RENORMALIZATION OF CONTACT VECTOR FIELDS WITH HORIZONTAL
SOBOLEV REGULARITY IN HEISENBERG GROUPS

LUIGI AMBROSIO, GIANLUCA SOMMA, SIMONE VERZELLESI, AND DAVIDE VITTONE

ABSTRACT. In this paper we obtain the well-posedness of the transport and continuity equations in the
Heisenberg groups H" for a class of contact vector fields b, under natural assumptions on the regularity
of b not covered by the, now classical, Euclidean theory [18]. It is the first example of well-posedness in a
genuine sub-Riemannian setting, that we obtain adapting to the H"™ geometry the mollification strategy of
[18]. In the final part of the paper we illustrate why our result is not covered by the Euclidean BV case
solved by the first author in [1], and we compare it with the strategy of [7], based on the representation
of the commutator by interpolation a la Bakry—Emery and an integral representation of the symmetrized
derivative of b.

1. INTRODUCTION

The aim of this paper is the investigation of the well-posedness of the transport and continuity equations
(induced by a possibly time-dependent vector field b(7,p)), respectively

(1.1) % —<(b,Vuy + cu = 0, Z—Z + div(bu) =0 in (0,7) x H",

when a genuinely non-Euclidean state space is involved, namely the Heisenberg group H”. In the Euclidean
setting this topic has received a lot of attention (see e.g. the Lecture Notes [2, 3]), starting from the seminal
papers [18] and [1], which focused on Sobolev and BV vector fields respectively. As explained more in
detail in Section 5, one of the reasons of this attention is the Lagrangian part of the theory: having in mind
the classical theory of characteristics for first order PDE’s, well-posedness at the Eulerian (PDE) level
can be transferred to well-posedness at the Lagrangian (ODE) level, and conversely. Indeed, this problem
has been attacked by a variety of techniques: here we focus on the Eulerian ones, via well-posedness of
(1.1), quoting only remarkable recent contributions on the Lagrangian side [9, 12, 19]. As we discuss
more in detail below, working with the canonical coordinates of H"”, our results can also be read as new
well-posedness results for a class of vector fields in the Euclidean space R?*™!, but we keep our focus on
the geometric and intrinsic description of H™.

Based on the strategy introduced in [18], a mollification with respect to the spatial variables of the
transport equation produces the appearance of a commutator €., due to the fact that mollification and
divergence do not commute:

(1.2) Orue — (b, Vue) + cu. = 6. in (—oo,7) x H".

The main ingredient of the well-posedness of (1.1), linked to various degrees of regularity of the components
of b and its very structure, is the proof of strong LllOC vanishing of the commutators as € N\, 0. When
this is the case, distributional solutions to (1.1) are stable with respect to composition with suitable test
functions, i.e. are renormalizable in the sense of [18]. In turn, under appropriate integrability conditions on
b, the renormalization property grants the well-posedness of (1.1). In the present paper, we are interested
in (possibly time-dependent) velocity fields with horizontal Sobolev regularity. Differently from [18],

Date: January 31, 2026.

2020 Mathematics Subject Classification. 35Q49, 35R03.

Key words and phrases. Transport equation; continuity equation; renormalization property; contact vector fields; Heisen-
berg group.

Memberships and funding information. The first author has been supported by the MIUR-PRIN 202244A7YL project
“Gradient Flows and Non-Smooth Geometric Structures with Applications to Optimization and Machine Learning”. All other
authors are members of the Istituto Nazionale di Alta Matematica (INAAM), Gruppo Nazionale per I’Analisi Matematica, la
Probabilita e le loro Applicazioni (GNAMPA). S. Verzellesi received funding through INAAM-GNAMPA 2025 Project Struc-
ture of sub-Riemannian hypersurfaces in Heisenberg groups, CUP ES324001950001. G. Somma, S. Verzellesi and D. Vittone
are supported by the University of Padova and received funding through INAAM-GNAMPA 2026 Project Variational, Geo-
metric, and Analytic Perspectives on Regularity, CUP E53C25002010001. D. Vittone is also supported by INAAM project
VACEGMT. .

1



2 L. AMBROSIO, G. SOMMA, S. VERZELLESI, AND D. VITTONE

where convergence of the commutators follows essentially by a characterization of Sobolev functions in
terms of their first-order difference quotients, in our context we have to face one more non-commutativity
aspect, due to the very geometry of H”. Indeed, the vector fields 71, ..., Zop+1 = X1,..., X0, Y1,..., Y, T
representing the natural basis of the Lie algebra of H" have non-trivial commuting relations. Nevertheless,
this lack of commutativity can be balanced when b(r,-) is a contact vector field and, in particular, it
possesses the structure in (1.3) below.

Contact vector fields in Heisenberg groups and, more generally, in contact manifolds have been exten-
sively studied, see e.g. [26, 27, 31]. Contact vector fields appear naturally in the theory: in fact, for a
(smooth) vector field b in H" the following conditions are equivalent:

(i) the flow associated to b is Lipschitz continuous with respect to the Carnot-Carathéodory metric
on H";
(ii) the differential of the associated flow preserves the horizontal distribution, i.e., the subbundle
linearly generated by Xq,...,X,,Y1,...Y,;
(iii) the commutator (Lie bracket) between b and any horizontal vector field is horizontal;
(iv) there exists for b a “generating” function ¢ on H", i.e., a function such that

(1.3) b =

n
(YV;X; — Xj;) - 49T,

=1

It is the characterization in (iv) that is relevant for our purposes: in fact, we are able to prove the
well-posedness of (1.1) for vector fields b(r,-) possessing the particular structure (1.3) and where the
generating function (7, -) lies in the second-order horizontal Sobolev space Wi’s (H™). When we try to
read in Euclidean terms such a regularity for b(7, ), we see that we are asking less regularity with respect
to the horizontal components, as X ;1 and Yj1) are only in the horizontal Sobolev space W;{’S(H"), while
asking more only on the vertical component, proportional to ¥. Notice that vector fields with different
degrees of regularity with respect to different components are not new in the well-posedness literature for
(1.1). We mention, for instance, those in [28] of the form (by(z1), ba(z1,22)), with by only measurable
with respect to 1, but see also [14, 10]. However, in these papers, the commutation of the derivatives
with respect to x1 and zs plays a role in the proof of the strong convergence of suitable commutators.

As a matter of fact, the Llloc—convergence of %. seems to rely on a genuinely structural phenomenon.
Indeed, the specific form (1.3) of contact vector fields yields certain fine cancelations needed in the proof.
Accordingly, the multiplicative factor of the vertical component is not a mere conventional choice, but
significantly falls within this scheme. This highlights the distinguished role of contact vector fields, as
similar cancellations seem not to be available for more general classes, neither natural (e.g., b being
horizontal) nor more exotic (e.g., b being in the linear span of the right-invariant horizontal subbundle).

Our approach is structured as follows. Section 2 provides all calculus tools in H™ needed in this paper,
including horizontal Sobolev spaces and the presentation of contact vector fields b(r,) as in (1.3). Even
though some computations are done in coordinates, we adopt an intrinsic notation for most of the objects
involved, also bearing in mind potential extensions of our results to more general classes of sub-Riemannian
spaces.

Section 3 provides the main analytic results regarding convergence of difference quotients in first and
second-order horizontal Sobolev spaces. Indeed, while first-order difference quotients suffice to deal with
velocity fields with Euclidean Sobolev regularity, the non-commutativity structure of H" generates second-
order remainders. In turn, the contact structure of b allows to handle them via convergence of second-order
difference quotients of the vertical component of b. We address the convergence of difference quotients
by a separate study of the horizontal and vertical contributions. Precisely, denote by wy and ws,+1 the
horizontal and vertical component of w = (wyy, wa,+1). We are interested in difference quotients with
respect to the intrinsic structure of H". Accordingly, - denotes its group law, while (d¢).., denotes its
natural, anisotropic, homogeneous structure. If f € W;{’s, we show that

f(p-0c(wyy,0)) — f(p) f(p-0:(0,w2n41)) — f(p) Ls
e IS eN\0

0.

o (V) wn)
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Instead, if f € W2*, we show that

f-dc(ws,0) = f(p) —e{V*f(p)wn) 1+ 1
62 e\o 2

(V2 f(p)wy, wi )

and
f(-0:(0,wan41)) — f(p) L=

e2

0 w2n+1Tf(p)-

With a perturbative argument, these results can be used to obtain a crucial Taylor expansion (still in
L#-sense) in Theorem 3.5:

fp-0:(w) = f(p) —e{V"f(p),wn) 1+ 1
e2 eN0 2

(1.4) (VPR f(p)wy, wi ) + wan1 T f(p).

Section 4 uses this expansion to prove the strong Llloc—convergence of commutators %, in (1.2); we

emphasize once again that this computation uses in an essential way the cancellations provided by the
special structure of b in (1.3). More precisely, . admits an integral representation which splits into
two components: one depending on the reaction term ¢, the other depending on the velocity field b (cf.
Proposition 4.9). If the former can be managed by a standard procedure, the latter needs to be handled
by a careful combination of the special structure of b provided by (1.3) and the Taylor expansion (1.4).
Denote by b1, ..., by, the horizontal components of b, and by bs, 1 its vertical component. Beside the
first-order, horizontal contribution

2n ) . w)) — b
(15) > [ e btD =0y )7 000)
j=1

reminiscent of its Euclidean counterpart, the contact structure of b crucially intervenes to put in evidence
the second-order, vertical correction

J bon+1(p - 0=(w)) = bans1(p) — & (VHbani1(p), wp)

(1.6) u(p - 0c(w))T'o(w) dw,

22
because it grants the vanishing of the the remainder

(VM ban11(p) + 43 (b(p)), b (w))

H~ g2 u(p : 55(w))TQ(w> dw.

In the above formula, J is a suitable ninety-degrees rotation also known as complex structure(see (2.4)).
Convergence of (1.5) and (1.6) is then ensured by (1.4).

Once convergence of commutators has been ensured, the consequences at the level of well-posedness
of the transport equation are obtained following the path of [18], with essentially no modification, under
natural growth conditions on u, b and its spatial divergence, see Theorem 4.6 and Theorem 4.7.

