TROPICAL OPTIMAL TRANSPORTATION AND LARGE
DEVIATIONS PRINCIPLE

ALEXEY KROSHNIN AND EUGENE STEPANOV

ABSTRACT. We consider the general tropical (max-plus) version of the classical
Monge—Kantorovich optimal transportation problem. For this problem we
show the existence of solutions, provide the formula for the optimal cost in
terms of the data, and give explicit formulae for some solutions satisfying
additional nice properties (e.g. maximal solutions). We further provide the
relationship between this problem and the classical optimal transportation
problems through the Large deviations principle, which can be considered a
version of the Maslov dequantization tailored for such a problem. Finally, we
provide some explicit examples of solutions and study the metric properties of
the optimal cost.

1. INTRODUCTION

The classical Monge—Kantorovich optimal mass transportation problem (see e.g. [4]
for a comprehensive introduction to the subject) in its most general setting is that
of finding the optimal plan of transportation of a given Borel measure p over a
metric space X to the given Borel measure v over a metric space Y (both measures
having finite total mass pu(X) = v(Y)), given the cost ¢(x,y) of transporting unit
mass from point € X to point y € Y. Respectively, a transportation plan is a
Borel measure 7 over X X Y with marginals p and v, i.e. 7(Bx X Y) = pu(Bx)
for all Borel Bx € X and n(X x By) = v(By) for all Borel By C Y. The set
of such plans being further denoted by II(u,v), and optimality is understood as
minimization of the total transportation cost, that is, finding

inf {/XXY o, y) dre,y): 7 € TM(u, y)} .

In the current paper we consider a version of this problem in the realm of idempotent
analysis, namely, analysis over the tropical (maz-plus) semiring R_ := RU {—o0}
endowed with the operations

a®b:=max{a, b}, a®b:=a+b,

which substitute the usual addition and multiplication of real numbers respectively.
In particular, the roles of 0 and 1 on the usual real line are played here by —co and
0 respectively. Specifically, the value —oo is an identity with respect to &, and 0 is

Key words and phrases. optimal transportation, tropical semiring, idempotent analysis.

E.S. acknowledges the MIUR Excellence Department Project awarded to the Department of
Mathematics, University of Pisa, CUP 157G22000700001. The work is also partially within the
framework of HSE University Basic Research Program and of the Ministry of Science and Higher
Education of the Russian Federation (agreement 075-15-2025-344 for Saint Petersburg Leonard
Euler International Mathematical Institute at PDMI RAS). .

1



2 ALEXEY KROSHNIN AND EUGENE STEPANOV

an identity with respect to ®. Both operations are commutative, associative, and
a®(bdc)=aRbPa®e.

For a general overview of idempotent analysis we refer the reader to the classical
book [3]. We only recall here that a tropical (maz-plus) measure over a set X
is just a function I: X — R_. The set of such measures we further denote by
MY(X), the integral over a set is substituted by a supremum, and in particular
a tropical measure [ is a tropical probability measure (i.e. the max-plus version of
the usual probability measure), if supy I = 0. The set of the latter being further
denoted by P!(X). Thus, given two tropical measures I € M!(X) and J € M!(Y),
where X and Y are nonempty sets without any further structure, we may call a
tropical transportation plan a function Q: X x Y — R_ having marginals I and J,
respectively, in the following max-plus sense:

sup Q(z,y) =I(z) forallyeY,
yey

1
M) sup Q(z,y) = J(y) forall z € X.
z€X

Clearly, for (1) to hold it is necessary that

(2) sup I(x) = sup J(y),

reX yey
which is exactly the max-plus version of the equal total mass condition for classical
measures. The set of tropical transportation plans with marginals (of course, in
the sense of (1)) I € M'(X) and J € M!(Y), respectively, will be further denoted
by II*(1, J). Translating then the classical Monge—Kantorovich optimal transporta-
tion problem into the introduced above idempotent language yields the problem of
minimizing, given I € M*(X) and J € M*(Y) satisfying (2), and the cost function
c: X x Y — R_, the supremal (rather than integral) functional F' defined by the
formula
(3) F@Q)= sup (c(z,y) +Q(z,9))

(z,y)eX XY
over @ € II*(I, J), referred to in the sequel as tropical (or maz-plus) optimal trans-
portation problem, that is,
(4) inf{F(Q): Q € II*(I, J)}

A possible “information theory style” interpretation might look as follows. The
elements of X are transmitters and those of Y receivers of information. Then I(x)
(resp. J(y)) is the bound on the amount of information the transmitter x € X may
transmit (resp. the receiver y € Y may receive) at a time. The quantity Q(z,y) for
a @ € I'(I, J) says then how much information to send from a transmitter = to a
receiver y, the condition (1) making this plan to conform with the capacities of each
transmitter and receiver. The goal is to find a tropical transportation plan @ €
II*(I,J) so as to minimize the maximum cost of information transmission between
all transmitters and receivers, the cost for a single pair transmitter-receiver (z,y) €
X X Y being linear in Q(z,y), i.e. given by the formula g(z,y) + vQ(z,y), where
v > 0, and g(z, y) representing for some fixed cost of using the transmission channel,
vQ(z,y) being the part of the cost proportional to the amount of information
transmitted. This leads to minimization of

Qel(I,J)— sup (g(z,y) +7Q(z,y)),
(z,y)EX XY
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which up to dividing by ~ is exactly the functional F'.

The discrete version of the optimal tropical transportation problem (4), i.e. where
X and Y are finite sets, has been studied in [1], and an explicit algorithm to solve
such a problem is provided. In this paper we

(i) show that, as opposed to the classical Monge-Kantorovich problem, the
tropical mass transportation problem always admits solutions without any
assumptions on the data, and

(ii) find some explicit optimal solutions to the latter problem with extra prop-
erties,

(iii) as well as an explicit formula for the optimal cost in terms of the data.

(iv) We further show a I'-convergence type result which connects the optimal
mass transportation problems and the classical Monge—Kantorovich prob-
lems through Large deviation principle,

(v) and, finally, find some properties of the optimal cost (namely, when the
latter is a distance between tropical measures).

2. NOTATION AND PRELIMINARIES

For two real numbers a and b we denote aAb the minimum and aVb the maximum
between them. For a metric space X let B,.(z) stand for the open ball of X of radius
r > 0 centered at x € X. We call the tropical characteristic function of aset A C X

the function
—0, z&A
IA xX) =
() {0, z € A
For the classical Monge—Kantorovich problem of optimal mass transportation
between two finite Borel measures p and v of equal total mass over some metric

space, with the transportation cost of unit mass being given by the function ¢ we
denote by

MEK.(u,v) = inf {/m c(a,y) dn(z,y) : 7 € (p, ,,)}

the respective optimal cost (where X and Y stand for the supports of the measures
u and v respectively). For the tropical mass transportation problem between two
given tropical measures I and J satisfying (2) the respective optimal cost will be
denoted by

Je(I,J) = inf {F(Q) 1 Qe (I, J)} .

