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MINIMALITY OF FREE-BOUNDARY AXIAL HYPERPLANES IN HIGH
DIMENSIONAL CIRCULAR CONES VIA CALIBRATION

GIACOMO VIANELLO

ABSTRACT. Consider an (n + 1)-dimensional circular cone. Using a calibration argument, we
prove that if n > 4 and the aperture of the cone is sufficiently large, the intersection of the cone
with an axial hyperplane is area-minimizing with respect to free-boundary variations inside the
cone.

1. INTRODUCTION

Consider a volume v > 0 of liquid inside a container, here identified with a Lipschitz open
set Q C R3. According to Gauss’ formulation, in the absence of gravity, the configuration E
assumed by the liquid minimizes the free-energy functional

P(F;Q) +~P(F;00Q) (1.1)

among all sets F' C 2 such that P(F;Q) < 400 and satisfying the volume constraint |F| = v.
Here, v € [—1,1] is the so-called relative adhesion coefficient between the liquid and 9%, and
P(F;U) stands for the relative perimeter of F' in a Borel set U (see [11,26] for more details).

From a mathematical point of view, given an open set Q C R"*! a well-established internal
regularity theory for minimizers of is available in the literature. In fact, let E be a minimizer
of and indicate by 0*F its reduced boundary. Letting M := 0*E N}, one can show that
M N, that is, the internal portion of M, is formed by the union of a smooth hypersurface and a
singular set ¥ whose Hausdorff dimension dimy 3 does not exceed the critical value n — 7, being
in particular nonempty only when n > 7; see |6] and the references therein.

Much less is known regarding the boundary regularity for minimizers of , that is, the
regularity of the free-boundary interface M N 92. One of the first general regularity results,
which holds for smooth containers Q C R3, is due to Taylor [35], who proved that M N 9 does
not exhibit singularities. This result has been generalized much later by De Philippis and Maggi
in [6] for minimizers of anisotropic capillarity functionals. In the isotropic case, which includes
the energy functional , their result ensures that, if 8Q is C11, then M is the union of a C1:1/2
hypersurface with boundary and a singular set ¥ with the property that dimy (X N0Q) < n—3.
Further improvements on the Hausdorff dimension of ¥ N9JQ have been provided in [4] when ~ is
close to either 0, 1 or —1. See also [32] for stability and rigidity properties of singular capillary
cones arising in the capillarity setting.
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Focusing now on the special case v = 0, corresponding to the relative perimeter in {2, something
stronger regarding the regularity of M NI was proved by Griiter-Jost [15] and Griiter [13}/14] in
the setting of varifolds, under the assumption that 9 is C2. In particular, in [15], the authors
demonstrate that if a varifold M is close to a free-boundary hyperplane in Q, then M is Ch5-
graphical with respect to this hyperplane. Subsequently, in |13|, the author exploits the latter
result to show that, as in the interior case, the Hausdorff dimension of the singular set of the
free-boundary satisfies dimy (X N0N) <n — 7.

The common denominator of the boundary regularity results mentioned above, both for v # 0
and v = 0, is that the container €2 must be smooth. The literature concerning boundary regularity
becomes sparser when one looks for results involving nonsmooth containers 2. In this situation,
the main available studies typically consider specific nonsmooth domains or classes of domains.
This is the case, for example, in the series of works [16-19] by Hildebrandt and Sauvigny, where
the authors perform a thorough study of minimal surfaces in wedges (i.e., three-dimensional
domains obtained as the intersection of two half-spaces); in particular, in |19} p. 73], they prove
a regularity result for free-boundary minimal graphs on a plane orthogonal to the wedge.

The latter result has been recently generalized by Edelen and Li in [8]. In that work, they
prove a boundary regularity theorem in the same spirit as Griiter-Jost [15], holding for a varifold
M under the assumption that €2 is locally polyhedral and that M is close to a horizontal plane
(for instance, if @ = W2 x R"! is a wedge, horizontal planes are those containing W2 x {0}).
In the same work, Edelen and Li also prove that dimy (X N0Q) < n — 2, with a sharper estimate
holding when the dihedral angles of their cone models are nonobtuse; see |8, Theorem 1.2]. In
the setting of their polyhedral domains, the singular set ¥ is defined as the complement of the
points around which the interface M is the graph of a C'1# function over a horizontal plane.

