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Abstract

We investigate the I'-convergence of Ambrosio—Tortorelli-type functionals for circle-
valued functions, in the case of volume terms with linear growth. We show the emer-
gence of a nonlocal I'-limit, which is due to the topological structure of the target
space, and discuss compactness of minimal liftings. Our results extend the analysis of
a previous work on the quadratic case. Applications to the area functional are given.
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1 Introduction

Let n > 1 and 2 C R™ be a connected and simply connected bounded open set with
Lipschitz boundary, and let S* = {(z,y) € R?: 22 4+ y? = 1} denote the unit circle. For
u: Q — St and v: Q — [0,1], consider the family of functionals defined, for € > 0, by

1— 2
AT§l (u,v) :== / <1)2|Vu|2 + | Vul* + (4;)> dz.
Q

As in the classical Ambrosio-Tortorelli approximation [6,/7], one observes a decoupling,
as £ — 0T, between the bulk term [, v?|Vu|?dz and the phase-field term [, (e|Vv[* +
(1 —v)?/e)dx. However, in sharp contrast with the classical setting, [13] shows that
for S'-valued maps the I'-limit of AT§1 depends on the choice of the functional domain.
More precisely, if one considers {(u,v) € WH1(€;SY) x Wh2(Q) with v|Vu| € L*(Q)}, as
domain, then AT §1 [-converges in L' to the Mumford-Shah functional for circle-valued
maps, namely to

MSg1 (u) := / \Vul?dz +H"1(S,), ueSBVZ(Q;Sh.
Q
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If, instead, one restricts to the smaller domain {(u,v) € WH2(€;S!) x WH2(Q)}, then
ATE1 I-converges in L! to the nonlocal functional

MSyige (u) := / \Vul|? dz + mofu], w€ SBV?(Q;SY),
Q

where, denoting by S, the jump set of a function ¢,
ma[u] := inf{H"1(S,): p € GSBV?(Q), € = u a.e. in Q}. (1.1)

Since S, C S, for any lifting ¢ of u, it follows MSyg (u) > MSgi(u), possibly with the
strict inequality for appropriate maps u.

This dichotomy, sometimes referred to as the Lavrentiev phenomenon, reflects the in-
fluence of the topological structure of S', in particular the possibility of a nonzero degree
for circle-valued maps. In the first case, one has more freedom in the construction of the
recovery sequence, and it is possible to preserve the degree throughout the approximation
procedure. In contrast, in the second case, since a map u € W12(Q;S!) has zero topolog-
ical degree whenever ) is simply connected (see, e.g., [18]), one is forced to approximate
maps of nonzero degree by maps of zero degree, which entails an additional energetic
cost. This phenomenon is clearly illustrated by the example of the vortex map described
in |13 and also occurs in other variational problems concerning the relaxation of the area
functional in codimension two [9] and the study of ferromagnetic spin systems [22].

The minimisation problem in can be formulated for any v € SBV?(;S') with
p > 1 by minimizing over all liftings ¢ € GSBVP?(Q2); we denote the corresponding value
by my[u]. In [13] it is proven that m,[u] admits a minimizer which in general does not be-
long to SBVP(Q2), and that such minimisers are related either to suitably defined optimal
transport problems (when n = 2) or to certain solutions of the Plateau problem (when
n > 2).

Linear growth setting. In the present paper we consider a variant where the quadratic
term |Vu|? is replaced by a term of the form f(|Vul|), with f having linear growth at infinity
(see Section |3| for the precise assumptions). Similarly to the unconstrained case [2,3], the
linear growth introduces a genuine interaction between the bulk term and the phase-field
term which is absent in the quadratic case. In addition, the resulting I'-limit is defined on
the larger space BV (£2;S!) and thus has a Cantor part.

More precisely, by allowing also for more general phase-field terms (cf. Section , our
main result Theorem [3.1] states that if one restricts to the domain (u,v) € WH2(Q;S!) x
W12(€), then the I-limit is the nonlocal functional

/Qf(]Vu\)dx + | Du|(Q) + mglu], ue BV(Q;Sl) ,

where mg[u] is expressed as a minimization problem associated to the cost function g

defined in (2.3)), that is

mglu] := inf { / g(loT — @ )dH" o € GBV(Q), € = w ae. in Q} : (1.2)
Se
We also prove that mgy[u| is actually a minimum, i.e., we prove the existence of a minimal

lifting for mg[u]. As a byproduct of this, we establish compactness results for sequences of
liftings in the linear-growth setting (Theorems and , extending the results of [13]



to the full BV-framework. In particular, we show that sequences of liftings of a given
map in BV (Q;S!), for which we control the portion of jump set with jump amplitude
greater than o > 0 are precompact with respect to the local convergence modulo 27 (see
Definition , and moreover, that the same holds for sequences of liftings corresponding
to up — u in BV (Q;Sh).

The linear growth case entails substantial differences in the proof strategy. First, com-
pactness results for liftings in the class GBV are required, which rely on slicing arguments
and measure-theoretic localization techniques. Moreover, the genuine interaction between
the bulk and the phase-field terms prevents a direct adaptation of the quadratic-growth
analysis and necessitates a localized approach to I'-convergence. These tools allow us to
simplify several arguments with respect to the quadratic case, while at the same time
extending the theory to a broader and more flexible variational framework. In addition,
our analysis reveals natural connections with optimal transport problems and with the
relaxation of the area functional in S'. We briefly discuss these relations below and defer
a complete investigation to future work.

Connections with the relaxation of the area functional in S!. The relaxed area in
S! of the graphs of L!-functions u: Q — S! is defined by

A8 (u, Q) = inf{lgglgg/g V14 |Vug2de: up € CHQ;SY), up — w in Ll} :

This functional was characterised in terms of Cartesian currents (cf. [28]). Alternatively
one could propose a characterisation using lifting theory. For instance, if we further assume
that € is simply connected, then we show that (see Theorem [7.1)

A (1, Q) = /Q V14 [Vu2dz + |Du|(Q) + m[u],

m[u] := min {/S

The similarity with (when f(t) = V1 + t?) suggests the possibility of approximating
A5 through suitably chosen linear-growth Ambrosio—Tortorelli type functionals. Indeed,
using a diagonal argument, we provide such an approximation in Theorem [7.2] opening
interesting perspectives for future research related to the relaxation of the area functional
in codimension two (see [1,8-12,/14}15.20,31,132] and references therein for related results).

where

lot — @7 |[dH" ! p € BV(Q), € = u ae. in Q} )

©

Connections with optimal transport. The quantity my[u] admits a natural interpre-
tation as an optimal transport problem with cost g. Assume for simplicity Q € R? and
let u € WH1(Q;S!) have distributional Jacobian of the form

N
Det(Vu) = WZ((SQ:Z - 5%‘)7 T, Yi € Q.
=1

Setting yu:= SN | ,, and v := 3 §,. one can show that

my[u] = inf /R g(0) dH? |

3



where the infimum is taken over all integer multiplicity 1-currents 7' = (R,6,7) with
0T = p —v. We refer to |13] for the discussion on the equivalence between the mini-
mization problem mg[u] and the optimal transport problem with cost function g = 1. For
optimal transport problems in this setting we refer to [19}27,/29,[30] and references therein.