Note that IT*(Z,J) is nonempty. Indeed, both Q(z,y) = I(x) + J(y) (“di-
rect product measure”) and Q(z,y) = I(x) A J(y) (maximal measure) belong to
It (1, J). Moreover, IT*(1, J) is closed under supremum, i.e. for any nonempty sub-
set @ C II*(1,J) the point-wise supremum

Q*(x,y) = sup Q(z,y)
QeQ
belongs to IT*(1, J).
3. BASIC PROPERTIES

3.1. Existence of solutions. The following general existence theorem holds true.
Note that as opposed to the existence theorem for the Monge-Kantorovich optimal
mass transportation problem it requires no continuity property of the cost function.
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Theorem 1. If 7.(I,J) > —oco (which is satisfied, for instance, if the cost function
¢ is bounded from below), then the tropical mass transportation problem admits a
solution.

Proof. It J.(I,J) = 400, the claim is trivial. Otherwise, under the assumption of
the theorem being proven J.(I,J) is a finite number, and we let {Q,} C II*(Z,J)
be a sequence of almost minimizers of the optimal tropical mass transportation
problem, that is,

1
Je(I,J) < sup  (c(x,y) + Qu(z,y) < T, J) + —.
(z,y)EXXY n

Define
1
Q) = s (Qulra) — 1)
It is easy to see that for any x € X
1 1
sup Q) = supsup (Qute) — ) = sup 10) - 1) = 1),
yeYy n yeyY n n n
and analogously, sup,cy Q(z,y) = J(y), i.e. Q € II'(I, J). Since
1
sup(elo) + Qo) =sup (e +sup (Qulen) - 1))

(z,y)EXXY n

= supsup (C(w,y) +Qun(z,y) — :L)

= sup < sup  (c(z,y) + Qn(z,y)) — 1)

n\(z,y)€XXY n
= jc(Ia '])7

we conclude that @ is a solution to (4). The fact that boundedness from below of
¢ implies J.(I,J) > —oo follows from the estimate

F > inf  c(z,y)+ su T,y) = inf  c(z,y),
(@) L - (z,9) (w)egny( Y) L (z,9)
concluding the proof. O

Ir is important to observe that the assumption J.(I,J) > —oo in the above
existence Theorem 1 is essential as the following example shows.

Example 1. Let X =Y =N, ¢(z,y) = —(z+y), [=J =0 (i.e. I(x) =J(y) =0
for all z € N, y € N). Then the tropical plans

0, T=nory=mn,

Qn(x7y) = {

—o00, otherwise,

of course, belong to II*(1, J), and F(Q,,) = —n, so that we get J.(I,J) = —oo since
n can be chosen arbitrary. On the other hand, if @ € II*(I,J) and (z,y) € X x Y
be such that Q(z,y) be a finite number, then we have

F(Q) = e(z,y) + Q(z,y) = Q(a,y) — (x +y) > —o0,

and hence among the admissible tropical transportation plans no one is optimal.
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3.2. Optimal tropical transportation cost. Now we are going to obtain an
explicit formula for J.(I,J). Let us define auxiliary sets

oiI1,< J) = {Q € MYX xY):supQ(z,y) = I(x), sup Q(z,y) < J(y)} ,
yey reX
(5)
(< 1,7) = {Q € MUK X ¥) s sup Qi) < T(a), sup Qo) = J) .
yey zeX
First, we show that the tropical transportation problem can be decomposed into
two “semimarginal” problems as follows.

Proposition 2. If Q € TTH(I,< J) and Q2 € TTIY(< 1, J), then Q1V Qo € TIHT, J).
Moreover, if J.(I,J) > —oo, then there exist Q1 € II'(I,< J) minimizing the
functional F defined by (3) over II*(I, < J) and Qo € IIY(< I, J) minimizing F over
(< 1,J). For every such Q1 ans Q2 one has that Q = Q1 V Qo minimizes F over
It (1, J) i.e. is an optimal tropical transportation plan, and F(Q) = F(Q1)V F(Q2).

Remark 3. The above Proposition 2 is only specific to the tropical optimal mass
transportation problem. In the classical Monge—Kantorovich problem, one cannot
decrease only one of the marginals because doing so this would violate the balance
of their total masses. In the tropical setting this is possible once the new (decrased)
marginal has the same supremum, (e.g. is still a tropical probability measure like
the old one).

Proof. The existence of @1 and Q)2 can be proven by exactly the same reasoning
as in the proof of Theorem 1. If Q = Q1 V Q2, then Q € II*(I,J) and F(Q) =
F(Q1) vV F(Q2). If Q is not an optimal transportation plan, then there is some

Q € II*(1, J) such that F(Q) < F(Q). Since
I'(1,J) =< I, J) n1Y (1, < ),

then if F(Q) = F(Q1), we would have F(Q) < F(Q1) contradicting the optimality

of Q1, and if F(Q) = F(Q2), we would have F(Q) < F(Q2) contradicting the
optimality of ()2, hence proving the last claim. O

Now we are ready to prove the main result of this section, i.e. to obtain an
explicit formula for J.(I, J).

Theorem 4. One has

Je(I,J) zjgg (I(CE) + ig{ginf {c(z,y):y €Y, J(y) > I(z) - 6})

(6)

V sup (J(y) +supinf{c(z,y): z € X, I(z) > J(y) — 5}) .
yey >0

Proof. We split the proof into four steps.
STEP 1. We first show that

(M Sup(Qu(ey) + e(w.9) 2 1(x) + supinf (e )1 y € Y. (1) 2 1(x) ~ )

for all z € X and Q; € IT*(I, < J), i.e. satisfying
Qi(z,y) < J(y) and supQi(z,y) =I(z) forallze X.
yey
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Clearly, it suffices to prove (7) for all x € X such that I(x) > —oo. For every € > 0
define

€ — 1(x7y)7 J(y) ZI("T)_Ea
Qile.y) = {—oo7 J(y) < I(z) —e.
Clearly, Q5 < @1, and

sup Qi (z,y) = sup {Q5(z,y): y €Y, Qu(x,y) 2 I(z) — £}
ye
=sup{Qi(z,y): y €Y, Qi(z,y) > I(z) — e} = I(z)
(so that, in particular, the inequality above is an equality). Thus
sup(Qi(z,y) + e(z,y)) 2 sup Q1(w,y) + inf{e(z,y): y €V, J(y) > I(z) — e}
Y€ ye
=I(z) +inf{c(z,y): y €Y, J(y) = I(z) — &},
which implies

