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Abstract

We investigate the I'-convergence of Ambrosio—Tortorelli type-functionals for circle-
valued functions, in the case of volume terms with linear growth. We show the emer-
gence of a non-local I'-limit, which is due to the topological structure of the target
space, and discuss compactness of minimal liftings. Our results extend the analysis of
a previous work on the quadratic case.
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1 Introduction

Let n > 1 and 2 C R™ be a connected and simply connected bounded open set with
Lipschitz boundary, and let S = {(z,y) € R?: 22 + y? = 1} denote the unit circle. For
u: Q — St and v: Q — [0,1], consider the family of functionals defined, for € > 0, by

1— 2
AT§1 (u,v) := / <1}2|Vu|2 + | Vul* + (ev)> dz.
Q

As in the classical Ambrosio-Tortorelli approximation [5,/6], one observes a decoupling,
as £ — 0T, between the bulk term [, v?|Vu|?dz and the phase-field term [, (e|Vv[* +
(1 —v)?/e)dx. However, in sharp contrast with the classical setting, [12] shows that for
S'-valued maps the I'-limit of AT§1 depends on the choice of the functional domain. More
precisely, if one considers

(u,v) € WHHQ; SN x WH2(Q)  with o|Vu| € L3(Q),

then AT§1 [-(L')-converges to the Mumford-Shah functional for circle-valued maps, namely
to

MSg1 (u) := / \Vu|? dz + H"1(S,), wue SBVZ(;S!).
Q
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If, instead, one restricts to the smaller domain
(u,v) € WH2(Q;SY) x wh2(Q),

then AT§1 I'-(L')-converges to the nonlocal functional
MSyigg (1) := / \Vaul? dz + malu], ue SBVZ(Q;Sh),
Q

where, denoting by S, the jump set of a function ¢,
malu] := inf{H"1(S,): p € GSBV?(Q), € = u a.e. in Q}. (1.1)
Since S, C S, for any lifting ¢ of u, it follows
MSyig (u) > MSgi(u)

This dichotomy reflects the influence of the topological structure of S', in particular
the possibility of a nonzero degree for circle-valued maps. In the first case, one has more
freedom in the construction of the recovery sequence, and it is possible to preserve the
degree throughout the approximation procedure. In contrast, in the second case, since
amap u € WH2(Q;S') has zero topological degree whenever 2 is simply connected (see,
e.g., |[1718]), one is forced to approximate maps with nonzero degree by functions with zero
degree, which entails an additional energetic cost. This phenomenon is clearly illustrated
by the example of the vortex map described in [12] and is observed also in other variational
problems concerning the relaxation of the area functional in codimension two [§] and the
study of ferromagnetic spin systems [22].

The minimisation problem in can be formulated for any v € SBV?(;S') with
p > 1 by minimizing over all liftings ¢ € GSBVP?(Q2); we denote the corresponding value
by my[u]. In [12] it is proven that m,[u] admits a minimizer which in general does not be-
long to SBVP(Q2), and that such minimisers are related either to suitably defined optimal
transport problems (when n = 2) or to certain solutions of the Plateau problem (when
n > 2).

Linear growth setting. In the present paper we consider a variant where the quadratic
term |Vu|? is replaced by a term of the form f(|Vul|), with f having linear growth at infinity
(see Section |3| for the precise assumptions). Similarly to the unconstrained case [1,2], the
linear growth introduces a genuine interaction between the bulk term and the phase-field
term which is absent in the quadratic case. In addition, the resulting I'-limits, which again
depend on the choice of the functional domain, are defined on the larger space BV (€;S!)
and thus have a Cantor part.

More precisely, by allowing also for more general phase-field terms (cf. Section , our
first main result Theoremstates that if (u,v) € WHH(Q; SY) x WH2(Q) then the I-limit
is a local free-discontinuity functional of the form

/Qf(VuDdx + |Dul () +/ g(jut —u™)) dH™ Y, we BV(Q;Sl),

u

where g is the truncation function introduced in (2.3) which encodes the interaction be-
tween the volume term and the phase-field term and already appears in the unconstrained
linear-growth theory [1]. Our second main result Theorem states that if one restricts



to the smaller domain (u,v) € WH2(Q;S!) x Wh2(Q), then the I'-limit is the nonlocal
functional

/Qf(]VuDdx—i—|Dcu|(Q)—|—mg[u], u € BV (Q;S1),

where mg[u] is a minimization problem associated to the cost function g, that is

mglu] := inf { /S gt — @ NdH" ' o € GBV(Q), € =wu ae. in Q} . (1.2)
[
We also prove that mgy[u| is actually a minimum, i.e., we prove the existence of a minimal
lifting for mg[u]. As a byproduct of this, we establish compactness results for sequences of
liftings in the linear-growth setting (Theorems and , extending the results of [12]
to the full BV -framework.

The linear growth case entails substantial differences in the proof strategy. First, com-
pactness results for liftings in the class GBV are required, which rely on slicing arguments
and measure-theoretic localization techniques. Moreover, the genuine interaction between
the bulk and the phase-field terms prevents a direct adaptation of the quadratic-growth
analysis and necessitates a localized approach to I'-convergence. These tools allow us to
simplify several arguments with respect to the quadratic case, while at the same time
extending the theory to a broader and more flexible variational framework. In addition,
our analysis reveals natural connections with optimal transport problems and with the
relaxation of the area functional in S'. We briefly discuss these relations below and defer
a complete investigation to future work.

Connections with optimal transport. The quantity m4[u] admits a natural interpre-
tation as an optimal transport problem with cost g. Assume for simplicity Q C R? and
let u € WH1(Q;S!) have distributional Jacobian of the form

N
Det(Vu) = WZ((sxz - 53/1‘)7 Ti,Yi € Q.
=1

Setting pu:= SN | ,, and v := SN 6, one can show that

mglu] = inf/Rg(Q) dH?,

where the infimum is taken over all integer multiplicity 1-currents T = (R, 0,7) with
OT = p —v. We refer to |12] for the discussion on the equivalence between the mini-
mization problem mg[u] and the optimal transport problem with cost function g = 1. For
optimal transport problems in this setting we refer to [19}/26,28,29] and references therein.