In this paper, we prove that in dimensions n > 4 and for circular cones with sufficiently
large aperture, axial hyperplanes are area-minimizing with respect to free-boundary variations.
This result fits naturally into some very recent contributions by the author in collaboration with
Leonardi [2325]. In the latter, we establish a boundary monotonicity formula that holds for
almost minimizers of the relative perimeter under minimal regularity assumptions on 02, and
we then employ this formula to prove a minimizing-cone property for a blow-up sequence at a
boundary point of Q. In [25|, the authors prove a Vertex-skipping theorem, which states that the
boundary of any almost minimizer of the relative perimeter E in a convex domain  C R3 cannot
contain isolated singularities (say, vertices) of 2. We highlight that, after a dimension-reduction
argument, this result combined with |8, Theorem 1.1] implies the bound dim (X NIN) < n — 3,
improving the estimate given in [8, Theorem 1.2 (1)]. The study of the behavior of E near
a singularity of the container is also relevant from the perspective of free-boundary minimal
surfaces, since the interface M = 9*E N is a free-boundary minimal hypersurface in 2. We
refer to |3| and the references therein for background on free-boundary minimal surfaces.

In this framework, the main result proved here provides a counterexample to the validity of
Vertex-skipping results in higher dimensions. The question of the validity of the Vertex-skipping
for n > 3 was already tackled in [24]. In that work, using a suitable Lipschitz flow of deformations
for a free-boundary surface in a Lipschitz container €2, which in particular allows 99 (including
its singular set) to move, we establish a stability result for axial hyperplanes in circular cones,
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stated as follows. Given an integer n > 2, and for A > 0, consider the circular cone

Oy = {(x,t)ER"‘H : t>)\\/x%+--~—|—x%}.

Note that the opening angle ay € (0, 7) of ) is related with A by A = cot(a/2). Then, if n = 2,
a hyperplane of R3 containing the axis of the cone (up to rotations, z; = 0) is unstable in Q) for
every A > 0. This is in accordance with the aforementioned Vertex-skipping theorem. In partial
contrast, when n > 3, we show that there exists a threshold A*(n) > 0 such that if 0 < A < A*(n),
Le., the circular cone has a sufficiently large opening angle o > a«(y,), the axial hyperplane is
stable in 2y, whereas for A > A\*(n) it is unstable. In this paper, we intend to analyze whether,
for n > 3 and A < A*(n), an axial hyperplane is merely stable or even area-minimizing in ).
We will provide a basically positive answer for n > 4.

We say that a measurable set £ C R"*! has locally finite perimeter provided P(E;U) < +oco
for every U cC R™"*1| see [12,26]. For (x,t) € R""! and » > 0, we denote by B,(z,t) the ball of
radius r centered at (z,t) (with B, := B,(0,0)). Our main result is the following:

Theorem 1.1. For n > 4, consider the threshold parameter
. 1 n-3
An) = - ——,
(n)=5-—
and assume that 0 < X\ < X\(n). Let also
E:={(z,t) e R""™ : 2; > 0}.

Then E is a minimizer of the relative perimeter in Qy, that is, given a locally-finite perimeter
set F'C R"! satisfying EAF CC Bpg, for some R > 0, one has

P(E; QN Bg) < P(F; QN Bg).

We emphasize that the above theorem provides a definitive counterexample to the validity of a
Vertex-skipping theorem such as |25, Theorem 1.1] in higher dimensions, but only when n > 4.
The case n = 3 is a limiting situation where, in view of [24], the portion of hyperplane H) :=
OF N, is stable with respect to free-boundary variations in ), A > A*, but our minimality
result, Theorem does not apply. We also remark that, despite 2) not being a polyhedral
cone, Theorem appears to suggest that the dimensional bound for the singular set of the
free-boundary proved in [8, Theorem 1.2 (1)] cannot be improved beyond the threshold n — 4.
In fact, when n = 4 and A < 1/2v/2, the result above implies that E N 92, = {0}, and so
0 € XNoNy.

The proof of Theorem [I.1] is based on a calibration argument. The calibration method was
originally introduced by Bombieri, De Giorgi, and Giusti in their celebrated work |2| to prove the
minimality of Simon’s cone in R®. Since then, several authors have contributed by proposing new
versions of the original method [5},7.(10,21,29] or by developing various generalizations to different
contexts, such as the Steiner tree problem [27]28,33| and the Mumford-Shah functional [1,30].