Let us also mention that, due to its property of approximation of the Mumford-Shah
type energy of circle-valued maps, as observed in [13], our Ambrosio-Tortorelli functional
has a strict connection with analysis of Ginzburg-Landau energies and dislocation me-
chanics (we refer to [16] for the former topic). Specifically, the Mumford-Shah functional
for S'-valued maps has been successfully used to model the appearence of dislocations
in 2-dimensional domains (see [23},25] for more details; we also refer to the introduction
of |13] for a more exhaustive discussion on the link with vortex singularities).

Content of the paper. In Section [2| we collect some notation and recall some useful
results needed to prove our main results. In Section |3| we state our main result Theorem
In Section {4 we state two compactness results for sequences of liftings (Theorem
and Theorem . We also state and prove existence of a solution to . Section
is devoted to the proof of Theorems and In Section [6] we provide the proof of
Theorem Eventually, in Section [7] we prove Theorems [7.1] and

2 Notation and preliminaries

We start to recall some notions concerning BV and GBV functions [5] and lifting theory
[18]. In what follows: 0* A denotes the reduced boundary of a finite perimeter set A C R”,
|-| and H"~! denote the Lebesgue measure and the (n — 1)-dimensional Hausdorff measure
in R", respectively, and x 4 denotes the characteristic function of the set A C R™. If ) C R"
is an open set we denote by A(€2) the family of all open subsets of .

We recall the following lemma [17, Proposition 1.16]:

Lemma 2.1 (Localisation). Let Q C R™ be a bounded open set with Lipschitz boundary.
Let p: A(Q2) — [0, +00) be a superadditive set function on disjoint open sets, \ be a positive
measure on Q and, for k € N, hy: Q — [0,+00] be a Borel function such that

u(A) > / hidX  for every A € A(Q?) and k € N.
A

Then

w(A) > / sup hr dA  for every A € A().
A k>1

2.1 BV and GBV functions

Let U C R™ be open and bounded, and m > 1 be an integer. We denote by BV (U; R™)
the space of vector-valued L'(U;R™)-functions with bounded variation in U, and with
|- |pv and || - ||[py the BV seminorm and norm in U, respectively, i.e.

ulpv == [Dul(U),  |lullsy := llullgr + |ulpv,

see [5]. We recall that if w € BV (U;R™) then its distributional gradient is a R"*"- valued
Radon measure with finite total variation, and it can be decomposed as

Du = Vul" 4+ D + [u] @ v, H" 'L S,



where Vu is the approximate gradient of u, Du the Cantor part, 5, is the approximate
jump set of u, [u] = u™ —u~ is the jump opening, v, is a unit normal to the jump set S,
of u and ® stands for the tensor product, see [5, Def. 3.67]. We say that u € BV (U; R™)
is a special function of bounded variation in U if D = 0. We denote by SBV (U; R™)
the space of vector-valued special functions with bounded variation in U. For p > 1 we
define also the space

SBVP(Q;R™) = {u € SBV(Q;R™): |Vu| € LP(Q), H"1(S,) < +o0}.

A measurable function u : U — R™ belongs to the space of generalised functions with
bounded variation in U, that is, u € GBV (U;R™), if pou € BVjec(U) for any ¢ € CH(R™)
with V¢ compactly supportedE Note that also in GBV we can define the approximate
gradient, the Cantor part and the jump set. Moreover GBV (Q,R™) N L>°(Q;R™) =
BV (Q,R™)NL>*(; R™). Analogously one can define GSBV (U;R™) and GSBVP?(U;R™).
If m =1 we write BV(U) = BV (U;R), and GBV(U) = GBV (U;R).

We set

BV(U;SY) = {u € BV(U;R?): |u| =1 a.e. in U}.

Eventually, a (finite or countable) family { E;} of finite perimeter subsets of a finite perime-
ter set F© C R™ is called a Caccioppoli partition of F' if the sets F; are pairwise disjoint,
their union is F', and the sum of their perimeters is finite.

2.2 Approximation and compactness for the vector Mumford-Shah func-
tional

We recall a result due to Alicandro-Braides-Shah [2], subsequently extended to the vector
case by Alicandro-Focardi [3]. Let m > 1, and

D= {(u,v) € WO R™) x WH2(Q): 0 < v < 1}

Consider the family of functionals F.: L'(Q;R™) x L'(Q) — [0, +00] given by

2 M r it (u,v
[ (vorsavu ol + F Yo it oy e .

Fe(u,v) :=
+oo otherwise in L'(;R™) x L'(Q),
(2.1)
where
(a) ¥:[0,1] — [0,1] is an increasing lower semicontinuous function with (0) = 0,

(1) =1 and 9(t) > 0if t € (0,1);

(b) f:1]0,400) — [0,+00) is a convex increasing function such that

t—+oo t

(¢) W:[0,1] — [0,400) is a continuous function such that W(s) = 0 if and only if s = 1.

'Recall that f € BVioc(U) if f € BV(U’) for every U’ C U open with U’ compact in U.



Set also .
ew(t) == 2/ VW (s)ds, (2.2)
¢
and
g(z) :=min{¢(t)z + 2cw (t): 0 <t < 1}. (2.3)
Then the following theorem holds.

Theorem 2.2. Let Q C R™ be an open set with Lipschitz boundary. Then F. T' — L'-
converge to the functional F defined as

/f(\Vu]) dx—i—\Dcu\(Q)—i—/ g(lut —u ) dH" ! ifue GBV (S R™),v =1 ae.
F(u,v):=< Ja Sa
“+o00 otherwisein L!(€; R™) x L1 (1)

as e — 07T,

Remark 2.3. By inspecting the proof of Theorem one actually deduces the following
properties:

(i) Lower bound on open sets. The lower bound inequality holds on every A € A(Q).
Precisely, let F.(-,-, A) and F(-, -, A) denote the localised functionals on the open set
A C Q and suppose (uc,v:) — (u,v) in L*(Q;R™) x LY(Q). Then

liminf Fe(ue, ve, A) > F(u, v, A);

e—0t

(ii) ¢ is a truncating function. The function g in satisfies the following proper-
ties:
1. g is increasing, ¢g(0) = 0 and lim,_, 1o g(z) = 2w (0);
2. g is subadditive, i.e., g(z1 + 22) < g(z1) + g(22) for all 21, 22 € [0, +00);
3. g is Lipschitz-continuous with Lipschitz constant 1;
4. g(z) <z for all z € [0,400) and lim, g+ g(2)/2z = 1;
5. For any T > 0 there exists ¢p > 0 such that z < erg(z) for all z € [0, T];
6. For o > 0 there exists C, > 0 such that g(z) > C, for all z > ¢ > 0.