Connections with the relaxation of the area functional in S!. The relaxed area in
S! of the graphs of L!-functions u: Q — S! is defined by

.Asl(u7 Q) :=inf {liminf/Q V14 |[Vug2de: up € CHQ;SY), up — uin Ll} :

k—+o00

This functional was characterised in terms of Cartesian currents (cf. [27]). Alternatively
one could propose a characterisation using lifting theory. For instance, if 2 is simply
connected, it is not difficult to prove that

A5 (u, ) = /Q VIF Va2 dz + [D°ul(Q) + m[u]

3



where

m[u] := min {/S

The similarity with (when f(t) = V1 + t?) suggests the possibility of approximating
A5 through suitably chosen linear-growth Ambrosio—Tortorelli type functionals. A diag-
onal argument indeed provides such an approximation, opening interesting perspectives
for future research related to the relaxation of the area functional in codimension two
(see [8-11L13,/13L14,20L30,31] and references therein for related results).

Let us also mention that, due to its property of approximation of the Mumford-Shah
type energy of circle valued maps, as observed in [12], our Ambrosio-Tortorelli functional
has a strict connection with analysis of Ginzburg-Landau energies and dislocations me-
chanics (we refer to [15] for the former topic). Specifically, the Mumford-Shah functional
for S'-valued maps has been successfully used to model the appearence of dislocation in 2-
dimensional domains (see [23,25] for more details; we also refer to the introduction of [12]
for a more exhaustive discussion on the link with vortices singularities).

loT — 7 |[dH" L o € BV(Q), € = u a.e. in Q} .

©

Content of the paper. In Section [2| we collect some notation and recall some useful
results needed to prove our main results. In Section [3| we introduce the problem and state
our main results Theorem and Theorem In Section [4] we state two compactness
results for sequences of liftings (Theorem and Theorem . We also state and prove
existence of solution to ((1.2). Section is instead devoted to the proof of Theorems
and Eventually in Section [6] we provide the proofs of Theorem and Theorem

2 Notation and preliminaries

We start to recall some notions concerning BV and GBYV functions [4] and lifting theory
[17]. In what follows: 0* A denotes the reduced boundary of a finite perimeter set A C R",
|-| and H"~! denote the Lebesgue measure and the (n— 1)-dimensional Hausdorff measure
in R™, respectively, and x4 denotes the characteristic function of the set A C R™.

We recall the following lemma [16, Proposition 1.16]:

Lemma 2.1 (Localisation). Let Q C R™ be open bounded with Lipschitz boundary and let
A(Q) be the family of the open subsets of Q. Let p: A(Q) — [0,+00) be a superadditive
function on disjoint open sets, \ be a positive measure on  and, for k € N, hy: Q —
[0, 4+00] be a Borel function such that

u(A) > / hidX  for every A € A(Q2) and k € N.
A

Then

u(A) > / sup hpd\  for every A € A(Q).
A k>1

2.1 BV and GBV functions

Let U C R™ be open and bounded, and m > 1 be an integer. We denote by BV (U;R™)
the space of vector-valued functions with bounded variation in U, and with | - |gy and
| - ||[pv the BV seminorm and norm, respectively, i.e.

lu|pv := [Du|(U), lull By := [Jullpr + [u|Bv,



see [4]. We recall that if u € BV(U;R™) then u € L'(U;R™) and its distributional
gradient is a finite R”*"- valued Radon measure which can be decomposed as

Du = Vul" 4+ D + [u] @ v, H" 1L S,

where Vu is the approximate gradient of u, D the Cantor part, .9, is the approximate
jump set of u, [u] = ut — v~ is the jump opening, v, is a unit normal to S, and ®
stands for the tensor product, see |4, Def. 3.67]. We say that u € BV (U;R™) is a special
function of bounded variation in U if D = 0. We denote by SBV(U;R™) the space of
vector-valued special functions with bounded variation in U. For p > 1 we define also the
space

SBVP(Q;R™) = {u € SBV(Q;R™): |Vu| € LP(Q), H"1(S,) < +oo}.

A measurable function u : U — R"™ belongs to the space of generalised functions with
bounded variation in U, that is, u € GBV (U;R™), if pou € BVje.(U) for any ¢ € C1(R™)
with V¢ compactly supportedﬂ Note that also in GBV we can define the approximate
gradient, the Cantor part and the jump set. Moreover GBV (2,R™) N L>®(Q;R™) =
BV (Q,R™)NL>®(Q; R™). Analogously one can define GSBV (U;R™) and GSBVP(U;R™).
If m =1 we write BV(U) = BV (U;R), and GBV(U) = GBV (U;R).

Remark 2.2 (Equivalent definition of GBV for m = 1). GBV (U) can be equivalently
defined as the space of measurable functions u: U — R such that uAMV(—M) € BVio.(U)
for any M > 0.

We set
BV(U;SY) = {u € BV(U;R?): |u| =1 a.e. in U}.

Eventually, a (finite or countable) family {E;} of finite perimeter subsets of a finite
perimeter set F' is called a Caccioppoli partition of F' if the sets E; are pairwise disjoint,
their union is F', and the sum of their perimeters is finite.

2.2 Approximation and compactness for the vector Mumford-Shah func-
tional

We recall a result by Alicandro-Braides-Shah [1], then extended to the vector case by
Alicandro-Focardi [2]. Let

D = {(u,v) € W R™) x WH2(Q): 0 < v < 1},

Consider the family of functionals F.: L1(Q;R™) x L1(Q) — [0, +00] given by

/Q (w(v)f(|Vu|) belVol + WE(”)> dz i (wv) €D,

Fo(u,v) :=
+00 otherwise in L1(;R™) x L1(Q),
(2.1)
where
(a) ¥:[0,1] — [0,1] is an increasing lower semicontinuous function with ¥(0) = 0,

]
(1) =1 and ¢(t) > 0if ¢t # 0;

'Recall that f € BVio.(U) if f € BV(U’) for every U’ C U open with U compact in U.