In Section 5 we derive for the sake of illustration some consequences of the renormalization property,
namely the existence of renormalized solutions to the continuity equation for arbitrary measurable initial
data (based on [18]) and the existence and the uniqueness of Regular Lagrangian Flows in H", see
Definition 5.3 (based on [1], under one-sided L* bounds on the spatial divergence of b).

Section 6 provides, on the basis of the functional analytic argument of Lemma 6.1 and the use of highly
oscillating test functions, the proof of the density in Wff (H™) of generators of contact vector fields whose
horizontal components do not belong to BV (R?"*1). Tt follows that our result cannot be deduced from
[18] or [1]. We believe that similar arguments can be used to rule out the use of other regularity classes
of Euclidean vector fields considered in the literature. In the end of the section we compare our approach
with that of [7], where well-posedness results have been obtained in a large class of metric measure spaces
(X,d, p), including Riemannian manifolds and the RCD(K,c0) metric measure spaces of [4]. It seems
that, while the setting of [7] rules out non-horizontal vector fields, the estimate on the symmetrized
derivative D™ b (see (6.8)) introduced in [7] requires a non-horizontal structure. We believe that the
conciliation of these two techniques requires further investigations and we leave them for the future.
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2. PRELIMINARIES

2.1. Main notation. We write o0 = +o0o. If 7 € (0, 0], the notation [0, 7] stays for the usual closed
interval if 7 < o0 or [0,0) if 7 = 00. Given open sets A, ), when A is a compact subset of 2, we write
A € Q. We denote by (-, )pn and by | - |gy the Euclidean scalar product and its induced norm. If
s € [1,0], we denote its Holder conjugate by s’ € [1, ], i.e., % + é = 1. Given a real-valued function
f, we denote its support by supp(f). If f is differentiable at a point ¢ in its domain, we denote by df,
its differential at ¢q. We denote either by £V or by | - | the N-dimensional Lebesgue measure. If y is a
measure and f is a y-measurable function, we denote the associated push-forward measure by fup.

2.2. Heisenberg groups. Fix n € N\{0}, and set N := 2n 4+ 1. We endow R" with the (non-abelian)
group law

x z! x+a
yl-|v]= , y+y / for every (z,y,t), («/,y',t') e R" x R" x R.
t t t+t+ 230 (@Y — 25y5)

In this way, (RY,.) is (the most relevant instance of) a stratified Lie group (see [11]), known as n-th
Heisenberg group and denoted from now on by H™. Observe that the identity element is 0 and the inverse

of pe H" is p~! = —p. Given w = (w1, ..., wy) = (z,y,t) € H", we may adopt the notation
wy = (wi,...,way) = (z,y) € R" x R", lwy| = A/w? + ... +wd .
We may also write
zj(w) = wy, yi(w) = wjin for every j =1,...,2n.

The left and right translations are, respectively, defined by
L¢(p) =q-p,  Re(p)=p-q  forevery p, g H".

A basis of the Lie algebra of left-invariant vector fields is given by

Xj(p) = (dLyp)g (0x;) = Ou; + 2y;0%,

Yj(p) = (dLy), (é’yj) = Oy, — 2204, for every j =1,...,n, p = (z,y,t) e H".

T(p) = (de)o (at) = 0
Observe that the only nonzero commutators are
(2.1) [Y;, X;] = 4T for every j =1,...,n.
Because of (2.1), the horizontal distribution H, defined by

Hp = span(Xi(p),..., Xn(p),Y1(p),...,Yn(p)) for every p e H",

satisfies the so-called Héormander condition (see [11]). We endow H"™ with the unique left-invariant Rie-
mannian metric (-, -) that makes this basis orthonormal. We may also write

Zj = Xj, Zjtn =Yj, Zn =T for every j =1,...,n.

Denoting by X(H™) the class of locally integrable vector fields in H", any b € X(H") can be canonically
written as Z;V: 1bjZ; and (b,b") = Z;V: 1 bt Accordingly, with respect to this basis, the intrinsic gradient
of a function f (with suitable regularity) is denoted by

vf:(leu"'7an7}/1f7"')ynfan)u

while occasionally we denote by vRY f the gradient with respect to the Euclidean structure. The Rie-
mannian measure induced by ¢, -) coincides with the Lebesgue measure £V. Accordingly, the divergence
of a vector field b, defined by the formula

J dp(b)dp = —J ¢ divbdp for every ¢ € CP(H"),

coincides with the Euclidean divergence. Moreover,

N N
div (Z ijj> = Z Zjbj.
Jj=1 7j=1
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In addition, if u is a smooth function and b € X(H"), one has

(2.2) <VRNu,b>RN — du(b) = (Vu,b).

By the above considerations, the transport equation can be equivalently formulated owing to the Rie-
mannian structure that we have fixed. The horizontal gradient and the horizontal Hessian (see [11]) are,
respectively, defined by

VA= (Xafso o, Xnf Yif o Y ),
(V2’Hf)ij =7;Z;f for every i,5 =1,...,2n.
We will also consider the right-invariant vector fields
Xi(p) = Zj(p) = (dRp), (0z,) = X;(p) — 4y;T(p),
(23)  YI(0) = Zhui(0) = (dRy)y (0y,) = V() + 42y T(p),  for j=1L,...,m, p = (a,y,t) € H".
Tr(p) = ZN( ) = (dRp)o (at) = T(p)

Left-invariant vector fields are complete (see [29, Theorem 9.18]). Accordingly, if Z is a left-invariant
vector field and + is its integral curve starting from 0, we set

exp(Z) = 7(1).
We endow H" with a homogeneous structure provided by intrinsic dilations (see [11]). Namely, we set
Sx(z,y,t) = (A, Ay, \*t) for every A > 0, (x,y,t) e H".

In this way, J) is a Lie group isomorphism of H" for any A > 0. Moreover, we will exploit the complex
structure J : H" — H" (cf. [15]) defined by

(2.4) J(z,y,t) = (—y,x,0) for every (z,y,t) e H".
It is easy to see that

J(J(w)) = (—wy,0),
J(w), 2) = —~(w,I(z))

We equip H" with the so-called Carnot-Carathéodory distance d (see [34]). We recall that, given p, ¢ € H",

(2.5) for every w, z € H".

d(p,q) = inf {f VY dr [0,1] — H" is absolutely continuous, horizontal, v(0) = p, y(1) = q} ,

where an absolutely continuous curve is horizontal if ¥(7) € H.(;) for a.e. 7. The Carnot-Carathéodory
distance is compatible both with the group structure and the homogeneous structure, namely

d(w-p,w-q) = d(p,q),

(2.6) d(0x(p), 6x(q)) = Ad(p, q)

for every p,q,w e H*, A > 0.
We indicate by
B(p,r) ={qeH" : d(p,q) <r}
the open ball with center p € H" and radius » > 0. We denote by Lip(f) the Lipschitz constant of

f:H"™ — R with respect to d. The Lebesgue measure | - |gn is both a left and a right Haar measure of
(H™,-) (see [34]). In particular,

(2.7) Lp(E)] = |E] for every E € H" measurable, p € H".
|Ry(E)| = |E]
Moreover,
(2.8) 16, (E)| = \9|E| for every £ < H" measurable, A > 0
where @ = 2n + 2 is known as homogeneous dimension of (H",-) (see [34]). Left and right-invariant

vector fields are related by the inversion map as follows.

Lemma 2.1. Define 1 : H" — H" by 1(q) = ¢~ . Then

(2.9) Zij(pot)=—Zpou for every p e C*(H"), j =1,...,N.
In particular, if ¢ = @ o, then Zjp = —Zipor.
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Proof. For every q € H", the identity ¢ o Ly = R,-1 o« holds. Differentiating it at 0,
dig((dLq)o(Z;(0)) = (dRg-1)o(deo(Z;(0)),
that is, thanks to the left-invariance of Z; and the fact that —du is the identity map,

(2.10) dig(Z5(0)) = —(dRy1)0(Z;(0)) = =25 (7).
Therefore,
Zi( 0 0)(a) = dog1(deg(Z3(0))) "2 ~dipr (25 (67) = ~Z50 (a7) = ~(Z5p o 1)(0),
which is the thesis. Il

We recall that right translations are continuous in L®(H").
Lemma 2.2. Let s € [1,0) and f € L*(H"). Then limgo|[f © Rg — f|l 1+ (ggny = 0.

Proof. The family of linear operators {f o R; — f}qemn is uniformly bounded in L*(H"™) due to (2.7). Since
they converge to 0 as ¢ — 0 when f € C.(H"), the density of C.(H") in L*(H") grants that the same
property holds for any f e L*(H"). O

A similar property holds for left translations, with the same proof. In the sequel many other convergence
results, in Sobolev classes, will be achieved by a similar functional analytic argument.

2.3. Group convolution. For an account on group convolution, we refer to [21]. Given f,g € LIIOC(H"),
their group convolution f * g is defined by

(f*9)(p) = JHR fl@)g(a7"-p) dg = JHn f(p-a')glg)dg  for every pe H",

provided that the integrals converge. If the domain of f and ¢ is an arbitrary open set {2 € H", we extend
them to be 0 outside €, and f * g is still well-defined. If in addition g € C''(H"),

(2.11) Z(fxg)=fxZg if Z is left-invariant,

since f=*g can be viewed as the superposition, weighted by f, of left translations of ¢g. In order to introduce
group mollification, we fix a mollifier p € C°(H") such that

(2.12) 0=0, op)=0("), f odp=1 and supp(o) < B(0,1).
Hn
For every € > 0, set
1
(2.13) 0:(p) = -q? ((5%(]9)) for every p e H".

Notice that
1

2.14) Z50:(p) = mZ;Q ((5;(p)> for every j =1,...,2n, pe H",

2.1 ©

1
To:(p) = WTQ (5% (p)) for every p e H",

and analogous formulas hold for every Z;. The following proposition collects standard convergence prop-
erties of group mollification.