Here, the calibration method is adapted to the free-boundary setting in the sense that we
require the calibrating vector field Z to be tangent to 0. This turns out to be crucial for
carrying out the calibration argument, as it allows us to exclude the contribution coming from
the area of (EAF) N 0Q,. We point out that the vector field Z will not be defined in the entire



4 GIACOMO VIANELLO

closed cone 2y, but only outside a 2-dimensional subset of 2. This will force us to perform an
approximation argument to apply the Divergence Theorem on (EAF) N2y, see Section

The existence of the vector field Z will be shown in Section [d] and its construction will be
carried out in two steps. Let Sy := 9y \ {0}, and denote by ey, ..., ey, e; the canonical basis of
R™F1. We begin by calibrating the (n — 1)-dimensional surface S := Hy NSy in Sy; that is, we
build a divergence-free vector field Y, defined on a suitable subset S, of Sy, such that Y| 59 = €1
and |Y| < 1. In a slightly different formulation via differential forms, this was essentially done
by Morgan in [31], using ideas from Lawlor’s PhD thesis [20]. Second, we extend the calibration
obtained in the previous step to (a suitable portion of) ) by vertical projection onto Sy: we
will show that, due to the structure of the metric on Sy, the vector field Z obtained in this way
is, in particular, divergence-free in its domain.

1.1. Organization of the paper. In Section [2] we provide some preliminary notation and facts
concerning differentiable manifolds (especially Riemannian ones) and sets of finite perimeter. In
Section [3] we introduce further notation and perform some basic computations needed in the
subsequent parts of the paper. Then, Section [4]is devoted to the construction of the calibration
Z, whose main properties are collected in Theorem [{.1] Finally, in Section [§] we present the
calibration argument; namely, we show how the existence of the vector field Z from Theorem
can be used to demonstrate Theorem [L.1]

2. PRELIMINARY NOTIONS AND BASIC NOTATION

2.1. Manifolds and k-forms. Given a n-dimensional manifold M, we denote by T'M, T* M the
tangent and cotangent bundles of M respectively. For any k > 1, we define the bundle /\k M
as the disjoint union of the vector spaces A\"(T,M)* (and we observe that \'T*M = T*M).
When k = 0, we identify /\0 T*M with C*°(M). A function w : M — /\k T* M with the property
that w(p) € A¥(T,M)*, for all p € M, is called k-form. Given a local chart ¢ = (z1,...,x,) for
M, we denote by 0; and dx;, for 1 < i < n, the local frames induced by ¢ on TM and T*M
respectively. We introduce the following multilinear algebra notation: given a basis u1,...,u,
of a n-dimensional vector space V' and a multi-index o = (g, ..., ) € Nfwithl <oy <---<
ap < n, we set

Ug = Ugq N N Uqy -
Moreover, fixing 1 < i < j < k, we define
ug = Uq, /\.../\uaii1 /\’UJO(Z.+1 /\/\Uak
Ug? = Uy N ANy AUy N ANay_y ANy N Ay,
Any k-form can be then represented by

w= E Wa dTq,

a=(aq,...,a;)ENF
1<ay <--<ap<n

for suitable scalar functions w, : M — R. We indicate by X(M), A¥(M) the space of the vector
fields on M and the space of the k-forms on M, respectively.
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2.2. Riemannian manifolds. Let ()M, g) be a Riemannian manifold. Given two vectors v,w €
TpM, we set (v, w)g := gp(v,w), |v|g := \/gp(v,v), with the convention that, if the subscript g
is omitted, we are referring to the Euclidean scalar product. The metric g can be expressed in
terms of the local frame for T'M, by introducing the R-valued functions

9i.5(p) == (0i(p), 0;(P)) g , for 1 <i,j <n.

With a little abuse, we denote by g the symmetric, positive-definite matrix g = (i ;)1<ij<n.
while we indicate by § = (§ij)1<ij<n the inverse of g. The metric g on M can be extended to

/\k T*M, for all k > 1. When k =1, we set
(dxi,dxj)g = Gij, for 1 <4,5 <nmn,
and, when k > 2, given two multi-indices o = (avy, ..., ), 8 = (b1, ..., Br) € N¥ we define
(dza,drg)g = det((da;, drp;)g)1<ij<k

N 2.2
= det(Ga,,8,)1<i,j<k- (22)

These definitions can be then extended to /\k T*M by multi-linearity. By employing the metric
structure of a Riemannian manifold, one can establish an identification between the tangent and
the cotangent bundles. In local coordinates, this identification acts as follows: given a vector
field X = >""" | X;0; € TM one can consider the 1-form X > defined by

n
Xb = Z gz',in d.ﬂ?j;

1,j=1

conversely, given a 1-form w = )" | w; dx; € T*M, one defines the vector field

n
W = E Gij w; 0j .
ij=1

Note that | X[, = | X, |w#|, = |w|g, and also X°# = X, w#® = w.