(b) f:]0,400) — [0,+00) is a convex increasing function such that

limwzl;

t—oo t
(¢) W:[0,1] — [0,400) is a continuous function such that W(s) = 0 if and only if s = 1.

Set also .
cew(t) == 2/ VvWi(s)ds, (2.2)
t
and
g(z) :=min{y(t)z + 2cw (t): 0 <t < 1}. (2.3)
Then the following theorem holds.

Theorem 2.3. Let Q C R™ be an open set with Lipschitz boundary. Then F. T' — L'-
converge to the functional F defined as

F(u,v) = /Q F(IVul) dz + | Deul(2) + / g(jut — =) dHr!

if u € GBV(Q;R™), v =1 a.e., and +oo otherwise in L'(Q;R™) x LY(Q), as ¢ — 0F.

Remark 2.4. By inspecting the proof of Theorem one actually deduces the following
properties:

(i) T-convergence on a larger domain. The result still holds if one replaces D with
the larger class

D = {(u,v) € WHHQ;R™) x W'3(Q): 0 < v < 1}.

(i) Lower bound on open sets. The lower bound inequality holds on every A € A(Q).
Precisely, let F.(,-, A) and F(:,-, A) denote the localised functionals on A and let
(ue,ve) = (u,v) in LY(;R™) x LY(Q). Then

liminf Fe(ue, ve, A) > F(u, v, A);

e—0t

(iii) ¢ is a truncating function. The function g in satisfies the following proper-
ties:
1. g is increasing, g(0) = 0 and lim,, 1o g(2) = 2w (0);
2. g is subadditive, i.e., g(z1 + 22) < g(z1) + g(22) for all 21, 25 € [0, +00);
3. g is Lipschitz-continuous with Lipschitz constant 1;
4. g(z) <z for all z € [0,400) and lim,_,g+ g(2)/z = 1;
5. For any T > 0 there exists ¢p > 0 such that z < erg(z) for all z € [0, T7;
6. For o > 0 there exists C, > 0 such that g(z) > C, for all z > ¢ > 0.

Properties 1. — 5. follow by [1, Remark 4.2]. Property 6. instead follows by observing
that for any z > ¢ > 0 it holds

V() z 4+ 2ew (t) > Y(t)o +2ew(t) >0 forall0<t<1.

Thus g(z) > C, for all z> o > 0.



2.3 Liftings of S!'-valued maps

Let 2 C R™ be a bounded connected and simply connected open set with Lipschitz bound-
ary, and u: © — S' be a measurable function. A lifting of u is a measurable function
v: 2 — R such that

u(z) = @ for ae. €.

Given a Borel set B C 2, we say that ¢ : B — R is a lifting of v on B if the previous
equality holds a.e. on B. Clearly, if ¢ is a lifting of u, then so is ¢ + 27m for all m € Z.
If u has some regularity, a natural question is whether ¢ can be chosen with the same
regularity. The answer is partially positive, see [17,24] for more details: we recall in
particular that if n > 2 and v € WHP(Q;S!) for some p € [2,+00), then u has a lifting
o € WHP(Q), and ¢ is unique (mod 27). Moreover, for n = 2 and p € [1,2) there exists
u € WHP(Q;St) for which there are no liftings ¢ € WP (), see [17, Theorem 1.2, Remark
1.9]. Indeed it can be shown [17, Pages 17-19] that there are no liftings of the vortex map
uy (r) = x/|z| in WH(B;) (and thus there are no liftings in W1P(By) for all p € [1,2)).

Next we recall the

Theorem 2.5 (Davila-Ignat). Letu € BV (2;S'). Then there exists a lifting o € BV ()
such that ||¢||pe < 27w and |¢|py < 2|u|py.

Proof. See [24, Theorem 1.1], and also |17, Theorem 1.4]. O
As usual, for any lifting ¢ € SBV(Q) of u we Writ Sy = Si, U Sﬂ; where
SLi={z eS8, [¢l(x) €2rZ},  SL:=8,\SL.

In particular Sf; = Sy; moreover |Vu| = |[Vy| a.e. in 2 and |Du|(2) = |D%|(2).
Let u € BV (Q;S') and consider the minimum problem

inf{|¢|py: ¢ € BV(Q), ¢ = u a.e. in Q}.

Then there exists a minimizer ¢ € BV (Q) such that |p|py < 2|u|py and 0 < [, pdz <
27| [17, page 25]. Moreover, as already mentioned in the introduction, in [12] it was
proven that for any p > 1 and any v € SBVP({;S!) the minimisation problem

mplu] := {H""1(S,): ¢ € GSBVP(Q), "¢ = u a.e. in Q}

admits a solution. Here, we are instead concerned with the existence of minimal lifting
for a minimisation problem which depends on the cost function g in (2.3) (cf. (1.2) for its
precise definition).

