before, equality (4.13) then gives

49(X7 V’LL) 2 _ | & i—J —2-27 772
i = Btész/ Ot | dH' ony,. (4.24)

By putting equality (4.14) in the above identities (4.23) and (4.24), we obtain
XM(t) = i (167r 7/H2 dH? + 4/M d7—[2>

dH? = [%Xl e + O(|z| 2 27)} d’H2:{ 6i; X7 4+ O(|z| 72 27)] dH .

(1—u)
I P3N
~t( —/ﬁQd”H +i/ﬁ Wl dH’
1\ 7 oB | Ve
I P
+ (/5J Digjk — Ongiy ) 0" dF +/25”X1V7 dH ) + O,

¢
The first summand is nonpositive by the Euclidean Willmore inequality (see [46]), the second sum-
mand vanishes by the divergence theorem and the third summand tends to 87mx /B, ast — +o0
(the last term goes to zero). In conclusion, we have
lim F(t) < limsup XM (t) < 8tmx/B.

t—+o0 t— 400

O

Remark 4.3. If g;; = 8;; + O3(|z|77) and X = O(|z|~*77) in an asymptotically flat coordinate

chart (U, (z', 2%, 2%)), then it turns out that the function u satisfies

u=1- ﬁ + Os3(|z|~77) .
Then, by the argument of the proof of Theorem 2.1 in [35], the inequality (4.10) can be shown to
be to an equality.
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By Lemmas 4.1 and 4.2, from inequality (4.5), we conclude that mx > 0, as B > 0, hence the
first part of Theorem 1.3 is proved. The rigidity part is a direct consequence of Proposition 3.2.

Remark 4.4. Theorem 1.3 holds under slightly weaker assumptions on the decay of the metric g
and of the vector field X. More precisely, it is still true provided that the metric g belongs to
C1%(M) and the vector field X lies in Cg’fﬁm (M), for some «, a € (0,1) and 7,79 > 1/2.

We recall that a smooth function v on M lies in the weighted Holder space C*< (M), if the weighted
norm

k
- - [VEu(y) — VFu(z)]
lwll koo gy = Y sup [P *Viu| + sup [ ¥~ sup
G (M) ; M zeM Y,2€ B, /2 () d(yvz)a
TAY

is finite, where r is a smooth positive function on M such that » = |z| in an asymptotically flat
coordinate chart and the quantity |V*u(y) — V*u(z)| can be defined by using parallel translation
along a minimizing geodesic connecting y to z. If E is a smooth vector bundle over M equipped
with a bundle metric and connection, then the spaces of sections C*:®(E) are defined analogously.

Remark 4.5. Under the assumption (2) in Theorem 1.3, if we also assume that X is a divergence
free vector field on M and that mx = 0, then (M, g) is isometric to (R?, geuc1). Indeed, by the
proof of Proposition 3.2, we know that X is the gradient of the function

({5,

which is smooth on all of M (notice that it converges at infinity by formula (4.9)). Therefore, the
assumption that X has zero divergence implies that the function f, in addition to being bounded,
is also harmonic on the whole M, hence, by the maximum principle, it is constant. Consequently,
X vanishes everywhere and the rest of the claim follows as point (a) in Proposition 3.2.

Remark 4.6. An analogue of Theorem 1.3 holds for manifolds with boundary. Let (M, g) be a
connected, orientable, complete, asymptotically flat 3-manifold with a compact and connected
boundary and let X be an admissible smooth vector field on M. Assume that R + 2div(X) €

LY(M,g), RY) = R+2div(X) — (1+ 1/k) |X|> > 0forsome k € R\ (—2,0], Hy(M,dOM;Z) =0,
then,

167r—/[H—g(X,u)}2dH2>o = mx 2 0.
oM

Furthermore, the following statements are true.

(1) If Rg?) > 0with k € R\[-2,0] and mx = 0, then X vanishes on M and (M, g) is isometric
to (R?, geue1) minus an open ball.

2) If Rg;2) > 0and myx = 0, then X is a gradient of a smooth function and (2, g) is confor-
mally isometric to (R3, geyer) minus an open ball.

The proof follows in the same way as the one of Theorem 1.3. In this case, we consider the
function u given by

Lxu=0 onM, u=0 atoM and u — 1 atinfinity.

Therefore, the function F', given by formula (1.2), is defined in the interval [1, +00). It is nonde-
creasing in the set 7 (see formula (3.5)) and, comparing its value at ¢ = 1 € 7 with its limit as
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t — +o00, we find that there exists a positive constant B such that

8tmx /B > 4m + /\Vu|2d7-12 /|vu|Hcm2 /g(X,Vu) dH?

oM OM
H 1 Vu 1 Vu \1?
=4 — - X, —— dH?2 — = H — X 2
””'V“' 2 *29( ’|Vu|)] " 4/[ 9< wﬂ i
OM oM

1
> 1 167 — /[H — g(X,v)]* dH?
oM

Then, we obtain the conclusion as for Theorem 1.3.

