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Abstract. In this paper we obtain the well-posedness of the transport and continuity equations in the
Heisenberg groups Hn for a class of contact vector fields b, under natural assumptions on the regularity
of b not covered by the, now classical, Euclidean theory [18]. It is the first example of well-posedness in a
genuine sub-Riemannian setting, that we obtain adapting to the Hn geometry the mollification strategy of
[18]. In the final part of the paper we illustrate why our result is not covered by the Euclidean BV case
solved by the first author in [1], and we compare it with the strategy of [7], based on the representation

of the commutator by interpolation à la Bakry-Émery and an integral representation of the symmetrized
derivative of b.

1. Introduction

The aim of this paper is the investigation of the well-posedness of the transport and continuity equations
(induced by a possibly time-dependent vector field bpτ, pq), respectively

(1.1)
Bu

Bτ
´ xb,∇uy ` cu “ 0,

Bu

Bτ
` divpbuq “ 0 in p0, τ̄q ˆ Hn,

when a genuinely non-Euclidean state space is involved, namely the Heisenberg groupHn. In the Euclidean
setting this topic has received a lot of attention (see e.g. the Lecture Notes [2, 3]), starting from the seminal
papers [18] and [1], which focused on Sobolev and BV vector fields respectively. As explained more in
detail in Section 5, one of the reasons of this attention is the Lagrangian part of the theory: having in mind
the classical theory of characteristics for first order PDE’s, well-posedness at the Eulerian (PDE) level
can be transferred to well-posedness at the Lagrangian (ODE) level, and conversely. Indeed, this problem
has been attacked by a variety of techniques: here we focus on the Eulerian ones, via well-posedness of
(1.1), quoting only remarkable recent contributions on the Lagrangian side [9, 12, 19]. As we discuss
more in detail below, working with the canonical coordinates of Hn, our results can also be read as new
well-posedness results for a class of vector fields in the Euclidean space R2n`1, but we keep our focus on
the geometric and intrinsic description of Hn.

Based on the strategy introduced in [18], a mollification with respect to the spatial variables of the
transport equation produces the appearance of a commutator Cε, due to the fact that mollification and
divergence do not commute:

(1.2) Bτuε ´ xb,∇uεy ` cuε “ Cε in p´8, τ̄q ˆ Hn.

The main ingredient of the well-posedness of (1.1), linked to various degrees of regularity of the components
of b and its very structure, is the proof of strong L1

loc vanishing of the commutators as ε Œ 0. When
this is the case, distributional solutions to (1.1) are stable with respect to composition with suitable test
functions, i.e. are renormalizable in the sense of [18]. In turn, under appropriate integrability conditions on
b, the renormalization property grants the well-posedness of (1.1). In the present paper, we are interested
in (possibly time-dependent) velocity fields with horizontal Sobolev regularity. Differently from [18],
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where convergence of the commutators follows essentially by a characterization of Sobolev functions in
terms of their first-order difference quotients, in our context we have to face one more non-commutativity
aspect, due to the very geometry of Hn. Indeed, the vector fields Z1, . . . , Z2n`1 “ X1, . . . , Xn, Y1, . . . , Yn, T
representing the natural basis of the Lie algebra of Hn have non-trivial commuting relations. Nevertheless,
this lack of commutativity can be balanced when bpτ, ¨q is a contact vector field and, in particular, it
possesses the structure in (1.3) below.

Contact vector fields in Heisenberg groups and, more generally, in contact manifolds have been exten-
sively studied, see e.g. [26, 27, 31]. Contact vector fields appear naturally in the theory: in fact, for a
(smooth) vector field b in Hn the following conditions are equivalent:

(i) the flow associated to b is Lipschitz continuous with respect to the Carnot-Carathéodory metric
on Hn;

(ii) the differential of the associated flow preserves the horizontal distribution, i.e., the subbundle
linearly generated by X1, . . . , Xn, Y1, . . . Yn;

(iii) the commutator (Lie bracket) between b and any horizontal vector field is horizontal;
(iv) there exists for b a “generating” function ψ on Hn, i.e., a function such that

(1.3) b “

n
ÿ

j“1

pYjψXj ´XjψYjq ´ 4ψT.

It is the characterization in (iv) that is relevant for our purposes: in fact, we are able to prove the
well-posedness of (1.1) for vector fields bpτ, ¨q possessing the particular structure (1.3) and where the

generating function ψpτ, ¨q lies in the second-order horizontal Sobolev space W 2,s
H pHnq. When we try to

read in Euclidean terms such a regularity for bpτ, ¨q, we see that we are asking less regularity with respect

to the horizontal components, as Xjψ and Yjψ are only in the horizontal Sobolev space W 1,s
H pHnq, while

asking more only on the vertical component, proportional to ψ. Notice that vector fields with different
degrees of regularity with respect to different components are not new in the well-posedness literature for
(1.1). We mention, for instance, those in [28] of the form pb1px1q,b2px1, x2qq, with b2 only measurable
with respect to x1, but see also [14, 10]. However, in these papers, the commutation of the derivatives
with respect to x1 and x2 plays a role in the proof of the strong convergence of suitable commutators.

As a matter of fact, the L1
loc-convergence of Cε seems to rely on a genuinely structural phenomenon.

Indeed, the specific form (1.3) of contact vector fields yields certain fine cancelations needed in the proof.
Accordingly, the multiplicative factor of the vertical component is not a mere conventional choice, but
significantly falls within this scheme. This highlights the distinguished role of contact vector fields, as
similar cancellations seem not to be available for more general classes, neither natural (e.g., b being
horizontal) nor more exotic (e.g., b being in the linear span of the right-invariant horizontal subbundle).

Our approach is structured as follows. Section 2 provides all calculus tools in Hn needed in this paper,
including horizontal Sobolev spaces and the presentation of contact vector fields bpτ, ¨q as in (1.3). Even
though some computations are done in coordinates, we adopt an intrinsic notation for most of the objects
involved, also bearing in mind potential extensions of our results to more general classes of sub-Riemannian
spaces.

Section 3 provides the main analytic results regarding convergence of difference quotients in first and
second-order horizontal Sobolev spaces. Indeed, while first-order difference quotients suffice to deal with
velocity fields with Euclidean Sobolev regularity, the non-commutativity structure of Hn generates second-
order remainders. In turn, the contact structure of b allows to handle them via convergence of second-order
difference quotients of the vertical component of b. We address the convergence of difference quotients
by a separate study of the horizontal and vertical contributions. Precisely, denote by wH and w2n`1 the
horizontal and vertical component of w “ pwH, w2n`1q. We are interested in difference quotients with
respect to the intrinsic structure of Hn. Accordingly, ¨ denotes its group law, while pδεqεą0 denotes its

natural, anisotropic, homogeneous structure. If f P W 1,s
H , we show that

fpp ¨ δεpwH, 0qq ´ fppq

ε
Ls

ÝÝÝÑ
εŒ0

@

∇Hfppq, wH
D

,
fpp ¨ δεp0, w2n`1qq ´ fppq

ε
Ls

ÝÝÝÑ
εŒ0

0.
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Instead, if f P W 2,s
H , we show that

fpp ¨ δεpwH, 0qq ´ fppq ´ ε
@

∇Hfppq, wH
D

ε2
Ls

ÝÝÝÑ
εŒ0

1

2

@

∇2,HfppqwH, wH
D

and
fpp ¨ δεp0, w2n`1qq ´ fppq

ε2
Ls

ÝÝÝÑ
εŒ0

w2n`1Tfppq.

With a perturbative argument, these results can be used to obtain a crucial Taylor expansion (still in
Ls-sense) in Theorem 3.5:

(1.4)
fpp ¨ δεpwqq ´ fppq ´ ε

@

∇Hfppq, wH
D

ε2
Ls

ÝÝÝÑ
εŒ0

1

2

@

∇2,HfppqwH, wH
D

` w2n`1Tfppq.

Section 4 uses this expansion to prove the strong L1
loc-convergence of commutators Cϵ in (1.2); we

emphasize once again that this computation uses in an essential way the cancellations provided by the
special structure of b in (1.3). More precisely, Cϵ admits an integral representation which splits into
two components: one depending on the reaction term c, the other depending on the velocity field b (cf.
Proposition 4.9). If the former can be managed by a standard procedure, the latter needs to be handled
by a careful combination of the special structure of b provided by (1.3) and the Taylor expansion (1.4).
Denote by b1, . . . , b2n the horizontal components of b, and by b2n`1 its vertical component. Beside the
first-order, horizontal contribution

(1.5)
2n
ÿ

j“1

ż

Hn

bjpp ¨ δεpwqq ´ bjppq

ε
upp ¨ δεpwqqZjϱpwq dw

reminiscent of its Euclidean counterpart, the contact structure of b crucially intervenes to put in evidence
the second-order, vertical correction

(1.6)

ż

Hn

b2n`1pp ¨ δεpwqq ´ b2n`1ppq ´ ε
@

∇Hb2n`1ppq, wH
D

ε2
upp ¨ δεpwqqTϱpwq dw,

because it grants the vanishing of the the remainder

ż

Hn

@

∇Hb2n`1ppq ` 4Jpbppqq, δεpwq
D

ε2
upp ¨ δεpwqqTϱpwq dw.

In the above formula, J is a suitable ninety-degrees rotation also known as complex structure(see (2.4)).
Convergence of (1.5) and (1.6) is then ensured by (1.4).

Once convergence of commutators has been ensured, the consequences at the level of well-posedness
of the transport equation are obtained following the path of [18], with essentially no modification, under
natural growth conditions on u, b and its spatial divergence, see Theorem 4.6 and Theorem 4.7.

In Section 5 we derive for the sake of illustration some consequences of the renormalization property,
namely the existence of renormalized solutions to the continuity equation for arbitrary measurable initial
data (based on [18]) and the existence and the uniqueness of Regular Lagrangian Flows in Hn, see
Definition 5.3 (based on [1], under one-sided L8 bounds on the spatial divergence of b).

Section 6 provides, on the basis of the functional analytic argument of Lemma 6.1 and the use of highly
oscillating test functions, the proof of the density in W 2,s

H pHnq of generators of contact vector fields whose
horizontal components do not belong to BV pR2n`1q. It follows that our result cannot be deduced from
[18] or [1]. We believe that similar arguments can be used to rule out the use of other regularity classes
of Euclidean vector fields considered in the literature. In the end of the section we compare our approach
with that of [7], where well-posedness results have been obtained in a large class of metric measure spaces
pX, d, µq, including Riemannian manifolds and the RCDpK,8q metric measure spaces of [4]. It seems
that, while the setting of [7] rules out non-horizontal vector fields, the estimate on the symmetrized
derivative Dsym b (see (6.8)) introduced in [7] requires a non-horizontal structure. We believe that the
conciliation of these two techniques requires further investigations and we leave them for the future.
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2. Preliminaries

2.1. Main notation. We write 8 “ `8. If τ̄ P p0,8s, the notation r0, τ̄ s stays for the usual closed
interval if τ̄ ă 8 or r0,8q if τ̄ “ 8. Given open sets A,Ω, when A is a compact subset of Ω, we write
A Ť Ω. We denote by x¨, ¨yRN and by | ¨ |RN the Euclidean scalar product and its induced norm. If
s P r1,8s, we denote its Hölder conjugate by s1 P r1,8s, i.e., 1

s ` 1
s1 “ 1. Given a real-valued function

f , we denote its support by supppfq. If f is differentiable at a point q in its domain, we denote by dfq
its differential at q. We denote either by LN or by | ¨ | the N -dimensional Lebesgue measure. If µ is a
measure and f is a µ-measurable function, we denote the associated push-forward measure by f#µ.

2.2. Heisenberg groups. Fix n P Nzt0u, and set N :“ 2n ` 1. We endow RN with the (non-abelian)
group law

¨

˝

x
y
t

˛

‚¨

¨

˝

x1

y1

t1

˛

‚“

¨

˝

x` x1

y ` y1

t` t1 ` 2
řn

j“1px1
jyj ´ xjy

1
jq

˛

‚ for every px, y, tq, px1, y1, t1q P Rn ˆ Rn ˆ R.

In this way, pRN , ¨q is (the most relevant instance of) a stratified Lie group (see [11]), known as n-th
Heisenberg group and denoted from now on by Hn. Observe that the identity element is 0 and the inverse
of p P Hn is p´1 “ ´p. Given w “ pw1, . . . , wN q “ px, y, tq P Hn, we may adopt the notation

wH “ pw1, . . . , w2nq “ px, yq P Rn ˆ Rn, |wH| “

b

w2
1 ` . . .` w2

2n.

We may also write

xjpwq “ wj , yjpwq “ wj`n for every j “ 1, . . . , 2n.

The left and right translations are, respectively, defined by

Lqppq “ q ¨ p, Rqppq “ p ¨ q for every p, q P Hn.

A basis of the Lie algebra of left-invariant vector fields is given by

Xjppq “ pdLpq0

`

Bxj

˘

“ Bxj ` 2yjBt,

Yjppq “ pdLpq0

`

Byj

˘

“ Byj ´ 2xjBt,

T ppq “ pdLpq0 pBtq “ Bt

for every j “ 1, . . . , n, p “ px, y, tq P Hn.

