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Abstract. We extend the theory of structured deformations to the setting of linearized elasticity by pro-
viding an integral representation for the underlying energy that features bulk and surface contributions.
Our derivation is obtained both via a direct approach by means of a global method for relaxation in BD

and via an approximation from nonlinear elastic energies associated to nonsimple materials.

1. Introduction

The purpose of this paper is to establish a theory for the description of �rst-order structured deforma-
tions in the context of linear elasticity. Structured deformations were originally introduced in a seminal
work by Del Piero and Owen [31] in order to provide a mathematical framework that captures the e�ects
at the macroscopic level of smooth deformations and of non-smooth deformations (disarrangements) at a
sub-macroscopic level. In the classical theory of mechanics, the deformation of the body is characterized ex-
clusively by the macroscopic deformation �eld g and its gradient ∇g whereas in the framework of structured
deformations an additional geometrical �eld G is introduced. The underlying idea for a pair of �elds (g,G),
called a structured deformation, is that G captures the contribution at the macroscopic scale of smooth
sub-macroscopic changes, while the di�erence ∇g −G captures the contribution at the macroscopic scale of
non-smooth sub-macroscopic changes, such as slips and separations (referred to as disarrangements [32]).
In this sense, G is called the deformation without disarrangements, and, heuristically, the disarrangement
tensor ∇g −G is an indication of how �non-classical� a structured deformation is. A key observation made
by Del Piero and Owen is the so-called Approximation theorem, namely, that a structured deformation (g,G)
can always be approximated suitably by a sequence of classical deformations. This means that the theory
is suitable to address mechanical phenomena such as elasticity, plasticity, and the behavior of crystals with
defects.

The variational formulation for �rst-order structured deformations in the SBV -setting [5] was �rst ad-
dressed by Choksi and Fonseca [25] where a structured deformation is de�ned to be a pair (g,G) ∈
SBV (Ω;Rd) × Lp(Ω;Rd×N ), for some Ω ⊂ RN and p ⩾ 1. Therein, as a fundamental basis, a suitable
notion of convergence and a related Approximation Theorem have been introduced. Then, departing from
a functional of bulk-surface-type, an integral representation for the �most economical way� to approach a
given structured deformation was established. More precisely, the considered functionals assign to any de-
formation of the body an energy featuring a bulk contribution measuring the deformation (gradient) and a
surface contribution accounting for the energy needed to fracture the body.

The theory of �rst-order structured deformations was broadened by Owen and Paroni [50] to second-order
structured deformations, which also account for other geometrical changes at a sub-macroscopic level, such
as curvature. The corresponding variational formulation was carried out by Barroso, Matias, Morandotti,
and Owen [11], and features jumps for both the approximating �elds as well as for their gradients. We
refer the interested reader to [47] and the references therein for a comprehensive survey about the theory
of structured deformations, as well as applications. Let us just highlight the paper [44] which, in a purely
homogeneous framework, extends the theory to the case where both the �elds g and G are no longer SBV
and Lebesgue-type measures, respectively, but may also account for Cantor-type behavior and very general
concentration phenomena.

The goal of this paper is to develop an analogous theory in the context of linearized elasticity where, under
the assumption of in�nitesimally small deformations, the material response depends only the symmetric part
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of the displacement gradient. The challenge consists in adapting the existing theory to the natural function
space for problems in the linear setting, namely to the space of functions of bounded deformation (denoted
in the sequel by BD). We start by proving an ad hoc Approximation Theorem in BD(Ω)×Lp(Ω;RN×N

sym ), see
Theorem 2.1 (and Theorem A.7 for a simpli�ed version, restricted to the SBD setting). Our �rst main result
consists in an integral representation for a functional de�ned on structured deformations, see Theorem 2.8
below, where we identify the bulk and the surface density of the relaxed functional. Specializing to the case
where the original energy functional does not depend on the material variable, we derive a full relaxation
result in Theorem 2.12, i.e., we also identify the Cantor part of the relaxed energy density.

As usual in this context, the starting point of our analysis is a global method result. In our setting, it
is tailored for structured deformations in the full BD-setting with the additional (symmetrical) geometrical
�eld G belonging to Lp, for any p ⩾ 1, see Theorem 2.4. Indeed, the global method for relaxation, introduced
by Bouchitté, Fonseca, and Mascarenhas [17] in the BV -setting, and later addressed in the SBV p-setting
by Bouchitté, Fonseca, Leoni, and Mascarenhas [18], provides a general method for the identi�cation of
the integral representation of a class of functionals on BV . Since its inception, this method for relaxation
has known numerous applications and generalizations. Without being exhaustive, we mention recent devel-
opments in the context of variable exponent spaces [55], spaces of bounded deformations [24, 14, 26, 28],
second-order structured deformations in the space BH [36], and in the context of hierarchical systems of
structured deformations [15, 13].

Let us emphasize that the global method in the linear elastic setting is not the mere analog of the global
method for structured deformations in the nonlinear setting obtained in [9, 44]. Indeed, in the current
framework, the minimum problems are de�ned in the entire BD(Ω) × Lp(Ω;RN×N

sym ), whereas in [9, 44]
they are restricted to SBV ×Lp. Note, however, that our approach also allows for a variant with minimum
problems de�ned on SBD, see Corollary 2.7. In this sense, our perspective is slightly more general compared
to [44] as we formulate potentially di�erent global methods on BD and SBD. Only in the relaxation result
for structured deformations (see Theorem 2.8) it turns out that they coincide, due to the special form of the
original energy de�ned on SBD. Summarizing, we derive an analogous result to the one in the nonlinear
elastic framework [44], yet obtained with a di�erent technique.

Although the extension of the existing theory of structured deformations to the functional framework of
BD is of general interest to us, our original motivation lies in the application to solid mechanics. Indeed,
if deformation gradients are very close to the set of orientation preserving rigid motions, one expects the
theory of linear elasticity to deliver a suitable description. In this context, it is crucial to understand the
relation between di�erent models that capture the materials behavior at di�erent strain regimes. This has
been analyzed in a purely elastic setting by Dal Maso, Negri, and Percivale [29] who showed that, in the limit
of vanishing displacements, energies in nonlinear elasticity Γ-converge to the quadratic energy functional of
linear elasticity. Their result has been extended in various directions in the last two decades. Without
being exhaustive, let us mention incompressible materials [42, 45], traction forces [46], the passage from
atomistic-to-continuum models [21, 53], multiwell energies [1, 2, 30, 52], fracture [38, 37], plasticity [49],
epitaxial growth of thin �lms [39], or thermoviscoelasticity [7, 8].

In the present work, we perform such a rigorous analysis in the context of structured deformations, see
Theorem 2.15. More precisely, starting from a nonlinear bulk-surface energy, we simultaneously perform
a linearization of the elastic energies and a relaxation in terms of structured deformations on BD. Here,
in the nonlinear setting we resort to a model for nonsimple materials [58, 59], i.e., we consider a model in
the framework of free discontinuity and gradient discontinuity problems with second-order contributions in
the bulk and the surface energy. Indeed, similar to the derivation of linearized models in fracture [38], the
additional second-gradient contribution allows to derive rigidity and compactness results that are analogous
to the ones in elasticity [29, 40]. Let us mention, however, that the derivation is more delicate compared to
[38] as in the present setting surface energies genuinely also depend on the jump height of the deformations.
Among others, this requires a suitable variant of the Korn-Poincaré inequality in BD, see Appendix B.

The plan of this paper is as follows: after introducing the problem and setting the notation, in Section 2
we state the main results whose proofs are in the subsequent sections. Section 3 is dedicated to the abstract
result via the global method, Section 4 to the relaxation results, and Section 5 to the linearization result.
Finally, in Appendix A we state and prove some results in BV and BD spaces, and Appendix B is devoted
to some auxiliary statements. We close the introduction be introducing some relevant notation which will
be used throughout the paper.
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• N denotes the set of natural numbers without the zero element;
• Ω ⊂ RN is a bounded domain with Lipschitz boundary;
• SN−1 denotes the unit sphere in RN ;
• Q := (− 1

2 ,
1
2 )
N denotes the open unit cube of RN centered at the origin. We further set Q(r) = rQN

for r > 0. For any ν ∈ SN−1, Qν denotes any open unit cube in RN centered at the origin with two
faces orthogonal to ν;

• for any x ∈ RN and r > 0, Q(x, r) := x+Q(r) denotes the open cube in RN centered at x with side
length r. Likewise, Qν(x, r) := x+ rQν .

• For any r > 0 and x ∈ RN , by B(x, r) we denote the open ball of center x and radius r, i.e.,
{y ∈ RN : |x− y| < r}, with | · | denoting the Euclidean distance in RN . When x = 0 and r = 1, the
ball will be simply denoted by B1.

• O(Ω) is the family of all open subsets of Ω, whereas O∞(Ω) is the family of all open subsets of Ω
with Lipschitz boundary. We write U ⋐ V for U, V ∈ O if U is compactly contained in V ;

• LN and HN−1 denote the N -dimensional Lebesgue measure and the (N − 1)-dimensional Hausdor�
measure in RN , respectively. The symbol dx will also be used to denote integration with respect to
LN ;

• For every y ∈ RN and any measurable function u, we de�ne τyu(x) := u(x− y). For any set T ⊂ RN
we de�ne τyT := {y + x : x ∈ T};

• The set of symmetric and skew-symmetric matrices in RN×N will be denoted by RN×N
sym and RN×N

skew ,
respectively;

• For every element A ∈ RN×N
sym , and every element ξ, η ∈ RN , the quadratic form associated to A

acting on ξ and η is given by (Aξ, η) = Aξ · η;
• M(Ω;RN×N ) is the set of �nite matrix-valued Radon measures on Ω; given µ ∈ M(Ω;RN×N ), the
measure |µ| denotes the total variation of µ;

• Lp(Ω;RN ) is the set of vector-valued p-integrable functions with values in RN ;
• We use standard notation of SBV functions, see [5, Section 4]. In particular, we let

SBV 2(Ω;RN ) = {y ∈ SBV (Ω;RN ) : ∇y ∈ L2(Ω;RN×N ), HN−1(Jy) < +∞},

where ∇y(x) denotes the approximate di�erential at LN -a.e. x ∈ Ω and Jy the jump set;
• We use standard notations for BD and SBD functions. In particular, the distributional symmetric
gradient is denoted by Eu and admits the decomposition Eu = Eu+Esu. If Eu has vanishing Cantor
part, we say u ∈ SBD(Ω) and it holds Eu = EuLN + [u]⊙ νuHN−1 Ju, where Ju is the jump set
of u, [u] denotes the jump of u on Ju, νu is the unit normal vector to Ju, and ⊙ the symmetric vector
product. Basic properties are collected in Appendix A;

• We denote by R the kernel of the linear operator E consisting of the class of in�nitesimal rigid
motions in RN , i.e., a�ne maps of the form Mx+ b, where M ∈ RN×N

skew and b ∈ RN . Recalling that
R is closed and �nite dimensional it is possible to de�ne the orthogonal projection P : BD(Ω) → R.

• C represents a generic positive constant that may change from line to line.

2. Setting and main results

In this section we give an overview of our main results. In the sequel, Ω ⊂ RN denotes a bounded domain
with Lipschitz boundary.

2.1. De�nition of structured deformations in BD and approximation theorem. Given p ⩾ 1, we
de�ne the class of structured deformations in BD and SBD as

StBDp(Ω) :=
{
(g,G) : g ∈ BD(Ω), G ∈ Lp(Ω;RN×N

sym )
}
,

and
StSBDp(Ω) :=

{
(g,G) : g ∈ SBD(Ω), G ∈ Lp(Ω;RN×N

sym )
}
,

respectively. We have the following approximation result.

Theorem 2.1 (Approximation). Let (g,G) ∈ StBDp(Ω). Then, there exists {un} ⊂ SBD(Ω) such that
un → g strongly in L1(Ω;RN ), Eun = G, and

Eun
∗
⇀ Eg in M(Ω;RN×N

sym ). (2.1)
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Moreover, there exists C(N) > 0 such that

|Eun|(Ω) ⩽ C(N)
(
|Eg|(Ω) + ∥G∥L1(Ω)

)
for all n ∈ N. (2.2)

Proof. The �rst part of the proof would be an immediate consequence of [54, Theorem 1.1], see Theorem A.3
in the Appendix. In particular, {un} ⊂ SBV (Ω;RN ) and ∇un = Eun with Eun = G. Yet, to ensure also
the second part of the statement, we prefer to follow another path similar to the one in [44, Theorem 2.3]
for the BV case, by applying Alberti's Theorem.

By Proposition A.4, there exists {gn} ⊂ C∞(Ω;RN ) such that gn
L1

→ g, Egn = Egn
∗
⇀ Eg in the sense of

measures, and in particular
|Eg|(Ω) = lim

n→∞
|Egn|(Ω). (2.3)

Observe that for any gn ∈ SBD(Ω) (in particular gn ∈ C∞(Ω;RN )) and G ∈ L1(Ω;RN×N
sym ), by Alberti's

Theorem A.1 there exists hn ∈ SBV (Ω;RN ) such that

Ehn = ∇hn = G− Egn, (2.4)

and such that

|Dhn|(Ω) ⩽ C ′(N)∥G− Egn∥L1(Ω). (2.5)

By Lemma A.2 there exists a piecewise constant sequence {hn,k}k ⊂ SBV (Ω;RN ) such that hn,k → hn in
L1(Ω;RN ) and

|Dhn,k|(Ω) → |Dhn|(Ω) as k → +∞. (2.6)

Observe that, up to extending hn outside of Ω, with |Dhn|(∂Ω) = 0, it also follows that |Ehn,k|(Ω) →
|Ehn|(Ω) as k → +∞. Indeed, |Ehn,k|(Ω) is bounded in k, hence, up to a subsequence, Eun,k is weakly*
converging to Ehn, and |Dhn|(∂Ω) = 0, see (A.4) in the appendix for the precise argument. De�ne

un,k := gn + hn − hn,k.

Then,
lim
n→∞

lim
k→∞

un,k = lim
n→∞

gn = g strongly in L1(Ω;RN ),

Eun,k = Egn + Ehn = G for every n, k ∈ N,
as well as

lim
n→∞

lim
k→∞

Eun,k = lim
n→∞

lim
k→∞

(Egn + Ehn − Ehn,k) = lim
n→∞

lim
k→∞

(Egn + Ehn − Ehn,k) = lim
n→∞

Egn = Eg

weakly* in the sense of measures, where in the penultimate equality the strict convergence of Ehn,k to Ehn
as k → +∞ has been used and in the last equality we have applied (2.3).

To conclude the proof, we choose a suitable diagonal sequence and use the metrizability of weak* conver-
gence on bounded sets: the triangle inequality, (2.3), (2.4), (2.5), and (2.6) lead to the right-hand side of
(2.2) for |Eun,k| in place of |Eun|, up to considering suitable tails in n and k of the sequence {un,k}. Then,
de�ning a diagonal sequence un := un,k(n) we get (2.2) and (2.1). □

Remark 2.2. We observe that the bound in (2.2) is obtained as in [48, Proposition 2.1].
If in the above theorem g ∈ SBD(Ω), a more direct argument could be implemented, namely, we can

take un = g + h − hn, where h ∈ SBV (Ω;RN ) such that ∇h = Eh = G − Eg and {hn} is a piecewise
constant approximation of h, leading to Eun = G. In this case, the use of the triangle inequality gives
|Eun|(Ω) ⩽ C(N)(|Eg|(Ω) + ∥G∥L1(Ω)). A detailed proof can be found in the Appendix, see Theorem A.7.

De�nition 2.3. A sequence {gn} ⊂ SBD(Ω) is said to converge to (g,G) ∈ StBDp(Ω) if and only if gn → g
in L1(Ω;RN ) and

Egn
∗
⇀ G in M(Ω;RN×N

sym ) if p = 1 or Eun ⇀ G in Lp(Ω;RN×N
sym ) if p > 1.

This convergence will be denoted as

gn
∗−⇀
SD

(g,G).
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2.2. Integral representation. We now present an integral representation result for functionals de�ned on
structured deformations in BD.