Let now M and N be Riemannian manifolds and consider a diffeomorphism F' : M — N.
Given a vector field X € X(M), the push-forward of X with respect to F' is a vector field on N
defined by

F.X(q) = dFp-1)(X(F(q))), for all g € N.

We denote by div™ X the divergence of a vector field X on a Riemannian manifold M, and we
omit the superscript M when referring to the Euclidean divergence. One can easily verify that,
if F'is an isometry,

divN F. X (q) = divM X (F~Y(q)), for every g € N. (2.3)

We conclude by stating the following formula for the divergence on M: if X is expressed in local
coordinates by X = >"" | X;0;, we have

. IR
divM X = Weoor z; ) («/dethi) , (2.4)

where det g is the determinant of the matrix g = (g;j)1<i j<n introduced above.




6 GIACOMO VIANELLO

2.3. The Hodge-*x operator. Consider an oriented Riemannian manifold (M, g) and denote
by v its volume form (in local coordinates, v = \/detgdzy A --+ A dxy,). For any k € N, the
Hodge-+ operator is a linear isometry x : /\k "M — /\n_k T*M which is uniquely defined by
the condition

wA (x) = (w,¥) g, for all k-forms w and 1. (2.5)

It can be shown that * o + = %2 coincides with the multiplication by (—1)¥"=*) and that
*v = 1. In particular, when k£ = n — 1, the operator % allows to associate to every (n — 1)-form
w € A" M) a 1-form xw € A (M). Given a vector field X € X(M), denote by ixv € A" "1 (M)
the contraction between X and the volume form v. We have the following technical Lemma
(see |22, p. 52]).

Lemma 2.1. Let X € X(M). The following identities hold:

(i) xX° =ixv;

(ii) *d(ixv) = divM X.
2.4. Locally finite perimeter sets under set operations. Given a measurable set £ C R"t!
and s € [0, 1], we define

EnNBy(x,t
E® = {(z,t) e R" : lim [EN Byl 1)) =s.
p—0F ’BP(ZL‘,t”
If E is a locally finite perimeter set, we indicate by 0*F its reduced boundary and by vg the
inner unit normal to its reduced boundary [26]. Assume now that E and F have locally finite
perimeter. We denote by Q(E, F)* the set
Q(E,F)* .= {(x,t) € *ENJ'F : vp(x,t) = +vp(x,t)}.

It is well known that also ENF and E'\ F have locally finite perimeter and, up to H"-negligible
sets, one has (see |26, Theorem 16.3|)

P (ENF) = (F(1> N a*E) U (E<1> N a*F) UQ(E, F)* (2.6)
9" (E\ F) = (F<°> N a*E) U (E<1> N a*F) UQ(E,F)~, (2.7)
and
VENF = VE L F(l) +vpl E(l) +vgl Q(E,F)+ (28)
Vp\F = VEL F(O)—l/Fl_ E(1)+UEL QE,F)". (2.9)

3. FURTHER NOTATION AND PRELIMINARY COMPUTATIONS

Let n > 2 be an integer number. For 2/ € R"™! we set = = (z1,2’), and

ro= | =[ai 4+ a2 and p::]x|:\/m.

With this notation, the definition of €2y given in the Introduction becomes
Q) = {(z,t) e R"™L . ¢t > Ap}.
We recall that Sy = 992, \ {0} and we consider the following subsets of 2 and Sy, respectively:
Ni={(z,t) € Qy 2’ £0} and Sy = {(z,t) € S\ : ' #0}.
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In other words, ) (resp. S%) coincides with Q (resp. Sy) minus the 2-plane 2/ = 0. We observe
that the hypersurface Sy endowed with the Euclidean metric is a smooth Riemannian manifold.
We consider the Riemannian manifold M := R™ \ {0} equipped with the metric

Gij(®) == 0; 5 + N2 T fj, forz € M and 1 <i,j <n. (3.1)
p
A direct computation yields the expression of the metric on the cotangent bundle
N Nz .
gi,j(x)zém«—m7, forz e M and 1 <i,j <n.