Properties 1 — 5 follow by |2, Remark 4.2]. Property 6 follows taking C, = g(o).

2.3 Liftings of S!'-valued maps

Let 2 C R™ be a bounded connected and simply connected open set with Lipschitz bound-
ary, and u: © — S' be a measurable function. A lifting of u is a measurable function
w: 2 — R such that

u(z) = @ for ae. €.

Given a Borel set B C €2, we say that ¢ : B — R is a lifting of v on B if the previous
equality holds a.e. on B. Clearly, if ¢ is a lifting of u, then so is ¢ + 2mm for all m € Z.
If v has some regularity, a natural question is whether ¢ can be chosen with the same
regularity. The answer is partially positive, see |18,24] for more details: we recall in par-
ticular that if n > 2 and u € WP(Q;S!) for some p € [2,400), then, being Q simply
connected, u has a lifting ¢ € W1P(Q), and ¢ is unique (mod 27). Moreover, for n = 2



and p € [1,2) there exists u € WHP(Q;S!) for which there are no liftings in WP (Q),
see [18, Theorem 1.2, Remark 1.9]. Indeed it can be shown [18, pages 17-19] that there are
no liftings of the vortex map uy (z) = x/|z| in WH1(By) (and thus there are no liftings in
WLP(By) for all p € [1,2)).

Next we recall the

Theorem 2.4 (Davila-Ignat). Letu € BV (2;S'). Then there exists a lifting o € BV ()
such that ||¢||pe < 21 and |¢|py < 2|u|py.

Proof. See |24, Theorem 1.1], and also |18, Theorem 1.4]. O
As usual, for any lifting ¢ € SBV(Q) of u we writ Sy = Sé U 5’3; where
S{O ={z €8, : [p](x) € 2nZ}, Sf; =8, \ S{O.

In particular Sf; = S,; moreover |Vu| = |[Vy| a.e. in Q. If u € BV (£;S1), also | Du|(Q) =

[ D p| (€2).
Let u € BV (Q;S') and consider the minimum problem

inf{|¢|pyv: ¢ € BV(Q), ¥ =u a.e. in Q}.

Then there exists a minimizer ¢ € BV (Q) such that |p|py < 2|u|py and 0 < [, pdz <
27| |18, page 25]. Moreover, as already mentioned in the introduction, in [13] it was
proven that for any p > 1 and any u € SBVP({);S!) the minimisation problem

mp(u] := inf{H"1(S,): p € GSBVP(Q), ¥ = u a.e. in Q}

admits a solution. Here, we are instead concerned with the existence of minimal lifting
for a minimisation problem which depends on the cost function g in (2.3) (cf. (1.2)) for its
precise definition).

3 Statement of the main result

Let n > 2 and 2 C R™ be a connected bounded open set with Lipschitz boundary. To the
pair u: Q — S, v: Q — [0, 1] we associate the functional

w
Fe(u,v) := / <z/;(v)f(\Vu!) + £|Vol? + 8(11)) dx,
Q
where € € (0,1], ¥, f and W satisfy properties @ @ and in Section

We consider the functional domain given by
Dg := {(u,v) € WS x WH2(Q): 0<ov <1} c LY (SYH) x LY (Q).  (3.1)
For € € (0, 1] let us consider the corresponding family of functionals
FS': LM(Q;SY) x LYQ) — [0, +0o0]

given by
Fe(u,v) if (u,v) € Dg1,
FS (u,0) 1= (3.2)
+00 otherwise in L1(€;S!) x L1(Q).

The main result of the present paper reads as follows.

2Si stands for the “integer” part of the jump, and S£ for the “fractional” part.



Theorem 3.1 (I'-convergence of Ffl). Provided §) is simply-connected, we have

I — L' lim F$' = Fyg,

e—0t

where

/ F(Vul) dz + |D|(2) + my[u] if uw € BV(Q;SY),0 =1 a.e.,
Q

+o0o otherwise in L!(Q;S!) x L'(€),
(3.3)

Fiig (u, v) :=

and mgylu] is defined in (L.2). In addition, mg[u] is a minimum.

We note that the admissible set in is nonempty, according to Theorem As
an outcome of our analysis, we derive compactness results for sequences of liftings (see
Theorems and . In particular, Theorem will play a key role in establishing the
lower bound in Theorem [3.11

4 On g-minimizing liftings

In this section we establish the existence of solutions to the minimization problem (1.2)),
for g as in (2.3) and u € BV (£2;S'), as stated in Corollary For later use, we introduce
the following notion of convergence.

Definition 4.1 (Local convergence modulo 27). Let (¢r)k>1 C GBV(Q) and ¢ €
GBV(Q). We say that (pr) converges locally modulo 2m to ¢oo (in Q) if the following

holds: there exist a Caccioppoli partition {E;}i>1 of Q and sequences (d,(;))kzl C Z for
1 € N such that

lim (pp(x) — 27rd§j)) = poo(x) VieN, fora.e x€E;,

khT lok(x) — 27le(€i)‘ = 400 Vi eN, forae z€Q\E;.
—+o00

Theorem 4.2 (Compactness). Let 0 < o < . Let u € BV(;S!) and (pr)p>1 C
GBV () be a sequence of liftings of u in Q with

H:= supH”fl(Sf;k) < +00, (4.2)
keN
where
Sg, i =A{z € Syt ller(@)]| = o} (4.3)

Then there exist a (not-relabelled) subsequence of indices k and a lifting poo € GBV ()
of u in Q such that (pr) converges locally modulo 2 to @u.

A first consequence of Theorem is the following result.
Corollary 4.3 (Existence of a minimizer to mgy[u]). Let g be as in (2.3). Let u €
BV (Q;SY) and let (¢1)r>1 C GBV(Q) be a sequence of liftings of u in Q with

C = sup/ g(lof — e )AH" ! < +o0. (4.4)

keN J s,

Then the following holds:



(i) Compactness: There exist a (not-relabelled) subsequence of indices k and a lifting
Yoo € GBV(Q) of u in Q such that (@) converges locally modulo 27 to Yoo;

(i) Lower semicontinuity:

lim inf 9(lef —p ) dH™ 1 > / g(leds — o) dH™ 1.
Pk Poo

As a consequence, the infimum defining mglu] is attained in GBV (2).

Proof. (i). Let 0 < 0 < m be fixed. Remark [2.3}(ii) and (4.4) yield
O [ allet =g han = OIS,
ok

and the assertion follows from Theorem [4.2l
(ii). Let poo, {E;i}i>1 and (d,(j))kzl be as in (4.1]). We exploit the fact that g arises from
the I'-limit of the functionals in (2.1)). Fix N,i € N and set

oo = (o — 2md) A NYV (=N).