3 Setting of the problem and main results

In this section we introduce the variational model under consideration and state our main
results. Let n > 2 and €2 C R" be a connected bounded and open set with Lipschitz
boundary. To the pair u: Q — S', v: Q — [0, 1] we associate the functional

Fo(uwo) = [ <w(v)f(\Vul) + Vol + W”) e,

2Si stands for the “integer” part of the jump, and S£ for the “fractional” part.



where € € (0,1], ¥, f and W satisfy properties @ @ and in Section

We consider the functional domains Dg1 D Dg1 given by

Dgi := {(u,v) € WHHQ;SY) x WH2(Q): 0<wv <1} < LS x LY(Q),

(3.1)
Dg := {(u,v) € WH2(SY) x WH2(Q): 0<ov <1} c LY (Sh) x LY(Q).
For € € (0, 1] let us consider the corresponding families of functionals
FS', FS': LL(Q:SY) x LY(Q) — [0, +od]
given by
. Fe(u,v) if (u,v) € Dgt,
FS' (u,v) := (3.2)
+00 otherwise in L'(€;S') x LY(Q),
) Fe(u,v) if (u,v) € Dg1,
FS (u,v) = (3.3)
+00 otherwise in L1(€;S!) x L1(Q).
The two main results of the following paper read as follows.
Theorem 3.1 (I'-convergence of Ef\l) We have
I — L' lim FS' = FS',
e—07t
where FS": L1(Q;S1) x LY(Q) — [0, +00] is given by
FS' (u,v) == / F(IVul) dz + [ Dul(€2) +/ g(jut —u7)dH" (3.4)
Q u

if u € BV(;SY), v =1 a.e., and +o00 otherwise in L*(£2;S') x LY(Q), with g as in ([2.3)).
Theorem 3.2 (I'-convergence of Ffl). Provided 2 is also simply-connected, we have

I— L' lim FS' = Fyg,

e—0t

where Fyg: LY (4 SY) x LY(Q) — [0, 4+00] is given by
Fur(u,0) i= [ £l do -+ D7) + ) (35

ifu € BV(Q;SY), v=1 a.e., and +oo otherwise in L'(;S') x LY(Q). In addition, m,[u]

1S a4 MIntmum.

4 On g-minimizing liftings

In this section we establish the existence of solutions to the minimization problem ,
for g as in and u € BV (£;S!), as stated in Corollary We first note that the
admissible set in is nonempty, thanks to Theorem As a further outcome of our
analysis, we derive compactness results for sequences of liftings (see Theorems and
. In particular, Theorem will play a key role in establishing the lower bound in
Theorem For later use, we introduce the following notion of convergence.



Definition 4.1 (Local convergence modulo 27). Let (pr)r>1 C GBV(Q) and v €

GBV (). We say that (pr) converges locally modulo 2w to ¢ if the following holds:
there exist a Caccioppoli partition {E;}i>1 of Q and sequences (d;(;))kzl CZ fori e N
such that

lim (px(x) — 27rd,(j)) = Poo(T) Vi eN, fora.e x€ F;,

k—4o00 (4 1)
khf? lok(z) — 27rd§f)| = +00 VieN, forae xeQ\E;.
—+00

Theorem 4.2 (Compactness). Let 0 < o < m. Let u € BV (;S!) and (pp)p>1 C
GBV () be a sequence of liftings of u with

H:= sup’H"_l(Sf;k) < 400, (4.2)
keN

where

Sgp = A{z € S+ ln(2)]| = o}
Then there exist a not-relabelled subsequence of indices k and a lifting oo € GBV () of
u in Q such that (r) converges locally modulo 27 to Y.

A first consequence of Theorem [.2] is the following result.

Corollary 4.3 (Existence of a minimizer to mgy[u]). Let g be as in (2.3). Let u €
BV (;SY) and let (¢r)r>1 C GBV(Q) be a sequence of liftings of u in Q with

C:= sup/ g(lof — e )dH™ ! < +o0. (4.3)
keNJs,,

Then the following holds:

(i) Compactness: There exist a not-relabelled subsequence of indices k, and a lifting
Yoo € GBV(Q) of u in Q such that (¢r) converges locally modulo 27 to Yoo;

(ii) Lower semicontinuity:

liminf/ g(lef — e NdH™ ! > / g(led, — o) At
k——+o0 ka k k oo ’

As a consequence, there exists a minimizer ¢ € GBV () of mg[u].

Proof. (i). Let 0 < o < 7 be fixed. By Remark [2.4}(iii) and (4.3)) it follows

C> / a(lot — pi]) A1 > CHP (ST, )

S
Hence from Theorem there exists a lifting v € GBV () of u such that, up to a not-
relabelled subsequence, (@) converges locally modulo 27 to ¢o. More precisely, there

exist a Caccioppoli partition {E;};>1 of @ and sequences (d](;))kzl C Z such that (4.1)
holds for every ¢ € N.

(ii). We exploit the fact that g arises from the I'-limit of the functionals in (2.1)). Fix
N,i € N and set

oo = (o — 2md) A N)V (=N).



Then QOZ’N — o5V in LY(Q2) with o5 = (oo AN)V (=N) in E; and o5 = £N in two

suitable finite perimeter subsets F- of Q with Q\ E; = F;* U F;.
Define
G(p,A) :=F(¢p,1,A) for p € GBV(Q), A e AQ)

where F(-,-, A) is as in Remark [2.4}(ii) with f(¢) = t. From Theorem and properties
of I'-convergence it follows that G is lower semicontinuous in the L'-topology, so that

lim inf G(¢g, A) > lim infG(cpZ’N, A) > G(EN, A).
k k—4o00

—+00

Next we define the superadditive set function

w(A) = 1ki:m inf G(¢k, A) VA € A(Q),

—+o00

and the positive measure

(4.4)

(4.5)

A(B) = (g, B) = /B Vool di + Do (B) + /( olot — o) dHr !

\Z)NB

Poo

+ 2ew (OH Y2 N B),

for every Borel set B C €2, where we have denoted

+00
2= ( U 8*Ei> \ 99,
i=1
We identify E; with the set of density 1 for xg,. Define also, for i > 1,
1 in EZ \ (EUS¢N)
hy =
1- )
0 otherwise in 2

and

hé = , hé =

0 otherwise in 0 otherwise in Q.