Observe that the only nonzero commutators are

(2.1) rYj , Xjs “ 4T for every j “ 1, . . . , n.

Because of (2.1), the horizontal distribution H, defined by

Hp “ spanpX1ppq, . . . , Xnppq, Y1ppq, . . . , Ynppqq for every p P Hn,

satisfies the so-called Hörmander condition (see [11]). We endow Hn with the unique left-invariant Rie-
mannian metric x¨, ¨y that makes this basis orthonormal. We may also write

Zj “ Xj , Zj`n “ Yj , ZN “ T for every j “ 1, . . . , n.

Denoting by XpHnq the class of locally integrable vector fields in Hn, any b P XpHnq can be canonically

written as
řN

j“1 bjZj and xb,b1y “
řN

j“1 bjb
1
j . Accordingly, with respect to this basis, the intrinsic gradient

of a function f (with suitable regularity) is denoted by

∇f “ pX1f, . . . ,Xnf, Y1f, . . . , Ynf, Tfq,

while occasionally we denote by ∇RN
f the gradient with respect to the Euclidean structure. The Rie-

mannian measure induced by x¨, ¨y coincides with the Lebesgue measure LN . Accordingly, the divergence
of a vector field b, defined by the formula

ż

Hn

dφpbq dp “ ´

ż

Hn

φ divb dp for every φ P C8
c pHnq,

coincides with the Euclidean divergence. Moreover,

div

˜

N
ÿ

j“1

bjZj

¸

“

N
ÿ

j“1

Zjbj .



RENORMALIZATION OF CONTACT VECTOR FIELDS IN Hn 5

In addition, if u is a smooth function and b P XpHnq, one has

(2.2)
A

∇RN
u,b

E

RN
“ dupbq “ x∇u,by .

By the above considerations, the transport equation can be equivalently formulated owing to the Rie-
mannian structure that we have fixed. The horizontal gradient and the horizontal Hessian (see [11]) are,
respectively, defined by

∇Hf “ pX1f, . . . ,Xnf, Y1f, . . . , Ynfq,
`

∇2,Hf
˘

ij
“ ZiZjf for every i, j “ 1, . . . , 2n.

We will also consider the right-invariant vector fields

Xr
j ppq “ Zr

j ppq “ pdRpq0

`

Bxj

˘

“ Xjppq ´ 4yjT ppq,

Y r
j ppq “ Zr

n`jppq “ pdRpq0

`

Byj

˘

“ Yjppq ` 4xjT ppq,

T rppq “ Zr
N ppq “ pdRpq0 pBtq “ T ppq

for j “ 1, . . . , n, p “ px, y, tq P Hn.(2.3)

Left-invariant vector fields are complete (see [29, Theorem 9.18]). Accordingly, if Z is a left-invariant
vector field and γ is its integral curve starting from 0, we set

exppZq “ γp1q.

We endow Hn with a homogeneous structure provided by intrinsic dilations (see [11]). Namely, we set

δλpx, y, tq “ pλx, λy, λ2tq for every λ ě 0, px, y, tq P Hn.

In this way, δλ is a Lie group isomorphism of Hn for any λ ą 0. Moreover, we will exploit the complex
structure J : Hn Ñ Hn (cf. [15]) defined by

(2.4) Jpx, y, tq “ p´y, x, 0q for every px, y, tq P Hn.

It is easy to see that

JpJpwqq “ p´wH, 0q,

xJpwq, zy “ ´xw,Jpzqy
for every w, z P Hn.(2.5)

We equip Hn with the so-called Carnot-Carathéodory distance d (see [34]). We recall that, given p, q P Hn,

dpp, qq “ inf

"
ż 1

0

a

x 9γ, 9γy dτ : γ : r0, 1s Ñ Hn is absolutely continuous, horizontal, γp0q “ p, γp1q “ q

*

,

where an absolutely continuous curve is horizontal if 9γpτq P Hγpτq for a.e. τ . The Carnot-Carathéodory
distance is compatible both with the group structure and the homogeneous structure, namely

dpw ¨ p, w ¨ qq “ dpp, qq,

dpδλppq, δλpqqq “ λdpp, qq
for every p, q, w P Hn, λ ą 0.(2.6)

We indicate by

Bpp, rq “ tq P Hn : dpp, qq ă ru

the open ball with center p P Hn and radius r ą 0. We denote by Lippfq the Lipschitz constant of
f : Hn Ñ R with respect to d. The Lebesgue measure | ¨ |Hn is both a left and a right Haar measure of
pHn, ¨q (see [34]). In particular,

|LppEq| “ |E|,
|RppEq| “ |E|

for every E Ď Hn measurable, p P Hn.(2.7)

Moreover,

(2.8) |δλpEq| “ λQ|E| for every E Ď Hn measurable, λ ě 0,

where Q :“ 2n ` 2 is known as homogeneous dimension of pHn, ¨q (see [34]). Left and right-invariant
vector fields are related by the inversion map as follows.

Lemma 2.1. Define ι : Hn Ñ Hn by ιpqq “ q´1. Then

(2.9) Zjpφ ˝ ιq “ ´Zr
jφ ˝ ι for every φ P C1pHnq, j “ 1, . . . , N.

In particular, if φ “ φ ˝ ι, then Zjφ “ ´Zr
jφ ˝ ι.
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Proof. For every q P Hn, the identity ι ˝ Lq “ Rq´1 ˝ ι holds. Differentiating it at 0,

dιqppdLqq0pZjp0qq “ pdRq´1q0pdι0pZjp0qq,

that is, thanks to the left-invariance of Zj and the fact that ´dι is the identity map,

(2.10) dιqpZjpqqq “ ´pdRq´1q0pZjp0qq “ ´Zr
j

`

q´1
˘

.

Therefore,

Zjpφ ˝ ιqpqq “ dφq´1pdιqpZjpqqqq
(2.10)

“ ´dφq´1

`

Zr
j

`

q´1
˘˘

“ ´Zr
jφ

`

q´1
˘

“ ´pZr
jφ ˝ ιqpqq,

which is the thesis. □

We recall that right translations are continuous in LspHnq.

Lemma 2.2. Let s P r1,8q and f P LspHnq. Then limqÑ0∥f ˝Rq ´ f∥LspHnq
“ 0.

Proof. The family of linear operators tf ˝Rq ´fuqPHn is uniformly bounded in LspHnq due to (2.7). Since
they converge to 0 as q Ñ 0 when f P CcpHnq, the density of CcpHnq in LspHnq grants that the same
property holds for any f P LspHnq. □

A similar property holds for left translations, with the same proof. In the sequel many other convergence
results, in Sobolev classes, will be achieved by a similar functional analytic argument.

2.3. Group convolution. For an account on group convolution, we refer to [21]. Given f, g P L1
locpHnq,

their group convolution f ˚ g is defined by

pf ˚ gqppq :“

ż

Hn

fpqqg
`

q´1 ¨ p
˘

dq
(2.7)
“

ż

Hn

f
`

p ¨ q´1
˘

gpqq dq for every p P Hn,

provided that the integrals converge. If the domain of f and g is an arbitrary open set Ω Ď Hn, we extend
them to be 0 outside Ω, and f ˚ g is still well-defined. If in addition g P C1pHnq,

Zpf ˚ gq “ f ˚ Zg if Z is left-invariant,(2.11)

since f ˚g can be viewed as the superposition, weighted by f , of left translations of g. In order to introduce
group mollification, we fix a mollifier ϱ P C8

c pHnq such that

(2.12) ϱ ě 0, ϱppq “ ϱ
`

p´1
˘

,

ż

Hn

ϱ dp “ 1 and supppϱq Ď Bp0, 1q.

For every ε ą 0, set

(2.13) ϱεppq “
1

εQ
ϱ
´

δ 1
ε
ppq

¯

for every p P Hn.

Notice that

Zr
j ϱεppq “

1

εQ`1
Zr
j ϱ

´

δ 1
ε
ppq

¯

for every j “ 1, . . . , 2n, p P Hn,

Tϱεppq “
1

εQ`2
Tϱ

´

δ 1
ε
ppq

¯

for every p P Hn,

(2.14)

and analogous formulas hold for every Zj . The following proposition collects standard convergence prop-
erties of group mollification.

Proposition 2.3. Let s P r1,8q. Let u P LspHnq and set uε “ u ˚ ϱε for every ε ą 0. Then

∥u ˚ ϱε∥LspHnq ď ∥u∥LspHnq for every ε ą 0.(2.15)

Moreover, uε
Ls

ÝÑ u as ε Œ 0.

If F is a distribution acting on C8
c pr0, τ̄q ˆ Hnq and ϱ P C8

c pHnq, we define the spatial group convolution
of F by ϱ by

(2.16) xF ˚ ϱ, φy :“ xF , φ ˚ ϱ̌y for every φ P C8
c pr0, τ̄q ˆ Hnq,

where ϱ̌ppq :“ ϱ
`

p´1
˘

, so that

pφ ˚ ϱ̌q pτ, pq “

ż

Hn

φpτ, qqϱ̌
`

q´1 ¨ p
˘

dq “

ż

Hn

φpτ, qqϱ
`

p´1 ¨ q
˘

dq for every pτ, pq P r0, τ̄q ˆ Hn.
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2.4. Horizontal Sobolev spaces and contact vector fields. As pointed out in the introduction, we
will consider vector fields b P XpHnq with horizontal Sobolev regularity. To this end, fix an open subset
Ω Ď Hn and u P L1

locpΩq. If j “ 1, . . . , 2n, we define the distribution Zju by

xZju, φy “ ´

ż

Ω
uZjφdp for every φ P C8

c pΩq.

If s P r1,8s, we define the horizontal Sobolev space W 1,s
H pΩq by

W 1,s
H pΩq :“ tu P LspΩq : Zju P LspΩq for every j “ 1, . . . , 2nu.

The spaces W 1,s
H,locpΩq and W k,s

H pΩq, for k “ 2, 3, . . ., are defined accordingly. It is well-known (see [21])

that the vector space W k,s
H pΩq, endowed with the norm

}u}
Wk,s

H pΩq
:“ }u}LspΩq `

2n
ÿ

j“1

}Zju}LspΩq ` ¨ ¨ ¨ `

2n
ÿ

j1,...,jk“1

}Zj1 ¨ ¨ ¨Zjku}LspΩq,

is a Banach space for every 1 ď s ď 8 and k P Nzt0u, reflexive when 1 ă s ă 8.
The following Meyers-Serrin type approximation result holds (cf. [23], and cf. [22] when k “ 1).

Theorem 2.4. Let Ω Ď Hn be an open set. Let k P Nzt0u and s P r1,8q. Let u P W k,s
H pΩq. There exists

a sequence tuhuhPN Ď C8pΩq XW k,s
H pΩq such that

lim
hÑ8

}uh ´ u}
Wk,s

H pΩq
“ 0.

The commutation relation (2.1) holds as well in the horizontal Sobolev setting.

Lemma 2.5. Let Ω Ď Hn be an open subset. Let s P r1,8s. Then W 2,s
H pΩq Ď W 1,spΩq, and

Tu “
1

4
pYjXj ´XjYjqu for every u P W 2,s

H pΩq, j “ 1, . . . , n.

Proof. Let φ P C8
c pΩq. Let j “ 1, . . . , n. It suffices to notice that

ż

Ω
uTφdp “

1

4

ż

Ω
u pYjXjφ´XjYjφq dp “

1

4

ż

Ω
pXjYju´ YjXjuqφdp “ ´

ż

Ω

1

4
pYjXj ´XjYjquφdp.

The thesis follows. □

We employ horizontal Sobolev spaces to introduce vector fields with horizontal Sobolev regularity. We
recall that a smooth vector field b P XpHnq is called a contact vector field if its flow preserves the horizontal
distribution H (see [27]). In this case, b admits an explicit representation in terms of a smooth generating
function ψ, namely

(2.17) b “ ´4ψT `

n
ÿ

j“1

pYjψXj ´XjψYjq “ ´4ψT ´ J
`

∇Hψ
˘

,

where in the second equality we extended the action of J in (2.4) also to gradients. Therefore, it makes
sense to define contact vector fields with horizontal Sobolev regularity as those representable by a gener-
ating function ψ P W 2,s

H pHnq for some s P r1,8s according to (2.17). In this way, Lemma 2.5 implies that

bN P W 1,spRN q. In particular, owing again to Lemma 2.5, it is easy to verify that

divb “ ´4pn` 1qTψ P LspHnq.

3. Convergence of difference quotients

In this section we study the asymptotic behavior of difference quotients of horizontal Sobolev func-
tions. However, differently e.g. from [13], we consider difference quotients along intrinsically dilated left
translations rather than along horizontal flows. This fact requires to carefully deal with suitable vertical
remainders, as it will be clearer in a while. These results will be fundamental in order to prove the
regularization property of the next section. Along this section, Ω is a fixed open set in Hn. We begin by
recalling the first and second-order behavior of smooth functions along dilated left translations.
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Lemma 3.1. Let f P C8pΩq. Let p P Ω, τ ą 0 and w P Hn. Assume that p ¨ δτ pwq P Ω. Then

(3.1)
dpfpp ¨ δτ pwqqq

dτ
“
@

∇Hfpp ¨ δτ pwqq, wH
D

` 2τwNTfpp ¨ δτ pwqq

and

d2pfpp ¨ δτ pwqqq

dτ2
“
@

∇2,Hfpp ¨ δτ pwqqwH, wH
D

` 2wNTfpp ¨ δτ pwqq

` 4τwN

@

∇HTfpp ¨ δτ pwqq, wH
D

` 4τ2w2
NTTfpp ¨ δτ pwqq.

