STRUCTURED DEFORMATIONS IN LINEARIZED ELASTICITY

MANUEL FRIEDRICH, JOSE MATIAS, AND ELVIRA ZAPPALE

ABsTrACT. We extend the theory of structured deformations to the setting of linearized elasticity by pro-
viding an integral representation for the underlying energy that features bulk and surface contributions.
Our derivation is obtained both via a direct approach by means of a global method for relaxation in BD
and via an approximation from nonlinear elastic energies associated to nonsimple materials.

1. INTRODUCTION

The purpose of this paper is to establish a theory for the description of first-order structured deforma-
tions in the context of linear elasticity. Structured deformations were originally introduced in a seminal
work by Del Piero and Owen [31] in order to provide a mathematical framework that captures the effects
at the macroscopic level of smooth deformations and of non-smooth deformations (disarrangements) at a
sub-macroscopic level. In the classical theory of mechanics, the deformation of the body is characterized ex-
clusively by the macroscopic deformation field g and its gradient Vg whereas in the framework of structured
deformations an additional geometrical field G is introduced. The underlying idea for a pair of fields (g, G),
called a structured deformation, is that G captures the contribution at the macroscopic scale of smooth
sub-macroscopic changes, while the difference Vg — G captures the contribution at the macroscopic scale of
non-smooth sub-macroscopic changes, such as slips and separations (referred to as disarrangements [32]).
In this sense, G is called the deformation without disarrangements, and, heuristically, the disarrangement
tensor Vg — G is an indication of how “non-classical” a structured deformation is. A key observation made
by Del Piero and Owen is the so-called Approzimation theorem, namely, that a structured deformation (g, G)
can always be approximated suitably by a sequence of classical deformations. This means that the theory
is suitable to address mechanical phenomena such as elasticity, plasticity, and the behavior of crystals with
defects.

The variational formulation for first-order structured deformations in the SBV -setting [5] was first ad-
dressed by Choksi and Fonseca [25] where a structured deformation is defined to be a pair (¢9,G) €
SBV(Q;R?) x LP(Q;R¥N), for some @ C RY and p > 1. Therein, as a fundamental basis, a suitable
notion of convergence and a related Approzimation Theorem have been introduced. Then, departing from
a functional of bulk-surface-type, an integral representation for the “most economical way” to approach a
given structured deformation was established. More precisely, the considered functionals assign to any de-
formation of the body an energy featuring a bulk contribution measuring the deformation (gradient) and a
surface contribution accounting for the energy needed to fracture the body.

The theory of first-order structured deformations was broadened by Owen and Paroni [50] to second-order
structured deformations, which also account for other geometrical changes at a sub-macroscopic level, such
as curvature. The corresponding variational formulation was carried out by Barroso, Matias, Morandotti,
and Owen [11], and features jumps for both the approximating fields as well as for their gradients. We
refer the interested reader to [47] and the references therein for a comprehensive survey about the theory
of structured deformations, as well as applications. Let us just highlight the paper [44] which, in a purely
homogeneous framework, extends the theory to the case where both the fields g and G are no longer SBV
and Lebesgue-type measures, respectively, but may also account for Cantor-type behavior and very general
concentration phenomena.

The goal of this paper is to develop an analogous theory in the context of linearized elasticity where, under
the assumption of infinitesimally small deformations, the material response depends only the symmetric part
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of the displacement gradient. The challenge consists in adapting the existing theory to the natural function
space for problems in the linear setting, namely to the space of functions of bounded deformation (denoted
in the sequel by BD). We start by proving an ad hoc Approzimation Theorem in BD(Q) x LP(€; Ré\;IﬁN), see
Theorem 2.1 (and Theorem A.7 for a simplified version, restricted to the SBD setting). Our first main result
consists in an integral representation for a functional defined on structured deformations, see Theorem 2.8
below, where we identify the bulk and the surface density of the relaxed functional. Specializing to the case
where the original energy functional does not depend on the material variable, we derive a full relaxation
result in Theorem 2.12, i.e., we also identify the Cantor part of the relaxed energy density.

As usual in this context, the starting point of our analysis is a global method result. In our setting, it
is tailored for structured deformations in the full BD-setting with the additional (symmetrical) geometrical
field G belonging to L?, for any p > 1, see Theorem 2.4. Indeed, the global method for relaxation, introduced
by Bouchitté, Fonseca, and Mascarenhas [17] in the BV -setting, and later addressed in the SBVP-setting
by Bouchitté, Fonseca, Leoni, and Mascarenhas [18], provides a general method for the identification of
the integral representation of a class of functionals on BV. Since its inception, this method for relaxation
has known numerous applications and generalizations. Without being exhaustive, we mention recent devel-
opments in the context of variable exponent spaces [55], spaces of bounded deformations [24, 14, 26, 28],
second-order structured deformations in the space BH [36], and in the context of hierarchical systems of
structured deformations [15, 13].

Let us emphasize that the global method in the linear elastic setting is not the mere analog of the global
method for structured deformations in the nonlinear setting obtained in [9, 44]. Indeed, in the current
framework, the minimum problems are defined in the entire BD(Q) x LP(Q; RN XN), whereas in [9, 44]
they are restricted to SBV x LP. Note, however, that our approach also allows for a variant with minimum
problems defined on SBD, see Corollary 2.7. In this sense, our perspective is slightly more general compared
to [44] as we formulate potentially different global methods on BD and SBD. Only in the relaxation result
for structured deformations (see Theorem 2.8) it turns out that they coincide, due to the special form of the
original energy defined on SBD. Summarizing, we derive an analogous result to the one in the nonlinear
elastic framework [44], yet obtained with a different technique.

Although the extension of the existing theory of structured deformations to the functional framework of
BD is of general interest to us, our original motivation lies in the application to solid mechanics. Indeed,
if deformation gradients are very close to the set of orientation preserving rigid motions, one expects the
theory of linear elasticity to deliver a suitable description. In this context, it is crucial to understand the
relation between different models that capture the materials behavior at different strain regimes. This has
been analyzed in a purely elastic setting by Dal Maso, Negri, and Percivale [29] who showed that, in the limit
of vanishing displacements, energies in nonlinear elasticity I'-converge to the quadratic energy functional of
linear elasticity. Their result has been extended in various directions in the last two decades. Without
being exhaustive, let us mention incompressible materials [42, 45], traction forces [46], the passage from
atomistic-to-continuum models [21, 53], multiwell energies [1, 2, 30, 52|, fracture [38, 37], plasticity [49],
epitaxial growth of thin films [39], or thermoviscoelasticity [7, 8].

In the present work, we perform such a rigorous analysis in the context of structured deformations, see
Theorem 2.15. More precisely, starting from a nonlinear bulk-surface energy, we simultaneously perform
a linearization of the elastic energies and a relaxation in terms of structured deformations on BD. Here,
in the nonlinear setting we resort to a model for nonsimple materials [58, 59], i.e., we consider a model in
the framework of free discontinuity and gradient discontinuity problems with second-order contributions in
the bulk and the surface energy. Indeed, similar to the derivation of linearized models in fracture [38], the
additional second-gradient contribution allows to derive rigidity and compactness results that are analogous
to the ones in elasticity [29, 40]. Let us mention, however, that the derivation is more delicate compared to
[38] as in the present setting surface energies genuinely also depend on the jump height of the deformations.
Among others, this requires a suitable variant of the Korn-Poincaré inequality in BD, see Appendix B.

The plan of this paper is as follows: after introducing the problem and setting the notation, in Section 2
we state the main results whose proofs are in the subsequent sections. Section 3 is dedicated to the abstract
result via the global method, Section 4 to the relaxation results, and Section 5 to the linearization result.
Finally, in Appendix A we state and prove some results in BV and BD spaces, and Appendix B is devoted
to some auxiliary statements. We close the introduction be introducing some relevant notation which will
be used throughout the paper.
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N denotes the set of natural numbers without the zero element;

Q ¢ RY is a bounded domain with Lipschitz boundary;

SM=1 denotes the unit sphere in RY;

Q = (—3,3)" denotes the open unit cube of R" centered at the origin. We further set Q(r) = rQ"

for 7 > 0. For any v € SV¥~1, ,, denotes any open unit cube in R" centered at the origin with two

faces orthogonal to v;

e for any x € RN and r > 0, Q(=,7) := z + Q(r) denotes the open cube in RY centered at = with side
length r. Likewise, @, (x,r) = x 4+ rQ,.

e For any » > 0 and z € RY, by B(x,r) we denote the open ball of center x and radius r, i.e.,
{y € RY : |z —y| < r}, with |- | denoting the Euclidean distance in RY. When z = 0 and r = 1, the
ball will be simply denoted by Bj.

e O(9) is the family of all open subsets of 2, whereas O (Q2) is the family of all open subsets of
with Lipschitz boundary. We write U € V for U,V € O if U is compactly contained in V;

o £V and HV~1! denote the N-dimensional Lebesgue measure and the (N — 1)-dimensional Hausdorff
measure in RY, respectively. The symbol dz will also be used to denote integration with respect to
JAE

e For every y € RY and any measurable function u, we define 7,u(x) := u(z —y). For any set T C RV
we define 7,7 :={y+z: x €T}

o The set of symmetric and skew-symmetric matrices in RY*¥ will be denoted by R
respectively;

e For every element A € Ré\{,éN , and every element &, € RY, the quadratic form associated to A
acting on ¢ and 7 is given by (A&, n) = A€ - n;

o M(Q;RN*N) is the set of finite matrix-valued Radon measures on ; given p € M(Q; RY*N) | the
measure |u| denotes the total variation of y;

o LP(Q;RYN) is the set of vector-valued p-integrable functions with values in RY;

e We use standard notation of SBV functions, see [5, Section 4]. In particular, we let

SBV2(Q;RN) = {y € SBV(%RY) . Vy € L2(Q;RVN) HN=1(],) < +o0},

NxN NXN
sym and Rskew ’

where Vy(r) denotes the approximate differential at LV-a.e. x € Q and Jy the jump set;

e We use standard notations for BD and SBD functions. In particular, the distributional symmetric
gradient is denoted by Fu and admits the decomposition Eu = Eu+ E*u. If Fu has vanishing Cantor
part, we say u € SBD(Q) and it holds Eu = EulN + [u] ® v, HN 1L J,, where J, is the jump set
of u, [u] denotes the jump of u on Jy, v, is the unit normal vector to J,, and ® the symmetric vector
product. Basic properties are collected in Appendix A;

e We denote by R the kernel of the linear operator E consisting of the class of infinitesimal rigid
motions in RV, i.e., affine maps of the form Mz + b, where M € R XY and b € RY. Recalling that
R is closed and finite dimensional it is possible to define the orthogonal projection P: BD(Q2) — R.

e (' represents a generic positive constant that may change from line to line.

2. SETTING AND MAIN RESULTS

In this section we give an overview of our main results. In the sequel, @ C RY denotes a bounded domain
with Lipschitz boundary.

2.1. Definition of structured deformations in BD and approximation theorem. Given p > 1, we
define the class of structured deformations in BD and SBD as

StBDP(Q) := {(g,G) 19 € BD(Q), G ¢ LP(Q;RNxN)}7

sym
and
StSBDP(Q) := {(9,G) : g € SBD(Q), G € LP(% RN M)},

respectively. We have the following approximation result.
Theorem 2.1 (Approximation). Let (g,G) € StBDP(Q). Then, there exists {u,} C SBD(Q)) such that
un — g strongly in L' (Q;RY), Eu,, = G, and

Eu, = Eg in M(Q;RY <M. (2.1)

sym
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Moreover, there exists C(N) > 0 such that
| Bun|(Q) < C(N)(IEgl(Q) + |Gy ()  for alin € N. (2.2)

Proof. The first part of the proof would be an immediate consequence of [54, Theorem 1.1], see Theorem A.3
in the Appendix. In particular, {u,} C SBV(;RY) and Vu, = Eu, with fu, = G. Yet, to ensure also
the second part of the statement, we prefer to follow another path similar to the one in [44, Theorem 2.3]
for the BV case, by applying Alberti’s Theorem.

oY 1 * .
By Proposition A.4, there exists {g,} € C*°(€;RY) such that g, L 9, £gn, = £g, — Eg in the sense of
measures, and in particular

Bgl(2) = Tim_|Eg.[(2). (23)
Observe that for any g, € SBD(Q) (in particular g, € C*(Q;RY)) and G € L' (G RYSN), by Alberti’s
Theorem A.1 there exists h,, € SBV(Q;R”Y) such that
Ehy = Vh, =G —Egn, (2.4)
and such that
[Dha|(2) < C/(N)G = Egnllrr(o)- (2.5)

By Lemma A.2 there exists a piecewise constant sequence {h, x}r C SBV (£;RYN) such that Ry — by in
LY(Q;RY) and

|Dhol () = [Dhal(Q) as &k — +oc. (2.6)

Observe that, up to extending h, outside of Q, with |Dh,[(02) = 0, it also follows that |Ehy ;|(©2) —
|ER,|(Q) as k — +o00. Indeed, |Ehy, i|(2) is bounded in k, hence, up to a subsequence, Eu,, j is weakly*
converging to Eh,, and |Dh,|(0Q) = 0, see (A.4) in the appendix for the precise argument. Define

Un,k ‘= Gn + hn - hn,k:-

Then,
lim lm wy, = hm gn =g strongly in L'(Q;RY),
n—00 k—oo
Eup jp =Egn +Ehy =G for every n,k € N,
as well as
lim lim Fu,j = lim hm (Egn + Ehyp — Ehy ) = lim hm (Egn + Ehy — Ehy i) = lim Eg, = Eyg
n—o00 k—o00 n—oo0 k—oo n—oo k—oo n—o00

weakly* in the sense of measures, where in the penultimate equality the strict convergence of Eh,, i to Eh,
as k — 400 has been used and in the last equality we have applied (2.3).