Then QOZ’N — o5 in LY(Q) with o5 = (oo AN) V (=N) in E; and o5 = £N in two
suitable finite perimeter subsets of {2 the complement (in €2) of the union of which is E;.
Define
G(¢,A) =F(¢,1,A) for p € GBV(Q), Aec AQ)

where F(-, -, A) is as in Remark [2.3}(i) with f(t) = ¢. From Theorem [2.2] and properties of
I'-convergence it follows that G(-, A) is lower semicontinuous in the L'-topology, so that

lkim inf G(¢x, A) > llimJirnfG(cpZN,A) > G5, A), Ae A(Q). (4.5)
—+00

o0
—+00

Next we define the superadditive set function

w(A) = lim inf G(pr, A) VA€ A(Q), (4.6)

—+00

and the positive measure
MB) i= Glgoe, B) = [ Vpncldo+ Dl B) + | olle% — ey dr!
B (Spoo \Z)NB
+ 2ew (OVH" 12 N B),

for every Borel set B C €2, where we have denoted
+oo
S = ( U O*Ei) \ Q. (4.7)
i=1

We identify E; with the set of points of density 1 for xg,. Define also, for i > 1,

1 in El\(EUSCpOO)
hy =
1- )
0 otherwise in Q



and
' 1 in S%O NE; ‘ 1 in (8*EZ) \8(2
hy = ,  hy =
0 otherwise in 0 otherwise in .

By construction we have

Hm (BT = (@5 = ledk —es]  H' ' ae in (S, NE;),
N—+oo

and ' ,
lim (57T = (9EN) 7| = +o0 H" ! ae. in O°E;,
N—+o0

hence by monotonicity of g and the monotone convergence theorem we arrive at

lim (AT~ () D a2 [ rax
N—+o0 (8 s N \O*E)NA A
and
2ew (OVH" 1 (ANO'E;) = Jim 9([(e5)F = ()~ an > / hdA.
—0 J ANO*E; A

Whence, by we conclude
p(A) > /AhgdA, p(A) > /AhgdA, A€ A(Q).
On the other hand, still by it is easily seen that
p(A) > /AhidA Vi>1, A€ AQ).

Therefore, since

i _
sup  h; =1,
§=1,2,3, ieN

using Lemma [2.1] we infer
u(A) > A(A) forall Ae A(R).

As a consequence we get
liminf G(¢k, ) > G(vso, 2) . (4.8)

k—+o0

Since ¢k, oo are liftings of u in Q it holds |Vpi| = |Veeo| = |Vu| and |D%p|(2) =
|D¢poo|(Q) = | Du|(S2), hence (4.8) in turn implies

k——+o0

lim inf ) g(\soZ—solZl)dH’”Z/ g(let — o) dH™ 1,
Pk

Yoo
and the proof of (ii) is concluded. O

From the proof above we also obtain the following:

10



Corollary 4.4. In the same hypotheses and notations of Corollary[{.3, we have

k——+o0

imin [ (ol o DA 2 [ gl - el AR+ 2w OHT(S),
S

Poo
where we recall 2cy(0) = supg and X is defined in (4.7)).

Now we state a generalization of Theorem to a sequence (uy), needed to show
Theorem the proof will be given in the next section.

Theorem 4.5 (Generalised compactness). Let u,u, € BV (Q;SY) be such that
up = u in BV (Q;SY), (4.9)

and let pr, € GBV(Q) be a lifting of ug in Q, for all k > 1. Suppose that for some
0<oc<m

H = supH”fl(S;k) < 400. (4.10)
keN

Then there exist a (not relabelled) subsequence of indices k and a lifting poo € GBV(Q)
of w in § such that @ converges locally modulo 27 to puo.

5 Proofs of the compactness Theorems [4.2] and

We split the proof of Theorems [4.2| and into a number of intermediate lemmas.

Lemma 5.1 (Localized compactness). Let 2 C R” be a bounded open set with Lipschitz
boundary, and u € BV (;SY). Let 0 < o < 7 and (¢r)k>1 C GBV(Q) be a sequence of
liftings of uw satisfying . Let F' C Q) be a nonempty finite perimeter set in ). Then,
for a not-relabelled subsequence, there exist a sequence (di)r>1 C Z, a finite perimeter set

ECF

in Q, and a function poo € GBV(QY), such that:

Yoo 15 a lifting of u in E, poo=0 inQ\FE, (5.1)
and
lim (or(x) — 27dy) = Yoo() for a.e. x € E,
lim |pg(x) — 27dy| = +00 for a.e. x € F\ E,
k—+o00
n"wy, | F|"
B> >0 5.3
IE] 2 27(2H + H 1 (0*F))" ’ (5:3)
If furthermore
lok(x) — 2mdy| — +o0 for a.e. z € Q\ E, (5.4)
and {x € Q: pi(x) — 2wd, — £oo} are finite perimeter sets in 2, then
S n—1(go n—1 *
%gig”ﬂ (87, NA)>H (ANO*E)  for any A € A(), (5.5)
and
H Y FNO*E)=H" (FNo* (F\E)) <C. (5.6)

11



Proof. Following the lines of the proof of [13, Lemma 4.1] and noticing that |13} equation
4.8] still holds if we replace S,, and Sy, with S7_and SZ we can prove that there exist
a sequence (dj)k>1 C Z, a measurable set £ C F', and a measurable function ¢o: @ — R
such that f hold true for a not-relabelled subsequence.

We next show that E has finite perimeter and ¢, € GBV(Q2). For each k > 1 we
define the auxiliary function

pr —27d,  in F
Pr = :

k in Q\ F.

Since F' has finite perimeter we have (pr) C GBV(€)). Moreover
supH"1(S3) < H+H"'(0°F),
keN

and

lim @p(z) = poo(x) for a.e. z €

k——+o00

lim |Pg(x)] = 400 forae. x € Q\E.
k—+o00

Now we proceed by adapting a slicing argument in [4] (see also [21]). For H" l-a.e
eSS cR"and y € II¢ := {y € R": y - £ = 0} we introduce the following notation:

Ag ={teR:y+t{ec A}, ag(t) =a(y +t§),

for any A C R™ and a: A — R. In particular ((ﬁk)g is a map of one variable in GBV(QS)
for a.e. y € II¢.