(3.2)

Proof. Observe that, for every τ ą 0,

dpδτ pwqq

dτ
“

2n
ÿ

i“1

wiZipδτ pwqq ` 2τwNT pδτ pwqq.

Hence, setting γpτq “ p ¨ δτ pwq “ Lppδτ pwqq for every τ ą 0, we obtain, by left-invariance,

9γpτq “ pdLpqδτ pwq

ˆ

dpδτ pwqq

dτ

˙

“

2n
ÿ

i“1

wi pdLpqδτ pwq
pZipδτ pwqqq ` 2τwN pdLpqδτ pwq

pT pδτ pwqqq

“

2n
ÿ

i“1

wiZipγpτqq ` 2τwNT pγpτqq.

Having this, the two formulas follow from a direct computation. First,

dpfpp ¨ δτ pwqqq

dτ
“

2n
ÿ

i“1

Zifpp ¨ δτ pwqqwi ` 2τTfpp ¨ δτ pwqqwN

“
@

∇Hfpp ¨ δτ pwqq, wH
D

` 2τwNTfpp ¨ δτ pwqq.

Furthermore,

d2pfpp ¨ δτ pwqqq

dτ2
“

2n
ÿ

i,j“1

ZjZifpp ¨ δτ pwqqwiwj ` 2τ
2n
ÿ

i“1

TZifpp ¨ δτ pwqqwiwN

` 2Tfpp ¨ δτ pwqqwN ` 2τwN

2n
ÿ

i“1

ZiTfpp ¨ δτ pwqqwi ` 4τ2w2
NTTfpp ¨ δτ pwqq

“
@

∇2,Hfpp ¨ δτ pwqqwH, wH
D

` 2wNTfpp ¨ δτ pwqq

` 4τwN

@

∇HTfpp ¨ δτ pwqq, wH
D

` 4τ2w2
NTTfpp ¨ δτ pwqq.

□

The next result shows that vertical difference quotients disappear in the limit.

Lemma 3.2. Let s P r1,8q and let f P W 1,s
H pΩq. Let A Ď Ω be open and such that distpA, BΩq ą 0. Then

(3.3)
LspAq

lim
εŒ0

fpp ¨ δεpwqq ´ fpp ¨ δεpwHqq

ε
“ 0 for every w P Hn.

In addition, if w P Hn and ε ą 0 satisfy

(3.4) ε
´

|wH| ` 2
a

|wN |

¯

ă distpA, BΩq,

one has

(3.5)

›

›

›

›

fpp ¨ δεpwqq ´ fpp ¨ δεpwHqq

ε

›

›

›

›

LspAq

ď 2
a

|wN |
›

›∇Hf
›

›

LspΩq
.

Proof. It is sufficient to show that both properties hold when f P C8pΩq XW 1,s
H pΩq: indeed, if this holds,

then (3.5) extends to all f P W 1,s
H pΩq thanks to Theorem 2.4 (notice that the argument of the limit on

the left hand side of (3.3) is Ls-continuous when ε is fixed). Then, the operators in the left hand side

result uniformly bounded in W 1,s
H pΩq, and from the density of C8pΩq XW 1,s

H pΩq in W 1,s
H pΩq one obtains
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the validity of (3.3). Fix f P C8pΩq XW 1,s
H pΩq. Fix p P A. If wN “ 0, there is nothing to prove. Assume

that wN ą 0. Assume that ε ą 0 satisfies (3.4). By definition of d, d pp, p ¨ δεpwHqq ď ε|wH|, whence
p ¨δεpwHq P Ω by (3.4). We exhibit a horizontal curve joining p ¨δεpwHq and p ¨δεpwq: start from p ¨δεpwHq,
follow the flow of Y1 and then, in order, those of X1, ´Y1 and ´X1, with time τ̃ “ ε

2

?
wN at each step.

By the Baker-Campbell-Hausdorff formula (cf. [36]),

exppτ̃Y1q ¨ exppτ̃X1q ¨ expp´τ̃Y1q ¨ expp´τ̃X1q

“ exp

ˆ

τ̃Y1 ` τ̃X1 `
τ̃2

2
rY1, X1s

˙

¨ exp

ˆ

´τ̃Y1 ´ τ̃X1 `
τ̃2

2
rY1, X1s

˙

“ exppτ̃2rY1, X1sq

“ exppε2wNT q.

The case wN ă 0 could be handled similarly. In particular, if q is any point along the above curve,

dpp, qq ď dpp, p ¨ δεpwHqq ` dpp ¨ δεpwHq, qq ď ε
´

|wH| ` 2
a

|wN |

¯

,

whence q P Ω by (3.4). Set

w̄0 “ δεpwHq,

w̄1 “ w̄0 ¨ exppτ̃Y1q,

w̄2 “ w̄1 ¨ exppτ̃X1q,

w̄3 “ w̄2 ¨ expp´τ̃Y1q,

w̄4 “ w̄3 ¨ expp´τ̃X1q “ δεpwq.

Then

fpp ¨ δεpwqq ´ fpp ¨ δεpwHqq “ rfpp ¨ w̄4q ´ fpp ¨ w̄3q ` fpp ¨ w̄2q ´ fpp ¨ w̄1qs

` rfpp ¨ w̄3q ´ fpp ¨ w̄2q ` fpp ¨ w̄1q ´ fpp ¨ w̄0qs

“

ż τ̃

0
r´X1fpp ¨ w̄3 ¨ expp´τX1qq `X1fpp ¨ w̄1 ¨ exppτX1qqs dτ

`

ż τ̃

0
r´Y1fpp ¨ w̄2 ¨ expp´τY1qq ` Y1fpp ¨ w̄0 ¨ exppτY1qqs dτ.

Computing the Ls-norm, Minkowski’s integral inequality (cf. [30, Corollary B.83]) implies

ˆ
ż

A
|fpp ¨ δεpwqq ´ fpp ¨ δεpwHqq|s dp

˙
1
s

ď

ż τ̃

0

ˆ
ż

A
|X1fpp ¨ w̄3 ¨ expp´τX1qq ´X1fpp ¨ w̄1 ¨ exppτX1qq|s dp

˙
1
s

dτ

`

ż τ̃

0

ˆ
ż

A
|Y1fpp ¨ w̄2 ¨ expp´τY1qq ´ Y1fpp ¨ w̄0 ¨ exppτY1qq|s dp

˙
1
s

dτ.

(3.6)

Dividing (3.6) by ε, since τ̃ “ Opεq and f P C8pΩq XW 1,s
H pΩq, Lemma 2.2 implies (3.3). In order to prove

(3.5), just use the invariance of LN under right translations and the explicit formula of τ̃ . The thesis
follows. □

We are ready to prove the main convergence results for first-order difference quotients.

Theorem 3.3. Let s P r1,8q and let Ω Ď Hn be open. Let f P W 1,s
H pΩq. Let A Ď Ω be open and such

that distpA, BΩq ą 0. Then

(3.7)
LspAq

lim
εŒ0

fpp ¨ δεpwqq ´ fppq

ε
“
@

∇Hfppq, wH
D

for every w P Hn.

In addition, if ε ą 0 and w P Hn satisfy (3.4), one has

(3.8)

›

›

›

›

fpp ¨ δεpwqq ´ fppq

ε

›

›

›

›

LspAq

ď p|wH| ` 2
?
wN q

›

›∇Hf
›

›

LspΩq
.
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Proof. As in the previous proof, it suffices to assume f P C8pΩq X W 1,s
H pΩq. If p P A and ε ą 0 satisfies

(3.4), one has

fpp ¨ δεpwHqq ´ fppq ´ ε
@

∇Hfppq, wH
D (3.1)

“

ż ε

0

“@

∇Hfpp ¨ δτ pwHqq, wH
D

´
@

∇Hfppq, wH
D‰

dτ.

Dividing by ε, computing the Ls-norm and using Minkowski’s integral inequality, we get

ˆ
ż

A

ˇ

ˇ

ˇ

ˇ

fpp ¨ δεpwHqq ´ fppq

ε
´
@

∇Hfppq, wH
D

ˇ

ˇ

ˇ

ˇ

s

dp

˙
1
s

ď
1

ε

ż ε

0

ˆ
ż

A

∣∣@∇Hfpp ¨ δτ pwHqq ´ ∇Hfppq, wH
D
∣∣s dp˙ 1

s

dτ.

(3.9)

By Lemma 2.2, this clearly implies (3.7). Then, (3.8) follows combining (3.5) with

(3.10)

›

›

›

›

fpp ¨ δεpwHqq ´ fppq

ε

›

›

›

›

LspAq

ď |wH|
›

›∇Hf
›

›

LspΩq
.

In turn, this inequality can be obtained from the same argument leading to (3.9), starting from

fpp ¨ δεpwHqq ´ fppq “

ż ε

0

@

∇Hfpp ¨ δτ pwHqq, wH
D

dτ

and using the invariance of LN under right translations. □

Next, we deal with second-order difference quotients. We first compute the contribution of vertical
difference quotients.

Lemma 3.4. Let s P r1,8q and let f P W 2,s
H pΩq. Let A Ď Ω be open and such that distpA, BΩq ą 0. Then

(3.11)
LspAq

lim
εŒ0

fpp ¨ δεpwqq ´ fpp ¨ δεpwHqq

ε2
“ wNTfppq for every w P Hn.

In addition, if ε ą 0 and w P Hn satisfy (3.4), one has

(3.12)

›

›

›

›

fpp ¨ δεpwqq ´ fpp ¨ δεpwHqq

ε2

›

›

›

›

LspAq

ď |wN |}Tf}LspΩq.

Proof. Again, it suffices to assume f P C8pΩq XW 2,s
H pΩq. We know that

(3.13) fpp ¨ δεpwqq ´ fpp ¨ δεpwHqq “ 2wN

ż ε

0
τTfpp ¨ δεpwHq ¨ δτ pexppwNT qqq dτ.

Hence,

fpp ¨ δεpwqq ´ fpp ¨ δεpwHqq

ε2
´ wNTfppq “

2wN

ε2

ż ε

0
τ rTfpp ¨ δεpwHq ¨ δτ pexppwNT qqq ´ Tfppqs dτ.

Computing the Ls-norm and applying Minkowski’s integral inequality, we obtain

ˆ
ż

A

ˇ

ˇ

ˇ

ˇ

fpp ¨ δεpwqq ´ fpp ¨ δεpwHqq

ε2
´ wNTfppq

ˇ

ˇ

ˇ

ˇ

s

dp

˙
1
s

ď
2|wN |
ε2

ż ε

0
τ

ˆ
ż

A
|Tfpp ¨ δεpwHq ¨ δτ pexppwNT qqq ´ Tfppq|s dp

˙
1
s

dτ.

(3.14)

This and Lemma 2.2 clearly imply (3.11). Then, (3.12) follows by the same argument leading to (3.14),
starting from (3.13) and using the invariance of LN under right translations. □

The next result describes the asymptotic behavior of second-order difference quotients.

Theorem 3.5. Let s P r1,8q and let Ω Ď Hn be open. Let f P W 2,s
H pΩq. Let A Ď Ω be open and such

that distpA, BΩq ą 0. Then

(3.15)
LspAq

lim
εŒ0

fpp ¨ δεpwqq ´ fppq ´ ε
@

∇Hfppq, wH
D

ε2
“

1

2

@

∇2,HfppqwH, wH
D

` wNTfppq
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for every w P Hn. In addition, if ε ą 0 and w P Hn satisfy (3.4), one has

(3.16)

›

›

›

›

›

fpp ¨ δεpwqq ´ fppq ´ ε
@

∇Hfppq, wH
D

ε2

›

›

›

›

›

LspAq

ď |wN |}Tf}LspΩq ` |wH|2
›

›∇H,2f
›

›

LspΩq
.

Proof. As customary, As we assume f P C8pΩq XW 2,s
H pΩq. Fix ε ą 0 such that (3.4) holds. One has

fpp ¨ δεpwHqq ´ fppq ´ ε
@

∇Hfppq, wH
D (3.2)

“

ż ε

0
pε´ τq

@

∇2,Hfpp ¨ δτ pwHqqwH, wH
D

dτ,

so that

fpp ¨ δεpwHqq´fppq ´ ε
@

∇Hfppq, wH
D

´
ε2

2

@

∇2,HfppqwH, wH
D

“

ż ε

0
pε´ τq

@“

∇2,Hfpp ¨ δτ pwHqq ´ ∇2,Hfppq
‰

wH, wH
D

dτ.

