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ABSTRACT. For a given admissible vector field X , we define a geometric quantity for asymptotically
flat 3–manifolds, called X–ADM mass and we establish a relative positive mass theorem via a mono-
tonicity formula along the level sets of a suitable Green’s function. Under different assumptions
on X , we obtain generalizations of the “classical” positive mass theorem, like the one for weighted
manifolds and the one “with charge” under some topological restrictions. Finally, we also discuss
the rigidity cases.

MSC2020: 53C21, 31C12, 31C15, 53C24, 53Z05.
Keywords: monotonicity formulas, Green’s function, geometric inequalities.

1. X–ADM MASS AND THE MAIN THEOREM

Let (M, g) be a Riemannian manifold. We denote by Ric and R the Ricci tensor and the scalar
curvature, respectively. The symbol ∇ denotes the Levi–Civita connection, while the associated
Laplace–Beltrami operator is given by ∆ = tr∇2. The convention of summing over the repeated
indices is always adopted unless otherwise stated.

In order to state precisely our main result, we recall the definition of an asymptotically flat
manifold and introduce the notion of X–ADM mass.

Definition 1.1. A 3–dimensional Riemannian manifold (M, g) (with or without boundary) is said
to be asymptotically flat if there exists a closed and bounded subset K such that M \K is diffeo-
morphic to R3 minus a closed ball Br(0) by means of a coordinate map φ : M \K → R3 \ Br(0)
such that

gij = δij +O2(|x|−τ ) , (1.1)
for some τ > 1/2 and all i, j ∈ {1, 2, 3}. The pair (M \ K,φ) will be called an asymptotically flat
coordinate chart of (M, g) and the real number τ will be called the order of decay (briefly, the order)
of the metric g in such asymptotically flat coordinate chart.

Above, we adopted the Landau big–O convention (which can be easily adapted to manifolds
that are diffeomorphic, outside a closed and bounded subset, to R3 minus a closed ball with
center at the origin). We briefly recall it. Let f be a smooth real–valued function defined outside
a compact set of R3, and let τ ∈ R. We write f = Ok(|x|−τ ) if there exists a constant C > 0 such
that |∂αf(x)| ⩽ C|x|−|α|−τ for every x ∈ R3 \BR(O), when R > 0 is sufficiently large, for every
multi–index α with 0 ⩽ |α| ⩽ k.

Definition 1.2 (X–ADM mass). Let (M3, g) be an asymptotically flat manifold. A smooth vector
field X on M is said to be admissible if there exists an asymptotically flat coordinate chart (M \
K,φ) such that Xi = O1(|x|−1−τ0), for every i = 1, 2, 3 and some τ0 > 1/2.
Given an admissible smooth vector field X , we will assume that R+ 2div(X) ∈ L1(M, g) so that
the limit

mX =
1

16π
lim

r→+∞

ˆ

{|x|= r}

(∂jgij − ∂igjj + 2Xi)
xi

|x|
dσeucl,

that we call X–ADM mass of (M, g), exists and is finite. Indeed, as for the by–now “classical”
ADM mass, the existence and finiteness of the above limit, as well as its independence of the
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asymptotically flat coordinate chart, can be established by following the same arguments as Bart-
nik [5] or Chruściel [11].

The aim of this paper is to prove the following 3–dimensional generalized positive mass theorem,
relative to the X–ADM mass.

Theorem 1.3 (X–Positive mass theorem). Let (M, g) be an orientable, connected and complete, asymp-
totically flat 3–manifold and let X be an admissible smooth vector field on M . Assume that:

(a) R + 2div(X) ∈ L1(M, g);
(b) R

(k)
X = R+ 2div(X)− (1 + 1/k) |X|2 ⩾ 0, for some k ∈ R \ (−2, 0];

(c) the second integral homology group H2(M ;Z) does not contain any “spherical” class.
Then,

mX ⩾ 0 .

Furthermore, the following statements are true.

(1) If R(k)
X ⩾ 0 with k ∈ R \ [−2, 0] and mX = 0 (the equality case), then X vanishes on M and

(M, g) is isometric to (R3, geucl).
(2) If R(−2)

X ⩾ 0 and mX = 0, then X is a gradient of a smooth function and (M, g) is conformally
isometric to (R3, geucl).

The definition of X–ADM mass and this associated positive mass theorem X–PMT provide a
unified framework that encompasses several known results as special cases. Specifically:

◦ If Xi = O1(|x|−1−2τ0), for every i ∈ {1, 2, 3} and some τ0 > 1/2, the X–ADM mass
coincides with the “classical” ADM mass

mADM = m0 =
1

16π
lim

r→+∞

ˆ

{|x|= r}

(∂jgij − ∂igjj)
xi

|x|
dσeucl

By choosing X to be identically zero (which is obviously admissible), the X–PMT then
reduces to the “classical” positive mass theorem (see [41, 47]) in dimension 3 and with
H2(M ;Z) without spherical classes, while, if X is non–zero, the X–PMT still yields the
“classical” positive mass inequality under a more general assumption on the scalar cur-
vature. Hirsch, Miao, and Tsang [26, Corollary 1.3] obtained a similar result allowing
the presence of “corners” in the manifolds. In the smooth case, however, our theorem
encompasses a broader class of manifolds.

◦ In [4], Baldauf and Ozuch introduced the weighted mass mf (g) for an asymptotically flat
weighted manifold (Mn, g, f). In dimension 3, the ∇f–ADM mass is actually equal to
mf (g)/16π, therefore, our Theorem 1.3 includes the weighted positive mass theorem [30,
Theorem 1.6] of Law, Lopez, and Santiago (under the above topological assumption on
H2(M ;Z)).

◦ Theorem 1.3 is also related to the following positive mass theorem with charge. Let E be
an admissible smooth vector field, representing an electric field. If R and div(E) belong
to L1(M, g) and the inequality R− 4 |div(E)| − 2|E|2 ⩾ 0 holds, then mADM ⩾ |Q|, where
Q is the “total charge” given by

Q = (1/4π)

ˆ
{|x|= r}

E i(xi/|x|) dσeucl.

This kind of positive mass theorem was established under quite general assumptions
by Chruściel, Reall and Tod in [12] (for recent developments on the subject, see [40] and
references therein). We notice that (under the above topological assumption onH2(M ;Z))
it follows from Theorem 1.3. Indeed, we may assume without loss of generality that
Q ⩾ 0, then since the inequality R−4 |div(E)|−2|E|2 ⩾ 0 implies R(−2)

X ⩾ 0 withX = −2E ,
by applying Theorem 1.3 (with X = −2E), we get the inequality mADM ⩾ |Q|.

The X–PMT is established through a monotonicity formula holding along the regular level
sets of the minimal positive Green’s function for the operator LX = ∆− (1/2)∇X with a pole at
some point of M .
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In general, monotonicity formulas play an important role in geometric analysis. In compar-
ison geometry, classical examples include the monotonicity formula for minimal submanifolds
and the Bishop–Gromov volume comparison theorem and in the context of geometric flows, the
Huisken monotonicity formula for the mean curvature flow [27], the Perelman entropy formula
for the Ricci flow [39] and the Geroch monotonicity of the Hawking mass along the inverse mean
curvature flow [19, 28]. In a series of works [14, 15, 17], Colding and Minicozzi obtained some
monotonicity formulas along the level sets of the minimal positive Green function for the Lapla-
cian operator with a pole in non–parabolic Riemannian manifolds with nonnegative Ricci curva-
ture. Using such monotonicity formulas, they showed the uniqueness of tangent cones for Ein-
stein manifolds [16]. The one–parameter family of monotonicity formulas introduced in [17] has
been extended for weighted manifolds with nonnegative Bakry–Émery Ricci curvature in [43],
as well as for the case of positive Ricci curvature in [32]. In the context of potential theory, sim-
ilar monotonicity formulas to those of Colding and Minicozzi were used in [1] to obtain new
Willmore–type geometrical inequalities and generalized in [6] to prove an optimal version of the
Minkowski inequality, in non–parabolic Riemannian manifolds with nonnegative Ricci curva-
ture.

In recent years, monotonicity formulas in the context of a “level set approach” have been inten-
sively applied to the study of 3–manifolds with nonnegative scalar curvature. A significant step
in this direction was made by Stern in [44], where an integral inequality linking the scalar curva-
ture of a closed 3–manifold to harmonic maps into S1 was derived using the Bochner formula, the
traced Gauss equation, and the Gauss–Bonnet theorem. Since then, new monotonicity formulas
holding along level sets of harmonic and p–harmonic functions have led to new results for 3–
manifolds with nonnegative scalar curvature, in particular, in the asymptotically flat setting. For
instance, a new proof of the positive mass theorem was obtained in [3] and simpler proofs of the
Riemannian Penrose inequality (without rigidity) were found in [2, 25] by exploiting p–harmonic
functions. New results involving the connections ADM–mass/p–capacity and area/p–capacity
were established in [35, 37] via harmonic functions and in [34, 48] via p–harmonic functions. Out-
side of the asymptotically flat setting, gradient integral estimates were found in [10, 18, 36, 38] for
3–manifolds with nonnegative scalar curvature and a new positive mass theorem in asymptot-
ically hyperbolic three–manifolds in [29] was recently proved using the Green’s functions with
a pole for the Laplacian operator. Among the many other related developments of the positive
mass theorem, which was proved by Schoen and Yau [41, 42] in the case 3 ⩽ n ⩽ 7 and by
Witten [47] in the spin case, there are its generalizations to weighted manifolds. These general-
izations were recently established by Baldauf–Ozuch in [4] in the spin case, by Chu–Zhu [13] in
the case 3 ⩽ n ⩽ 7, and by Law–Lopez–Santiago [30] for smooth metric measure spaces. The
analogues of the Ricci and scalar curvatures in a smooth metric measure space are the m–Bakry–
Émery Ricci and scalar curvatures for m ̸= 0. A natural generalization of the m–Bakry–Émery
Ricci curvature Ric+∇df−(1/m)df⊗df with a given weight f of classC∞ is them–Bakry–Émery
Ricci curvature Ric+ (1/2)LXg− (1/m)X♭ ⊗X♭ with a given smooth vector field X . Taking into
account the corresponding scalar curvature, the formulation of X–PMT arises. Finally, the use
of the drift Laplacian is not new and already appeared in [7]. In that paper, the authors consid-
ered solutions that are asymptotic to linear coordinate functions; therefore, the analogy between
the present work and [7] is the same as the one between [3] and [8]. However, there are three
main differences that we now describe. First, we allow the smooth vector field to have non–
zero divergence, while in their work, Bray, Hirsch, Kazaras, Khuri and Zhang considered only
divergence–free vector fields. Secondly, their setting allows asymptotically cylindrical ends for
the manifolds. Thirdly, we also allow other (stronger) hypotheses on the scalar curvature in order
to have a complete picture of the rigidity case (without asymptotically cylindrical ends).

As mentioned above, the key ingredient of Theorem 1.3 is the following monotonicity result.

Theorem 1.4. Let (M, g) be a complete, non–compact, orientable, 3–dimensional Riemannian manifold,
and let X be a smooth vector field on M . Suppose that:

(a) R
(k)
X = R+ 2div(X)− (1 + 1/k) |X|2 ⩾ 0, for some k ∈ R \ (−2, 0];
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(b) the second integral homology group H2(M ;Z) does not contain any spherical class.

Assuming that there exists the minimal positive Green’s function Go for LX = ∆− (1/2)∇X with a pole
at some point o ∈M and vanishing “at infinity”, we consider the function

u = 1− 4πGo ,

and let F : (0,+∞) → R be defined as follows:

F (t) = 4πt + t3
ˆ

{u=1−1/t}

|∇u|2 dH2 − t2
ˆ

{u=1−1/t}

|∇u|H dH2 + t2
ˆ

{u=1−1/t}

g(X,∇u) dH2 , (1.2)

where H is the mean curvature on the regular part of the level set {u = 1− 1/t} \ {|∇u| = 0} computed
with respect to the unit normal vector field ν = ∇u/|∇u|. Then, we have

0 < s ⩽ t < +∞ =⇒ F (s) ⩽ F (t) ,

provided 1− 1/s and 1− 1/t are regular values of u.

Roughly speaking, Theorem 1.3 will follow from Theorem 1.4 by taking the limits of F (t) as
t→ 0+ and as t→ +∞.