Proposition 2.3. Let s € [1,0). Let u € L*(H") and set u. = u * g. for every e > 0. Then
(2.15) | QeHLs(Hn) < HuHLs(Hn) for every e > 0.
Moreover, u. L as e N\ 0.

If F is a distribution acting on C¥ ([0,7) x H") and o € CL(H"), we define the spatial group convolution
of F by o by

(2.16) (Fropy= (Fipsdy forevery pe CZ ([0,7) x H),
where g(p) == o (p_l), so that

(p*0) (T,p) = f o(1,q)0 (q7" - p) dg = f _e(ma)e (™' q) dg  for every (r,p) € [0,7) x H".

n
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2.4. Horizontal Sobolev spaces and contact vector fields. As pointed out in the introduction, we
will consider vector fields b € X(H") with horizontal Sobolev regularity. To this end, fix an open subset
QCcH" and u e L%OC(Q). If j =1,...,2n, we define the distribution Z;u by

(Zju,p)y = —j uZjpdp  for every ¢ € CX(Q).
Q
If s € [1,00], we define the horizontal Sobolev space W;ls(Q) by
W;’S(Q) ={ue L*(Q) : Zjue L*(Q) for every j =1,...,2n}.

The spaces W;{?OC(Q) and Wﬁ’s(ﬂ), for k = 2,3,..., are defined accordingly. It is well-known (see [21])
that the vector space Wf[s(ﬂ), endowed with the norm

2n 2n
||U||W£»S(Q) = [ufps ) + Z |Zjullps ) + - + Z 1Zj, - Zjul s ()
J=1 J1seensJk=1

is a Banach space for every 1 < s < o0 and k € N\{0}, reflexive when 1 < s < 0.
The following Meyers-Serrin type approximation result holds (cf. [23], and cf. [22] when k = 1).

Theorem 2.4. Let Q < H" be an open set. Let k € N\{0} and s € [1,00). Let u e Wfl’S(Q). There exists
a sequence {uptheny € C*(2) N WfLS(Q) such that

hh_ri.lo |up — uHWft,S(Q) = 0.
The commutation relation (2.1) holds as well in the horizontal Sobolev setting.
Lemma 2.5. Let Q € H" be an open subset. Let s € [1,00]. Then WiS(Q) c Whs(Q), and
1
Tu = Z(Yij—Xij)u for everyueWi’s(Q), j=1,...,n.

Proof. Let p € CFX (). Let j = 1,...,n. It suffices to notice that

1 1 1
J uTpdp = J u(Y; X0 — X;Yje) dp = f (X;Yju = YjXju) pdp = *j -
Q 4 Jo 4 Jo ol

The thesis follows. O

(Y;X; — X;Y))updp.

We employ horizontal Sobolev spaces to introduce vector fields with horizontal Sobolev regularity. We
recall that a smooth vector field b € X(H") is called a contact vector field if its flow preserves the horizontal
distribution #H (see [27]). In this case, b admits an explicit representation in terms of a smooth generating
function 1, namely

(2.17) b= —4T + Y (YjX; — X;9Y;) = —4yT — J (VM)
j=1

where in the second equality we extended the action of J in (2.4) also to gradients. Therefore, it makes
sense to define contact vector fields with horizontal Sobolev regularity as those representable by a gener-
ating function v € Wff (H™) for some s € [1, 0] according to (2.17). In this way, Lemma 2.5 implies that
by € WLS(RN). In particular, owing again to Lemma 2.5, it is easy to verify that

divb = —4(n + 1)Ty € L5 (H").

3. CONVERGENCE OF DIFFERENCE QUOTIENTS

In this section we study the asymptotic behavior of difference quotients of horizontal Sobolev func-
tions. However, differently e.g. from [13], we consider difference quotients along intrinsically dilated left
translations rather than along horizontal flows. This fact requires to carefully deal with suitable vertical
remainders, as it will be clearer in a while. These results will be fundamental in order to prove the
regularization property of the next section. Along this section, € is a fixed open set in H". We begin by
recalling the first and second-order behavior of smooth functions along dilated left translations.
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Lemma 3.1. Let f € C*(Q). Let pe Q, 7> 0 and w e H". Assume that p- 6. (w) € Q. Then

(3-1) Cl(f(p;w = (V" (p- 8- (w)), wy) + 2rwnT f (p - 67 (w))
and

2 6w
(3.2) ’ (f(pdTiT( D) _ (52 pp . 5, (w) s ey + 20nTF(p - 6:(w))

+4Twy <VHTf(p <0 (w)), wH> + 47'2w]2vTTf(p <07 (w)).

Proof. Observe that, for every 7 > 0,
A0, (w)) &
g = i_gl w; Zi(0:(w)) + 21wnT (8- (w)).

Hence, setting v(7) = p - 0-(w) = Ly(6-(w)) for every 7 > 0, we obtain, by left-invariance,

A(r) = (de)5T(w) (W)

2n

S wi (ALy)5 gy (Zi(6: (w)) + 2rwny (dLy)s, ) (T(6 (w)))
=1

2n
= > wiZi(y(7)) + 2rwnT(y(7)).
=1

Having this, the two formulas follow from a direct computation. First,

d(f(p-0-(w)) _ % Zif (p- 0-(w))wi + 27T f (p - 6-(w) Jwy

dr i=1
= <VHf(p . 5T(w)),wy> + 21wNT f(p- 0-(w)).
Furthermore,
2n 2n
dQ(f(pd.TiT(w))) = Z Z;Zif (p - 0r(w))wjw; + 27 Z TZif(p- 0, (w))wywy
ij=1 i=1
2n
+2Tf(p- 0r(w))wy + 217wy Z ZTf(p- 0r(w))w; + 47%wTTf(p - 6-(w))
i=1

= (V> f(p- 0 (w)wp, wy )y + 2wNT f(p - 6-(w))
+ 4Twn <VHTf(p - 6r(w)), wy ) + 472wk TT f(p - 6, (w)).

The next result shows that vertical difference quotients disappear in the limit.

Lemma 3.2. Let s € [1,00) and let f € W;[S(Q) Let A < Q be open and such that dist(A, 0Q2) > 0. Then
L) f(p - 6.w)) — f(p- d.(wy)

(3.3) lim . =0 for every w e H".

In addition, if w e H" and € > 0 satisfy

(3.4) e (|wH| + NW) < dist(A, 3Q),

one has

) [ Lo BlD = sl o,
Ls(A)

Proof. 1t is sufficient to show that both properties hold when f e C*(Q) n W;S(Q) indeed, if this holds,

then (3.5) extends to all f € W;ls(ﬂ) thanks to Theorem 2.4 (notice that the argument of the limit on
the left hand side of (3.3) is L°-continuous when ¢ is fixed). Then, the operators in the left hand side
result uniformly bounded in W,;*(2), and from the density of C%(Q2) n quf () in W,;*(R2) one obtains
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the validity of (3.3). Fix f e C*(Q) n W;f(Q) Fix pe A. If wy = 0, there is nothing to prove. Assume
that wy > 0. Assume that ¢ > 0 satisfies (3.4). By definition of d, d (p,p - 0-(wy)) < e|wy|, whence
p-0c(wy) € Q by (3.4). We exhibit a horizontal curve joining p-d.(wy) and p-d.(w): start from p- 0. (wy),
follow the flow of ¥1 and then, in order, those of X1, —Y7 and —X;, with time 7 = §,/wx at each step.
By the Baker-Campbell-Hausdorff formula (cf. [36]),

exp(7Y1) - exp(7X1) - exp(—7Y7) - exp(—7X7)
. - T ~ . =
B (TYl XL 2[Y17X1]> : €Xp <—TY1 —7X1 + 2[Y1,X1]>
= exp(7*[V1, X1])
= exp(e®wnT).

The case wy < 0 could be handled similarly. In particular, if ¢ is any point along the above curve,

A(p,q) < d(p, p- 0-(w32)) + d(p - 3-(wn), 0) < = (Jwnl +2/[wn] )
whence g € Q by (3.4). Set

" jo [ (p- D - exp(—rY1)) + Vi (p- o - exp(rYi))] dr.

Computing the L*-norm, Minkowski’s integral inequality (cf. [30, Corollary B.83]) implies

1

([ 10+ 800 = 100 sctwnl*ap)

1

(3.6) < LT (JA\le(P -3 - exp(—7X1)) — X1f(p- w1 - exp(7X7))[° dp) S dr

o ([ 11250 @2 -exp(-r¥1) = ¥is - 00 - exp(rvi)l*dp)

Dividing (3.6) by ¢, since 7 = O(g) and f € C*(2) n Wi[’s(Q), Lemma 2.2 implies (3.3). In order to prove
(3.5), just use the invariance of £V under right translations and the explicit formula of 7. The thesis
follows. O

We are ready to prove the main convergence results for first-order difference quotients.

Theorem 3.3. Let s € [1,00) and let Q@ < H" be open. Let f € W;S(Q) Let A < Q be open and such
that dist(A, Q) > 0. Then
LA fp- 0e(w)) — f

. li
(3.7) 51\1‘1(1) 8

(p) = <VHf(p), wyy ) for every w e H".

In addition, if e > 0 and w € H" satisfy (3.4), one has
’ f(p-de(w)) — f(p)

(3.8)

€ Lo()

< (|wH| + 2«/11)]\[) HVHf
L#(A)
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Proof. As in the previous proof, it suffices to assume f € C*(Q2) n W;LS(Q) If pe A and € > 0 satisfies
(3.4), one has

3.1) [*
F(p-6-(wi0) = () — = (V¥ f (), wr) jo (<" £+ 02 (w)), wie) — (T (p), w)] dr
Dividing by €, computing the L®-norm and using Minkowski’s integral inequality, we get
1

<L fp - oc(wy)) — fp ° dp)S

€
1 (¢ .
< ([ 1710 Srtwn) - V1w o)
By Lemma 2.2, this clearly implies (3.7). Then, (3.8) follows combining (3.5) with
‘ f(p-dc(wy)) — f(p)

3

- <va(p)a w?—l>

(3.9)

(3.10)

Ls(A)

In turn, this inequality can be obtained from the same argument leading to (3.9), starting from
>
Fo-8:wn) = 19) = | (T 5o b)) )

and using the invariance of £V under right translations. g

Next, we deal with second-order difference quotients. We first compute the contribution of vertical
difference quotients.