Sug(Ql(Iay) + C(l’,y)) > sup sup(Qi(z,y) + C(:L',y))

ye e>0 yey
> I(z) +supinf {c(z,y): y €Y, J(y) > I(z) —c}.
e>0
proving (7).
STEP 2. We claim that
(8) F(Q1) = sup (I(aj) +supinf {c(z,y): y €Y, J(y) > I(z) — 5})
reX e>0

for every Q1 € II*(I, < J) minimizing the functional F' over II*(I, < J), if the right-
hand side of (8) is not —co. Consider to this aim an arbitrary « € X for which the
right-hand side of (7) is not —oo, and an arbitrary € > 0. Set then

c=inf{c(z,y): y €Y, J(y) > I(x) — e},

AL ={yeY:J(y) 2 1(z) —e,clz,y) <ui +¢}.
Since sup,cy J(y) = 0 > I(x), then {y € Y: J(y) > I(x) — e} # 0, so that u5 is
well defined. Moreover, in view of the assumption on x € X we have u;, > —oo,

and hence AS # (). Now, define

u

Q1(x,y) = sup
>0

Clearly, Q1(z,y) < J(y), supyey Q1(z,y) = I(r), and

sup(Q1(z,y) + c(z,y)) = sup sup (I(z) — e+ c(z,y))
yey e>0 yeAg

<sup (I(z) + us)
e>0

I(.’L‘) —& Y& Aiv
—00, otherwise.

= I(z) +supinf {c(z,y): y €Y, J(y) > I(z) —}.
e>0
Together with (7), this yields the optimality of @1, which also implies (8) both for
this particular plan @ and for every Q; € IT*(I, < J) minimizing the functional I/
over IT*(I,< J).
STEP 3. In a completely symmetric way one proves

O F(Q2) = sup () +supint efoy)s € X 1a) > T(0) —<) )
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for every Qo € II*(< I,J) minimizing F' over II*(< I,J), if the right-hand side
of (9) is not —oo. By Proposition 2, one has J.(I,J) = F(Q1) V F(Qz), where
Q1 € II*(I,< J) minimizes F over II'(I,< J) and Q2 € II*(< I,J) minimizes
F over II*(< I,J). This, combined with (8) and (9), concludes the proof of the
Theorem for the case the right-hand side of (6) is not —oo, since the latter occurs
exactly when either the right-hand side of (8) or that of (9) is not —oco.

STEP 4. It remains to consider the case when the right-hand side of (6) is —oo,
that is, the right-hand sides of both (8) and (9) is —co. Consider an z € X such
that I(x) > —oo. Since the right-hand side of (9) is —oo, then

inf {c(z,y): y €Y, J(y) > I(x) — e} = —o0.
We define then
AVS={yeY:J(y) > I(z) —e,c(z,y) < —n+e}.
for all e > 0, n € N, and

Q1 (z,y) = sup

e>0

I(l‘)—E, yEA;L7Ea
—00, otherwise.

Clearly, Q7 (x,y) < J(y), sup,cy QF(z,y) = I(x), that is, QF € II'(1,< J) for all
n € N, and
sup(QY (z,y) + c(z,y)) =sup sup (I(x) —&+c(z,y))
yey e>0 ye A"
< sup (I(x) —n) = I(z) — n,
e>0

which implies

FQT)= sup (Q(x,y)+c(z,y)) < sup I(z) —n=—n.
(z,y)eX XY zeX

Symmetrically, one finds an y € Y with J(y) > —oco and a sequence Q} € ITY(< I, J)
such that F(Q%) < —n. But then

F(QTVQy) =F(Q7)V F(Q3) < —n,
and since QPV QY € TIY(1, J), we get that J.(I,J) = —oo, concluding the proof. [

Remark 5. It is worth observing that for the particular case of a tropical optimal
transportation cost between the tropical characteristic functions of two sets A € X
and B C Y respectively we get from Theorem 4 the formula

(10) Je(Ia,Ig) = sup inf c(z,y) \/sup inf c(z,y).

c

zeEAYEB yeB TEA
In particular, if ¢ is a distance on X = Y and A and B are compact, this is the
classical Hausdorff distance between A and B.

The next corollary simplifies a bit the formula for the cost given by Theorem 8
in the case of tropical measures with compact superlevel sets (in particular, such
tropical measure are u.s.c. functions) and an l.s.c. (or even just l.s.c. separately in
in each variable) cost function.
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Corollary 6. Let there exist topologies in X and in'Y such that the cost function
¢ is l.s.c. separately in each variable, i.e. c¢(x,-) and c(-,y) are l.s.c. for allxz € X
andy €Y, and for any a < 0 the superlevel sets

{reX:I(z)>a}, {yeY:J(y) >a}
are compact. Then

FlL. ) = sup (I(2) + inf{elary) sy € Y. J(9) 2 1(x)})

Y stelg(J(y) +inf{c(z,y):z € X, I(x) > J(y)}).

Proof. Fix an arbitrary x € X. We are going to show that
(11)

iglginf{C(x,y): yeY, J(y) = I(z) —e} =inf{c(z,y): y €Y, J(y) = I(x)}.

To this aim take an arbitrary monotone sequence €,, — 0. Clearly,
K={yeY:Jy)>I)} =K K,={yeY:J(y) >I(x)-cn}
neN
Fix § > 0. Since c(z, -) is L.s.c., there is an open set U D K such that
inf > inf — 0.
Jnf c(z,y) > Jnf c(z,y)
Now notice that
KicUU|JW\K,) =Y,

neN
thus, due to the compactness of K1, there are indices n; < ny < --- < ng such that

KiCcUU{Y\K,)U---UY\K,,)=UUX\K,,).
Therefore, for any n > ny K, C K,, C U, hence
li inf > inf > inf — 0.
im inf c(,y) 2 inf c(x,y) 2 inf c(2,y)

n—oo yeK,,

Since

supinf {c(z,y): y €Y, J(y) > I(x) —e} = lim inf c(x,y),
e>0 n—ooyeKy

we get (11).
Symmetrically, we prove

(12)
iliginf{c(x,y): xeX, I(x) > J(y) —e} =inf {e(x,y): z € X, I(x) > J(y)}.

for every y € Y. Then (11) and (12) together give the desired statement. O

3.3. Special optimal tropical transportation plans. The following results give
explicit formulae for some particular optimal tropical transportation plans.