Dividing by ε2 and computing the Ls-norm we infer (as in the proof of Lemma 3.2)
˜

ż

A

ˇ

ˇ

ˇ

ˇ

ˇ

fpp ¨ δεpwHqq ´ fppq ´ ε
@

∇Hfppq, wH
D

ε2
´

1

2

@

∇2,HfkppqwH, wH
D

ˇ

ˇ

ˇ

ˇ

ˇ

s

dp

¸
1
s

ď
1

ε2

ż ε

0
pε´ τq

ˆ
ż

A

∣∣@“∇2,Hfpp ¨ δτ pwHqq ´ ∇2,Hfppq
‰

wH, wH
D∣∣s dp˙ 1

s

dτ

ď
|wH|2

ε

ż ε

0

ˆ
ż

A

∣∣∇2,Hfpp ¨ δτ pwHqq ´ ∇2,Hfppq
∣∣s dp˙ 1

s

dτ.

(3.17)

Therefore, (3.15) follows by Lemma 2.2 and by Lemma 3.4. In addition (3.12) and (3.17) grant (3.16). □

Finally, we address the case s “ 8. As in the Euclidean case, the uniform convergence of difference
quotients is in general false. However, it is still possible to prove their uniform boundedness. For instance,
fix f P W 1,8

H,locpR
N q and fix bounded open sets Ω Ď Hn and Ω̃ Ť Ω. By [24], f is Lipschitz continuous on

Ω with respect to d. Denoting its Lipschitz constant by Lippf,Ωq, there exists c1 “ c1pΩ̃q ą 0 such that

(3.18)

ˇ

ˇ

ˇ

ˇ

f pp ¨ δϵpwqq ´ fppq

ε

ˇ

ˇ

ˇ

ˇ

ď Lippf,Ωqdp0, wq for every p P Ω̃, w P Bp0, 1q, 0 ă ε ă c1.

Similar bounds hold for second-order difference quotients. For instance, in the following we may exploit
the following result.

Theorem 3.6. Let f P W 2,8
H,locpH

nq. Let Ω Ď Hn be a bounded open set. Let R “ RpΩq ą 0 be such that

Ω Ť Bp0, Rq. Then there exists c1 “ c1pΩq ą 0 such that
ˇ

ˇ

ˇ

ˇ

ˇ

fpp ¨ δεpwqq ´ fppq ´ ε
@

∇Hfppq, wH
D

ε2

ˇ

ˇ

ˇ

ˇ

ˇ

ď Lip
`

∇Hf,Bp0, R ` c1q
˘

dp0, wq2

for every p P Ω, w P Bp0, 1q, 0 ă ε ă c1.

Proof. Fix w P Bp0, 1q. Since Ω Ť Bp0, Rq, there exists c1 “ c1pΩq ą 0 such that p ¨ δεpwq P Bp0, Rq for
every p P Ω and every 0 ă ε ă c1. Let γ : r0, 1s Ñ Hn be an absolutely continuous, horizontal curve such
that γp0q “ p, γp1q “ p ¨ δεpwq and

(3.19) dpp, p ¨ δεpwqq “

ż 1

0

a

x 9γpτq, 9γpτqy dτ.

The existence of such a curve is ensured e.g. by [34, Theorem 2.13]. Since f P W 2,8
H,locpH

nq, then f P CpHnq

and Zjf P CpHnq for any j “ 1, . . . , 2n (cf. [24]). In particular, by [33, Proposition 2.6],

fpp ¨ δεpwqq ´ fppq “

ż 1

0

@

∇Hfpγpτqq, 9γpτq
D

dτ.

Moreover,
ż 1

0

@

∇Hfppq, 9γpτq
D

dτ “

2n
ÿ

j“1

Zjfppq

ż 1

0
9γjpτq dτ “

2n
ÿ

j“1

Zjfppqppj ` εwj ´ pjq “ ε
@

∇Hfppq, wH

D

,
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whence

fpp ¨ δεpwqq ´ fppq ´ ε
@

∇Hfppq, wH

D

“

ż 1

0

@

∇Hfpγpτqq ´ ∇Hfppq, 9γpτq
D

dτ.

Notice that γpτq P Bp0, R ` c1q for any τ P p0, 1q. Indeed, being γ length-minimizing by (3.19),

dp0, γpτqq ď dp0, pq ` dpp, γpτqq ď dp0, pq ` dpp, p ¨ δεpwqq ă R ` εdp0, wq ă R ` c1.

Hence, since ∇Hf is Lipschitz continuous on Bp0, R ` c1q and γ is length-minimizing,
ż 1

0

@

∇Hfpγpτqq ´ ∇Hfppq, 9γpτq
D

dτ ď Lip
`

∇Hf,Bp0, R ` c1q
˘

ż 1

0
dpp, γpτqq| 9γpτq| dτ

ď Lip
`

∇Hf,Bp0, R ` c1q
˘

dpp, p ¨ δεpwqq

ż 1

0
| 9γ| dτ

(2.6)
“ Lip

`

∇Hf,Bp0, R ` c1q
˘

ε2dpw, 0q2,

which is the thesis. □

4. Distributional solutions are renormalizable

In this section we prove that contact velocity fields with horizontal Sobolev regularity enjoy the renor-
malization property.

4.1. Transport equation and distributional solutions. We begin by recalling some basic definitions
and properties of transport equations. If I Ď R is an open interval, we consider Borel functions u :
I ˆ Hn Ñ R up to L1`N -negligible sets. Inside this class, given τ̄ P p0,8s and α, β P r1,8s, we consider
(see [30]) the space Lα

`

0, τ̄ ;LβpHnq
˘

of those functions u such that

∥u∥Lαp0,τ̄ ;LβpHnqq “

$

’

’

&

’

’

%

ˆ
ż τ̄

0
∥up¨, τq∥αLβpHnq dτ

˙

1
α

if α P r1,8q

ess sup
τPp0,τ̄q

∥up¨, τq∥LβpHnq if α “ 8

is finite. Its local version Lα
´

0, τ̄ ;Lβ
locpH

nq

¯

is defined similarly. Moreover, we recall that when α “ β,

Lα p0, τ̄ ;LαpHnqq naturally identifies with Lα pp0, τ̄q ˆ Hnq. If b P XpHnq is a velocity field, c is a reaction
term and u0 is an initial condition, the Cauchy problem for the transport equation associated with b, c
and u0 reads formally as

(T )

$

&

%

Bu

Bτ
´ xb,∇uy ` cu “ 0 in p0, τ̄q ˆ Hn

up0, ¨q “ u0 in Hn.

The natural notion of solution to (T ) is that of distributional solution.

Definition 4.1 (Distributional solutions). Fix s P r1,8s and assume that

(4.1) b P L1
´

0, τ̄ ;Ls1

locpHn;Hnq

¯

, c,divb P L1
´

0, τ̄ ;Ls1

locpHnq

¯

, u0 P Ls
locpHnq.

We say that u P L8 p0, τ̄ ;Ls
locpHnqq (u P L8 pp0, τ̄q ˆ Hnq if s “ 8) is a distributional solution to (T ) if

xTu0,b,cpuq, φy :“ ´

ż

Hn

u0ppqφp0, pq dp`

ż τ̄

0

ż

Hn

u r´Bτφ` xb,∇φy ` pc` divbqφs dp dτ “ 0

for every φ P C8
c pr0, τ̄q ˆ Hnq.

Notice that, thanks to (4.1) and to the Ls ´ Ls1

duality, Definition 4.1 is well-posed. Existence of
solutions to (T ) is guaranteed, in great generality, by [18, Proposition II.1] (even though the result is
stated in Euclidean spaces, we may apply it thanks to (2.2) and the invariance of the divergence in the
Euclidean and Heisenberg structures).

Proposition 4.2. Let s P r1,8s and assume (4.1). Assume, in addition, that u0 P LspHnq and
#

c` 1
s div b P L1p0, τ̄ ;L8pHnqq if s P p1,8s

c,div b P L1p0, τ̄ ;L8pHnqq if s “ 1.

Then there exists a distributional solution u P L8 p0, τ̄ ;LspHnqq to (T ).
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The following simple remark will be crucial in the following (cf. for instance [16]).

Proposition 4.3. Let u P L8 p0, τ̄ ;Ls
locpHnqq be any distributional solution to (T ). Extend b, c, u to

p´8, τ̄q ˆ Hn by
(4.2)

bpτ, pq “

#

0 if τ ă 0

bpτ, pq otherwise,
cpτ, pq “

#

0 if τ ă 0

cpτ, pq otherwise,
upτ, pq “

#

u0ppq if τ ă 0

upτ, pq otherwise.

Then
Bτu´ xb,∇uy ` cu “ 0 in p´8, τ̄q ˆ Hn

in the sense of distributions, namely xTb,cpuq, φy “ 0 for every φ P C8
c pp´8, τ̄q ˆ Hnq, with

(4.3) xTb,cpuq, φy :“

ż τ̄

´8

ż

Hn

u r´Bτφ` xb,∇φy ` pc` divbqφs dp dτ.

Proof. Let φ P C8
c pp´8, τ̄q ˆ Hnq. Then

ż τ̄

´8

ż

Hn

ur´Bτφ`xb,∇φy ` pc` divbqφs dp dτ

(4.2)
“ ´

ż

Hn

u0ppq

ˆ
ż 0

´8

Bτφdτ

˙

dp`

ż τ̄

0

ż

Hn

u r´Bτφ` xb,∇φy ` pc` divbqφs dp dτ

“ ´

ż

Hn

u0ppqφp0, pqdp`

ż τ̄

0

ż

Hn

u r´Bτφ` xb,∇φy ` pc` divbqφs dp dτ

(T )
“ 0.

□

4.2. Renormalized solutions. Distributional solutions are in general not stable with respect to com-
position with test functions, not even in the divergence-free case, see for instance [17] for a beautiful
example. DiPerna-Lions’ notion of renormalized solution to (T ) formalizes such a property.

Definition 4.4 (Renormalized solutions). Let s P r1,8s and assume that (4.1) holds with u0 P LspHnq.
Then a function u P L8 p0, τ̄ ;LspHnqq is a renormalized solution to (T ) if, for every β P C1pRq with β1

bounded, the function βpuq is a distributional solution to

(4.4)

$

&

%

Bβpuq

Bτ
´ xb,∇βpuqy ` cuβ1puq “ 0 in p0, τ̄q ˆ Hn

βpuqp0, ¨q “ βpu0q in Hn,

namely if, for every φ P C8
c pr0, τ̄q ˆ Hnq ,

´

ż

Hn

βpu0qppqφp0, pq dp`

ż τ̄

0

ż

Hn

βpuq r´Bτφ` xb,∇φy ` divbφs ` cuβ1puqφdp dτ.

If s “ 8 the condition that β1 is bounded is not required.

Choosing β to be the identity map in Definition 4.4, it is clear that renormalized solutions are distri-
butional solutions. When the converse implication holds, b is said to enjoy the renormalization property.

Definition 4.5 (Renormalization property). Assume that b P XpHnq satisfies (4.1) with s “ 8. We say
that b has the renormalization property if bounded distributional solutions to (T ) with u0 P L8pHnq and
c P L1

locpr0, τ̄q ˆ Hnq are renormalized solutions.

The renormalization property of contact vector fields with horizontal Sobolev regularity will follow as
a corollary of the main result of the paper.

Theorem 4.6. Let s P r1,8s and u0 P LspHnq. Assume that b P L1 p0, τ̄ ;XpHnqq is a time-dependent

contact vector field, induced by ψ P L1
´

0, τ̄ ;W 2,s1

H pHnq

¯

according to (2.17). Then, if c P L1
locpr0, τ̄qˆHnq,

any distributional solution u P L8p0, τ̄ ;LspHnqq to (T ) is a renormalized solution. In particular, b has
the renormalization property.

As a consequence of Theorem 4.6 and Proposition 4.2, we get existence and uniqueness of distributional
solutions to (T ).
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Theorem 4.7. Let s P r1,8s, u0 P LspHnq and let b as in Theorem 4.6. Assume, in addition, that
c,divb P L1 p0, τ̄ ;L8pHnqq and that

(4.5)
|b|

1 ` dpp, 0q
P L1

`

0, τ̄ ;L1pHnq
˘

` L1 p0, τ̄ ;L8pHnqq ,

where |b| is the norm of b with respect to the Riemannian metric x¨, ¨y. Then there exists a unique
distributional solution u to (T ) in L8p0, τ̄ ;LspHnqq corresponding to the initial condition u0.

Remark 4.8. The integrability condition (4.5) is the natural adaptation to our framework, due to both
the Riemannian norm of b and the sub-Riemannian distance dpp, 0q, of the Euclidean growth assumption
imposed in [18]. Nevertheless, we stress that the latter would have worked as well in our setting: in that
case, the proof of Theorem 4.7 follows verbatim that of [18, Theorem II.2].

4.3. Regularization. As customary, the key step in the proof of the renormalization property consists in
showing that the spatial group mollification u˚ϱε of a distributional solution u to (T ) still satisfies (T ) up
to a remainder distribution, the so-called commutator Cε. As the latter admits an integral representation,
the main effort is to prove that this error tends to 0 not only in the sense of distributions, but actually in
L1
loc. We begin by providing an integral representation for the above-mentioned error term.