By definition of local convergence modulo 27, there holds

Hm (5T = (e5) I =led — ezl H' 'ae in (S, NE)\0°E;,

N—+400

and
li

im |(p5)T = (ph)) Tl =400 H" ! ae in0'E;,
N—oo

hence by monotonicity of g and the monotone convergence theorem we arrive at

lim d(I @) — () aHrt > /A BhdA

N—=r+o0 (Sq)z’,N \o*E;)NA

and

20w (O)H" Y (AN J*E;) = lim g()(@ENT = (57 aH ! 2/h§dx\.
A

N—oo J Ano* E;
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Whence, by (4.4) we conclude

w(A) > / hidA w(A) > / RidA.
A A

On the other hand, still by (4.4]) it is easily seen that

u(A)g/hﬁdA Vi>1,
A

and so observing that

i _
sup  h; =1,
§=1,2,3, ieN

by invoking Lemma [2.1] we infer
w(A) > AN(A) forall Ae A(Q).

As a consequence we get
liminf G(¢k, Q) > G(vso, ) . (4.7)

k—+o0

Since @k, Yoo are liftings of w it holds |V | = [V = |Vu| and [ Dok |(2) = | Do () =
| D u|(€2), hence (4.7) in turn implies

k—+o0

fimint | g(\so;:—so;l)dH“z/ gl — o)) dH™
Pk

Yoo
and the proof of (ii) is concluded. O
From the proof above we also obtain the following:

Corollary 4.4. In the same hypotheses and notations of Corollary[{.3, we have

lim inf/s g(lef — e NdH™ 1 > / 9(lod — ) dH™ ! + 2ew (O)H" (D),

k—+o00 on Spoo

where we recall 2¢cy (0) = sup g.

Now we state a generalization of Theorem to a sequence (uy), needed to show
Theorem the proof will be given in the next section.

Theorem 4.5 (Generalised compactness). Let u,u, € BV (Q;S') be such that
up —u in BV (S, (4.8)

and let pr € GBV(Q) be a lifting of ug in Q, for all k > 1. Suppose that for some
0<o<m
H :=sup ’H"_I(Sgk) < +o0. (4.9)
keN
Then there exist a not-relabelled subsequence of indices k and a lifting poo € GBV () of
u in £ such that ¢ converges locally modulo 27 t0 .

11



5 Proofs of Theorems (4.2 and [4.5]

We split the proof of Theorems [£.2] and [£.5] into a number of intermediate lemmas.

Lemma 5.1 (Localized compactness). Let Q2 C R™ be a bounded open set with Lipschitz
boundary, and u € BV (;SY). Let 0 < o < 7 and (¢r)k>1 C GBV(Q) be a sequence of
liftings of uw satisfying . Let ' C Q) be a nonempty finite perimeter set in ). Then,
for a not-relabelled subsequence, there exist a sequence (di)r>1 C Z, a finite perimeter set

ECF

in Q, and a function poo € GBV(QY), such that:

Yoo 15 a lifting of u in E, ¢ =0 inQ\FE, (5.1)
and
lim (pr(x) — 27dy) = Yoo() for a.e. x € E,
lim |pg(z) — 27dy| = +00 for a.e. x € F\ E,
k——+o0
n"wy|F|"
E|l> 0 5.3
S TCY e T Gl T (5:3)
If furthermore
lok(z) — 2mdy| — +00 for a.e. 1 € Q\ E, (5.4)
and {x € Q : pr(x) — 2wdy, — oo} are finite perimeter sets in 2, then
lgmlnf H (Sgk NA)> H (ANO*E)  for any A € A(), (5.5)
—+00
and
H N FNO*E)=H" (FNo* (F\E)) <C. (5.6)

Proof. Following the lines of the proof of |12, Lemma 4.1] and noticing that |12, equation
4.8] still holds if we replace S,, and Sy, with S _and S we can prove that there exist
a sequence (dj)k>1 C Z, a measurable set £ C F', and a measurable function ¢o: @ — R
such that f hold true for a not-relabelled subsequence.

We next show that E has finite perimeter and o, € GBV(Q). For each k > 1 we
define the auxiliary function

pr —2nd  in F
Pk = .
k in Q\ F.
Since F has finite perimeter we have (pr) C GBV(Q2). Moreover

sup H”fl(S%k) < H+H"Y0*F),
keN

and
lim @k(z) = poo(x) for a.e. x € E,
k—+o00

lim |pg(z)] = 400 forae. x € Q\ E.

k——+o00

12



Now we proceed by adapting a slicing argument in [3] (see also [21]). For £ € S*~1 Cc R®
and y € II¢ := {y € R": y- £ = 0} we introduce the following notation:

A= {teRiy+tee A}, f5(t) = fy+1e),

forany A C R™ and f: A — R™. In particular ((ﬁk)g is a map of one variable in GBV(QS)

for a.e. y € II¢.
Recalling that S?@C)S ={te S@k)g: 1(@R)5®)]| > o} and 5%, = {z € S5, |[P(2)]| =

o}, we have

o g \§
S7.3c C (58,5

This together with Fatou’s lemma imply

/H lliglil’lf (’D((’pk)5|(gf \ SU ) + 'HO(Q£ N S(U )y)) dHn—l(y)

g/n timinf (|D@SI95\ 57, ) +H0 (251 (55)5) ) aH™(y)

p k—+o00

< i SNENOE\ Qo 0 (Of A (92 &) qayn—1
<timint [ DS\ ST 90+ M (9501 (55.)5) 4w

< lminf | [D@g|(2\ SF / v, - E|dH !
jm i (| CIEARY AT

< ¢|Du|(Q) + oH" 1 (0*F) + clim inf H"™ 1(5‘7 ) < +o0,

k—+o0

where the last inequality follows from the fact that (Sp, \ SZ ) C Sy U 0"F, and since
o < m, one has |[@(z)]| < c[[u(z)]] for a.e. x € Sz, \ SZ, and some ¢ > 0. Thus for