Theorem 7. If J.(I,J) > —oo, then
Q*(z,y) = L(x) NI (y) A (Te(I, ) — (. y))

is an optimal tropical transportation plan which is maximum among all the optimal
tropical transportation plans in the sense that

(13) Q(z,y) < Q"(z,y)
for every optimal tropical transportation plan Q and for all (x,y) € X x Y.
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Proof. For an arbitrary Q € I*(I,J) and (z,y) € X x Y one has
(14) Qz,y) <I(z) and Q(z,y) < J(y).
Further, if @ is optimal, then

sup (Q(a:,y)—i—c(x,y)) ZJC(L J)?

(z,y)EX XY
and hence Q(z,y) + c(z,y) < J.(I,J), which implies
(15) Q(Q?,y) Sjc(lv J)—C(fﬂy)-

The relations (14) and (15) together give (13).
We show now that Q* is optimal. To this aim we verify first that Q* € II*(I, J).
From Theorem 4 we get that when J(y) > I(x), then

T, J) > I(z)+inf {c(z,y): y €Y, J(y) > I(z)—c}.

Hence there is a sequence y,, € Y, y,, = yn(x), such that

oL, ) > I(@) + (@, yn) — %

and therefore

Sup (1. ) = o) 2 Tl ) el ) 2 1(w) .

Passing to the limit as n — oo in the above estimate we get
(16) sup (Je(1, J) — c(x,y)) = I(x).
yey

Further, from
sup I(z) = sup J(y)

reX yeY
it follows that
(17) sup J(y) > I(z).
yey

Combining (16) and (17) we get sup,cy Q*(z,y) = I(x), and in a completely sym-
metric way one proves sup,cy Q*(z,y) = J(y), so that Q* € II*(1, J) as claimed.
To finish the proof it remains thus to show the optimality of @*. The latter follows
from the fact that Q*(z,y) < J.(I,J) — ¢(x,y), hence

FQY) = suwp (Q"(z,y)+clz,y) < T, J)

(z,y)eX XY

showing the claim and hence concluding the proof. O

To formulate the next result we call, following [1], a tropical transportation plan
Q € I1Y(1,J) is reduced, if Q(z,y) = —oo unless either Q(x,y) = I(z) (i.e. Q(z,y)
is maximum over all y € Y) or Q(z,y) = J(y) (ie. Q(x,y) is maximum over all
z € X). Denote by IT%(I,.J) the set of all reduced tropical transportation plans
in II%(1,J). In [1], the authors prove that among optimal tropical transportation
plans for a discrete problem (i.e. with both X and Y finite) there always are reduced
ones. The following theorem shows that this in fact is true in a much more general
situation.



10 ALEXEY KROSHNIN AND EUGENE STEPANOV

Theorem 8. Let I, J have compact superlevel sets {x € X: I(x) > a} and {y €
Y: J(y) > a} for all a € R, hence in particular, I and J are u.s.c., ¢ be l.s.c. (the
assumption on I and J is automatically satisfied e.g. when they are both u.s.c. and
X and Y are compact). If J.(I,J) > —oo, then

Quliy) = {1@) A, ol ) = elw,y) 2 1@) AT W)

—00, otherwise,
is a reduced optimal tropical transportation plan, and hence, in particular,

min F = min F .
QEITH(I,J) (@) QELLL(1,0) (@)

Proof. The proof is divided into two steps.
STEP 1. Fix an arbitrary € > 0. Let

Q-(z,y) = {I(x) ANI(y), T(I,J)—clz,y) > I(x)ANJ(y) —e,

—00, otherwise.
We claim that Q. € II*(I, J).
For the sake of brevity we denote
De={(z,y) e X xY : Je(I,J) = c(z,y) = I(z) NI (y) — €}
We first show

(18) sup Q" (v, y) = sup Q" (r,y)
yey yeY: (z,y)€D.

for all x € X, where Q* is the maximum optimal tropical transportation plan
defined in Theorem 7. In fact, denoting

D.(z) ={yeY: (z,y) € D},

we get that
I(x) =sup Q*(z,y) = sup Q*(z,y)\/ suwp Q(z,y).
yey y€De () yED.(z)°
Since
sup  Q*(z,y) < sup (Je(L,J)—c(z,y)) < sup (I(2)AJ(y)—¢) < I(z)—c.
yED.(x)° y€Dc (z)° yED.(x)°
we get
sup  Q(z,y) = I(z) = sup Q" (z,y).
yeDs(l’) yey
In a completely symmetric way one shows
(19) sup Q" (z,y) = sup  Q%(z,y).
zeX z€X: (z,y)ED,

Since Q. > Q* on D, by construction,

sup Q:(z,y) > sup Q*(z,y)
yey yED.(z)

=sup Q" (z,y) by (18)
yey

= I(x),
From Q. (z,y) < I(x) A J(y) we get sup,cy Qc(z,y) = I(z). Similarly,
sup Qe (z,y) = J (),
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which means Q. € IT*(I, J) as claimed.

STEP 2. Now, we prove the claim of the theorem, i.e. that Q, € II*(I,J) and
is optimal. Consider an arbitrary € X with I(z) > —oo and the sequence of
tropical transport plans {Q1;}. Since I(z) < 0 = sup, ¢y J(y), by the assumption
on J we get that the superlevel set

Gnle) = {w € ¥+ I0) > 160) - 1 }

is non-empty and compact.
We claim that G/, (x) N Dy(x) # 0. In fact, otherwise

I(z) = sup Qu/x(z,y) = sup  (I(x) AJ(y))
yey yED1 /i (x)

1
- s (@A Iw) < 1@ -1
YED1 /1 (2)\G1 k()

a contradiction.
Now we observe that

G1/k(z) N Dyyp(r) C

Hina) = { €Y 5 30) 2 1(0) = 1, T1.) = eay) = 1(0) - 1 }.

Thus, Hy /i (x) is not empty. Moreover, since cis L.s.c., then H; ,(x) is also compact.
Therefore, the intersection

H(z) = (\Hijp(z) = {y € Y: J(y) > I(z), ToI,]) = c(z,y) > I(z)}
k

={yeY:J(y) = I(x), Je(I,J) = c(x,y) = I(x) A J(y)}

is a non-empty compact set as well. Then

sup Q«(z,y) = sup (I(z) AJ(y)) > sup (I(x)AJ(y))=1I(x).
yey yEDo(x) yEH (x)

Symmetrically, we get
sup Qu(z,y) > J(y).

zeX
Since Q. (w,y) < Q*(x,y) for all (z,y) € X x Y, and Q* € WU (I,J), we get
Q. € IT*(I, J). But this also gives F(Q.) < F(Q*), concluding the proof. O

4. EXAMPLES

We provide here a couple of examples of optimal tropical transportation costs
for particular marginal tropical measures.