One can immediately check that Z : M — Sy, Z(x) := (z, A|z|), establishes an isometry between
Sy and M. Moreover, Z restricts to an isometry between M? := {z € M : x; = 0} and
Sg := S\ N Hy. Consider the multi-index o = (2,...,n). Recalling notation , we introduce
the (n — 2)-form vy € A" 2(M) defined by

VI+ A2 & , ,
nijl Z (—=1)" x; dx?,, for z € M. (3.2)

=2

Yo(x) ==

Additionally, denoting by M’ :={x € M : 2’ # 0}, we let
0 := arctan(zy/r) € (—7/2,7/2), for z € M. (3.3)
In the following technical result we gather some useful identities.

Lemma 3.1. The following identities hold:

det g =1+ A2 (3.4)
1
ldplg = W |df|y = ; (dp,df), = 0. (3.5)
T am—
|¢0|g = n—1 L+ A2 (3.6)

Proof. Fix x € M, and, for 1 <i < n, let
0;=¢e;+ A e where A=A % .
x

Standard properties of the determinant guarantee that detg = |09y A --- A 0,|%. Define the
multi-index 5 = (1,...,n —1). We have
n—1 A A
OLN---NOp=egNe,+Apeg Neg+ Z(—l)”_l_’Ai e/’g Aes N ey, (3.7)
i=1

Now the wedge products appearing in (3.7) are orthonormal each other, hence

n
1A ANO P =14 AT =1+,
=1

and this proves (3.4).



8 GIACOMO VIANELLO

Let us now show the validity of (3.5). We start observing that, by the definitions of p and 6,
"z 1
dp = Z = dx; and df = —2 (7" dry — — E T d:z:l) . (3.8)
p

=1

Hence we have

ij=1
1 n n
= — 2—
> (57) (54
1
1+
1
|d€|3:—4 2|dm1|2—2xlzajz dz;, dxy)g Z xix; (dx; , dzj)g
P =2 i,j=2
1 (5 A g2 N2 gqa? 2 A2 g2
— 1— -~ 71 2 AT el 1~ T
o (T ( Trap2) " “;HA? 2 T 1+ 222
Lo, o
=—(r+x
L)
J— 1.
p?’
1 "y T o
1
<dp,d«9>g:p2< 1dxz,rdm1—r2xidwl>
=1 1=2 g
1 r 2\ — -
=5 |-= ]da:llg + < - 1) Zazz (dxy, dxi)g — -1 Z ziz; (dz; , dzj)g
P "= "Pii=e
1-]
_ i.’L'l 1 )\2 lj )\2 i_ﬁ lemz_ﬁ )\2 7"2
p L+Xp) 1+X\p rp) = p*  p 14 A2 p?
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Ultimately, we prove (3.6). We have
Yol = (Yo, 0)g

= (ilt)l\)Z <Z(—1)Zmi dx,, Z(—l)] xj dxfl>

i—2 =2 (3.9)

g

14+ 2 & i+j i j
- (71_1)2;::2(—1) Ty (day, , dal)g.
Denote by g; the (n—1) x (n—1) submatrix of § obtained by cancelling the first row and the first

column of §g. By the definition of the metric on /\k T*M given in (2.2)) (in this case k = n — 2)
and the properties of the adjugate matrix (see [34, p. 73]), we have

(dzl,,dal), = (—1)" (g7 )i det(g). (3.10)

A mere computation yields
)\2

-1 f— .. . .
(91 )i = i+ m Zi Ty, (3.11)
The same calculation performed above to compute det g guarantees also that
1 1 A?r?
det(g1)” " =det(g; ) =14+ ———. 3.12
(gl) (gl ) pg T A2 .Z'% ( )

Consequently, inserting (3.12)) and (3.11) inside (3.10)), by (3.9)), we infer that

142 x2 22\
2 _ § o G -
‘¢0|g = 1 QS'Z{EJ <51’]+ p2—|—)\2"]§‘% l‘zfﬂj ].+ p2—}—)\2$%

i,j=2
1 2
= + )\ ’]"2’
n—1
that is precisely ((3.6]). O

4. CONSTRUCTION OF THE CALIBRATION

The main result of this section is the following Theorem.