Lemma 3.4. Let s € [1,00) and let f € Wis(Q) Let A < Q) be open and such that dist(A, 0Q2) > 0. Then
Lﬂiﬁ) f(p-d:(w)) — f(p- bc(wp))

eN\0 62

(3.11) =wnTf(p) for every w e H".

In addition, if e > 0 and w € H" satisfy (3.4), one has
‘f(p 0 (w)) — f(p - 0e(wyy))

(3.12) >

< [on T Le(o)-
Ls(A)

Proof. Again, it suffices to assume f e C*(Q2) N WiS(Q) We know that

(3.13) f(p-oc(w)) — f(p-d-(wy)) = 2wy f; TTf(p - 0c(wy) - 0-(exp(wnT))) dr.
Hence,
Ho QLN =0 000) ) = 29 [T 10+ bl -6 explonT)) — T )] e

Computing the L*-norm and applying Minkowski’s integral inequality, we obtain

(p-0:(w)) = f(p - Oc(wn))

e2

s dp)i
(J |Tf(p - 0c(wy) - 6-(exp(wnT))) —Tj'"(p)|sdp>i dr.

This and Lemma 2.2 clearly 1mp1y (3.11). Then, (3.12) follows by the same argument leading to (3.14),
starting from (3.13) and using the invariance of £V under right translations. O

—wnTf(p)

(3.14) (

2|1UN|

The next result describes the asymptotic behavior of second-order difference quotients.

Theorem 3.5. Let s € [1,0) and let Q < H" be open. Let f € Wi’s(Q) Let A < Q be open and such
that dist(A, 0Q2) > 0. Then

°(A) — —e(V*H w
(3.15) Lil\o Jp-0:(w)) f(p; SR, =%<V2’”f(p)wy,wﬂ>+wNTf(p)
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for every w e H". In addition, if ¢ > 0 and w € H" satisfy (3.4), one has
' F(p-b(w)) — f(p) = < (V" (p), wre)

(3.16) < NI Tf] ey + lwnl? [ V2

Ls(A)

2 L(Q)

Proof. As customary, As we assume f € C*(2) n Wfts(Q) Fix € > 0 such that (3.4) holds. One has

f(p - de(wn)) — f(p) — V" f(p), wy () K(S — 1) (VP f(p - 6, (wy))wy, wy ) dr,

so that
2
£+ 8. (wn) = (p) — = (TP 0 wre) — S (T f (D, )

- f(e C RS 5 (wn)) — TR F(p)] wr ) d

Dividing by €2 and computing the L*-norm we infer (as in the proof of Lemma 3.2)
s\ s
dp)

( f f(p-0-(wn)) = f(p) = e (VP (p),wi)
A

52
(317) < % = ([ 1710 5. w)) = P2 H @) wme ) ap)
0 A

%<V2’ka(p)w% wyy )

2 e 1
w s s
< ([ 1920 0n ) = 21 0) )
Therefore, (3.15) follows by Lemma 2.2 and by Lemma 3.4. In addition (3.12) and (3.17) grant (3.16). O

Finally, we address the case s = 00. As in the Euclidean case, the uniform convergence of difference
quotients is in general false. However, it is still possible to prove their uniform boundedness. For instance,
fix fe W;{cﬁ) C(RN ) and fix bounded open sets Q € H" and Q € Q. By [24], f is Lipschitz continuous on

Q with respect to d. Denoting its Lipschitz constant by Lip(f, (), there exists ¢; = ¢1(€2) > 0 such that
f(p-0e(w)) — f(p)

£

(3.18) < Lip(f, Q)d(0,w) for every pe Q, we B(0,1), 0 <& < ¢;.

Similar bounds hold for second-order difference quotients. For instance, in the following we may exploit
the following result.

Theorem 3.6. Let f € Wf{f}c(H”) Let Q < H" be a bounded open set. Let R = R(Q2) > 0 be such that
Q € B(0,R). Then there exists ¢; = ¢1(Q) > 0 such that

f(p - bc(w)) — f(p) — eV f(p), wy)

2

< Lip (V' £, B(0, R + ¢1)) d(0,w)?

for every pe Q, we B(0,1), 0 <e < ¢;.

Proof. Fix w € B(0,1). Since Q € B(0, R), there exists ¢; = ¢1(£2) > 0 such that p - d.(w) € B(0, R) for
every p € 2 and every 0 < e < ¢1. Let y: [0,1] — H" be an absolutely continuous, horizontal curve such
that v(0) = p,y(1) = p - dc(w) and

1
(3.19) d(pp- 6.(w)) = fo V@A) dr.

The existence of such a curve is ensured e.g. by [34, Theorem 2.13]. Since f € Wft’oo (H™), then f e C(H")

,JJoc

and Z;f € C(H") for any j = 1,...,2n (cf. [24]). In particular, by [33, Proposition 2.6],
1
Fo-8:)) = £5) = | (VU170

Moreover,

1 2n 1 2n
JO NV fp), (7)) dr =) ij(p)fo Yi(T)dr = > Zif(p)(p; + ew; — py) = (VM f(p), wi ),
j=1

J=1
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whence
1
Flp-8.() = £(2) = £V f 0wy = | (T*F(0) = TS ). (7)) o
Notice that v(7) € B(0, R + ¢1) for any 7 € (0,1). Indeed, being ~ length-minimizing by (3.19),
d(0,v(7)) < d(0,p) + d(p,y(7)) < d(0,p) +d(p,p - d:(w)) < R+ ed(0,w) < R+ ¢c;.

Hence, since V* f is Lipschitz continuous on B(0, R + ¢;) and 7 is length-minimizing,
1 1
L (VR f(y() = V*F(p),3(7)) dr < Lip (V*f, B(0, R + Cl))J;] d(p,~(7))13(7)| d7

< Lip (V*f,B(0,R + ¢1)) d(p,p - 5 ( f 1yl dr

"D Lip (Vf, B0, R+ e1)) e%d(w, 0)?,

which is the thesis. O

4. DISTRIBUTIONAL SOLUTIONS ARE RENORMALIZABLE

In this section we prove that contact velocity fields with horizontal Sobolev regularity enjoy the renor-
malization property.

4.1. Transport equation and distributional solutions. We begin by recalling some basic definitions
and properties of transport equations. If I € R is an open interval, we consider Borel functions u :
I x H" — R up to £+ -negligible sets. Inside this class, given 7 € (0,0] and «, 3 € [1, 0], we consider
(see [30]) the space L (0,7; LP(H")) of those functions u such that

([ 1t df) if a e [1,0)
lwll ogo,7L8mny) = .
esssup |[u(-, 7)|| 16 n) if =00
7€(0,7)

is finite. Its local version L“ (O, 7 LI’B0 C(H”)) is defined similarly. Moreover, we recall that when o = (3,
L (0,7; L*(H™)) naturally identifies with L% ((0,7) x H"). If b € X(H") is a velocity field, ¢ is a reaction
term and ug is an initial condition, the Cauchy problem for the transport equation associated with b, c
and ug reads formally as

5“ —(b,Vu)+cu=0 in (0,7) x H

u(O, ) =up in H".

()

The natural notion of solution to (.7) is that of distributional solution.

Definition 4.1 (Distributional solutions). Fix s € [1, 0] and assume that

(4.1) be L' (0,7 Liso(ESHY)),  cdivbe L' (0,75 Liso(HY) ), ug € Liyo(H").

We say that we L (0,7; Ly (H")) (ue L* ((0,7) x H") if s = 00) is a distributional solution to (.7) if

(Tug (), ) = —f uo(p)¢ (0, p) dp + f f u[—0r¢ + (b, Vo) + (c + divb)y] dpdr =0
n 0 n
for every p € CF([0,T) x H").

Notice that, thanks to (4.1) and to the L® — L¥ duality, Definition 4.1 is well-posed. Existence of
solutions to (.7) is guaranteed, in great generality, by [18, Proposition II.1] (even though the result is
stated in Euclidean spaces, we may apply it thanks to (2.2) and the invariance of the divergence in the
Euclidean and Heisenberg structures).

Proposition 4.2. Let s € [1,0] and assume (4.1). Assume, in addition, that ug € L*(H") and
c+ Ldivbe L0, 7 L(H")) ifse (1,90]
c,divbe L1(0,7; L®(H")) if s =1.

Then there exists a distributional solution uw e L (0,7; L*(H")) to (7).
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The following simple remark will be crucial in the following (cf. for instance [16]).

Proposition 4.3. Let uw € L™ (0,7;L; .
(—o0,7) x H™ by
(4.2)

b(7,p) = {0 i< 0 e(r,p) = {S(T 2 ifT < O u(t,p) = {UO(P) if T <0

(H™)) be any distributional solution to (7). Extend b,c,u to

b(7,p) otherwise, otherwise, u(r,p) otherwise.
Then
ru—(b,Vuy+cu=0 in (—o0,7) x H"
in the sense of distributions, namely (T c(u), ) =0 for every ¢ € CP((—0,7) x H"), with
(13) o) 9= [ [ ul-trot .99 + (e + divbg] dpar

Proof. Let ¢ € CF((—0,7) x H"). Then

f f u[—0rp+<(b, V) + (c + divb)p| dpdr
_w n
(4.2) 0 T .
=" — | wup(p) Orpdr | dp + u[—0r¢ + (b,Vy) + (c + divb)y] dpdr

— [ w00+ [ [ al-tnp+ 0.5+ (e aivb)e] dpr

Dy,

g

4.2. Renormalized solutions. Distributional solutions are in general not stable with respect to com-
position with test functions, not even in the divergence-free case, see for instance [17] for a beautiful
example. DiPerna-Lions’ notion of renormalized solution to (.77) formalizes such a property.