Example 2. Let I and J be “max-plus delta-measures”, i.e.
0, T = o, 0, Y = Yo,
I(z) = J(y) =
—00, T 7é Zo, —00, Yy 75 Yo
for some xp € X and yp € Y. Then

Surginf {c(zo,y): y €Y, J(y) > I(z0) — e} = c(wo, y0),
e>
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hence

sup (I(az) +supinf {c(z,y): y €Y, J(y) > I(z) — 5}> = c(zo,Yo)-
rzeX e>0

Repeating the same lines for z and y swapped, we conclude that in this case
Je(I,J) = c(zo, yo), as expected.

Example 3. Let X =Y = R, ¢(z,y) = (z — y)?, and I(z) = —a®z?, J(y) =
—b2(y — yo)? for some a,b > 0 and yo € R. Clearly, without loss of generality we
can assume that yo > 0. Then for any fixed z € R

inf {c(z,y):y €Y, J(y) > I(x)} =inf {(z —y)*: y €R, b’(y — y)* < a’z}
=] — 2; — < —
inf {(z )% y € R, [y — yol < 7ol
_ {0, [ — ol < glal,

2
(lz —wol = §lz])”, |2 — 5ol > §l=]

Thus

. a 2
sup (I(z) + inf {c(z,y): y € Y, J(y) > I(2)}) = sup (|x —yo| — g|x\) — a’2?
reX z€R +

0
Assume that yo > 0. First, we consider the case a > b: (yo + 25%2) . is decreas-
ing in z, thus

b—a \°
sup <yo + z> —a?2? =93
220 b +

Now suppose a < b:

b—a \? b—a\® b—a
sup <y z> —a%2% =sup ( > —a® ) 2242 Yoz + yg
2>0 b n 2>0 b b

%yO’ b—a<ab,
400, b—a > ab.

Clearly, by the symmetry one can obtain that

_p \?
sup (J(y) + inf {c(z,y): z € X, I(z) > J(y)}) = sup ( z) 22
yey b .
y(2]7 a—2>b S O7
- %ym 0<a-—b<ab,
—+00, a—>b > ab.
Therefore,
(ab)?
J,J) = @ (a0, la—b <ab,
+o0, la—b| > ab.



TROPICAL OPTIMAL TRANSPORTATION AND LARGE DEVIATIONS PRINCIPLE 13

Now consider yg = 0. It is easy to see that
<b—a >2 9 o 0, b—a<ab,
sup z|] —a“z" =
2>0 b + 400, b—a > ab,

07 |Cb—b| < Clb,
+oo, |a—0b| > ab.

and thus
T, J) = {

Moreover, a possible optimal transportation plan is given by

—a2a?, Yy = %x

—00, otherwise.

Q(LE, y) = {

5. MASLOV DEQUANTIZATION AND LARGE DEVIATION PRINCIPLE
Let us recall the following definition from the large deviations theory.

Definition 1. The sequence of Borel probability measures {uy} over a Polish space
X is said to satisfy the large deviation principle (LDP) with the rate function
I: X = Ry U{+oo} and speed ay,, where {ay}r C (0,00) converge to oo, if

(20) lim inf S log i, (U) > sup(—I(x)),
koag zeU
1
(21) lim sup — log ux (C) < sup(—I(z))
k (€73 zeC

for all open sets U C X and closed sets C C X. We will always assume by default
that the rate function I has compact sublevel sets {x € X : I(x) < ¢} for all ¢ € R,
hence in particular, it is l.s.c.

Let us mention that in different books on large deviations slightly different ter-
minology is used. For instance, in [2], the rate functions with compact sublevel sets
are called good. Further, the definition may be generalized to measures over rather
general topological spaces (see also [2]), but here we prefer to remain within the
more classical setting of Polish spaces.

Note that (20) and (21) are equivalent to the estimate

(22) 12?;£;lognz;6“kf@)duk(x)::jgg(f(x)-f(xx

for all f: X — R bounded and continuous (Varadhan theorem 4.3.1 from [2]), or
to the estimates

1
(23) limkinf — 1og/ e @) dup(z) > sup,cx (f(z) — I(x)),
ay; X
1
@ s log [ O due) < sup,ex(o(o) - 1),
k €73 X

forall f: X — Rls.c.and g: X — R bounded from above and u.s.c. (lemmata 4.3.4
and 4.3.6 from [2] respectively). In particular, if u is a Borel probability measure
over X with supp u = X, then the constant sequence py := p satisfies LDP with
rate function zero and any speed, hence the sequence of measures vy, = e~y
satisfies LDP with rate function I and speed aj when —I € II*(X). Note also
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that (24) is valid for g not necessarily bounded: it suffices that g be u.s.c. and the
so-called tail condition

1
. . akg(z) = —
(25) lim hrnksup —k log/ 1y0)>m€ dpg () 00,

hold (see lemma 4.3.6 from [2]).

The following “I"-limit” style result relating the optimal tropical transportation
cost to limits of classical Monge-Kantorovich mass transportation costs can be
considered as a kind of Maslov dequantization of the former.

Theorem 9. Let X and Y be metric spaces. If c: X x Y — R is L.s.c., {ur} and
{vr} are two sequences of Borel probability measures over X and Y respectively,
satisfying LDP with the rate function —I and speed «y and LDP with the rate
function —J and speed oy respectively. Then

1
(26) T(I,J) < limkinf — log M Koo (g, vi).
Qg

Furthermore, there exist two sequences of Borel probability measures {fi,} over
X and {Uy} overY satisfying LDP with the rate function —I and speed oy with
the rate function —J and speed oy, respectively, and such that

1
(27) Je(1,J) = 1imSUp;10gMKeak“(ﬁk77k)~
k k

for every ¢: X XY — R w.s.c. and bounded from above. Moreover, (27) holds for
every sequence of Ty, Uy such that some v € (T, Uy) satisfy the LDP with rate
function —Q € II'(I, J) and speed vy, (in particular, for i, = Tx 4V, Uk = Ty £k,
where v, = e~ %y and v a probability measure over X x Y having suppy O
supp I X supp J) once ¢ is u.s.c. and the tail condition

1
(28) lim limsup — log/ l{c(l.,y)zM}eo‘kc(m’y) dyg(z,y) = —o0,
XxXY

M—~+o00 k af
is satisfied (in particular, when c is bounded from above).