To conclude the proof, we choose a suitable diagonal sequence and use the metrizability of weak* conver-
gence on bounded sets: the triangle inequality, (2.3), (2.4), (2.5), and (2.6) lead to the right-hand side of
(2.2) for |Euy, | in place of |[Eu,|, up to considering suitable tails in n and & of the sequence {uy, ;}. Then,
defining a diagonal sequence u, := u, () We get (2.2) and (2.1). O

Remark 2.2. We observe that the bound in (2.2) is obtained as in [48, Proposition 2.1].

If in the above theorem g € SBD(Q), a more direct argument could be implemented, namely, we can
take u, = g+ h — hy, where h € SBV(;RY) such that Vh = Eh = G — £g and {h,} is a piecewise
constant approximation of h, leading to Eu, = G. In this case, the use of the triangle inequality gives
|Bun|(Q) < C(N)(|Eg|(Q) + ||G|L1()). A detailed proof can be found in the Appendiz, see Theorem A.7.

Definition 2.3. A sequence {g,} C SBD(R) is said to converge to (g,G) € StBDP(Q) if and only if g, — ¢
in LY (Q;RY) and

Egn = G in MQRNXNY ifp=1 or Eup — G in LP(QRYXNY ifp > 1.

sym sym
This convergence will be denoted as

gn <5 (9:G)-
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2.2. Integral representation. We now present an integral representation result for functionals defined on
structured deformations in BD.
Let p > 1 and let F: StBDP(Q) x B(Q2) — [0, +00] be a functional satisfying the following hypotheses:

(H1) for every (g,G) € StBD?(Q), F(g,G;) is a Radon measure;

(H2) for every O € O(), F(-,-;0) is StBDP-lower semicontinuous, i.e., if (g,G) € StBDP()) and
(gn,Gn) € StBDP(Q) are such that g, — g in L}(Q;RY), G,, — G in LP(Q RYXN) if p > 1 (and
G, = G in M(;RNXNY if p = 1), as n — 400, then

Sym
F(g.G;0) < ggfgoff(gm Gr;0);

(H3) for all O € O(QY), F(-,-;0) is local, that is, if g = u, G = U a.e. in O, then F(g,G;0) = F(u,U;0);
(H4) there exists a constant C' > 0 such that

1
= (IGI, o) + |E91(0) ) < F(9.G:0) < C (£¥(0) + GII, o) + |Egl(O))
for every (g,G) € StBDP(Q2) and every O € B(Q).

To formulate the main result, we need some more notation. Given (g, G) € StBDP(Q) and O € O (9),
we introduce the space of competitors

Cstppr(g,G;0) == {(u7 U) € StBDP(Q): u = g in a neighborhood of 80,/ (G-U)dx = 0},
o

and we let m: StBDP(2) x O (2) — [0, 4+00] be the functional defined by
(gv G O = inf {‘F U, U 0) (U, U) € CStBDp (ga Ga O)} (27)

For zg € Q, a € RY, and ¢ € RV*N we define £, 4. ¢(7) = a+&(- — ), and for 29 € Q, 6, A € RN, v e SN-1
we let

A, if(x—x9) - v>0

T v = 2.8
Va1 (7) {9, if (¢ — o) - v < 0. (28)

Finally, by 0 we denote the zero matrix in RV*/V,

Following the ideas of the global method of relaxation introduced in [17], our aim is to prove the theorem

below.

Theorem 2.4. Let p > 1 and let F: StBDP(Q)) — [0,+00] be a functional satisfying (H1)-(H4) on
StBDP(Q2). Then, for every (g,G) € StSBDP(Q)) and O € O(Q), it holds that

F(g,G;0) /f Vg(x), G(x)) dx—i—/Ong(x,g+(m),g_(x),ug(m)) d?—[N_l(x),

where

m(éxo,a,£7 Ba Q(l’o, 6))

f(xo,a,&, B) := limsup N , (2.9)
e—0t
for all zg € Q, a € RN, £ € RNXN, andBE]Ri\yfélN, and
x V)O; v b
®(x0, A, 0,v) := limsup (Vo 10, Qv (0,€)) (2.10)

N-1 ’
e—0t €

for all zo € Q, \,0 € RN, and v € SN,

The result above will follow as a corollary of the subsequent result which identifies bulk and jump densities
for all functions in BD().

Proposition 2.5. Let p > 1 and let F: StBDP()) — [0, +00] be a functional satisfying (H1)—(H4). Then,
for every (g,G) € StBDP(Q)) it holds that

dF(g,G;-)

LN (z0) = f(20,9(x0), Vg(z0), G(20)) (2.11)
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for LN -a.e. zo € Q, and

m(%) = ®(z0,9" (20), 9 (z0), vg(x0)) (2.12)

for HN"1-a.e. zg € J,,, where f and ® are given by (2.9) and (2.10), respectively.

Remark 2.6 (Invariance). (i) It follows immediately from the definitions given in (2.9)—(2.10) that, if F is
translation invariant in the first variable, i.e., if

Flg+a,G;0)=F(g,G;0) for every ((9,G),0) € StBDP(Q) x O(Q) and for every a € RY,

then the function f in (2.9) does not depend on a and the function ® in (2.10) does not depend on A and 0
but only on the difference A — 0. Indeed, in this case we conclude that

f(xo,a,f,B) = f(an(),gaB) and (I)(IOa )‘707]/) = (p(x()’)‘ - 9707’/)

for all 2o € Q, a,0, A € RN, ¢ e RVXN B e RVNXN and v € SN~1. With an abuse of notation, we write

sym 7
f(x0,&,B) = f(20,0,&,B) and ®(xg,\—60,v) = P(xo,\—06,0,v).

(ii) Arguing as in [17, Lemma 4.3.3], one can further prove that both f in (2.9) and ® in (2.10) do not
depend on the spatial variable x, provided F(ryg,7,G;1,0) = F(g,G;O) for every (g,G) € StBDP(Q) such
that 7,0 s an open subset of Q.

(iii) If F(g+ Mz, G; 0) = F(g,G;O) for every ((g,G),0) € StBDP(Q) x O(Q2) and for every M € R XN,
then f depends only on elements in RY XN in the third variable, namely

Sym

f(ro.a,6,B) = f (l’o,a, “fB) .

The same proof as the one of Proposition 2.5 allows to obtain a representation for functionals defined only
on StSBDP(Q).

Corollary 2.7. Let p > 1 and let F: StSBD?(Q) — [0,4+00] be a functional satisfying (H1)-(H4) on
StSBDP(Q). Then, for every (u,U) € StSBDP(Q) and O € O(Q), it holds that

F(9.G:0) = /O f(z.9(x), V(). G(x)) da + /O B2, g (2), g~ (2), v (2)) AHN (),

nJ,
where
r3 T gm a 7B; )
f(zo,a,€&, B) :=limsup M (Cago.g = @z E)),
e—0+ £
= (Vg v, 0;Qy ,
D (9, A, 0,v) := limsup (Vo 10, N 1Q (zo E)),
e—0t enr
for all xg € Q, a,\,0 e RN, ¢ e RVXN B ¢ RgIXnN, v € SN=1 where we define m: StSBDP(Q) x O ()
as
(g, G: 0) i= inf { F(u,U:0) : (w.U) € Csusmpn (9. G5 0) |,

with

Csisepr(g,G; 0) := {(u,U) € StSBDP(Q): u = g in a neighborhood of 807/ (G-U)dz = O},
o

for (g,G) € StSBDP(Q) and O € O ().

The proof of these results will be given in Section 3.
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2.3. Relaxation. As an application of the integral representation obtained in Theorem 2.4 and Corollary 2.7,
we now present a relaxation result for structured deformations in the spirit of [25]. In particular, we essentially
adopt the assumptions from [25], suitably adapted to the setting of linear elasticity.

Given two nonnegative functions W: Q x RYXN — [0, +00) and 3: Q x RY x S¥=1 — [0, 4+00), we

sym
consider the initial bulk-surface energy defined by
Plu) = / W (x, €u(z)) d + / (@, [W)(@), va(2)) dHY " (2) (2.13)
Q QnJ,

for displacements u € SBD(f2). Then, as justified by the Approximation Theorem 2.1, we assign an energy
to a structured deformation (g, G) € StBDP(Q) via

I,(g,G) = inf{limian(un): n € SBD(S), 1 —> (g,G)}, (2.14)

n—oo

where S% denotes the convergence defined in Definition 2.3.

Our goal is to obtain an integral representation result for I,,, by means of Theorem 2.4, under a similar
set of hypotheses on W and 1 as those considered in [25] and [48] for the SBV setting, but requiring only
measurability rather than uniform continuity of W in the z variable. Precisely, we assume that W: Q x

RgéN — [0, 4+00) is a Carathéodory function and 1:  x RY x S¥=1 — [0, +00) is continuous and such

that the following conditions hold:
(W1) (p-Lipschitz continuity) there exists Cy > 0 such that, for a.e. z € Q and Ay, Ay € RY XN,

W2, Av) = W (ar, A2)| < Curl Ar = Agl (1| AL~ 4 Ao 7);
(W2) (control from above) there exists A9 € RYXN such that W (-, Ag) € L=(Q);

Sym

(W3) (p-growth from below) there exists ¢y > 0 such that, for a.e. 2 € Q and every 4 € RYXN,
1
ew Al = — < W(z, A);
cw

(41) (symmetry) for every x € Q, A € RY and v € SV—1
(@, A v) =¥z, =X, —v);
(¥2) there exist ¢y, Cy > 0 such that, for all z € O, A € RV, and v € SV
eyl Al <Pl A, v) < CylAf;
(¥3) (positive 1-homogeneity) for all z € Q, A€ RN, v € SV~ and t > 0
P(x, tA V) = t(z, A\, v);
(14) (sub-additivity) for all z € Q, A1, Ao € RV, and v € S¥—1,
Yz, A1 + Ao, v) < (A1, v) + U(, Ao, v);

(15) (continuity in x) there exists a continuous function wy: [0,4+00) — [0,+00) with wy(s) — 0 as
s — 07 such that, for every zg,z; € Q, A € RN, and v € SVN—1,

(@1, A v) = (0, A, v)| S wy(lar = zo])[A]-

In order to formulate the energy densities of the relaxation, we need to introduce some further notation.
Recalling (2.8), we set vy, :==vgx0, for A € RY and v € SV~ e,

AN ifz-vr>0
() = ’ 2.15
orw(@) {o ifz-v<O0. (2.15)

Recall also @ = (0,1)" and the rotated cube Q, for v € S¥~1. For A,B € Ré\}’,;;N, and for A € RV,
v € S¥~1, we consider the classes

CIMN(A, B) = {u € SBD(Q): u(x) = Ax for z € 9Q, / Eudr = B, |Eu| € LP(Q)}, (2.16)
Q
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and

C;urf()\,y) = {u € SBD(Q,): u(x) = vs,(2) for x € 0Q,, Eu(zx) =0 for LN-ae. x € QV} for p > 1,

Cvt (N, v) = {u € SBD(Q,): u(x) = vy, (x) for z € 0Q,, Eudr = 0} for p=1.
Qu
Then, we define the densities H, and h, of the bulk and surface parts, respectively, as

H,(zo, A, B) := limsup inf { /QW(:co + ey, Euly)) dy + / (o, [u](y), vu(y)) dHN_l(y)},

e—0 u€Chulk(A,B) QNJ.
(2.17)
for all zp € Q and A, B € Ré\;,anN, and, for all 2o € Q, A € RN, v € SN-1,
meon= it L e e an ) (21)
u€Ct(A,v) Q.NJ.

in the case p > 1, as well as, in the case p =1,

hi(xg, A\,v) :=limsup  inf { / eW (xo + ey, éé’(u)(y)) dy —I—/

e—0 uweC;vi(\,v) Q. QuNJy

(o, [u](2), va(2)) dHN%:)}

(2.19)
Note that the continuity assumption on % in (¥5) allows to ‘freeze’ the z-variable in the surface term .
We also observe that for p > 1 the surface density h, decouples from the bulk density in the sense that the
definition in (2.18) does not depend on W. Under this set of hypotheses, we prove the following result.