Proposition 4.9. For s P r1,8s, assume (4.1). Fix a distributional solution u P L8 p0, τ̄ ;LspHnqq to
(T ) and extend u,b, c to p´8, τ̄q as in (4.2). For every ε ą 0, let uε “ u ˚ ϱε be the spatial group
mollification of u by ϱε, with ϱε as in (2.13). Then, the distribution Tb,cpuεq in (4.3) is representable by
integration of the commutator Cε, namely

xTb,cpuεq, φy “

ż τ̄

´8

ż

Hn

φpτ, pqCεpτ, pq dp dτ for every φ P C8
c pp´8, τ̄q ˆ Hnq,

where Cε “ C 1
ε ` C 2

ε P L1
`

´8, τ̄ , L1
locpHnq

˘

is defined, for a.e. pτ, pq P p´8, τ̄q ˆ Hn, by

C 1
ε pτ, pq :“ ´ ppudivbq ˚ ϱεq pτ, pq ´

ż

Hn

u
`

τ, p ¨ q´1
˘

N
ÿ

j“1

“

bjpτ, pqZjϱεpqq ´ bj
`

τ, p ¨ q´1
˘

Zr
j ϱεpqq

‰

dq,

C 2
ε pτ, pq :“

ż

Hn

u
`

τ, p ¨ q´1
˘

ϱεpqq
“

cpτ, pq ´ c
`

τ, p ¨ q´1
˘‰

dq.

Proof. Fix φ P C8
c pp´8, τ̄q ˆ Hnq. Since u solves (T ), then u extended as in (4.2) solves (4.3) by

Proposition 4.3. Therefore,

(4.6) xTb,cpuq ˚ ϱε, φy
(2.16)

“ xTb,cpuq, φ ˚ ϱ̌εy “ 0.

Moreover, since uε is smooth in the spatial variable and Zj is left-invariant,

xTb,cpuεq, φy “ ´

ż τ̄

´8

ż

Hn

uεBτφdp dτ `

ż τ̄

´8

ż

Hn

φ r´xb,∇uεy ` cuεs dp dτ

“ ´

ż τ̄

´8

ż

Hn

uεBτφdp dτ `

ż τ̄

´8

ż

Hn

φ

«

´

N
ÿ

j“1

bj pu ˚ Zjϱεq ` cuε

ff

dp dτ.

(4.7)
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On the other hand, one has

0
(2.16),(4.6)

“ xTb,cpuq ˚ ϱε, φy

“ ´

ż τ̄

´8

ż

Hn

upτ, wq
d

dτ

ż

Hn

φpτ, pqϱ̌ε
`

p´1 ¨ w
˘

dp dw dτ

`

ż τ̄

´8

ż

Hn

upτ, wq

N
ÿ

j“1

bjpτ, wqZj pφ ˚ ϱ̌εq pτ, wq dw dτ

`

ż τ̄

´8

ż

Hn

ż

Hn

upτ, wqpc` divbqpτ, wqφpτ, pqϱε
`

w´1 ¨ p
˘

dp dw dτ

(2.11),(2.9)
“ ´

ż τ̄

´8

ż

Hn

uεpτ, pqBτφpτ, pqdp dτ ´

ż τ̄

´8

ż

Hn

upτ, wq

N
ÿ

j“1

bjpτ, wq

´

φ ˚ ~Zr
j ϱε

¯

pτ, wq dw dτ

`

ż τ̄

´8

ż

Hn

ż

Hn

upτ, wqpc` divbqpτ, wqφpτ, pqϱε
`

w´1 ¨ p
˘

dp dw dτ.

In particular, we can replace in (4.7) the term ´
şτ̄

´8

ş

Hn uεBτφdp dτ by the sum of two other terms
resulting from the previous identity to get

xTb,cpuεq, φy “ ´

ż τ̄

´8

ż

Hn

φpτ, pq

ż

Hn

upτ, wq

N
ÿ

j“1

bjpτ, pqZjϱε
`

w´1 ¨ p
˘

dw dp dτ

`

ż τ̄

´8

ż

Hn

φpτ, pq

ż

Hn

upτ, wq

N
ÿ

j“1

bjpτ, wqZr
j ϱε

`

w´1 ¨ p
˘

dw dp dτ

´

ż τ̄

´8

ż

Hn

φpτ, pq ppudivbq ˚ ϱεq pτ, pq dp dτ `

ż τ̄

´8

ż

Hn

φpτ, pq

ż

Hn

upτ, wqcpτ, pqϱε
`

w´1 ¨ p
˘

dw dp dτ

´

ż τ̄

´8

ż

Hn

φpτ, pq

ż

Hn

upτ, wqcpτ, wqϱε
`

w´1 ¨ p
˘

dw dp dτ.

Recalling (2.7), the thesis follows by the change of variables w ÞÑ p ¨ q´1. □

Next, we show that, when b has a contact structure, Cε Ñ 0 strongly in L1
`

´8, τ̄ , L1
locpHnq

˘

. We
stress that b is a time-dependent contact vector field if and only if its extension as in (4.2) is a contact
vector field (just choose ψpτ, ¨q ” 0 for τ ă 0).

Lemma 4.10. Let s P r1,8s, let b be a time-dependent contact vector field as in Theorem 4.6 and let

c P L1
´

0, τ̄ ;Ls1

locpHnq

¯

. For u P L8 p0, τ̄ ;Ls
locpHnqq, extend u,b, c to p´8, τ̄q ˆ Hn as in (4.2). Then

Cε Ñ 0 in L1
`

´8, τ̄ ;L1
locpHnq

˘

as ε Œ 0.

Proof. Since every argument will be carried out for τ fixed, without loss of generality we assume that u,
b and c do not depend on τ . We prove in two steps the local L1-convergence of C i

ε .

Step 1. Convergence of C 1
ε . For p P Hn one has

´C 1
ε ppq “ ppudivbq ˚ ϱεq ppq `

ż

Hn

u
`

p ¨ q´1
˘

N
ÿ

j“1

“

bjppqZjϱεpqq ´ bj
`

p ¨ q´1
˘

Zr
j ϱεpqq

‰

dq

(2.3)
“ ppudivbq ˚ ϱεqppq

`

n
ÿ

j“1

ż

Hn

bjppqu
`

p ¨ q´1
˘

Xr
j ϱεpqq dq ` 4

n
ÿ

j“1

ż

Hn

bjppqu
`

p ¨ q´1
˘

yjpqqTϱεpqq dq

`

n
ÿ

j“1

ż

Hn

bn`jppqu
`

p ¨ q´1
˘

Y r
j ϱεpqq dq ´ 4

n
ÿ

j“1

ż

Hn

bn`jppqu
`

p ¨ q´1
˘

xjpqqTϱεpqq dq

`

ż

Hn

bN ppqu
`

p ¨ q´1
˘

Tϱεpqq dq ´

N
ÿ

j“1

ż

Hn

bj
`

p ¨ q´1
˘

u
`

p ¨ q´1
˘

Zr
j ϱεpqq dq.
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In particular, recalling (2.4),

´C 1
ε ppq “ ppudivbq ˚ ϱεqppq `

N
ÿ

j“1

ż

Hn

“

bjppq ´ bj
`

p ¨ q´1
˘‰

u
`

p ¨ q´1
˘

Zr
j ϱεpqq dq

´ 4

ż

Hn

xbppq,Jpqqyu
`

p ¨ q´1
˘

Tϱεpqq dq

(2.14)
“ ppudivbq ˚ ϱεqppq `

2n
ÿ

j“1

ż

Hn

“

bjppq ´ bj
`

p ¨ q´1
˘‰

u
`

p ¨ q´1
˘

ε´Q´1Zr
j ϱ

´

δ 1
ε
pqq

¯

dq

`

ż

Hn

“

bN ppq ´ bN
`

p ¨ q´1
˘‰

u
`

p ¨ q´1
˘

ε´Q´2Tϱ
´

δ 1
ε
pqq

¯

dq

´ 4

ż

Hn

xbppq,Jpqqyu
`

p ¨ q´1
˘

ε´Q´2Tϱ
´

δ 1
ε
pqq

¯

dq.

Performing the change of variables w “ δ 1
ε
pqq, and recalling that Zr

j ϱ
`

w´1
˘

“ ´Zjϱpwq (here we use for

the first time that ϱ is an even kernel) for every j “ 1, . . . , N by Lemma 2.1 and (2.12), we obtain

´C 1
εppq

(2.8)
“ ppudivbq ˚ ϱεqppq `

2n
ÿ

j“1

ż

Hn

bjppq ´ bj
`

p ¨ δε
`

w´1
˘˘

ε
u
`

p ¨ δε
`

w´1
˘˘

Zr
j ϱpwq dw

`

ż

Hn

bN ppq ´ bN
`

p ¨ δε
`

w´1
˘˘

ε2
u
`

p ¨ δε
`

w´1
˘˘

Tϱpwq dw

´ 4

ż

Hn

xbppq,Jpδεpwqqy

ε2
u
`

p ¨ δε
`

w´1
˘˘

Tϱpwq dw

“ ppudivbq ˚ ϱεqppq `

2n
ÿ

j“1

ż

Hn

bjpp ¨ δεpwqq ´ bjppq

ε
upp ¨ δεpwqqZjϱpwq dw

looooooooooooooooooooooooooooooooomooooooooooooooooooooooooooooooooon

“:A1ppq

`

ż

Hn

bN pp ¨ δεpwqq ´ bN ppq

ε2
upp ¨ δεpwqqTϱpwq dw ` 4

ż

Hn

xJpbppqq, δεpwqy

ε2
upp ¨ δεpwqqTϱpwq dw

loooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooomoooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooon

“:A2ppq

.

First, we compute the L1
loc-limit of A1. Recall that bj P W 1,s1

H,locpH
nq for every j “ 1, . . . , 2n. Therefore, if

s1 ă 8, the dominated convergence theorem and Theorem 3.3 imply that, for every K Ť Hn,
ż

K

ˇ

ˇ

ˇ

ˇ

ż

Hn

„

bjpp ¨ δεpwqq ´ bjppq

ε
upp ¨ δεpwqq ´

@

∇Hbjppq, wH
D

uppq

ȷ

Zjϱpwq dw

ˇ

ˇ

ˇ

ˇ

dp

ď

ż

Hn

|Zjϱpwq|
ˆ
ż

K

ˇ

ˇ

ˇ

ˇ

bjpp ¨ δεpwqq ´ bjppq

ε
upp ¨ δεpwqq ´

@

∇Hbjppq, wH
D

uppq

ˇ

ˇ

ˇ

ˇ

dp

˙

dw ÝÝÝÑ
εŒ0

0,

where we also used the Ls-continuity of right translations to replace upp ¨δεpwqq with uppq before applying
Theorem 3.3. If instead s1 “ 8, fix j “ 1, . . . , 2n and set, for every ε ą 0,

fεpp, wq “
bjpp ¨ δεpwqq ´ bjppq

ε
, fpp, wq “

@

∇Hbjppq, wH
D

.

Fix open sets K Ť Ω Ť Hn. Then
ż

K

∣∣∣∣ż
Hn

rfεpp, wqupp ¨ δεpwqq ´ fpp, wquppqsZjϱpwq dw

∣∣∣∣ dp
ď

ż

Bp0,1q

|Zjϱpwq|
ˆ
ż

K
|fεpp, wqupp ¨ δεpwqq ´ fpp, wquppq| dp

˙

dw.

By (3.18),

|fεpp, wq| ď Lippbj ,Ωqdp0, wq, |fpp, wq| ď |wH|
›

›∇Hbj
›

›

L8pKq
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for every p P K, w P Bp0, 1q and 0 ă ε ă c1. Therefore, for w P Bp0, 1q and 0 ă ε ă c1 fixed,

ż

K
|fεpp, wqupp ¨ δεpwqq ´ fpp, wquppq| dp

ď

ż

K
|fεpp, wq||upp ¨ δεpwqq ´ uppq| dp`

ż

K
|fεpp, wq ´ fpp, wq||uppq| dp

ď Lippf,Ωqdp0, wq
∥∥u ˝Rδεpwq ´ u

∥∥
L1pKq

`

ż

K
|fεpp, wq ´ fpp, wq||uppq| dp.

The first term converges to 0 thanks to Lemma 2.2. For the second one,

|fεp¨, wq ´ fp¨, wq||u| ď

´

Lippf,Ωqdp0, wq ` |wH|
›

›∇Hbj
›

›

L8pKq

¯

|u| P L1pKq.

Moreover, since bj P W 1,s1

H pΩq for every s1 P r1,8s, Theorem 3.3 implies that, up to a subsequence,
|fεp¨, wq ´ fp¨, wq||u| Ñ 0 as ε Œ 0 a.e. on K. Hence, by the dominated convergence theorem,

Kεpwq :“

ż

K
|fεpp, wqupp ¨ δεpwqq ´ fpp, wquppq| dp ÝÝÝÑ

εŒ0
0.

In addition, by the above computations, Kε is bounded in L8pBp0, 1qq uniformly in ε P p0, c1q. Therefore,
we conclude by the dominated convergence theorem that

ż

K

ˇ

ˇ

ˇ

ˇ

ż

Hn

„

bjpp ¨ δεpwqq ´ bjppq

ε
upp ¨ δεpwqq ´

@

∇Hbjppq, wH
D

uppq

ȷ

Zjϱpwq dw

ˇ

ˇ

ˇ

ˇ

dp

“

ż

K

∣∣∣∣ż
Hn

rfεpp, wqupp ¨ δεpwqq ´ fpp, wquppqsZjϱpwq dw

∣∣∣∣ dp ÝÝÝÑ
εŒ0

0.