Let p ⩾ 1 and let F : StBDp(Ω)× B(Ω) → [0,+∞] be a functional satisfying the following hypotheses:

(H1) for every (g,G) ∈ StBDp(Ω), F(g,G; ·) is a Radon measure;
(H2) for every O ∈ O(Ω), F(·, ·;O) is StBDp-lower semicontinuous, i.e., if (g,G) ∈ StBDp(Ω) and

(gn, Gn) ∈ StBDp(Ω) are such that gn → g in L1(Ω;RN ), Gn ⇀ G in Lp(Ω;RN×N
sym ) if p > 1 (and

Gn
∗
⇀ G in M(Ω;RN×N

sym ) if p = 1), as n→ +∞, then

F(g,G;O) ⩽ lim inf
n→+∞

F(gn, Gn;O);

(H3) for all O ∈ O(Ω), F(·, ·;O) is local, that is, if g = u, G = U a.e. in O, then F(g,G;O) = F(u, U ;O);
(H4) there exists a constant C > 0 such that

1

C

(
∥G∥pLp(O) + |Eg|(O)

)
⩽ F(g,G;O) ⩽ C

(
LN (O) + ∥G∥pLp(O) + |Eg|(O)

)
for every (g,G) ∈ StBDp(Ω) and every O ∈ B(Ω).

To formulate the main result, we need some more notation. Given (g,G) ∈ StBDp(Ω) and O ∈ O∞(Ω),
we introduce the space of competitors

CStBDp(g,G;O) :=
{
(u, U) ∈ StBDp(Ω): u = g in a neighborhood of ∂O,

�
O

(G− U) dx = 0
}
,

and we let m : StBDp(Ω)×O∞(Ω) → [0,+∞] be the functional de�ned by

m(g,G;O) := inf
{
F(u, U ;O) : (u, U) ∈ CStBDp(g,G;O)

}
. (2.7)

For x0 ∈ Ω, a ∈ RN , and ξ ∈ RN×N we de�ne ℓx0,a,ξ(x) = a+ ξ(·−x0), and for x0 ∈ Ω, θ, λ ∈ RN , ν ∈ SN−1

we let

vx0,λ,θ,ν(x) :=

{
λ, if (x− x0) · ν > 0

θ, if (x− x0) · ν ⩽ 0.
(2.8)

Finally, by 0 we denote the zero matrix in RN×N .
Following the ideas of the global method of relaxation introduced in [17], our aim is to prove the theorem

below.

Theorem 2.4. Let p ⩾ 1 and let F : StBDp(Ω) → [0,+∞] be a functional satisfying (H1)�(H4) on
StBDp(Ω). Then, for every (g,G) ∈ StSBDp(Ω) and O ∈ O(Ω), it holds that

F(g,G;O) =

�
O

f
(
x, g(x),∇g(x), G(x)

)
dx+

�
O∩Jg

Φ
(
x, g+(x), g−(x), νg(x)

)
dHN−1(x),

where

f(x0, a, ξ, B) := lim sup
ε→0+

m(ℓx0,a,ξ, B;Q(x0, ε))

εN
, (2.9)

for all x0 ∈ Ω, a ∈ RN , ξ ∈ RN×N , and B ∈ RN×N
sym , and

Φ(x0, λ, θ, ν) := lim sup
ε→0+

m(vx0,λ,θ,ν , 0;Qν(x0, ε))

εN−1
, (2.10)

for all x0 ∈ Ω, λ, θ ∈ RN , and ν ∈ SN−1.

The result above will follow as a corollary of the subsequent result which identi�es bulk and jump densities
for all functions in BD(Ω).

Proposition 2.5. Let p ⩾ 1 and let F : StBDp(Ω) → [0,+∞] be a functional satisfying (H1)�(H4). Then,
for every (g,G) ∈ StBDp(Ω) it holds that

dF(g,G; ·)
dLN

(x0) = f
(
x0, g(x0),∇g(x0), G(x0)

)
(2.11)
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for LN -a.e. x0 ∈ Ω, and

dF(g,G; ·)
dHN−1⌊Jg

(x0) = Φ
(
x0, g

+(x0), g
−(x0), νg(x0)

)
(2.12)

for HN−1-a.e. x0 ∈ Ju, where f and Φ are given by (2.9) and (2.10), respectively.

Remark 2.6 (Invariance). (i) It follows immediately from the de�nitions given in (2.9)�(2.10) that, if F is
translation invariant in the �rst variable, i.e., if

F(g + a,G;O) = F(g,G;O) for every ((g,G), O) ∈ StBDp(Ω)×O(Ω) and for every a ∈ RN ,

then the function f in (2.9) does not depend on a and the function Φ in (2.10) does not depend on λ and θ
but only on the di�erence λ− θ. Indeed, in this case we conclude that

f(x0, a, ξ, B) = f(x0, 0, ξ, B) and Φ(x0, λ, θ, ν) = Φ(x0, λ− θ, 0, ν)

for all x0 ∈ Ω, a, θ, λ ∈ RN , ξ ∈ RN×N , B ∈ RN×N
sym , and ν ∈ SN−1. With an abuse of notation, we write

f(x0, ξ, B) = f(x0, 0, ξ, B) and Φ(x0, λ− θ, ν) = Φ(x0, λ− θ, 0, ν).

(ii) Arguing as in [17, Lemma 4.3.3], one can further prove that both f in (2.9) and Φ in (2.10) do not
depend on the spatial variable x, provided F(τyg, τyG; τyO) = F(g,G;O) for every (g,G) ∈ StBDp(Ω) such
that τyO is an open subset of Ω.

(iii) If F(g+Mx,G;O) = F(g,G;O) for every ((g,G), O) ∈ StBDp(Ω)×O(Ω) and for everyM ∈ RN×N
skew ,

then f depends only on elements in RN×N
sym in the third variable, namely

f(x0, a, ξ, B) = f

(
x0, a,

ξ + ξT

2
, B

)
.

The same proof as the one of Proposition 2.5 allows to obtain a representation for functionals de�ned only
on StSBDp(Ω).

Corollary 2.7. Let p ⩾ 1 and let F : StSBDp(Ω) → [0,+∞] be a functional satisfying (H1)�(H4) on
StSBDp(Ω). Then, for every (u, U) ∈ StSBDp(Ω) and O ∈ O(Ω), it holds that

F(g,G;O) =

�
O

f̃
(
x, g(x),∇g(x), G(x)

)
dx+

�
O∩Jg

Φ̃
(
x, g+(x), g−(x), νg(x)

)
dHN−1(x),

where

f̃(x0, a, ξ, B) := lim sup
ε→0+

m̃(ℓx0,a,ξ, B;Q(x0, ε))

εN
,

Φ̃(x0, λ, θ, ν) := lim sup
ε→0+

m̃(vx0,λ,θ,ν , 0;Qν(x0, ε))

εN−1
,

for all x0 ∈ Ω, a, λ, θ ∈ RN , ξ ∈ RN×N , B ∈ RN×N
sym , ν ∈ SN−1, where we de�ne m̃ : StSBDp(Ω)×O∞(Ω)

as

m̃(g,G;O) := inf
{
F(u, U ;O) : (u, U) ∈ CStSBDp(g,G;O)

}
,

with

CStSBDp(g,G;O) :=
{
(u, U) ∈ StSBDp(Ω): u = g in a neighborhood of ∂O,

�
O

(G− U) dx = 0
}
,

for (g,G) ∈ StSBDp(Ω) and O ∈ O∞(Ω).

The proof of these results will be given in Section 3.
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2.3. Relaxation. As an application of the integral representation obtained in Theorem 2.4 and Corollary 2.7,
we now present a relaxation result for structured deformations in the spirit of [25]. In particular, we essentially
adopt the assumptions from [25], suitably adapted to the setting of linear elasticity.

Given two nonnegative functions W : Ω × RN×N
sym → [0,+∞) and ψ : Ω × RN × SN−1 → [0,+∞), we

consider the initial bulk-surface energy de�ned by

F (u) :=

�
Ω

W
(
x, Eu(x)

)
dx+

�
Ω∩Ju

ψ
(
x, [u](x), νu(x)

)
dHN−1(x) (2.13)

for displacements u ∈ SBD(Ω). Then, as justi�ed by the Approximation Theorem 2.1, we assign an energy
to a structured deformation (g,G) ∈ StBDp(Ω) via

Ip(g,G) := inf
{
lim inf
n→∞

F (un) : un ∈ SBD(Ω), un
∗−⇀
SD

(g,G)
}
, (2.14)

where
∗−⇀
SD

denotes the convergence de�ned in De�nition 2.3.

Our goal is to obtain an integral representation result for Ip, by means of Theorem 2.4, under a similar
set of hypotheses on W and ψ as those considered in [25] and [48] for the SBV setting, but requiring only
measurability rather than uniform continuity of W in the x variable. Precisely, we assume that W : Ω ×
RN×N

sym → [0,+∞) is a Carathéodory function and ψ : Ω × RN × SN−1 → [0,+∞) is continuous and such
that the following conditions hold:

(W1) (p-Lipschitz continuity) there exists CW > 0 such that, for a.e. x ∈ Ω and A1, A2 ∈ RN×N
sym ,

|W (x,A1)−W (x,A2)| ⩽ CW |A1 −A2|
(
1 + |A1|p−1 + |A2|p−1

)
;

(W2) (control from above) there exists A0 ∈ RN×N
sym such that W (·, A0) ∈ L∞(Ω);

(W3) (p-growth from below) there exists cW > 0 such that, for a.e. x ∈ Ω and every A ∈ RN×N
sym ,

cW |A|p − 1

cW
⩽W (x,A);

(ψ1) (symmetry) for every x ∈ Ω, λ ∈ RN , and ν ∈ SN−1,

ψ(x, λ, ν) = ψ(x,−λ,−ν);

(ψ2) there exist cψ, Cψ > 0 such that, for all x ∈ Ω, λ ∈ RN , and ν ∈ SN−1,

cψ|λ| ⩽ ψ(x, λ, ν) ⩽ Cψ|λ|;

(ψ3) (positive 1-homogeneity) for all x ∈ Ω, λ ∈ RN , ν ∈ SN−1, and t > 0

ψ(x, tλ, ν) = tψ(x, λ, ν);

(ψ4) (sub-additivity) for all x ∈ Ω, λ1, λ2 ∈ RN , and ν ∈ SN−1,

ψ(x, λ1 + λ2, ν) ⩽ ψ(x, λ1, ν) + ψ(x, λ2, ν);

(ψ5) (continuity in x) there exists a continuous function ωψ : [0,+∞) → [0,+∞) with ωψ(s) → 0 as
s→ 0+ such that, for every x0, x1 ∈ Ω, λ ∈ RN , and ν ∈ SN−1,

|ψ(x1, λ, ν)− ψ(x0, λ, ν)| ⩽ ωψ(|x1 − x0|)|λ|.

In order to formulate the energy densities of the relaxation, we need to introduce some further notation.
Recalling (2.8), we set vλ,ν := v0,λ,0,ν for λ ∈ RN and ν ∈ SN−1, i.e.,

vλ,ν(x) :=

{
λ if x · ν > 0,

0 if x · ν ⩽ 0.
(2.15)

Recall also Q = (0, 1)N and the rotated cube Qν for ν ∈ SN−1. For A,B ∈ RN×N
sym , and for λ ∈ RN ,

ν ∈ SN−1, we consider the classes

Cbulk
p (A,B) :=

{
u ∈ SBD(Q) : u(x) = Ax for x ∈ ∂Q,

�
Q

Eudx = B, |Eu| ∈ Lp(Q)

}
, (2.16)
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and

Csurf
p (λ, ν) :=

{
u ∈ SBD(Qν) : u(x) = vλ,ν(x) for x ∈ ∂Qν , Eu(x) = 0 for LN -a.e. x ∈ Qν

}
for p > 1,

Csurf
1 (λ, ν) :=

{
u ∈ SBD(Qν) : u(x) = vλ,ν(x) for x ∈ ∂Qν ,

�
Qν

Eudx = 0
}

for p = 1.

Then, we de�ne the densities Hp and hp of the bulk and surface parts, respectively, as

Hp(x0, A,B) := lim sup
ε→0

inf
u∈Cbulk

p (A,B)

{ �
Q

W (x0 + εy, Eu(y)) dy +
�
Q∩Ju

ψ(x0, [u](y), νu(y)) dHN−1(y)

}
,

(2.17)
for all x0 ∈ Ω and A,B ∈ RN×N

sym , and, for all x0 ∈ Ω, λ ∈ RN , ν ∈ SN−1,

hp(x0, λ, ν) := inf
u∈Csurf

p (λ,ν)

{�
Qν∩Ju

ψ(x0, [u](x), νu(x)) dHN−1(x)

}
(2.18)

in the case p > 1, as well as, in the case p = 1,

h1(x0, λ, ν) := lim sup
ε→0

inf
u∈Csurf

1 (λ,ν)

{�
Qν

εW
(
x0 + εy,

1

ε
E(u)(y)

)
dy +

�
Qν∩Ju

ψ(x0, [u](x), νu(x)) dHN−1(x)

}
.

(2.19)
Note that the continuity assumption on ψ in (ψ5) allows to `freeze' the x-variable in the surface term ψ.
We also observe that for p > 1 the surface density hp decouples from the bulk density in the sense that the
de�nition in (2.18) does not depend on W . Under this set of hypotheses, we prove the following result.

Theorem 2.8 (Relaxation). Let p ⩾ 1. Consider F given by (2.13) where W : Ω × RN×N
sym → [0,+∞)

is Carathéodory, ψ : Ω × RN × SN−1 → [0,+∞) is continuous and they satisfy (W1)�(ψ2). Let Ip be
de�ned by (2.14). Then, Ip satis�es (H1)�(H4) and there exist f : Ω × RN×N

sym × RN×N
sym → [0,+∞), and

Φ: Ω× RN × SN−1 → [0,+∞) such that the following holds:

(i) For every (g,G) ∈ StSBDp(Ω), it holds that

Ip(g,G) =

�
Ω

f
(
x, Eg(x), G(x)

)
dx+

�
Ω∩Jg

Φ
(
x, [g](x), νg(x)

)
dHN−1(x), (2.20)

where the relaxed energy densities are given by (recall (2.8))

f(x0, ξ, B) := lim sup
ε→0+

m(ℓx0,0,ξ, B;Q(x0, ε))

εN
, (2.21)

Φ(x0, λ, ν) := lim sup
ε→0+

m(vx0,λ,0,ν , 0;Qν(x0, ε))

εN−1
, (2.22)

for all x0 ∈ Ω, λ ∈ Rd, ξ,B ∈ RN×N
sym , and ν ∈ SN−1, where the functional m : StBDp(Ω)×O∞(Ω) →

[0,+∞) is given by (2.7) with Ip in place of F .
(ii) If more generally (g,G) ∈ StBDp(Ω), we have

dIp(g,G; ·)
dLN

(x0) = f(x0, Eg(x0), G(x0)) for LN -a.e. x0 ∈ Ω, (2.23)

dIp(g,G; ·)
dHN−1⌊Jg

(x0) = Φ(x0, [g](x0), νg(x0)) for HN−1-a.e. x0 ∈ Jg. (2.24)

(iii) If ψ also satis�es (ψ3)�(ψ5), then we can identify

f(x0, ξ, B) = Hp(x0, ξ, B) (2.25)

for every x0 ∈ Ω, ξ,B ∈ RN×N
sym and

Φ(x0, λ, ν) = hp(x0, λ, ν) (2.26)

for every x0 ∈ Ω, λ ∈ RN , and ν ∈ SN−1, where Hp and hp are the functions given in (2.17)�(2.19).
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Remark 2.9. Suppose that W is uniformly continuous in x, with a modulus of continuity ωW such that for
every x, x0 ∈ Ω, A ∈ RN×N ,

|W (x,A)−W (x0, A)| ⩽ ωW (|x− x0|)(|A|+ 1). (2.27)

Assume further that there exists C > 0 and 0 < α < 1 such that∣∣∣∣W∞(x,A)− W (x, tA)

t

∣∣∣∣ ⩽ C |A|1−α

tα
(2.28)

for every x ∈ Ω, whenever t > 0 and t|A| ⩾ 1, where W∞(x,A) denotes the weak recession function at
in�nity of W with respect to the second variable, namely

W∞(x,A) := lim sup
t→+∞

W (x, tA)

t
for all x ∈ Ω and A ∈ RN×N

sym .

Then, (2.18) and (2.19) can be jointly written as

hp(x0, λ, ν) = inf

{
δ1(p)

�
Qν

W∞(x0, Eu(x)) dx+

�
Qν∩Ju

ψ(x0, [u](x), νu(x)) dHN−1(x) : u ∈ Csurf
p (λ, ν)

}
,

(2.29)
where δ1(p) = 1 if p = 1 and δ1(p) = 0 if p ̸= 1. This means that the relaxed surface energy density depends
on the recession function of W only in the case p = 1. To see this, it is enough to estimate the limit in
(2.19) using (2.27) to `freeze' the x-variable (similarly, as done in the surface term) and then obtaining the
recession function W∞ by means of (2.28) as in the proof of [25, (2.12)]. Note that (2.29) also recovers the
case p > 1 in (2.18).