Theorem 2.8 (Relaxation). Let p > 1. Consider F given by (2.13) where W: Q x RYXN — [0, +-00)

sym
is Carathéodory, 1: Q x RY x S¥=1 — [0, +00) is continuous and they satisfy (W1)—(12). Let I, be
defined by (2.14). Then, I, satisfies (H1)~(H4) and there exist f: Q x RYXN x RNXN — [0, +00), and
®: QxRN x S¥=1 [0, +00) such that the following holds:
(i) For every (g,G) € StSBDP(Q), it holds that
1(9.6) = [ J(@E9().6@) ot [ (e o) vyl) a1V ), (2.20)

anJ,

where the relazed energy densities are given by (recall (2.8))

Ewo,O,Ev 37 Q(an 6))

f(zo, &, B) := limsup m(

7 2.21
e—0t eN ( )
®(z0, A, v) := limsup (V2o 2,0, 0 Qu (@0, €)) , (2.22)
e—0t eN-t
forallzg € Q, NeR?, £, B € Ré\}f,ran, and v € SN=1, where the functional m: StBDP(Q) x O (Q) —
[0, 4+00) is given by (2.7) with I, in place of F.
(i) If more generally (g,G) € StBDP(Q)), we have
dr,(g,G;-
%(xo) = f(xo,Eg(x0), G(x0)) for LN -a.e. g € Q, (2.23)
dl,(g,G;- _
(M(mo) = ®(xo, [g](x0),v4(z0)) for HN L ge xp € Jg. (2.24)
g
(iii) If ¢ also satisfies (v3)—(15), then we can identify
f(I07£aB) = Hp(x07§aB) (225)
for every xg € Q, £, B € Rg,IXnN and
D(z0, A, v) = hp(x0, A\, V) (2.26)

for every xg € Q, A € RN, and v € SN~1, where H, and h,, are the functions given in (2.17)—(2.19).
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Remark 2.9. Suppose that W is uniformly continuous in x, with a modulus of continuity wy such that for
every x,xg € 0, A € RV*XVN,

(W (s, A) — W (0, A)] < o (| — 2]} (4] + 1). (2:27)
Assume further that there exists C > 0 and 0 < a < 1 such that

W, tA)| _ Al

(x, A) — < 2.2
W (e, 4) - = = (2:28)

for every x € Q, whenever t > 0 and t|A| > 1, where W (z, A) denotes the weak recession function at
infinity of W with respect to the second variable, namely

Wiz, t4) for all z € Q and A € RNV,

t sym

W (z, A) = limsup

t—+oo

Then, (2.18) and (2.19) can be jointly written as

W (zg, Eulx)) de —|—/ Y(zo, [u) (), vy (x)) dHN " Hx): u € C;“rf()\, u)},

QuNdy
(2.29)
where 61(p) =1 if p=1 and 61(p) =0 if p # 1. This means that the relazed surface energy density depends
on the recession function of W only in the case p = 1. To see this, it is enough to estimate the limit in
(2.19) using (2.27) to ‘freeze’ the x-variable (similarly, as done in the surface term) and then obtaining the
recession function W by means of (2.28) as in the proof of [25, (2.12)]. Note that (2.29) also recovers the
case p > 1 in (2.18).

hp(zo, A, v) = inf {61 (p)
Qv

Remark 2.10. Arguing as in [17, Remark 3.10], under the assumption of Theorem 2.8 and the existence of
a modulus of continuity on W (-, A), the densities f and ® in (2.21) and (2.22) turn out to be continuous
with respect to xq.

Moreover, if in Theorem 2.8, the energy densities W and 1 in (2.13) do not depend on x, then arguments
entirely similar to [20, Lemma 3.7] entail that the functional I, in (2.14) (extended as a set function to any
open subset of Q) satisfies I,,(1,9, 7,G;1,0) = I,(g,G; O) for every (g,G) € StBDP(QY) such that 7,0 is an
open subset of Q). Then, by Remark 2.6, f and ® defined in (2.21) and (2.22), respectively, do not depend
on the first variable.

Proposition 2.11 (Properties of the relaxed energy densities). Let p > 1, and let W and v satisfy (W1)-
(15). The function Hy, defined in (2.17) is p-Lipschitz continuous in the third component, namely for every

A€ Rg,IfIN there exists a constant C > 0 such that for almost every x € Q and for every By, By € Ré\}’,ﬁlN
|Hy(x, A, By) — Hy(z, A, By)| < C|B1 — Ba|(1+ [Bi"™" + | By ). (2.30)

Moreover, there exist constants ¢z, Cgr > 0 such that for almost every x € Q and for every A, B € Ré\}’,élN

1 _
cu(|Al +|BI) — — < Hp(z, 4, B) < Cr (1 + |A] +|BJ"). (2.31)
H
For B e RYXN, let HP : @ x RN*N — [0, +00) be defined by (z, A) — HP (z, A) == Hy(x, A, B). Then,
(i) if p> 1, then (Hf,hp) satisfy (W1)—(v5);

(ii) if p = 1, the function HP is Carathéodory satisfying (W1)—(W3) with p = 1, and the function h;
satisfies properties (Y1) and (¥2).

We note that Theorem 2.8 holds for functions in BD(f2), but characterizes only the bulk and jump density.
Now, we generalize the result by identifying also the Cantor part. To this end, we specify to z-independent
energies, i.e, we consider

Pu) = [ WiEu)) do + / ([l (), va()) AHN " (2), (2.32)
Q QnJ,
where W: RY XN — [0, +00) and 4: RN x S¥~1 — [0, +00) are continuous and satisfy (W1)—(¢5) for p > 1.

We have the following result.



10 M. FRIEDRICH, J. MATIAS, AND E. ZAPPALE

Theorem 2.12 (Relaxation with Cantor part). Consider F given by (2.32), where W: RYXN — [0, +00)

and : RN x SN=1 — [0, 4+00) are continuous and satisfy (W1)—(1)5) for p > 1. Let (9,G) € StBDP(Q),
and assume that I,(g, G) is defined by (2.14). Then,

_ dE¢g
hy(lg], vg) dHY 1+/H°°< ,0>dEcg7 2.33
p([] 9) O P d|Ecg| | | ( )

Ip(gaG)=/QJEI][,(E;g,G)dgCJr/Q

nJ,

where the relazed energy densities are given by (2.17)=(2.19), and the weak recession function of Hpy(-,0)
(i.e., H°(A,0) := limsup,_, , w) in the bulk, surface, and Cantor part, respectively.

The results of this subsection are proved in Section 4.

2.4. Linearization of energies associated to a structured deformation. In the previous subsections
we have developed a theory for structured deformations in linearized elasticity. As in pure elasticity, models of
this kind can be understood as an approximation of nonlinear elasticity. In the spirit of rigorous linearization
results in elasticity [29] and fracture mechanics [37, 38|, we now discuss a setting which allows for a rigorous
derivation of the energies in Theorems 2.8 and 2.12 from a nonlinear bulk-surface energy. More precisely,
we consider a nonlinear energy with second-order contributions, both in the elastic and the surface part.
Our goal is to simultaneously pass to (a) infinitesimal strains and to (b) a relaxed formulation in terms of
structured deformations on BD.

We first introduce the relevant function space, following the work on linearization for Griffith energies
[38]. Similarly to the space SBV?2(Q;RY), we define the space

SBVy (;RY) = {y € SBV*(;RY): Vye SBVz(Q;RNXN)}.

The approximate differential and the jump set of Vy is denoted by V?y and Jy,, respectively. The jump
height related to Vy will be denoted by [Vy].

We let V: RVXN — [0, +00) be a single well, frame indifferent stored energy density. More precisely, for
some ¢ > 0 we have

(V1) V continuous, and C? in a neighborhood of SO(N);

(V2) Frame indifference: V(RZ) = V(Z) for all Z € RN*N R € SO(N);

(V3) V(Z) > cdist®(Z,SO(N)) for all Z € RN*N: V(Z)=0iff Z € SO(N).
As explained in [38, Remark 4.2|, it would suffice to assume that V lies in the Hélder space C*® for some
exponent a € (0, 1], but we do not dwell on this point in the sequel.

We let 1: RY x S¥=1 — [0, +00) be a continuous density satisfying (1/1)-(35), and additionally

(16) (frame indifference) for all A € RV, v € S¥~1 and R € SO(N)

Y(RA\ V) = (N v).

Moreover, we let W: RV*N 5 §SN=1 3 [0, +00) be a continuous density satisfying (11)—(2/2) and (z/6) with
the only difference that A € RY is replaced by A € RVXV,

Given the small-strain parameter § > 0 and a parameter 8 € (max{%, %}, 1), we consider the nonlinear
energy Fs: SBVZ(;RY) — [0, +00), defined by

1 1 1 1 _
F(;(y):/9671/(Vy)+62—5|v2y|2dx+5/J V([yl,vy) dHY 1+5—5/J U([Vyl,vey) dHN 1 (2.34)
y Vy

for each y € SBVZ(;RY). Due to the presence of the second and fourth term, we deal with a model for
nonsimple materials going back to the ideas by Toupin [58, 59]: the main point is that the dependence of the
elastic energy on the second gradient and the dependence of the surface energy on the first gradient enhance
compactness and rigidity properties.
Our idea is to perform a linearization about the identity in terms of the rescaled displacement field
y—id
U= ,
1)
and to pass to the limit § — 0 in terms of this variable. Here, the parameter § > 0 corresponds to the
typical scaling of strains for configurations with finite energy. Due to the frame indifference of the problem,




STRUCTURED DEFORMATIONS IN LINEARIZED ELASTICITY 11

see (V2) and (¢6), it is not a priori guaranteed that y is close to the identity. Therefore, without restriction
we consider configurations y which satisfy

7[ y(x)de = ][ xdx and argminReSO(N)‘ ][ Vydz — R’ =Id. (2.35)
Q Q Q

Indeed, this can always be achieved by replacing y with Qy + b for some Q € SO(N) and b € RY, noting
that, due to (V2) and (16), the energy is invariant under this transformation.

We write the energy in terms of the displacement under constraint (2.35). More precisely, we define
Fdis: SBVZ(;RY) — [0, +00] by

F () = Fs(id + 6u) if id + du satisfies (2.35), (2.36)
+00 else.

Here and in the sequel, we follow the usual convention in the theory of I'-convergence that convergence of
the continuous parameter § — 0 stands for convergence of arbitrary sequences {4, } with &, — 0 as n — oo,
see e.g. [19, Definition 1.45].

Proposition 2.13 (Rigidity and compactness). Let M > 0, 2 < v < f3, and {us} C SBVZ(Q;RY) with
Fs(us) < M for all 6 > 0. Then, there exist sets of finite perimeter {Ss} in Q such that

lim HN1(0*S5) =0 (2.37)
and
(1) [usllzre) < C,
(i) [[Vusllpoeors;) < OO,
(i) [|€uslz2(@\s5) < C- (2.38)
where the constant C > 0 depends only on M and Q. In particular, there exists a subsequence (not relabeled)

and (9,G) € StBD?*(Q) such that us — g in L'(GRY) and Eus xa\s, = G weakly in L*(RYXN) as
0 — 0.

Definition 2.14 (Convergence). We say that a sequence {us} converges almost in SD to (g,G) € StBD?*(Q),
and write us ~~ (g,G) if there exist sets of finite perimeter {Ss} satisfying (2.37) such that us — g in
LY RY) and Eus xons, — G weakly in L?(Q; RN XN).

sym

Next, we introduce the limiting energy. As an auxiliary step, for O € O(Q) and u € SBD(Q)), we define

dis = w)dzx ul, v N-1 .
P (u, 0) /()W(e )d +/O b, va) ARV, (2.39)

NJu
where W is given as the linearization of the energy density V at the identity, i.e., W(Z) := %DQV(Id)Z A
for all Z € RV*N, By (V2)—(V3), Z — W(Z) depends only on sym(Z) and is a positively definite quadratic
form on RYXN. In particular, W satisfies (W1)~(W3) for p = 2.
Applying Theorem 2.8 and Remark 2.10 we define the relaxation of F4% as

dE°
lin(sG) = [ HEg.G) et [ nalvyan = [ (S22 0) dip)
) Ty ) |E<g]

for (g,G) € StBD?*(Q), where the densities H and h are given in (2.17) and (2.18) for p = 2, respectively,
and H>(-,0) denotes the weak recession function of H(-,0).

Theorem 2.15 (I-convergence). The sequence {F§*} I'-converges (with respect to the convergence ~) to
the functional Iy;,. More precisely, we have:
(i) (Ansatz-free lower bound) For each (g,G) € StBD?*(Q) and each sequence {us} with us ~ (g,G) as
6 — 0, we have
lim inf F{ (us) > hin(g, G);
6—0

(ii) (Recovery sequence) For each (g,G) € StBD?(Q) there exists a sequence {us} with us ~ (9,G) as
0 — 0 and

lim F§™ (us) = Lin(g, G).
6—0
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The results announced in this subsection will be proved in Section 5.

3. THE GLOBAL METHOD IN StBDP AND StSBDP

This section is devoted to the proof of Theorem 2.4. It is based on several auxiliary results and follows
the reasoning introduced in [17, Theorem 3.7], developed in [36, Theorem 4.6] (with the extension to second
order gradients and with the presence of an uncostrained field) and in [24, Theorem 2.3] for the BD setting.
For this reason, we do not provide the arguments in full detail but point out only the main differences that
arise in our setting. On the other hand, for the reader’s convenience, we introduce all the tools necessary for
the Global Method in order to allow a direct comparison with other cases in the literature. We start with a
simple observation.

Remark 3.1. Due to hypotheses (H1) and (H4), given any (¢g,G) € StBDP(Q)) and any open sets O €
0O, C Q, it follows that

Flg,G302) <F(g,G501) + C (£¥(02\ 01) + Gl 0,10, + 1B91(02\ O1) )

Indeed, for £ > 0 small enough, let O, := {z € O; : dist(xz,001) > ¢} and notice that O is covered by the
union of the two open sets O; and O3 \ O.. Thus, by (H1) and (H4) we have

0.

)
<Flg.G:01) +C (LY(0:\ 0 + |G +1Eg|(0:1\00)).

LP(02\O;)

To conclude, it suffices to let € — 0.
The following lemma is crucial for Theorem 3.4 below. Recall the definition of m in (2.7).

Lemma 3.2. Assume that (H1) and (H4) hold in StBDP(). For any (u,U) € StBDP(Q) it follows that
e if p>1and Q,(xo,r) C Q, we have

limsup m(u, U; Qu (2o, (1 = 0)r)) < m(u, U; Qu(x0,7)); (3.1)

5—0t
e ifp=1and O € O(N), we have
limsupm(u, U; O5) < m(u,U; O),
§—0+
where Os = {x € O : dist(x, 0) > d}.