The paper is organized as follows: In Section 2, we show the existence and the needed prop-
erties of the minimal positive Green’s function with a pole for the operator LX = ∆ − (1/2)∇X

whenM is asymptotically flat. In Section 3, we prove the monotonicity result above, Theorem 1.4.
Then, finally, in Section 4, we obtain the X–positive mass theorem, Theorem 1.3.

2. THE MINIMAL POSITIVE GREEN’S FUNCTION FOR LX WITH A POLE

The aim of this section is to establish the existence of the minimal positive Green’s function Go

for the operator LX = ∆− (1/2)∇X with a pole at some point o ∈M , to describe its asymptotic
behavior near the pole and at infinity in a complete asymptotically flat 3–manifold (M, g), under
the assumption that X is an admissible smooth vector field on M .

2.1. Existence and asymptotic behavior of the minimal positive Green’s function Go for the
operator LX near the pole. We adopt a step–by–step approach. The second and third steps are
in the same spirit of [29, Section 3].

Step 1. Let Ω be an arbitrary bounded and connected open set with smooth boundary such that o ∈ Ω.
The operator LX admits a unique positive minimal Green’s function GΩ

o in Ω with pole at o, which is the
Dirichlet Green’s function with pole o of LX in Ω. Moreover, for any normal coordinate system (x1, x2, x3)

centered at o and defined on an open ball Bro(o) with Br0(o) ⊆ Ω, there exist constants b(0)i1
, a(1), c(1)i1i2

,
e
(1)
i1i2i3i4

, b(2)i1
, d(2)i1i2i3

, f (2)i1i2i3i4i5
, a(3), c(3)i1i2

, e(3)i1i2i3i4
, h(3)i1i2i3i4i5i6

and l
(3)
i1i2i3i4i5i6i7i8

, depending on the
coefficients of the metric g and the vector field X , and there exists a function f ∈ C2(Ω) such that

4πGΩ
o =

1

|x|
+ b

(0)
i1

xi1

|x|
+ |x|

[
a(1) + c

(1)
i1i2

xi1xi2

|x|2
+ e

(1)
i1i2i3i4

xi1xi2xi3xi4

|x|4
]

+ |x|2
[
b
(2)
i1

xi1

|x|
+ d

(2)
i1i2i3

xi1xi2xi3

|x|3
+ f

(2)
i1i2i3i4i5

xi1xi2xi3xi4xi5

|x|5
]

+ |x|3
[
a(3) + c

(3)
i1i2

xi1xi2

|x|2
+ e

(3)
i1i2i3i4

xi1xi2xi3xi4

|x|4
+ h

(3)
i1i2i3i4i5i6

xi1xi2xi3xi4xi5xi6

|x|6

+ l
(3)
i1i2i3i4i5i6i7i8

xi1xi2xi3xi4xi5xi6xi7xi8

|x|8
]
+ f, (2.1)
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in Bro/4(o).
On the punctured open ball Bro(o) \ {o} we consider the function

w =
1

|x|
+ b

(0)
i1

xi1

|x|
+ |x|

(
a(1) + c

(1)
i1i2

xi1xi2

|x|2
+ e

(1)
i1···i4

xi1 · · ·xi4
|x|4

)
+ |x|2

(
b
(2)
i1

xi1

|x|
+ d

(2)
i1i2i3

xi1xi2xi3

|x|3
+ f

(2)
i1···i5

xi1 · · ·xi5
|x|5

)
+ |x|3

(
a(3) + c

(3)
i1i2

xi1xi2

|x|2
+ e

(3)
i1···i4

xi1 · · ·xi4
|x|4

+ h
(3)
i1···i6

xi1 · · ·xi6
|x|6

+ l
(3)
i1···i8

xi1 · · ·xi8
|x|8

)
. (2.2)

Expanding the coefficients of the operator LX = ∆ − (1/2)∇X , that is, expanding the func-
tions Xi, gij and Γk

ij , it is possible to determine the constants b(0)i1
, a(1), c(1)i1i2

, e(1)i1i2i3i4
, b(2)i1

, d(2)i1i2i3
,

f
(2)
i1i2i3i4i5

, a(3), c(3)i1i2
, e(3)i1i2i3i4

, h(3)i1i2i3i4i5i6
and l

(3)
i1i2i3i4i5i6i7i8

so that the function w satisfies

LXw = h on Bro(o) \ {o} ,
where h is a smooth function on the punctured open ball Bro(o) \ {o} that admits a C1–extension
on Bro(o), still denoted by h. See Appendix A for a proof.
Then, by Theorem 6.14 in [20], there is a unique solution f to the Dirichlet problem

LXf = −h in Bro(o) with f = −w|∂Bro (o)
on ∂Bro(o)

belonging to C2,α
(
Bro(o)

)
. We claim that w + f = 4πGBro (o)

o , indeed, by construction, it satisfies
LX

(
w + f

)
= −4πδo on Bro(o) in the sense of distributions (here, δo denotes the Dirac delta

measure at o). Indeed, for every ψ ∈ C∞
c (Bro(o)), there holdsˆ

Bro (o)

g
(
∇(w + f),∇ψ

)
+

1

2
ψ g
(
X,∇(w + f)

)
dµ

= lim
ε→0+

ˆ

Bro (o)\Bε(o)

g
(
∇(w + f),∇ψ

)
+

1

2
ψ g
(
X,∇(w + f)

)
dµ

= lim
ε→0+

[
−
ˆ
∂Bε(o)

ψ g
(
∇(w + f), ν

)
dH2 −

ˆ

Bro (o)\Bε(o)

ψLX(w + f) dµ

]

= − lim
ε→0+

ˆ
∂Bε(o)

ψ g
(
∇(w + f), ν

)
dH2 = − lim

ε→0+

ˆ
∂Bε(o)

ψ g
(
∇w, ν

)
dH2 = 4πψ(o) ,

where ν is the outward pointing normal to ∂Bε(o) and the last limit is obtained by means of the
expression (2.2) of w in the normal coordinate system (x1, x2, x3).
Notice that f + w is positive in Bro(o) \ {o}, by the maximum principle. Moreover, for every
positive Green’s function G̃Bro (o)

o of LX in Br0(o) with pole at o, since LX

(
4πG̃

Bro (o)
o −w− f

)
= 0

in the sense of distributions, the function 4πG̃
Bro (o)
o −w−f can be extended smoothly to the whole

Br0(o) and again by the maximum principle, there holds

inf
Bro (o)

(
4πG̃

Bro (o)
o − w − f

)
= inf

∂Bro (o)

(
4πG̃

Bro (o)
o − w − f

)
= 4π inf

∂Bro (o)
G̃

Bro (o)
o ⩾ 0 ,

hence, the claim follows.
Let us now consider the general case of a connected bounded open set Ω of M with smooth
boundary and such that o ∈ Ω. In this case, we choose a smooth cut–off function ψ which is
identically equal to 1 in Bro/4(o) and vanishes in M \Bro/2(o). Then, there is a unique solution f
to the Dirichlet problem

LXf = −ψh− wLXψ − 2g(∇w,∇ψ) in Ω with f = 0 on ∂Ω

belonging to C2,α
(
Ω
)

and arguing as before, it follows that 4πGΩ
o = ψw + f .

Step 2. Existence of exterior and global barriers.
We fix a normal coordinate system centered at o ∈ M defined on an open ball Bro(o) and an
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asymptotically flat coordinate chart
(
U,φ = (x1, x2, x3)

)
of (M, g) with decay rate τ > 1/2, as in

Definition 1.1.
For any 0 < ε < τ , we consider the function

ϕ+ =
1

|x|
− 1

|x|1+ε
.

One can check that

LXϕ+ = gij∂xi∂xjϕ+ − gij Γk
ij∂xkϕ+ − (1/2)Xi∂xiϕ+ = − ε (1 + ε)|x|−3−ε +O(|x|−3−τ ) ,

as a consequence of assumptions (1.1) and Xi = O(|x|−1−τ ). Then, there exists R > 1 such that
ϕ+ is a positive function satisfying LXϕ+ < 0 in the set {|x| ⩾ R}. Similarly, one can show that,
possibly passing to a larger R > 1, the positive function

ϕ− =
1

|x|
+

1

|x|1+ε
.

satisfies LXϕ− > 0 in the set {|x| ⩾ R}.
Without loss of generality, we can assume that Bro(o) ∩ {|x| ⩾ R} = Ø, then we consider two
nonnegative cut–off functions ψro and ψR, such that:

◦ ψro is the same cut–off function that we used in Step 1: identically equal to 1 on Bro/4(o)

and vanishing in M \Bro/2(o);
◦ ψR is identically equal to 1 on {|x| > 4R} and vanishing in M \ {|x| ⩾ 2R}.

By means of these cut–off functions, we can define on the whole M the function

h̃+ = −ψroh− wLXψro − 2g(∇w,∇ψro) + ψR LXϕ+ .

By [9, Section 4], there exists a unique function v+ ∈ C2(M) that vanishes at infinity and satisfies
LXv+ = h̃+ in M . Now, the function ṽ+ = ψrow + v+, is smooth in M \ {o} and satisfies
LX ṽ+ = −4πδo + ψR LXϕ+ in M (distributionally). Thus, ṽ+ is a supersolution of LX in M \ {o}
which tends to +∞ getting close to the pole o and vanishes at infinity. By the maximum principle,
it follows that ṽ+ is positive in M \ {o}.

Step 3. The operator LX admits a unique positive minimal Green’s function Go in M , with a pole at o,
which vanishes at infinity. Moreover, for any normal coordinate system (x1, x2, x3) centered at o ∈ M
and defined on an open ball Bro(o), the function 4πGo can be written on Bro/4(o) as in formula (2.1),
with f ∈ C2(M).
Let {Ωj}j∈N be a (precompact) exhaustion of M , i.e. a sequence of bounded, connected open sub-
sets of M with smooth boundaries such that Bro(o) ⊆ Ω1, Ωj ⊆ Ωj+1 and

⋃
j∈N Ωj = M . In

Step 1, we showed that the operator LX admits a unique positive minimal Green’s function GΩj
o

with pole at o which is the Dirichlet Green’s function with pole o of LX in Ωj , for every j ∈ N.
By the maximum principle, {GΩj

o }j∈N is a strictly increasing sequence of positive functions and
each function GΩj

o satisfies 4πGΩj
o ⩽ ṽ+. Therefore, by combining the interior Schauder elliptic

estimates with the Ascoli–Arzelá theorem and a standard diagonalization argument, we obtain
that, possibly after passing to a subsequence, the sequence GΩj

o converges in Ck
loc on M \ {o} to a

function Go, for any fixed k ⩾ 2. In particular, the function Go satisfies LXGo = 0 inM \{o}. Now,
we observe that the following chain of inequalities holds on the punctured open set Ωj \ {o}:

ψrow + fΩj = 4πGΩj
o ⩽ 4πGo ⩽ ṽ+ = ψrow + v+ , (2.3)

where w is the smooth function on Bro(o) \ {o} determined in Step 1, satisfying the equation
LXw = h on Bro(o) \ {o}, the function h admits a C1–extension to Bro(o) which we still denote
by h, ψro is the cut–off function introduced in Step 2 and the functions fΩj are the ones appearing
in formula (2.1), relative to the subsets Ωj .
Then, the sequence {fΩj}j⩾k is not only nondecreasing, but also bounded from above on every
Ωk, for all k ∈ N. Therefore, by combining once again the interior elliptic estimates with the
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Ascoli–Arzelá theorem and a diagonalization argument, possibly passing to a subsequence, the
sequence {fΩj}j∈N converges to a function f in C2

loc(M). This implies that the function f satisfies

LXf = −ψroh− wLXψro − 2g(∇w,∇ψro)

in M , since each fΩj solves the same equation in Ωj . Then, one can check that LXGo = −δo
in M , as 4πGo = ψrow + f in M (passing to the limit in the equality on the left–hand side of
formula (2.3)).
Furthermore, formula (2.3) implies that Go > 0 onM \{o} and that Go vanishes at infinity. Finally,
if G̃o is a positive Green’s function on M , that is, G̃o is a positive function satisfying LX G̃o = −δo
in M in the sense of distributions, the maximum principle yields GΩj

o ⩽ G̃o in Ωj \ {o}. Passing to
the limit, it follows that Go ⩽ G̃o in M \ {o}.