Definition 4.4 (Renormalized solutions). Let s € [1,00] and assume that (4.1) holds with ug € L*(H").
Then a function u € L® (0,7; L*(H")) is a renormalized solution to (.7) if, for every 8 € C*(R) with 3’
bounded, the function f(u) is a distributional solution to
0
6( ) (w))+ cuf’(u) =0 in (0,7) x H"
B(U)(O, )= B(UO) in H",
namely if, for every p € CF ([0,7) x H")

(4.4)

— | B(uo)(p)¢(0,p) dp + f f B(u) [=0r¢ + (b, Vi) + divb ] + cuf'(u)p dpdr.
Hn
If s = o0 the condition that 8’ is bounded is not required.

Choosing S to be the identity map in Definition 4.4, it is clear that renormalized solutions are distri-
butional solutions. When the converse implication holds, b is said to enjoy the renormalization property.

Definition 4.5 (Renormalization property). Assume that b € X(H") satisfies (4.1) with s = co. We say
that b has the renormalization property if bounded distributional solutions to (.7) with ug € L*(H") and
ce Li ([0, 7) x H") are renormalized solutions.

The renormalization property of contact vector fields with horizontal Sobolev regularity will follow as
a corollary of the main result of the paper.

Theorem 4.6. Let s € [1,00] and ug € L*(H"). Assume that b € L' (0, 7;X(H")) is a time-dependent
contact vector field, induced by ¢ € L (0, 75 Wi’sl (H”)) according to (2.17). Then, if c€ L ([0, 7) x H"),
any distributional solution u € L*(0,7; L*(H™)) to (.7) is a renormalized solution. In particular, b has

the renormalization property.

As a consequence of Theorem 4.6 and Proposition 4.2, we get existence and uniqueness of distributional
solutions to (7).
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Theorem 4.7. Let s € [1,0], ugp € L*(H") and let b as in Theorem 4.6. Assume, in addition, that
c,divb e L' (0,7; L°(H")) and that

b

(4.5) 1+ d(p,0)

e L' (0,7 L*(H")) + L' (0, 7; L* (H")),

where |b| is the norm of b with respect to the Riemannian metric {-,-). Then there exists a unique
distributional solution u to (77) in L*(0,7; L*(H™)) corresponding to the initial condition ug.

Remark 4.8. The integrability condition (4.5) is the natural adaptation to our framework, due to both
the Riemannian norm of b and the sub-Riemannian distance d(p,0), of the Euclidean growth assumption
imposed in [18]. Nevertheless, we stress that the latter would have worked as well in our setting: in that
case, the proof of Theorem 4.7 follows verbatim that of [18, Theorem II.2].

4.3. Regularization. As customary, the key step in the proof of the renormalization property consists in
showing that the spatial group mollification u# g, of a distributional solution u to (.7) still satisfies (.7) up
to a remainder distribution, the so-called commutator %.. As the latter admits an integral representation,
the main effort is to prove that this error tends to 0 not only in the sense of distributions, but actually in
Llloc. We begin by providing an integral representation for the above-mentioned error term.

Proposition 4.9. For s € [1,o], assume (4.1). Fiz a distributional solution w € L* (0,7; L*(H")) to
(7) and extend u,b,c to (—0,7T) as in (4.2). For every e > 0, let uc = u = o be the spatial group
mollification of u by o, with o. as in (2.13). Then, the distribution F, .(uc) in (4.3) is representable by
integration of the commutator €., namely

o)) = [ | emprpdpdr for cvery o e C2((~e0.7) B,

where €. = €} + €2 € L' (—o0,7, L .(H")) is defined, for a.e. (1,p) € (—o0,7) x H", by

loc

N
— ((udivb) = gc) (1,p) — f w(rp-q ') Y [bi(m.p) Ze-(q) — bj (T.p- ¢ ") Zfo(q)] dg,

n .

Jj=

€ (1,p) :

—_

€2(1,p) = f u (r.p-q ") 0-(q) [e(r.p) —c(r.p- ¢ )] da.

Proof. Fix ¢ € CP ((—o0,7) x H"). Since u solves (.7), then u extended as in (4.2) solves (4.3) by
Proposition 4.3. Therefore,

(4.6) <%,c(u) * Og, 90> (226) <=9b,0(u)7 ® * @€> =0.

Moreover, since u, is smooth in the spatial variable and Z; is left-invariant,

(Fryolue), ) = — f f wedvpdpdr + f f o [—(b, Vaue) + cus] dpdr

(4'7) 7 7 N
—J J ugaTcpdpdT—l-J J @[—ij (u* Zjoc) + cuc | dpdr.
_CD n _Cx) n ]:1
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On the other hand, one has

2.16),(4.6
0 1LY (u) % 0o )
f f u(r f o(T,p)o: (p" - w) dpdwdr
o0 Hn n
N
+f f u( Z Zj (¢ * 02) (1, w) dw dr
oo JH™ j=1
+ f J J u(T, w)(c+ divb) (1, w)e(T, p) e (w_l -p) dp dw dr
oo JH” JH"

, 7 N
(2.11),(2.9) f J us(7,p)0r(T,p)dpdr — J f u(T, w) Z b;(T,w) (cp * Z}”Q5> (1, w) dwdr
j

=1
+ foo f . f u(r,w)(e + divb)(r,w)e(r, plo. (w - p) dpdwdr.

In particular, we can replace in (4.7) the term — Sioo S ueOr@ dpdr by the sum of two other terms
resulting from the previous identity to get

N

(Foe(uc), ) = = foo J ¢(m.p) an u(r,w) Y bj(rp) Zjes (w™* - p) dwdpdr

+ LJ _e(Tp) JH u(T, w) ibj(nw)Z} 0= (w™' - p) dwdpdr
- foof p(r.p) (udivh) « g.) (r.p) dpdr + foof ¢(r.p) f u(r,w)e(r, p)o (w™'-p) dwdpdr
[ et [ atwerwe @ p) dudpr

Recalling (2.7), the thesis follows by the change of variables w ~— p - ¢~ . O

Next, we show that, when b has a contact structure, €. — 0 strongly in L' (—oo,%,LllOC(H”)). We
stress that b is a time-dependent contact vector field if and only if its extension as in (4.2) is a contact
vector field (just choose 9 (7,:) =0 for 7 < 0).

Lemma 4.10. Let s € [1,00], let b be a time-dependent contact vector field as in Theorem 4.6 and let
ce L <0 7 LY (H”)) For w e L* (0,7; L} .(H")), extend u,b,c to (—0,7) x H" as in (4.2). Then

loc loc

6. — 0 in L' (—o0,7; LiL (H")) as e\, 0.

Proof. Since every argument will be carried out for 7 fixed, without loss of generality we assume that u,
b and ¢ do not depend on 7. We prove in two steps the local L'-convergence of ¢

Step 1. Convergence of €. For p e H" one has

N
—€(p) = ((udivb) = o) (p)+fn (p-a ") X [bi(0) Zjec(q) = b5 (p-a ) Zfo(a)] dg

J=1

(2.3) ((udivb) = o-)(p)

+2 u(p-q) XJo:(q) dq+4EJ bi(p)u(p-q ') yj(9)To:(q) dg
+ZJ bnsi()u(p-q7 ") Y] 0=(q dq—42f b+ (P)u (p-q~ ") 2;(q)T0:(q) dg

+ bN(p)u(p~q_1)TQe(Q)dq—EJ bi(p-q " )ulp-q ") Zjo-(q) dq.
Hn io Jae
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In particular, recalling (2.4),
—6(p) = ((udivb) = o)( +ZJ (p-aM)]ulp-a") Zjo:(q) dg
_ (o) I(g)yu (p-q7") To-(q)dg

(2.14) ((udivb) = o-)(p) + Z f p . q_l)] U (p . q_l) €_Q_1Z;Q <5

o =
—~
)
~
N——
U
LS

+ J [on) = by (pa)]u(p-a7h) e T (@ (q)) dq
—4| o). I@)u(p-at) 9T (61(0)) da.
i L

Performing the change of variables w = 51( ), and recalling that Z7o (w™') = —=Z;o(w) (here we use for
the first time that o is an even kernel) for every j =1,...,N by Lemma 2.1 and (2.12), we obtain

€

9 2n ) 7. - 6- w_l -
~61) Y (i) e o)+ 3, [ P B3 () (-5, (w1)) Ze(w) du
j=1

+J by (p) —bw (p-0: (wh)) (p- 0 (w™)) To(w) dw

g2

) N <b(p)7~]E(25a(w))>u (p- 0z (w™)) To(w) duw

2n . . w)) — b
~ ((waivb) = g)) + Y, [ P PDZBE 5 0) Zgotw)
j=1

=A1(p)
N f bN(p-éa@;» —bN<p)u(p.5€(w))Tg(w> dw + 4 <J(b(p))2’ 6€(w)>u(p-55(w))TQ(w) dw .
n Hr < .
=:A2(p)

First, we compute the Lloc—hmit of A;. Recall that b; € W,I{SIOC(H") for every j = 1,...,2n. Therefore, if

s’ < o0, the dominated convergence theorem and Theorem 3.3 imply that, for every K € H",

L{ f n [w 00D Z050) . 5 (w)) — (VB (p), wH>u(p)] Zso(w) dw‘ i

e
by(p-0.(00)) — by ()
< [ 1Ziotw :

where we also used the L*-continuity of right translations to replace u(p-d.(w)) with u(p) before applying
Theorem 3.3. If instead s’ = o0, fix j = 1,...,2n and set, for every € > 0,
bi(p-dc(w)) —bi(p
olpow) = LD =) i, ) (9 ),

3

. u(p - 0c( <VHb ), Wi ) u(p)' dp> dw = 0,

Fix open sets K € 2 € H". Then

)

an [f-(p, w)u(p - 6. (w)) — f(p, w)u(p)]Zjo(w) dw‘ dp
ng 1Zjelw (f [fep.w)ulp - - >>—f<p,w>u<p>dp) duw

By (3.18),
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for every pe K, we B(0,1) and 0 < € < ¢;. Therefore, for w e B(0,1) and 0 < € < ¢; fixed,

fKLfa(p, wyu(p - 8-(w)) — f(p,w)u(p)) dp
< J | fe(p, w)|u(p - 0 (w)) — u(p)| dp + J | fe(p,w) — f(p,w)||u(p)| dp
K K

< Lip(£. (0,0 R (o) = ul1 g0+ [ Felpr) = 7)) .
The first term converges to 0 thanks to Lemma 2.2. For the second one,
‘fs(?w> - f(v w)Hu\ < (Llp(fv Q)d(07w) + ‘wa‘ Hva]HLOO(K)) ’u‘ € Ll(K)

Moreover, since b; € W;[S/(Q) for every s € [1,00], Theorem 3.3 implies that, up to a subsequence,
|fe(,w) — f(-,w)||u| — 0 as € \{ 0 a.e. on K. Hence, by the dominated convergence theorem,

)= | 1fetpwutp - 6w) — 0l dp — .