Proof. Suppose first that p > 1. Without loss of generality we can assume that o =0, r = 1, v = e; and
Q:=Q(1) = Qe,(0,1) C Q. For every € > 0 there exists (v,V) € Cstppr(u, U; Q) such that

F,V;Q) <m(u,U;Q) +e. (3.2)

Let 0 < § < 1 be small enough so that u = v in a neighborhood of @ \ Q(1 — 2§), and let § < a(d) < 2§ be
such that lim «(d) =0 and

§—0t
LY(Q\ Q(1 — a(9)))
LN(Q(1 = 6)\ Q1 — «(5)))

where the constant C' depends only on the space dimension N and is, therefore, independent of §. Define

<C, (3-3)

v, ) in Q1 — a(9))
V=19 LVQUI—8)\ Q(1 - a(v))) (/Q(lé) vde= /cg(1a(5)) de)’ Q=0 QU —alo)
U, in Q\Q(1-9)

and
o {v, in Q(1 — a(9))
u, inQ\Q(1—ald)).
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It is easily verified that (v, V) € Csippr(u,U; Q(1 —4)), see e.g. [10, Proposition 2.5]. Thus, by Remark 3.1,
by (H1), by F(v,V;Q(1 — a(6))) < F(v,V;Q), and (3.2) we have

m(u, U5 Q(1 = 8)) < F(3,V:Q(1 - 6))
F,ViQ(1 - a(6)) + C[£¥(@Q%) + [ET(Q2) + IV, g0

N

<mlu,U5Q) + e+ C[LY(@Q1) + [BT(QD) + VI g0 (3.4)

where we have set Q% := Q(1— )\ Q(1 — a(d)) for convenience. Clearly, 5lir£1+ LN (Q%) = 0 and, since u = v
—

on 0Q(1 — «(9)), it also follows that

lim |E7](Q%) = (3.5)

6—0t

On the other hand, we have

p

o 1
VIize@e) = (zvgmyet

/ Udx — / Vdx
Q(1-9) Q(1—(9))

/ (U—VMw+/ U dz
Q(1-a(6) Q@

' .LsUmf>' (3.6)

+
Recalling that / (U —V)dz = 0, the first term on the right-hand side of (3.6) can be estimated by using

p
1

~ (LN @Y))rT

(U —V)dz

P G
NP \ | aa—aw)

Holder’s inequality, yielding

C : c :
e U-V)de| = e U-V)d
(LN(Q2))r—1 /Q(1a(5))( ) dz (LN(Q2))p—1 /(Q\Q(la(&))( ) dz

C

< N Q)T U — V”iﬁ(Q\Q(l—a(é)))(‘cN(Q \ Q1 —a(é)))P .

By (3.3) and the fact that 611161+ LY (Q\Q(1—a(6))) = 0 we conclude that the first term on the right-hand side
—

of (3.6) converges to 0 as 6 — 0. Regarding the second term, a similar argument using Holder’s inequality
leads to

P

C
lim sup Udzx| < hm C||U||Lp @) =0

5ot (LN(Q))P

Q°
Therefore, combining our findings for (3.6) with (3.5), from (3.4) we obtain

limsup m(u, U; Q(1 —6)) < m(u, U; Q) +¢.

§—0t

It suffices to let ¢ — 0% to complete the proof in the case p > 1.

When p = 1, the proof is similar and we omit the details. In this case, the estimate of the last term in
(3.4) is simpler and does not require the use of Holder’s inequality. Also, in this case, more general sets other
than cubes may be considered as there is no need to use inequality (3.3) (see also [36]). O

For the reader’s convenience, with the sole aim of allowing a comparison with the theory introduced in
[17, 18], we define

O*(Q) :={Q,(z,6): z€ Qv eSV >0}
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For (u,U) € StBDP (1) fixed, we set p := LV |Q + |E*ul, and, given also O € O() and § > 0, we let

m® (u,U; ) := inf { S mu,Us Qi) : Qi € 0%(Q),Qi C0.QiNQ; = O if i #

=1
diam(Q;) < §, M(O\ G Qi) — 0}.

Since § = m®(u,U; O) is a decreasing function, we can define

m*(u, U; 0) := supm® (u,U;0) = lim m®(u,U;0).
>0 §—0t

Adapting the reasoning in [36, Lemma 4.2 and Theorem 4.3] (where an extra unconstrained field U is
considered) and exploiting a Poincaré’s-type inequality in BD (see e.g. [10, Theorem 2.7]) we obtain the two
results below.

Lemma 3.3. Let p > 1 and assume that (H1)—(H4) hold. Then, for all (u,U) € StBDP(Q) and all
0 € 0O(9), we have

F(u,U;0) = m*(u,U;0).
Theorem 3.4. Let p > 1 and assume that hypotheses (H1), (H2), and (H4) hold. Then, for every v € SN~!
and for every (u,U) € StBDP(Q)), we have

: ./_'.(U,U;QU(ZL'o,E))i i m(U,U;Ql,(l'(),E))
R N N B )

for p-a.e. xg € Q, where p:= LN |Q + |E%ul.

The proof of this result is not presented since it follows along the lines of [36, Theorem 4.3], the only
difference being the limsup estimate (3.1) (for p > 1) obtained along cubes and not generic open sets. We
now present the proof of the main result of this section.

Proof of Proposition 2.5. Step 1. In this step we prove that, for LN-a.e. 2y € Q,
dF(u,U;-)

eV (z0) = f(wo, u(zo), Vu(zo), U(zo)). (3.7)
Let x( be a fixed point in 2 satisfying the following properties
1
im 7[ () — w(wo) — Vau(ao) (@ — 20)| da = 0; (3.8)
e—0t € Q(z0,¢)
. 1 ) 1,
Jim —5[Bul(Q(zo,€)) = |Eul@o)l,  lim —|E%u|(Q(wo,€)) = 0; (3.9)
lim |U(x) — U(xg)|dx = 0; (3.10)

e=0" JQ(zo,e)
dF(u,U;-)

(ZEO) ‘F(u7 U%Q(xovf)) _
dcn

m(u, U; Q(wo, )

- (3.11)

It is well known that the above properties hold for £LV-a.e. x( in €, taking also in consideration Theorem 3.4
for (3.11), as well as Theorem A.5 which provides an N x N matrix Vu(zg) such that (3.8) is valid.

Having fixed z( as above, let € > 0 be small enough so that Q(zg,e) C 2. Given the definition of the
density f in (2.9), due to (3.11), we want to show that

lim m(ley, U(xo); Q(x0,€)) lim m(u,U; Q(xo,€))
e—0+ LN (Q(z0,¢)) e=0t  LN(Q(z0,¢))

where for simplicity, we write £, := £y u(z0),Vu(zs) = W(T0) + Vu(zo)(- — z0).
Let 6 € (0,1) and let (%, U) € Csinpr (Ley, U(xo); Q(x0, 0¢)) be such that

N m(ly,, Uzo); Q(xo, 0¢)) = F(1, U; Q(xo, 6¢)). (3.13)

(3.12)
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Then, as u = ;, on 0Q(xg, éc), we have

o u — tr @ (DQ (0, 02)) = / i — | dHN T = / 10y — ul AL, (3.14)
9Q(z0,0¢) 0Q(zo,0¢)
We define
= u, in Q(xg,d¢),
o u, in Q\Q(‘IOaES&)v
and let
[7(:1:), in Q(zo, 0¢),
Ve(z) = 1

. in )\ Q(zo,5¢).

U(x)dx — / U(xg)dx
EN(Q(:EO?E) \Q(l'(), 58)) [/;(xo,e) ( ) Q(zo,0¢) ( 0)
Recall that / 0(x) dz = / U(ao) dz = U(20)(62)™, s0 we gt (3, V2) € Csims (u, Us Q(xo,2))
Q(z0,0¢) Q(zo,0¢)
(see [56, Chapter II, Proposition 2.1]). Hence, by Remark 3.1, we have
m(“v Uv Q(‘rﬂa 5)) < f@s, ‘767 Q(I07 6))
< F (@ U3 Q(a0,82)) + O (LN (Q(wo0. ) \ Q(wo, 52))

+f Val? da + | B30, ) \ Qao, 02)) )
Q(20,8)\Q(=0,0¢)

<Nt ity Uloo); Qo 02)) + C (¥ - 6" + [ VP )
Q(x0,6)\Q(w0,6¢)
+ C(IBul(Q(w0,2) \ Qw0,02)) + [tr i — trul(9Q(wo,02)) ). (3.15)

We observe that we have
P

)

1
eN(p-1) (1 _ 5N)p71

V.| dz <

/ U(x) dx—/ U(zp)dz
Q(zo0,€) Q(z0,0¢)

p
—+

/Q(wo E\Q(wo,0¢)

U(z)dx

/ (U(x) - Ulao)) da
Q(zo,0¢)

C /
< -1 ] 5 p—1 Q To.0E
5N(p )( - N) < Q(Eoﬁ)\ ( 0 )

CeNp P p
< Uda:—(SN][ Udaz +5N][ U—U(z))dz| |. (3.16
eN@=1(1 = gN)pt (‘ ][Qum Qa0 ,5¢) Q(a-o,ae)< (o) (310
Taking into account (3.15), (3.16), we have
oy MU Q(z0.)) My, U(20); @0, €))
e=0t  LN(Q(wo, ) e—0F LN (Q(z0,€))
<1 m(u, U;g(xo,e)) Jimsup lim m(éme(xO]z; Q(zo, d¢))
e—0t € §—1— e—07F €
< limsup limsup [ e + C(1 — 5N) + |Eul(@(zo,€) \ Qo, 9¢) ]—V'— [tri = trul(9Q (o, 65))4-
6—1— e—0t €
e U 0) — VU (317)
(1 — 5N)p71 0 0 ) -
where in the last line we have used (3.10). Property (3.9) yields
E )
lim sup lim sup |Eul(@(zo,€) \ Qo, 02)) < lim [Eu(zo)[(1 — SNy =0. (3.18)

N
§—1-  e—0t € 6—1
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On the other hand, setting u. 5(y) := %W, by (3.14) and a change of variables, we conclude that

. [tr @ — tr ul(0Q(xo, d¢)) . N [t ley — trul(0Q(zo, 0¢))
| =1 1)
e L
= lim sup 5N/ ltr(ue s — Vu(zo)y)| dHN "1 (y) =0, (3.19)
e—0t oQ

where the last step follows from Proposition A.6 and the fact that u. s converges strictly to the function
y — Vu(zg)y on Q. To see the latter, we can follow the lines of [10, Proof of Proposition 4.1]. More precisely,
by Theorem A.8 and [10, Theorem 2.10] there exists v € BD(Q) such that

lim [Jue 5 — Pue,5) = vllzr @) =0,

where P denotes the projection onto the kernel of the operator E. Then, as Eu. s(y) = Eu(zo + dey), using
also (3.8) and (3.9) we get uc 5 — Vu(zo)y in L' (Q;R?) and |Fu. 5/(Q) — |Eu(xo)| as e — 01, i.e., strict
convergence holds.

Taking into account (3.17), (3.18), and (3.19) we conclude that

m(uaU;Q(anE)) < lim m(emoaU(xO);Q(xmg))'

lim <
eN 0+ eN

e—0t

Interchanging the roles of (u,U) and (¢,,U(xg)), the reverse inequality is proved in a similar fashion. This
shows (3.12) and completes the proof of (3.7).
Step 2. In this step we prove that, for HV1-a.e. zg € J,
d]:(ua U; )
dHN 1] ],
For simplicity of notation, we denote by v the unit vector v, and set v = vy u+ (0),u- (z0),v(z0)s S€€ (2-8). Tt
is well known that, for HV " l-a.e. 2o € J,, it holds that

(z0) = @ (w0, u™ (z0),u” (20), vu(20)).

limJr lu(z) — v(z)| dz = 0; (3.20)
e—0 Q,,(mo,e)

. 1
im0 [Bul(Qu(z0.) = |(1] © )(a0)]: (321
d]:(ua U7) T ./—"(’LL, U;QV(xoﬂg)) 1 m(“’? U;Qu(x07€)),
A e . e (3:22)

1

li U(x)|Pdz =0. 3.23

E—l)r(r)1+ €N71 /Qy(zo,s) | (m)| t ( )

where Theorem 3.4 was used in (3.22).
Let xp be a fixed point in ) satisfying the above properties and let £ > 0 be small enough so that
Q. (z0,€) C Q. Given the definition of the density ® in (2.10), due to (3.22), we want to show that

m(v, Oa QV (.1307 8)) — lim m(ua U7 QV (.130, E))

el—lglJr eN-1 e—0+ eN-1 ’ (8:24)
where 0 is the null function from Q to RV*V.
To this end, let § > 0 and let (u,U) € Cstppr(v,0); Qu(xo, é¢)) be such that
N 4 m(v, 0;Qu(x0, 62)) = F(ui, U; Qu (w0, 6¢)). (3.25)
Notice that, as u = v on 9Q, (zo, é¢), we have
[tru — tru|(0Q, (xo, 6¢)) = / ltr(7 — u)| dHN ! = / [tr(v —u)| dHN L. (3.26)
8Q. (0,5¢) Q. (w0,5¢)

Define
~ u in QU(ZEOaéE)a
Vg 1=
u in Q\Qu(x(bég)?
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and let
~ U(x) in Qy(xo,(s&?),
Ve(z) := 1 / '
U(z)dz in Q\ Qy(zo,¢).
Q0 @l 090 oy \ Qu (@0, )
Recall that we have (7(95) dz = 0. Thus, (557‘75) belongs to the class of admissible functions

Qv (z0,0¢)
Csigpr(u,U; Qu(xg,€)) , and therefore we obtain, using also Remark 3.1,

m(u, U3 Qu(w0,€)) < F(@, V)
F(@, U3 Qulwo, 06)) + € (£ (Qulw0,2) \ Qu(0,62))

+ [VolP de -+ |BT.1 (@ (0,) \ Qu (0, 62))
Qv (20,6)\Qu (z0,0¢)

N 4 m(v,0;Qu(zo, 0¢)) + C’(eN(l — M)+ /
Qu (20,6)\Qu (z0,0¢)
+ C(|Eu|(Q,,(a:0,€) \ Qu (0, 0)) + |trii — tru|(8Q,,(x0,5e))). (3.27)

We have, using Holder’s inequality,

VAL dx)

P

"‘/’. Pde < 1 Ud < EN(p—l) U
/Q,,(wma)\Q,,(woﬁe) Vel dz < eNp=1)(1 — §N)p-1 /Qu(xo)s) oS eNP=1)(1 — §N)p-1 (Lo (Qu(z0,¢))
1
= W” 10 (@0 (20.0))- (3.28)
Hence, from (3.27) and (3.28), taking into account (3.23) and Proposition A.6, it follows that
. m(u,U;Qu(xo,€)) . . m(v,0; Q. (zo,0¢))
1 <1 1
Jim = imsup lim sup (= + =2
1
N
+0( ="+ gyt i U1 .0
|Eu\(Qy(x07 )\ Qu (20, 0¢) 55)) [tr & — tr u|(0Q, (zo, 0€))
N1 N1
. (U 0 Ql/ Zo, € ) N
<1 1 —5
m p lim sup(l = 67) [u] (zo)]
T m(v, 07 QV(‘TO7E))
N e£0+ eN-1 (3:29)
since, by [5, (2.32) and (5.79)] and (3.21),
|Eul(Qu(0,€) \ Qu(zo, 02)) N
lim. e < (1= ") [ul(eo)
and
[tr & — tr u|(0Q, (z0, d¢))
lim =0. .
e—0+ eN-1 0 (3:30)

To prove this last fact, we change variables and use (3.26) to obtain

tra—t 0Q,(xg, d . _ _
it = 090D _ iy 51 [ a4 ) — (oo + ) 0 )
£ e—0+ Q.

lim

e—0*t

= lim 6V ! /a@ 6T (Vg (20— (20 (0) (T0 + ) — s, (1)) AHN 71 (y).

e—0t
where us(y) := u(zo + dey). Then (3.20) and (3.21) yield

Use — Umg,u*(mg),u*(mg),u(mo)(xO + ) in Ll(Qy;RN) as e — 0T



18 M. FRIEDRICH, J. MATIAS, AND E. ZAPPALE

and

1
|EU6,6|(QV) = ﬁ|Eu|(Qu(x0755)) = |[u] © v|(wo) = |Evmo,u+(zo),u*(Io),V(ro)|(x0 +Q,) as e — 0.