2.2. Asymptotic behavior at infinity of the minimal positive Green’s function Go for the oper-
ator LX with pole at o ∈M . The asymptotic behavior at infinity of the minimal positive Green’s
function Go for the operator LX , with pole at o, in a generic asymptotically flat chart follows in the
same way as [33, Appendix A] (see [24, Section 4] for the asymptotic expansion of the conformal
Green’s function). For completeness, we include the proof here.

Let
(
U,φ = (x1, x2, x3)

)
be an asymptotically flat chart of (M, g), as in Step 2. There, we

showed that there is R > 1 such that the functions

ϕ+ =
1

|x|
− 1

|x|1+ε
and ϕ− =

1

|x|
+

1

|x|1+ε

are positive and satisfy LXϕ+< 0 and LXϕ−> 0 in the set {|x| ⩾ R}, respectively. Therefore, by
Step 3, the maximum principle implies( 1

R
+

1

R1+ε

)(
min

{|x|=R}
Go

)
ϕ− ⩽ Go ⩽

( 1

R
− 1

R1+ε

)(
max

{|x|=R}
Go

)
ϕ+ (2.4)

on {|x| ⩾ R}. Now, in order to obtain the desired estimates, we consider a cut–off function ψ̃R

which is identically equal to 1 on {|x| > 4R} and vanishes in R3 \ {|x| ⩾ 2R}. By means of this
cut–off function, we define

ĝ = ψR φ∗g + (1− ψ2R) geucl ,

which is a complete asymptotically flat Riemannian metric on R3, the smooth admissible vector
field X̂ = ψR φ∗X on R3 and Ĝo = ψR φ∗Go, which is a smooth function satisfying

L̂X̂ Ĝo = ∆ĝ Ĝo − (1/2)∇ĝ

X̂
Ĝo ∈ C∞

c (R3) ,

for which there exist two positive constants C1, C2 such that

C1|x|−1 ⩽ Ĝo ⩽ C2|x|−1

outside a sufficiently large open ball.
By applying Theorem A.33 in [31], we then get Ĝo = O2(|x|−1) and by combining this result with
the fact that L̂X̂ Ĝo ∈ C∞

c (R3) and ĝij − δij = O2(|x|−τ ), it follows that

∆eĜo = f = O(|x|−3−τ ) .

Assuming, without loss of generality, that τ ∈ (1/2, 1) and by exploiting the asymptotic behavior
of the function f , we then have

Ĝo(x) = − 1

4π

ˆ

R3

f(y)

|x− y|
dy .



8 CARLO MANTEGAZZA AND FRANCESCA ORONZIO

Let us now rewrite Ĝo in R3 \ {0} in the following way:

Ĝo(x) = − 1

4π|x|

ˆ

R3

f(y) dy +
1

4π|x|

ˆ

{|y|⩾ |x|/2 }

f(y) dy +
1

4π

ˆ

{|y|< |x|/2 }

( 1

|x|
− 1

|x− y|

)
f(y) dy

− 1

4π

ˆ

{|y−x|< |x|/2 }

f(y)

|x− y|
dy − 1

4π

ˆ

{|y−x|⩾ |x|/2 and |y|⩾ |x|/2}

f(y)

|x− y|
dy .

Since f = O(|x|−3−τ ) and {|y − x| < |x|/2 } ∩ {|y| < |x|/2 } = Ø, the absolute values of the
second, fourth and fifth integrals can be easily bounded by C|x|−1−τ , for some constant C > 0.
Concerning the third integral, we start by observing that∣∣∣∣∣ 1|x| − 1

|x− y|

∣∣∣∣∣ =
∣∣∣∣∣ |x− y|2 − |x|2

|x| |x− y|
(
|x− y|+ |x|

) ∣∣∣∣∣ =
∣∣∣∣∣ |y|2 − 2xiyi

|x| |x− y|
(
|x− y|+ |x|

) ∣∣∣∣∣
⩽

|y|2

|x|2 |x− y|
+

2|y|
|x| |x− y|

⩽
2|y|2

|x|3
+

4|y|
|x|2

,

where the last inequality follows from {|y − x| < |x|/2 } ∩ {|y| < |x|/2 } = Ø. Hence, the decay
rate f = O(|x|−3−τ ), with τ ∈ (1/2, 1), implies that the absolute value of the third integral can
also be bounded by C|x|−1−τ , for some constant C > 0. Thus, we have

Ĝo(x) = − 1

4π|x|

ˆ

R3

f(y) dy + z(x)

in R3 \ {0}, with z = O(|x|−1−τ ).
We notice that the function ψRz satisfies L̂X̂ (ψRz) = O1(|x|−3−τ ), hence, applying again Theo-
rem A.33 in [31], we obtain z = O2(|x|−1−τ ). Finally, combining these results with formula (2.4),
we conclude

Go =
A

|x|
+O2(|x|−1−τ ) ,

where A is a positive constant.

3. A MONOTONICITY FORMULA

Before showing the proof of Theorem 1.4, we recall some results that guarantee that the func-
tion F is well–defined.

• Every level set of u = 1− 4πGo is compact and has finite 2–dimensional Hausdorff mea-
sure H2 of (M, g), by [22, Theorem 1.7].

• The set {|∇u| = 0} has locally finite 1–dimensional Hausdorff measure, see [21, Theo-
rem 1.1]. In particular, H2({|∇u| = 0}) = 0.

• If f is a continuous function on M \ {o}, the equalityˆ

{u=s}

f dH2 =

ˆ

{u=s}∗

f dσ

holds, as a consequence of two previous points, where σ denotes the canonical (volume)
measure associated with the induced Riemannian metric on {u = s}∗={u = s}\ {|∇u| =
0}.

Proof of Theorem 1.4. As before, we proceed by steps.

Step 1. The auxiliary function

F̃ : s ∈ (−∞, 1) 7−→
ˆ

{u=s}

|∇u|−1g(∇|∇u|,∇u) dH2 ∈ R
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belongs to W 1,1
loc (−∞, 1).

To show this, we start by observing that F̃ ∈ L1
loc(−∞, 1), as a consequence of the coarea for-

mula [6, Proposition 2.1 and Remark 2.2]. Let us consider the vector field Y , given by

Y = ∇|∇u| ,

which is well–defined and smooth on the open set Mo \ Crit(u), where Mo is defined as

Mo =M \ {o} .
Notice that

F̃ (s) =

ˆ

{u=s}

g

(
Y,

∇u
|∇u|

)
dH2

everywhere and the divergence of Y on Mo \ Crit(u) can be expressed as

div(Y ) = |∇u|−1
(
|∇du|2 − |∇|∇u| |2 + Ric(∇u,∇u) + g(∇∆u,∇u)

)
,

by the Bochner formula. Moreover, we also have

2g(∇∆u,∇u) = 2∇u (∆u) = ∇u (g(X,∇u)) = g
(
∇∇uX,∇u

)
+ ∇du(X,∇u) ,

since u satisfies the equation LXu = 0 in Mo. We claim that

div(Y ) ∈ L1
loc(Mo) .

Indeed, if K is a compact subset of Mo, by Sard’s Theorem, K ⊆ ES
s = {s < u < S}, for some

regular values s, S of u such that −∞ < s < S < 1. Then, similarly to the proof of Theorem 1.1
in [3], let us consider a sequence of smooth nondecreasing cut–off functions {ηk}k∈N on (0,+∞)
such that

ηk ≡ 0 in
(
0 ,

1

3k

]
, 0 ⩽ ηk ⩽ 3k in

[
1

3k
,

1

3k−1

]
, ηk ≡ 1 in

[
1

3k−1
,+∞

)
.

noticing that this sequence is converging pointwise monotonically to the function identically
equal to 1 on (0,+∞). We use these cut–off functions to define, for every k ∈ N, the vector field

Yk = ηk
(
|∇u|

)
Y ,

which is smooth on Mo. For any such Yk, the divergence is given by

div(Yk) = ηk
(
|∇u|

)
Y + η′k

(
|∇u|

)
| ∇|∇u| |2 , (3.1)

and, on any compact subset of Mo \ Crit(u), it coincides with the vector field Y , provided k is
large enough. By these considerations and applying the divergence theorem, there holds

F̃ (S)− F̃ (s) =

ˆ

ES
s

div(Yk) dµ ⩾
ˆ

ES
s

Pk dµ +

ˆ

ES
s

Dk dµ , (3.2)

where we set
Pk = ηk

(
|∇u|

)
P and Dk = ηk

(
|∇u|

)
D ,

with
P = |∇u|−1

[
|∇du|2 − |∇|∇u| |2

]
1Mo\Crit(u) ⩾ 0 ,

and
D = |∇u|−1

[
Ric(∇u,∇u) +

1

2

(
∇X

)♭
(∇u,∇u) +

1

2
∇du(X,∇u)

]
1Mo\Crit(u) .

Now, since the functions Dk satisfy the inequality

|Dk| ⩽ |∇u| (|Ric| + |∇X|) + |X| |∇du| ∈ L1
loc(Mo) ,

applying the dominated convergence theorem, we have D ∈ L1(ES
s ) and

lim
k→+∞

ˆ

ES
s

Dk dµ =

ˆ

ES
s

Ddµ < +∞ .
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This fact, combined with inequality (3.2), implies that the sequence of the integrals of the func-
tions Pk is uniformly bounded from above. We now notice that, since P ⩾ 0 and the sequence
{ηk}k∈N is nondecreasing, the nonnegative functions Pk converge monotonically pointwise to the
function P on Mo. Thus, the monotone convergence theorem yields

lim
k→+∞

ˆ

ES
s

Pk dµ =

ˆ

ES
s

P dµ < +∞ .

In particular, we have P ∈ L1(ES
s ). Since div(Y )1Mo\Crit(u) = P+D, it then follows that div(Y ) ∈

L1
loc(Mo), as claimed.

We are now ready to prove that F̃ ∈W 1,1
loc (−∞, 1) with weak derivative given by

F̃ ′(s) =

ˆ

{u=s}

|∇u|−1 div(Y ) dH2

almost everywhere in (−∞, 1). First we observe that the right–hand side is a function belonging
to L1

loc(−∞, 1), by applying the coarea formula [6, Proposition 2.1 and Remark 2.2], coupled with
the result div(Y ) ∈ L1

loc(Mo). Then, considering a test function ψ ∈ C∞
c (−∞, 1), we have

1ˆ

−∞

ψ′(τ) F̃ (τ) dτ =

1ˆ

−∞

dτ

ˆ

{u=s}

ψ′(u) |∇u|−1g(Y,∇u) dH2 =

ˆ

Mo

g
(
Y, ∇ψ(u)

)
dµ

= lim
k→+∞

ˆ

Mo

g
(
Yk, ∇ψ(u)

)
dµ = − lim

k→+∞

ˆ

Mo

ψ(u) div(Yk) dµ ,

where the second equality follows by the coarea formula, the third one by the dominated conver-
gence theorem, whereas the last one is a simple integration by parts. Let us put −∞ < s < S < 1
such that suppψ ⊆ (s, S) and s, S are regular values of u. By identity (3.1), it follows thatˆ

Mo

ψ(u) div(Yk) dµ =

ˆ

ES
s

ψ(u)
[
Pk + Dk + η′k

(
|∇u|

)
| ∇|∇u| |2

]
dµ .

The standard identity

|∇du|2 − |∇|∇u| |2 = |∇u|2|h|2 + | ∇⊤|∇u| |2 = |∇u|2|
◦
h|2 + | ∇⊤|∇u| |2 + |∇u|2(H2/2) , (3.3)

along with the fact that

H =
∆u

|∇u|
− g(∇|∇u|,∇u)

|∇u|2
=

1

2

g(X,∇u)
|∇u|

− g(∇|∇u|,∇u)
|∇u|2

, (3.4)

gives

|∇du|2 − |∇|∇u| |2 ⩾
1

2
| ∇⊤|∇u| |2 +

1

2
| ∇⊥|∇u| |2 − 1

2
|X| |∇u| |∇|∇u| |

⩾
1

2
| ∇|∇u| |2 − 1

2
|X| |∇u| |∇du|

which leads to
|∇u|−1 | ∇|∇u| |2 ⩽ 2P + |X| | ∇du| ,

outside the set of the critical points of u, so |∇u|−1 | ∇|∇u| |2 ∈ L1
loc(Mo), whereas |∇u| η′k

(
|∇u|

)
is

always bounded. Then, as limk→+∞ η′k(τ) = 0 for every τ ∈ (0,+∞), the dominated convergence
theorem implies

lim
k→+∞

ˆ

ES
s

ψ(u) η′k
(
|∇u|

)
| ∇|∇u| |2 dµ = 0 .
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In conclusion, we obtain
1ˆ

−∞

ψ′(τ) F̃ (τ) dτ = − lim
k→+∞

ˆ

Mo

ψ(u) div(Yk) dµ = −
ˆ

Mo

ψ(u) div(Y ) dµ

= −
1ˆ

−∞

ψ(τ)

ˆ

{u=τ}

|∇u|−1 div(Y ) dH2 dτ ,

where in the last identity we used again the coarea formula. The first step clearly follows.