Recalling that S?@g)i ={te S(@kﬁ: 1(@)5®)]] = o} and 5%, ={z € 55, : [Pk (2)]| =
o}, we have

o o \§
Sm)i C(S83,)y-

This together with Fatou’s lemma implies

/H gginf(!D(sok) (5 \ S,06) + M5 1 ST ))) dH" ()

< /H & lim inf (]D(gok)5|(§2§ \STs) + H° (Qg N <S%k>§)) dH" " (y)

< limnf / ID@OSIE\ 57, o)+ 0 (951 (52,)5) a1 o)

k—4o00

< lim inf <|Dgpk|(Q\ DEs /
k—+ ons

< c|Du|(Q) + oH" 1 (0*F) + chmlnf?-l" 1(5g,) < 400,

k—+o0

where the last inequality follows from the fact that (Sg, \ Sgk) C Sy, UO*F, and since
o <, one has [[¢(2)]] < c[[u(z)]| for a.e. z € S5, \ Sg and some ¢ > 0. Thus for

H' lae. € € "1 and H" l-ae. y € II¢ we can consider a not relabelled subsequence
(depending on ¢ and y) such that

sup 1D(3k)§ \(Qf\S” +7—L°(Q§mSE’ e)| < +oo.
Y

12



Hence for not relabelled subsequence (depending on £ and y) there exists m € N depending

o EH
as well in Qg as k — +oo for H" l-a.e. £ € S" ! and H" '-a.e. y € II¢ . Thus, using the
fact that @, — 400 in Q \ E, and therefore on Q§ \ Eg, it is possible to show that

on ¢ and y such that (Qg nse > =m for all kK > 1, and the jump points converge

fmint (451 57,5) 2 0 (450 955)

(see [4] for details). By integrating over IT¢ and using once more Fatou’s lemma we conclude

k——+o00 ¢ k—+o0

> /m 210 (8*E§) dH"L(y),

for H* 1-a.e. € € S*! and every open set A C Q. As a consequence we deduce that F
has finite perimeter in €, since by integrating over S*~1,

lim inf/ Vg, - ElAH" T > / lim inf #H° (A5 ST s )dan(y)
AOS%IC I

ap liminf H" (AN SZ.) = anH" 1 (ANO*E),

k—+o00
where oy, := [guo1 |V - §]dH" 1 (v), which in turn implies

liminf H" (AN S2,) = H" Y ANO'E). (5.7)

k—+o00

To prove that o, € GBV(2) we argue as follows. For N € N we set §5 := (g AN) V
(—=N), so that
IDEYI() < |Dul(©) + 2NH" (S,) < ¢

Hence (pY) converges weakly™ in BV (Q) to % as k — 400, where

N {(sooo AN)V(=N) inE,

o ) so that @Y € BV(9Q).
+N in Q\ E,

Hence observing that in the whole of Q we have (¢oo A N) V (—=N) = @ xE € BV () we
conclude o, € GBV(Q2). Eventually if in addition (5.4]) holds then (5.5) can be deduced
in the same way as (5.7) with ¢ — 2wdy in place of p. This additionally implies

P(E,F) < H,
which shows . O
Lemma 5.2. Let 0 < o < m. Let (pr)r>1 C GBV(Q) be a sequence of functions satisfying
H :=supH"(57,) < +oc. (5.8)
keN

Let N > 1 be an integer, E1, ..., Enx C € be pairwise disjoint nonempty finite perimeter
sets with the following property: for anyi=1,..., N,
hmmf’H” 1(5" NA)>H"YANIE;) for any A € AQ).

k—+o0

Then
H > lim inf 7"~ 1S2,) =1 QN (UL, 07 E;)) -

k—+o0

13



Proof. We define the superadditive set function p: A(2) — [0, 4+00) as

w(A) —hmlnf’H" 1(AﬁS”)

k—+o0

and the positive measure
A(B) :=H"1(Bn(UX,0"E;)) V Borel set B C Q.
Moreover for i =1,..., N we set

1 in 0*FE;
hi =
0 otherwise in

Clearly we have
w(A) E/hid)\ Vi=1,...,N.
A

Therefore, since
1 in UN, 0"E;
h:= sup h; = ,
=1, N 0 otherwise in Q2

by Lemma [2.1] it follows

liminf 7"~ 1(Sg, N A) = (A)z/hdA H Y AN (U, 0°E)),
A

k——+o0

which implies the thesis by taking A = Q. O

5.1 Proof of Theorem [4.2]
We adapt the arguments of [13, Theorem 3.1].

Base step M = 1. We set
F; =Q.

By Lemma [.1] we find, after extracting a not-relabelled subsequence, a finite perimeter
set £y C F1, a sequence (d,(cl))kzl C Z and a function @&) € GBV(Q), such that

o) is a lifting of u in Ej, eM=0 inF\E,

and
| n

n"wy, | F
B >
Erl = m(2H + H—1(8Q))"

Moreover
(pr(x) — 27rd§€1)) — o1 (x) for a.e. x € Ey,

lor(z )—27rd |—>—i—oo for a.e. x € F1 \ By .
Since F; = , estimate (/5.5)) yields

hmlnf?-l" 1(5” NA)>H"Y(ANJ*E;) for any open set A C F} .

k—+o00
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Inductive step M ~~ M + 1. Let M > 2. Suppose we have pairwise disjoint nonempty

finite perimeter sets, F1, ..., Ey C €2, and define inductively
i—1
Fi=Q, F:=Q\|JE fori=2...M,
j=1

so that F; C F; for all i =1,..., M. Assume that, still for all i = 1,..., M, the following
holds:

(i) There exists a function gpc(fg € GBV(Q2) which is a lifting of v in F;, and cpg)) =0in
Q \ Ei;

(ii) The set E; satisfies

n"wy | F;|" n"wp | F|"

QH + H— (0" Fy)) = 27(3H + H™—L(9Q))"’

|Ei| > o

(iii) There exists a sequence (d,(j))k C Z, such that
(pr(z) — 27rd,(j)) — oW (2) for a.e. x € E;,
lok(x) — 27rd§f)| — +00 for a.e. x € Q\ E;, (5.9)

lim nf H"H(Sg, NA)>H"(ANJ*E;) for any A € A(Q).

—+00
Set, for M > 1,

M
Furer = Q\ (UE)

i=1

If Fay11 = () nothing remains to prove. Therefore, we may suppose Fyri1 # 0. From
Lemma [5.2]
liminf H"~1(S7,) > H" QN (UL,0°E;)), (5.10)

k— 00
and thus, since 0* (UM, F;) C UM, 0*E;,
Tk (Q N a*(uf‘ilE,-)) = H QN Fypr) < H . (5.11)
Applying Lemma to the set F' = Fyy1, we obtain a finite perimeter set
Erig1 © Fyyr,
a function ¢+ € GBV () and a sequence (d{yﬂ)kzl C Z, such that
oML =0  in Q\ Eyyr, @Mt s alifting of w in Epyyq,
and

n"wn | Farea|™
2H + H" Y (O*Fapq1))

E > 12

15



together with

(or(x) — 27Td£4+1) — M) for a.e. z € Eprya,
lok(z) — 27rd£f[+1\ — +00 for a.e. * € Far1 \ Envyr,

lkim inf ’H”_I(S:;k NB) > H"Y(BNJ*Eyy) for any open set B C Fyryy .

—+00

Gathering (5.11)) and (5.12)) we have
Py " nwn Py "
CH +H 10" Fary))" = 2°(3H + Hr-1(09))7

Moreover by (5.9)), also
lpr(z) — 2mdy T — +o0 for a.e. x € Q\ Epr41 -

>0.

[Ena] 2 55

Thus properties (i)-(iii) are preserved at level M + 1.