In any case, we have obtained that

L1
loc

lim
εŒ0

A1ppq “

2n
ÿ

j“1

ż

Hn

@

∇Hbjppq, wH
D

uppqZjϱpwq dw

“

2n
ÿ

j“1

2n
ÿ

i“1
i‰j

ż

Hn

ZibjppqwiuppqZjϱpwq dw `

2n
ÿ

j“1

ż

Hn

ZjbjppqwjuppqZjϱpwq dw

“

2n
ÿ

j“1

2n
ÿ

i“1
i‰j

Zibjppquppq

ż

Hn

Zjpwiϱpwqq dw
looooooooooomooooooooooon

“0

`uppq

2n
ÿ

j“1

Zjbjppq

˜

ż

Hn

Zjpwjϱpwqq dw
looooooooooomooooooooooon

“0

´

ż

Hn

ϱpwq Zjwj
loomoon

“1

dw

¸

“ ´uppq

2n
ÿ

j“1

Zjbjppq “ ´uppq divbppq ` uppqTbN ppq.

Next, we focus on A2. Notice that

A2ppq “

ż

Hn

bN pp ¨ δεpwqq ´ bN ppq ´ εx∇HbN ppq, wHy

ε2
upp ¨ δεpwqqTϱpwq dw

looooooooooooooooooooooooooooooooooooooooooooomooooooooooooooooooooooooooooooooooooooooooooon

“:B1ppq

`

ż

Hn

x∇HbN ppq ` 4Jpbppqq, δεpwqy

ε2
upp ¨ δεpwqqTϱpwq dw

looooooooooooooooooooooooooooooooooooomooooooooooooooooooooooooooooooooooooon

“:B2ppq

.
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Recall that, since b is a contact vector field, bN P W 2,s1

H,locpH
nq. Therefore, arguing as above, we get, by

Theorem 3.5 if s1 ă 8 or Theorem 3.6 if s1 “ 8,

L1
loc

lim
εŒ0

B1ppq “

ż

Hn

ˆ

1

2

@

∇2,HbN ppqwH, wH
D

` wNTbN ppq

˙

uppqTϱpwq dw

“

2n
ÿ

i,j“1

1

2

ż

Hn

ZiZjbN ppqwiwjuppqTϱpwq dw `

ż

Hn

wNTbN ppquppqTϱpwq dw

“

2n
ÿ

i,j“1

1

2
ZiZjbN ppquppq

ż

Hn

T pwiwjϱpwqq dw
loooooooooooomoooooooooooon

“0

` TbN ppquppq

˜

ż

Hn

T pwNϱpwqq dw
looooooooooomooooooooooon

“0

´

ż

Hn

ϱpwq TwN
loomoon

“1

dw

¸

“ ´TbN ppquppq.

Finally, since b is a contact vector field generated by ψ P W 2,s1

H pHnq,

(4.8) ∇HbN ` 4Jpbq
(2.17)

“ ´4∇Hψ ` 4J
`

´J
`

∇Hψ
˘˘ (2.5)

“ 0.

Then B2 “ 0. In conclusion,

(4.9) ´

L1
loc

lim
εŒ0

C 1
ε “

L1
loc

lim
εŒ0

pudivbq ˚ ϱε `

L1
loc

lim
εŒ0

pA1 `A2q “ udivb ´ udivb “ 0,

where the second equality holds due to Proposition 2.3, since udivb P L1
locpHnq.

Step 2. Convergence of C 2
ε . For p P Hn one has

C 2
ε ppq “

ż

Hn

“

cppqu
`

p ¨ q´1
˘

ϱεpqq ´ c
`

p ¨ q´1
˘

u
`

p ¨ q´1
˘

ϱεpqq
‰

dq

“

ż

Hn

“

cppq ´ c
`

p ¨ q´1
˘‰

u
`

p ¨ q´1
˘

ε´Qϱ
´

δ 1
ε
pqq

¯

dq

(2.8)
“

ż

Hn

rcppq ´ cpp ¨ δεpwqqsupp ¨ δεpwqqϱpwq dw.

Therefore, fixing K Ť Hn, we obtain by Hölder’s inequality∥∥C 2
ε

∥∥
L1pKq

ď

ż

K

ż

Hn

|cpp ¨ δεpwqq ´ cppq||upp ¨ δεpwqq|ϱpwq dw dp

“

ż

Hn

ϱpwq

ˆ
ż

K
|cpp ¨ δεpwqq ´ cppq||upp ¨ δεpwqq| dp

˙

dw

ď

ż

Hn

ϱpwq
∥∥c ˝Rδεpwq ´ c

∥∥
Ls1

pKq

∥∥u ˝Rδεpwq

∥∥
LspKq

dw

(2.7)
“ ∥u∥LspKq

ż

Hn

ϱpwq
∥∥c ˝Rδεpwq ´ c

∥∥
Ls1

pKq
dw.

Since
∥∥c ˝Rδεpwq ´ c

∥∥
Ls1

pKq
ÝÝÝÑ
εŒ0

0 by Lemma 2.2 and

ϱpwq
∥∥c ˝Rδεpwq ´ c

∥∥
Ls1

pKq

(2.7)
ď 2∥c∥Ls1

pKq
ϱpwq P L1pHnq for every ε ą 0 and w P Hn,

C 2
ε

L1
loc

ÝÝÝÑ
εŒ0

0 by the dominated convergence theorem. □
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4.4. Proofs of Theorem 4.6 and Theorem 4.7.

Proof of Theorem 4.6. Extend u,b, c to p´8, τ̄q as in (4.2). Let uε and Cε be as in Proposition 4.9, so
that uε is a distributional solution to

Bτuε ´ xb,∇uεy ` cuε “ Cε in p´8, τ̄q ˆ Hn,

that is, recalling the smoothness of uε in the spatial variable,

´

ż τ̄

´8

ż

Hn

uεBτφdp dτ “

ż τ̄

´8

ż

Hn

pxb,∇uεy ´ uεc` Cεqφdp dτ for every φ P C8
c pp´8, τ̄q ˆ Hnq.

(4.10)

Since xb,∇uεy ´ uεc` Cε P L1
loc pp´8, τ̄q ˆ Hnq, (4.10) implies that Bτuε P L1

loc pp´8, τ̄q ˆ Hnq, and that

(4.11) Bτuε ´ xb,∇uεy ` cuε “ Cε a.e. on p´8, τq ˆ Hn.

Let β P C1pRq be such that |β1| ď M ă 8. In particular, β1puεq P L8 pp´8, τ̄q ˆ Hnq. Multiplying (4.11)
by β1puεq and applying the chain rule (A.1), we deduce that

(4.12)
Bβpuεq

Bτ
´ xb,∇βpuεqy ` cuεβ

1puεq “ β1puεqCε a.e. on p´8, τq ˆ Hn.

Fix φ P C8
c pp´8, τ̄q ˆ Hnq. Multiplying (4.12) by φ and integrating by parts, we get

ż τ̄

´8

ż

Hn

`

´βpuεqBτφ` βpuεq pxb,∇φy ` divbφq ` cuεβ
1puεqφ

˘

dp dτ “

ż τ̄

´8

ż

Hn

β1puεqCϵφdp dτ.

First, by Lemma 4.10 and recalling that β1 is bounded,
ż τ̄

´8

ż

Hn

β1puεqCεφdp dτ ÝÝÝÑ
εŒ0

0.

For the left-hand side, observe first that, by the dominated convergence theorem,
ˇ

ˇ

ˇ

ˇ

ż τ̄

´8

ż

Hn

pβpuεq ´ βpuqq Bτφdp dτ

ˇ

ˇ

ˇ

ˇ

ď M

ż τ̄

´8

∥Bτφ∥Ls1
pHnq

∥uε ´ u∥LspHnq dτ ÝÝÝÑ
εŒ0

0

since uεpτ, ¨q
Ls

ÝÝÝÑ
εŒ0

upτ, ¨q for a.e. τ P p´8, τ̄q by Proposition 2.3 and

∥Bτφ∥Ls1
pHnq

∥uε ´ u∥LspHnq

(2.15)
ď 2∥Bτφ∥Ls1

pHnq
∥u∥LspHnq P L1p0, τ̄q for every ε ą 0.

Let Ω Ť Hn be such that suppφ Ď p´8, τ̄q ˆ Ω. Then, arguing as above,
ˇ

ˇ

ˇ

ˇ

ż τ̄

´8

ż

Hn

pβpuεq ´ βpuqq xb,∇φy dp dτ

ˇ

ˇ

ˇ

ˇ

ď M

ż τ̄

´8

∥|b|∥Ls1
pΩq

∥|∇φ|∥L8pΩq∥uε ´ u∥LspΩq dτ ÝÝÝÑ
εŒ0

0

and
ˇ

ˇ

ˇ

ˇ

ż τ̄

´8

ż

Hn

pβpuεq ´ βpuqqdivbφdp dτ

ˇ

ˇ

ˇ

ˇ

ď M

ż τ̄

´8

∥φ∥L8pHnq∥divb∥Ls1
pΩq

∥uε ´ u∥LspΩq dτ ÝÝÝÑ
εŒ0

0.

Finally, fix any subsequence of tuεuεą0, still denoted by tuεuεą0. Recall that uε
Ls

ÝÝÝÑ
εŒ0

u by Proposition 2.3,

so uε ÝÝÝÑ
εŒ0

u pointwise a.e. in p0, τ̄q ˆHn up to a further subsequence. By the continuity of β1, β1puεquε ´

β1puqu ÝÝÝÑ
εŒ0

0 pointwise a.e. Moreover, arguing as above,

}β1puεquε ´ β1puquscφ}L1pΩq ď 3M∥φ∥L8pHnq∥c∥Ls1
pΩq

∥u∥LspΩq,

whence
ˇ

ˇ

ˇ

ˇ

ż τ̄

´8

ż

Hn

“

β1puεquε ´ β1puqu
‰

cφ dp dτ

ˇ

ˇ

ˇ

ˇ

ÝÝÝÑ
εŒ0

0.

In conclusion, we proved that, for every φ P C8
c pp´8, τ̄q ˆ Hnq,

(4.13)

ż τ̄

´8

ż

Hn

“

´βpuqBτφ` βpuq pxb,∇φy ` div bφq ` cuβ1puqφ
‰

dp dτ “ 0.
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Fix φ P C8
c pr0, τ̄q ˆ Hnq, and extend it in such a way that φ P C8

c pp´8, τ̄q ˆ Hnq. Then

0
(4.13)

“

ż τ̄

´8

ż

Hn

“

´βpuqBτφ` βpuq pxb,∇φy ` divbφq ` cuβ1puqφ
‰

dp dτ

“ ´

ż

Hn

βpu0qppq

ˆ
ż 0

´8

Bτφdτ

˙

dp`

ż τ̄

0

ż

Hn

“

´βpuqBτφ` βpuq pxb,∇φy ` divbφq ` cuβ1puqφ
‰

dp dτ

´

ż

Hn

βpu0qppqφp0, pq dp`

ż τ̄

0

ż

Hn

“

´βpuqBτφ` βpuq pxb,∇φy ` divbφq ` cuβ1puqφ
‰

dp dτ,

where the last equality follows by (4.2). Therefore, u is a renormalized solution. When s “ 8, the

previous proof applies directly for every β P C1pRq, because β1 is bounded on
”

´∥u∥L8pHnq, ∥u∥L8pHnq

ı

(recall (2.15)). The proof of Theorem 4.6 is concluded. □

Proof of Theorem 4.7. Owing to Theorem 4.6, it follows verbatim that of [18, Theorem II.2], with the only
difference that one has to use cut-off functions ϕR adapted to the Hn geometry, namely ϕRppq “ ϕpδ1{Rppqq

with ϕ P C8
c pHnq identically equal to 1 on the ball Bp0, 1q. □

5. Consequences of the renormalization property

In this section, we briefly recall the most relevant consequences of the renormalization property.

5.1. Transport equation with measurable initial conditions. If one wishes to deal with (T ) im-
posing only measurability on the initial condition, the notion of distributional solution to (T ) is no longer
meaningful. To this aim, the authors of [18] defined solutions by imposing the validity of the renormal-
ization property with a careful choice of test functions. We limit ourselves to provide the main definitions
and statements, referring to [18] for further details and more exhaustive results.

The set of functions L0pHnq is defined by

L0pHnq “
␣

u : Hn Ñ r´8,8s measurable : |u| ă 8 a.e., LN pt|u| ą λuq ă 8 for every λ ą 0
(

.

For a precise definition of L8
`

0, τ̄ ;L0pHnq
˘

, see [18]. Observe that, if u P L0pHnq and β P CpRq XL8pRq

vanishes near 0, then βpuq P L1pHnq X L8pHnq. Hence, the following definition is well-posed.