Step 2. The function

F̃1 : s ∈ (−∞, 1) 7−→
ˆ

{u=s}

g
(
X,∇u

)
dH2 ∈ R

belongs to W 1,1
loc (−∞, 1).

By the coarea formula, F̃1 ∈ L1
loc(−∞, 1). We consider the vector field Z, given by

Z = |∇u|X ,

on the open set Mo \ Crit(u), which satisfies everywhere

F̃1(s) =

ˆ

{u=s}

g

(
Z,

∇u
|∇u|

)
dH2

and
div(Z) = |∇u| div(X) + g(∇|∇u|, X)

on Mo \ Crit(u).
In this case, div(Z) ∈ L1

loc(Mo) trivially holds, therefore, by the coarea formula [6, Proposition 2.1
and Remark 2.2], the function defined almost everywhere in (−∞, 1),

s 7−→
ˆ
{u=s}

|∇u|−1 div(Z) dH2

belongs to L1
loc(−∞, 1). Considering a test function ψ ∈ C∞

c (−∞, 1), we obtain
1ˆ

−∞

ψ′(τ) F̃1(τ) dτ =

1ˆ

−∞

dτ

ˆ

{u=s}

ψ′(u) |∇u|−1g(Z,∇u) dH2 =

ˆ

Mo

g
(
Z, ∇ψ(u)

)
dµ

= lim
k→+∞

ˆ

Mo

g
(
Zk, ∇ψ(u)

)
dµ = − lim

k→+∞

ˆ

Mo

ψ(u) div(Zk) dµ ,

where Zk denotes the smooth vector field ηk
(
|∇u|

)
Z. Let s, S ∈ (−∞, 1) be such that suppψ ⊆

(s, S) and s, S are regular values of u. Then, there holdsˆ

Mo

ψ(u) div(Zk) dµ =

ˆ

ES
s

ψ(u)
[
ηk
(
|∇u|

)
div(Z) + |∇u| η′k

(
|∇u|

)
g(∇|∇u|, X)

]
dµ ,

which, by the dominated convergence theorem, leads to
1ˆ

−∞

ψ′(τ) F̃1(τ) dτ = − lim
k→+∞

ˆ

Mo

ψ(u) div(Zk) dµ = −
ˆ

Mo

ψ(u) div(Z) dµ

= −
1ˆ

−∞

ψ(τ)

ˆ

{u=τ}

|∇u|−1 div(Z) dH2 dτ .
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In particular,

F̃ ′
1(s) =

ˆ

{u=s}

|∇u|−1 div(Z) dH2

almost everywhere in (−∞, 1).

Step 3. The function

F̃2 : s ∈ (−∞, 1) 7−→
ˆ

{u=s}

|∇u|2 dH2 ∈ R

belongs to W 2,1
loc (−∞, 1).

By arguing as before, but replacing the vector field Z with a new vector field

W = |∇u|∇u ,

we have that F̃2 ∈W 1,1
loc (−∞, 1), with weak derivative given by

F̃ ′
2(s) =

ˆ

{u=s}

|∇u|−1 div(W ) dH2 =
1

2

ˆ

{u=s}

g(X,∇u) dH2 +

ˆ

{u=s}

|∇u|−1g(∇|∇u|,∇u) dH2

almost everywhere in (−∞, 1). Since the right–hand side of the this equality belongs to the space
W 1,1

loc (−∞, 1) by the previous two steps, the conclusion of this step follows.

Step 4. Every regular level set of u is either connected, or none of its connected components is a 2–sphere.
We start by observing that if we set u(o) = −∞, the function u :M → [−∞, 1) is continuous and
proper. Then, for any regular value s ∈ (−∞, 1) of u, the set M \ {u = s} is a disjoint union of
connected open sets. Among these, there exists a unique bounded open set that coincides with
{u < s}, whereas each of the remaining components is unbounded and their union is {u > s}.
Indeed, since u : M → [−∞, 1) is continuous and proper, the set {u < s} is bounded and it must
be the (finite) union of disjoint bounded and connected open sets each one with boundary given
by some union of connected components of the regular level set {u = s}. Then, if o does not
belong to one of such open sets, by the maximum principle (u is bounded there) it would follow
that u is constant, which is a contradiction with the regularity of the level set. Hence, the set
{u < s} is a single bounded and connected open set containing the pole o. Arguing similarly, one
can prove that also all connected components of {u > s} are unbounded. Now, we assume that
the regular level set {u = s} has a connected component Σ that is a 2–sphere. Since the second
integral homology group H2(M ;Z) does not contain any “spherical” class, the surface Σ is the
boundary of a bounded and connected open set Ω (see e.g. [23]). If o does not belong to Ω, then Ω
is contained inM \{o} with boundary Σ and this is impossible, again by the maximum principle,
as above. Therefore, the pole o must belong to Ω, hence the function u tends to −∞ getting close
to the pole and u = s on ∂Ω. The maximum principle then implies that u < s everywhere in
Ω, thus, Ω ⊆ {u < s}. If there is a point p ∈ M which belongs to {u < s} and not to Ω, as the
set {u < s} is connected, there is a path from o to p contained in {u < s}. Due to the fact that
o ∈ Ω, this path must intersect its boundary where the value of the function u is s. Since this is
impossible, we conclude that Ω = {u < s}, hence Σ = ∂Ω = ∂{u < s} = {u = s}, implying that
this level set is connected.

Step 5. Conclusion of the proof.
Putting together the information collected in the first three steps, we get F ∈ W 1,1

loc (0,+∞), in
particular, it admits a locally absolutely continuous representative in (0,+∞) that coincides with
F defined pointwise in the statement of Theorem 1.4 on the set

T = {t ∈ (0,+∞) : 1− 1/t is a regular value of u } . (3.5)

We know that, by the completeness of M , the set T is open in (0,+∞) and that, by the Sard’s
theorem, the complement of T in (0,+∞) has zero Lebesgue measure. Notice that the function
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F is at least continuously differentiable on the open set T and that, by previous results, we can
write

F (t) − F (s) =

ˆ

(s,t)∩T

F ′(τ) dτ

=

ˆ

(s,t)∩T

{
4π + 3τ2

ˆ

Στ

|∇u|2 dH2 + τ

ˆ

Στ

[
1

2
g(X,∇u) + |∇u|−1g(∇|∇u|,∇u)

]
dH2

− 2τ

ˆ

Στ

[
1

2
g(X,∇u) − |∇u|−1g(∇|∇u|,∇u)

]
dH2

− 1

2

ˆ

Στ

[
div(X) + |∇u|−1g(∇|∇u|, X)

]
dH2

+

ˆ

Στ

|∇u|−2

[
|∇du|2 − |∇|∇u| |2 + Ric(∇u,∇u) +

1

2
g
(
∇∇uX,∇u

)

+
1

2
|∇u| g(∇|∇u|, X)

]
dH2

+ 2τ

ˆ

Στ

g(X,∇u) dH2 +

ˆ

Στ

[
div(X) + |∇u|−1g(∇|∇u|, X)

]
dH2

}
dτ ,

where Στ denotes the level set {u = 1− 1/τ} and we used the identity

∇du(X,∇u) = |∇u|g(X,∇|∇u|) .

Now, by using the identities (3.3)-(3.4) and the traced Gauss equation, we get

F (t) − F (s) =

ˆ

(s,t)∩T

{
4π −

ˆ

Στ

RΣτ

2
dH2 + 3τ2

ˆ

Στ

|∇u|2 dH2 + 3τ

ˆ

Στ

[
g(X,∇u) − |∇u|H

]
dH2

+

ˆ

Στ

[
R

2
+

| ∇⊤|∇u| |2

|∇u|2
+

|
◦
h|2

2
+

3H2

4

]
dH2

− 1

2

ˆ

Στ

[
div(X) −

g
(
∇∇uX,∇u

)
|∇u|2

]
dH2

+

ˆ

Στ

[
div(X) +

g(∇|∇u|, X)

|∇u|

]
dH2

}
dτ .

Then, the identities

div(X) − |∇u|−2g
(
∇∇uX,∇u

)
= div(X) − g

(
∇νX, ν

)
= div⊤(X) = div⊤(X⊤) + g(X, ν)H ,

g

(
∇|∇u|
|∇u|

, X

)
= g

(
∇|∇u|
|∇u|

, X⊤
)
+ g(X, ν)

g(∇|∇u|,∇u)
|∇u|2

= g

(
∇⊤|∇u|
|∇u|

, X⊤
)
+

1

2
|X⊥|2 − g(X, ν)H ,
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where ν = ∇u/|∇u| and div⊤ is the tangential divergence along a generic surface, imply

F (t) − F (s) =

ˆ

(s,t)∩T

{
4π −

ˆ

Στ

RΣτ

2
dH2 + 3τ2

ˆ

Στ

|∇u|2 dH2 + 3τ

ˆ

Στ

[
g(X,∇u) − |∇u|H

]
dH2

− 3

2

ˆ

Στ

g(X, ν)H dH2 +

ˆ

Στ

[
R

2
+ div(X) +

|∇⊤|∇u||2

|∇u|2
+ g

(
∇⊤|∇u|
|∇u|

, X⊤
)

+
|X⊥|2

2
+

|
◦
h|2

2
+

3H2

4

]
dH2

}
dτ

=

ˆ

(s,t)∩T

{
4π −

ˆ

Στ

RΣτ

2
dH2 + 3τ2

ˆ

Στ

|∇u|2 dH2 + 3τ

ˆ

Στ

[
g(X,∇u) − |∇u|H

]
dH2

− 3

2

ˆ

Στ

g(X, ν)H dH2 +

ˆ

Στ

[
R

2
+ div(X) +

∣∣∣∣∇⊤|∇u|
|∇u|

+
1

2
X⊤
∣∣∣∣2

− |X⊤|2

4
+

|X⊥|2

2
+

|
◦
h|2

2
+

3H2

4

]
dH2

}
dτ .

Therefore, by adding and subtracting the term |X⊥|2/4, we obtain

F (t) − F (s) =

ˆ

(s,t)∩T

{
4π −

ˆ

Στ

RΣτ

2
dH2 + 3τ2

ˆ

Στ

|∇u|2 dH2 + 3τ

ˆ

Στ

[
g(X,∇u) − |∇u|H

]
dH2

+

ˆ

Στ

− 3

2
g(X, ν)H +

[
R

2
+ div(X) − 1

4
|X|2 +

∣∣∣∣∇⊤|∇u|
|∇u|

+
1

2
X⊤

∣∣∣∣2

+
|
◦
h|2

2
+

3

4
|X⊥|2 +

3H2

4

]
dH2

}
dτ

=

ˆ

(s,t)∩T

{
4π −

ˆ

Στ

RΣτ

2
dH2 +

3

4

ˆ

Στ

[
2|∇u|
1− u

− H + g(X, ν)

]2
dH2

+

ˆ

Στ

[
1

2

(
R+ 2div(X)− 1

2
|X|2

)
+

∣∣∣∣∇⊤|∇u|
|∇u|

+
1

2
X⊤
∣∣∣∣2 + |

◦
h|2

2

]
dH2

}
dτ .

(3.6)

We now observe that the Euler characteristic of every regular level sets of u is less than or equal to
2. This follows from Step 4, taking into account that, since M is orientable, every connected com-
ponents of a regular level set of u is itself orientable. Consequently, the Gauss–Bonnet theorem
implies

4π −
ˆ

Στ

RΣτ

2
dH2 ⩾ 0 ,

for every τ ∈ T . Then, the conclusion of Theorem 1.4 follows from equality (3.6), as

R + 2div(X) − 1

2
|X|2 = R

(k)
X +

k + 2

2k
|X|2 (3.7)

and R
(k)
X ⩾ 0, by assumption. □
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Remark 3.1. We observe that by the same argument, under the assumptions (a) and (b) of Theo-
rem 1.4, if the function u is any solution of LXu = 0 taking values in an interval (τ1, τ2) ⊆ (−∞, 1),
the function F defined by formula (1.2) on the interval I = (1/(1−τ1), 1/(1−τ2)) is nondecreasing
on the set

T = {t ∈ I : 1− 1/t is a regular value of u } .