APPENDIX A. PROOF OF THE EXISTENCE OF THE FUNCTION w IN STEP 1 OF SUBSECTION 2.1

On the punctured open ball B, (o) \ {0} we consider the function

OF: IO (VR
W=+ ﬂ +lol (o + il CRE )
2) xhpizgts (2) R A
—|—|.’L‘| ( ﬁ+d111213 ‘£E|3 +lez5ﬁ>
3( (3 3) 2 pt2 (3) i, .l 3) rh ... ple 3) 4.l
+ |$| ( +czlzz ‘$|2 +6i1~»-i4 |CE|4 +hi1~--i6 ‘$|6 +li1-'~is |:L‘|8 :
Let us determine the constants 5", aV), (1) ) 3@ g @ @) B8 B
71 1112 1112%3%47 11 i1%2%37 J 11929314757 11127 11121314

(3) (3) o
B isininisior Livininisisiginis SO that the function w satisfies

Lxw=h on B, /(o)\{o},

where h is a smooth function in the punctured open ball B, (0) \ {0} that admits a C'-extension
on B, (o), still denoted by h. We start by observing that

xh 17 gk

P :7[511 _7}
TR e P

xilxi"’ _ i |: ﬁ N 6 i1 xilxi2mk:|

ST NPT e P R T P R

xil xiQ . xin 1 x12$13 - xin i x":l xi‘d .. xin
O e e
5in l-il IiQ . I:i'n.—l xil Iiz . Iin .Z’k
+ 0y |z[n—T -n |zt }’
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which leads to the following equalities

axzﬁka — # Lsil i o ' xlrm|n_x2z C L pin
r#s
- nzn:(%’" i .. i«n L ptn gl B nz”:(sfs 2. x/f;'n  pin gk
- n;W +n(n+2) ﬂl;i' ' |nf;“ xkxl] ’
r#s

By expanding the functions X?, g"/ and I'}; near the pole, by the previous equalities, we obtain

1 1 ; zh 1~ a2hzlz o xh gt
L (7):7)(“ o+ AL v B 7]
Mol ) = 2 Oy ¥ g [ o ¥ Pt
N it i3 —~ ... gpls
+ {Ciligigi‘zp + Di1~~-i57|z|5 }
~ ‘/E'Ll...xul ~ xil...xis
+ ‘CC| {Eir--iz; |LL"4 +Fi1mi6W}

+ a function that admits a C*~extension on B, (o),

where
N 1r . - , 3
Ailig = 5 i 8xi1X12 (O) + 26% 3ILIFZ (O) — 51'3'6111(91;1'2 g” (O) R
N 3 .
Bi,...iy = 561118142 91314 (O)a
A Irl . ij is 1 ij
nivia = 5 | 5010502 X7 (0) + 870,00, (0) = 30150,010,1:0,09 (o)},
- 1 o
Dil“'is = éawilé)migazmg““ (O) y
~ 171 ia 1 ij N ij 4
Eil---i4 = 5 68z118$128w73X (0) + 55 6wi18wi28$7:31“ij (O) + awila$1:2g (0) 8$773Fij (O)

1 g
8550010100550, 00 G
5010050203150, (o)},

Fil---’ia = gawﬁa;v@aa;iiiaxmglsm (0) :

z' 2 02" 1 oy (0) ypiz () &2
c (b@)f) = O 1O xi() — b0 xi2 ]
O R) = TR e T g X O T
! 21 pt2 i3 4.t
mil :L-iz .’L'il . xi4 xil e xiﬁ
+|x||:D;<1i2 |J)|2 +E;1---i4 |$‘4 +Fit'“’i6 | |6 }

+ a function that admits a C'—extension on B, (0),
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where
A = [ S0 0,0X7(0) + 8767 0,.T8 (0)]

[% )+ 890,05 (0) — 500,129 (0)] b~ H00,10,10" o).
iy a 102 g (0B

D, = _% [ 5000,0,0 X(0) + 59" 0,00, (o),
Bfiy = [ 30000 X5 (0) + 3990,00,05(0) — £0130,00,120,9” (0) B

$00,00,1.0,109(0),

Fioiy = 5 0uidiis g (0.

flal(ath) 4 o), TS ot heneRaty)

1112 |1.|2 1112134 |1’|4

1) ~ xigte ) .. pla
|$| [ (a( —+ Zczz ) + AiliQW — 1867;1“.1,4 W}

1 i i 1 1 ~  phiglegh ; N @it g
— 31X ) + X O el + 0513)} o7+ Buiais s — 38X @l e
2 2 ~ .. pla _ 2 ... ghe

e[ + Dot = + Bt
15 iag (1) @i
n iaxilagﬁ? g3t (0)61(5-)--1'8 W}

+ a function that admits a C*—extension on B, (o),

where
Avillé = 2 26’5}’32 + 65’3-74)11/2 + 679-1)”2 + 679-1)122 + 6532112 + 67&[2121 + 5}22”:|7
n i 1 1 1 1 1
Bi]izig =-X 1( ) 5223 +X ( )( 511)1213 + Elzzzm + 5122113 + 5122131)
~ 1 ij 1 ij i ij
Oi1i2 = iamilaa:Qg ](O) (§ija(1) + 261(‘]‘)) - a(l)(S ]azlll—‘z; (0) -0 Jawilrfj (0) (Cl(cz)Q + 0521)6)

1

1 .
_ 5a(l)a 0X2(0) = 50, X 5(0) (i) + ).