(d¢)

Hence (3.30) follows from Proposition A.6 and this completes the proof of inequality (3.29). The reverse
inequality can be shown in a similar way by interchanging the roles of (u,U) and (v,0) leading to the
conclusion stated in (3.24). O

Proof of Theorem 2.4. The result is an immediate consequence of Proposition 2.5. |

Proof of Corollary 2.7. Under the assumptions of the corollary, Remark 2.6, Lemmata 3.2 and 3.3 and
Theorem 3.4 hold with obvious modifications in the proof, replacing m by m and Cs:gpr by Cstsppr and
defining the associated objects m?, m* in full analogy with m? and m*. The arguments in the proof of
Proposition 2.5 remain unchanged. ]

4. PROOF OF THE RELAXATION RESULTS
We start this section with the proof of Theorem 2.8.

Proof of Theorem 2.8. Given O € O(Q) and (g,G) € StBDP(Q), we introduce the localized version of
I,(g,G), namely
I,(9,G;0) = inf { hnnlgéf F(up): un, € SBD(0), uy, b (9,G) in O}. (4.1)

Our goal is to verify that I,(g, G; O) satisfies assumptions (H1)-(H4) of Theorem 2.4.
Step 1: Proof of (H1). We start by proving the following nested subadditivity result: if Oq,0O, O3 are
open subsets of € such that O; € Oy C Ogs, then
Ip(g,G; 03) < Ip(g,G; 02)+Ip(gaGaO3\071) (42)
Without restriction, this is proved only for p = 1 as the case p > 1 is even easier. Let {u,} C SBD(O3)
and {v,} € SBD(03 \ O;) be two sequences such that u, — g in L*(Og;RY), Eu,, = G in M(Oqg; RY XN,
v, = gin LY(O3\ O1;RYN), Ev, = G in M(O3\ O1; RYXN), and

sym

I,(9,G;02) = lim [ Wz, Eup(x))dx + / P(x, [up](2), vu, () dHNl(:c)]
O2

n—-+oo JuanZ
as well as
I,(9.G:05\01) = lim / Wz, Evn () da + / O, [on) (2), v (2)) AHY (@) |

Notice that

Uy — v, — 0 in L'(Og\ Op;RY) (4.3)
For 6 > 0, we define Os := {z € O3 : dist(z,01) < 0}, and for z € O3 we let d(z) := dist(z, O1). Since the
distance function to a fixed set is Lipschitz continuous (see [60, Exercise 1.1]), we can apply the change of
variables formula [35, Section 3.4.3, Theorem 2], to obtain

— vp (T J:x—5 Un (T) — vp(x N=l(g
L @) = vato) Ja@ o = [ [/dl(y)nm (o) ()] dy,

s\O1

where Jd denotes the Jacobian of d. As Jd is bounded and (4.3) holds, by Fatou’s Lemma, it follows that
for almost every p € [0, §] we have

imi —vp(x N=1(z) = limin Up () — vp(x N=1(z) = 0. .
mind [ o) — @) 47 0) =l [ o) a4 @) =0, 0

n—-+4oo n—-+4oo

Fix py € [0,4] such that [Gx0,|(00,,) = 0, |Gxp,\571(00,,) = 0 (where we consider the total variation

of the measures G'x.|£"), and such that (4.4) holds. For this choice of py, we may pass to subsequences
of u,, and v, (not relabeled) such that the liminf in (4.4) is actually a limit. We observe that O,, is a set
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with locally Lipschitz boundary since it is a level set of a Lipschitz function (see, e.g., [35]). Hence, we can
consider u,, v, on 00,, in the sense of traces and define

wy =4 Opo (4.5)
vy in O3\ Op,.

Then, by the choice of py, w, is admissible for I,,(g, G; O3) so, by (¢2), and (4.4), we obtain

Ip(ga Ga 03) < 171%41-25 l/o W(x,é’wn(x)) dz + L o 1#(3% ['u)n](x)7 Va,, (.13)) dHN_l(J})

wnp

< limjnt [ W)+ [ gl @), () a1 @)
Oz

n—4oo Ju, NO2

Un () — Up (X N=l(y
+/JWOPOC| (@) — v ()| dH <>]

= I,(9,G; O2) + I,(9,G; O3 \ Oy).

This concludes the proof of (4.2).

From here, the reasoning in [25, Proposition 2.22] yields (H1). In fact, the proof also works in the
nonhomogeneous case and in the BD-setting since it is exclusively based on measure theory arguments.

Step 2: Proof of (H2)-(H4). To show (H2), we argue exactly as in [25, Proposition 5.1]. Indeed,
we can prove lower semicontinuity of I,(-,-;O) along sequences (gn,Gr) converging in Ll(Q;RN)stmng X
LP(Q;RY XN ) ear (the second convergence is weakly* in M(Q;RYXN), if p = 1) to (9,G) € StBD?(Q).
(H3) is an immediate consequence of the previous lower semicontinuity property in O, as observed in [17,
(2.2)] whereas (H4) follows by employing assumptions (W1), (W2), (W3), and (¢)2) together with the lower
semicontinuity of integral functionals of power type (or of the total variation along weakly* converging se-
quences, if p = 1), see [25, Lemma 2.18] for details. (We point out that, to obtain the lower bound in (H4),
we actually need to replace W by W + ﬁ which however can be done without restriction.)

Step 3: Proof of (i). Having checked (H1)—(H4), Theorem 2.4 can be applied to conclude that, for every
(9,G) € StSBDP (1), we have

19.6) = [ 1(@.00). Vo). G dr+ [ 0(ag"(@).g7 (@)v,(@) R ),
n 9

where the relaxed densities f and ¢ are given by (2.9) and (2.10), respectively.

It is a standard matter to check that the functional I, is invariant under translation in the first variable,
ie.,

I,(g+a,G;0) = I,(g,G;0) forall (g,G) € StBDP(Q), O € O(Q), a € RY.

Indeed, it suffices to notice that, if {u,} is admissible in the definition of I,(g,G;O), then the sequence
{un +a} is admissible for I,(g + a, G; O). Hence, taking into account Remark 2.6, and the abuse of notation
stated therein, we obtain (2.20) with f and ® given by (2.21) and (2.22), respectively. In a similar fashion, the
definition (2.14) and the fact that W depends only on the symmetrized gradient ensures that I,(u+ Mz) =
I,(u) for every M € RNXN, hence (iii) of Remark 2.6 applies and therefore f(z,g(z),Vg(z),G(z)) =
f(z,Eg(x), G(x)). This shows (i).

Step 4: Proof of (ii). If (g,G) € StBDP(Q), then we can invoke Theorem 2.4 to obtain

ar,(g.G
f(zo,E9(x0), G(w0)) = %(mo) for a.e. 29 € O
dl,(g,G _
®(zo, [9](x0), vg(20)) = (M(xo) for HN "'-ae. z9 € Q.
Step 5: Proof of (2.25) in (ii). We claim that for a.e. 2y € Q and for every &, B € RYXN it holds that

sym

flxo,€, B) = Hy(x0,€, B) = Hp(x0,¢, B), (4.6)
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where

o, & B) =timsupint { i | Wi + ey, Eua)ay+ [ btz el v, () a1 0):

e—0+ n—oo QNJy,,

{un} € SBD(Q), un = Lo in L(Q;RY), Eun = B in M(Q;RNX}V)}.

sSym

Notice that we have readily replaced £y y(»,),¢ by £o,0,¢ due to the translational invariance. The proof that

H,(z0,&,B) < Hp(zo,§, B) can be obtained as in [25, Step 2 in Proposition 3.1], in turn relying on a
technique to pass from a given sequence to another admissible one with fixed boundary datum. However,
instead of modifying the functions as in [25, Proposition 2.21], we proceed as in the analogous result in our
setting (namely (4.2)) to define modifications similarly as in (4.5) which allows to obtain a sequence with
precise boundary data from a generic given one. Let us highlight that one first constructs a new admissible
sequence {w¢} for e fixed, and eventually one passes to the limit € — 0. Moreover, careful inspection of
the proofs of (4.2) and [25, Step 2 of Proposition 3.1] shows that the z-dependence is not an issue and that
the admissible sequences for ﬁp can be replaced by sequences such that | 0 Ews, dx = B holds, namely, by
functions belonging to Cy"!(¢, B).

We now address the reverse inequality. By the definition of the relaxed bulk energy density f in (2.21)
and Theorem 3.4 we get

(éxo,o,faB;Q(mOag)) Ip(€x0,0,§7B;Q(1‘07€))

m
,€,B) =lims = lims 4.7
f(x0,&, B) im sup N i sup N (4.7)
Then, by a simple change of variables argument, using the functions uf(y) = %un(.%'o + ey) for a given

sequence {u,} on Q(zo,¢) in the definition of I, invoking property (¢3), it follows that, for a.e. o € Q and
every &, B € RNXN

sym

I Ew 7B; ) 7
lim sup p(Lao0.e < @lz0,2)) = Hy(z0,¢, B). (4.8)
e—=0 €

Now define m(ly,,0,¢, B; Q(x0,€)) = inf {E(u, Q(wg,¢)) : e tu(wg + &) € C;?u“‘(f,B)}. It is easy to verify
that for a.e. 2o € Q and every &, B € RNXN it holds that

Sym
m(Ley 0.6, B; Q(z0,€)) < MLy 0, B; Q(x0,€)).

Indeed, for any function w that is admissible for m(¢y, 0.¢, B; Q(x0,¢€)), the pair (u,Eu) is a competitor for
m(lyy 0,6, B; Q(z0,¢)). We now conclude as follows: by (4.8) and (4.7) we find

Iy(lag,0.¢, B; Q(x0,¢€)) m(lyy,0.¢, B: Q(xo,€))

H x0,&, B) = limsu = limsu
p( 0§ ) s—>0p eN E_>0p eN
m(¢ B;
< limsup m( 20,08 ]\; Q(Io’g)) = Hp($07§a B)7
e—0 €

where the last equality follows by the definition in (2.17), the continuity property in (¢/5), and again a change

of variables argument. This along with the inequality H,(z¢,&, B) < Hp(zo,&, B) shown above and (4.7)
yields (4.6).
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Step 6: Proof of (2.26) in (iii) for p > 1. Theorem 3.4 applied to F = I, and yield, for every zo € €,
AeRY, and v e SNL,

M(Vao, 20,0, 05 Qu (o, €))

®(x9, A, v) = limsup

e—0t eN-1
I x vy 7 v )
= lim sup p(Vzo00, NO 1Q (z0,))
e—0t enr
1
—limsup —— inf { liminf [ [ W(z, Eun(z)) dz + / O [un] (), v () dHN ()] -
e—0t eN-1 {n—>+oo{ Qo (xo,e) Qu(zo,e)NJu,, }

Up € SBD(QV(IL'(),E)),U” — Vzo,\,0,v in Ll(Qu(x075);RN)v gun —0in Lp(Qu(xmg);Rg/;;N)}

< lim sup % inf { lim inf/ V(2 [un)(x), v, (2)) dHN 71 (2):
€ Qu(mﬂve)

50+ n—-+0oo N,
Up, € SBD(Q,(%0,€)), Up, — Vgy 20,0 I Ll(Q,,(xo,a);RN), Eu, =0 a.e. in Q,,(aco,e)},

where we have taken into account the growth condition on W given by (W1) and hypothesis (W2), and the
fact that the latter class of competitors is contained in the first one.