Theorem 4.1. For n > 4, consider the threshold \(n) defined in (1.2). Then, if 0 < X < \(n),
there exists a vector field Z : Q) U S, — R"™! such that:

(i) Z(x,t) = Z (x, Nxl|), for all (z,t) € Q) US,;
(i) |Z(z,t)| <1, for all (x,t) € Q) USY;
(iil) Z(x,t) = e1, for all (z,t) € HyN () USY);
(iv) Z(z,t) € Tz Sy, for all (z,t) € SY;

(v) Z is smooth and divZ =0 in §,.

A key passage for the proof of Theorem is the construction of a calibration for the (n—1)-
dimensional surface 5’2 inside Sy. This is the subject of the next result.
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Theorem 4.2. Forn > 4, let 0 < X\ < A(n). Then there exists a vector field Y € X(S})
satisfying the following conditions:

(i) [Y(p)| <1, forallp € S5;
(ii) Y(p) = e1, for allp € SY;
(iti) Y is smooth and div*Y = 0 on S.

The proof of Theorem can be in part found in [31]. For the sake of clarity, we provide a
complete proof here.

Proof. Let « be the multi-index (2,...,n), and consider the (n — 1)-form wy = V1 4+ A2 dx,. A
direct computation shows that, in M’,

n
wo = dipg =
,
where 1) is as in (3.2)). Additionally, set u := x1/r. Given a differentiable function h, we define
Y (z) == h(u) Yo(x) and wp () = dipp(x), for x € M'.
By the properties of the exterior derivative, we have

wp = dh Ny + hwy, (4.2)

1d7”/\¢0, (4.1)

where

h'(w)

r

Putting together (4.2)), (4.3)) and using (4.1), we infer that

wi(z) = (h’ff”) dxy — % K (u) dr> Ao (z) + () wo(z)

- [ ! (hliu) dzi — % K (u) dr> + R(u) dr] A (n;l ¢o(x)) (4.4)

n—1

- [(h(u) - (”J’l)rh’(m) dr + h/(“i dxl] A (” == wo(x)> .

n—1 n — r

dh =

1 4y
dri — —<h dr. 4.3
v = 2 () dr (43)

Step 1. We look for a continuously differentiable function h : R — R such that:
h(0) =1, R'(0) =0 and lwp(z)]g <1 for all z € M. (4.5)

Applying the Cauchy-Schwartz inequality for wedge products (see |9, pag. 32|, and note that
1-forms are always simple), by (4.4), we obtain

T n—1

B (u)
< h(u) — ———h d d .
oty < | (400 = G250 Y e+ | Pt
Thanks to (3.6)), to have |wp|g < 1, it suffices to impose
x1 , B (u) 2 1
h(u) — ————h d d < . 4.
‘((u) (n—1)r (u)) T+n— xlg_l—i—)\Z (46)

We now observe that, taking 6 € (—7/2,7/2) as in (3.3]), one has

u = tané, x1 = psiné and r = pcosb.
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The identities (3.5) permit us to rewrite (4.6)) in the following way:

, 2
h(w)? + (1+ A2) Wuh(u) <1+l (4.7)

Thus we are reduced to find a solution h to the Cauchy problem for the differential inequality
(4.7) with initial conditions h(0) =1, h’'(0) = 0. In order to solve (4.7), we apply the ansatz

_ cos(f(arctanw))  cos(3(0))
hlu) = cos(arctanu)  cosf

where 8 : (—7/2,7/2) — (—n/2,7/2) is a continuously differentiable function with 3(0) = 0.

By this approach, h(0) = 1. Moreover, we have

—sin(3(0))5'(0) cos O + cos(5(0)) sin O
(14 u?) cos?(0) ’

and then, in particular, '(0) = 0. We can now rewrite the differential inequality (4.7) in terms

of # and 0. Thanks to (4.8)), we have

(1 4+ u?) b/ (u) - sin(3(0))8'(0) cos O + cos(5(6)) sin 6 cos(5(0))
n—1 —uh(u) = (n—1)cos?(0) — tan(6) cos @

B (u) =

(4.8)

1 .. .sin(5(0)) tanf sin(B(6)) tanf  sin(5(6))
n—1<_ﬁ(9) cos @ +tan(ﬁ(9)) cos @ >_tan(ﬁ(9)) cos @

sin(8(0)) (_p'9)  2—n tand
~ cosd <_n— 1 + n— 1tan(,6’(9))> '