Conclusion. Iterating the above construction and extracting a diagonal subsequence, we
obtain a sequence (E;);>; of mutually disjoint finite perimeter sets in {2 such that for every

M > 1, E, ..., Ey satisfy properties (i)-(iii). From ((5.10)),
Hminf H"1(Sg,) > H* M QN (UL 0°E;)  Vm > 1. (5.13)

k——+o0

To conclude, we show that

O\ (U E)| = 0.
Since % |E,,| < +o0, the sequence (|E,,|) tends to zero as m — 400, and using

Ep| > n”wn]Fm|2
"= on(3H 4+ HL(00Q))?

we deduce that |F,,| — 0. In particular,
+OO . — 3 m_l . = 1 =
Q\(UEE) = lim [0\ (U5'E) = lm|Ful =0.

Define ‘
Voo(@) := o () it v € E; for some i € N.

Then ¢ is a lifting of u in 2. We now show that

Yoo € GBV(Q). (5.14)
First observe that by letting m — oo in (5.13]) we deduce that
H > liminf H"71(Sg,) > H"H(QN (UZ,0°E))) . (5.15)

k——+oo

Now, for each N € N we define the auxiliary sequence
Y = ((on — 27rd,(j)) AN)V(=N) in E; foralli>1.
Thus, noticing that Sy C Sy U SZ, U (UX,0*E;) we have from ([5.15))
DO () < /Q |Vu|dz + | Dl () +/S jut — T | dH" T+ 2NHTH(Sg,) < C,
with C > 0 depending on N. Therefore, up to a subsequence, (<I>kN ) converges to (Yoo A

N)V (=N) weakly* in BV (Q2) as k — +oo. By the arbitrariness of N we deduce ([5.14)).
O
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5.2 Proof of Theorem [4.5]
Let ¥,p;, € BV (Q) N L*>®(R) be liftings of w and of uy, in €2, respectively with

|@lpv < 2lulpy < C, |&klBY < 2|ug|py < C

(see Theorem [2.4). The constant C' > 0 can be found using the assumption (4.9) and so
uy are uniformly bounded in BV(Q). In particular, for o € [0, 7] as in the statement,
there is a positive constant C' such that

ng;{H"_l(S%k )+ HH (S} < C.

Furthermore, @, have equibounded BV-norm, and so there is a (not relabelled) subse-
quence such that

D — P Weakly™ in BV (Q2); (5.16)

since up to a subsequence the same convergence holds pointwise a.e., and also ux — u a.e.
on (2, we deduce that ¥, must be a lifting of u.
Thanks to the fact that o < 7, the functions

Vg = Pk — Dk, k>1

take values in 27Z, and belong to GSBV(§2;27Z), since the jump sets satisfy S,, C

g g
S@ U Sg, , and so

H'(Sy,) <HH(ST ) +HH(ST,) < C < +00,

for all k > 1. Trivially vy are liftings of the same function f = (1,0) € S!, and so we
can apply Theorem to obtain that, for a non-relabelled subsequence, there exist a

Caccioppoli partition {F;};cn of €, sequences of integers (d;(;))kZI, and a function v €
GSBV (Q;2nZ) such that, for all i € N,
(o — Pr — 27rd§€i)) — Voo pointwise a.e. in E;,
lok — B — 27rd§j)] — 400 pointwise a.e. in Q\ E;.
From this and (5.16]) we conclude
(pr — 27rd§:)) — Voo + P PoOintwise a.e. in Ej,

|l — 27Td,(j)\ — 400 pointwise a.e. in Q\ Ej;.

This is the thesis, just by setting oo := P + Voo, Which is a lifting of u since vy, takes
values in 27Z. O

6 [I'-convergence of functionals on S!- valued maps

The proof of Theorem [3.1] is delicate. In particular the lower bound inequality requires
a local argument which relies on the compactness result for liftings (Theorem 4.5)). For
convenience we introduce the localised Modica-Mortola-type (or Allen-Cahn type) func-
tionals

MM. (v, A) ::/

A
for every open set A C 2, where W is defined in of Section

<6Vv|2 + WE(”)) de Yo e WhH(Q),
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6.1 Proof of Theorem [3.1]
Step 1: Lower bound. Let e \, 0 as k — +o00. We have to show that

lim mfF (uk, vg) > Frige (u, v) (6.1)

k—+o0

for every sequence ((ug,vi))k>1 C LY (Q;SY) x L1(2) converging to (u,v) in L'(Q;S!) x
L'(©). We may assume

sup FS (uk,vk) <C <400
keN

so that (ug,vg) € Dgi, v =1 a.e. in Q and, up to a not relabelled subsequence,

lim inf FS — lim FS .
lim inf F; *(ur, vr) Jm Fe, (ug, ve)

From Theorem 2.2 it follows that
lim inf Fi (ug, vg) > / f(|Vul|) dz + |Dul|(2) + / g(lut —u~|)dH L.
k——+o0 0 Su

In particular, from Remark [2.3}(ii)-5 and the fact that [u™ — u~| < 2 a.e. (since u is
St-valued) we deduce u € BV (£2;S1).

For every k > 1, since € simply connected, we can choose a lifting ¢, € WH2(Q) of uy
in Q. Using that |Vug| = |Vyi| we have

too>C > F (uk,vk) /Q (w(vk)f(WsDkD + €k|Vvk|2 + Wé:”) dz.

Thus, from the coarea formula, for any k > 1,

C > MM, (v, Q2 / VW (vg)|Vug| dz —/ VW(H"™ L (0*F})d (6.2)

where F} := {z € Q : vp(x) < t}. Now, fix /,n"” € (0,1) with o’ < n”. By (6.2) and
the mean value theorem there exist t(k) € (n',n") and ¢(n’,n") > 0 independent of k such
that

C =)o = )H (O ). (6.3)
Moreover, using also that v is increasing,
¢ [ 6w (Ve de = Co) | gl Virl da. (6.4)
Setting
Pk = PeX g g € SBV?(Q),
we have

Sgy, € a*F;z(k) and Vo = V@kXQ\F]z(k»
Therefore, from (6.4) and ( .,

/Q Vol da + H™ () < COf ") (6.5)
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for some C(n/,n") > 0 depending on 1/, 7" and independent of k. Define
T = € = wxg o + (LY YR EN,
which, by and , are uniformly bounded in BV (€;S!). This and
18| 0, (6.6)

which is a consequence of t(k) < n” < 1 and vy — 1 a.e., imply that the sequence ()
weakly* converges to u in BV (;S!). Hence, using , we can apply Theorem to
the sequence (¢y)r>1 and get, for a not-relabelled subsequence, a lifting v € GBV ()
of u in €, such that (¢y) converges locally modulo 27 to ¢n,. Namely, there exists a
Caccioppoli partition {E;};cn of €2, sequences (d](;))k21 C Z for any integer i > 1 with the
following properties:

lim (¢p(z) — 27rd§:)) = Yoo() Vie N, for ae. v € E;,

k—+o0
khrf |k (x) — 27Td,(f)| = +00 Vi e N, for a.e. z € Q\ E;.
—+00

Again, using , the same holds for ¢y, i.e.,

lim (pg(x) — 27rd,(j)) = Qoo(T) Vi e N, for ae. v € E;,
k—+o0

. : | o)
khrf lorp(x) — 27d)’| = +o00 Vi e N, for a.e. z € Q\ E;.
—400

In particular, to prove the validity of (6.1]) it is sufficient to show

k—+o0

lim inf FZ, (up, vy) Z/Qf(\v%ol)deDc%o!(Q)Jr/ 9(lede — padH .