Combining Theorem 1.4 with standard facts about the asymptotic behavior of the Green’s
functions near a pole, one obtains the following rigidity statement.

Proposition 3.2. Under the assumptions of Theorem 1.4, if the function F is constant on the set T
(defined in formula (3.5)), then:

(a) If R(k)
X = R+ 2div(X)− (1 + 1/k) |X|2 ⩾ 0, for some k ∈ (−∞,−2)∪ (0,+∞), then (M, g)

is isometric to (R3, geucl).
(b) If R(−2)

X = R+ 2div(X)− (1/2) |X|2 ⩾ 0, then (M, g) is conformally isometric to (R3, geucl).

Proof. By Step 1 of Section 2, the operator LX admits a unique positive minimal Green’s function
GBr1 (o)
o with pole at o in an open ball Br1(o), for any r1 < inj(o). It also turns out that, for any

normal coordinate system (x1, x2, x3) centered at o and defined on the ballBr1(o), the asymptotic
behaviors

|Go − 1/(4πr)| = o(r−1) and |∇GBr1 (o)
o + (∇r/4πr2)| = o(r−2)

occur (here, r denotes the distance function from the pole o ∈ M ). Now, since Go = GBr1 (o)
o + w̃,

where w̃ is a smooth function that satisfies LXw̃ = 0 in Br1(o) and an appropriate boundary
condition, the function Go has no critical points in a neighborhood of the point o. Therefore, there
exists a maximal time T > 0 such that ∇u ̸= 0 in u−1(−∞, 1 − 1/T ). Then, the function F is
continuously differentiable on the interval (0, T ) and, by the assumption that F is constant on
the set T , there holds F ′ ≡ 0 in (0, T ). Thus, all nonnegative summands in formula (3.6) are
forced to vanish, for every t ∈ (0, T ). Now, we need to distinguish between cases (a) and (b). In
case (a), by equality (3.7), the claim follows in the same way as in [3, Corollary 1.3]. Notably, X
turns out to be zero on the whole M . In case (b), the result that all nonnegative summands in
formula (3.6) are forced to vanish for every t ∈ (0, T ) implies that

X = −∇ log

(
|∇u|2

(1− u)4

)
(3.8)

in the open set u−1(−∞, 1 − 1/T ). If T < +∞, there exists p ∈ ΣT such that ∇u(p) = 0. We
consider γ : [0, ℓ] →M a smooth curve parametrized by the arclength from o to p and satisfiying
γ((0, ℓ)) ⊆ u−1(−∞, 1− 1/T ). Let f̃ be the function given by

f̃(t) = − log

(
|∇u|2

(1− u)4

)
(γ(t))

for every t ∈ (0, ℓ]. We observe that

f̃(ℓ− ε)− f̃(ℓ/2) =

ℓ−εˆ

ℓ/2

f̃ ′(t) dt =

ℓ−εˆ

ℓ/2

g(X(γ(t)), γ′(t)) dt ,

which yields
|f̃(ℓ− ε)| ⩽ |f̃(ℓ/2)| + ℓ sup

M
|X| < ∞ ,

for any ε ∈ (0, ℓ/2). This is not possible since f̃(t) → +∞ as t → ℓ−, by virtue of the fact that
∇u(p) = 0. Therefore, T = +∞, u has no critical points and X is the gradient of the function f
given by

f = − log

(
|∇u|2

(1− u)4

)
on M \ {o}. Notice that, since X is a smooth vector field on the whole M and f(p) → 0 as
p → o, the equality (3.8) also implies that f is smooth on all M . Since |∇u| ̸= 0 everywhere, all
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the level sets of u are regular and diffeomorphic to each other. More precisely, by the vanishing
of the Gauss–Bonnet term in equality (3.6), they are all diffeomorphic to a 2–sphere and M is
diffeomorphic to R3. Furthermore, the metric g can be written on M \ {o} as

g =
du⊗ du

|∇u|2
+ gαβ(u,ϑ) dϑ

α ⊗ dϑβ ,

where gαβ(u,ϑ) dϑα ⊗ dϑβ represents the metric induced by g on the level sets of u. Exploiting
the vanishing of the traceless second fundamental form of the level sets in equality (3.6), together
with

H =
2|∇u|
1− u

+ g(∇f, ν) ,

it turns out that the coefficients gαβ(u,ϑ) satisfy the following first order system of PDE’s

∂ugαβ − gαβ∂uf = 2 gαβ/(1− u) ,

hence,

e−f(u,ϑ)gαβ(u,ϑ) dϑ
α ⊗ dϑβ = (1− u)−2cαβ(θ) dϑ

α ⊗ dϑβ .

Thus, we have

g̃ = e−fg =
|∇u|2

(1− u)4

(
du⊗ du

|∇u|2
+ gαβ(u,ϑ) dϑ

α ⊗ dϑβ
)

=
du⊗ du

(1− u)4
+

cαβ(θ)

(1− u)2
dϑα ⊗ dϑβ .

Notice that the vanishing of term R + 2div(X) − (1/2) |X|2 in formula (3.6) implies that the
scalar curvature R̃ of the metric g̃ is zero everywhere. Therefore, by considering the function
t = 1/(1− u) and by observing that the metric g̃ can be written as

g̃ = dt⊗ dt+ t2cαβ(θ) dϑ
α ⊗ dϑβ ,

the scalar curvature of each level set of the function t with respect to the metric cαβ(θ) dϑα ⊗ dϑβ

is identically equal to 2. Since each level set of the function t, which is also a level set of the
function u, is diffeomorphic to a 2–sphere, we conclude that each of them is isometric to (S2, gS2)
and that (M, g̃) is isometric to (R3, geucl). □

4. PROOF OF THEOREM 1.3

In Section 2, we established the existence of the minimal positive Green’s function Go for the
operator LX = ∆ − (1/2)∇X with a pole at some point o ∈ M , in a complete asymptotically
flat 3–manifold (M, g) of order τ ∈ (1/2, 1), under the assumption that X is a smooth admissible
vector field of M . We also proved that:

◦ For any normal coordinate system (x1, x2, x3) centered at o and defined on an open
ball Bro(o), there exist constants b(0)i1

, a(1), c(1)i1i2
, e(1)i1i2i3i4

, b(2)i1
, d(2)i1i2i3

, f (2)i1i2i3i4i5
, a(3), c(3)i1i2

,
e
(3)
i1i2i3i4

, h(3)i1i2i3i4i5i6
and l

(3)
i1i2i3i4i5i6i7i8

, depending on the coefficients of the metric g and
the vector field X and there exists a function f ∈ C2(M) such that

4πGo =
1

|x|
+ b

(0)
i1

xi1

|x|
+ |x|

[
a(1) + c

(1)
i1i2

xi1xi2

|x|2
+ e

(1)
i1i2i3i4

xi1xi2xi3xi4

|x|4
]

+ |x|2
[
b
(2)
i1

xi1

|x|
+ d

(2)
i1i2i3

xi1xi2xi3

|x|3
+ f

(2)
i1i2i3i4i5

xi1xi2xi3xi4xi5

|x|5
]

+ |x|3
[
a(3) + c

(3)
i1i2

xi1xi2

|x|2
+ e

(3)
i1i2i3i4

xi1xi2xi3xi4

|x|4
+ h

(3)
i1i2i3i4i5i6

xi1xi2xi3xi4xi5xi6

|x|6

+ l
(3)
i1i2i3i4i5i6i7i8

xi1xi2xi3xi4xi5xi6xi7xi8

|x|8
]
+ f,
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in Bro/4(o). It then follows that ∣∣∣Go −
1

4πr

∣∣∣ = o(r−1) , (4.1)∣∣∣∇Go +
1

4πr2
∇r
∣∣∣ = o(r−2) , (4.2)∣∣∣∇dGo −

1

4πr2

( 2

r
dr ⊗ dr −∇dr

)∣∣∣ = o(r−3) . (4.3)

where r denotes the distance from the pole o. In particular, the function Go has no critical
points in a neighborhood of the point o.

◦ For any asymptotically flat coordinate chart
(
U, (x1, x2, x3)

)
of (M, g), there is a positive

constant A such that

Go =
A

|x|
+O2(|x|−1−τ ) . (4.4)

Thus, the function Go has no critical points also “going to infinity”.
In Section 3, we considered the function u = 1− 4πGo, defined the function F : (0,+∞) → R

as

F (t) = 4πt + t3
ˆ

{u=1− 1
t }

|∇u|2 dH2 − t2
ˆ

{u=1− 1
t }

|∇u|H dH2 + t2
ˆ

{u=1− 1
t }

g(X,∇u) dH2 ,

where H is the mean curvature on the regular part of the level set {u = 1 − 1/t} \ {|∇u| = 0}
computed with respect to ν = ∇u/|∇u| and showed that

0 < s ⩽ t < +∞ and 1− 1/s, 1− 1/t are regular values of u =⇒ F (s) ⩽ F (t) ,

if
R

(k)
X = R+ 2div(X)− (1 + 1/k) |X|2 ⩾ 0 ,

for some k ∈ R \ (−2, 0] and the second integral homology H2(M ;Z) does not contain any spher-
ical class.
By combining these results, we infer that

lim
t→0+

F (t) ⩽ lim
t→+∞

F (t) . (4.5)

We now analyze these two limits.

Lemma 4.1. Under the conditions (4.1), (4.2), (4.3) and the assumption Go → 0 at infinity, we have

lim
t→0+

F (t) = 0 .

Proof. We start by recalling that, setting u(o) = −∞, the function u : M → [−∞, 1) is continuous
and proper, as u → 1 at infinity. This fact, together with condition (4.2), implies the existence
of some t ∈ (0, t0) such that the open set {u < 1 − 1/t0} contains no critical points of u. Thus,
(0, t0) ⊆ T , where the set T is defined by formula (3.5). Then, F is continuously differentiable and
nondecreasing on the interval under consideration. This monotonicity guarantees the existence
of the limit of F (t) as t → 0+. We will denote this limit by ℓ and in order to compute it, we
consider the function

F(t) = 2πt2 +

ˆ

{u<1− 1
t }

[
|∇u|2

(1− u)3
+
g(∇|∇u|,∇u)

(1− u)2
+

1

2

g(X,∇u)
(1− u)2

]
|∇u|

(1− u)2
dµ

for every t ∈ (0, t0). First, we show that the function F is well–defined, moreover, the fol-
lowing argument will also imply that limt→0+ F(t)/t = 0. We observe that the decay condi-
tions (4.1), (4.2) and (4.3) yield

C1

r
⩽ 1− u ⩽

C2

r
,

C3

r2
⩽ |∇u| ⩽ C4

r2
, |∇du| ⩽ C5

r3
, (4.6)
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for some positive constants Ci > 0, i = 1, . . . , 5. Therefore, the open set {u < 1−1/t} is contained
in the ball BC2t(o) and

|∇u|
(1− u)2

⩽
C4

C2
1

,

∣∣∣∣g(∇|∇u|,∇u)
(1− u)3

∣∣∣∣ ⩽ C5

C3
1

,

∣∣∣∣g(X,∇u)(1− u)2

∣∣∣∣ ⩽ C4

C2
1

|X| .