Thus, by the definition of h and the identity cos™2(f) = 1 + u?, ([4.7) becomes

tan 6 < n—1
tan(8(0))| ~ v1+ A2

We want to find a solution § to the above differential inequality with initial condition 5(0) = 0.
We claim that such a solution can be found among the functions g, : (=7 /2,7/2) = (—7/2,7/2)
defined by

B'(0) +(n—2)

for 0 € (—m/2,7/2). (4.9)

B-(0) = sgn(0) arccos (cos'7(0)) for v > 0,
i.e., that there exists v > 0 such that (3, satisfies (4.9) and 3,(0) = 0. Note that, for any v > 0,
B+(0) = 0. Let us rewrite (4.9) for 8,. We observe that 3, is differentiable, and
14 7)cos? @ sin6
8, (6) = sen(0) L2 .
V1 — cos2(1+7)(9)

Moreover, we have
1 _ cos(3(9)) _ sgn () cos!T7(0)
tan(3,(0)) sgn(ﬁy(ﬁ))\/l — cos?(,(0)) \/1 — cos2(1+7)(9)

and consequently,

)

tan 6

tan 6 ‘

‘ = (0= 1) |, @)
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Hence, for this family of functions 3,(0), (4.9)) transforms into

2 2
t 6
(1 + L) tan® 6 < w . forOe(—m/2,7/2). (4.10)
Let us set z := cos™2(f). In this way, cos™2(3,(0)) = 27, and condition (4.10) becomes
2 I+ _

¥ 1 =z 1
1+——] < f > 1. 4.11
<+n1> STy o1 0 rEE (4.11)

Let w(z) := (27 —1)/(z—1). For z > 1, w is monotonically increasing, hence it suffices to test
condition (4.11)) only as z — 1*. Since lim,_,;+ w(z) = 1 + 7, we get the condition

2
<1+ 7 ) 1+ . (4.12)

n—1) 1+ =
In particular, (4.12)) implies (4.11). We now observe that the function on the LHS of (4.12) has

a global minimizer in

_ n—1

y:=(Mm-1) <2(1+)\2)—1>.
Let v =74. If is satisfied, by construction, the function 8 = 3, solves (4.9)) and 3(0) = 0.
A mere computation gives that holds for v = 4 if and only if
1 n-3
T 2yn—2’
and this concludes the proof of Step 1. In particular, when (4.13)) is fulfilled, the function h for
which holds true is given by

n >4 and 0< A< A(n) (4.13)

-1
h(u) = cos” (arctan u), where v=(n-1) (2(24_)\2) _ 1> ‘

Notice that h is smooth, and so wy € A" 71(M) is smooth.
Step 2. For x € M’, define

X=(-1)" (xwp)® €X(M') and Y =TI.X € X(S}).
We now show that Y satisfies (i), (ii) and (iii). By construction, |wy|, < 1, and since * and Z
are isometries, we trivially infer that |Y(p)| < 1, for all p € S}, that is (i). Moreover, by (4.5)
and (4.4), since u = 0 as x; = 0 , we have wy, = wo = V1 + A\2dxa A --- Adz, on MY, It is easy
to check that, by (2.5) (note that v = \/detgdxy A -+ Adx, = V1+ A2dxy A--- ANdxy), the

following equality holds
* (\/ T+ XNdxagA--- A dxn> = (-1)"e},

hence X (z) = ey, for every x € M°. By the definition of Z, we have Y (p) = ey, for all p € S9,
that is precisely (ii). Finally, let us prove (iii). The smoothness of ¥ immediately follows from
that of wy,. Now, by (i) of Lemma *X” = ixv, hence we have

XV = (—1)n_1 *2 Wh = Wh-
By (ii) of Lemma [2.1] and the definition of wy,, we deduce that

divM X = xdwy, = xddipy, = 0,
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and then (iii) immediately follows from (2.3)). O

Let us now proceed with the proof of Theorem The idea is to extend the vector field Y of
Theoremto Q) by vertically projecting onto S}. This operation will produce a divergence-free
vector field in ).

Proof (of Theorem . Consider the vector field
Z(z,t) ==Y (x,Nzl]).

Since Y is defined on S}, it is clear that Z is defined in ). By construction, (i) of Theorem
holds, while the statements (ii), (iii), (iv) immediately follow from the properties of Y. It
remains to demonstrate (v). For sure, Z is smooth because Y is. We need to show that div Z = 0
in ). Consider the (non-orthonormal) frame 01, ..., 0y, d; for TS, defined by

Oi(x,t) = 0;(x) :62-4—)\&615 for1<i<n and O = €.

||
In addition, let § the matrix whose entries are the scalar products (9;, 9;), (9;, 0y), for 1 <i,j < n.
By (3.7), the determinant of § satisfies

det G =101 A--- A Aegl?