In addition, by the above computations, K. is bounded in L*(B(0, 1)) uniformly in € € (0, ¢1). Therefore,
we conclude by the dominated convergence theorem that

)

L [bxp.ag(w))—bj(p) (p - 0-(w)) — (T ( wﬂ>u(p)] Zso(w) dw‘ i

[ 5

In any case, we have obtained that

an[fs<p,w>u<p-5g<w>>—f(p,w>u<p>] o(w) | dp >0

loc
;1{%141 f <V bj( wH> dw
2n 2n
—22[ Ziby(p)wu(p) Zyelw dw+2f ju(p) Zjow) du
Jj=1li=1
1#£]
2n 2n
— Z ZZb J Zj(wio(w)) dw +u(p Z Zib;( (J Zj(wjg(w))dw—f o(w) Zjw; dw)
j= 1z7é1 y " R/I—/
i#j > ~ =

=0 =0

p) Zn] Zjb;(p) = —u(p) divb(p) + u(p)Tbn (p).
j=1

Next, we focus on A,. Notice that

<0e(w)) — — &V w
Aalp) = [ e 0elD) = In(p) = ETINDRAD -, ) o)
—B1(p) ”
H w
+Jn v bN(p)Jrg(b(p)),(Sa( )>u(p'55(’w))TQ(w)dw.

=:Bs(p)
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Recall that, since b is a contact vector field, by € Wiﬁ;C(Hn) Therefore, arguing as above, we get, by
Theorem 3.5 if s < 00 or Theorem 3.6 if s’ = o0,

Ll

loc

1 51(6) = [ (5 CTH ol wn) + wnTox ) ) u(p) Tt

2n 1
= X 5 [ Azt o) dw + [ unTon ()t Te(w) du

n

ij=1
2n

- Z ;ZiZij(p)u(p)f § T(wjwjo(w)) dw

ij=1 y

0
+ TbN(p)u(p)( T(wyo(w)) dw — o(w) Twy dw)
o[z

= —Tby(p)u(p)-

Finally, since b is a contact vector field generated by ¢ € Wi’s’ (H™),

(2.17)

(4.8) Vb +43(b) "2 —avty 4 43 (-3 (Vi) Eo.

Then By = 0. In conclusion,

1 1 1

_ ‘loc 1 _ ‘loc . “loc _ . _ . _
(4.9) ;1{% C. = il\rlr(l)(u divb) = 0. + i{r%)(Al + As) =udivb —udivb =0,

where the second equality holds due to Proposition 2.3, since udivb € LllOC

(H™).
Step 2. Convergence of 2. For p € H" one has

¢2(p) = f etp)u(p- g o)) —clp-q?
B J e —clp-a)Julp-a) e

(2.8)

2 [ 1e0) = el 8wty - defw)otw)

Q ~—
s
/N

(o9
o = N
—~

)

~—
N—

U

Q

Therefore, fixing K € H", we obtain by Holder’s inequality
€2 1a ey < fK fHJc(p 5e(w)) — e(p)|[ulp - 5-(w))|o(w) dw dp

= [ ot ([ ety 0w = coluty o)l dp) a

< an o(w)[|eo Rs.qwy = el o ey [0 Bo.up | o 1y 0
(2.7)
Dl [ etlleo Re.quy = el do
Since Hc ° Rs_(w) — c| L (K) 8—\—0> 0 by Lemma 2.2 and
27 1/mmn n
Q(’U))HCO Rs. (w) — c’ L9 (K) < 2Hc||LS/(K)g(w) e L (H") for every e > 0 and w € H",
Ll
€2 —% (0 by the dominated convergence theorem. O

eN\0
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4. Proofs of Theorem 4.6 and Theorem 4.7.

Proof of Theorem /.6. Extend u,b,c to (—00,7) as in (4.2). Let u. and %. be as in Proposition 4.9, so
that u. is a distributional solution to

Orue — (b, Vuc) + cu. = 6. in (—o0,7) x H",
that is, recalling the smoothness of u. in the spatial variable,
(4.10)

—J f ueOrpdpdr = J J (b, Vue) —ucsc + 6.) pdpdr for every ¢ € CF ((—o0,7) x H").

((—o0,T) x H™), and that

loc
(4.11) Orue — (b, Vue) + cu. = 6. a.e. on (—oo,7) x H".

Let B € C*(R) be such that |5'| < M < oo. In particular, 8'(u:) € L® ((—o0,7) x H*). Multiplying (4.11)
by f’(u:) and applying the chain rule (A.1), we deduce that

Since (b, Vuey — usc + 6. € LL _((—o0,7) x H"), (4.10) implies that d,u. € L}

(4.12) 85@(?5) — (b, VB(u)) + cu B8 (u:) = ' (u.)%- a.e. on (—oo,7) x H".
Fix p € CF ((—o0,7) x H™). Multiplying (4.12) by ¢ and integrating by parts, we get
f f B(ue)ore + B(ue) ((b, V) + divb ) + cu.f (u: ) ) dpdr = f B (ue) .o dp dr.
n H™

First, by Lemma 4.10 and recalling that 8’ is bounded,
7
! C-pdpdr — Q0.
J—oo o B'(ue) 6o dpdr ~0
For the left-hand side, observe first that, by the dominated convergence theorem,

B(ue) (u) Orp dpdr| < MJ ”aTWHLs/(Hn)HUS - UHLS(HH) dr —0
—0 eNo0

n

since u(T,-) v u(r,-) for a.e. 7 € (—o0,7T) by Proposition 2.3 and
£

2.15) ~
100l g 1tz = ll gy < 2000l o g ll ey € L1(0,7) for every & > 0.

Let Q € H" be such that supp ¢  (—o0,7) x Q. Then, arguing as above,

(B0) = ) b,V dpr] < 21 [ bl 19y = 0y 0
B(ue) — B(u))divbodpdr| < Mf 101l oo gmy |V B[ o ) le = wll s dTvO

Finally, fix any subsequence of {u.}.~0, still denoted by {u.}-~o. Recall that u. %» u by Proposition 2.3,
13
SO Ug v u pointwise a.e. in (0,7) x H" up to a further subsequence. By the continuity of 5, 8 (ue)us —
€

B'(u)u —— 0 pointwise a.e. Moreover, arguing as above,
eN\0

18" (ue)ue — B'(w)uleg| rrio) < BM @l foo gm llell Lo oy el Lo,

whence

n

[Bl(ug)ug _ ﬁ/(u)u] copdpdr 6—\()» 0.

In conclusion, we proved that, for every ¢ € C ((—o0,7) x H"),

(4.13) f f : )0r¢ + B(u) (b, V) + div by) + cuf(u)p] dpdr = 0.
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Fix ¢ € CF ([0,7) x H™), and extend it in such a way that ¢ € CF ((—00,7) x H"). Then

0] 80 + 50 (5.V9) + divbea) + cusf (w)e] dpr
= — ﬂ (up)( <f @godr) dp + J J : )ore + B(u) ((b,Vy)+divby) + cu,@’(u)go] dp dt
~ [ B0+ [ [-8ene + 5 (5.F9) + divbi) + cus(u)] dpdr

where the last equality follows by (4.2). Therefore, u is a renormalized solution. When s = oo, the
previous proof applies directly for every 8 € C*(R), because 3’ is bounded on [—||uH Lo () [l Lw(Hn)]
(recall (2.15)). The proof of Theorem 4.6 is concluded. O

Proof of Theorem /.7. Owing to Theorem 4.6, it follows verbatim that of [18, Theorem II.2], with the only
difference that one has to use cut-off functions ¢z adapted to the H" geometry, namely ¢r(p) = #(d1/r(p))
with ¢ € CP(H") identically equal to 1 on the ball B(0, 1). O

5. CONSEQUENCES OF THE RENORMALIZATION PROPERTY

In this section, we briefly recall the most relevant consequences of the renormalization property.

5.1. Transport equation with measurable initial conditions. If one wishes to deal with (.7) im-
posing only measurability on the initial condition, the notion of distributional solution to (.77) is no longer
meaningful. To this aim, the authors of [18] defined solutions by imposing the validity of the renormal-
ization property with a careful choice of test functions. We limit ourselves to provide the main definitions
and statements, referring to [18] for further details and more exhaustive results.

The set of functions L°(H") is defined by

L(H") = {u: H" — [—o0, 0] measurable : [u| < o0 a.e., LN ({Ju| > A}) < o for every A > 0}.

For a precise definition of L* (0, 7; LO(H")), see [18]. Observe that, if u € L°(H") and 8 € C(R) n L*(R)
vanishes near 0, then B(u) € L*(H") n L®(H"). Hence, the following definition is well-posed.

Definition 5.1. Let up € LO(H") and assume that b € X(H") and ¢ satisfy
c,divb e L' (0, 7; L (H")),

(5.1) |b]
1+ d(p,0)

We say that u € L* (0,7; L°(H")) is a renormalized solution to (.7) if B(u) solves (4.4) in the sense of
distributions for every 8 € C'(R) n L*(R) such that 3 vanishes near 0 and /(1 + |t|) € L®(R).

e L' (0,7 L' (H™)) + L' (0,7; L*(H")) .

The following result (cf. [18, Theorem II.3] and [18, Theorem II.4]) ensures the well-posedness of the
transport equation with initial condition in L°.

Theorem 5.2. Assume (5.1) and that b € X(H") is a contact vector field as in Theorem 4.6. Then there
exists a unique renormalized solution u € L® (O, T LO(H")) to (7)) corresponding to any initial condition
ug € L°(H"™). Furthermore, u belongs to C ([0, 7]; L°(H")) and is stable under perturbations of the data.