Proof. The proof will be divided in several steps.
STEP 1. We show (27) first. To this aim, for any @: X x Y — RU {£o00} with

inf{y € Y: Q(z,y)} = —I(z), inf{z e X:Qx,y)} =—-J(y)}
(i.e., —Q € II*(1, J)), let {7x} be a sequence of finite Borel measures over X x Y
satisfying the large deviations principle with the rate function @ and speed ay. By
contraction principle (theorem 4.2.1 from [2]) their marginals 7i;, = mxxy: and
U = Ty 47y, satisfy large deviations principles with the rate functions —1 and —J,
respectively, and speed «y. In particular, when ¢ is bounded from above (or, more
generally, satisfies (28)) and u.s.c., using (24), we get

1
sup  (c(z,y) — Q(z,y)) > limsup — log / s @) doyy ()
(29) (2y)EXXY ko Qg X

1
> lim sup — log M Keere (g, Ug)-
ko Ok

Taking the optimal —@Q € II(1, J) in (29), we get (27).
STEP 2. To prove (26), fix first an arbitrary zo € X, and denote for the sake of
brevity
Ac(zo) ={yeY: J(y) > I(xg) — €} C Y.
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For an r > 0 consider the r-neighborhood of (A (xg)), of Ac(xg) defined by
(Ac(mo))r ={y € Y: disty (y, Ac(x0)) < r}.

where disty stands for the distance between a point and a set in Y, that is,
disty (y, A) = inf{dy(y,a): a € A} for A C Y, y € Y, with dy standing for
the distance in Y. Observe that its complement (A (x0))¢ is a closed set satisfying

(Ae(x0))y C Al(wo) ={y € Y: J(y) < I(w0) — €}

Thus one has
(30)
. 1
limsup - log v ((Ae(wo))r) < sup {J(y): y € (Ae(z0))r}
<sup{J(y): y € Y, J(y) < I(wo) — £} < I(wo) — &,
1
limkinf - log i (Bs(xg)) > sup{I(z): © € Bs(xo)} > I(z0).
k
Let now 7 be a Borel measure over X XY with marginals pj, and vy respectively
which is an optimal transportation plan for the Kantorovich cost MK awe (g, vi)-
We get from (30) the following estimate:

. 1 Vi (Bs(wo) X (Ac(z0))7)
hmksup a—k log 1ix (Bo(0))

. 1
< lim sup — log
k €73

Y (X x (Ac(20))5)
1k (Bs(20))

s - Io Vk(( (%0))¢)

= k pOékl & 1k (Bs(wo))

1 1
< Timsup - log vy ((Ae(70))2) — liminf — log (B o))
k (6% k (678

< I(ZE()) —€—I($0) = —¢.
This implies
Yk (Bs(zo) X (Ac(20))7)
i (Bs (o))

for all sufficiently large k, and hence
lim Ve (Bs (o) x (A (20))r)

< e 3%

Tk (Bs(wo) x (A<(20))7)

(81 wBs(ro) T Be(w)) ¢
From (30) and (31) we get
(32)

limkinf aik logvy (Bs(zo) X (Ac(x0))r)
 liminf L 1o Y& (Bs(20) X (Ac(20))r)
= lim, fakl & i (Bs (o))
_ oo by (Bs(o) X (Ae(wo))r)
Z o T (Bae0))
= limkinf aik log p (Bs(zg)) by (31)

pr (Bs (o))

+ hm 1nf — log ik (Bs(xo))

> I(z0) by (30).
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We estimate now
MK ane(pie, Vi) = / ) dry ()
XxXY

>

/ k) dy (2, )
By (w0) X (A< (20)).

> exp(ay inf{c(z, y): (z,y) € Bs(zo) x (A=(20))r}) 1 (Bs(20) x (Ae(20))r)

and hence
liminfilogMKeakc(uk,uk)
k A
> inf{c(x,y): (z,y) € Bs(xo) x (Ac(xo))r t+

|
lim inf — log i (Bs(z0) X (Ac(x0))r)
k A

> inf{e(w,y): (a,y) € Bs(wo) x (Ax(wo)),} +I(wo) by (32).

Letting 6 — 07 and » — 0" in (33) and recalling that ¢ is assumed to be Ls.c.,
while A.(z¢) to be compact (as a sublevel of a rate function,) we get

1
limkinfa— log M Keene (pk, vi) > inf{c(zo,y) : J(y) > I(zo) — e} + I(x0),
k

and since zg € X is arbitrary, then

(34)
1
limkinfa— log M Keawe(fig, i) > sup {I(z) + inf {c(x,y): J(y) > I(x) —e}}.
k reX

The estimate

1
(35) lin inf - log MK eare (g, vi) > sup {J(y) + inf {c(z,y): I(x) = J(y) —c}}
ye

is obtained in a completely symmetric way. Now, (34) and (35) together show the
claim (26) in view of Theorem 4, thus concluding the proof. a

It is worth remarking that the inequality in (26) may be strict even if the cost
function ¢ is continuous, as the following simple example (even for finite metric
spaces) shows.

Example 4. Let X =Y = {1,2}. We associate the measures and functions over
X =Y with vectors and over X x Y with matrices. The sequences of measures
pr = (1 —e % e ) and v = (1 — 2e7%,2¢7*) both satisfy the LDP with —I =
—J = (0,—1) and speed k. For the cost function ¢ represented by the matrix

o 0 2
“\2 0
one has the estimate for the mass transportation cost
MK gre (g, vi) > €2ke™F = ek,

since at least the mass of e~* has to be moved at cost e2*. Hence

1
limkinf% log MK ke (pig, vi) > 1.
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On the other hand, clearly, J.(I,J) = 0, the latter optimal tropical transportation
cost being attained, for instance, with the tropical transportation plan

0 —00
o=(% 3)
The following easy corollary for Kantorovich distances’ W, between measures is

also worth being formulated.

Corollary 10. Let let d be a distance in X =Y, {ur} and {v} be sequences of
Borel probability measures over X satisfying LDP with the rate function —I and
speed oy, and with the rate function —J and speed oy, respectively. Then

1 .
(36) exp (pjlogdp (1, J)> < hmkmf Weep (Lokes Vi)

for every p > 0, where the Kantorovich distance W), between Borel probability mea-
sures p and v over X is defined by the formula

W¥(u,v) = inf {/ dP(z,y) dy(x,y): v € Uk, u)} .
XxX
In particular, for p =1 this gives
Joga(l,J) < limkinf log Wa, (p, i)

If d is bounded over suppl x suppJ, there also exist two sequences of Borel
probability measures {fi;,} and {Uy} over X satisfying LDP with the rate function
—1 and speed oy, with the rate function —J and speed oy, respectively, such that

1 . _
(37) exp <p\710gdp(-[a J)> = hlgn Weep (Bt Tks)-
for every p > 0. For p=1 this gives
Jiogal(l,J) > limsup log We, (Fig, T)-
k

Proof. Apply Theorem 9 with c(z,y) := logdP(x,y) (so that e*¢ = d*P) to get
1
TJe(I,J) < limkinf o log M K ger (fge, Vi) = plimkinflog Woep (Bokes Vi),
1
Fe(I. ) = Yimsup —— log ME v (7. Vi) = plim suplog o, (7. 7).

for pg, vk, iy, Pk as in the statement, so that (36) and (37) hold (to obtain the
latter from Theorem 9, recall that the boundedness of d over supp I x supp J imply
boundedness of ¢ on the same set from above). O

6. METRIC PROPERTIES OF OPTIMAL COSTS

The following example shows that the cost J. normally is not a distance (nor
even a pseudo-distance) between tropical measures even when ¢ is a distance over
X=Y.