1 -
(1) + (1)) - *5@7‘8;51‘16961'2 gU (0)0(.1?

124 7,47, 134

D, ., = —§a( )d 110 12g’3’4( ) — 836118961-29"3"(0)(

00u g7 (0) (€D 4 el e e M)y

1]7,37,4 l13]14 11314] 231]14 13114] 13141]
ijg . T2 W) _sijg 1k (1) (1) (1) (1)
+4 aa:llrij(o)cim 4 3znrz‘j(0) (ekmm t Ciokigia T Cinighis T 6i2i3i4k)

1 . 1
+§amﬁxw(o)c<1? — 50, X" (0)( W e el el )

1374 6k121314 iokigia iot3kiy ioi3iak /)’

5 1 isi 1 ii 1 1 1 1
Eil"'iﬁ =3 §axllaml2g 3 4( ) 5 1)6 - 118 29 3( )( 514)1 516 + 541)1 516 + 542 516 + 6542)52'61')

1 . . )
= 5000y g” (0)e )i, + 810l (0)ef )i, + 5agcilxw (0)eli).s, |

131 137"+ 16 1316
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P (b<2>7+d<2> haa® | ) xilx%%“ﬂﬁ)]

l | 119213 |Z‘|3 1112132415 ‘$|5
i it s ) ... gpls
|:A:1 | | + B;zzm |l‘|3 - 24f1110 ‘ |5 :|
2) itz ... pla 3 9 i ... gle
+ | [ — X0 + O, o Dl 5X“(o)ff2_)..i67|x‘6

+ a function that admits a C'*—extension on B, (o),

where

3
A, =22 + > (s + i +d)];

* (2) E (2)
Bll’bz’bg - |: d211223 + 11111215 1,111,1213 + flllzljll)

11112 11212 11121

i (2) (2
|: X 1( )di2i324 ( )(f211121314 + f’LlZ’LQl3l4 + fi1i2i3i4i):|

Chiy = =3[ X" 00 +Xi(o)(d(2) +d2, + )],

D

10va T

w\»—tw

3( (3) 3) 21 pte 3) i B! 3) ... gle 3) i ... pts
X[‘x| (a +Ci1i2 |1‘|2 +ez‘1~~-i4 |x|4 +hi1~~i6 |l‘|6 +Z'Ll i8 | |8

= a2 (6“3)+Z D)4 Ap, T gy T o T

1112 | |2 4 |.’I;‘4 11716 |:E|6
3) xil Lools
_ 60[1128W}

+ a function that admits a C*—extension on B, (0),

where

. (3) (3) (3) (3)
Alllz - |: 1112 + Z uzlzg + 111112 + n + 1112“):|
. B3 B3 (3
le 4 [ + Z 1121221314 zzlii2i3i4 t+-t hn@mm)]’

o (3) (3) 13 (3)
Cu ‘ie =2 |: - 15hz Z l“zlzz ‘i +1 +oeeet li1~~~i6ii):| .

7,11 ’LZQ 7,(3
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Therefore, by combining all the previous computations, we obtain

1 21 pi2 e B!
Ly [— + b(o)— + |x|( @ 1) +ell '4W>

] |z | e

i1 2 i3 i1, .. pls
b(g) d( y xxtr T x )
el (o T + i, o A

\I it g3

3) i1 e 3) .. pla 3) i ... gle 3) i ... pts
iz " [4]2 t € iy |z[* i [0 Tl EE )}

= op(Gxe - b(0)| |
.’L'ill‘iQ

3
1 1 . R
+or{2(a + 22 dl) - UOX ) + (A + X (0) + Ani)
=1

+\x|(<3>+c

1

~ 1) .. pla
+ (BZIM — 1862 14)W}
21

1 , 1 .
{30~ el )+ s

~ " ~ rhgt2 g
+ (Cirigis + Biigis + Bivigis + Bl iyi )W

117273 1112173
1215

~ ) L.l
+ (it iy = 3K 0)el s, —24020) 5 |

3 .
3 1 i 2 ° l‘z xr
+ |:U|{2(6a(3) + ZCU) - 5X ()62 + (Djyi, + Ciyiy + Chsy + Amz)T;P

) * = * . xil . xizl
+ (Biyois + B} iy, + Diyoiy + Dy + Bil___u)w
- * s 3 i1 (2) . xil e xiG
+ (Fiyig + Fi i + By + X0 fiy s Cilwis)w
15 i 1 3 xil . Ii8
+ (?8111893%9 3 4(0)655.)..18 6011(1) ZS)W}
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