Remark 2.10. Arguing as in [17, Remark 3.10], under the assumption of Theorem 2.8 and the existence of
a modulus of continuity on W (·, A), the densities f and Φ in (2.21) and (2.22) turn out to be continuous
with respect to x0.

Moreover, if in Theorem 2.8, the energy densities W and ψ in (2.13) do not depend on x, then arguments
entirely similar to [20, Lemma 3.7] entail that the functional Ip in (2.14) (extended as a set function to any
open subset of Ω) satis�es Ip(τyg, τyG; τyO) = Ip(g,G;O) for every (g,G) ∈ StBDp(Ω) such that τyO is an
open subset of Ω. Then, by Remark 2.6, f and Φ de�ned in (2.21) and (2.22), respectively, do not depend
on the �rst variable.

Proposition 2.11 (Properties of the relaxed energy densities). Let p ⩾ 1, and let W and ψ satisfy (W1)�
(ψ5). The function Hp de�ned in (2.17) is p-Lipschitz continuous in the third component, namely for every
A ∈ RN×N

sym there exists a constant C > 0 such that for almost every x ∈ Ω and for every B1, B2 ∈ RN×N
sym

|Hp(x,A,B1)−Hp(x,A,B2)| ⩽ C|B1 −B2|(1 + |B1|p−1 + |B2|p−1). (2.30)

Moreover, there exist constants c̄H , CH > 0 such that for almost every x ∈ Ω and for every A,B ∈ RN×N
sym

c̄H(|A|+ |B|p)− 1

c̄H
⩽ Hp(x,A,B) ⩽ CH(1 + |A|+ |B|p). (2.31)

For B ∈ RN×N
sym , let HB

p : Ω× RN×N → [0,+∞) be de�ned by (x,A) 7→ HB
p (x,A) := Hp(x,A,B). Then,

(i) if p > 1, then (HB
p , hp) satisfy (W1)�(ψ5);

(ii) if p = 1, the function HB
1 is Carathéodory satisfying (W1)�(W3) with p = 1, and the function h1

satis�es properties (ψ1) and (ψ2).

We note that Theorem 2.8 holds for functions in BD(Ω), but characterizes only the bulk and jump density.
Now, we generalize the result by identifying also the Cantor part. To this end, we specify to x-independent
energies, i.e, we consider

F (u) :=

�
Ω

W (Eu(x)) dx+

�
Ω∩Ju

ψ
(
[u](x), νu(x)

)
dHN−1(x), (2.32)

where W : RN×N
sym → [0,+∞) and ψ : RN ×SN−1 → [0,+∞) are continuous and satisfy (W1)�(ψ5) for p ⩾ 1.

We have the following result.
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Theorem 2.12 (Relaxation with Cantor part). Consider F given by (2.32), where W : RN×N
sym → [0,+∞)

and ψ : RN × SN−1 → [0,+∞) are continuous and satisfy (W1)�(ψ5) for p ⩾ 1. Let (g,G) ∈ StBDp(Ω),
and assume that Ip(g,G) is de�ned by (2.14). Then,

Ip(g,G) =

�
Ω

Hp(Eg,G) dx+

�
Ω∩Jg

hp([g], νg) dHN−1 +

�
Ω

H∞
p

(
dEcg

d|Ecg|
, 0

)
d|Ecg|, (2.33)

where the relaxed energy densities are given by (2.17)�(2.19), and the weak recession function of Hp(·, 0)
(i.e., H∞

p (A, 0) := lim supt→+∞
Hp(tA,0)−Hp(0,0)

t ) in the bulk, surface, and Cantor part, respectively.

The results of this subsection are proved in Section 4.

2.4. Linearization of energies associated to a structured deformation. In the previous subsections
we have developed a theory for structured deformations in linearized elasticity. As in pure elasticity, models of
this kind can be understood as an approximation of nonlinear elasticity. In the spirit of rigorous linearization
results in elasticity [29] and fracture mechanics [37, 38], we now discuss a setting which allows for a rigorous
derivation of the energies in Theorems 2.8 and 2.12 from a nonlinear bulk-surface energy. More precisely,
we consider a nonlinear energy with second-order contributions, both in the elastic and the surface part.
Our goal is to simultaneously pass to (a) in�nitesimal strains and to (b) a relaxed formulation in terms of
structured deformations on BD.

We �rst introduce the relevant function space, following the work on linearization for Gri�th energies
[38]. Similarly to the space SBV 2(Ω;RN ), we de�ne the space

SBV 2
2 (Ω;RN ) :=

{
y ∈ SBV 2(Ω;RN ) : ∇y ∈ SBV 2(Ω;RN×N )

}
.

The approximate di�erential and the jump set of ∇y is denoted by ∇2y and J∇y, respectively. The jump
height related to ∇y will be denoted by [∇y].

We let V : RN×N → [0,+∞) be a single well, frame indi�erent stored energy density. More precisely, for
some c > 0 we have

(V1) V continuous, and C3 in a neighborhood of SO(N);
(V2) Frame indi�erence: V (RZ) = V (Z) for all Z ∈ RN×N , R ∈ SO(N);
(V3) V (Z) ⩾ cdist2(Z, SO(N)) for all Z ∈ RN×N ; V (Z) = 0 i� Z ∈ SO(N).

As explained in [38, Remark 4.2], it would su�ce to assume that V lies in the Hölder space C2,α for some
exponent α ∈ (0, 1], but we do not dwell on this point in the sequel.

We let ψ : RN × SN−1 → [0,+∞) be a continuous density satisfying (ψ1)�(ψ5), and additionally

(ψ6) (frame indi�erence) for all λ ∈ RN , ν ∈ SN−1, and R ∈ SO(N)

ψ(Rλ, ν) = ψ(λ, ν).

Moreover, we let Ψ: RN×N × SN−1 → [0,+∞) be a continuous density satisfying (ψ1)�(ψ2) and (ψ6) with
the only di�erence that λ ∈ RN is replaced by λ ∈ RN×N .

Given the small-strain parameter δ > 0 and a parameter β ∈ (max{ 2
3 ,

N−1
N }, 1), we consider the nonlinear

energy Fδ : SBV 2
2 (Ω;RN ) → [0,+∞), de�ned by

Fδ(y) =

�
Ω

1

δ2
V (∇y) + 1

δ2β
|∇2y|2 dx+

1

δ

�
Jy

ψ
(
[y], νy

)
dHN−1 +

1

δβ

�
J∇y

Ψ
(
[∇y], ν∇y

)
dHN−1 (2.34)

for each y ∈ SBV 2
2 (Ω;RN ). Due to the presence of the second and fourth term, we deal with a model for

nonsimple materials going back to the ideas by Toupin [58, 59]: the main point is that the dependence of the
elastic energy on the second gradient and the dependence of the surface energy on the �rst gradient enhance
compactness and rigidity properties.

Our idea is to perform a linearization about the identity in terms of the rescaled displacement �eld

u :=
y − id

δ
,

and to pass to the limit δ → 0 in terms of this variable. Here, the parameter δ > 0 corresponds to the
typical scaling of strains for con�gurations with �nite energy. Due to the frame indi�erence of the problem,
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see (V2) and (ψ6), it is not a priori guaranteed that y is close to the identity. Therefore, without restriction
we consider con�gurations y which satisfy 

Ω

y(x) dx =

 
Ω

xdx and argminR∈SO(N)

∣∣∣  
Ω

∇y dx−R
∣∣∣ = Id. (2.35)

Indeed, this can always be achieved by replacing y with Qy + b for some Q ∈ SO(N) and b ∈ RN , noting
that, due to (V2) and (ψ6), the energy is invariant under this transformation.

We write the energy in terms of the displacement under constraint (2.35). More precisely, we de�ne
F dis
δ : SBV 2

2 (Ω;RN ) → [0,+∞] by

F dis
δ (u) =

{
Fδ(id + δu) if id + δu satis�es (2.35),

+∞ else.
(2.36)

Here and in the sequel, we follow the usual convention in the theory of Γ-convergence that convergence of
the continuous parameter δ → 0 stands for convergence of arbitrary sequences {δn} with δn → 0 as n→ ∞,
see e.g. [19, De�nition 1.45].

Proposition 2.13 (Rigidity and compactness). Let M > 0, 2
3 < γ < β, and {uδ} ⊂ SBV 2

2 (Ω;RN ) with
Fδ(uδ) ⩽M for all δ > 0. Then, there exist sets of �nite perimeter {Sδ} in Ω such that

lim
δ→0

HN−1(∂∗Sδ) = 0 (2.37)

and

(i) ∥uδ∥L1(Ω) ⩽ C,

(ii) ∥∇uδ∥L∞(Ω\Sδ) ⩽ Cδ
γ−1,

(iii) ∥Euδ∥L2(Ω\Sδ) ⩽ C. (2.38)

where the constant C > 0 depends only on M and Ω. In particular, there exists a subsequence (not relabeled)
and (g,G) ∈ StBD2(Ω) such that uδ → g in L1(Ω;RN ) and Euδ χΩ\Sδ

⇀ G weakly in L2(Ω;RN×N
sym ) as

δ → 0.

De�nition 2.14 (Convergence). We say that a sequence {uδ} converges almost in SD to (g,G) ∈ StBD2(Ω),
and write uδ ⇝ (g,G) if there exist sets of �nite perimeter {Sδ} satisfying (2.37) such that uδ → g in
L1(Ω;RN ) and Euδ χΩ\Sδ

⇀ G weakly in L2(Ω;RN×N
sym ).

Next, we introduce the limiting energy. As an auxiliary step, for O ∈ O(Ω) and u ∈ SBD(Ω), we de�ne

F dis(u,O) :=

�
O

W (Eu) dx+

�
O∩Ju

ψ([u], νu) dHN−1, (2.39)

where W is given as the linearization of the energy density V at the identity, i.e., W (Z) := 1
2D

2V (Id)Z : Z

for all Z ∈ RN×N . By (V2)�(V3), Z 7→W (Z) depends only on sym(Z) and is a positively de�nite quadratic
form on RN×N

sym . In particular, W satis�es (W1)�(W3) for p = 2.
Applying Theorem 2.8 and Remark 2.10 we de�ne the relaxation of F dis as

Ilin(g,G) =

�
Ω

H(Eg,G) dx+

�
Jg

h([g], νg) dHN−1 +

�
Ω

H∞
(
dEcg

d|Ecg|
, 0

)
d|Ecg|

for (g,G) ∈ StBD2(Ω), where the densities H and h are given in (2.17) and (2.18) for p = 2, respectively,
and H∞(·, 0) denotes the weak recession function of H(·, 0).

Theorem 2.15 (Γ-convergence). The sequence {F dis
δ } Γ-converges (with respect to the convergence ⇝) to

the functional Ilin. More precisely, we have:

(i) (Ansatz-free lower bound) For each (g,G) ∈ StBD2(Ω) and each sequence {uδ} with uδ ⇝ (g,G) as
δ → 0, we have

lim inf
δ→0

F dis
δ (uδ) ⩾ Ilin(g,G);

(ii) (Recovery sequence) For each (g,G) ∈ StBD2(Ω) there exists a sequence {uδ} with uδ ⇝ (g,G) as
δ → 0 and

lim
δ→0

F dis
δ (uδ) = Ilin(g,G).
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The results announced in this subsection will be proved in Section 5.

3. The global method in StBDp and StSBDp

This section is devoted to the proof of Theorem 2.4. It is based on several auxiliary results and follows
the reasoning introduced in [17, Theorem 3.7], developed in [36, Theorem 4.6] (with the extension to second
order gradients and with the presence of an uncostrained �eld) and in [24, Theorem 2.3] for the BD setting.
For this reason, we do not provide the arguments in full detail but point out only the main di�erences that
arise in our setting. On the other hand, for the reader's convenience, we introduce all the tools necessary for
the Global Method in order to allow a direct comparison with other cases in the literature. We start with a
simple observation.

Remark 3.1. Due to hypotheses (H1) and (H4), given any (g,G) ∈ StBDp(Ω) and any open sets O1 ⋐
O2 ⊆ Ω, it follows that

F(g,G;O2) ⩽F(g,G;O1) + C
(
LN (O2 \O1) + ∥G∥pLp(O2\O1)

+ |Eg|(O2 \O1)
)
.

Indeed, for ε > 0 small enough, let Oε := {x ∈ O1 : dist(x, ∂O1) > ε} and notice that O2 is covered by the
union of the two open sets O1 and O2 \Oε. Thus, by (H1) and (H4) we have

F(g,G;O2) ⩽F(g,G;O1) + F(g,G;O2 \Oε)

⩽F(g,G;O1) + C
(
LN (O2 \Oε) + ∥G∥p

Lp(O2\Oε)
+ |Eg|(O2 \Oε)

)
.

To conclude, it su�ces to let ε→ 0+.

The following lemma is crucial for Theorem 3.4 below. Recall the de�nition of m in (2.7).

Lemma 3.2. Assume that (H1) and (H4) hold in StBDp(Ω). For any (u, U) ∈ StBDp(Ω) it follows that

• if p > 1 and Qν(x0, r) ⊂ Ω, we have

lim sup
δ→0+

m(u, U ;Qν(x0, (1− δ)r)) ⩽ m(u, U ;Qν(x0, r)); (3.1)

• if p = 1 and O ∈ O(Ω), we have

lim sup
δ→0+

m(u, U ;Oδ) ⩽ m(u, U ;O),

where Oδ = {x ∈ O : dist(x, ∂O) > δ}.

Proof. Suppose �rst that p > 1. Without loss of generality we can assume that x0 = 0, r = 1, ν = e1 and
Q := Q(1) = Qe1(0, 1) ⊂ Ω. For every ε > 0 there exists (v, V ) ∈ CStBDp(u, U ;Q) such that

F(v, V ;Q) ⩽ m(u, U ;Q) + ε. (3.2)

Let 0 < δ < 1 be small enough so that u = v in a neighborhood of Q \Q(1− 2δ), and let δ < α(δ) < 2δ be
such that lim

δ→0+
α(δ) = 0 and

LN (Q \Q(1− α(δ)))

LN (Q(1− δ) \Q(1− α(δ)))
⩽ C, (3.3)

where the constant C depends only on the space dimension N and is, therefore, independent of δ. De�ne

V =


V, in Q(1− α(δ))

1

LN (Q(1− δ) \Q(1− α(δ)))

(�
Q(1−δ)

U dx−
�
Q(1−α(δ))

V dx
)
, in Q(1− δ) \Q(1− α(δ))

U, in Ω \Q(1− δ)

and

v =

{
v, in Q(1− α(δ))

u, in Ω \Q(1− α(δ)).
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It is easily veri�ed that (v, V ) ∈ CStBDp(u, U ;Q(1− δ)), see e.g. [10, Proposition 2.5]. Thus, by Remark 3.1,
by (H1), by F(v, V ;Q(1− α(δ))) ⩽ F(v, V ;Q), and (3.2) we have

m(u, U ;Q(1− δ)) ⩽ F(v, V ;Q(1− δ))

⩽ F(v, V ;Q(1− α(δ))) + C
[
LN (Qδ∗) + |Ev|(Qδ∗) + ∥V ∥p

Lp(Qδ
∗)

]
⩽ m(u, U ;Q) + ε+ C

[
LN (Qδ∗) + |Ev|(Qδ∗) + ∥V ∥p

Lp(Qδ
∗)

]
, (3.4)

where we have set Qδ∗ := Q(1− δ) \Q(1−α(δ)) for convenience. Clearly, lim
δ→0+

LN (Qδ∗) = 0 and, since u = v

on ∂Q(1− α(δ)), it also follows that

lim
δ→0+

|Ev|(Qδ∗) = 0. (3.5)

On the other hand, we have

∥V ∥p
Lp(Qδ

∗)
=

1

(LN (Qδ∗))
p−1

∣∣∣∣∣
�
Q(1−δ)

U dx−
�
Q(1−α(δ))

V dx

∣∣∣∣∣
p

=
1

(LN (Qδ∗))
p−1

∣∣∣∣∣
�
Q(1−α(δ))

(U − V ) dx+

�
Qδ

∗

U dx

∣∣∣∣∣
p

⩽
C

(LN (Qδ∗))
p−1

(∣∣∣∣∣
�
Q(1−α(δ))

(U − V ) dx

∣∣∣∣∣
p

+

∣∣∣∣∣
�
Qδ

∗

U dx

∣∣∣∣∣
p)

. (3.6)

Recalling that
�
Q

(U − V ) dx = 0, the �rst term on the right-hand side of (3.6) can be estimated by using

Hölder's inequality, yielding

C

(LN (Qδ∗))
p−1

∣∣∣∣∣
�
Q(1−α(δ))

(U − V ) dx

∣∣∣∣∣
p

=
C

(LN (Qδ∗))
p−1

∣∣∣∣∣
�
Q\Q(1−α(δ))

(U − V ) dx

∣∣∣∣∣
p

⩽
C

(LN (Qδ∗))
p−1

∥U − V ∥pLp(Q\Q(1−α(δ)))(L
N (Q \Q(1− α(δ))))p−1.