Given that this last expression no longer depends on the initial bulk density W, but only on 1 for which
the uniform continuity condition (15) holds, we may apply this condition to replace = by xy and obtain

1
®(z0, A, v) < limsup —— inf liminf/ (o, [un] (@), vu, () ARV "1 (2):
( ) e—0+ eN-1 {n—>+<>o Qu(x(],E)n.gu" [ ]( ) ( )) ( )
Un, € SBD(Q,(20,€)), Un, — Vgy 20,0 I Ll(Qu(xo,s);RN), Eu, =0 a.e. in Qy(zo’g)}_

We can invoke a periodicity argument entirely similar to the one used in the first part of the proof of [25,
Proposition 4.2], namely we define

U 1= Vgy,\,0,0 + 0]

for ¢ € SBV(Q,(z0,¢);RY) with ¢ = 0 on 9Q,(x0,¢) and V¢ = 0 LN-a.e. in Q,(x0,¢). Extending ¢
periodically to all of RY with period ¢ and setting u,, := vwm,\,o,y—l—w

in LY(Q,(xo,¢), Vu, = Eu, =0 LN -a.e., and

/ (o, [un](®), v, (@) dHY (@) = (o, [u)(2), v (z)) AHN ! (2)
Qv (@0, )N Qu (@000,

, we easily see that u, — vz,,1,0,

as n — +oo. Thus, we conclude that

B0, \,v) < limsup —— inf { /Q o ) @) MY @) o € SBDQu(ros )
v(zo,e)NJy

e—=0+t
Ev(z) =0 ae. in Qu(xo,€), v(x) = vy x0,(z) for z € BQU(I'O,E)}.

By a simple change of variables, this coincides with

inf {
where vy , is given in (2.15). The latter formula coincides with h,(zo, A, v), see (2.18), and thus it follows
that

(o, [u](y), vu(y)) dAHN "1(y) s u € SBD(Q,), Eu(z) =0 a.e. in Q,,u(z) = vy, () for z € 3Q,,},

O(z0, A, v) < hp(zo, A, V).

To prove the reverse inequality, we argue as in [25, Theorems 4.4 and 4.5]. First, Theorem 3.4 guarantees

Ip(”aﬁg,),O,D, 0; QV(an 5))
eN-1 :

®(x0, A, v) = lim sup (4.9)

e—0t

In particular, there exists {u,} C SBD(Q.(zo,¢)) such that

Uy, = Ugg 2,0, 1D Ll(Q,,(xo,g);RN), Eup — 0 in LP(Q;RVXNY,

sym
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and, since W > 0 (up to adding i), we deduce

Iy (Vzo.0,0,0, 05 ©) > liminf (/ W(zx,Euy,) dx +/ (x, [unl, V) d?—lN1>
Q QnJ.,,

n—-+o0o

n— oo

> lim inf/ (2, [un], v, ) dHN 7L (4.10)
QN T,

Up to the extraction of a subsequence, there exists a nonnegative Radon measure p such that

(w, [un], v, ) dpN-t | Ju, = p.

Next, we evaluate W. We choose a family {e} such that pu(0Q(zo,e)) = 0. Thus, setting
Yag,A,0,v
Une (Y) := un(x0 + €Y),
du ~ lim lim O, [un) (), v, () AHN 1 (2)
dHN-1 LJvzo,x,o,u e—0+ eN 71 noo Qv (zo,e)NJu,, !

= lim lim
e—0+ n—oo gN—1

/ (0, [un] (), v, () AHN 1 ()
Qu(x(he)m']un

= lim lim 11)(%0, [Un](xo + sy), Vun(aco+ey)) dHN_l(y)

e—0t n—oo Jup =0
QuN—1

= hm hm '(/)(xO; [un,s](y)v l/un,E (y)) dHN_l(y)v

+n—
€20 =0 JQuN T, .

where we have exploited (15) and used a change of variables. Arguing as in [25, Theorem 4.5], we can extract
a diagonal sequence vy, (y) = tn, (€0 +exy) such that vy (y) = vox0, in LY(Qy), Evp — 0in LP(Q,; RYXN),
and

du o N-1
T~ e ) ) 1), (4.11)

Next we follow [25, Proposition 4.2] (see also Remark 2.2). By Theorem A.1, for every k there exists f; €
SBV(Q.,;RY) such that Vf; = Evx and |Df|(Q.) < C||Evk|lL1(q,)- By piecewise constant approximation
in BV(Q,;RY), there exist gy, such that gr, — fr in L' (Q,;RY) and |Dgr.m|(Q.) — |Dfel(Q.) as
m — +oo. Consequently, we also obtain |Egi ., |(Q.) — |Efix|(Q.,) as m — +o00. Define

Wk,m = Vk — [k + Gk,m-

Clearly, Ewgm = 0 LN-ae. and limy— o iMoo |Wk,m — vox00/21(0,) = 0. Next, we have
D@+ 1D l(@) < € [ [uilde 0, as b oc,
Qv
Thus, by (¢2) and (¢4) we get

lim lim (o, [Wkm]s Vg ) dHY 1 < lim U(x0, [Vk], Ve, ) dHN L
k—o00 m—00 Q’/m‘]wk,m ’ k—oo Quvak

Hence, we may extract a diagonal sequence in (k,m), say {2}, such that 2; — vg x 0, in L} (Q,;RY),E2 =
0 £N-a.e., and

lim (20, [21]), vz ) AHN 71 < lim (20, [Vk], v, ) ARV L (4.12)

l—o0 Quszl k— oo Qme'uk

As in [25, Proposition 4.2], we can change the sequence so that it equals vy x,0,., on 9Q,(zo). Precisely, by
Fubini’s Theorem there exists r; — 1~ such that, upon extracting a subsequence,

/ [tr 2z — vo,x,0,0] dHN "t 50 (4.13)
0Qy (1—ry)
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as | — +oo. Define
2 in@,(1—rp)

zZ =

Vo,\,0,v in Qu \ Qu(l - Tl))-
Clearly, £z, = 0 a.e., and by (4.12)—(4.13), (¢2), and (1)4)

lim 1/)(550, [él]7 Vil) dHN_l < lim w(fﬂoa [Uk]a Vvk) dHN_l'
l—o0 QunJél k—o0 Quvak

Thus, in view of (4.9), (4.10), and (4.11), we have proved that, for p > 1,
q)(x07 >‘7 V) > hp(x(b )‘7 V)

for every mg € Q, A € RV, and v € SN~1, where h,, is the function given in (2.18).
Step 7: Proof of (2.26) in (iii) for p = 1. We claim that, for a.e. zg € Q and for every A € RY and
ve SN,

(I)(Io,A,V) = hl(x07>‘a V) :hl(Io,A,V), (4]‘4)
where

izl(xo, A, v) :=lim sup inf { liminfEmo,E(un; Q.) {un} C SBD(Qu), un — Vo x,0,0 in Ll(Qu;RN),

e—0 n—

Eu, 0 in M(QV;RNXN)},

Sym
with

By e (u;Q) == /

[ W (o ey e@) | v i), ) a7 ),

QuNJy

The inequality hq (zg, A, V) < hy (z0, A, V) is obtained arguing as above in the proof of H; < H. Defining U, =
{{un} € SBD(Q,(20,€)): Un — Vg r0., in LHQ,(20,6);RY), Eup —0in M(Qy(x0,€); RYXN)}, for ev-
ery 29 € 2, A € RN, and v € S¥~!, we have by Theorem 3.4 and a change of variables

m(Uzo,/\,O,ua 0; Q. (1'07 6)) L (Uwo,/\,O,Va 0; Qu(an 5))
ENfl ngl

(4.15)

= lim sup
e—0

D(x0, A, v) = limsup

e—0

1
= lim sup N1 inf < liminf [/ W(z, Eun(z)) dz + / Y(, [un) (), vu, (7)) dHN_l($):|
e—0 €& Ue n—00 Qu(xo,e) Qu(z0,8)NJu,

= limsup inf { lim inf [5 W (o + ey, Eun(xg + cy)) dy
Qv

e—s0 Ue n—00

+ wm+w¢w@wmmMAm+w»wﬂ*wﬂ}
QuNe=1(Ju, —x0)

Setting V = {{v,} C SBD(Q,), vn — vox0, in LY(Qy;RY), Ev, = 0 in M(Qu; RYXN)}, we derive
(I)(l‘o, Aa l/)

= lim sup igf { lim inf [/ eW(xg + ey, e Evn(y)) dy + / W(xo + ey, [va](Y), Vo, (¥)) d/HN_l(y)} }

e—0 o Y QuNJy,

n—oo

= lim sup igf { lim inf [/ eW(xg +ey,e  Evn(y)) dy + / (o, [vn](y), ve, (¥)) d'HN—l(y)] }

e—0 v QuNdy,
= lim sup inf { lim inf Ezo,a(vn; QU)} = hy(z0, \, V), (4.16)
e—0 V n—oo

where we have invoked the continuity of ¢ in the first variable, see (¢)5).
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Now, define """ (X, v; Q,(z0,¢)) = inf {F(u; Q,(0,¢)): u(zg + &) € C§" (A, v)}. We verify that for
a.e. zg € Q, every A € RV, and v € SV~ the inequality

m(vwo)\,o,ua 07 Qu(x07 5)) < ,'/ﬁsurf()\’ v, QV(an E))

holds true. Indeed, we observe that an argument entirely similar to [25, Proposition 4.1, in turn Step 1 of

Proposition 3.1] allows us to obtain a lower bound for m*"f in terms of

inf { lim inf F(up; Q, (x0,€)): Un(xo + &) — (vo,x,0,0,0) In Q,,},
n— 00 SD

which along with a change of variables gives the inequality. Consequently,

M(Vey 20,0, 0; Qu (20, €)) . msurf()‘vy;Qu(x(hE))
g < lim sup p

El(xo, A, v) = limsup = hi(zo0, A\, v),

e—0
where the first equality follows from (4.15)-(4.16) and in the last equality we used again a change of variables
argument. Therefore, (4.14) is proved. O

Proof of Proposition 2.11. Up to replacing generic elements in RY*Y by symmetric ones and gradients by
symmetric gradients, estimates (2.30) and (2.31) can be proved in the same way as [12, (2.26)—(2.27)], which
were proved for the case p > 1 and can be easily adapted to cover the case p = 1.

(i): The thesis can be proved exactly in the same way as [12, Theorem 2.10], the only differences being the
symmetry in the fields and the regularity assumptions on W, which now is only measurable with respect to the
x-variable. In the present setting, measurability of Hf is granted by the fact that Hy, is a Radon-Nikodym
derivative.

(ii): The results concerning H¥ can be easily adapted from the proof of [12, Theorem 2.10], whereas those
concerning hj require more care. The symmetry property (1) is immediate. To prove that hy satisfies the
growth condition from above, it suffices to consider an admissible u € C§""f(\, v) such that Eu = 0 a.e. in Q
and to apply properties (W1) with p = 1, (W2), and (¢2) (estimate from above). To prove the estimate
from below, we use the fact that W > 0 (up to adding a constant %) and apply property (12) (estimate
from below). O

Proof of Theorem 2.12. We recall that, as proven in Theorem 2.8, I,: StBDP(Q2) x O(2) — [0, +00) satisfies
all the assumptions of Theorem 2.4. Hence, it admits an integral representation. In view of Theorem 2.8,
we know already how to represent I,(g, G;) in StSBDP?, i.e.,

B9.G) = [ Hy(E9.G)do+ [ hyllglvy) dn* !
Q QnJ,
for every (g, G) € StSBDP(Q)), where H, and h,, are given by (2.17) and (2.18), respectively. It is elementary
to check that H), and h, are z-independent as the same property holds for W and ¢ (see also Remark 2.6).
It remains only to deduce the Cantor density.
Step 1: To this end, we start by observing that, for every (g, G) € StBDP(Q),

dl,(g,G) ~ dl,(g,0)

—_— = —— for |E°gl|-a.e. zg. 4.1
d‘ECg| (.’Eo) d|ECg‘ (.’E()) OI“| g| a.e. Tg ( 7)

This can be proven by following the same arguments used to compute the derivative with respect the jump
part (Hausdorff measure) in [3, Section 4.2]. Indeed, by the definition of I, in (4.1), with ¢ € BD(2) and
G e LP(;RYXN), for every O € O(9) there exists a sequence {u,} C SBD(O) converging to (g, G) in the

sense of Definition 2.3 such that

I,(9,G;0) = lim [/()W(gun)dﬁ/om w([un],uun)dHN_l]. (4.18)

n—-+oo

Moreover by (H4), I,(g,G,Q) and I,,(g, 0, Q) are finite. Next, consider a sequence {v,, } given by Theorem A.3
such that

vy =0 in BV(0), Vo, = €&v, = -G
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and (in view of [48, (2.3)])
|Bu,|(0) < | Dun|(0) < C(N) / 1G] da (4.19)
O

In particular, the sequence w,, := u, + v, is admissible for I,,(g,0; O). Recall that
Jup = (Jup \ Juptv,) U (Ju, N Ju,40,) and Juntvn, = (Jup N Jupt0,) U (Jupto, \ Ju,,)-
Using (W1), (W3), (¢2), (¥4), the coercivity of I,, (4.18)—(4.19), Holder’s inequality, and the fact that

I, (9, G, ) is finite, we get

n—oo

I,(g,0;0) — I, (g9, G; O) < liminf (/ (W(Eun + Evy) — W(Euy)) da
o

—1/ wqmmuw)d%N*%+/" wQun+mewm+m>dHN'j
OﬂJun Om]un+vn

n—oo

+/ Cyllvn)| dHN ! +/ Cyl[vn]| dHN 1
on(J, mJun-an) Om(JTIrn‘F’L’n\Jun)

Un

< (/0(1 1G] + |G|p)dx> L (/O G|de>1/p,

where C' depends on ¢, W, N, and C depends on v, W, N, p, I,(g,G, Q)pT_l), and these constants may vary
from line to line. Interchanging the order of I,,(g,0; O) and I,(g, G; O), applying it to any ball O = B(zg, ¢)
and taking the average on it, in the limit as € — 0 we obtain the desired estimate (4.17).