:|el/\-~/\en/\et]2
:]_7

and, in particular, is constant. Represent now Y and Z in coordinates with respect to d1,...,0,
and 01, ..., 0y, Oy respectively. Then, for suitable Y; € C*(S%), Z;, Z; € C*(Q}),
Y (x, Nz|) Zy (z, \z)&;(z)  and ZZ (2,0)0i(x) + Zi(2, )0,

for all x € R™ and ¢ > A|z|. By construction, we have
Zi(z,t) = Yi(z,A\|z|]) forany 1<i<mn and Zy = 0.
Consequently, since by (3.4 m also det g = 1 + A\? is constant, ([2.4]) ensures that

div Z(x, t) Z@ Zi(z,t) Z@iYi(az,)\]azD = divh Y (z, Nz|) =
This closes the proof. O

5. MINIMALITY OF F

In this section, we demonstrate Theorem The idea is to apply the Divergence Theorem
to the vector field Z in the intersection between EAF and a sequence of sets invading Q) C Q.
Subsequently, since Z is tangent to S, by an approximation argument, we will be able to infer
the minimality condition of Theorem

Proof (of Theorem , Up to rescaling, we can assume R = 1. For € > 0, let
A= {(z,t) e R™ |2/ <} and Q5 :=Qy\ A°.
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We observe that, for every e > 0, Q5 C Q). When 0 < X < A(n), we can consider the vector
field Z : Q) — R"*! of Theorem H By the Divergence Theorem (see |26]) and since Z is
divergence-free, we have

o[ awz-| (2. Vo ) A1, (5.1
(F\E)NQS O*((F\E)NQ3)
Owing to ([2.6)), there holds
O((F\ E)195) = (950 9"(F\ B) U ((F\ )V 1095 UQ (P B.95)" .
and this in combination with (5.1)) and (2.8]) ensures that

0= / div Z = / (Z,vp\g) dH" '+
(F\E)NQs, Q5N9*(F\E)

o

(F\E)1Dnaa5 ) UQ(F\E,05)"
=(I)+ (11).

By (2.7), because Z = e; = vg on 0*E N Q) = H), one has

(I) :/ (Z, vp) dH”—l—/ (Z, vE) d%”—l—/ (Z,vg) dH"!
QSNEONo*F QSNFMNO*E Q5 NQEF)~

< P(F;E9NQ5) — P(E; FYNQS)
= P(F;E°NQ5) — P(E; FYNO3).

(Z,vas) dH"! (5:2)

(5.3)

Let us now estimate (I7). Because EAF CC By, clearly *(F \ E) C B and (F\ E)Y C By.
Thus, by applying (2.7)) to Q5 = Q) \ A° and (2.9) to its normal, we have

1) < 7. voe
( >|_/Bm§\< vor )

g/ (Z, va,) d?—[”1+/ (Z, vge)| dH L
B1NAENON B1NQ\NOAE

Now, since Z is tangent to S4, the first integral on the right hand side of (5.4) vanishes. This
implies that

dHn_l

(5.4)

|(I1)| < H"Y(By NOA®) = C(n)e" 2.
This in combination with (5.2]) and (5.3)) yields
PE;FYNQOS) < P(F;ECNQ5) + C(n)e™ 2. (5.5)
By applying the Divergence Theorem in (E \ F) N Q5 and arguing very similarly as above, we

also obtain
P(E;FONQ5) < P(F; EYNQ5) + C(n) e 2
=P

(F; ENQS) +C(n)e" 2 >0
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Summing up and , noticing that
P(E;FV\B))=PE;FO\B))=0 and P(F;E\B;)=P(F;E°\ B;) =0,
we deduce that
PE;(FOUFMYNQ5NB) < P(F;(ECUE)NQ5 N By +C(n)e" 2.
By applying Federer’s Theorem |26, Theorem 16.2|, we then get
P(E; Q5N By) < P(F;950 By) + C(n)e" 2.
Finally, passing to the limit as ¢ — 07 in the relation above, we obtain that
P(E;Q\NBy) < P(F;Q\N By),

and we conclude. |
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