Definition 5.1. Let u0 P L0pHN q and assume that b P XpHnq and c satisfy

c,divb P L1 p0, τ̄ ;L8pHnqq ,

|b|
1 ` dpp, 0q

P L1
`

0, τ̄ ;L1pHnq
˘

` L1 p0, τ̄ ;L8pHnqq .
(5.1)

We say that u P L8
`

0, τ̄ ;L0pHnq
˘

is a renormalized solution to (T ) if βpuq solves (4.4) in the sense of

distributions for every β P C1pRq X L8pRq such that β vanishes near 0 and β1p1 ` |t|q P L8pRq.

The following result (cf. [18, Theorem II.3] and [18, Theorem II.4]) ensures the well-posedness of the
transport equation with initial condition in L0.

Theorem 5.2. Assume (5.1) and that b P XpHnq is a contact vector field as in Theorem 4.6. Then there
exists a unique renormalized solution u P L8

`

0, τ̄ ;L0pHnq
˘

to (T ) corresponding to any initial condition

u0 P L0pHnq. Furthermore, u belongs to C
`

r0, τ̄ s;L0pHnq
˘

and is stable under perturbations of the data.

5.2. Regular Lagrangian Flows. We sketch how this theory applies to provide a robust existence and
uniqueness theory for ODE’s (properly understood) associated to weakly differentiable velocity fields,
besides [18, 1], see also [3] for Lecture Notes on this topic. Here we follow the axiomatization introduced
in [1], based on the continuity equation

(5.2)
Bu

Bτ
` divpbuq “ 0 in p0, τ̄q ˆ Hn

and the induced semigroup τ ÞÑ upτ, ¨q, thought when u ě 0 as a semigroup in the space of probability
densities, rather than the original one of [18], based on the transport equation (see [1, Remark 6.7] for
a more precise comparison between the two approaches, the one based on (5.2) being more suitable to
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consider singular cases when divb is not absolutely continuous). In the classical setting, via the theory
of characteristics, the ODE

(5.3)

$

&

%

d

dτ
Φpτ, pq “ bpτ,Φpτ, pqq

Φp0, pq “ p.

is related to the transport equation (T ) (with b replaced by ´b)

(5.4)
Bu

Bτ
` xb,∇uy ` cu “ 0 in p0, τ̄q ˆ Hn

and to the continuity equation (5.2) respectively by
(5.5)

ups,Φps, pqq “ u0ppq ´

ż s

0
cpτ,Φpτ, pqq dτ @s P r0, τ̄q, ups,Φps, pqq “

up0, pq

det∇pΦps, pq
@s P r0, τ̄q,

while the relation between the two PDE’s simply comes with the choice c “ divb.

Definition 5.3. We say that Φpτ, pq is a Regular Lagrangian Flow (RLF) associated to b if

(a) for a.e. p one has

Φps, pq “ p`

ż s

0
bpτ,Φpτ, pqq dτ for all s P r0, τ̄q;

(b) there exists a constant C P p0,8q such that Φps, ¨q#LN ď CLN for all s P r0, τ̄q.

The main result in [1] (here we adapt it to the setting of Hn) is that, under the growth condition

|b|

1 ` dpp, 0q
P L1

`

0, τ̄ ;L1pHnq
˘

` L1 p0, τ̄ ;L8pHnqq

on b, existence and uniqueness for (5.2) for any nonnegative initial condition u0 P L8pHnq in the class
of nonnegative u in L8

loc pr0, τq;L8pHnqq X L8
loc

`

r0, τq;L1pHnq
˘

is equivalent to existence and unique-
ness of the RLF. In particular, Theorem 4.7 applied with s “ 8 and with the assumption divb P

L1
loc

`

r0, τq;L1pHnq
˘

grants uniqueness, while a simple smoothing argument based on the assumption

rdivbs´ P L1
loc pr0, τq;L8pHnqq grants existence, see the above mentioned Lecture Notes for details.

6. Counterexamples and connection with existing results

In this section, we emphasize the relevance of our approach by showing how the existing results in the
literature cannot generally be applied to our case.

6.1. Contact velocity fields without Euclidean regularity. First, we show that contact velocity
fields with horizontal Sobolev regularity are, generically, not of Euclidean bounded variation, whence the
renormalization results obtained in [1, 18] do not apply. By generically, we refer to the vocabulary of
Baire’s categories (see e.g. [35]). We recall that, given a metric space pM,dq, a set A Ď M is of the first
category if A is contained in a countable union of nowhere dense sets. In turn, a set E Ď M is said to
be nowhere dense if its closure has empty interior. The complement of a set of the first category is called
generic. If pM,dq is complete and non-empty, Baire’s category theorem asserts that generic sets are dense,
whence in particular non-empty.

In order to prove that vector fields with horizontal Sobolev regularity are, generically, not of locally
bounded variation, we use the following basic functional analytic lemma.

Lemma 6.1. Let pX, } ¨ }Xq be a normed space and let Y Ď X be a subspace, endowed with a norm } ¨ }Y
such that

(6.1) sup
yPY :}y}X“1

}y}Y “ 8.

If the function g : X Ñ r0,8s defined by

(6.2) gpxq :“

#

}x}Y if x P Y

8 otherwise

is lower semicontinuous in X, then XzY is generic in X.
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Proof. Without loss of generality, we can assume that Y is dense in X (since any closed proper subspace
of X is of first category). It is sufficient to prove that the closed sets Ak “ tx : gpxq ď ku, whose union
is Y , have empty interior. If for some integer k this does not happen, there exist x0 P X and ε ą 0 such
that }x ´ x0}X ă ε implies gpxq ď k. The density of Y in X grants the existence of y0 P Y such that
}x´ y0}X ă ε{2 implies gpxq ď k. In particular, }x´ y0}X ă ε{2 implies gpx´ y0q ď k` }y0}Y . This last
implication gives that the supremum in (6.1) is bounded by p2k ` 2}y0}Y q{ε, a contradiction. □

In the class of contact vector fields b “ bpψq parametrized by ψ P W 2,spHnq as in (2.17) and with
the induced topology we can prove the following genericity result. The strategy of proof is to use highly
oscillating test functions to provide estimates on different scales for derivatives along different directions.
In particular, we will produce competitors whose oscillation in the vertical direction is predominant
compared to horizontal derivatives. Accordingly, this approach grants the existence of contact vector
fields with horizontal Sobolev regularity and unbounded vertical variation. In connection with Baire’s
category arguments, by contrast, this could be compared with the main result of [32], which roughly
speaking asserts that the class of renormalizable Euclidean vector fields is generic in L1. The strategy of
proof of [32] is to consider the class of vector fields which can be approximated in L1 by Lipschitz ones
at a rate faster than the inverse of their Lipschitz constant.

Theorem 6.2. The set
!

ψ P W 2,s
H pHnq : b1pψq, . . . , b2npψq R BVlocpRN q

)

is generic, and in particular dense, in W 2,s
H pHnq.

Proof. We fix a bounded open set Ω Ď RN and i P t1, . . . , 2nu. We assume without loss of generality that

0 P Ω and we are going to apply Lemma 6.1 with X “ W 2,s
H pHnq and the subspace

Y :“
!

ψ P W 2,s
H pHnq : bipψq P BV pΩq

)

endowed with the norm }ψ}
W 2,s

H pHnq
` |Dbipψq|pΩq. Notice that the standard formula of the BV theory

|Dbjpψq|pΩq “ sup

"
ż

Ω
bipψq divF dp : F P C1

c pΩ;RN q, |F | ď 1

*

grants that the lower semicontinuity assumption of Lemma 6.1 is satisfied. Hence, it will be sufficient to
show that there is no constant C such that

(6.3) |Dbipψq|pΩq ď C}ψ}
W 2,s

H pHnq
@ψ P W 2,s

H pHnq.

Let an open Euclidean ball B Ď Bp0, 1q of R2n and an open interval I Ď p´1, 1q, both centered at 0,
be chosen in such a way that B ˆ I Ď Ω. Fix φ P C8

c pR2nq such that supppφq Ď B, }φ}L1pBq “ 1 and

|Bwiφ}L1pBq ‰ 0. Fix g P C8
c pRq such that supppgq Ď I and }g}L1pIq “ 1. Denote points in R2n by w. For

β, δ ą 0, set

ψpw, tq “ φ

ˆ

w

β

˙

g

ˆ

t

δ

˙

for every w P R2n, t P R.

For β and δ sufficiently small, supppψq Ď B ˆ I. Recall that Zj “ Bwj ´ 2JpwqjBt for every j “ 1, . . . , 2n.
For every j, k “ 1, . . . , 2n, set cjk “ ´1 if j “ 1, . . . , n and k “ j ` n, cjk “ 1 if j “ n ` 1, . . . , 2n and
k “ j ´ n and cjk “ 0 otherwise. Then

Zjψpw, tq “
1

β

`

Bwjφ
˘

ˆ

w

β

˙

g

ˆ

t

δ

˙

´
2

δ
Jpwqjφ

ˆ

w

β

˙

g1

ˆ

t

δ

˙

,

ZkZjψpw, tq “
1

β2
`

Bwk
Bwjφ

˘

ˆ

w

β

˙

g

ˆ

t

δ

˙

´
2

δ
cjkφ

ˆ

w

β

˙

g1

ˆ

t

δ

˙

´
2

βδ
Jpwqj pBwk

φq

ˆ

w

β

˙

g1

ˆ

t

δ

˙

´
2

βδ
Jpwqk

`

Bwjφ
˘

ˆ

w

β

˙

g1

ˆ

t

δ

˙

`
4

δ2
JpwqjJpwqkφ

ˆ

w

β

˙

g2

ˆ

t

δ

˙

,

TZiψpw, tq “
1

βδ
pBwiφq

ˆ

w

β

˙

g1

ˆ

t

δ

˙

´
2

δ2
Jpwqiφ

ˆ

w

β

˙

g2

ˆ

t

δ

˙

.
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for every j, k “ 1, . . . , 2n and every pw, tq P Ω. Set

F1 “ 1 `

2n
ÿ

j“1

}Bwjφ}L1pBq, F2 “ F1 `

2n
ÿ

j,k“1

}Bwk
Bwjφ}L1pBq, G1 “ }g1}L1pIq, G2 “ }g2}L1pIq.

Then

}ψ}L1pΩq “ β2nδ,

}Zjψ}L1pΩq ď β2n´1δF1 ` 2β2n`1G1,

}ZkZjψ}L1pΩq ď β2n´2δF2 ` 2β2n pG1 ` 2F1G1q `
4β2n`2

δ
G2,

}TZiψ}L1pΩq ě β2n´1}Bwiφ}L1pBqG1 ´
2β2n`1

δ
G2.

In particular, if we choose δ “ Mβ2, with M “ 4G2{p}Bwiφ}L1pBqG1q, in such a way that }TZiψ}L1pΩq

is larger than β2n´1}Bwiφ}L1pBqG1{2, we see that all the terms in the first three lines above are Opβ2nq.
Hence, there is no constant C such that (6.3) holds. □

6.2. Contact velocity fields with deformation of type pr, sq. In this section, we show that our results
cannot be recovered by employing the metric approach of [7]. As already mentioned in the introduction,
the authors of [7] showed the renormalization property for suitable classes of velocity fields in a broad
class of metric measure spaces, equipped with a Dirichlet form, a carré du champ, a Markov semigroup
and an algebra of test functions. We briefly specialize [7] to our setting. On the metric measure space
pHn, d,LN q, we introduce the Dirichlet form E : L2pHnq Ñ r0,8s by

E puq :“

$

&

%

ż

Hn

@

∇Hu,∇Hu
D

dp if u P W 1,2
H pHnq

8 otherwise.

By the L2-lower semicontinuity of E (see [22, 37]), the latter coincides with the Cheeger energy of

pHn, d,LN q. The quadratic form E is induced by the carré du champ Γ :W 1,2
H pHnq Ñ L1pHnq defined by

Γpuq :“
@

∇Hu,∇Hu
D

for every u P W 1,2
H pHnq.

We recall that

(6.4)

ż

Hn

@

∇Hu,∇Hv
D

dp “ ´

ż

Hn

v∆Hu dp for every u, v P W 1,2
H pHnq such that ∆Hv P L2pHnq,

where the horizontal Laplacian ∆H is defined by

∆Hu :“ div∇Hu “

2n
ÿ

i“1

ZiZiu for every u P C8pHnq,

and then naturally extended to distributions. By (6.4), ∆H is the correct Laplace operator induced by E .
Moreover, the L2-gradient flow associated with E is the classical sub-Riemannian heat semigroup Pτ (see
[21]). Finally, a suitable algebra of test functions could be the class C1

c pHnq. The uniqueness scheme of
[7] relies on suitable regularization properties of the heat semigroup, as well as on density assumptions on
the algebra and on regularity conditions on the velocity field. First, Pτ is required to satisfy the so-called
Ls-Γ inequality for any s P r2,8q, i.e.,

(6.5)
›

›

›

a

ΓpPτfq

›

›

›

LspHnq
ď

cs
?
τ

}f}LspHnq for every f P LspHnq, τ P p0, 1q,

where cs ą 0 is independent of f . As pointed out in [7, Corollary 6.3], (6.5) is a typical consequence of

the Bakry-Émery condition BE2pK,8q. Namely, we recall that BE2pK,8q holds if there exists K P R
such that

Γ pPτfq ď e´2KτPτ pΓfq for every f P W 1,2
H pHnq.