Step 2: Given Step 1, to compute the Radon-Nykodim derivative of I,(g,G) with respect to |E°g|, it
suffices to fix G = 0. Observing that I,(-,0;-) is a functional defined in BD(2) x O(f), and in view of
Theorem 2.8 and Remark 2.10, it satisfies all assumptions (H1)—(H5) of [24, Section 2.2]. In particular,
concerning [24, (H4)], we observe that clearly there exists a modulus of continuity ¥ such that

1y (v + g(- = 20), 0520 + A) — L, (g,0; A)| < (Jzo| + [0]) (LY (A) + | Eg|(4))

for all (g, A,v,70) € BD(Q) x O(Q) x RN x Q, with 29+ A C €, since I,,(v+g(- —x0),0; 20+ A) = I,(g,0; A),
i.e.,, ¥ = 0. Eventually, [24, (H5)] is satisfied since our functional is invariant under infinitesimal rigid motions,
i.e., affine functions a with Va € Rg(:WN.

Hence, I,(g,0;-) admits the integral representation stated in [24, Theorem 2.3]. From this representation,
we will deduce the Radon-Nykodim derivative of I,(g,0;-) with respect to the Cantor measure.

In particular, since I,(-,0;-) is a functional of the type considered in [24, Theorem 2.3|, we can ap-

ply the same considerations made in [24, Section 5, Lemma 5.1]. Thus, the bulk density is given by

<timsup ( [ €1+ (61 + [Gligwnp ) do - [ 6 ([tn], V) AH
@) ON(Jup \Jup+vp)

%(xo) = H,(Eg(o),0) for LN -a.e. xg € Q. Hence, when applying [24, Theorem 2.3], we can conclude
that 9le(e:0) (wo) = H°( dE°9 (14),0). In fact, in that theorem, the density of the Cantor part coincides

d[Ecg| |[dEcg]
with the weak recession function of the bulk density. This fact, together with (4.17) and (2.23)—(2.24), gives
(2.33), which concludes the proof. O

5. PROOF OF THE LINEARIZATION RESULT

In this section we give the proofs of the results announced in Subsection 2.4.

Proof of Proposition 2.13. Consider a sequence {us} C SBVZ(£;RN) such that the functions ys := id 4 dus
satisfy (2.35) and Fs(ys) < M. We first prove the Poincaré-type estimate (2.38)(i) (Step 1). Afterwards,
we apply the BV coarea formula to define suitable level sets for the gradient, from which the definition of
the sets {S5} follows (Step 2). Then, we prove (2.38)(ii),(iii) (Step 3) and eventually the compactness result
(Step 4).
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Step 1: Proof of (2.38)(i). By Poincaré’s inequality in BV we find Y € RV*¥ such that

IVys — Y5 |l ) < ID(Vys)|(Q) < Vsl L1 (@) +/J [Vys]| dHN T,
Vys
where 1* = A Using Hélder’s inequality, (2.34), F5(ys) < M, and the fact that U satisfies (¢:2), we then
get

IVys — Yl L1 ) < (LX) Y2(V2ys | r2q) + cg' / U (z, [Vys], vwy,) dHN 1 <067 (5.1)

Vys
for a constant C' > 0 only depending on €2 and M. Then, there exists a constant ¢y > 0 only depending
on Q and M such that the set As := {|Vys — Y| < co6”} satisfies LV (As) > 1LN(Q). We claim that
dist(YY, SO(N)) < 2¢p6”. Otherwise, if we had dist(YY, SO(N)) > 2¢¢6#, we would find dist(Vys, SO(N)) >
co6” on As, and then along with (V3)

LN(Q) 2
52/‘/ > 952 0(0065) .

As B8 < 1, for § small enough the right-hand side exceeds M which contradicts the energy bound Fj(ys) < M.
Then, from dist(YY, SO(N)) < 2¢6?, (2.35), and (5.1) we get [Id — Y| < C6°. Again by (5.1) this
implies

We recall the linearization formula (see [40, (3.20)])
lsym(Z —1d)| = dist(Z, SO(N)) + O(|Z — 1d|*) for Z € RV*N, (5.3)

By distinguishing the cases |Z —Id| < N and |Z —Id| > N, it is elementary to see that
sym(Z — 1d)| < dist(Z, SO(N)) + C(|Z — 1d|*" + dist?*(Z, SO(N))) for Z € RNV,
Then, from (V3), Holder’s inequality, (5.2), and Fs(ys) < M we get

/ Isym(Vys — Id)| da < C(LN () 2(M?) /2 + CMo? + C/(5°)"

By the fact that > Y=t and the definition y; = id + dus we then deduce
[€usLr(0) < C. (5.4)
y (¥2)-(¥3), (2.34), and Fs5(ys) < M we further find
|Dius| () < ¢ / U([us), vus) dAHN T = ¢ 5/ WV([ys], vys) dHY 1 < O M. (5.5)

The two estimates (5.4)—(5.5) show |Eus|(©2) < C. From (2.35) we further infer that f,usdz = 0 and
fQ(Vug — Vus)de = 0. Indeed, to see that latter, we write A := fQ Vys dx as the polar decomposition
A = RS for an orthogonal matrix R and a symmetric matrix S. Then, (2.35) indeed shows R = Id, and thus
A is symmetric. Then, the variant of the Korn-Poincaré inequality in BD stated in Proposition B.2 below
yields

||U5||L1(Q) < C|EU5|(Q) + C|D’LL5(Q)| < C|EU5|(Q) + C|DJU5(Q) +/ Eus dl‘| <C
Q
where we also used (5.4)—(5.5). This concludes the proof of (2.38)(i).

Step 2: Construction of the sets S5. Next, we apply the BV coarea formula (see [5, Theorem 3.40]) on
each component (Vys);; € SBV2(Q), 1 <4,j < N, to write

/ HYH QN0 {(Vas)sy > 1)) dt = [D(Vys)is(Q) = [V2usll 11 ey + / Vs dHY .

va5

Then, similarly as in (5.1), we get

/OO HNHQN I {(Vys)y; > t}) dt < CoP. (5.6)
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Fix v € (2,) and define Ts = §7. For all k € Z we find ti € (KT, (k + 1)T5] such that
5 1 DTS
HN QN {(Vys)i; >t }) < 7 / HYN QN 0" {(Vys)iy > t}) dt. (5.7)
5 JkTs

Let Gi’” = {(Vys)i; > th} \ {(Vys)ij > tzjﬁ} and note that each set has finite perimeter in Q since it is
the difference of two sets of finite perimeter. Now, (5.6) and (5.7) yield
oo HNTH(QnorGyY) <21yt 06f < 6P (5.8)
keZ

Since LN (Q\ Upez, Gi’ij) =0, {Gi’ij}kez is a Caccioppoli partition of €.
We let {Plé}leN be the Caccioppoli partition of {2 consisting of the nonempty sets of

{(GpltnGy?n. NGy ke Zforij=1,...,N}.

knn
Then, (5.8) implies
ST HN 0B ) < cof (5.9)
for a constant C' > 0 independent of §. Recalling 75 = §7 we get |th — tjcj+1| < 275 = 267 for all k € Z,

i,7=1,..., N. Therefore, by the definition of Gi’ij , for each component Pl‘S of the Caccioppoli partition, we
find a matrix Z7 € RV*Y such that

Vs — Zl(SHL‘X’(Pl‘S) < 0o (5.10)

Without restriction we order the components {P’}; such that £V (P}) is decreasing in . As by this ordering
at most Py can have volume larger or equal to £V (), we get LV (P)) < +£N(Q) for all | > 2. Then,
defining S5 := U5, P}, we get by (5.9) and the relative isoperimetric inequality in €,

LY@\ PY) = £V(85) = S LN () < 3 (MY @0 B n ) T <0 HY 0" P n Q) < 087
1>2 1>2 1>2
(5.11)

Again using (5.9), we also find HV~1(0*Ss N Q) < CHP~7. As v < B, (2.37) follows from Lemma B.1 below.
Step 3: Proof of (2.38) (ii),(iii). First, (5.11) implies £V (P?) > 2£N(Q) for § small enough. This along
with (5.2) and (5.10) yields, for a constant C' > 0 only depending on M and €,

127 —1d| < 12} = 1d|| 11(psy < ClIVys —1d] 11 (ps) + C57 < C8° + C57 < C67,
where we again used Holder’s inequality. This together with (5.10) shows

Recalling P = Q\ Ss and Vys = Id + §Vus, we obtain (2.38)(ii). We proceed with the proof of (2.38)(iii).
By (5.3) and Young’s inequality we have

lsym(Z —1d)|? < Cdist*(Z, SO(N)) + C|Z — 1dJ*.

Then, we obtain

/ lsym(Vys —Id)|?> < C (distQ(Vyg7 SO(N)) + |Vys — Id|4) dz,
Q\Sa Q\SJ

and therefore (5.12) yields

1 1 1
/ |Eus|? do = 7/ lsym(Vys — Id)|? dz < 07/ dist®(Vys, SO(N)) dz + C — L7(Q)6" < C,
O\ S5 0% Jo\ss 6% Jo d

where in the last step we have used v > 2 > 1, (V3), (2.34), and Fjs(ys) < M. This shows (2.38)(iii).

2

Step 4: Compactness. We recall from (5.4)-(5.5) that |Eus|(£2) < C for C' > 0 independent of §. Thus,
by a compactness result in the space BD we find g € BD(f2) such that, up to a subsequence (not relabeled),
us — g in L*(Q; RY). The existence of G € L?(; RYXN) such that Eus xo\s, — G in L2(Q;RYXN) follows

by (2.38)(iii) and weak compactness in L2. O
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As a preparation for the proof of the I'-convergence result, we need the following lemma.

Lemma 5.1. Let u € BD(Q) and let {P,} C Q be a sequence of smooth closed sets with HN~1(dP,) — 0
asn — oo. Then, |Eu|(P,) — 0 as n — +o0.

Proof. We use the characterization of BD functions by slicing established in [4]. To this end, we first need
to introduce some further notation. For ¢ € SV, we let

Li={yeRN:y.£=0}, BS:={tcR:y+t{ € B} foranyyecRY and BCRY,
and for every function v: B — RV anthBg let
vg(t) =v(y+t&)-¢&.

By [4, Proposition 3.2|, given u € BD(Q) and ¢ € SV~1, the function y |Dv§|(Q§) lies in LY(¢H;HN L)
with

(EvE, €)(B / Dv(BS)dHN "' (y)  for any Borel set B C RY. (5.13)
Let {e;}i=1,..n be an orthonormal basis of RY and let V = {e; +¢;: i,j = 1,..., N}. Clearly, we have
|Eul(B Z [(Eug, &)|( for any Borel set B ¢ RY.
£ey

Thus, in order to prove the statement, it suffices to show that |(Eu&, &)|(P,) — 0 as n — oo for each £ € V.

le any ¢ € V and denote by P§ the orthogonal projection of P, onto {+. By the area formula it is
elementary to check that HV~1(P$) < HN-Y(OP,). As HVN~1(OP,) — 0, we thus get HV~1(PS) — 0 for
n — oo. By (5.13) we derive

(B (P = [ 1Du§I((P) an =" < [ poflce) an

As HNY(P§) — 0 for n — oo and the function y — [Dv§|(Q5) lies in L*(&+;HN 1), we conclude
[(Bu&, &)|(P,) — 0 as n — oo. O

We close with the proof of Theorem 2.15.

Proof of Theorem 2.15. (i) Consider (g,G) € StBD?*(Q) and a sequence {us} with us ~ (g,G). It is
not restrictive to assume that supy., Fi®(us) < +oo as otherwise there is nothing to show. We apply
Proposition 2.13 and let {S5} be the sets corresponding to {us}. Clearly, by us ~ (g, G) and Proposition 2.13
we get Eus xa\s, — G weakly in L*(Q;RYXN) as 6 — 0.

Up to passing to a subsequence (not relabeled), and still using a continuous parameter for the sequence
for the sake of brevity, we can assume that

> HNTH(07S5) < +o0 (5.14)
6>0
and
lim mf FE(us,Q) = lim [ W(Eus)dz + hm P([us) (), vy (2)) dHN 7 (2), (5.15)
5— §—0 Q 6— QﬂJ

where we recall the definition of F4 in (2.39). Following verbartim the proof of [38, Theorem 2.7], by using
(2.38)(ii) for v > 2, we get

1
lim inf/ =V (Id 4 0Vus) dz > liminf W (Eus) dz
§—0 Q 62 6—0 O\ S5

Therefore, recalling ys = id + dug, (2.34) and (2.36), by (5.15) and the nonnegativity of ¥, ¥, as well as by
(13) we get

11rn 1nf Fdis(us) > liminf W (Eus) do + hm Y([us], Vg ) AHN 7 > liminf FYS (ugs, Q\ Ss).
6—0 Q\Sé 5— Qﬂ] §—0

(5.16)
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We define T,) = Uy s<, Ss and note that HN=HO*T,)) — 0 as n — 0 by (5.14). We can approximate T}, by
a smooth closed set U, D T, with HN=1(0U,)) < CHN=1(9*T,), see e.g. [51, Equation (1.9)]. Therefore,
using also the isoperimetric inequality we have

LNU) +HN T 0U,) =0 asn— 0. (5.17)

Since W and 1/ are nonnegative densities, we derive from (5.16) and an application of Theorem 2.12 on F'di
that

CU dis CU dis CU dis
llgrggf F5®(ug) 2 11?;1ng (us, Q\Ty) = llgrilélfF (us, 2\ Up)

> H(&g,G)dx + /
Q\Uy (\Un)NJg

hllgl.vy) a1+ [

- < dE‘g
Uy

d|E°g|’
Eventually, by using Lemma 5.1, (5.17), and the fact that (g, G) € StBD?*(Q), in the limit n — 0 we derive

i dE° ,
lim inf F§' (us) > / H(Eg,G)dx +/ h([g], vy) dHN 1 +/ H> ( Cg 70) d|E°g| = Iin(g,G).
6—0 Q Q Q d|Ecg|

Here, we have also used that H satisfies the upper bound in (2.31) and that h satisfies the upper bound in
(12) (see Theorem 2.11(i)).