By (3.3) and the fact that lim
δ→0+

LN (Q\Q(1−α(δ))) = 0 we conclude that the �rst term on the right-hand side

of (3.6) converges to 0 as δ → 0. Regarding the second term, a similar argument using Hölder's inequality
leads to

lim sup
δ→0+

C

(LN (Qδ∗))
p−1

∣∣∣∣∣
�
Qδ

∗

U dx

∣∣∣∣∣
p

⩽ lim
δ→0+

C∥U∥p
Lp(Qδ

∗)
= 0.

Therefore, combining our �ndings for (3.6) with (3.5), from (3.4) we obtain

lim sup
δ→0+

m(u, U ;Q(1− δ)) ⩽ m(u, U ;Q) + ε.

It su�ces to let ε→ 0+ to complete the proof in the case p > 1.
When p = 1, the proof is similar and we omit the details. In this case, the estimate of the last term in

(3.4) is simpler and does not require the use of Hölder's inequality. Also, in this case, more general sets other
than cubes may be considered as there is no need to use inequality (3.3) (see also [36]). □

For the reader's convenience, with the sole aim of allowing a comparison with the theory introduced in
[17, 18], we de�ne

O⋆(Ω) := {Qν(x, ε) : x ∈ Ω, ν ∈ SN−1, ε > 0}.
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For (u, U) ∈ StBDp(Ω) �xed, we set µ := LN⌊Ω+ |Esu|, and, given also O ∈ O(Ω) and δ > 0, we let

mδ(u, U ;O) := inf
{ ∞∑
i=1

m(u, U ;Qi) : Qi ∈ O⋆(Ω), Qi ⊆ O,Qi ∩Qj = Ø if i ̸= j,

diam(Qi) < δ, µ
(
O \

∞⋃
i=1

Qi

)
= 0
}
.

Since δ 7→ mδ(u, U ;O) is a decreasing function, we can de�ne

m⋆(u, U ;O) := sup
δ>0

mδ(u, U ;O) = lim
δ→0+

mδ(u, U ;O).

Adapting the reasoning in [36, Lemma 4.2 and Theorem 4.3] (where an extra unconstrained �eld U is
considered) and exploiting a Poincaré's-type inequality in BD (see e.g. [10, Theorem 2.7]) we obtain the two
results below.

Lemma 3.3. Let p ⩾ 1 and assume that (H1)�(H4) hold. Then, for all (u, U) ∈ StBDp(Ω) and all
O ∈ O(Ω), we have

F(u, U ;O) = m⋆(u, U ;O).

Theorem 3.4. Let p ⩾ 1 and assume that hypotheses (H1), (H2), and (H4) hold. Then, for every ν ∈ SN−1

and for every (u, U) ∈ StBDp(Ω), we have

lim
ε→0+

F(u, U ;Qν(x0, ε))

µ(Qν(x0, ε))
= lim
ε→0+

m(u, U ;Qν(x0, ε))

µ(Qν(x0, ε))

for µ-a.e. x0 ∈ Ω, where µ := LN⌊Ω+ |Esu|.

The proof of this result is not presented since it follows along the lines of [36, Theorem 4.3], the only
di�erence being the limsup estimate (3.1) (for p > 1) obtained along cubes and not generic open sets. We
now present the proof of the main result of this section.

Proof of Proposition 2.5. Step 1. In this step we prove that, for LN -a.e. x0 ∈ Ω,

dF(u, U ; ·)
dLN

(x0) = f
(
x0, u(x0),∇u(x0), U(x0)

)
. (3.7)

Let x0 be a �xed point in Ω satisfying the following properties

lim
ε→0+

1

ε

�
Q(x0,ε)

|u(x)− u(x0)−∇u(x0)(x− x0)|dx = 0; (3.8)

lim
ε→0+

1

εN
|Eu|(Q(x0, ε)) = |Eu(x0)|, lim

ε→0+

1

εN
|Esu|(Q(x0, ε)) = 0; (3.9)

lim
ε→0+

�
Q(x0,ε)

|U(x)− U(x0)|dx = 0; (3.10)

dF(u, U ; ·)
dLN

(x0) = lim
ε→0+

F(u, U ;Q(x0, ε))

εN
= lim
ε→0+

m(u, U ;Q(x0, ε))

εN
. (3.11)

It is well known that the above properties hold for LN -a.e. x0 in Ω, taking also in consideration Theorem 3.4
for (3.11), as well as Theorem A.5 which provides an N ×N matrix ∇u(x0) such that (3.8) is valid.

Having �xed x0 as above, let ε > 0 be small enough so that Q(x0, ε) ⊂ Ω. Given the de�nition of the
density f in (2.9), due to (3.11), we want to show that

lim
ε→0+

m(ℓx0
, U(x0);Q(x0, ε))

LN (Q(x0, ε))
= lim
ε→0+

m(u, U ;Q(x0, ε))

LN (Q(x0, ε))
, (3.12)

where for simplicity, we write ℓx0
:= ℓx0,u(x0),∇u(x0) = u(x0) +∇u(x0)(· − x0).

Let δ ∈ (0, 1) and let (ũ, Ũ) ∈ CStBDp(ℓx0
, U(x0);Q(x0, δε)) be such that

εN+1 +m(ℓx0 , U(x0);Q(x0, δε)) ⩾ F(ũ, Ũ ;Q(x0, δε)). (3.13)
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Then, as ũ = ℓx0
on ∂Q(x0, δε), we have

|tru− tr ũ|(∂Q(x0, δε)) :=

�
∂Q(x0,δε)

|ũ− u|dHN−1 =

�
∂Q(x0,δε)

|ℓx0 − u|dHN−1. (3.14)

We de�ne

ṽε :=

{
ũ, in Q(x0, δε),

u, in Ω \Q(x0, δε),

and let

Ṽε(x) :=


Ũ(x), in Q(x0, δε),

1

LN (Q(x0, ε) \Q(x0, δε))

[�
Q(x0,ε)

U(x) dx−
�
Q(x0,δε)

U(x0) dx

]
, in Ω \Q(x0, δε).

Recall that
�
Q(x0,δε)

Ũ(x) dx =

�
Q(x0,δε)

U(x0) dx = U(x0)(δε)
N , so we get (ṽε, Ṽε) ∈ CStBDp(u, U ;Q(x0, ε))

(see [56, Chapter II, Proposition 2.1]). Hence, by Remark 3.1, we have

m(u, U ;Q(x0, ε)) ⩽ F(ṽε, Ṽε;Q(x0, ε))

⩽ F(ũ, Ũ ;Q(x0, δε)) + C
(
LN (Q(x0, ε) \Q(x0, δε))

+

�
Q(x0,ε)\Q(x0,δε)

|Ṽε|p dx+ |Eṽε|(Q(x0, ε) \Q(x0, δε))
)

⩽ εN+1 +m(ℓx0
, U(x0);Q(x0, δε)) + C

(
εN (1− δN ) +

�
Q(x0,ε)\Q(x0,δε)

|Ṽε|p dx
)

+ C
(
|Eu|(Q(x0, ε) \Q(x0, δε)) + |tr ũ− tru|(∂Q(x0, δε))

)
. (3.15)

We observe that we have
�
Q(x0,ε)\Q(x0,δε)

|Ṽε|p dx ⩽
1

εN(p−1)(1− δN )p−1

∣∣∣∣∣
�
Q(x0,ε)

U(x) dx−
�
Q(x0,δε)

U(x0) dx

∣∣∣∣∣
p

⩽
C

εN(p−1)(1− δN )p−1

(∣∣∣∣∣
�
Q(x0,ε)\Q(x0,δε)

U(x) dx

∣∣∣∣∣
p

+

∣∣∣∣∣
�
Q(x0,δε)

(U(x)− U(x0)) dx

∣∣∣∣∣
p)

⩽
CεNp

εN(p−1)(1− δN )p−1

(∣∣∣∣∣
�
Q(x0,ε)

U dx− δN
�
Q(x0,δε)

U dx

∣∣∣∣∣
p

+

∣∣∣∣∣δN
�
Q(x0,δε)

(U − U(x0)) dx

∣∣∣∣∣
p)

. (3.16)

Taking into account (3.15), (3.16), we have

lim
ε→0+

m(u, U ;Q(x0, ε))

LN (Q(x0, ε))
− lim
ε→0+

m(ℓx0 , U(x0);Q(x0, ε))

LN (Q(x0, ε))

⩽ lim
ε→0+

m(u, U ;Q(x0, ε))

εN
− lim sup

δ→1−
lim
ε→0+

m(ℓx0
, U(x0);Q(x0, δε))

εN

⩽ lim sup
δ→1−

lim sup
ε→0+

(
ε+ C(1− δN ) +

|Eu|(Q(x0, ε) \Q(x0, δε) + |tr ũ− tru|(∂Q(x0, δε))

εN
+

C

(1− δN )p−1
|U(x0)− δNU(x0)|p

)
, (3.17)

where in the last line we have used (3.10). Property (3.9) yields

lim sup
δ→1−

lim sup
ε→0+

|Eu|(Q(x0, ε) \Q(x0, δε))

εN
⩽ lim
δ→1−

|Eu(x0)|(1− δN ) = 0. (3.18)
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On the other hand, setting uε,δ(y) :=
u(x0+δεy)−u(x0)

δε , by (3.14) and a change of variables, we conclude that

lim sup
ε→0+

|tr ũ− tru|(∂Q(x0, δε))

εN
= lim sup

ε→0+
δN

|tr ℓx0 − tru|(∂Q(x0, δε))

δNεN

= lim sup
ε→0+

δN
�
∂Q

|tr(uε,δ −∇u(x0)y)|dHN−1(y) = 0, (3.19)

where the last step follows from Proposition A.6 and the fact that uε,δ converges strictly to the function
y 7→ ∇u(x0)y on Q. To see the latter, we can follow the lines of [10, Proof of Proposition 4.1]. More precisely,
by Theorem A.8 and [10, Theorem 2.10] there exists v ∈ BD(Q) such that

lim
ε→0

||uε,δ − P (uε,δ)− v||L1(Q) = 0,

where P denotes the projection onto the kernel of the operator E. Then, as Euε,δ(y) = Eu(x0 + δεy), using
also (3.8) and (3.9) we get uε,δ → ∇u(x0)y in L1(Q;Rd) and |Euε,δ|(Q) → |Eu(x0)| as ε → 0+, i.e., strict
convergence holds.

Taking into account (3.17), (3.18), and (3.19) we conclude that

lim
ε→0+

m(u, U ;Q(x0, ε))

εN
⩽ lim
ε→0+

m(ℓx0
, U(x0);Q(x0, ε))

εN
.

Interchanging the roles of (u, U) and (ℓx0
, U(x0)), the reverse inequality is proved in a similar fashion. This

shows (3.12) and completes the proof of (3.7).
Step 2. In this step we prove that, for HN−1-a.e. x0 ∈ Ju,

dF(u, U ; ·)
dHN−1⌊Ju

(x0) = Φ
(
x0, u

+(x0), u
−(x0), νu(x0)

)
.

For simplicity of notation, we denote by ν the unit vector νu and set v = vx0,u+(x0),u−(x0),ν(x0), see (2.8). It
is well known that, for HN−1-a.e. x0 ∈ Ju, it holds that

lim
ε→0+

�
Qν(x0,ε)

|u(x)− v(x)|dx = 0; (3.20)

lim
ε→0+

1

εN−1
|Eu|(Qν(x0, ε)) = |([u]⊙ ν)(x0)|; (3.21)

dF(u, U ; ·)
dHN−1⌊Ju

(x0) = lim
ε→0+

F(u, U ;Qν(x0, ε))

εN−1
= lim
ε→0+

m(u, U ;Qν(x0, ε))

εN−1
; (3.22)

lim
ε→0+

1

εN−1

�
Qν(x0,ε)

|U(x)|p dx = 0. (3.23)

where Theorem 3.4 was used in (3.22).
Let x0 be a �xed point in Ω satisfying the above properties and let ε > 0 be small enough so that

Qν(x0, ε) ⊂ Ω. Given the de�nition of the density Φ in (2.10), due to (3.22), we want to show that

lim
ε→0+

m(v, 0;Qν(x0, ε))

εN−1
= lim
ε→0+

m(u, U ;Qν(x0, ε))

εN−1
, (3.24)

where 0 is the null function from Ω to RN×N .
To this end, let δ > 0 and let (ũ, Ũ) ∈ CStBDp(v, 0);Qν(x0, δε)) be such that

εN +m(v, 0;Qν(x0, δε)) ⩾ F(ũ, Ũ ;Qν(x0, δε)). (3.25)

Notice that, as ũ = v on ∂Qν(x0, δε), we have

|tru− tr ũ|(∂Qν(x0, δε)) :=
�
∂Qν(x0,δε)

|tr(ũ− u)|dHN−1 =

�
∂Qν(x0,δε)

|tr(v − u)|dHN−1. (3.26)

De�ne

ṽε :=

{
ũ in Qν(x0, δε),

u in Ω \Qν(x0, δε),
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and let

Ṽε(x) :=

 Ũ(x) in Qν(x0, δε),
1

LN (Qν(x0, ε) \Qν(x0, δε))

�
Qν(x0,ε)

U(x) dx in Ω \Qν(x0, δε).

Recall that we have
�
Qν(x0,δε)

Ũ(x) dx = 0. Thus, (ṽε, Ṽε) belongs to the class of admissible functions

CStBDp(u, U ;Qν(x0, ε)) , and therefore we obtain, using also Remark 3.1,

m(u, U ;Qν(x0, ε)) ⩽ F(ṽε, Ṽε)

⩽ F(ũ, Ũ ;Qν(x0, δε)) + C
(
LN (Qν(x0, ε) \Qν(x0, δε))

+

�
Qν(x0,ε)\Qν(x0,δε)

|Ṽε|p dx+ |Eṽε|(Qν(x0, ε) \Qν(x0, δε))
)

⩽ εN +m(v, 0;Qν(x0, δε)) + C
(
εN (1− δN ) +

�
Qν(x0,ε)\Qν(x0,δε)

|Ṽε|p dx
)

+ C
(
|Eu|(Qν(x0, ε) \Qν(x0, δε)) + |tr ũ− tru|(∂Qν(x0, δε))

)
. (3.27)

We have, using Hölder's inequality,
�
Qν(x0,ε)\Qν(x0,δε)

|Ṽε|p dx ⩽
1

εN(p−1)(1− δN )p−1

∣∣∣∣∣
�
Qν(x0,ε)

U dx

∣∣∣∣∣
p

⩽
εN(p−1)

εN(p−1)(1− δN )p−1
∥U∥pLp(Qν(x0,ε))

=
1

(1− δN )p−1
∥U∥pLp(Qν(x0,ε))

. (3.28)

Hence, from (3.27) and (3.28), taking into account (3.23) and Proposition A.6, it follows that

lim
ε→0+

m(u, U ;Qν(x0, ε))

εN−1
⩽ lim sup

δ→1−
lim sup
ε→0+

(
ε+

m(v, 0;Qν(x0, δε))

εN−1

+ C
(
ε(1− δN ) +

1

(1− δN )p−1

1

εN−1
∥U∥pLp(Qν(x0,ε))

+
|Eu|(Qν(x0, ε) \Qν(x0, δε))

εN−1
+

|tr ũ− tru|(∂Qν(x0, δε))
εN−1

))
⩽ lim
ε→0+

m(v, 0;Qν(x0, ε))

εN−1
+ lim sup

δ→1−
(1− δN )|[u](x0)|

= lim
ε→0+

m(v, 0;Qν(x0, ε))

εN−1
(3.29)

since, by [5, (2.32) and (5.79)] and (3.21),

lim
ε→0+

|Eu|(Qν(x0, ε) \Qν(x0, δε))
εN−1

⩽ (1− δN )|[u](x0)|

and

lim
ε→0+

|tr ũ− tru|(∂Qν(x0, δε))
εN−1

= 0. (3.30)

To prove this last fact, we change variables and use (3.26) to obtain

lim
ε→0+

|tr ũ− tru|(∂Qν(x0, δε))
εN−1

= lim
ε→0+

δN−1

�
∂Qν

|tr(v(x0 + δεy)− u(x0 + δεy))|dHN−1(y)

= lim
ε→0+

δN−1

�
∂Qν

|tr(vx0,u+(x0),u−(x0),ν(x0)(x0 + y)− uδ,ε(y))|dHN−1(y).

where uδ,ε(y) := u(x0 + δεy). Then (3.20) and (3.21) yield

uδ,ε → vx0,u+(x0),u−(x0),ν(x0)(x0 + ·) in L1(Qν ;RN ) as ε→ 0+
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and

|Euδ,ε|(Qν) =
1

(δε)N−1
|Eu|(Qν(x0, δε)) → |[u]⊙ ν|(x0) = |Evx0,u+(x0),u−(x0),ν(x0)|(x0 +Qν) as ε→ 0+.