However, pHn, d,LN q is a prototypical setting in which BE2pK,8q does not hold for any K. Indeed, it
is well-known that pHn, d,LN q fails to satisfy the so-called curvature-dimension condition CDpK,8q for
any K P R (cf. [6, 25]). In turn, when the Cheeger energy is a quadratic form, CDpK,8q is equivalent
to BE2pK,8q (cf. [4, 5]), whence the latter fails in pHn, d,LN q for every N P Nzt0u and every K P R.
Nevertheless, it is still possible to prove the validity of (6.5).
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Proposition 6.3. For every s P r2,8q, (6.5) holds.

Proof. Fix s P r2,8q, τ P p0, 1q and f P C8
c pHnq. Then, by [8, Remark 3.3],

ΓpPτfq ď
1

τ

ˆ

n` 1

2n

˙

”

Pτ pf2q ´ pPτfq
2
ı

ď
1

τ
Pτ pf2q.

In particular,

(6.6)
›

›

›

a

ΓpPτfq

›

›

›

LspHnq
ď

1
?
τ

›

›Pτ

`

f2
˘›

›

L
s
2 pHnq

ď
1

?
τ

}f}LspHnq ,

where the last inequality follows by the L
s
2 -contractivity of Pτ (cf. [21]). Fix f P LspHnq, and let

tfhuhPN Ď C8
c pHnq be such that fh Ñ f strongly in LspHnq. By linearity and contractivity, Pτfh Ñ Pτf

strongly in LspHnq, whence, by the strong Ls-lower-semicontinuity (cf. [22, 37]) of u ÞÑ }
a

Γ p∇Huq}LspHnq,
we conclude that

›

›

›

a

ΓpPτfq

›

›

›

LspHnq
ď lim inf

hÑ8

›

›

›

a

ΓpPτfhq

›

›

›

LspHnq

(6.6)
ď

1
?
τ
lim inf
hÑ8

}fh}LspHnq “
1

?
τ

}f}LspHnq .

□

Coming to the density properties of the algebra of test functions C1
c pHnq, it is easy to check that the

latter satisfies the basic assumptions [7, (2-16)] and [7, (2-17)]. In addition (cf. [7, (4-3)]), the algebra is
required to contain a sequence tfhuhPN such that

(6.7) 0 ď fh ď 1 for every h P N, fh Õ 1 a.e. on Hn,
a

Γpfhq Ñ 0 weakly‹ in L8pHnq.

A sequence satisfying (6.7) can be easily constructed by choosing a sequence of smooth cut-off functions
between Bp0, h` 1q and Bp0, h` 2q. Finally, we turn to the regularity assumptions on the velocity field.
For the sake of simplicity, we focus on the autonomous case. From now on, we fix s P p1,8s and a vector

field b P XpHnq with bi P W 1,s
H pHnq, i “ 1, . . . , 2n and TbN P LspHnq, so that divb P LspHnq. Following

[7], b induces a derivation acting on a test function f P C8
c pHnq as

dfpbq :“ xb,∇fy.

Again, according to [7], the deformation Dsym b is defined for every f, g P C8
c pHnq by

(6.8)

ż

Hn

Dsym bpf, gq dp :“ ´
1

2

ż

Hn

“

dfpbq∆Hg ` dgpbq∆Hf ´ divb
@

∇Hf,∇Hg
D‰

dp.

Clearly, the above definition extends to any couple f, g for which the right hand side is meaningful. For
what concerns b, the approach of [7] relies on the following two assumptions.

‚ b needs to satisfy an a.e. upper bound of the form

(6.9) |dfpbq| ď |b|
ˇ

ˇ∇Hf
ˇ

ˇ

for every f belonging to the algebra of test functions.
‚ b needs to have a deformation of type pr, sq. Namely, there exists c ě 0 such that

(6.10)

ż

Hn

Dsym bpf, gq dp ď c

›

›

›

›

b

p∇Hfq

›

›

›

›

LrpHnq

›

›

›

›

b

p∇Hgq

›

›

›

›

LspHnq

for every f, g for which the above expression is meaningful.

On the one hand, it is clear that (6.9) rules out non-horizontal vector fields. On the other hand, (6.10)
rules out vector fields which do not possess a contact structure. Since a non-trivial contact vector field
cannot be horizontal, the above two restrictions prevent the approach of [7] from being applicable to
our case. To justify the validity of the second restriction (independently of the first one, hence even
considering a non-horizontal field b), we assume for the sake of simplicity that all components bi belong
to C8

c pHnq, and we make (6.8) more explicit. Precisely, if f, g P C8
c pHnq,

ż

Hn

Dsym bpf, gq dp “

ż

Hn

2n
ÿ

i,j“1

ˆ

Zibj ` Zjbi
2

˙

ZifZjg dp

`
1

2

ż

Hn

@

∇HbN ` 4Jpbq, T g∇Hf ` Tf ∇Hg
D

dp.

(6.11)
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The validity of (6.11) follows by applying the divergence theorem to the first term on the right hand side
and by exploiting the commutation relations (2.1). Indeed, notice that

1

2

ż

Hn

2n
ÿ

i,j“1

Zibj pZifZjg ` ZjfZigq dp “
1

2

2n
ÿ

i,j“1

ż

Hn

Zi pbj pZifZjg ` ZjfZigqq dp
looooooooooooooooooooomooooooooooooooooooooon

“0

´
1

2

ż

Hn

2n
ÿ

i,j“1

´

bjZiZifZjg
looooomooooon

I

` bjZifZiZjg
looooomooooon

II

` bjZiZjfZig
looooomooooon

III

` bjZjfZiZig
looooomooooon

IV

¯

dp

“ ´
1

2

ż

Hn

“

dfpbq∆Hg ` dgpbq∆Hf
‰

dp`
1

2

ż

Hn

`

∆Hf bN Tg ` ∆Hg bN Tf
˘

dp

´
1

2

ż

Hn

2n
ÿ

i,j“1

pbjZifZjZig ` bjZjZifZigq dp`
1

2

ż

Hn

2n
ÿ

i,j“1

pbjZif rZj , Zisg ` bjrZj , ZisfZigq dp.

In the last equality, we exploited I and IV to make the first two terms on the right hand side of (6.8)
explicit, and rewrote II and III highlighting commutators. Applying again the divergence theorem,

´
1

2

ż

Hn

2n
ÿ

i,j“1

pbjZifZjZig ` bjZjZifZigq dp “ ´
1

2

2n
ÿ

i,j“1

ż

Hn

Zj pbjZifZigq dp
loooooooooooomoooooooooooon

“0

`
1

2

ż

Hn

2n
ÿ

i,j“1

ZjbjZifZig dp`
1

2

ż

Hn

2n
ÿ

i,j“1

bjZjZifZig dp´
1

2

ż

Hn

2n
ÿ

i,j“1

bjZjZifZig dp

“
1

2

ż

Hn

divb
@

∇Hf,∇Hg
D

dp´
1

2

ż

Hn

TbN
@

∇Hf,∇Hg
D

dp.

Moreover, by (2.1),

1

2

ż

Hn

2n
ÿ

i,j“1

bjZif rZj , Zisg dp`
1

2

ż

Hn

2n
ÿ

i,j“1

bjrZj , ZisfZig dp

“
1

2

ż

Hn

n
ÿ

j“1

pbjYjf rXj , Yjsg ` bn`jXjf rYj , Xjsg ` bjYjgrXj , Yjsf ` bn`jXjgrYj , Xjsfq dp

“
1

2

ż

Hn

n
ÿ

j“1

r4bj p´Yjfq Tg ` 4bn`jXjf Tg ` 4bj p´Yjgq Tf ` 4bn`jXjg Tf s dp

“
1

2

ż

Hn

“@

4b,J
`

∇Hf
˘D

Tg `
@

4b,J
`

∇Hg
˘D

Tf
‰

dp.

Therefore, by the above computations,

ż

Hn

Dsym bpf, gq dp “

ż

Hn

2n
ÿ

i,j“1

ˆ

Zibj ` Zjbi
2

˙

ZifZjg dp`
1

2

ż

Hn

@

4Jpbq, T g∇Hf ` Tf ∇Hg
D

dp

´
1

2

ż

Hn

`

∆Hf bN Tg ` ∆Hg bN Tf
˘

dp`
1

2

ż

Hn

TbN
@

∇Hf,∇Hg
D

dp

“

ż

Hn

2n
ÿ

i,j“1

ˆ

Zibj ` Zjbi
2

˙

ZifZjg dp`
1

2

ż

Hn

@

∇HbN ` 4Jpbq, T g∇Hf ` Tf ∇Hg
D

dp

´
1

2

ż

Hn

“

div
`

bN∇Hf
˘

Tg ` div
`

bN∇Hg
˘

Tf
‰

`
1

2

ż

Hn

TbN
@

∇Hf,∇Hg
D

dp,

where in the last equality we just added and subtracted the quantity

1

2

ż

Hn

@

∇HbN , T g∇Hf ` Tf ∇Hg
D

dp.
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Applying once more the divergence theorem, and since T commutes with Z1, . . . , Z2n, we conclude that

´
1

2

ż

Hn

“

div
`

bN ∇Hf
˘

Tg ` div
`

bN ∇Hg
˘

Tf
‰

dp “
1

2

ż

Hn

bN
`@

∇Hf,∇HTg
D

`
@

∇HTf,∇Hg
D˘

dp

“
1

2

ż

Hn

bN T
@

∇Hf,∇Hg
D

dp

“ ´
1

2

ż

Hn

TbN
@

∇Hf,∇Hg
D

dp,

whence (6.11) follows. Due to the presence of the vertical derivatives Tf and Tg on the right hand side of
(6.11), we conclude that b has deformation of type pr, sq provided that it is a contact vector field. Indeed,
in this case the second integral on the right hand side of (6.11) vanishes by (4.8), and (6.10) follows by

choosing r “ s “ 2ps1q1 and c “
ř2n

i,j“1 }Zibj}Ls1
pRN q

.

Appendix A. Chain rule for weak derivatives along vector fields

The following chain rule for weak derivatives along vector fields is surely well-known. Being typically
stated for Sobolev functions (cf. [20, 30]), we include a proof for the sake of completeness.

Proposition A.1. Let m P Nzt0u. Let A Ď Rm be open. Let X be a locally Lipschitz continuous vector
field over A. Let u P L1

locpAq be such that Xu P L1
locpAq and let β P C1pRq be such that β1 P L8pRq. Then

βpuq P L1
locpAq, Xpβpuqq P L1

locpAq and

(A.1) Xpβpuqq “ β1puqXu a.e. on A.

Moreover, if u P L8
locpAq, the above facts hold for every β P C1pRq.

Proof. Set C “ }β1}L8pRq. Fix an open set B Ť A. Then

(A.2)

ż

B
|βpuq| dp ď C

ż

B
|u| dp` βp0q|B| ă 8,

whence βpuq P L1
locpAq. Notice that β1puqXu P L1

locpAq. To conclude, it suffices to show that
ż

A

`

β1puqXu
˘

φdp “ ´

ż

A
divX βpuqφdp´

ż

A
βpuqXφdp for every φ P C8

c pAq.

Fix φ P C8
c pAq. Let B Ď A be open and such that supppφq Ť B Ť A. Then X is Lipschitz continuous

on B, and moreover u,Xu P L1pBq. By [22, Theorem 1.2.3], there exists a sequence tuhuhPN Ď C8pBq

such that uh, Xuh P L1pBq for any h P N, uh Ñ u, Xuh Ñ Xu strongly in L1pBq, uh Ñ u a.e. on B and
|Xuh| ď g a.e. on B for some g P L1pBq. Since every uh is smooth, β1puhqXuh “ Xpβpuhqq on B for
every h P N. In particular, for every h P N,

(A.3)

ż

A
β1puhqXuhφdp “ ´

ż

A
divX βpuhqφdp´

ż

A
βpuhqXφdp.

Notice that, since β1 is continuous, β1puhq Ñ β1puq a.e. on B, and moreover, |β1puhq ´ β1puq| ď 2C.
Therefore, by the dominated convergence theorem,
ż

A
|β1puhqXuhφ´ β1puqXuφ| dp ď }φ}L8pBq

ż

B
|β1puq||Xuh ´Xu| dp`

ż

B
|β1puhq ´ β1puq||Xuh||φ| dp

ď C}φ}L8pBq

ż

B
|Xuh ´Xu| dp`

ż

B
|β1puhq ´ β1puq||Xuh||φ| dp Ñ 0.

Furthermore,
ż

A
| divX βpuhqφ´ divX βpuqφ| dp ď C}φ}L8pBq}divX}L8pBq

ż

B
|uh ´ u| dp Ñ 0.

Finally,
ż

A
|βpuhqXφ´ βpuqXφ| dp ď C}Xφ}L8pBq

ż

B
|uh ´ u| dp Ñ 0.

Hence, (A.2) follows by letting h Ñ 8 in (A.3). In conclusion, when u P L8
locpAq, the above arguments

apply for every β P C1pRq. □
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