Thus, we get
ˆ

{u<1− 1
t }

∣∣∣∣∣ |∇u|2

(1− u)3
+
g(∇|∇u|,∇u)

(1− u)2
+

1

2

g(X,∇u)
(1− u)2

∣∣∣∣∣ |∇u|
(1− u)2

dµ

⩽
ˆ

BC2t(o)

∣∣∣∣∣ |∇u|2

(1− u)3
+
g(∇|∇u|,∇u)

(1− u)2
+

1

2

g(X,∇u)
(1− u)2

∣∣∣∣∣ |∇u|
(1− u)2

dµ

⩽
(C2

4

C4
1

+
C5

C3
1

) C4

C2
1

ˆ

BC2t(o)

(1− u) dµ +
C2

4

C4
1

(
sup

BC2t0
(o)

|X|
)
Vol
(
BC2t(o)

)
. (4.7)

Now, the estimates Vol
(
Br(o)

)
= 4

3πr
3 +O(r5) and Area

(
∂Br(o)

)
= 4πr2 +O(r4) imply

Vol
(
Br(o)

)
⩽

4

3
C6πr

3 and Area
(
∂Br(o)

)
⩽ 4C7πr

2 , (4.8)

for some positive constants C6, C7 > 0 and for any r ∈ (0, r0), where r0 > 0 is sufficiently small.
Therefore, by applying the coarea formula in inequality (4.7) and using estimates (4.6) and (4.8),
we obtain ˆ

{u<1− 1
t }

∣∣∣∣∣ |∇u|2

(1− u)3
+
g(∇|∇u|,∇u)

(1− u)2
+

1

2

g(X,∇u)
(1− u)2

∣∣∣∣∣ |∇u|
(1− u)2

dµ

⩽ 2πC3
2C7

(C2
4

C4
1

+
C5

C3
1

) C4

C2
1

t2 + C6C
3
2π

(
sup

BC2t0
(o)

|X|
)

4C2
4

3C4
1

t3 ,

for all t ∈ (0, t0), possibly passing to a smaller t0 > 0. The reason for introducing the function
F(t) lies in the fact that

F(t) =

ˆ t

0

F (τ) dτ ,

by the coarea formula. Thus, by using that F is continuously differentiable in the set T , it follows
that F is of class C2 on the interval (0, t0) and F ′(t) = F (t) for every t ∈ (0, t0). Then, the
generalized version of de l’Hôpital’s rule in [45, Theorem II] gives

ℓ = lim sup
t→0+

F (t) ⩾ lim sup
t→0+

F(t)

t
= 0 = lim inf

t→0+

F(t)

t
⩾ lim inf

t→0+
F (t) = ℓ ,

which implies ℓ = 0. □

By formula (4.4), we have a positive constant B such that

u = 1− B

|x|
+O2(|x|−1−τ ) , (4.9)

as u = 1− 4πGo.

Lemma 4.2. Under the assumption of Theorem 1.3, we have

lim
t→+∞

F (t) ⩽ 8πmX/B . (4.10)

Proof. In order to show the claim, we will proceed similarly to [37, Section 3], but we will also use
some results contained in [35, Section 2]. The reason lies in the fact that we need to obtain area
estimates on the level sets {u = 1 − (1/t)}, for t ∈ (0,+∞) sufficiently large, in a different way
with respect to [37, Section 3], where we used the divergence form of the equation satisfied by the
function u. We start by observing that there is a T0 ∈ (0,+∞) such that the set {u ⩾ 1 − (1/T0)}
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is contained in U , where
(
U, (x1, x2, x3)

)
is an asymptotically flat coordinate chart of (M, g) that

we fix from now on. Possibly passing to a larger T0, by identity (4.4), the set {u ⩾ 1 − (1/T0)}
does not contain critical points of u. Now, we notice that all the level sets {u = 1 − (1/t)}, with
t ∈ [T0,+∞), are connected. Indeed, since M has a single end (being asymptotically flat), every
open set {u > 1 − (1/t)}, with t ∈ T , is connected. The connectedness of these level sets then
follows since the number of the connected components of {u = 1 − (1/t)}, with t ∈ [T0,+∞), is
the same as {u = 1− (1/T0)}, which is in turn equal to the number of the connected components
of {u > 1− (1/T0)}. Moreover, by assumption (1.1) and asymptotic expansion (4.9), we deduce

|∇u| = B

|x|2
+O

(
|x|−2−τ

)
, (4.11)

(∇du)ij = − B

|x|3

(
3

|x|2
xixj − δij

)
+O

(
|x|−3−τ

)
.

Therefore, possibly passing to a larger T0, the mean curvature H of {u = 1 − 1/t}, for any t ∈
[T0,+∞), which is computed with respect to the unit normal ν = ∇u/|∇u|, satisfies

H =
2

|x|
+O(|x|−1−τ ) . (4.12)

This implies that the level sets {u = 1− 1/t} are outer area–minimizing, as well as the coordinate
spheres. By combining this fact with the estimate

|x| = Bt+O(t1−τ ) (4.13)

on {u = 1− 1/t} as t→ +∞, we can conclude that

Area
(
{u = 1− 1/t}

)
= 4πB2t2 +O(t2−τ ) (4.14)

(see [35, pages 357–358]).
We now use this area estimate to show that the last term in the following equivalent form of the
function F ,

F (t) =
t

4

(
16π −

ˆ

{u=1− 1
t }

H2 dH2+4

ˆ

{u=1− 1
t }

g(X,∇u)
(1− u)

dH2

)
+
t

4

ˆ

{u=1− 1
t }

(
2|∇u|
1− u

− H

)2
dH2 , (4.15)

converges to zero as t→ +∞. Indeed, estimates (4.9), (4.11) and (4.12), yield

2|∇u|
1− u

− H = O(|x|−1−τ ) .

By combining this and equality (4.13), from formula (4.14) we then have that the integral of the
last term in equation (4.15) is of the form O(t−2τ ), hence this last term goes to zero, as t → +∞,
since τ > 1/2.
We now set

XM(t) =
t

4

(
16π −

ˆ

{u=1− 1
t }

H2 dH2 + 4

ˆ

{u=1− 1
t }

g(X,∇u)
(1− u)

dH2

)
and we analyze its behavior at infinity. To this aim, it is convenient to use either an overbar
or a subscript e whenever a quantity is computed with respect to the Euclidean metric e in the
asymptotically flat coordinate chart

(
U, (x1, x2, x3)

)
, that is, e = δijdx

i⊗dxj . Conversely, we agree
that quantities computed with respect to the metric g will be denoted without any additional
symbol. Moreover, the covariant derivative with respect to g will be denoted by ∇, whereas the
symbol D will indicate the Euclidean covariant derivative. Finally, we denote by γ the (0, 2)–
symmetric tensor given by

g − e = (gij − δij) dx
i ⊗ dxj

and we observe that, according to formula (1.1), there holds

gij = δij − γij + O(|x|−2τ ) ,
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where γij = δiℓδkjγkℓ. Our first task is to obtain an expansion for the mean curvature H of
Σt = {u = 1 − 1/t} in terms of its Euclidean mean curvature H. We start by observing that
the unit normal vector ν = ∇u/|∇u| is related to the Euclidean one ν = Du/|Du|e through the
formula

νi =
(
1 +

γ(ν, ν)

2

)
νi − γik ν

k + O(|x|−2τ ) ,

where γik = δijγjk. Since the mean curvatures are computed as

H =
(
gij − νiνj

) (∇du)ij
|∇u|

and H =
(
δij − νiνj

) (Ddu)ij
|Du|e

,

respectively, by noticing that |Ddu|e/|Du|e = O(|x|−1) by expansion (4.9) and setting ηij = δij −
νiνj , we then arrive at

H =
(
1 +

γ(ν, ν)

2

)
H− ηij

(
∂jgik − 1

2
∂kgij

)
νk − ηikηjℓγkℓ

(Ddu)ij
|Du|e

+O(|x|−1−2τ ) ,

which implies

H2 =
(
1 + γ(ν, ν)

)
H

2 − 2H ηij
(
∂jgik − 1

2
∂kgij

)
νk − 2H ηikηjℓγkℓ

(Ddu)ij
|Du|e

+O(|x|−2−2τ ) .

As the metric induced on Σt by g can be written as g − du⊗du
|∇u|2 , the area element can be expressed

as

dH2 =
[
1 +

1

2
ηijγij +O(|x|−2τ )

]
dH2

. (4.16)

Putting all together, the “Willmore energy integrand” then satisfies

H2 dH2 =
[(

1 + γ(ν, ν) +
ηijγij
2

)
H

2 − 2H ηij
(
∂jgik − 1

2
∂kgij

)
νk

− 2H ηikηjℓγkℓ
(Ddu)ij
|Du|e

+O(|x|−2−2τ )
]
dH2

. (4.17)

Now, by means of formula (4.9) again, we have

νi =
xi

|x|
+O(|x|−τ ) , (4.18)

(Ddu)ij
|Du|e

=
1

|x|

(
δij − 3 δikδjℓν

k νℓ +O(|x|−τ )
)
,

which imply

H =
2

|x|
(
1 +O(|x|−τ )

)
(4.19)

and, in turn,

2H ηikηjℓγkℓ
(Ddu)ij
|Du|e

=
4

|x|2
ηkℓγkℓ +O(|x|−2−τ ) . (4.20)

Plugging these two last equalities in formula (4.17), we obtain

H2 dH2 =

[
H

2
+

4

|x|2
γ(ν, ν) − 2

|x|2
ηijγij − 4

|x|
ηij
(
∂jgik − 1

2
∂kgij

)
νk +O(|x|−2−2τ )

]
dH2

.

To proceed, we now claim that

4

|x|2
γ(ν, ν) − 2

|x|2
ηijγij =

2

|x|
(
ηij∂igjkν

k − divΣt
ω⊤ ) + O(|x|−2−2τ ) , (4.21)

where ω is the differential 1–form defined by ω = γjkν
kdxj and ω⊤ denotes its tangential com-

ponent. To prove the claim, let us first observe that

ω = ω⊤ + ω(ν)
du

|Du|e
= ω⊤ + γ(ν, ν)

du

|Du|e
and ∂iν

k = ηkℓ
(Ddu)iℓ
|Du|e

.
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By means of expansions (4.19) and (4.20), we then observe that

ηij∂igjkν
k = ηij∂iγjkν

k = ηij∂iωj − ηikηjℓγkℓ
(Ddu)ij
|Du|e

= divω − ∂iωjν
iνj − 1

|x|
ηijγij +O(|x|−2−2τ )

= divΣtω
⊤ + γ(ν, ν)H− 1

|x|
ηijγij +O(|x|−2−2τ )

= divΣt
ω⊤ +

2

|x|
γ(ν, ν)− 1

|x|
ηijγij +O(|x|−2−2τ ) ,

which yields formula (4.21). As a consequence,

H2 dH2 =

[
H

2− 2

|x|
divΣt

ω⊤+
2

|x|
ηij∂igjkν

k− 4

|x|
ηij∂jgikν

k+
2

|x|
ηij∂kgijν

k +O(|x|−2−2τ )

]
dH2

=

[
H

2 − 2

|x|
divΣt

ω⊤ − 2

|x|
δij
(
∂igjk − ∂kgij

)
νk +O(|x|−2−2τ )

]
dH2

. (4.22)

In view of equality (4.13), formula (4.22) becomes

H2 dH2 =

[
H

2 − 2

Bt
divΣt

ω⊤ − 2

Bt
δij
(
∂igjk − ∂kgij

)
νk +O(t−2−2τ )

]
dH2

on Σt . (4.23)

Now, we observe that

g(X,∇u)
(1− u)

dH2 =

[
δijX

i x
j

|x|2
+O(|x|−2−2τ )

]
dH2

=

[
1

|x|
δijX

iνj +O(|x|−2−2τ )

]
dH2

.

as a consequence of estimates (4.9), (4.16), (4.18) and the fact that X = O(|x|−τ−1). Similarly as
before, equality (4.13) then gives

4g(X,∇u)
(1− u)

dH2 =

[
4

Bt
δijX

iνj +O(t−2−2τ )

]
dH2

on Σt . (4.24)

By putting equality (4.14) in the above identities (4.23) and (4.24), we obtain

XM(t) =
t

4

(
16π −

ˆ

Σt

H2 dH2 + 4

ˆ

Σt

g(X,∇u)
(1− u)

dH2

)

=
t

4

(
16π −

ˆ

Σt

H
2
dH2

)
+

1

2B

ˆ

Σt

divΣtω
⊤ dH2

+
1

2B

( ˆ
Σt

δij
(
∂igjk − ∂kgij

)
νk dH2

+

ˆ

Σt

2δijX
iνj dH2

)
+O(t1−2τ ) .

The first summand is nonpositive by the Euclidean Willmore inequality (see [46]), the second sum-
mand vanishes by the divergence theorem and the third summand tends to 8πmX/B, as t→ +∞
(the last term goes to zero). In conclusion, we have

lim
t→+∞

F (t) ⩽ lim sup
t→+∞

XM(t) ⩽ 8πmX/B .