Hence (3.30) follows from Proposition A.6 and this completes the proof of inequality (3.29). The reverse
inequality can be shown in a similar way by interchanging the roles of (u, U) and (v, 0) leading to the
conclusion stated in (3.24). □

Proof of Theorem 2.4. The result is an immediate consequence of Proposition 2.5. □

Proof of Corollary 2.7. Under the assumptions of the corollary, Remark 2.6, Lemmata 3.2 and 3.3 and
Theorem 3.4 hold with obvious modi�cations in the proof, replacing m by m̃ and CStBDp by CStSBDp and
de�ning the associated objects m̃δ, m̃⋆ in full analogy with mδ and m⋆. The arguments in the proof of
Proposition 2.5 remain unchanged. □

4. Proof of the relaxation results

We start this section with the proof of Theorem 2.8.

Proof of Theorem 2.8. Given O ∈ O(Ω) and (g,G) ∈ StBDp(Ω), we introduce the localized version of
Ip(g,G), namely

Ip(g,G;O) := inf
{
lim inf
n→∞

F (un) : un ∈ SBD(O), un
∗−⇀
SD

(g,G) in O
}
. (4.1)

Our goal is to verify that Ip(g,G;O) satis�es assumptions (H1)�(H4) of Theorem 2.4.
Step 1: Proof of (H1). We start by proving the following nested subadditivity result: if O1, O2, O3 are

open subsets of Ω such that O1 ⋐ O2 ⊆ O3, then

Ip(g,G;O3) ⩽ Ip(g,G;O2) + Ip(g,G;O3 \O1). (4.2)

Without restriction, this is proved only for p = 1 as the case p > 1 is even easier. Let {un} ⊂ SBD(O2)

and {vn} ⊂ SBD(O3 \O1) be two sequences such that un → g in L1(O2;RN ), Eun
∗
⇀ G in M(O2;RN×N

sym ),

vn
∗
⇀ g in L1(O3 \O1;RN ), Evn

∗
⇀ G in M(O3 \O1;RN×N

sym ), and

Ip(g,G;O2) = lim
n→+∞

[�
O2

W (x, Eun(x)) dx+

�
Jun∩O2

ψ(x, [un](x), νun(x)) dHN−1(x)

]
as well as

Ip(g,G;O3 \O1) = lim
n→+∞

[�
O3\O1

W (x, Evn(x)) dx+

�
Jvn∩(O3\O1)

ψ(x, [vn](x), νvn(x)) dHN−1(x)

]
.

Notice that
un − vn → 0 in L1(O2 \O1;RN ) (4.3)

For δ > 0, we de�ne Oδ := {x ∈ O2 : dist(x,O1) < δ}, and for x ∈ O2 we let d(x) := dist(x,O1). Since the
distance function to a �xed set is Lipschitz continuous (see [60, Exercise 1.1]), we can apply the change of
variables formula [35, Section 3.4.3, Theorem 2], to obtain

�
Oδ\O1

|un(x)− vn(x)| Jd(x) dx =

� δ

0

[�
d−1(y)

|un(x)− vn(x)|dHN−1(x)

]
dy,

where Jd denotes the Jacobian of d. As Jd is bounded and (4.3) holds, by Fatou's Lemma, it follows that
for almost every ρ ∈ [0, δ] we have

lim inf
n→+∞

�
d−1(ρ)

|un(x)− vn(x)|dHN−1(x) = lim inf
n→+∞

�
∂Oρ

|un(x)− vn(x)|dHN−1(x) = 0. (4.4)

Fix ρ0 ∈ [0, δ] such that |GχO2 |(∂Oρ0) = 0, |GχO3\O1
|(∂Oρ0) = 0 (where we consider the total variation

of the measures Gχ·⌊LN ), and such that (4.4) holds. For this choice of ρ0, we may pass to subsequences
of un and vn (not relabeled) such that the liminf in (4.4) is actually a limit. We observe that Oρ0 is a set
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with locally Lipschitz boundary since it is a level set of a Lipschitz function (see, e.g., [35]). Hence, we can
consider un, vn on ∂Oρ0 in the sense of traces and de�ne

wn =

{
un in Oρ0
vn in O3 \Oρ0 .

(4.5)

Then, by the choice of ρ0, wn is admissible for Ip(g,G;O3) so, by (ψ2), and (4.4), we obtain

Ip(g,G;O3) ⩽ lim inf
n→+∞

[�
O3

W (x, Ewn(x)) dx+

�
Jwn∩O3

ψ(x, [wn](x), νwn
(x)) dHN−1(x)

]

⩽ lim inf
n→+∞

[�
O2

W (x, Eun(x)) dx+

�
Jun∩O2

ψ(x, [un](x), νun
(x)) dHN−1(x)

+

�
O3\O1

W (x, Evn(x)) dx+

�
Jvn∩(O3\O1)

ψ(x, [vn](x), νvn(x)) dHN−1(x)

+

�
Jwn∩∂Oρ0

C|un(x)− vn(x)|dHN−1(x)

]
= Ip(g,G;O2) + Ip(g,G;O3 \O1).

This concludes the proof of (4.2).
From here, the reasoning in [25, Proposition 2.22] yields (H1). In fact, the proof also works in the

nonhomogeneous case and in the BD-setting since it is exclusively based on measure theory arguments.
Step 2: Proof of (H2)�(H4). To show (H2), we argue exactly as in [25, Proposition 5.1]. Indeed,

we can prove lower semicontinuity of Ip(·, ·;O) along sequences (gn, Gn) converging in L1(Ω;RN )strong ×
Lp(Ω;RN×N

sym )weak (the second convergence is weakly* in M(Ω;RN×N
sym ), if p = 1) to (g,G) ∈ StBDp(Ω).

(H3) is an immediate consequence of the previous lower semicontinuity property in O, as observed in [17,
(2.2)] whereas (H4) follows by employing assumptions (W1), (W2), (W3), and (ψ2) together with the lower
semicontinuity of integral functionals of power type (or of the total variation along weakly* converging se-
quences, if p = 1), see [25, Lemma 2.18] for details. (We point out that, to obtain the lower bound in (H4),
we actually need to replace W by W + 1

CW
which however can be done without restriction.)

Step 3: Proof of (i). Having checked (H1)�(H4), Theorem 2.4 can be applied to conclude that, for every
(g,G) ∈ StSBDp(Ω), we have

Ip(g,G) =

�
Ω

f
(
x, g(x),∇g(x), G(x)

)
dx+

�
Ω∩Jg

Φ
(
x, g+(x), g−(x), νg(x)

)
dHN−1(x),

where the relaxed densities f and Φ are given by (2.9) and (2.10), respectively.
It is a standard matter to check that the functional Ip is invariant under translation in the �rst variable,

i.e.,
Ip(g + a,G;O) = Ip(g,G;O) for all (g,G) ∈ StBDp(Ω), O ∈ O(Ω), a ∈ RN .

Indeed, it su�ces to notice that, if {un} is admissible in the de�nition of Ip(g,G;O), then the sequence
{un+ a} is admissible for Ip(g+ a,G;O). Hence, taking into account Remark 2.6, and the abuse of notation
stated therein, we obtain (2.20) with f and Φ given by (2.21) and (2.22), respectively. In a similar fashion, the
de�nition (2.14) and the fact that W depends only on the symmetrized gradient ensures that Ip(u+Mx) =

Ip(u) for every M ∈ RN×N
skew , hence (iii) of Remark 2.6 applies and therefore f(x, g(x),∇g(x), G(x)) =

f(x, Eg(x), G(x)). This shows (i).
Step 4: Proof of (ii). If (g,G) ∈ StBDp(Ω), then we can invoke Theorem 2.4 to obtain

f(x0, Eg(x0), G(x0)) =
dIp(g,G)

dLN
(x0) for a.e. x0 ∈ Ω

Φ(x0, [g](x0), νg(x0)) =
dIp(g,G)

dHN−1⌊Jg
(x0) for HN−1-a.e. x0 ∈ Ω.

Step 5: Proof of (2.25) in (iii). We claim that for a.e. x0 ∈ Ω and for every ξ,B ∈ RN×N
sym it holds that

f(x0, ξ, B) = Hp(x0, ξ, B) = H̃p(x0, ξ, B), (4.6)
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where

H̃p(x0, ξ, B) := lim sup
ε→0+

inf
{
lim inf
n→∞

�
Q

W (x0 + εy, Eun(y)) dy +
�
Q∩Jun

ψ(x0, [un](y), νun(y)) dHN−1(y) :

{un} ⊂ SBD(Q), un → ℓ0,0,ξ in L
1(Q;RN ), Eun

∗
⇀ B in M(Q;RN×N

sym )
}
.

Notice that we have readily replaced ℓ0,u(x0),ξ by ℓ0,0,ξ due to the translational invariance. The proof that

Hp(x0, ξ, B) ⩽ H̃p(x0, ξ, B) can be obtained as in [25, Step 2 in Proposition 3.1], in turn relying on a
technique to pass from a given sequence to another admissible one with �xed boundary datum. However,
instead of modifying the functions as in [25, Proposition 2.21], we proceed as in the analogous result in our
setting (namely (4.2)) to de�ne modi�cations similarly as in (4.5) which allows to obtain a sequence with
precise boundary data from a generic given one. Let us highlight that one �rst constructs a new admissible
sequence {wεn} for ε �xed, and eventually one passes to the limit ε → 0. Moreover, careful inspection of
the proofs of (4.2) and [25, Step 2 of Proposition 3.1] shows that the x-dependence is not an issue and that
the admissible sequences for H̃p can be replaced by sequences such that

�
Q
Ewεn dx = B holds, namely, by

functions belonging to Cbulk
p (ξ,B).

We now address the reverse inequality. By the de�nition of the relaxed bulk energy density f in (2.21)
and Theorem 3.4 we get

f(x0, ξ, B) = lim sup
ε→0

m(ℓx0,0,ξ, B;Q(x0, ε))

εN
= lim sup

ε→0

Ip(ℓx0,0,ξ, B;Q(x0, ε))

εN
. (4.7)

Then, by a simple change of variables argument, using the functions uεn(y) = 1
εun(x0 + εy) for a given

sequence {un} on Q(x0, ε) in the de�nition of Ip, invoking property (ψ3), it follows that, for a.e. x0 ∈ Ω and
every ξ,B ∈ RN×N

sym ,

lim sup
ε→0

Ip(ℓx0,0,ξ, B;Q(x0, ε))

εN
= H̃p(x0, ξ, B). (4.8)

Now de�ne m̂(ℓx0,0,ξ, B;Q(x0, ε)) := inf
{
E(u;Q(x0, ε)) : ε

−1u(x0 + ε·) ∈ Cbulk
p (ξ,B)

}
. It is easy to verify

that for a.e. x0 ∈ Ω and every ξ,B ∈ RN×N
sym it holds that

m(ℓx0,0,ξ, B;Q(x0, ε)) ⩽ m̂(ℓx0,0,ξ, B;Q(x0, ε)).

Indeed, for any function u that is admissible for m̂(ℓx0,0,ξ, B;Q(x0, ε)), the pair (u, Eu) is a competitor for
m(ℓx0,0,ξ, B;Q(x0, ε)). We now conclude as follows: by (4.8) and (4.7) we �nd

H̃p(x0, ξ, B) = lim sup
ε→0

Ip(ℓx0,0,ξ, B;Q(x0, ε))

εN
= lim sup

ε→0

m(ℓx0,0,ξ, B;Q(x0, ε))

εN

⩽ lim sup
ε→0

m̂(ℓx0,0,ξ, B;Q(x0, ε))

εN
= Hp(x0, ξ, B),

where the last equality follows by the de�nition in (2.17), the continuity property in (ψ5), and again a change
of variables argument. This along with the inequality Hp(x0, ξ, B) ⩽ H̃p(x0, ξ, B) shown above and (4.7)
yields (4.6).
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Step 6: Proof of (2.26) in (iii) for p > 1. Theorem 3.4 applied to F = Ip and yield, for every x0 ∈ Ω,
λ ∈ RN , and ν ∈ SN−1,

Φ(x0, λ, ν) = lim sup
ε→0+

m(vx0,λ,0,ν , 0;Qν(x0, ε))

εN−1

= lim sup
ε→0+

Ip(vx0,λ,0,ν , 0;Qν(x0, ε))

εN−1

= lim sup
ε→0+

1

εN−1
inf
{
lim inf
n→+∞

[ �
Qν(x0,ε)

W (x, Eun(x)) dx+

�
Qν(x0,ε)∩Jun

ψ(x, [un](x), νun(x)) dHN−1(x)
]
:

un ∈ SBD(Qν(x0, ε)), un → vx0,λ,0,ν in L1(Qν(x0, ε);RN ), Eun ⇀ 0 in Lp(Qν(x0, ε);RN×N
sym )

}
⩽ lim sup

ε→0+

1

εN−1
inf
{
lim inf
n→+∞

�
Qν(x0,ε)∩Jun

ψ(x, [un](x), νun(x)) dHN−1(x) :

un ∈ SBD(Qν(x0, ε)), un → vx0,λ,0,ν in L1(Qν(x0, ε);RN ), Eun = 0 a.e. in Qν(x0, ε)
}
,

where we have taken into account the growth condition on W given by (W1) and hypothesis (W2), and the
fact that the latter class of competitors is contained in the �rst one.

Given that this last expression no longer depends on the initial bulk density W , but only on ψ for which
the uniform continuity condition (ψ5) holds, we may apply this condition to replace x by x0 and obtain

Φ(x0, λ, ν) ⩽ lim sup
ε→0+

1

εN−1
inf
{
lim inf
n→+∞

�
Qν(x0,ε)∩Jun

ψ(x0, [un](x), νun
(x)) dHN−1(x) :

un ∈ SBD(Qν(x0, ε)), un → vx0,λ,0,ν in L1(Qν(x0, ε);RN ), Eun = 0 a.e. in Qν(x0, ε)
}
.

We can invoke a periodicity argument entirely similar to the one used in the �rst part of the proof of [25,
Proposition 4.2], namely we de�ne

u := vx0,λ,0,ν + ϕ

for ϕ ∈ SBV (Qν(x0, ε);RN ) with ϕ = 0 on ∂Qν(x0, ε) and ∇ϕ = 0 LN -a.e. in Qν(x0, ε). Extending ϕ
periodically to all of RN with period ε and setting un := vx0,λ,0,ν+

ϕ(n(x−x0))
n , we easily see that un → vx0,λ,0,ν

in L1(Qν(x0, ε), ∇un = Eun = 0 LN -a.e., and�
Qν(x0,ε)∩Jun

ψ(x0, [un](x), νun
(x)) dHN−1(x) →

�
Qν(x0,ε)∩Ju

ψ(x0, [u](x), νu(x)) dHN−1(x)

as n→ +∞. Thus, we conclude that

Φ(x0, λ, ν) ⩽ lim sup
ε→0+

1

εN−1
inf
{�

Qν(x0,ε)∩Jv
ψ(x0, [v](x), νv(x)) dHN−1(x) : v ∈ SBD(Qν(x0, ε)),

Ev(x) = 0 a.e. in Qν(x0, ε), v(x) = vx0,λ,0,ν(x) for x ∈ ∂Qν(x0, ε)
}
.

By a simple change of variables, this coincides with

inf
{�

Qν∩Jv
ψ(x0, [u](y), νu(y)) dHN−1(y) : u ∈ SBD(Qν), Eu(x) = 0 a.e. in Qν , u(x) = vλ,ν(x) for x ∈ ∂Qν

}
,

where vλ,ν is given in (2.15). The latter formula coincides with hp(x0, λ, ν), see (2.18), and thus it follows
that

Φ(x0, λ, ν) ⩽ hp(x0, λ, ν).