H' lae. € €SP and H™ -ae. y € II we can consider a not relabelled subsequence
(depending on ¢ and y) such that

up D@\ ST, o) +HOQEN ST o] < +oo.
Hence for not relabelled subsequence (depending on £ and y) there exists n € N depending

on ¢ and y such that #H° <Q§ N SZ? )5> =n for all £ > 1, and the jump points converge
k)y

as well in 975 as k — 4oo for H" l-ae. £ € S* ! and H" t-a.e. y € II¢ . Hence, using
the fact that g — +o00 in Q\ E, and therefore on Qg \ E§ , it is possible to show that

lim inf #° (Ag NS : ) > 30 <A§ N 8*E§)

k—+o0 (Pr 5

(see |3] for details). By integrating over II¢ and using once more the Fatou’s lemma we
conclude

k——+o0 ¢ k—+o0 (P

lim inf / Vg, - ElAH" ! > / lim inf #° (Af nse g)df;{n—l(y)
Ansg, )

> /H 5 O (8*E§) dH" 1 (y)
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for H" 1-a.e. £ € S* ! and every open set A C Q. As a consequence we deduce that F
has finite perimeter in 2. Moreover by integrating over S*~! we get

ap liminf H" "1 (ANSE ) > anH" (AN O'E),

k—+o00
where oy, := [g,o1 v - §|dH" 1 (v), which in turn implies

liminf H" (AN SE ) >H"(ANI*E). (5.7)

k—4o00

To prove that o, € GBV(2) we argue as follows. For N € N we set §5Y := (g AN) V
(=N), so that
IDEYI() < |Dul(®) + 2NH" (S,) < c.

Hence (1) converges weakly* in BV (2) to $% where

w/AN)V(=N) inFE, .
N = {(90 JV(=N) in so that @Y € BV(9Q).

N =5\ in Q\ E,

Hence observing that in the whole of Q we have (oo A N)V (=N) = g5 xE € BV(2) we
conclude o, € GBV(2). Eventually if in addition (5.4]) holds then (5.5) can be deduced
in the same way as (5.7) with ¢ — 2wdy in place of pg. This additionally implies

P(E,F) < H,

which shows (5.6)). O

Lemma 5.2. Let 0 < o < . Let (pr)r>1 C GBV(Q) be a sequence of functions satisfying

C :=sup H”_l(Sgk) < +o0. (5.8)
keN
Let N > 1 be an integer, E1,..., Ex C € be pairwise disjoint nonempty finite perimeter

sets with the following property: for anyi=1,..., N,
lim inf ’H"_I(Sgk NA)>H"YANOE;) for any A € A(Q).

k——+o0
Then
H > liminf H"7'(Sg ) > 1" (2N (UL, 0°EY)) .

k—+4o0

Proof. We define the superadditive set function p: A(2) — [0, 4+00) as

p(A) ;= liminf H" 1 (AN S2.) s

f—+o00
and the positive measure
A(B) :=H""1(Bn(UX,0"E;)) V Borel set B C Q.
Moreover for i = 1,..., N we set
1 in O*FE;

h; =
0 otherwise in

14



Clearly we have
u(A)z/hid)\ Wi=1,. N.
A
Therefore, since
1 in UY,0'E;

h:= sup h; = )

i=1,...N 0 otherwise in

by Lemma [2.1] it follows

liminf H"1(Sg, NA) = u(A) > / hdh = H" AN (UY,0%Ey)),
k—+o00 A

which implies the thesis by taking A = €.

5.1 Proof of Theorem [4.2]
We adapt the arguments of [12, Theorem 3.1].
Base step N = 1. We set
F1 = Q.
By Lemma [5.1] we find, after extracting a not-relabelled subsequence, a finite perimeter
set By C Fy, a sequence (dg))kzl C Z and a function (pg) € GBV (), such that

o) is a lifting of u in Ej, eV=0 inF\E,

and
n"wy | Fy|™

> .
2 S eH )

| B

Moreover
(pr(x) — 27rd§€1)) — o1 (x) for a.e. x € By,

lpr(z) — 27Td](€1)| — 400 for a.e. x € F1 \ Ey.
Since F} = €, estimate ([5.5)) yields

lkim inf ”7’-["71(5;]C NA)> 7-["71(14 NO*Ey) for any open set A C F) .

—+00

Inductive step N ~~ N + 1. Let N > 2. Suppose we have pairwise disjoint nonempty

finite perimeter sets, E1,..., Ex C €, and define inductively
i-1
F:=Q, F:=Q\|JE fori=2..N,
j=1

so that F; C F; for all i = 1,..., N. Assume that, still for all i = 1,..., N, the following

holds:
(i) There exists a function gpgg € GBV(Q) which is a lifting of v in E;, and cp((jo) =0in
Q\ Ej;

15



(ii) The set E; satisfies

n"wp | F;|" n"wy, | F;|" '
(2H + H"1(0*F;))» — 27"(3H + H"~1(9Q))"’

|Ei| > on

(iii) There exists a sequence (dg))k C Z, such that

(pr(z) — 27Td](€i)) — oW (x) for a.e. x € I,

lok(x) — 27rd \ — +00 for a.e. x € Q\ E;, (5.9)
hminf H"™ 1(S” NA)>H"YANO*E;) for any A€ A(Q).
k—4o00
Set, for N > 1,

N
Fnir:=Q\ (L_JEz),

If Fyy1 = 0 nothing remains to prove. Therefore, we may suppose Fyi1 # (. From
Lemma [5.2]
liminf H"~1(Sg, ) > H" QN (UL,0°E;)), (5.10)

k—+o00
and thus, since 8*(Ui:1Ei) C Ufilﬁ*Ei,
W 1(Qma*(uN )) H QN Fyyr) < H. (5.11)
Applying Lemma to the set F' = Fj41, we obtain a finite perimeter set
En+1 € Fnya,
a function gogyﬂ) € GBV(Q) and a sequence (d,(CNH))kZl C Z, such that
gogﬂ) 0 inQ\Enyr, gogﬂ) is a lifting of v in En4q,
and

n"wp|Fyi1|™
2H + H" 1 (O*Fni1))™

E > 5.12
Exnl 2 g (512)

together with

(pr(x) — 27Td](€N+1)) — eV () for a.e. z € Enq,
‘(pk( ) 27Td (N+1) ’ — +00 for a.e. Z‘EFN_H\EN_H,

lim inf H"™ 1(5” NB) > H"1(BNJ*Exy1) for any open set B C Fi 1.

k—-+o0

Gathering (5.11]) and (5.12)) we have

n”wn\FNH]" nnwn‘FN—i-l’n

5 - 0.
vl 2 S (0 B © 2 GH + H 00
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Moreover by (5.9)), also
lok(x) — 27rd§€N+1)\ — 400 fora.e. © € Q\ Eng1 .