(ii) We fix an arbitrary sequence {4, } with 6, — 0 as n — oo. By Theorem 2.8 applied on F'4* (see again
(2.39)) we find a sequence {v,,} C SBD?(Q2) with

VUm — (9,G) asm — oo and  lim F9(v,,,Q) = Li(g,G). (5.18)

SD m—oo

0) d|Eq|.

nJ,

By a density result in SBD?((2), see [27, Theorem 1.1], we can approximate each v, by a sequence vy, €
SBV?Z(;RY) such that each J,,, , is closed and included in a finite union of closed connected pieces of
C'-hypersurfaces, vy, € C®(Q\ Jy,, o, RY) N W22 (Q\ J,, ;RY), and

kh—{go (va,k — ’UmHL1(Q) + |E1}m,k — E’Um|(Q) + ||5Um,k — E’UmHLz(Q)) =0.
In particular, by the fact that W is a quadratic form and by the continuity of ¥ we get
klim Fdis(vm,k, Q) = F4(v,,, Q) for all m e N.
—00

By a diagonal argument, we can choose nondecreasing sequences {m,, } and {k,,} with m,,, k,, — co asn — oo
such that

lim (IIUmn,kn — V1) + 1€V & = EVm lL2) + [F (Vi ks @) — Fdis(vmn,Q)D =0, (5.19)

n—oo

and
IV 0 e | 2o (@) + 11V O oo () < 6, 772, (5.20)
Defining u,, := vy, r, € SBVZ(Q;RY), by (5.18) and (5.19) we get
Uy — (9,G) asn—oco and lim F%(u,, Q) = Ii(g,G).

SD n— 00

To conclude, it suffices to show that lim, oo F9(u,, Q) = lim, .o ngs(un). To this end, recalling the
relation y,, = id + d,u,, and comparing (2.34) with (2.39), we need to check that
. 1 L o2, 2 1 N-1 :

7}1_)11;0/9 gV(Id + 6, Vun) + ﬁ%\v Uy | dz + gan /Jvun U ([Vun), vvu, ) dH = lim A W(Euy,) dx.
The second and the third term on the left-hand side vanish by (5.20), (¢3) for ¥, and 8 < 1. For the first term,
we argue as in the proof of [38, Theorem 2.7]: we use the Taylor expansion V (Id+ F) = W (sym(F)) + w(F)
with |w(F)| < C|F|? for |F| < 1, and compute by (5.20) (recall that W is a quadratic form)

1

ﬁw(énVun)) dz

n

lim — / V{d + 6,Vu,) = lim (W(Eun)+
Q

n— o0 (5% n—oo [

= lim [ W(fu,)dzr+ lim /O(5H|Vun|3) = lim [ W(fu,)dx,

n—oo Q

where the last step follows from the fact that 5 > % This concludes the proof. O
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APPENDIX A. BV aND BD FIELDS

We state some approximation results dealing with BV fields which are used throughout the paper.

Theorem A.1 (Alberti’s Theorem [25, Theorem 2.8]). Let d € N and G € L*(Q;R¥*N). Then there exist
a function f € SBV (;R?), a Borel function B: Q — RN and a constant Cy > 0 depending only on N
such that

Df =GLN +pHN Ly, /Q 1B dHN ! < On |Gl 11 (-
ﬂJf

Lemma A.2 ([25, Lemma 2.9]). Let d € N and u € BV (;RY). Then there exist piecewise constant
functions 1, € SBV(Q;R?) such that @, — v in L*(;RY) and

|Du|(Q) = lim |Da,|(Q) = lim |[tn]| dHN L.
n—o00 n—o00 QNJa,
Theorem A.3 ([54, Theorem 1.2]). Let (g,G) € BV (;RN) x LY (; RVN*N), Then, there exists a sequence
{gn} C SBV(;RYN) such that g, = g in BV(;RN) and Vg, = G.

We also recall some facts about functions of bounded deformation, referring to [4, 10, 16, 56, 57| for more
details. A function u € L'(Q;RY) is said to be of bounded deformation, written u € BD(S), if the symmetric
part Fu := D“%D“T of its distributional derivative Du, is a matrix-valued bounded Radon measure. The

space BD(?) is a Banach space when endowed with the norm
lullBp(e) = llullLr @) + [Eul ().
The strict convergence in the space BD(f) is the one determined by the distance
d(u,v) := [lu = v L1 (o) + ||Eul(Q) — |Ev|(Q)| for u,v € BD(Q).
Hence, a sequence {u,} C BD(Q)) converges to a function v € BD(2) with respect to this topology if and
only if u, — u in L'(;RYN), Fu, = Eu in the sense of measures, and |Eu,|(Q) — |Eu|(Q).
Recall that, if u,, — w in L'(Q;R”Y) and there exists C' > 0 such that |Eu,|(2) < C for all n € N, then

u € BD() and
|Eul(2) < liminf |Eu,|(£2).
n—-+0o0o

The following result (see [56], [10, Theorem 2.6], and [22, Lemma 4.15] for the area-strict version) shows
that it is possible to approximate any u € BD(2) by a sequence of smooth functions.

Proposition A.4. Let u € BD(SY). Then, there exists a sequence {u;} C C°>°(Q; RY) such that u; converges
to w in L'(RY) and [, |Euy|dz — |Eu|(Q).

By the Lebesgue Decomposition Theorem, Eu can be split into the sum of two mutually singular measures,
namely an absolutely continuous part £u and a singular part E®u with respect to the Lebesgue measure
LN. More precisely, if u € BD(Q), then J, is countably (N — 1)-rectifiable, see [4], and the following
decomposition holds

Bu=EulN|Q+ [u] © v, HN " T, + ECu,
where [u] = u™ —u™, u™ are the traces of u on the sides of .J,, determined by the unit normal v, to .J,, and
E¢u is the Cantor part of the measure Eu which vanishes on Borel sets B with HV~1(B) < +o0. If E°u = 0,
we say u € SBD(Q). The following result holds (cf. [4, Theorem 4.3] and [34, Theorem 2.5]).

Theorem A.5. (Approzimate Symmetric Differentiability) If u € BD(Q), then for LN -a.e. x € Q, there
exists an N x N matriz Vu(x) such that

+ +

Jim e ) ()~ Vu)y —)ldy =0, (A1)
A ) ) S -y -l
elgng eN /B @) ly — z|? dy=0, (4.2

for LN - a.e. x € Q.

From (A.1) and (A.2) it follows that Eu = V“%VUT. There is a linear and surjective trace operator
tr: BD(Q)) — L'(99, RY) which satisfies the following continuity property proved in [6, Lemma 3.4].



STRUCTURED DEFORMATIONS IN LINEARIZED ELASTICITY 31

Proposition A.6. Let u € BD(QY) and {ur} C BD(Q) be such that uy, — u strictly in BD(Q). Then,
trug, — tru strongly in L'(0S;RY).

We continue with a version of the approximation result in Theorem 2.1 for SBD-functions.

Theorem A.7. Let (9,G) € StSBDP(). Then, there exists {u,} C SBD(Q) such that u, — g in
LY (G RYN), Eu,, = G, Eu, = Eg, and |Eu,|(Q) < C(|Eg|(Q) + Gz ())-

Proof. The proof follows the same arguments as in the SBV case, by applying Alberti’s Theorem and a
piecewise constant approximation of L' fields. Indeed, define u, = g + h — h,,, where by Alberti’s Theorem
h € SBV(;RN*N) is such that

Vh=Eh=G €y,  [DH(Q) < |Gl + ClEgle. (4.3)

Then, there exists a piecewise constant sequence {h,} with h,, — hin L}(Q;RY) and |Dh,|(2) — |Dh|(9).
As Q is regular, we can extend h outside €2 such that |Dh|(9Q) = 0 (see [41, Theorem 2.16]). Clearly,
also |Eh|(092) = 0. Then, since |Dh,|(£2) is bounded, we have that |Eh,|(€2) is also bounded and therefore

Eh, = Eh. We conclude that
|ER|(Q) < lim+inf |Eh,|(Q) < limsup |Eh,|(Q) < |ER|(Q). (A.4)
n— o0

n—-+o0o

It is easily seen that u, — g strongly in L'(;RY™) and Eu, = £g + Eh = G. Taking into account the
definition of u,, we have Fu, = Eg + Eh — Eh,, thus the weak* convergence is immediately obtained.
Concerning the bound, we have

[Eun|(Q) <[Eg(Q) + [ER|() + [Ehn| ().
Up to the choice of a suitable tail of {u,}, this gives the estimate, in view of (A.4) and (A.3). O

The orthogonal projection operator P: BD(£2) — R belongs to the class considered in the following
Poincaré-Friedrichs type inequality for BD functions (see [4], [43], and [56]).

Theorem A.8. Let Q be a bounded, connected, open subset of RN, with Lipschitz boundary, and let
R: BD(Q)) — R be a continuous linear map which leaves the elements of R fived. Then there exists a
constant C(, R) such that

/Q |u(z) — R(u)(x)|dz < C(Q, R) |[Eu|(Q) for every u € BD(R).

APPENDIX B. AUXILIARY STATEMENTS

Lemma B.1. Let Q C RY be open, bounded with Lipschitz boundary. Then, there is a constant Cq > 0
such that for each set of finite perimeter E C ) it holds that

HN O E) < Co(HN "1 (0" ENQ) + (LN (E) 7). (B.1)

The constant Cq is invariant under rescaling of the domain.

A similar statement in dimension two can be found in [23, Lemma A.2].

Proof. By the splitting 0*F = (0*E N Q) U (0*E N IN) we see that we need to show

N-—1

HNHO*EN Q) < Co(HN 1 ENQ) + (LN (E))~ ).

As 99 is Lipschitz, we can cover it by a finite number of cuboids Dy,..., D such that each 9Q N D; can
be represented as the graph of a Lipschitz function. Clearly, it suffices to show

HYN YO ENIQND;) < C(HN YO En D) + (LN(EN D))"~ ) foralli=1,..., M. (B.2)

Then, (B.1) follows, and the invariance of the constant under rescaling is a consequence of standard rescaling
arguments since both sides are positively (N — 1)-homogeneous.

We fix any D; and write D instead of D; for simplicity. After a transformation it is not restrictive to
assume that D = (—1,1)N=1 x (=h, h) for [,h > 0, and that

INND ={(z,0(2): z€ (-,DN1}, QnD={(zt): z€ (=, L, t < p(2)},
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where ¢: (—1,1)N~! — (=%, %) is a Lipschitz function. We let wp = {z € (=1,))N~1: (2,(2)) € 0*E} and
let W' C wg be defined as the points such that the entire segment {2} x (—h, ¢(z)) is contained in E, i.e.,

Wit = £z e (=L, )N=L: HY({z} x (=h,¢(2)) \ E) = 0}. By the area formula we get
HYN Y @*ENoQN D) < CHY Y wg), (B.3)

where C' > 0 only depends on the Lipschitz constant of p. We note that for H¥ ~l-a.e. z € wp \ Wil the
segment {z} X (—h, ¢(z)) intersects 9*E N D, and thus, by the area formula,

HY N wp \ ) < HYNHO*EN D). (B.4)
Moreover, by Fubini’s theorem and the fact that D = (—1,1)N=! x (=h, h), ¢ > —%, we get
2
HN (Wi < EEN(E N D). (B.5)

Combining (B.3)—(B.5) we get
HNHO*ENoQN D) < C(HN"Y9*END) + 2LN(END)).

Eventually, it holds h > #-£N (2)'/" for a constant Co > 0 depending on Q. Thus, + < Co (LN (2))7V/V <
Co(LN(E N D))~YN. This shows (B.2) and concludes the proof. O

Proposition B.2 (Korn-Poincaré inequality). Let Q@ C RN be open, bounded, connected with Lipschitz
boundary. There exists a constant C > 0 only depending on Q such that for each u € BV (Q;RY) it holds
that

lu = @]l 1) < C(|Eul(Q) + [Du(Q)]),
where = f, u(z)dx.

Note that the main point is that on the right-hand side it does not appear the total variation of Du but
just the Frobenius norm of Du(Q2) € RN*V.

Proof. We assume by contradiction that the statement was false, i.e., for each n € N there exists u,, €
BV (Q;RY) such that

lun =Tl (@) = = (1Bual(Q) + [Dun(Q)]), (B.6)

1
n
where @, := f, un(x)dz. Up to rescaling (not relabeled), we can suppose that [u, — |1 o) = 1 for all
n € N. As ||up, — || Bp(q) is bounded, by compactness in BD (see [56, Chapter 2, Theorem 2.4]) we obtain
uw € BD(Q) with Fu = 0 such that u, — @, — u in L'(Q;RY). In particular, |lullf1q) =1, f,u(z)dz =0,
and u(z) = Az + b for some A = (a;;);; € RIXYN and b € RV.

As a special case of the divergence theorem in BV (see e.g. [5, Equation (3.85)]) we get

Djul (Q) = / uilugl dHN™! foralli,j=1,...,N,
o9

where on the right hand side u! denotes the i-th component of the trace of u, on 95, and I/Sj2 the j-th
component of the outer unit normal. By (B.6) we get |Du,,(2)| — 0 as n — oco. Thus, by the continuity of
the trace in BD with respect to strict convergence, see [6, Proposition 3.4], we deduce

0= / wivd AN foralli,j=1,...,N.
o0
Asu= A-+bis affine, we can use the divergence theorem once more to find
0= / 8juidx: CN(Q)aij foralli,57=1,...,N,
Q

i.e., A= 0. Therefore u = bis a constant function. This, however, contradicts ||ul|.1 (o) = 1 and f, u(z) dz =
0. (|
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