□

Remark 4.3. If gij = δij + O3(|x|−τ ) and Xi = O2(|x|−1−τ ) in an asymptotically flat coordinate
chart

(
U, (x1, x2, x3)

)
, then it turns out that the function u satisfies

u = 1− B

|x|
+O3(|x|−1−τ ) .

Then, by the argument of the proof of Theorem 2.1 in [35], the inequality (4.10) can be shown to
be to an equality.
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By Lemmas 4.1 and 4.2, from inequality (4.5), we conclude that mX ⩾ 0, as B > 0, hence the
first part of Theorem 1.3 is proved. The rigidity part is a direct consequence of Proposition 3.2.

Remark 4.4. Theorem 1.3 holds under slightly weaker assumptions on the decay of the metric g
and of the vector field X . More precisely, it is still true provided that the metric g belongs to
C1,α

−τ (M) and the vector field X lies in C0,α0

−1−τ0
(M), for some α, α0 ∈ (0, 1) and τ, τ0 > 1/2.

We recall that a smooth function u on M lies in the weighted Hölder space Ck,α
s (M), if the weighted

norm

∥u∥Ck,α
s (M) =

k∑
i=1

sup
M

|ri−s∇iu|+ sup
x∈M

(
rk+α−s sup

y,z∈Br/2(x)
x̸=y

|∇ku(y)−∇ku(z)|
d(y, z)α

)

is finite, where r is a smooth positive function on M such that r = |x| in an asymptotically flat
coordinate chart and the quantity |∇ku(y)−∇ku(z)| can be defined by using parallel translation
along a minimizing geodesic connecting y to z. If E is a smooth vector bundle over M equipped
with a bundle metric and connection, then the spaces of sectionsCk,α

s (E) are defined analogously.

Remark 4.5. Under the assumption (2) in Theorem 1.3, if we also assume that X is a divergence
free vector field on M and that mX = 0, then (M, g) is isometric to (R3, geucl). Indeed, by the
proof of Proposition 3.2, we know that X is the gradient of the function

f = − log

(
|∇u|2

(1− u)4

)
,

which is smooth on all of M (notice that it converges at infinity by formula (4.9)). Therefore, the
assumption thatX has zero divergence implies that the function f , in addition to being bounded,
is also harmonic on the whole M , hence, by the maximum principle, it is constant. Consequently,
X vanishes everywhere and the rest of the claim follows as point (a) in Proposition 3.2.

Remark 4.6. An analogue of Theorem 1.3 holds for manifolds with boundary. Let (M, g) be a
connected, orientable, complete, asymptotically flat 3–manifold with a compact and connected
boundary and let X be an admissible smooth vector field on M . Assume that R + 2div(X) ∈
L1(M, g), R(k)

X = R+ 2div(X)− (1 + 1/k) |X|2 ⩾ 0 for some k ∈ R \ (−2, 0], H2(M,∂M ;Z) = 0,
then,

16π −
ˆ

∂M

[
H− g(X, ν)

]2
dH2 ⩾ 0 =⇒ mX ⩾ 0 .

Furthermore, the following statements are true.

(1) If R(k)
X ⩾ 0 with k ∈ R\ [−2, 0] andmX = 0, thenX vanishes onM and (M, g) is isometric

to (R3, geucl) minus an open ball.
(2) If R(−2)

X ⩾ 0 and mX = 0, then X is a gradient of a smooth function and (M, g) is confor-
mally isometric to (R3, geucl) minus an open ball.

The proof follows in the same way as the one of Theorem 1.3. In this case, we consider the
function u given by

LXu = 0 on M , u = 0 at ∂M and u→ 1 at infinity.

Therefore, the function F , given by formula (1.2), is defined in the interval [1,+∞). It is nonde-
creasing in the set T (see formula (3.5)) and, comparing its value at t = 1 ∈ T with its limit as
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t→ +∞, we find that there exists a positive constant B such that

8πmX/B ⩾ 4π +

ˆ

∂M

|∇u|2 dH2 −
ˆ

∂M

|∇u|H dH2 +

ˆ

∂M

g(X,∇u) dH2

= 4π +

ˆ

∂M

[
|∇u| − H

2
+

1

2
g

(
X,

∇u
|∇u|

)]2
dH2 − 1

4

ˆ

∂M

[
H − g

(
X,

∇u
|∇u|

)]2
dH2

⩾
1

4

16π −
ˆ

∂M

[ H − g (X, ν)]
2
dH2

 .
Then, we obtain the conclusion as for Theorem 1.3.

APPENDIX A. PROOF OF THE EXISTENCE OF THE FUNCTION w IN STEP 1 OF SUBSECTION 2.1

On the punctured open ball Bro(o) \ {o} we consider the function

w =
1

|x|
+ b

(0)
i1

xi1

|x|
+ |x|

(
a(1) + c

(1)
i1i2

xi1xi2

|x|2
+ e

(1)
i1···i4

xi1 · · ·xi4
|x|4

)
+ |x|2

(
b
(2)
i1

xi1

|x|
+ d

(2)
i1i2i3

xi1xi2xi3

|x|3
+ f

(2)
i1···i5

xi1 · · ·xi5
|x|5

)
+ |x|3

(
a(3) + c

(3)
i1i2

xi1xi2

|x|2
+ e

(3)
i1···i4

xi1 · · ·xi4
|x|4

+ h
(3)
i1···i6

xi1 · · ·xi6
|x|6

+ l
(3)
i1···i8

xi1 · · ·xi8
|x|8

)
.

Let us determine the constants b(0)i1
, a(1), c(1)i1i2

, e(1)i1i2i3i4
, b(2)i1

, d(2)i1i2i3
, f (2)i1i2i3i4i5

, a(3), c(3)i1i2
, e(3)i1i2i3i4

,
h
(3)
i1i2i3i4i5i6

, l(3)i1i2i3i4i5i6i7i8
so that the function w satisfies

LXw = h on Bro(o) \ {o} ,

where h is a smooth function in the punctured open ball Bro(o) \ {o} that admits a C1–extension
on Bro(o), still denoted by h. We start by observing that

∂xk

xi1

|x|
=

1

|x|

[
δi1k − xi1xk

|x|2
]
,

∂xk

xi1xi2

|x|2
=

1

|x|

[
δi1k

xi2

|x|
+ δi2k

xi1

|x|
− 2

xi1xi2xk

|x|3
]
,

· · · ·

∂xk

xi1xi2 · · ·xin
|x|n

=
1

|x|

[
δi1k

xi2xi3 · · ·xin
|x|n−1

+ δi2k
xi1xi3 · · ·xin

|x|n−1
+ · · ·

· · ·+ δink
xi1xi2 · · ·xin−1

|x|n−1
− n

xi1xi2 · · ·xinxk

|x|n+1

]
,
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which leads to the following equalities

∂xl∂xk

xi1xi2 · · ·xin
|x|n

=
1

|x|2

[ n∑
r,s=1
r ̸=s

δirk δ
is
l

xi1 · · · x̂ir · · · x̂is · · ·xin
|x|n−2

− n

n∑
r=1

δirk
xi1 · · · x̂ir · · ·xinxl

|x|n
− n

n∑
s=1

δisl
xi1 · · · x̂is · · ·xinxk

|x|n

− nδkl
xi1xi2 · · ·xin

|x|n
+ n(n+ 2)

xi1xi2 · · ·xinxkxl

|x|n+2

]
,

3∑
k=1

∂xk∂xk

xi1xi2 · · ·xin
|x|n

=
1

|x|2

[ 3∑
k=1

n∑
r,s=1
r ̸=s

δirk δ
is
k

xi1 · · · x̂ir · · · x̂is · · ·xin
|x|n−2

−n(n+ 1)
xi1xi2 · · ·xin

|x|n

]
.

By expanding the functions Xi, gij and Γk
ij near the pole, by the previous equalities, we obtain

LX

( 1

|x|

)
=

1

2|x|2
Xi1(o)

xi1

|x|
+

1

|x|

[
Âi1i2

xi1xi2

|x|2
+ B̂i1···i4

xi1 · · ·xi4
|x|4

]
+
[
Ĉi1i2i3

xi1xi2xi3

|x|3
+ D̂i1···i5

xi1 · · ·xi5
|x|5

]
+ |x|

[
Êi1···i4

xi1 · · ·xi4
|x|4

+ F̂i1···i6
xi1 · · ·xi6

|x|6
]

+ a function that admits a C1–extension on Bro(o),

where

Âi1i2 =
1

2

[
∂xi1X

i2(o) + 2δij∂xi1Γ
i2
ij(o)− δij∂xi1∂xi2 g

ij(o)
]
,

B̂i1···i4 =
3

2
∂xi1∂xi2 g

i3i4(o) ,

Ĉi1i2i3 =
1

2

[ 1
2
∂xi1∂xi2X

i3(o) + δij∂xi1∂xi2Γ
i3
ij(o)−

1

3
δij∂xi1∂xi2∂xi3 g

ij(o)
]
,

D̂i1···i5 =
1

2
∂xi1∂xi2∂xi3 g

i4i5(o) ,

Êi1···i4 =
1

2

[ 1
6
∂xi1∂xi2∂xi3X

i4(o) +
1

3
δij∂xi1∂xi2∂xi3Γ

i4
ij(o) + ∂xi1∂xi2 g

ij(o) ∂xi3Γ
i4
ij(o)

− 1

12
δij∂xi1∂xi2∂xi3∂xi4 g

ij(o)
]
,

F̂i1···i6 =
1

8
∂xi1∂xi2∂xi3∂xi4 g

i5i6(o) .

LX

(
b
(0)
i1

xi1

|x|

)
= − 2

|x|2
b
(0)
i1

xi1

|x|
− 1

2|x|

[
b
(0)
i Xi(o)− b

(0)
i1
Xi2(o)

xi1xi2

|x|2
]

+
[
A∗

i1

xi1

|x|
+B∗

i1i2i3

xi1xi2xi3

|x|3
+ C∗

i1···i5
xi1 · · ·xi5

|x|5
]

+ |x|
[
D∗

i1i2

xi1xi2

|x|2
+ E∗

i1···i4
xi1 · · ·xi4

|x|4
+ F ∗

i1···i6
xi1 · · ·xi6

|x|6
]

+ a function that admits a C1–extension on Bro(o),
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where

A∗
i1 = −

[ 1
2
b
(0)
i ∂xi1X

i(o) + δijb
(0)
k ∂xi1Γ

k
ij(o)

]
,

B∗
i1i2i3 =

[ 1
2
∂xi1X

i2(o) + δij∂xi1Γ
i2
ij(o)−

1

2
δij∂xi1∂xi2 g

ij(o)
]
b
(0)
i3

− b
(0)
i ∂xi1∂xi2 g

ii3(o) ,

C∗
i1···i5 =

3

2
∂xi1∂xi2 g

i3i4(o)b
(0)
i5
,

D∗
i1i2 = −1

2

[ 1
2
b
(0)
i ∂xi1∂xi2X

i(o) + δijb
(0)
k ∂xi1∂xi2Γ

k
ij(o)

]
,

E∗
i1···i4 =

[ 1
4
∂xi1∂xi2X

i3(o) +
1

2
δij∂xi1∂xi2Γ

i3
ij(o)−

1

6
δij∂xi1∂xi2∂xi3 g

ij(o)
]
b
(0)
i4

− 1

3
b
(0)
i ∂xi1∂xi2∂xi3 g

ii4(o) ,

F ∗
i1···i6 =

1

2
∂xi1∂xi2∂xi3 g

i4i5(o)b
(0)
i6
.