To prove the reverse inequality, we argue as in [25, Theorems 4.4 and 4.5]. First, Theorem 3.4 guarantees

Φ(x0, λ, ν) = lim sup
ε→0+

Ip(vx0,λ,0,ν , 0;Qν(x0, ε))

εN−1
. (4.9)

In particular, there exists {un} ⊂ SBD(Qν(x0, ε)) such that

un → vx0,λ,0,ν in L1(Qν(x0, ε);RN ), Eun ⇀ 0 in Lp(Ω;RN×N
sym ),
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and, since W ⩾ 0 (up to adding 1
cW

), we deduce

Ip(vx0,λ,0,ν , 0; Ω) ⩾ lim inf
n→+∞

(�
Ω

W (x, Eun) dx+

�
Ω∩Jun

ψ(x, [un], νun
) dHN−1

)

⩾ lim inf
n→∞

�
Ω∩Jun

ψ(x, [un], νun
) dHN−1. (4.10)

Up to the extraction of a subsequence, there exists a nonnegative Radon measure µ such that

ψ(x, [un], νun
) dHN−1⌊Jun

∗
⇀ µ.

Next, we evaluate dµ
dHN−1⌊Jvx0,λ,0,ν

. We choose a family {ε} such that µ(∂Q(x0, ε)) = 0. Thus, setting

un,ε(y) := un(x0 + εy),

dµ

dHN−1⌊Jvx0,λ,0,ν

= lim
ε→0+

1

εN−1
lim
n→∞

�
Qν(x0,ε)∩Jun

ψ(x, [un](x), νun
(x)) dHN−1(x)

= lim
ε→0+

lim
n→∞

1

εN−1

�
Qν(x0,ε)∩Jun

ψ(x0, [un](x), νun
(x) dHN−1(x)

= lim
ε→0+

lim
n→∞

�
Qν∩

Jun−x0
ε

ψ(x0, [un](x0 + εy), νun(x0+εy)) dH
N−1(y)

= lim
ε→0+

lim
n→∞

�
Qν∩Jun,ε

ψ(x0, [un,ε](y), νun,ε(y)) dHN−1(y),

where we have exploited (ψ5) and used a change of variables. Arguing as in [25, Theorem 4.5], we can extract
a diagonal sequence vk(y) := unk

(x0+εky) such that vk(y) → v0,λ,0,ν in L1(Qν), Evk ⇀ 0 in Lp(Qν ;RN×N
sym ),

and

dµ

dHN−1⌊Jvx0,λ,0,ν

= lim
k→∞

�
Qν∩Jvk

ψ(x0, [vk](y), νvk(y)) dHN−1(y). (4.11)

Next we follow [25, Proposition 4.2] (see also Remark 2.2). By Theorem A.1, for every k there exists fk ∈
SBV (Qν ;RN ) such that ∇fk = Evk and |Dfk|(Qν) ⩽ C∥Evk∥L1(Qν). By piecewise constant approximation
in BV (Qν ;RN ), there exist gk,m such that gk,m → fk in L1(Qν ;RN ) and |Dgk,m|(Qν) → |Dfk|(Qν) as
m→ +∞. Consequently, we also obtain |Egk,m|(Qν) → |Efk|(Qν) as m→ +∞. De�ne

wk,m := vk − fk + gk,m.

Clearly, Ewk,m = 0 LN -a.e. and limk→∞ limm→∞ ∥wk,m − v0,λ,0,ν∥L1(Qν) = 0. Next, we have

|Dsfk|(Qν) + |Dsgk,m|(Qν) ⩽ C
�
Qν

|Evk|dx→ 0, as k → +∞.

Thus, by (ψ2) and (ψ4) we get

lim
k→∞

lim
m→∞

�
Qν∩Jwk,m

ψ(x0, [wk,m], νwk,m
) dHN−1 ⩽ lim

k→∞

�
Qν∩Jvk

ψ(x0, [vk], νvk) dHN−1.

Hence, we may extract a diagonal sequence in (k,m), say {zl}, such that zl → v0,λ,0,ν in L1(Qν ;RN ), Ezl =
0 LN -a.e., and

lim
l→∞

�
Qν∩Jzl

ψ(x0, [zl], νzl) dHN−1 ⩽ lim
k→∞

�
Qν∩Jvk

ψ(x0, [vk], νvk) dHN−1. (4.12)

As in [25, Proposition 4.2], we can change the sequence so that it equals v0,λ,0,ν on ∂Qν(x0). Precisely, by
Fubini's Theorem there exists rl → 1− such that, upon extracting a subsequence,�

∂Qν(1−rl)
|tr zl − v0,λ,0,ν |dHN−1 → 0 (4.13)
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as l → +∞. De�ne

z̃l =


zl in Qν(1− rl)

v0,λ,0,ν in Qν \Qν(1− rl)).

Clearly, E z̃l = 0 a.e., and by (4.12)�(4.13), (ψ2), and (ψ4)

lim
l→∞

�
Qν∩Jz̃l

ψ(x0, [z̃l], νz̃l) dHN−1 ⩽ lim
k→∞

�
Qν∩Jvk

ψ(x0, [vk], νvk) dHN−1.

Thus, in view of (4.9), (4.10), and (4.11), we have proved that, for p > 1,

Φ(x0, λ, ν) ⩾ hp(x0, λ, ν)

for every x0 ∈ Ω, λ ∈ RN , and ν ∈ SN−1, where hp is the function given in (2.18).
Step 7: Proof of (2.26) in (iii) for p = 1. We claim that, for a.e. x0 ∈ Ω and for every λ ∈ RN and

ν ∈ SN−1,

Φ(x0, λ, ν) = h1(x0, λ, ν) = h̃1(x0, λ, ν), (4.14)

where

h̃1(x0, λ, ν) := lim sup
ε→0

inf
{
lim inf
n→∞

Ẽx0,ε(un;Qν) : {un} ⊂ SBD(Qν), un → v0,λ,0,ν in L1(Qν ;RN ),

Eun
∗
⇀ 0 in M(Qν ;RN×N

sym )
}
,

with

Ẽx0,ε(u;Qν) :=

�
Qν

εW
(
x0 + εy,

1

ε
E(u)(y)

)
dy +

�
Qν∩Ju

ψ
(
x0, [u](x), νu(x)

)
dHN−1(x).

The inequality h1(x0, λ, ν) ⩽ h̃1(x0, λ, ν) is obtained arguing as above in the proof ofH1 ⩽ H̃1. De�ning Uε =
{{un} ⊂ SBD(Qν(x0, ε)) : un → vx0,λ,0,ν in L1(Qν(x0, ε);RN ), Eun

∗
⇀ 0 in M(Qν(x0, ε);RN×N

sym )}, for ev-
ery x0 ∈ Ω, λ ∈ RN , and ν ∈ SN−1, we have by Theorem 3.4 and a change of variables

Φ(x0, λ, ν) = lim sup
ε→0

m(vx0,λ,0,ν , 0;Qν(x0, ε))

εN−1
= lim sup

ε→0

I1(vx0,λ,0,ν , 0;Qν(x0, ε))

εN−1
(4.15)

= lim sup
ε→0

1

εN−1
inf
Uε

{
lim inf
n→∞

[ �
Qν(x0,ε)

W (x, Eun(x)) dx+

�
Qν(x0,ε)∩Jun

ψ(x, [un](x), νun
(x)) dHN−1(x)

]}

= lim sup
ε→0

inf
Uε

{
lim inf
n→∞

[
ε

�
Qν

W (x0 + εy, Eun(x0 + εy)) dy

+

�
Qν∩ε−1(Jun−x0)

ψ(x0 + εy, [un](x0 + εy), νun
(x0 + εy)) dHN−1(y)

]}
.

Setting V = {{vn} ⊂ SBD(Qν), vn → v0,λ,0,ν in L1(Qν ;RN ), Evn
∗
⇀ 0 in M(Qν ;RN×N

sym )}, we derive

Φ(x0, λ, ν)

= lim sup
ε→0

inf
V

{
lim inf
n→∞

[�
Qν

εW (x0 + εy, ε−1Evn(y)) dy +
�
Qν∩Jvn

ψ(x0 + εy, [vn](y), νvn(y)) dHN−1(y)

]}

= lim sup
ε→0

inf
V

{
lim inf
n→∞

[�
Qν

εW (x0 + εy, ε−1Evn(y)) dy +
�
Qν∩Jvn

ψ(x0, [vn](y), νvn(y)) dHN−1(y)

]}

= lim sup
ε→0

inf
V

{
lim inf
n→∞

Ẽx0,ε(vn;Qν)

}
= h̃1(x0, λ, ν), (4.16)

where we have invoked the continuity of ψ in the �rst variable, see (ψ5).
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Now, de�ne m̂surf(λ, ν;Qν(x0, ε)) := inf
{
F (u;Qν(x0, ε)) : u(x0 + ε·) ∈ Csurf

1 (λ, ν)
}
. We verify that for

a.e. x0 ∈ Ω, every λ ∈ RN , and ν ∈ SN−1 the inequality

m(vx0λ,0,ν , 0;Qν(x0, ε)) ⩽ m̂
surf(λ, ν;Qν(x0, ε))

holds true. Indeed, we observe that an argument entirely similar to [25, Proposition 4.1, in turn Step 1 of
Proposition 3.1] allows us to obtain a lower bound for m̂surf in terms of

inf
{
lim inf
n→∞

F (un;Qν(x0, ε)) : un(x0 + ε·) ∗−⇀
SD

(v0,λ,0,ν , 0) in Qν
}
,

which along with a change of variables gives the inequality. Consequently,

h̃1(x0, λ, ν) = lim sup
ε→0

m(vx0,λ,0,ν , 0;Qν(x0, ε))

εN−1
⩽ lim sup

ε→0

m̂surf(λ, ν;Qν(x0, ε))

εN−1
= h1(x0, λ, ν),

where the �rst equality follows from (4.15)�(4.16) and in the last equality we used again a change of variables
argument. Therefore, (4.14) is proved. □

Proof of Proposition 2.11. Up to replacing generic elements in RN×N by symmetric ones and gradients by
symmetric gradients, estimates (2.30) and (2.31) can be proved in the same way as [12, (2.26)�(2.27)], which
were proved for the case p > 1 and can be easily adapted to cover the case p = 1.
(i): The thesis can be proved exactly in the same way as [12, Theorem 2.10], the only di�erences being the
symmetry in the �elds and the regularity assumptions onW , which now is only measurable with respect to the
x-variable. In the present setting, measurability of HB

p is granted by the fact that Hp is a Radon�Nikodym
derivative.
(ii): The results concerning HB

1 can be easily adapted from the proof of [12, Theorem 2.10], whereas those
concerning h1 require more care. The symmetry property (ψ1) is immediate. To prove that h1 satis�es the
growth condition from above, it su�ces to consider an admissible u ∈ Csurf

1 (λ, ν) such that Eu = 0 a.e. in Ω
and to apply properties (W1) with p = 1, (W2), and (ψ2) (estimate from above). To prove the estimate
from below, we use the fact that W ⩾ 0 (up to adding a constant 1

cW
) and apply property (ψ2) (estimate

from below). □

Proof of Theorem 2.12. We recall that, as proven in Theorem 2.8, Ip : StBDp(Ω)×O(Ω) → [0,+∞) satis�es
all the assumptions of Theorem 2.4. Hence, it admits an integral representation. In view of Theorem 2.8,
we know already how to represent Ip(g,G; Ω) in StSBDp, i.e.,

Ip(g,G) =

�
Ω

Hp(Eg,G) dx+

�
Ω∩Jg

hp([g], νg) dHN−1

for every (g,G) ∈ StSBDp(Ω), where Hp and hp are given by (2.17) and (2.18), respectively. It is elementary
to check that Hp and hp are x-independent as the same property holds for W and ψ (see also Remark 2.6).
It remains only to deduce the Cantor density.

Step 1: To this end, we start by observing that, for every (g,G) ∈ StBDp(Ω),

dIp(g,G)

d|Ecg|
(x0) =

dIp(g, 0)

d|Ecg|
(x0) for |Ecg|-a.e. x0. (4.17)

This can be proven by following the same arguments used to compute the derivative with respect the jump
part (Hausdor� measure) in [3, Section 4.2]. Indeed, by the de�nition of Ip in (4.1), with g ∈ BD(Ω) and
G ∈ Lp(Ω;RN×N

sym ), for every O ∈ O(Ω) there exists a sequence {un} ⊂ SBD(O) converging to (g,G) in the
sense of De�nition 2.3 such that

Ip(g,G;O) = lim
n→+∞

[ �
O

W (Eun) dx+

�
O∩Jun

ψ([un], νun
) dHN−1

]
. (4.18)

Moreover by (H4), Ip(g,G,Ω) and Ip(g, 0,Ω) are �nite. Next, consider a sequence {vn} given by Theorem A.3
such that

vn
∗
⇀ 0 in BV (O), ∇vn = Evn = −G
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and (in view of [48, (2.3)])

|Evn|(O) ⩽ |Dvn|(O) ⩽ C(N)

�
O

|G|dx. (4.19)

In particular, the sequence wn := un + vn is admissible for Ip(g, 0;O). Recall that

Jun
= (Jun

\ Jun+vn) ∪ (Jun
∩ Jun+vn) and Jun+vn = (Jun

∩ Jun+vn) ∪ (Jun+vn \ Jun
).

Using (W1), (W3), (ψ2), (ψ4), the coercivity of Ip, (4.18)�(4.19), Hölder's inequality, and the fact that
Ip(g,G,Ω) is �nite, we get

Ip(g, 0;O)− Ip(g,G;O) ⩽ lim inf
n→∞

(�
O

(
W (Eun + Evn)−W (Eun)

)
dx

−
�
O∩Jun

ψ([un], νun
) dHN−1 +

�
O∩Jun+vn

ψ([un + vn], νun+vn) dHN−1

)

⩽ lim sup
n→∞

(�
O

C̄(1 + |G|p + |G||Eun|p−1) dx−
�
O∩(Jun\Jun+vn )

ψ([un], νun) dHN−1

+

�
O∩(Jun∩Jun+vn )

Cψ|[vn]|dHN−1 +

�
O∩(Jun+vn\Jun )

Cψ|[vn]|dHN−1

)

⩽ C̄

(�
O

(1 + |G|+ |G|p) dx
)
+ Ĉ

(�
O

|G|pdx
)1/p

,

where C̄ depends on ψ,W,N , and Ĉ depends on ψ,W,N, p, Ip(g,G,Ω)
p−1
p ), and these constants may vary

from line to line. Interchanging the order of Ip(g, 0;O) and Ip(g,G;O), applying it to any ball O = B(x0, ε)
and taking the average on it, in the limit as ε→ 0 we obtain the desired estimate (4.17).

Step 2: Given Step 1, to compute the Radon-Nykodim derivative of Ip(g,G) with respect to |Ecg|, it
su�ces to �x G = 0. Observing that Ip(·, 0; ·) is a functional de�ned in BD(Ω) × O(Ω), and in view of
Theorem 2.8 and Remark 2.10, it satis�es all assumptions (H1)�(H5) of [24, Section 2.2]. In particular,
concerning [24, (H4)], we observe that clearly there exists a modulus of continuity Ψ such that

|Ip(v + g(· − x0), 0;x0 +A)− Ip(g, 0;A)| ⩽ Ψ(|x0|+ |v|)(LN (A) + |Eg|(A))

for all (g,A, v, x0) ∈ BD(Ω)×O(Ω)×RN×Ω, with x0+A ⊂ Ω, since Ip(v+g(·−x0), 0;x0+A) = Ip(g, 0;A),
i.e., Ψ = 0. Eventually, [24, (H5)] is satis�ed since our functional is invariant under in�nitesimal rigid motions,
i.e., a�ne functions a with ∇a ∈ RN×N

skew .
Hence, Ip(g, 0; ·) admits the integral representation stated in [24, Theorem 2.3]. From this representation,

we will deduce the Radon-Nykodim derivative of Ip(g, 0; ·) with respect to the Cantor measure.
In particular, since Ip(·, 0; ·) is a functional of the type considered in [24, Theorem 2.3], we can ap-

ply the same considerations made in [24, Section 5, Lemma 5.1]. Thus, the bulk density is given by
dIp(g,0;·)

dLN (x0) = Hp(Eg(x0), 0) for LN -a.e. x0 ∈ Ω. Hence, when applying [24, Theorem 2.3], we can conclude

that dIp(g,0)
d|Ecg| (x0) = H∞

p ( dEcg
|dEcg| (x0), 0). In fact, in that theorem, the density of the Cantor part coincides

with the weak recession function of the bulk density. This fact, together with (4.17) and (2.23)�(2.24), gives
(2.33), which concludes the proof. □

5. Proof of the linearization result

In this section we give the proofs of the results announced in Subsection 2.4.