Thus properties (i)-(iii) are preserved at level N + 1.

Conclusion. Iterating the above construction and extracting a diagonal subsequence, we
obtain a sequence (E;);>1 of mutually disjoint finite perimeter sets in €2 such that for every

N > 1, Ey,..., Ey satisfy properties (i)-(iii). From (5.10]),

liminf H"~1(S7,) > H" QN (UL, 0°E)) VYm>1. (5.13)

k—+o0

To conclude, we show that
2\ (UL E)| = 0.

Since % |E,,| < +o0, the sequence (|E,,|) tends to zero as m — 400, and using

By| > n"wp | Fin|?
"= on(3H + HP1(00))2

we deduce that |F;,| — 0. In particular,

O\ (UETE)| = lim [0\ (U Ey)| = tim || =0,

m——+00

Define '
Dool) := ol () if z € E; for some i € N.

Then ¢ is a lifting of u in 2. We now show that
Yoo € GBV(Q). (5.14)
First observe that by letting m — oo in (5.13]) we deduce that

M > lim inf HH(SS,) = H QN (UR,0°Ey)) . (5.15)

—+00

Now, for each N € N we define the auxiliary sequence
oY := (g, —21rd)) AN)V (=N) in E; foralli>1.

Thus, noticing that Sgy C Sy U SZ, U (UX2,0*E;) we have from ([5.15))
D2} |(Q) < /Q |Vu| dz + | Dul|(Q) +/S jut —uT|dH T 4 2NHTH(ST ) < C,

with C > 0 depending on N. Therefore, up to a subsequence, (®3) converges to (s A
N)V (—=N) weakly™ in BV (€2). By the arbitrariness of N we deduce ([5.14]).
O
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5.2 Proof of Theorem [4.5]
Let ¥,p;, € BV (Q) N L*>®(R) be liftings of w and of uy, in €2, respectively with
[elev < 2|ulpy < C, [@rlBv < 2\uk|pv < C,

(see Theorem [2.5)). The constant C' > 0 can be found thanks to the hypothesis (4.8)) and
so uy, are uniformly bounded in BV (2). In particular, for o € [0, 7] as in the statement,
there is a positive constant C' such that

21;13{H”‘1(5%k) +H"H(Sg)} < C.

Furthermore, @, have equibounded BV-norm, and so there is a (not relabelled) subse-
quence such that

P — Poo Weakly™ in BV (Q); (5.16)

since up to a subsequence the same convergence holds pointwise a.e., and also ux — u a.e.
on (2, we deduce that @, must be a lifting of w.
Thanks to the fact that o < 7, the functions

Vg 1= Pk — Pg, k=>1
take values in 27Z, and belong to GSBV (Q;27Z), since the jump sets satisfy S,, C
S%k U S, , and so
H"H(Sy,) < H NS ) +H(SZ,) < C < +oo,

for all k > 1. Trivially vy are liftings of the same function f = (1,0) € S!, and so we
can apply Theorem [£.2] to obtain that, for a non-relabelled subsequence, there exist a

Caccioppoli partition {F;};cn of €, sequences of integers (d,(;))kzl, and a function vy, €
GSBV (Q;27Z) such that, for all i € N,

(o — Pr — 27rd§f)) — Voo pointwise a.e. on Fj,
lor — P — 27rd§f)\ — +00 pointwise a.e. on Q \ F;.
From this and we conclude
(por — 27rd,(j)) — Voo + Poo PoOINtwise a.e. on Ej,
lor — 27rd,(f)\ — 400 pointwise a.e. on Q \ E;.

This is the thesis, just by setting oo := P + Voo, Which is a lifting of u since v, takes
values in 27Z. O

6 I'-convergence of functionals on S!- valued maps

The proof of Theorem can be achieved by suitably adapting the proof of |12, Theorem
1.1] to the case with linear growth. For this reason we omit here the details. The proof of
Theorem is more delicate. In particular the lower bound inequality requires a local ar-
gument which relies on the compactness result for liftings (Theorem . For convenience
we introduce the localised Modica-Mortola-type (or Allen-Cahn type) functionals

MM. (v, A) ::/

A
for every open set A C 2, where W is defined as in of Section

<6Vv|2 + WE(”)) de Yo e WhH(Q),
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6.1 Proof of Theorem [3.2]

Step 1: Lower bound. Let e \, 0 as k — 4+00. We have to show that, for every sequence
((uk, v))k>1 C LH(Q;SY) x LY(Q) converging to (u,v) in LY(Q;Sh) x LY(€),

lim inf FS (uk,vk) > Fuig (u, v) . (6.1)

k——+o0

We may assume
sup FS (uk,vk) <C < +o0
keN
so that (ug,vx) € Ds1, v =1 a.e. in Q and, up to a not relabelled subsequence,

lim inf FS (uk,vk) lim F° (uk,vk),
k—4o00 k—-+o0

From Theorem it follows that

lim inf FS (uk,vk)Z/f(\Vu])dx+\Dcu\(Q)+/ o(lut — u=)dmnL.
Q

k—+o00
uw

In particular, from Remark [2.4}(iii)-5 and the fact that |[u™ — u~| < 2 a.e., since u is
St-valued we deduce u € BV (;S!). For every k > 1 we choose a lifting ¢, € W12(Q) of
ug in . Using that |Vug| = [V | we have