LX

[
|x|
(
a(1) + c

(1)
i1i2

xi1xi2

|x|2
+ e

(1)
i1i2i3i4

xi1xi2xi3xi4

|x|4
)]

=

=
1

|x|

[
2
(
a(1) +

3∑
i=1

c
(1)
ii

)
+ Ãi1i2

xi1xi2

|x|2
− 18e

(1)
i1···i4

xi1 · · ·xi4
|x|4

]
− 1

2

{[
a(1)Xi1(o) +Xi(o)

(
c
(1)
ii1

+ c
(1)
i1i

)]xi1
|x|

+ B̃i1i2i3

xi1xi2xi3

|x|3
− 3Xi1(o)e

(1)
i2···i5

xi1 · · ·xi5
|x|5

}
+ |x|

[
C̃i1i2

xi1xi2

|x|2
+ D̃i1···i4

xi1 · · ·xi4
|x|4

+ Ẽi1···i6
xi1 · · ·xi6

|x|6

+
15

2
∂xi1∂xi2 g

i3i4(o)e
(1)
i5···i8

xi1 · · ·xi8
|x|8

]
+ a function that admits a C1–extension on Bro(o),

where

Ãi1i2 = 2
[
− 2c

(1)
i1i2

+ e
(1)
iii1i2

+ e
(1)
ii1ii2

+ e
(1)
ii1i2i

+ e
(1)
i1iii2

+ e
(1)
i1ii2i

+ e
(1)
i1i2ii

]
,

B̃i1i2i3 = −Xi1(o)c
(1)
i2i3

+Xi(o)
(
e
(1)
ii1i2i3

+ e
(1)
i1ii2i3

+ e
(1)
i1i2ii3

+ e
(1)
i1i2i3i

)
,

C̃i1i2 =
1

2
∂xi1∂xi2 g

ij(o)
(
δija

(1) + 2c
(1)
ij

)
− a(1)δij∂xi1Γ

i2
ij(o)− δij∂xi1Γ

k
ij(o)

(
c
(1)
ki2

+ c
(1)
i2k

)
− 1

2
a(1)∂xi1X

i2(o)− 1

2
∂xi1X

k(o)
(
c
(1)
ki2

+ c
(1)
i2k

)
,

D̃i1···i4 = −1

2
a(1)∂xi1∂xi2 g

i3i4(o)− ∂xi1∂xi2 g
i3i(o)

(
c
(1)
ii4

+ c
(1)
i4i

)
− 1

2
δij∂xi1∂xi2 g

ij(o)c
(1)
i3i4

+ ∂xi1∂xi2 g
ij(o)

(
e
(1)
iji3i4

+ e
(1)
ii3ji4

+ e
(1)
ii3i4j

+ e
(1)
i3iji4

+ e
(1)
i3ii4j

+ e
(1)
i3i4ij

)
+ δij∂xi1Γ

i2
ij(o)c

(1)
i3i4

− δij∂xi1Γ
k
ij(o)

(
e
(1)
ki2i3i4

+ e
(1)
i2ki3i4

+ e
(1)
i2i3ki4

+ e
(1)
i2i3i4k

)
+

1

2
∂xi1X

i2(o)c
(1)
i3i4

− 1

2
∂xi1X

k(o)
(
e
(1)
ki2i3i4

+ e
(1)
i2ki3i4

+ e
(1)
i2i3ki4

+ e
(1)
i2i3i4k

)
,

Ẽi1···i6 = 3
[ 1
2
∂xi1∂xi2 g

i3i4(o)c
(1)
i5i6

− ∂xi1∂xi2 g
ii3(o)

(
e
(1)
ii4i5i6

+ e
(1)
i4ii5i6

+ e
(1)
i4i5ii6

+ e
(1)
i4i5i6i

)
− 1

2
δij∂xi1∂xi2 g

ij(o)e
(1)
i3···i6 + δij∂xi1Γ

i2
ij(o)e

(1)
i3···i6 +

1

2
∂xi1X

i2(o)e
(1)
i3···i6

]
.
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LX

[
|x|2
(
b
(2)
i1

xi1

|x|
+ d

(2)
i1i2i3

xi1xi2xi3

|x|3
+ f

(2)
i1i2i3i4i5

xi1xi2xi3xi4xi5

|x|5
)]

=

=
[
A⋆

i1

xi1

|x|
+B⋆

i1i2i3

xi1xi2xi3

|x|3
− 24f

(2)
i1···i5

xi1 · · ·xi5
|x|5

]
+ |x|

[
− 1

2
Xi(o)b

(2)
i + C⋆

i1i2

xi1xi2

|x|2
+D⋆

i1···i4
xi1 · · ·xi4

|x|4
+

3

2
Xi1(o)f

(2)
i2···i6

xi1 · · ·xi6
|x|6

]
+ a function that admits a C1–extension on Bro(o),

where

A⋆
i1 = 2

[
2b

(2)
i1

+

3∑
i=1

(
d
(2)
i1ii

+ d
(2)
ii1i

+ d
(2)
iii1

)]
,

B⋆
i1i2i3 = 2

[
− 3d

(2)
i1i2i3

+

3∑
i=1

(
f
(2)
iii1i2i3

+ f
(2)
ii1ii2i3

+ · · ·+ f
(2)
i1i2i3ii

)]
,

C⋆
i1i2 = −1

2

[
Xi1(o)b

(2)
i2

+Xi(o)
(
d
(2)
ii1i2

+ d
(2)
i1ii2

+ d
(2)
i1i2i

)]
,

D⋆
i1···i4 = −1

2

[
−Xi1(o)d

(2)
i2i3i4

+Xi(o)
(
f
(2)
ii1i2i3i4

+ f
(2)
i1ii2i3i4

+ · · ·+ f
(2)
i1i2i3i4i

)]
.

LX

[
|x|3
(
a(3) + c

(3)
i1i2

xi1xi2

|x|2
+ e

(3)
i1···i4

xi1 · · ·xi4
|x|4

+ h
(3)
i1···i6

xi1 · · ·xi6
|x|6

+ l
(3)
i1···i8

xi1 · · ·xi8
|x|8

)]
= |x|

{
2
(
6a(3) +

3∑
i=1

c
(3)
ii

)
+A•

i1i2

xi1xi2

|x|2
+B•

i1···i4
xi1 · · ·xi4

|x|4
+ C•

i1···i6
xi1 · · ·xi6

|x|6

− 60l
(3)
i1···i8

xi1 · · ·xi8
|x|8

}
+ a function that admits a C1–extension on Bro(o),

where

A•
i1i2 = 2

[
3c

(3)
i1i2

+

3∑
i=1

(
e
(3)
iii1i2

+ e
(3)
ii1ii2

+ · · ·+ e
(3)
i1i2ii

)]
,

B•
i1···i4 = 2

[
− 4e

(3)
i1···i4 +

3∑
i=1

(
h
(3)
iii1i2i3i4

+ h
(3)
ii1ii2i3i4

+ · · ·+ h
(3)
i1i2i3i4ii

)]
,

C•
i1···i6 = 2

[
− 15h

(3)
i1···i6 +

3∑
i=1

(
l
(3)
iii1i2···i6 + l

(3)
ii1ii2···i6 + · · ·+ l

(3)
i1···i6ii

)]
.



X–ADM MASS AND X–POSITIVE MASS THEOREM 27

Therefore, by combining all the previous computations, we obtain

LX

[ 1

|x|
+ b

(0)
i1

xi1

|x|
+ |x|

(
a(1) + c

(1)
i1i2

xi1xi2

|x|2
+ e

(1)
i1···i4

xi1 · · ·xi4
|x|4

)
+ |x|2

(
b
(2)
i1

xi1

|x|
+ d

(2)
i1i2i3

xi1xi2xi3

|x|3
+ f

(2)
i1···i5

xi1 · · ·xi5
|x|5

)
+ |x|3

(
a(3) + c

(3)
i1i2

xi1xi2

|x|2
+ e

(3)
i1···i4

xi1 · · ·xi4
|x|4

+ h
(3)
i1···i6

xi1 · · ·xi6
|x|6

+ l
(3)
i1···i8

xi1 · · ·xi8
|x|8

)]
=

1

|x|2
(1
2
Xi1(o)− 2b

(0)
i1

)xi1
|x|

+
1

|x|

{
2
(
a(1) +

3∑
i=1

c
(1)
ii

)
− 1

2
b
(0)
i Xi(o) +

(
Âi1i2 +

1

2
b
(0)
i1
Xi2(o) + Ãi1i2

)xi1xi2
|x|2

+
(
B̂i1···i4 − 18e

(1)
i1···i4

)xi1 · · ·xi4
|x|4

}
+
{[

− 1

2
a(1)Xi1(o)− 1

2
Xi(o)

(
c
(1)
ii1

+ c
(1)
i1i

)
+A∗

i1 +A⋆
i1

]xi1
|x|

+
(
Ĉi1i2i3 +B∗

i1i2i3 + B̃i1i2i3 +B⋆
i1i2i3

)xi1xi2xi3
|x|3

+
(
D̂i1···i5 + C∗

i1···i5 − 3Xi1(o)e
(1)
i2···i5 − 24f

(2)
i1···i5

)xi1 · · ·xi5
|x|5

}
+ |x|

{
2
(
6a(3) +

3∑
i=1

c
(3)
ii

)
− 1

2
Xi(o)b

(2)
i +

(
D∗

i1i2 + C̃i1i2 + C⋆
i1i2 +A•

i1i2

)xi1xi2
|x|2

+
(
Êi1···i4 + E∗

i1···i4 + D̃i1···i4 +D⋆
i1···i4 +B•

i1···i4
)xi1 · · ·xi4

|x|4

+
(
F̂i1···i6 + F ∗

i1···i6 + Ẽi1···i6 +
3

2
Xi1(o)f

(2)
i2···i6 + C•

i1···i6
)xi1 · · ·xi6

|x|6

+
(15
2
∂xi1∂xi2 g

i3i4(o)e
(1)
i5···i8 − 60l

(3)
i1···i8

)xi1 · · ·xi8
|x|8

}
+ a function that admits a C1–extension h on Bro(o) .

Then, we choose constants b(0)i1
, a(1), c(1)i1i2

, e(1)i1i2i3i4
, b(2)i1

, d(2)i1i2i3
, f (2)i1i2i3i4i5

, a(3), c(3)i1i2
, e(3)i1i2i3i4

,
h
(3)
i1i2i3i4i5i6

, l(3)i1i2i3i4i5i6i7i8
in the following way:

b
(0)
i1

=
1

4
Xi1(o) ,

e
(1)
i1···i4 =

1

18
B̂i1···i4 ,

c
(1)
i1i2

=
1

4

[
2
(
e
(1)
iii1i2

+ e
(1)
ii1ii2

+ e
(1)
ii1i2i

+ e
(1)
i1iii2

+ e
(1)
i1ii2i

+ e
(1)
i1i2ii

)
+ Âi1i2 +

1

2
b
(0)
i1
Xi2(o)

]
,

a(1) = −
3∑

i=1

c
(1)
ii +

1

4
b
(0)
i Xi(o) ,
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f
(2)
i1i2i3i4i5

=
1

24

(
D̂i1···i5 + C∗

i1···i5 − 3Xi1(o)e
(1)
i2···i5

)
,

d
(2)
i1i2i3

=
1

6

[
2

3∑
i=1

(
f
(2)
iii1i2i3

+ f
(2)
ii1ii2i3

+ · · ·+ f
(2)
i1i2i3ii

)
+ Ĉi1i2i3 +B∗

i1i2i3 + B̃i1i2i3

]
,

b
(2)
i1

=
1

4

[1
2
a(1)Xi1(o) +

1

2
Xi(o)

(
c
(1)
ii1

+ c
(1)
i1i

)
−A∗

i1 − 2

3∑
i=1

(
d
(2)
i1ii

+ d
(2)
ii1i

+ d
(2)
iii1

)]
,

l
(3)
i1i2i3i4i5i6i7i8

=
1

8
∂xi1∂xi2 g

i3i4(o)e
(1)
i5···i8 ,

h
(3)
i1i2i3i4i5i6

=
1

30

[
F̂i1···i6 + F ∗

i1···i6 + Ẽi1···i6 +
3

2
Xi1(o)f

(2)
i2···i6

+ 2

3∑
i=1

(
l
(3)
iii1i2···i6 + l

(3)
ii1ii2···i6 + · · ·+ l

(3)
i1···i6ii

)]
,

e
(3)
i1i2i3i4

=
1

8

[
Êi1···i4 + E∗

i1···i4 + D̃i1···i4 +D⋆
i1···i4

+ 2

3∑
i=1

(
h
(3)
iii1i2i3i4

+ h
(3)
ii1ii2i3i4

+ · · ·+ h
(3)
i1i2i3i4ii

)]
,

c
(3)
i1i2

= −1

6

[
D∗

i1i2 + C̃i1i2 + C⋆
i1i2 + 2

3∑
i=1

(
e
(3)
iii1i2

+ e
(3)
ii1ii2

+ · · ·+ e
(3)
i1i2ii

)]
,

a(3) =
1

24
Xi(o)b

(2)
i − 1

6

3∑
i=1

c
(3)
ii .
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