5.2. Regular Lagrangian Flows. We sketch how this theory applies to provide a robust existence and
uniqueness theory for ODE’s (properly understood) associated to weakly differentiable velocity fields,
besides [18, 1], see also [3] for Lecture Notes on this topic. Here we follow the axiomatization introduced
in [1], based on the continuity equation

ou
(5.2) s + div(bu) =0 in (0,7) x H"
T
and the induced semigroup 7 — u(r,-), thought when u > 0 as a semigroup in the space of probability
densities, rather than the original one of [18], based on the transport equation (see [1, Remark 6.7] for
a more precise comparison between the two approaches, the one based on (5.2) being more suitable to
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consider singular cases when div b is not absolutely continuous). In the classical setting, via the theory
of characteristics, the ODE

d

(53) E(I)(Tap) = b(T’ (I)(Tvp))
©(0,p) = p.
is related to the transport equation (.7) (with b replaced by —b)
(5.4) 2—“ +{Mb,Vuy+cu=0  in (0,7) x H"
T
and to the continuity equation (5.2) respectively by
(5.5)
u(s, ®(s,p)) = uo(p) — JS e(r,®(r,p))dr Vse|0,7) u(s, ®(s,p)) = _ uOp) Vs e [0,7)
Y Y O ? 9 ) Y ) ) detvp(I)<37p) Y Y

while the relation between the two PDE’s simply comes with the choice ¢ = div b.

Definition 5.3. We say that ®(7,p) is a Regular Lagrangian Flow (RLF) associated to b if
(a) for a.e. p one has

S

O(s,p) =p+ f b(r, ®(7,p))dr for all s € [0,7);
0

(b) there exists a constant C € (0,00) such that ®(s,-)x LN < CLY for all s € [0, 7).

The main result in [1] (here we adapt it to the setting of H") is that, under the growth condition
bl
1+ d(p,0)

on b, existence and uniqueness for (5.2) for any nonnegative initial condition ug € L*(H™) in the class
of nonnegative u in L, ([0,7); L*(H")) n L. ([0,7); L'(H")) is equivalent to existence and unique-
ness of the RLF. In particular, Theorem 4.7 applied with s = o0 and with the assumption divb €

L} ([O,T);Ll(H”)) grants uniqueness, while a simple smoothing argument based on the assumption

loc
[divb]~ e L{ ([0, 7); L°(H")) grants existence, see the above mentioned Lecture Notes for details.

loc

e L' (0,7 L' (H")) + L" (0,7; L*(H"))

6. COUNTEREXAMPLES AND CONNECTION WITH EXISTING RESULTS

In this section, we emphasize the relevance of our approach by showing how the existing results in the
literature cannot generally be applied to our case.

6.1. Contact velocity fields without Euclidean regularity. First, we show that contact velocity
fields with horizontal Sobolev regularity are, generically, not of Euclidean bounded variation, whence the
renormalization results obtained in [1, 18] do not apply. By generically, we refer to the vocabulary of
Baire’s categories (see e.g. [35]). We recall that, given a metric space (M, d), a set A < M is of the first
category if A is contained in a countable union of nowhere dense sets. In turn, a set £ € M is said to
be nowhere dense if its closure has empty interior. The complement of a set of the first category is called
generic. If (M, d) is complete and non-empty, Baire’s category theorem asserts that generic sets are dense,
whence in particular non-empty.

In order to prove that vector fields with horizontal Sobolev regularity are, generically, not of locally
bounded variation, we use the following basic functional analytic lemma.

Lemma 6.1. Let (X,||-|x) be a normed space and let Y < X be a subspace, endowed with a norm | - |y
such that
(6.1) sup lyfy = oo.

yeYify[x=1

If the function g : X — [0, 0] defined by

(6.2) o(a) = {|$|Y ifrey

0 otherwise

is lower semicontinuous in X, then X\Y is generic in X.
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Proof. Without loss of generality, we can assume that Y is dense in X (since any closed proper subspace
of X is of first category). It is sufficient to prove that the closed sets Ay = {x : g(z) < k}, whose union
is Y, have empty interior. If for some integer k£ this does not happen, there exist o € X and € > 0 such
that |x — 29| x < e implies g(z) < k. The density of ¥ in X grants the existence of yy € Y such that
|z —yo|x < &/2 implies g(z) < k. In particular, |z — yo| x < /2 implies g(z — yo) < k + |[yo||y- This last
implication gives that the supremum in (6.1) is bounded by (2k + 2|yol|y’)/e, a contradiction. O

In the class of contact vector fields b = b(i)) parametrized by 1 € W2*(H") as in (2.17) and with
the induced topology we can prove the following genericity result. The strategy of proof is to use highly
oscillating test functions to provide estimates on different scales for derivatives along different directions.
In particular, we will produce competitors whose oscillation in the vertical direction is predominant
compared to horizontal derivatives. Accordingly, this approach grants the existence of contact vector
fields with horizontal Sobolev regularity and unbounded vertical variation. In connection with Baire’s
category arguments, by contrast, this could be compared with the main result of [32], which roughly
speaking asserts that the class of renormalizable Euclidean vector fields is generic in L!. The strategy of
proof of [32] is to consider the class of vector fields which can be approximated in L' by Lipschitz ones
at a rate faster than the inverse of their Lipschitz constant.

Theorem 6.2. The set
{6 WEH) : bi(),. .. ban(®) ¢ BViac(RY)}
is generic, and in particular dense, in Wi’s(Hn).

Proof. We fix a bounded open set Q@ € RY and i € {1,...,2n}. We assume without loss of generality that
0 € Q and we are going to apply Lemma 6.1 with X = Wi’s (H™) and the subspace

Y = {¢ e W25 (H) : bi(1h) € BV(Q)}

endowed with the norm HdJHsz{,s(Hn) + |Db;(¢)|(2). Notice that the standard formula of the BV theory

|Db;(4)|(2) = sup {L bi(¥)div Fdp : F e CHOQ;RY), |F| < 1}

grants that the lower semicontinuity assumption of Lemma 6.1 is satisfied. Hence, it will be sufficient to
show that there is no constant C such that

(6.3) Dbi(W)|(Q) < Cldlyyzoany V9 € Wy (H").

Let an open Euclidean ball B < B7(0, 1) of R?" and an open interval I < (—1,1), both centered at 0,
be chosen in such a way that B x I = Q. Fix ¢ € CX(R*") such that supp(p) = B, |¢| (s = 1 and

0w, )l 1 () # 0. Fix g € C(R) such that supp(g) < I and ||g||1(;) = 1. Denote points in R*" by w. For
8,6 > 0, set

Y(w,t) = (g) g (;) for every w € R?", t € R.

For 8 and § sufficiently small, supp(¢)) € B x I. Recall that Z; = 0, — 2J(w);0; for every j = 1,...,2n.
For every j,k =1,...,2n,set ¢cj, = —1if j=1,...,.nand k=j+mn,cj =1if j=n+1,...,2n and
k =j —n and cji = 0 otherwise. Then

-6 (3)o(8)- B (3)4 )
Z1Zip(w, t) = ﬁlz (Ouop Ous ) (g) g (2) — %Cjk@ <7§> g (;) - ;J(w)j (Ouwr) (g) g <§>

B (3)1 ()¢ rensons (3) ().
2



RENORMALIZATION OF CONTACT VECTOR FIELDS IN H" 23

for every j,k =1,...,2n and every (w,t) € Q. Set

2n 2n
Fy=1+ > 10weleys),  Fo=Fi+ Y 10wluelem,  Gi=Idlnm  Ga=lg"lnm
j=1 k=1

Then

[9] L) = 876,
1Z a0y < B L0F + 2827716y,
2n+2

| 2120 | 1oy < B 26Fs + 287" (G + 2F1Gy) + G,
on1 B2n+1
ITZib L) = 67 0w el sy Gr = —5—Ge.

In particular, if we choose § = Mf3?, with M = 4G2/(|0w, ¢l 1 (5)G1), in such a way that |TZg| 1 q)
is larger than BQn_lHﬁwigoHLl(B)Gl/Q, we see that all the terms in the first three lines above are O(5%").
Hence, there is no constant C' such that (6.3) holds. O

6.2. Contact velocity fields with deformation of type (7, s). In this section, we show that our results
cannot be recovered by employing the metric approach of [7]. As already mentioned in the introduction,
the authors of [7] showed the renormalization property for suitable classes of velocity fields in a broad
class of metric measure spaces, equipped with a Dirichlet form, a carré du champ, a Markov semigroup
and an algebra of test functions. We briefly specialize [7] to our setting. On the metric measure space

(H", d, L), we introduce the Dirichlet form & : L2(H") — [0, 0] by
H H . 1,2 rmmn
() = JHn<V w, V*u) dp if ue Wy (H")
0 otherwise.
By the L?lower semicontinuity of £ (see [22, 37]), the latter coincides with the Cheeger energy of
(H",d, £N). The quadratic form & is induced by the carré du champ T : W;{Z(H”) — LY(H") defined by
= <VHu, VHu> for every u e W;ﬁ(H”)

We recall that

(6.4) J <VHu, VHU> dp = —f vAMu dp for every u,v € W;{Z(H") such that Ay e L2(H"),
Hn HTL
where the horizontal Laplacian A™ is defined by

2n
Aty = div Vi = Z ZiZiu  for every ue C*(H"),

i=1
and then naturally extended to distributions. By (6.4), A™ is the correct Laplace operator induced by &.
Moreover, the L2-gradient flow associated with & is the classical sub-Riemannian heat semigroup P; (see
[21]). Finally, a suitable algebra of test functions could be the class C}(H"). The uniqueness scheme of
[7] relies on suitable regularization properties of the heat semigroup, as well as on density assumptions on
the algebra and on regularity conditions on the velocity field. First, P, is required to satisfy the so-called
L*-T' inequality for any s € [2,00), i