Proof of Proposition 2.13. Consider a sequence {uδ} ⊂ SBV 2
2 (Ω;RN ) such that the functions yδ := id+ δuδ

satisfy (2.35) and Fδ(yδ) ⩽ M . We �rst prove the Poincaré-type estimate (2.38)(i) (Step 1). Afterwards,
we apply the BV coarea formula to de�ne suitable level sets for the gradient, from which the de�nition of
the sets {Sδ} follows (Step 2). Then, we prove (2.38)(ii),(iii) (Step 3) and eventually the compactness result
(Step 4).
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Step 1: Proof of (2.38)(i). By Poincaré's inequality in BV we �nd Y 0
δ ∈ RN×N such that

∥∇yδ − Y 0
δ ∥L1∗ (Ω) ⩽ |D(∇yδ)|(Ω) ⩽ ∥∇2yδ∥L1(Ω) +

�
J∇yδ

|[∇yδ]|dHN−1,

where 1∗ = N
N−1 . Using Hölder's inequality, (2.34), Fδ(yδ) ⩽M , and the fact that Ψ satis�es (ψ2), we then

get

∥∇yδ − Y 0
δ ∥L1∗ (Ω) ⩽ (Ld(Ω))1/2∥∇2yδ∥L2(Ω) + c−1

Ψ

�
J∇yδ

Ψ
(
x, [∇yδ], ν∇yδ

)
dHN−1 ⩽ Cδβ (5.1)

for a constant C > 0 only depending on Ω and M . Then, there exists a constant c0 > 0 only depending
on Ω and M such that the set Aδ := {|∇yδ − Y 0

δ | ⩽ c0δ
β} satis�es LN (Aδ) ⩾ 1

2L
N (Ω). We claim that

dist(Y 0
δ , SO(N)) ⩽ 2c0δ

β . Otherwise, if we had dist(Y 0
δ , SO(N)) > 2c0δ

β , we would �nd dist(∇yδ, SO(N)) ⩾
c0δ

β on Aδ, and then along with (V3)

1

δ2

�
Ω

V (∇yδ) dx ⩾
LN (Ω)

2δ2
c
(
c0δ

β
)2
.

As β < 1, for δ small enough the right-hand side exceedsM which contradicts the energy bound Fδ(yδ) ⩽M .
Then, from dist(Y 0

δ , SO(N)) ⩽ 2c0δ
β , (2.35), and (5.1) we get |Id − Y 0

δ | ⩽ Cδβ . Again by (5.1) this
implies

∥∇yδ − Id∥L1∗ (Ω) ⩽ Cδ
β . (5.2)

We recall the linearization formula (see [40, (3.20)])

|sym(Z − Id)| = dist(Z, SO(N)) + O(|Z − Id|2) for Z ∈ RN×N . (5.3)

By distinguishing the cases |Z − Id| ⩽ N and |Z − Id| > N , it is elementary to see that

|sym(Z − Id)| ⩽ dist(Z, SO(N)) + C
(
|Z − Id|1

∗
+ dist2(Z, SO(N))

)
for Z ∈ RN×N .

Then, from (V3), Hölder's inequality, (5.2), and Fδ(yδ) ⩽M we get�
Ω

|sym(∇yδ − Id)|dx ⩽ C(LN (Ω))1/2(Mδ2)1/2 + CMδ2 + C(δβ)1
∗
.

By the fact that β ⩾ N−1
N and the de�nition yδ = id + δuδ we then deduce

∥Euδ∥L1(Ω) ⩽ C. (5.4)

By (ψ2)�(ψ3), (2.34), and Fδ(yδ) ⩽M we further �nd

|Djuδ|(Ω) ⩽ c−1
ψ

�
Juδ

ψ([uδ], νuδ
) dHN−1 = c−1

ψ

1

δ

�
Jyδ

ψ([yδ], νyδ) dHN−1 ⩽ CM. (5.5)

The two estimates (5.4)�(5.5) show |Euδ|(Ω) ⩽ C. From (2.35) we further infer that
�
Ω
uδ dx = 0 and�

Ω
(∇uTδ − ∇uδ) dx = 0. Indeed, to see that latter, we write A :=

�
Ω
∇yδ dx as the polar decomposition

A = RS for an orthogonal matrix R and a symmetric matrix S. Then, (2.35) indeed shows R = Id, and thus
A is symmetric. Then, the variant of the Korn-Poincaré inequality in BD stated in Proposition B.2 below
yields

∥uδ∥L1(Ω) ⩽ C|Euδ|(Ω) + C|Duδ(Ω)| ⩽ C|Euδ|(Ω) + C|Djuδ(Ω) +

�
Ω

Euδ dx| ⩽ C,

where we also used (5.4)�(5.5). This concludes the proof of (2.38)(i).
Step 2: Construction of the sets Sδ. Next, we apply the BV coarea formula (see [5, Theorem 3.40]) on

each component (∇yδ)ij ∈ SBV 2(Ω), 1 ⩽ i, j ⩽ N , to write� ∞

−∞
HN−1

(
Ω ∩ ∂∗{(∇yδ)ij > t}

)
dt = |D(∇yδ)ij |(Ω) = ∥∇2yδ∥L1(Ω) +

�
J∇yδ

|[∇yδ]|dHN−1.

Then, similarly as in (5.1), we get� ∞

−∞
HN−1

(
Ω ∩ ∂∗{(∇yδ)ij > t}

)
dt ⩽ Cδβ . (5.6)
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Fix γ ∈ ( 23 , β) and de�ne Tδ = δγ . For all k ∈ Z we �nd tijk ∈ (kTδ, (k + 1)Tδ] such that

HN−1
(
Ω ∩ ∂∗{(∇yδ)ij > tijk }

)
⩽

1

Tδ

� (k+1)Tδ

kTδ

HN−1
(
Ω ∩ ∂∗{(∇yδ)ij > t}

)
dt. (5.7)

Let Gδ,ijk = {(∇yδ)ij > tijk } \ {(∇yδ)ij > tijk+1} and note that each set has �nite perimeter in Ω since it is
the di�erence of two sets of �nite perimeter. Now, (5.6) and (5.7) yield∑

k∈Z
HN−1

(
Ω ∩ ∂∗Gδ,ijk

)
⩽ 2T−1

δ · Cδβ ⩽ Cδβ−γ . (5.8)

Since LN (Ω \
⋃
k∈ZG

δ,ij
k ) = 0, {Gδ,ijk }k∈Z is a Caccioppoli partition of Ω.

We let {P δl }l∈N be the Caccioppoli partition of Ω consisting of the nonempty sets of{
Gδ,11k11

∩Gδ,12k12
∩ . . . ∩Gδ,NNkNN

: kij ∈ Z for i, j = 1, . . . , N
}
.

Then, (5.8) implies ∑∞

l=1
HN−1

(
∂∗P δl ∩ Ω

)
⩽ Cδβ−γ (5.9)

for a constant C > 0 independent of δ. Recalling Tδ = δγ we get |tijk − tijk+1| ⩽ 2Tδ = 2δγ for all k ∈ Z,
i, j = 1, . . . , N . Therefore, by the de�nition of Gδ,ijk , for each component P δl of the Caccioppoli partition, we
�nd a matrix Zδl ∈ RN×N such that

∥∇yδ − Zδl ∥L∞(P δ
l ) ⩽ Cδ

γ . (5.10)

Without restriction we order the components {P δl }l such that LN (P δl ) is decreasing in l. As by this ordering
at most P δ1 can have volume larger or equal to 1

2L
N (Ω), we get LN (P δl ) ⩽

1
2L

N (Ω) for all l ⩾ 2. Then,
de�ning Sδ :=

⋃
l⩾2 P

δ
l , we get by (5.9) and the relative isoperimetric inequality in Ω,

LN (Ω \ P δ1 ) = LN (Sδ) =
∑
l⩾2

LN (P δl ) ⩽
∑
l⩾2

CΩ

(
HN−1(∂∗P δl ∩ Ω)

) N
N−1 ⩽ C

∑
l⩾2

HN−1(∂∗P δl ∩ Ω) ⩽ Cδβ−γ .

(5.11)

Again using (5.9), we also �nd HN−1(∂∗Sδ ∩Ω) ⩽ Cδβ−γ . As γ < β, (2.37) follows from Lemma B.1 below.
Step 3: Proof of (2.38)(ii),(iii). First, (5.11) implies LN (P δ1 ) ⩾

1
2L

N (Ω) for δ small enough. This along
with (5.2) and (5.10) yields, for a constant C > 0 only depending on M and Ω,

|Zδ1 − Id| ⩽ C∥Zδ1 − Id∥L1(P δ
1 ) ⩽ C∥∇yδ − Id∥L1(P δ

1 ) + Cδγ ⩽ Cδβ + Cδγ ⩽ Cδγ ,

where we again used Hölder's inequality. This together with (5.10) shows

∥∇yδ − Id∥L∞(P δ
1 ) ⩽ Cδ

γ . (5.12)

Recalling P δ1 = Ω \ Sδ and ∇yδ = Id + δ∇uδ, we obtain (2.38)(ii). We proceed with the proof of (2.38)(iii).
By (5.3) and Young's inequality we have

|sym(Z − Id)|2 ⩽ Cdist2(Z, SO(N)) + C|Z − Id|4.
Then, we obtain �

Ω\Sδ

|sym(∇yδ − Id)|2 ⩽ C
�
Ω\Sδ

(
dist2(∇yδ, SO(N)) + |∇yδ − Id|4

)
dx,

and therefore (5.12) yields�
Ω\Sδ

|Euδ|2 dx =
1

δ2

�
Ω\Sδ

|sym(∇yδ − Id)|2 dx ⩽ C 1

δ2

�
Ω

dist2(∇yδ, SO(N)) dx+ C
1

δ2
Ld(Ω)δ4γ ⩽ C,

where in the last step we have used γ > 2
3 ⩾

1
2 , (V3), (2.34), and Fδ(yδ) ⩽M . This shows (2.38)(iii).

Step 4: Compactness. We recall from (5.4)�(5.5) that |Euδ|(Ω) ⩽ C for C > 0 independent of δ. Thus,
by a compactness result in the space BD we �nd g ∈ BD(Ω) such that, up to a subsequence (not relabeled),
uδ → g in L1(Ω;RN ). The existence of G ∈ L2(Ω;RN×N

sym ) such that Euδ χΩ\Sδ
⇀ G in L2(Ω;RN×N

sym ) follows
by (2.38)(iii) and weak compactness in L2. □
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As a preparation for the proof of the Γ-convergence result, we need the following lemma.

Lemma 5.1. Let u ∈ BD(Ω) and let {Pn} ⊂ Ω be a sequence of smooth closed sets with HN−1(∂Pn) → 0
as n→ ∞. Then, |Eu|(Pn) → 0 as n→ +∞.

Proof. We use the characterization of BD functions by slicing established in [4]. To this end, we �rst need
to introduce some further notation. For ξ ∈ SN−1, we let

ξ⊥ := {y ∈ RN : y · ξ = 0}, Bξy := {t ∈ R : y + tξ ∈ B} for any y ∈ RN and B ⊂ RN ,

and for every function v : B → RN and t ∈ Bξy let

vξy(t) := v(y + tξ) · ξ .

By [4, Proposition 3.2], given u ∈ BD(Ω) and ξ ∈ SN−1, the function y 7→ |Dvξy|(Ωξy) lies in L1(ξ⊥;HN−1)
with

(Evξ, ξ)(B) =

�
ξ⊥
Dvξy(B

ξ
y) dHN−1(y) for any Borel set B ⊂ RN . (5.13)

Let {ei}i=1,...,N be an orthonormal basis of RN and let V = {ei + ej : i, j = 1, . . . , N}. Clearly, we have

|Eu|(B) ⩽
∑
ξ∈V

|(Euξ, ξ)|(B) for any Borel set B ⊂ RN .

Thus, in order to prove the statement, it su�ces to show that |(Euξ, ξ)|(Pn) → 0 as n→ ∞ for each ξ ∈ V.
Fix any ξ ∈ V and denote by P ξn the orthogonal projection of Pn onto ξ⊥. By the area formula it is

elementary to check that HN−1(P ξn) ⩽ HN−1(∂Pn). As HN−1(∂Pn) → 0, we thus get HN−1(P ξn) → 0 for
n→ ∞. By (5.13) we derive

|(Euξ, ξ)|(Pn) =
�
ξ⊥

|Dvξy|
(
(Pn)

ξ
y

)
dHN−1 ⩽

�
P ξ

n

|Dvξy|(Ωξy) dHN−1.

As HN−1(P ξn) → 0 for n → ∞ and the function y 7→ |Dvξy|(Ωξy) lies in L1(ξ⊥;HN−1), we conclude
|(Euξ, ξ)|(Pn) → 0 as n→ ∞. □

We close with the proof of Theorem 2.15.

Proof of Theorem 2.15. (i) Consider (g,G) ∈ StBD2(Ω) and a sequence {uδ} with uδ ⇝ (g,G). It is
not restrictive to assume that supδ>0 F

dis
δ (uδ) < +∞ as otherwise there is nothing to show. We apply

Proposition 2.13 and let {Sδ} be the sets corresponding to {uδ}. Clearly, by uδ ⇝ (g,G) and Proposition 2.13
we get Euδ χΩ\Sδ

⇀ G weakly in L2(Ω;RN×N
sym ) as δ → 0.

Up to passing to a subsequence (not relabeled), and still using a continuous parameter for the sequence
for the sake of brevity, we can assume that∑

δ>0

HN−1(∂∗Sδ) < +∞ (5.14)

and

lim inf
δ→0

F dis(uδ,Ω) = lim
δ→0

�
Ω

W (Euδ) dx+ lim
δ→0

�
Ω∩Juδ

ψ([uδ](x), νuδ
(x)) dHN−1(x), (5.15)

where we recall the de�nition of F dis in (2.39). Following verbartim the proof of [38, Theorem 2.7], by using
(2.38)(ii) for γ > 2

3 , we get

lim inf
δ→0

�
Ω

1

δ2
V (Id + δ∇uδ) dx ⩾ lim inf

δ→0

�
Ω\Sδ

W (Euδ) dx.

Therefore, recalling yδ = id + δuδ, (2.34) and (2.36), by (5.15) and the nonnegativity of ψ, Ψ, as well as by
(ψ3) we get

lim inf
δ→0

F dis
δ (uδ) ⩾ lim inf

δ→0

�
Ω\Sδ

W (Euδ) dx+ lim
δ→0

�
Ω∩Juδ

ψ([uδ], νuδ
) dHN−1 ⩾ lim inf

δ→0
F dis(uδ,Ω \ Sδ).

(5.16)
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We de�ne Tη =
⋃

0<δ⩽η Sδ and note that HN−1(∂∗Tη) → 0 as η → 0 by (5.14). We can approximate Tη by
a smooth closed set Uη ⊃ Tη with HN−1(∂Uη) ⩽ CHN−1(∂∗Tη), see e.g. [51, Equation (1.9)]. Therefore,
using also the isoperimetric inequality we have

LN (Uη) +HN−1(∂Uη) → 0 as η → 0. (5.17)

Since W and ψ are nonnegative densities, we derive from (5.16) and an application of Theorem 2.12 on F dis

that

lim inf
δ→0

F dis
δ (uδ) ⩾ lim inf

δ→0
F dis(uδ,Ω \ Tη) ⩾ lim inf

δ→0
F dis(uδ,Ω \ Uη)

⩾
�
Ω\Uη

H(Eg,G) dx+

�
(Ω\Uη)∩Jg

h([g], νg) dHN−1 +

�
Ω\Uη

H∞
(
dEcg

d|Ecg|
, 0

)
d|Ecg|.

Eventually, by using Lemma 5.1, (5.17), and the fact that (g,G) ∈ StBD2(Ω), in the limit η → 0 we derive

lim inf
δ→0

F dis
δ (uδ) ⩾

�
Ω

H(Eg,G) dx+

�
Ω∩Jg

h([g], νg) dHN−1 +

�
Ω

H∞
(
dEcg

d|Ecg|
, 0

)
d|Ecg| = Ilin(g,G).