u

since, being ¢, a lifting of u, we have

/ F(|Vino]) da = / F(IVal) de,  [Dpsl(Q) = [D%|(9).
Q Q

and
/ g(lot — o)A > mglu]

u

For fixed ¢ and k and any integer K > 1 we consider the truncated function

i?

or = (o — 2md) A K) V (—K) € WH(Q),

and
¢i,K . i4L,K
= Pi XQ\F}:(M'

According to the inclusion S ik C 0" F ,:(k) and the inequality |[[¢>;K]]| < 2K, we have
k

i,K _ ) i,K n—1
DGR = [ IV gy @+ [, 1071

k

</\v¢k|dx+KH"—1(a*F,§(k>) <C.
Q
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Hence, up to a subsequence (depending on K and on i), (¢§€’K) converges to some ¢i’<>K in
LY(9) as k — +o0. Moreover from it holds

¢S = (P NK)V (-K) in E;.
Let Fii be such that
Q\E;=F"UF~ and ¢5 =+K in F7.
From (6.6), it follows that (LpZK) converges to ¢5 in LY() as k — +oo. Hence the

sequence ((gpéﬁK,vk)) converges to (¢5X,1) in L*(Q) x L1(Q) and

/A (wwk)fow;;’ﬂ) T en Vol + W<k'f>) w<C,

for any open set A C €, for some C' = C(A) > 0 independent of k. From Theorem
and Remark [2.3}(i) for every i € N
. w
hmlnf/ (d)(vk)f(\VgokD + x| Vur? + E(Uk)) dz
k

k—-+o0 A
i w
> mint [ (0(0£0961 D +aTu + ) as
A k

k——+o0

> [ SOV o+ DA + [ gl - () pare .
A

S¢io’oK NA
In particular Remark [2.3| together with |(¢55)" — (¢58)~| < 2K imply
o5l € BV (Q).

Consider the bounded positive measure given by
AB) := / F(IVpoo]) dz + | D poo|(B) + H" 1 (Sp., N B) V Borel set B C Q.
B
For each i, K € N we define

. g(1(65)* = (#5)7]) i S,k
hz,K o

1 otherwise in ().

Thus from we have

liminf/ <¢(Uk)f(|wk)+ek|m|2+WE(”’“)> dx > / hoEdN Vi, K €N,
A k A

k—4o00

for all A € A(Q). Next, as |(¢5)+ — (655)7] — [(¢i)T — (¢i)"| as K — oo pointwise
H'-a.e. on Sgi_, and then observing that

, 9(lpd, — pxl) in Sp..,
sup hHK =

i, KeN 1 in Q\ S,..,
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we conclude by Lemma (2.1
Step 2: Upper bound. Let g, \, 0 and u € BV(Q;S!). We have to find a sequence
((ug,vi)) C Dg1 converging to (u,1) in L'(;S) x L1(Q) such that

lim sup F?; (uka Uk) < Flift (U, 1) .
k—+o00

By Corollary we can select a jump minimizing lifting ¢ € GBV () of w in Q, and

/ g(lp* — o [)AH™ L = mgfu). (6.9)

©

By Theorem there exist (¢r, vr) € WH2(Q) x W2(Q) such that (o, vr) — (p,1)
in L'(Q) x L' () and
limsup Fe, (¢r, vr) < F(p,1). (6.10)

k—+o0
Next we let up := e?* € W12(Q;S!), so that (ug,vx) — (u,1) in L1(;SY) x LY(Q).
Moreover, from (6.9), (6.10), |Vux| = |Vei| and [Vu| = [V| we get
1
Fsk (Spka 'Uk) = ka (uka Uk) ) F(@: 1) = Flift(u7 1)
and so

. 1
lim sup Ff’k (ur, vg) < Figg(u, 1).
k—+o00

6.2 An extension of Theorem [3.1]
We consider the domain 2351 2 Dg1, defined as

Der = {(u, v) € WS x W2(Q): 0<w < 1} CLMOSY x LHQ).  (6.11)
and the extended energy

Fe(u,v) if (u,v) € Dqi,
FS' (u,v) := (6.12)
+o0 otherwise in L'(€;S') x LY(Q).

Then, the following result holds:

Theorem 6.1 (I'-convergence of FS'). Provided § is simply-connected, we have

I — L' lim FS' = Fy.

e—0t

The proof of the upper bound in Theorem is straightforward since 1381 2 Dgi.
To obtain the lower bound, it suffices to follow the proof of Theorem for a sequence
A CC Q with A, 7 Q, and apply the locality property in Remark (ii). The thesis
follows by a diagonal argument.
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7 Connections with the relaxed area in S!

The relaxation of the area functional in S' for the graph of an L'-function u: Q — S' is
defined as

A (u, Q) = inf {liminf/Q V14| Vu2de: u, € CHQ; S, g — win Ll} :

k——+o0

In [28, page 613] it is observed that AS (u, ) is not subadditive as a set function, therefore
it can not admit an integral representation and a characterization using Cartesian currents
is provided in |28, page 612, Theorem 1]. We recall that, as a consequence of |28, page
612, Theorem 1], AS' (u, Q) is finite if and only if u € BV (Q;S!).

Here we propose a characterization using lifting theory when 2 is simply connected and
leave the general case for future developments. The expression we obtain clearly reveals
the nonlocal nature of AS' (u, -).

Theorem 7.1 (Characterization of AS'). Let Q C R™ be a bounded connected simply
connected open set with Lipschitz boundary. Then

Agl(u,ﬂ)—/Q\/l—i-|Vu]2dx+\Dcu\(Q)+m[u], we BV(QSY,  (7.1)

where

mlu] := min {/5

We preliminarly observe that if u € W1(Q;S') N C*(Q;S!), then there exists a lifting
¢ € WHL(Q) N CH(Q) of u such that —7 < f, pdz < 7. Indeed, the existence of a lifting
P € WHL(Q)NnCL(Q) follows by well-known results [18]. To achieve the latter property it
suffices to add to @ a suitable integer multiple of 2.