(6.5) H«/ (P, f) H

where ¢s > 0 is independent of I As pomted out in [7, Corollary 6.3], (6.5) is a typical consequence of
the Bakry-Emery condition BEy(K, ). Namely, we recall that BEo(K, c0) holds if there exists K € R
such that

(H") for every f e L°*(H"), 7 € (0,1),

T(Pf) <e?K7p (Tf) for every f e W,*(H").
However, (H",d, L") is a prototypical setting in which BEs (K, ) does not hold for any K. Indeed, it
is well-known that (H",d, £V) fails to satisfy the so-called curvature-dimension condition CD(K, ) for
any K € R (cf. [6, 25]). In turn, when the Cheeger energy is a quadratic form, CD(K, ) is equivalent
to BE2(K, ) (cf. [4, 5]), whence the latter fails in (H",d, L") for every N € N\{0} and every K € R.
Nevertheless, it is still possible to prove the validity of (6.5).
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Proposition 6.3. For every s € [2,00), (6.5) holds.
Proof. Fix s € [2,0), 7€ (0,1) and f € CP(H"). Then, by [8, Remark 3.3],

rren < 1 (M) [P - (] < e,

2n

In particular,

(6.6) H\/W

where the last inequality follows by the LZ-contractivity of P, (cf. [21]). Fix f e L*(H"), and let
{fntnen S CL(H™) be such that f, — f strongly in L*(H"). By linearity and contractivity, P fr, — Prf
strongly in L*(H"), whence, by the strong L*-lower-semicontinuity (cf. [22, 37]) of u > ||5/T" (V)| s @),
we conclude that

VI D)

1 1
) < NG | P- (fz)”L%(Hn) S NG 11 o gy

Ls (H»

66) 1 . . 1
Ls (HP) < F h}ILIi»loIgf “thLS(Hn) = F HfHLS(Hn) .

< lim inf H\/W’

Ls(H?)  h—o

g

Coming to the density properties of the algebra of test functions C!(H™), it is easy to check that the
latter satisfies the basic assumptions [7, (2-16)] and [7, (2-17)]. In addition (cf. [7, (4-3)]), the algebra is
required to contain a sequence {fj}ren such that

(6.7) 0< fp <1 forevery heN, fn /1 ae. onH", VI(frn) — 0 weakly™ in L*(H").

A sequence satisfying (6.7) can be easily constructed by choosing a sequence of smooth cut-off functions
between B(0,h + 1) and B(0, h + 2). Finally, we turn to the regularity assumptions on the velocity field.
For the sake of simplicity, we focus on the autonomous case. From now on, we fix s € (1,0] and a vector
field b € X(H") with b; € W;L’S(H"), i=1,...,2n and Tby € L*(H"), so that divb € L*(H"). Following
[7], b induces a derivation acting on a test function f € C(H") as

df (b) = (b, V f).
Again, according to [7], the deformation D™ b is defined for every f,g e CX(H") by

(6.8) J ) DY b(f,g)dp = —% f ) [df (b)AT g + dg(b)A™ f — divb (VT f,V"g)] dp.

Clearly, the above definition extends to any couple f, g for which the right hand side is meaningful. For
what concerns b, the approach of [7] relies on the following two assumptions.

e b needs to satisfy an a.e. upper bound of the form
(6.9) |df (b)] < [b| [V7f]

for every f belonging to the algebra of test functions.
e b needs to have a deformation of type (r,s). Namely, there exists ¢ = 0 such that
(VHf)

(6.10) f DY™b(f,g)dp < ¢ (VHg)

L7 (H™) Le(H™)

for every f, g for which the above expression is meaningful.
On the one hand, it is clear that (6.9) rules out non-horizontal vector fields. On the other hand, (6.10)
rules out vector fields which do not possess a contact structure. Since a non-trivial contact vector field
cannot be horizontal, the above two restrictions prevent the approach of [7] from being applicable to
our case. To justify the validity of the second restriction (independently of the first one, hence even

considering a non-horizontal field b), we assume for the sake of simplicity that all components b; belong
to C(H™), and we make (6.8) more explicit. Precisely, if f,g e CZ(H"),

2n
sym Zibj + Zjb;
J]HI D> b(f,g)dp=j Z (J 5 2 )Zz‘ijgdp
8 ig=1

1
+5 (Vb +43(b), TgV™f + Tf V) dp.
Hn

(6.11)
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The validity of (6.11) follows by applying the divergence theorem to the first term on the right hand side
and by exploiting the commutation relations (2.1). Indeed, notice that

2n

f > Zibj (ZifZig + Zif Zig) d Z f bj (ZifZjg + ZjfZig)) dp

i,j=1 1]1

1
2

=0

—f 2 bZZfZJngbZfZZ]ngbZZfZZngbeZZZg)d
hi=1 T i 101 R
1

= f [df(0)A™g + dg(b)AT f] dp + % f (AFfbyTg+ ATgbyTf) d

-3 S (4,202;2:9 + 02,2 Zig) dp+ - f S (0,202, Zilg + b2y, 211 Zog) dp
" ig=1 i,j=1

In the last equality, we exploited I and IV to make the first two terms on the right hand side of (6.8)
explicit, and rewrote II and III highlighting commutators. Applying again the divergence theorem,

_J ZbeZZZg+bZZfZZg =—ZJ i (bjZifZig) dp

i,j=1 1,J=1

~~

=0

2n
1 1 1
+2J Z Z;b; ZfZngp+2Jn > ijjZifZigdp—2f Z b; Z; Zif Zig dp

ij=1 ni=1 v
_ ;J divh (V'*f,V"g) dp - ;J Ty (V1. V) dp.
n H»

Moreover, by (2.1),

f Ebe Zilgdp + = J Eb Z\f Zig dp

1,7=1 2,7=1

Z (b3 Y3 f[X5, Y519 + basi X5 F Y5, X519 + Y595, i1 f + bpsi Xi9[Y5, X;1f) dp

l\.’)\r—l
% %

Z (=Y;f) Tg + 4bpyj X;f Tg + 4b; (—Y;g) Tf + 4by1;X;9Tf] dp

= [\D\H

2f [(4b,3 (V¥[)) Tg + (4b,3 (V¥g)) Tf] dp

Therefore, by the above computations,

JH Dsymb(f’ dp Jn Zn <Zb;_Zb> ZfZ]gdp+ J <4J TgVHf+TfVHg> dp

1

_2f (A" fonTg+ AMgby Tf) dp+;jH Ton (VP f, VMg dp

-3

Zib; + Zib; 1
( * )Zf gdp+2f (VMo +43(b), TgVHf +TfVHg) dp
2,7=1 Hr

— ;J [div (bn V' f) Tg + div (bnV7Tg) Tf] + ;J Toy (Vv f, VMg dp,
n Hn

where in the last equality we just added and subtracted the quantity

1

5 | (VM Tg V™ + TV g) dp.
H»
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Applying once more the divergence theorem, and since 7' commutes with Zy, ..., Zs,, we conclude that

% an by ((VHF,VHTgy + (VHT .,V Mg)) dp
é JHH by TV f, Vg dp

-3 f [div (b V) Tg + div (b Vo) T7] dp

H™

whence (6.11) follows. Due to the presence of the vertical derivatives T'f and T'g on the right hand side of
(6.11), we conclude that b has deformation of type (r, s) provided that it is a contact vector field. Indeed,

in this case the second integral on the right hand side of (6.11) vanishes by (4.8), and (6.10) follows by

choosing r = s = 2(s')" and ¢ = Z??:l 1Zbj 1o vy -

APPENDIX A. CHAIN RULE FOR WEAK DERIVATIVES ALONG VECTOR FIELDS

The following chain rule for weak derivatives along vector fields is surely well-known. Being typically
stated for Sobolev functions (cf. [20, 30]), we include a proof for the sake of completeness.

Proposition A.1. Let m € N\{0}. Let A < R™ be open. Let X be a locally Lipschitz continuous vector
field over A. Letue Li (A) be such that Xu e L (A) and let 3 € C1(R) be such that ' € L*(R). Then
B(u) € Li (A), X(B(u)) € Li.(A) and

(A1) X(B(u)) = B (u)Xu a.e. on A.
Moreover, if u e L (A), the above facts hold for every 3 € C1(R).
Proof. Set C' = |f'||p»(w)- Fix an open set B € A. Then

(A2) fB 1B(u)| dp < ch luldp + B(O)|B| < o0,

whence B(u) € L{

loc

(A). Notice that 8'(u)Xu e L]

loc

(A). To conclude, it suffices to show that

J (B'(u)Xu) pdp = —f div X B(u)p dp — f B(u) X dp for every p € CF(A).
A A A

Fix ¢ € CP(A). Let B < A be open and such that supp(¢) € B € A. Then X is Lipschitz continuous
on B, and moreover u, Xu € L'(B). By [22, Theorem 1.2.3], there exists a sequence {up}pen S C*(B)
such that uy, Xuy, € L'(B) for any h e N, u;, — u, Xuj, — Xu strongly in L'(B), uj, — v a.e. on B and
| Xup| < g a.e. on B for some g € L'(B). Since every wuy is smooth, 3'(up)Xu, = X(8(uy)) on B for
every h € N. In particular, for every h € N,

(A.3) L B (up) Xungp dp = — L div X Blup)pdp — Lmuhw .

Notice that, since 8’ is continuous, '(up) — B'(u) a.e. on B, and moreover, |5'(up) — 8'(u)| < 2C.
Therefore, by the dominated convergence theorem,

j |5'(Uh)XUhso—ﬁ'(U)Xw|dp<|<PLOO(B)j 18 ()| [ Xup, — Xl dp + f 18 (un) — B/ ()| Xun o] dp
A B B

< Clilleim, [ 1Xun = Xuldp+ [ 13w = 30| Xunlleldp — 0,
Furthermore,
|| 1aiv X Ban)i — div X Bla)eldp < Cllplon] div X oz, | fun—uldp =0

Finally,
JA 1B(un)Xp — Bu) X | dp < C| Xl o) fB fup — ul dp — 0.

Hence, (A.2) follows by letting h — 00 in (A.3). In conclusion, when v € L{5.(A), the above arguments

apply for every 8 € C1(R). O
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