1usuadly called Wasserstein distances. but this name is historically incorrect, so we prefer to

avoid it
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Example 5. Let X =Y = {1,2,3} and ¢(i,j) = 2|i — j|. The functions over
X =Y are then naturally identified with 3D vectors. Let then I; := (0, -2, —5),
I, .= (0,—3,—4), and I3 .= (0,—1,—2). Then J.(I1,Is) = 0, the latter cost being
attained, for instance, at the plan

0 —oc0o —4
Q12 = -2 -3 —0o0
—00 —00 =)
Further, J.(I1,I5) = 1 and J.(I2, I3) = 2 are attained, for instance, at the plans
0 -1 -0 0 -1 =2
Qi3 =|—-00 —o0 -2 and Q23 == | —o0 -3 —o0
—00 —00 =) —o00 —oo —4

respectively. Hence J.(I1, I2). + J.(I1, I3s) < J.(I3, I3) and thus J. does not satisfy
the triangle inequality even though c is a distance.

On the other hand, Remark 5 suggests that 7. has some flavor of a distance. We
first mention a simpler cost between tropical measures which somehow resembles
the dual cost in the classical optimal mass transportation.

6.1. A “dual” cost. Similarly to the Kantorovich dual problem we can consider
the following one in terms of the tropical algebra:

(38)
sup{G(f,9): f: X = RU{—o00},9: Y = RU{—o0}, f(x) Vg(y) < c(z,y)}.
where G(f,g) = Sg@((f(m) +1(x)) vV Sgg(g(y) +J(y)).

We denote the respective cost by D.(I,J). In the assertion below we collect some
basic properties of the cost D..

Proposition 11. The following assertions are valid.
(i) One has

(39) D.(I,J) = sup (I(z) + yigg c(x,y)) vV Sgg(«f (y) + nf c(z,9)),

(ii)) D.(I,J) < J.(1,J),
(iil) D. satisfies the strong triangle inequality

(40) D.(I1,13) < D.(I1, I2) V D.(I2,I3),

(iv) if X =Y and c is symmetric, then so is D,
(v) if ¢ is non negative, then D.(I,J) > 0 for all {I,J} € P*(X) x PY(Y),
(vi) ifinfzex c(z, ) = infyey c(-,y) =0, then

D.(I,J)=0 forall {I,J} € PH(X) x PY(Y).
Proof. The claim (i) follows from the chain of equalities

D.(1,.J) = sup{G(f,9): f(x) < c(a,y), 9(x) < c(w,y) for all (z,y) € X x Y}

~ sup {G(f, 9): 1) < inf elw),0(e) < nf ey) for all (2,4) € X x Y}

rzeX

=G (leEl}f/ c(-,y), inf c(m,~)> )
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Then claim (ii) follows from (i) and the representation formula for the tropical trans-
portation cost J. provided by Theorem 4. Claims (iii) and (iv) are straightforward
from (i). If ¢ > 0, then from (39) we get

D.(I,J) = sup(I(z) + inf c(z,y)) Vsup(J(y) + inf c(z,y)),
z€X zeX z€EX

11 vey
(1) > sup I(z) V sup J(y) = 0,
reX yey
when {I,J} € P(X) x P*(Y), showing (v). Since the inequality in (41) becomes
an equality when inf cx ¢(z, ) = inf ey (-, y) = 0, then we have also (vi). O

Remark 12. Of course, one only has D.(I,J) < J.(I,J), with possibly strict
inequality, e.g. when ¢ is a distance over X = Y, then D.(I,J) = 0 for all
{I,J} € PH(X)xPt(Y) by the above Proposition 11(vi), while J.(I, J) > 0 already
when I and J are tropical delta-measures, i.e. I = 5;0, J = (5;0 with xg # yo, and

hence J.(I,J) = ¢(xo,yo) > 0 according to Example 2.

Remark 13. Theorem 4 can be interpreted as an adjustment to the above translation
into the “tropical language” of the Kantorovich duality for the classical optimal
mass transportation. In fact, it gives

jc(Ia J) = G(f, g)a
where G(f, g) = sup(f(x) + I(z)) V sup(g(y) + J(y)),

reX yey
flx) = b;li%inf {c(z,y):yeY, J(y) 2 I(zx) -},
g(y) :== ig}ginf {c(z,y):x e X, I(x) > J(y) —e}.

6.2. Metric properties of the tropical transportation cost. Similarly to
II(1, J), we can define the set of multimarginal plans

(I, ..., I,) C PH (X1 x - x Xp,).
The following assertion is valid.

Lemma 14 (“Gluing lemma”). Let I; € PY(X;), i =1,2,3, and Q12 € I'(I1, ),
Q2,3 € I'(I2, I3). Then there exist a multimarginal plan Q € 11(I1, I, I3) such that

sup Q(x1,x2,23) = Q1 2(x1,22), supQ(x1,2,23) = Q2,3(r2,23).
T3 x1

Proof. Define
Q = Q1 2(x1,x2) + Q2,3(x2, x3) — I2(x2),

with convention co — co = —oco. Then

sup Q(x1,z2,23) = sup Qi 2(r1,22) + Q2,3(x2, x3) — I2(2)
z1

x1EX
= I(x2) + Q2,3(x2, x3) — I2(x2) = Q2,3(w2, x3).
Here we used that if Io(xz2) = —oo, then Q2 3(z2,23) = —oo. Similarly, one has
sup,, Q(x1, 72, 23) = Q1 2(x1, 22). O

The assertion below provides the tropical (max-plus) counterparts of the Kan-
torovich p-distances WP for p > 0 between probability measures.
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Proposition 15. Let X =Y, c¢(x,y) := logdP(x,y) for some p > 0 and d a
distance over X. Then e7</? is also a distance between tropical measures with the
same supremum (in particular, over idempotent probabilities). For p := 1 we get
that eJesd s q distance.