Here, we have also used that H satis�es the upper bound in (2.31) and that h satis�es the upper bound in
(ψ2) (see Theorem 2.11(i)).

(ii) We �x an arbitrary sequence {δn} with δn → 0 as n→ ∞. By Theorem 2.8 applied on F dis (see again
(2.39)) we �nd a sequence {vm} ⊂ SBD2(Ω) with

vm
∗−⇀
SD

(g,G) as m→ ∞ and lim
m→∞

F dis(vm,Ω) = Ilin(g,G). (5.18)

By a density result in SBD2(Ω), see [27, Theorem 1.1], we can approximate each vm by a sequence vm,k ∈
SBV 2(Ω;RN ) such that each Jvm,k

is closed and included in a �nite union of closed connected pieces of
C1-hypersurfaces, vm,k ∈ C∞(Ω \ Jvm,k

,RN ) ∩W 2,∞(Ω \ Jvm,k
;RN ), and

lim
k→∞

(
∥vm,k − vm∥L1(Ω) + |Evm,k − Evm|(Ω) + ∥Evm,k − Evm∥L2(Ω)

)
= 0.

In particular, by the fact that W is a quadratic form and by the continuity of ψ we get

lim
k→∞

F dis(vm,k,Ω) = F dis(vm,Ω) for all m ∈ N.

By a diagonal argument, we can choose nondecreasing sequences {mn} and {kn} withmn, kn → ∞ as n→ ∞
such that

lim
n→∞

(
∥vmn,kn − vmn

∥L1(Ω) + ∥Evmn,kn − Evmn
∥L2(Ω) +

∣∣F dis(vmn,kn ,Ω)− F dis(vmn
,Ω)
∣∣) = 0, (5.19)

and

∥∇vmn,kn∥L∞(Ω) + ∥∇2vmn,kn∥L∞(Ω) ⩽ δ
−(1−β)/2
n . (5.20)

De�ning un := vmn,kn ∈ SBV 2
2 (Ω;RN ), by (5.18) and (5.19) we get

un
∗−⇀
SD

(g,G) as n→ ∞ and lim
n→∞

F dis(un,Ω) = Ilin(g,G).

To conclude, it su�ces to show that limn→∞ F dis(un,Ω) = limn→∞ F dis
δn

(un). To this end, recalling the
relation yn = id + δnun and comparing (2.34) with (2.39), we need to check that

lim
n→∞

�
Ω

1

δ2n
V (Id + δn∇un) +

1

δ2βn
δ2n|∇2un|2 dx+

1

δβn
δn

�
J∇un

Ψ
(
[∇un], ν∇un

)
dHN−1 = lim

n→∞

�
Ω

W (Eun) dx.

The second and the third term on the left-hand side vanish by (5.20), (ψ3) forΨ, and β < 1. For the �rst term,
we argue as in the proof of [38, Theorem 2.7]: we use the Taylor expansion V (Id+F ) =W (sym(F ))+ω(F )
with |ω(F )| ⩽ C|F |3 for |F | ⩽ 1, and compute by (5.20) (recall that W is a quadratic form)

lim
n→∞

1

δ2n

�
Ω

V (Id + δn∇un) = lim
n→∞

�
Ω

(
W (Eun) +

1

δ2n
ω(δn∇un)

)
dx

= lim
n→∞

�
Ω

W (Eun) dx+ lim
n→∞

�
Ω

O
(
δn|∇un|3

)
= lim
n→∞

�
Ω

W (Eun) dx,

where the last step follows from the fact that β > 1
3 . This concludes the proof. □
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Appendix A. BV and BD fields

We state some approximation results dealing with BV �elds which are used throughout the paper.

Theorem A.1 (Alberti's Theorem [25, Theorem 2.8]). Let d ∈ N and G ∈ L1(Ω;Rd×N ). Then there exist
a function f ∈ SBV (Ω;Rd), a Borel function β : Ω → Rd×N , and a constant CN > 0 depending only on N
such that

Df = GLN + βHN−1 Jf ,

�
Ω∩Jf

|β|dHN−1 ⩽ CN∥G∥L1(Ω).

Lemma A.2 ([25, Lemma 2.9]). Let d ∈ N and u ∈ BV (Ω;Rd). Then there exist piecewise constant
functions ūn ∈ SBV (Ω;Rd) such that ūn → u in L1(Ω;Rd) and

|Du|(Ω) = lim
n→∞

|Dūn|(Ω) = lim
n→∞

�
Ω∩Jūn

|[ūn]| dHN−1.

Theorem A.3 ([54, Theorem 1.2]). Let (g,G) ∈ BV (Ω;RN )×L1(Ω;RN×N ). Then, there exists a sequence

{gn} ⊂ SBV (Ω;RN ) such that gn
∗
⇀ g in BV (Ω;RN ) and ∇gn = G.

We also recall some facts about functions of bounded deformation, referring to [4, 10, 16, 56, 57] for more
details. A function u ∈ L1(Ω;RN ) is said to be of bounded deformation, written u ∈ BD(Ω), if the symmetric
part Eu := Du+DuT

2 of its distributional derivative Du, is a matrix-valued bounded Radon measure. The
space BD(Ω) is a Banach space when endowed with the norm

∥u∥BD(Ω) = ∥u∥L1(Ω) + |Eu|(Ω).
The strict convergence in the space BD(Ω) is the one determined by the distance

d(u, v) := ∥u− v∥L1(Ω) +
∣∣|Eu|(Ω)− |Ev|(Ω)

∣∣ for u, v ∈ BD(Ω).

Hence, a sequence {un} ⊂ BD(Ω) converges to a function u ∈ BD(Ω) with respect to this topology if and
only if un → u in L1(Ω;RN ), Eun

∗
⇀ Eu in the sense of measures, and |Eun|(Ω) → |Eu|(Ω).

Recall that, if un → u in L1(Ω;RN ) and there exists C > 0 such that |Eun|(Ω) ⩽ C for all n ∈ N, then
u ∈ BD(Ω) and

|Eu|(Ω) ⩽ lim inf
n→+∞

|Eun|(Ω).

The following result (see [56], [10, Theorem 2.6], and [22, Lemma 4.15] for the area-strict version) shows
that it is possible to approximate any u ∈ BD(Ω) by a sequence of smooth functions.

Proposition A.4. Let u ∈ BD(Ω). Then, there exists a sequence {uj} ⊂ C∞(Ω;RN ) such that uj converges
to u in L1(Ω;RN ) and

�
Ω
|Eun|dx→ |Eu|(Ω).

By the Lebesgue Decomposition Theorem, Eu can be split into the sum of two mutually singular measures,
namely an absolutely continuous part Eu and a singular part Esu with respect to the Lebesgue measure
LN . More precisely, if u ∈ BD(Ω), then Ju is countably (N − 1)-recti�able, see [4], and the following
decomposition holds

Eu = EuLN⌊Ω+ [u]⊙ νuHN−1⌊Ju + Ecu,

where [u] = u+ − u−, u± are the traces of u on the sides of Ju determined by the unit normal νu to Ju, and
Ecu is the Cantor part of the measure Eu which vanishes on Borel sets B with HN−1(B) < +∞. If Ecu ≡ 0,
we say u ∈ SBD(Ω). The following result holds (cf. [4, Theorem 4.3] and [34, Theorem 2.5]).

Theorem A.5. (Approximate Symmetric Di�erentiability) If u ∈ BD(Ω), then for LN -a.e. x ∈ Ω, there
exists an N ×N matrix ∇u(x) such that

lim
ε→0+

1

εN+1

�
Bε(x)

|u(y)− u(x)−∇u(x)(y − x)|dy = 0, (A.1)

lim
ε→0+

1

εN

�
Bε(x)

|⟨u(y)− u(x)− Eu(x)(y − x), y − x⟩|
|y − x|2

dy = 0, (A.2)

for LN - a.e. x ∈ Ω.

From (A.1) and (A.2) it follows that Eu = ∇u+∇uT

2 . There is a linear and surjective trace operator
tr : BD(Ω) → L1(∂Ω,RN ) which satis�es the following continuity property proved in [6, Lemma 3.4].
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Proposition A.6. Let u ∈ BD(Ω) and {uk} ⊂ BD(Ω) be such that uk → u strictly in BD(Ω). Then,
truk → tru strongly in L1(∂Ω;RN ).

We continue with a version of the approximation result in Theorem 2.1 for SBD-functions.

Theorem A.7. Let (g,G) ∈ StSBDp(Ω). Then, there exists {un} ⊂ SBD(Ω) such that un → g in

L1(Ω;RN ), Eun = G, Eun
∗
⇀ Eg, and |Eun|(Ω) ⩽ C(|Eg|(Ω) + ∥G∥L1(Ω)).

Proof. The proof follows the same arguments as in the SBV case, by applying Alberti's Theorem and a
piecewise constant approximation of L1 �elds. Indeed, de�ne un = g + h− hn, where by Alberti's Theorem
h ∈ SBV (Ω;RN×N ), is such that

∇h = Eh = G− Eg, |Dh|(Ω) ⩽ C∥G∥L1(Ω) + C∥Eg∥L1(Ω). (A.3)

Then, there exists a piecewise constant sequence {hn} with hn → h in L1(Ω;RN ) and |Dhn|(Ω) → |Dh|(Ω).
As Ω is regular, we can extend h outside Ω such that |Dh|(∂Ω) = 0 (see [41, Theorem 2.16]). Clearly,
also |Eh|(∂Ω) = 0. Then, since |Dhn|(Ω) is bounded, we have that |Ehn|(Ω) is also bounded and therefore
Ehn

∗
⇀ Eh. We conclude that

|Eh|(Ω) ⩽ lim inf
n→+∞

|Ehn|(Ω) ⩽ lim sup
n→+∞

|Ehn|(Ω) ⩽ |Eh|(Ω). (A.4)

It is easily seen that un → g strongly in L1(Ω;RN ) and Eun = Eg + Eh = G. Taking into account the
de�nition of un, we have Eun = Eg + Eh − Ehn, thus the weak* convergence is immediately obtained.
Concerning the bound, we have

|Eun|(Ω) ⩽ |Eg|(Ω) + |Eh|(Ω) + |Ehn|(Ω).

Up to the choice of a suitable tail of {un}, this gives the estimate, in view of (A.4) and (A.3). □

The orthogonal projection operator P : BD(Ω) → R belongs to the class considered in the following
Poincaré-Friedrichs type inequality for BD functions (see [4], [43], and [56]).

Theorem A.8. Let Ω be a bounded, connected, open subset of RN , with Lipschitz boundary, and let
R : BD(Ω) → R be a continuous linear map which leaves the elements of R �xed. Then there exists a
constant C(Ω, R) such that�

Ω

|u(x)−R(u)(x)|dx ⩽ C(Ω, R) |Eu|(Ω) for every u ∈ BD(Ω).

Appendix B. Auxiliary statements

Lemma B.1. Let Ω ⊂ RN be open, bounded with Lipschitz boundary. Then, there is a constant CΩ > 0
such that for each set of �nite perimeter E ⊂ Ω it holds that

HN−1(∂∗E) ⩽ CΩ

(
HN−1(∂∗E ∩ Ω) + (LN (E))

N−1
N

)
. (B.1)

The constant CΩ is invariant under rescaling of the domain.

A similar statement in dimension two can be found in [23, Lemma A.2].

Proof. By the splitting ∂∗E = (∂∗E ∩ Ω) ∪ (∂∗E ∩ ∂Ω) we see that we need to show

HN−1(∂∗E ∩ ∂Ω) ⩽ CΩ

(
HN−1(∂∗E ∩ Ω) + (LN (E))

N−1
N

)
.

As ∂Ω is Lipschitz, we can cover it by a �nite number of cuboids D1, . . . , DM such that each ∂Ω ∩Di can
be represented as the graph of a Lipschitz function. Clearly, it su�ces to show

HN−1(∂∗E ∩ ∂Ω ∩Di) ⩽ C
(
HN−1(∂∗E ∩Di) + (LN (E ∩Di))

N−1
N

)
for all i = 1, . . . ,M. (B.2)

Then, (B.1) follows, and the invariance of the constant under rescaling is a consequence of standard rescaling
arguments since both sides are positively (N − 1)-homogeneous.

We �x any Di and write D instead of Di for simplicity. After a transformation it is not restrictive to
assume that D = (−l, l)N−1 × (−h, h) for l, h > 0, and that

∂Ω ∩D = {(z, φ(z)) : z ∈ (−l, l)N−1}, Ω ∩D = {(z, t) : z ∈ (−l, l)N−1, t < φ(z)},
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where φ : (−l, l)N−1 → (−h
2 ,

h
2 ) is a Lipschitz function. We let ωE = {z ∈ (−l, l)N−1 : (z, φ(z)) ∈ ∂∗E} and

let ωfull
E ⊂ ωE be de�ned as the points such that the entire segment {z} × (−h, φ(z)) is contained in E, i.e.,

ωfull
E = {z ∈ (−l, l)N−1 : H1({z} × (−h, φ(z)) \ E) = 0}. By the area formula we get

HN−1(∂∗E ∩ ∂Ω ∩D) ⩽ CHN−1(ωE), (B.3)

where C > 0 only depends on the Lipschitz constant of φ. We note that for HN−1-a.e. z ∈ ωE \ ωfull
E , the

segment {z} × (−h, φ(z)) intersects ∂∗E ∩D, and thus, by the area formula,

HN−1(ωE \ ωfull
E ) ⩽ HN−1(∂∗E ∩D). (B.4)

Moreover, by Fubini's theorem and the fact that D = (−l, l)N−1 × (−h, h), φ ⩾ −h
2 , we get

HN−1(ωfull
E ) ⩽

2

h
LN (E ∩D). (B.5)

Combining (B.3)�(B.5) we get

HN−1(∂∗E ∩ ∂Ω ∩D) ⩽ C
(
HN−1(∂∗E ∩D) + 2

hL
N (E ∩D)

)
.

Eventually, it holds h ⩾ 1
CΩ

LN (Ω)1/N for a constant CΩ > 0 depending on Ω. Thus, 1
h ⩽ CΩ(LN (Ω))−1/N ⩽

CΩ(LN (E ∩D))−1/N . This shows (B.2) and concludes the proof. □

Proposition B.2 (Korn-Poincaré inequality). Let Ω ⊂ RN be open, bounded, connected with Lipschitz
boundary. There exists a constant C > 0 only depending on Ω such that for each u ∈ BV (Ω;RN ) it holds
that

∥u− ū∥L1(Ω) ⩽ C
(
|Eu|(Ω) + |Du(Ω)|

)
,

where ū :=
�
Ω
u(x) dx.

Note that the main point is that on the right-hand side it does not appear the total variation of Du but
just the Frobenius norm of Du(Ω) ∈ RN×N .

Proof. We assume by contradiction that the statement was false, i.e., for each n ∈ N there exists un ∈
BV (Ω;RN ) such that

∥un − un∥L1(Ω) ⩾
1

n

(
|Eun|(Ω) + |Dun(Ω)|

)
, (B.6)

where un :=
�
Ω
un(x) dx. Up to rescaling (not relabeled), we can suppose that ∥un − un∥L1(Ω) = 1 for all

n ∈ N. As ∥un− un∥BD(Ω) is bounded, by compactness in BD (see [56, Chapter 2, Theorem 2.4]) we obtain
u ∈ BD(Ω) with Eu = 0 such that un − un → u in L1(Ω;RN ). In particular, ∥u∥L1(Ω) = 1,

�
Ω
u(x) dx = 0,

and u(x) = Ax+ b for some A = (aij)ij ∈ RN×N
skew and b ∈ RN .

As a special case of the divergence theorem in BV (see e.g. [5, Equation (3.85)]) we get

Dju
i
n(Ω) =

�
∂Ω

uinν
j
Ω dHN−1 for all i, j = 1, . . . , N,

where on the right hand side uin denotes the i-th component of the trace of un on ∂Ω, and νjΩ the j-th
component of the outer unit normal. By (B.6) we get |Dun(Ω)| → 0 as n → ∞. Thus, by the continuity of
the trace in BD with respect to strict convergence, see [6, Proposition 3.4], we deduce

0 =

�
∂Ω

uiνjΩ dHN−1 for all i, j = 1, . . . , N.

As u = A ·+b is a�ne, we can use the divergence theorem once more to �nd

0 =

�
Ω

∂ju
i dx = LN (Ω)aij for all i, j = 1, . . . , N,

i.e., A = 0. Therefore u ≡ b is a constant function. This, however, contradicts ∥u∥L1(Ω) = 1 and
�
Ω
u(x) dx =

0. □
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