00 > C 2 FE (ug, vp) = / (@Z}(Uk)f(WsDkD + ek Vog|? + W) dz.
Q €k

Thus, from the coarea formula,

C > MM, (v, / VW (vg)|Vug| dz —/ VW (EHY (0*F})d (6.2)

for any k > 1, where F} := {x € Q : vg(x) < t}. Let o/,n" € (0,1), ' < n” be fixed. By
(6.2) and the mean value theorem there exists ¢(k) € (n',n”) such that

C = Clf ") —nyH ( F). (6.3)
Moreover, using also that v is increasing,

€2 [V d = Cot) [ xg [Tl do. (6.4)

Setting
Ok = PrX gy put) € SBV?(Q),

we have Sy, C O*F) t(k) and, concerning the approximate gradients, Vo = Vgoka\Ft(k).
k

Therefore, from and .,
[ IV6rlda + 01 (5,) < Ol o) (65)
Q

for some C(n',n") > 0 depending on n’,n” and independent of k. Define

U = Pk — ukXQ\F]z(k) + (1,0)XF£(1@) Vk e N,
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which, by (6.3]) and (6.4), are uniformly bounded in BV (;S'). This together with
1FR) 0, (6.6)

imply that the sequence (%) weakly* converges to u in BV (€;S'). Hence, using ([6.5]), we
can apply Theorem to the sequence (¢x)r>1 and get, for a not-relabelled subsequence,
a lifting oo € GBV () of u, such that (¢y) converges locally modulo 27 to ¢s,. Namely,

there exists a Caccioppoli partition {E;};en of €, sequences (d,(:)) k>1 C Z for any integer
1 > 1 with the following properties:

lim (¢r(z) — 27rd§j)) = Qoo(T) Vi e N, for ae. z € E;,

k—+o0

hm |pr(x) — 27rd | = 400 Vi e N, for a.e. z € Q\ E;.

k—+

Again, using , the same holds for ¢y, i.e.,

lim (pg(x) — 27rd§f)) = Qoo(T) Vi € N, for a.e. z € E;,

k—4o00

@ ‘ (6.7)
khm lor(x) — 2md,’| = +o0 Vi e N, for ae. x € Q\ E;.
—+

In particular, to prove the validity of (6.1)) it is sufficient to show

fiminf B, (w0 > [ F(Vpnal o+ 10l + [ alloZ = ehan ™!

u

since, being ¢, a lifting of u, we have

| F09 ¢l o+ 1D%0nl@) = [ £(Tubdo -+ D7),
and
. ollek — pndm = mgful
For any integer K > 1 we consider the truncated function
ek = ((pn = 2md)) NE) v (-K) € WH(Q),

and
WK K
o = wy Xy )

According to qu,x - 6*F£(k) and [[(Z)ZK]] < K, we have
k

i K B _ i K qqm—1
’D¢k (Q)_/Q‘V¢k‘x{¢k—2wdél)|<l(}dx+/s [[(z)k ]]dH

i, K
k

< /Q Vel de + KH (0" F'®) < C.
Hence, up to a subsequence (depending on K), ((bZ’K) converges to some ¢§OK in LY(Q)
as k — +00. Moreover from (6.7) it holds ¢5° := (oo A K) V (=K) in E;. Let also E*
be such that Q\ E; = F;* UF; and o = +K in F*. As \Flz(k)| — 0 it follows that
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((pZK) converges to ¢il in LY(2) as k — +oo. Hence the sequence ((@ZK, vg)) converges
to (o5, 1) in L*(Q) x LY(Q) and

/A <¢<vk>f<|wzf<\> e Vo + W(k‘“>> dr<C,

for any open set A C €2, for some C' > 0 independent of k. Thus, from Theorem and
Remark [2.4}(ii)

liminf/ <1,Z)(vk)f(|Vgok|) + e | Vup|? + W) dz
€k

k—+oco A

> mint [ <w<vk>f<|sz|>+ekrwk2+ W:“) da (65)

k——+o0

> [ FOVEE Do+ DG + [ gll@d" - (6 an
A quf;c,KmA

In particular Remark [2.4] together with |(¢55)" — (¢5)~| < 2K imply ¢5 € BV(Q).
Consider the bounded positive measure given by

AB) = / F( Vo) dz + | Dpu | (B) + H* (S, N B) ¥ Borel set B C Q.
B

For each i, K € N we define the following functions

P GG S
hb? (x) =
1 otherwise in €.

Thus from we have

liminf/ (w(vk)f(chk)—i—ak]Vvk]Q—i—Wg(vk)) dz > / hoKd\ Vi K €N,
A k A

k—4o00

for all A € A(Q?). Next observing that

1 ifzeQ\ S,

h(z) := sup oK (z) =
BIer g(led —oxl) iz € Sy,

by invoking Lemma [2.1] we conclude.

Step 2: Upper bound. Let g, \, 0 and u € BV(Q;S!). We have to find a sequence
((ug,vx)) C Dg1 converging to (u,1) in L*(;S) x L1(Q) and

. 1
lim sup ka (ug, vg) < Fg(u,1).
k—+4o00

By Corollary we can select a jump minimizing lifting ¢ € GBV () of w in 2, and

/ olp* — o [)AH™ L = mgfu). (6.9)

Se
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By Theorem [2.3] there exist (g, vr) € WH2(Q) x WH2(Q) such that (¢, v) — (¢, 1)
in L'(Q) x L' () and
limsup Fe, (¢r, ve) < F(p, 1). (6.10)
k—+o00
Next we let up = et € Wh2(Q;S!), so tat (ug,vr) — (u,1) in L1(;SY) x LY(Q).
Moreover, from (6.9)), (6.10), |Vug| = |[Vei| and [Vu| = [Ve| we get

Fe, (o vr) = FS (ug,vp),  Flp,1) = Fig(u, 1)

and so

. 1
lim sup ka (ug, vg) < Fpg(u,1).
k——+o0
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