©

|t — (p*|d7-l"71: v € BV(Q), e = a.e. in Q} . (7.2)

Proof of Theorem[7.1. Step 1: Lower bound. Let ux € C*(Q;S!) be such that u — u in
L'. We need to prove that

liminf/ «/1—|—|Vuk|2da:2/ VIF Vel de + [Dul(Q) + mlu].  (7.3)
Q Q

k—+o0

Assume without loss of generality that

sup/ V14 |[Vug2de < +o00.
kE JQ

Since [, /1 + [Vug>dz > [, [Vug|da and |ug| = 1 we have u, € WHH(Q; St). For each
k € N select a lifting ¢, € WHH(Q)NCH(Q) of uy in Q with —7 < £, ¢ dz < 7. We have

/|V<pk]dx:/|Vuk|d:c§C.
Q Q

Furthermore, by Poincaré inequality

/¢k|dl‘§/ @k—][sﬁkdy’ d$+9|'][ orpdx
Q Q 0 Q
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Thus, up to a not relabelled subsequence, ¢y X ¢ in BV (Q), where ¢ is a lifting of u in
Q. By [1] we conclude

liminf/ 1+ |Vug|?de = liminf/ L+ [V |* dz
k—4o00 Q k—4o00 Q
> [ VITPds+ Do)+ [ ot~ jare !
Q

Se

> /Q V1 + |[Vul2dz + |Du|(Q) + m[u] .

Step 2: Upper bound. Let v € BV (;S'). We need to find u, € C*(€;S') such that
up — win L' and

limsup/ V14 |Vug?2de < / V' 1+ |Vul?2dz + [DU|(2) + m[u] . (7.4)
Q Q

k——+o0

By [19, page 25] there exists a lifting ¢ € BV () of u in £ such that
|DP|(Q) = inf{|Dp|(): ¢ € BV(Q), ¥ =u a.e. in Q}.

Moreover |[D@|(2) < 2|Dul(Q) and 0 < f, ¢dz < 27. From the identities

/]Vg0|dm:/|Vu|dx and |D%|(Q2) = |Du|(R2)
Q Q

it follows that
/ T — g [dH" T < / o — 7 [dH

@ Se

for any lifting ¢ € BV(Q2) of w in Q. Hence

|18t =gt = .
7
Now by [26] there exists a sequence (¢r) C C1(£2) converging to ¢ in L' and such that

limsup/ V14 |Ver2de S/ V14 |Vo|2dz + DC¢|(Q)+/ T — g |dH" L.
Q Q 5

k—4o00 »
Therefore the maps uy, := €'+ € C1(;S') converge to u in L' and satisfy (7.4). O

We conclude the paper by providing a phase-field approximation of Ambrosio-Tortorelli
type of ASl(u, Q). Let Dg1 be as in (3.1]). For e, h > 0 consider the family of functionals
.7:582: LY (;8Y) x LY(Q) — [0, +o0] given by

1— 2
fi;(u,v) ::/91)2\/14—|Vu|2dzn—|—/Q (5|Vv|2—|—( 4h;}) ) dz, (7.5)

when (u,v) € 58\1 and +oo otherwise. With a little abuse of notation, we denote by
AS" LN SY) x LY(Q) = [0, +00)

the following functional: AS' (u,v) = AS' () if u € BV () and v = 1 almost everywhere
in Q, and AS' (u,v) = +oo if either u ¢ BV (Q;S!) or v is not almost evereywhere equal
to 1in Q.
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Theorem 7.2. Let Q C R™ be a bounded connected and simply connected open set with
Lipschitz boundary. Let he := h(e) be positive, with

lim — =0 and lim h. = 0.

e—=0 he e—07t
Then .7-'525 I'-converges to AS" i the L'-topology.

Proof. Step 1: Lower bound. Let (uc,v.) — (u,v) in L*(£;S') x L'(£2). We need to prove
that )
lim inf F5 (ug,vs) > A% (u,v). (7.6)

e—0t

Assume, without loss of generality, that

sup .7’-'8Sl (Ue,ve) < 400.
3

Let h > 0 be fixed. Then for € small enough we have h > h., so that

hmmf]—' Ug, U >hm1nf.7: Ug, U
e—=0t ( c 6) e—0t h( c 6)

Moreover from Theorem and (2.3) we have that

hmlnff h (Ue, V) /\/1+|Vu|2dx+\Dcu\ Q) + myg, [u],

where

myg, [u] = inf {/ g™ — @ NdH" 1 o € GBV(Q), €% =wu ae. in Q} ,
Se

with ;
gp(t) i= ——— t>0.
®) 1+ ht’

Hence

e—0t

hmmf]-' . (Ue, ve) / V14 |Vul?dz + |D|(Q) + myg, [u] .

By the arbitrariness of h > 0, we obtain
lir)rlir+1f.7-"€S (Ue,ve) > / V 1+ |Vul?2 dz + |Du|(R2) + sup myg, [u].
e—0 h

Now, we claim that
supmg, [u] = lm my, [u] = mul. (7.7)
h>0 h—07t
Indeed, since gp(t) < t for all t > 0, we immediately have mg, [u] < m[u] for all h > 0,
hence lim sup;,_,o+ mg, [u] < m[ul.
To prove the converse inequality, for every h > 0 let ¢, € GBV(Q) be a jump-
minimizing lifting for myg, [u], which exists by Corollary so that

mal = [ 1A
Seon 1+h|90h - ‘
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Fix hg > 0. For any h € (0, hg) we have g (t) > g, (t) for all ¢ > 0, which yields

sup H"! (Sgh) < (14 hom) sup my, [u] < (14 hom)m(u] < +oo,
he(o,ho) he(o,ho)

where S7, is defined in (4.3)). Thus, we can apply Theorem to the family (¢n)ne(o,no)-
For a sequence hy, — 07, (5, ) converges locally modulo 27 to a lifting w9 € GBV (Q2) of

u in Q. By the lower semicontinuity result in Corollary [4.3}(ii) and the Fatou’s lemma,
we infer

+ o —
lim inf mp, [u] = liminf/ Phe — P | dH™ 1 > / g — o | dH™ ™ > mlu).
S.

+ _ —
k—+o0 k—+o00 on, 1+ hk’(phk P, Seo

This shows claim (7.7)) and concludes the proof of the lower bound.
Step 2: Upper bound. Let u € BV (Q;S'). We need to construct a sequence ((ue, v:))eso C
Dg1 converging to (u,1) in L'(Q;S') x L}(Q) such that

hmsup]—" (ue,v:) < A8 (u,1).

e—0t

By definition of the relaxed area AS (u, ©2), there exists a sequence (uz) C C(€;S!) such
that ue — u in L1(£;S!) and

lim [ 1+ |Vu]2dz = A% (u, Q). (7.8)

e=0t Jo

Since u. € CH(4;S!) we have u. € VV&)CZ(Q,Sl) Setting v = 1 on €, we have
(ue,ve) € Dg1 for all € > 0, and (ue,v:) — (u,1) in LY(;Sh) x L1(Q2). Moreover, since
ve = 1, the phase-field terms vanish identically, yielding

fizg(ue,vg) = / V14 |Vue|? de.
Q
Invoking (|7.8]), we obtain
hmsup]-" (ue,ve) = hm+ V14 |Vue|?de = .AS (u, Q),
e—0t =0

which completes the proof. O
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