Proof. Clearly, J. is symmetric. Further, consider I € P*(X) and the trivial plan

(42) Qilery) = {I(”’ ==,

—o00, otherwise.

Then, since ¢(z,z) = —oo for all z € X,

J(I, 1) =sup(c+ Q) = sgg(c(x,a:) + I(x)) = —oo,

ie. eZe.1) = 0. Now, consider two tropical measures I # J and an optimal plan
Qr.; € IIY(I1,J). Suppose that Qy s(z,y) = —oo for all x # y. Then I(z) = J(z) =
Q(z,z) for all x € X, and we get a contradiction. Thus, there are x # y such that
Q(z,y) > —oo, hence

J(I,J) =sup(c+ Qr.5) = c(z,y) + Qr,s(x,y) > —o0,

ie. e(l)) > 0.

Finally, consider {I1, I, I3} C P*(X) and optimal plans Q1 » € II'(I1, [5), Q23 €
IT(I3, I3). Take a multimarginal plan Q € TI(Iy, I3, I3) defined by Lemma 14 and
define

Q1,3 ‘= sup Q($1,$2,$3)~
ro€X

Obviously, Q1 3 € II*(I3, I3). Furthermore,

eJe(1,13)/p < 6% SUP {4y 25} x (¢+Q1,3)

— sup eC(@1,23)/p ,Q(1,72,23) /P

{z1,22,23}CX
— sup elog d(@1,23) [Q(z1,22,73) /P
{z1,22,23}CX

= sup d(xl,xs)eQ(xth’xS)/p
{z1,22,23}CX

< sup (d(z1, z2) + d(z2, 23)) eQ(@1,22,73)/p
{z1,z2,23}CX

= sup (ec(zl,xz)/p + ec(xzvﬂﬁa)/P) eQ@1,22,23)/p
{z1,22,23}CX

< sup exp {117 (c(x1, 2) + Q1 ,2(21, xz))}

{z1,22}CX
1
+ sup exp { (c(x2, z3) + Q2,3(x2, xg))}
{z2,23}CX p
= T 2)/p 4 oTe(l2,13)/p,

Therefore, e7</? satisfies the triangle inequality, which concludes the proof. ([
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6.3. Ultrametric property of the cost. Although as we already have shown, the
cost J. is in general not a pseudo-distance, because it does not satisfy the triangle
inequality, even if the cost function ¢ does so. Nevertheless the proposition below
states that J. is a pseudo-ultrametric, if so is c.

Proposition 16. Let c: X x X — Ry be a pseudo-ultrametric, i.e. nonnegative,
symmetric, c(x,z) =0 for all x € X, and

co(xz,2) <clz,y)Vely,z) foralxy, ze X.
Then J. is a pseudo-ultrametric over P*(X)..

Proof. Clearly, J,. is symmetric. For {I, J} C P*(X) the Theorem 4 implies in view
of nonnegativity of the cost function ¢ that
Je(1,J) = sup I(z) Asup J(y) =
rzeX yey

Further, J.(I,I) = 0 being attained on the trivial plan (42). Finally, as in the proof
of Proposition 15, consider {1, Iz, I3} C P*(X) and optimal plans Q1 » € II*(I1, I2),
Q2,3 € II'(I, I). Take a multimarginal plan Q € II(Iy, I, I3) defined by Lemma 14
and define

Q1,3 ‘= sup Q(5E1,I2,I3)~
roE€X

Since clearly Q1 3 € II*(Iy, I3), one has
Te(Ii, I3) < sup  (c(z1,23) + Qu,3(21, 23))
{z1,23}CX

= sup (C(xlax?)) +Q($1,$2,Jf3))
{z1,x2,23}CX

< sup
{z1,22,23}CX

(c x1,T2) V c(xe, T3) + Q($17$279€3)>
= sup  (c(w1,m2) + Q(w1, T2, w3)) V (c(w2, x3) + Q(21, 22, T3))
(e

{z1,x2,23}CX

= sup c(z1, z2) + Q(x1, 22, x3))

{z1,2,23}CX

sup  (c(w2,23) + Q(z1, 22, 73))
{z1,22,23}CX

= sup (c(z1,®2) + Qu2(w1,72)) \/ sup  (c(wa, x3) + Qa3(w2, 73))

{zl,mg}CX {mg,xg}CX
== jc(IhIQ) V jc(I% 13)
showing the claim. ([
ACKNOWLEDGEMENTS

The autors are grateful to Alessandro Pinzi for careful reading of this paper and
valuable suggestions on its improvement.

REFERENCES

[1] Pedro Barrios, Sergio Mayorga, and Eugene Stepanov. On a discrete max-plus transportation
problem. Zap. Nauchnykh Seminarov POMI, 536:54-78, 2024.

[2] Amir Dembo and Ofer Zeitouni. Large deviations techniques and applications., volume 38 of
Appl. Math. (N. Y.). New York, NY: Springer, 2nd ed. edition, 1998.



22 ALEXEY KROSHNIN AND EUGENE STEPANOV

[3] V. Kolokoltsov and V.P. Maslov. Idempotent Analysis and Its Applications. Mathematics and
Its Applications. Springer Netherlands, 1997.

[4] C. Villani. Optimal transport: old and new, volume 338 of Grundlehren der mathematischen
Wissenschaften. Springer-Verlag, Berlin, 2008.

THE WEIERSTRASS INSTITUTE FOR APPLIED ANALYSIS AND STOCHASTICS, ANTON-WILHELM-
AMO-STR. 39, 10117 BERLIN, GERMANY AND HSE UNIVERSITY, MOSCOW, RUSSIAN FEDERATION
Email address: alex.kroshnin@gmail.com

DIPARTIMENTO DI MATEMATICA, UNIVERSITA DI PISA, LARGO BRUNO PONTECORVO 5, 56127
PisA, ITALY AND ST.PETERSBURG BRANCH OF THE STEKLOV MATHEMATICAL INSTITUTE OF THE
RUSSIAN ACADEMY OF SCIENCES, ST.PETERSBURG, RUSSIAN FEDERATION AND HSE UNIVERSITY,
Moscow, RUSSIAN FEDERATION

Email address: stepanov.eugene@gmail.com



	1. Introduction
	2. Notation and preliminaries
	3. Basic properties
	3.1. Existence of solutions
	3.2. Optimal tropical transportation cost
	3.3. Special optimal tropical transportation plans

	4. Examples
	5. Maslov dequantization and large deviation principle
	6. Metric properties of optimal costs
	6.1. A ``dual'' cost
	6.2. Metric properties of the tropical transportation cost
	6.3. Ultrametric property of the cost

	Acknowledgements
	References

