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Abstract. In this paper, we first investigate quasi-entropy solutions to scalar
conservation laws in several space dimensions. In this setting, we introduce a
suitable Lagrangian representation for such solutions. Next, we prove that, in one
space dimension and for fluxes f satisfying a general non-degeneracy condition,
the entropy dissipation measures of quasi-entropy solutions are concentrated on
a 1-rectifiable set. The same result is obtained for the isentropic Euler system
with γ = 3, for which we also slightly improve the available fractional regularity
by exploiting the sign of the kinetic measures.

1. Introduction

Consider a scalar conservation law

∂tu+ divxf(u) = 0, in (0, T )× Rd (1.1)

where f : R → Rd is a C2 function. In this paper we study quasi-entropy solutions
of (1.1). These are functions u ∈ L∞((0, T )× Rd) such that the distribution µη :=
ηt(u) + qx(u) is a locally finite measure for every entropy-entropy flux (η, q), i.e. a
pair of C2 smooth functions such that q′ = f ′η′. In general, if u is a quasi-entropy
solution to (1.1), it satisfies the balance law of the form

∂tu+ divxf(u) = m, in (0, T )× Rd. (1.2)

where m ∈ M ([0, T ]× Rd), the source, is a locally finite measure. It is well known
that weak solutions of (1.1) are not unique, and that the well posedness is restored
only in the smaller class of entropy solutions. These last are weak solutions to (1.1)
that in addition dissipates every convex entropy:

µη
.
= ∂tη(u) + divxq(u) ≤ 0, in D ′. (1.3)

where here η (the entropy) is any scalar convex function. Since [19] it is known
that the Cauchy problem associated to (1.1) is well posed in the class of entropy
solutions.

In the fundamental paper [23] the authors prove that entropy solutions of (1.1)
satisfy a kinetic formulation, where the collision term, which encodes the entropy
production (1.3), takes the form of a derivative of a nonnegative finite measure:

∂tχ+ f ′(v) · ∇xχ = ∂vµ, χ(t, x, v) = 10<v≤u(t,x) − 1u(t,x)≤v<0. (1.4)

Although entropy solutions provide a satisfactory mathematical theory for (1.1),
more general concepts of solution are studied in the literature, in particular the class
of finite entropy solutions (or, solutions with finite entropy production) appears in
many physical models: these are quasi-entropy solutions for which, in addition, m =
0 in (1.2). Being a finite entropy solution corresponds, from the kinetic formulation
point of view, to allowing finite measures µ (without sign) in the right hand side of
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(1.4). For quasi-entropy solutions, an additional source term µ0 ∈ M ([0, T ]×Rd×R)
must be added:

∂tχ+ f ′(v) · ∇xχ = ∂vµ1 + µ0 (1.5)

Finite entropy solutions (therefore, quasi-entropy solutions satisfying (1.5) with
µ0 = 0) arise for example in the study of large deviations for scalar conservation
laws [6], [24] and in the study of the Γ-convergence problem of the Aviles-Giga
functional, see e.g. [26] and the references therein. Moreover, finite entropy solutions
find applications in the theory of diffusive-dispersive approximations to conservation
laws and more generally whenever non-classical shock waves are present, see [21] and
the references therein. In [20] it is proved that diffusive dispersive approximations
to conservation laws with general flux functions converge to finite entropy solutions,
where µ1 is a general locally finite measure. It is expected that the results of this
paper will be useful in the study of these solutions. More importantly for our present
purposes, as it shown in Proposition 6.3 later in this paper, the Riemann invariants
of an entropy solution of the Euler system with γ = 3

∂tρ+ ∂x(ρu) = 0,

∂t(ρu) + ∂x(ρu
2 + ρ3/3) = 0

(1.6)

are quasi-entropy solutions to the Burgers equation

∂tu+ ∂x

(
u2

2

)
= 0 (1.7)

if ρ is bounded away from zero. This explains the need for a source term µ0 in (1.5).
The system has been studied in the literature by various authors, see for example
[17, 22, 34, 36]. In [2] it is conjectured that systems of conservation laws might
share some of their regularity properties with scalar balance laws. In this direction,
in [4] it is proved that entropy solutions to 2 × 2 systems satisfy a pair of kinetic
equations with source terms, and it is proved that points outside the jump set are
of vanishing mean oscillation. Moreover, in [33], these tools are further exploited to
obtain strong time regularity and a decay result for entropy solutions.

In one space dimension, starting from the work of Olĕınik [30], various authors
studied the regularizing effect induced by the interaction of the nonlinearity of the
flux with the entropy condition (1.3). Typically, the nonlinearity of the flux forces
characteristic lines to intersect; together with the entropy condition this produces
the desired regularizing effect. For example, for entropic solutions u to Burgers
equation, the one-sided Lipschitz estimate

∂xu(t, ·) ≤
1

t
, in D ′

induces a regularizing effect L∞ to BV . See also [3, 5, 8, 10, 22, 23, 29] for various
results on the regularizing effect of nonlinearity in conservation law. Therefore,
from Vol’pert chain rule for BV functions [37], it follows that the measures µη
are concentrated on the 1-rectifiable jump set of u. It has been a long standing
problem to understand whether or not this concentration property holds for general
fluxes and entropy solutions in one space dimension. In one space dimension, a
first result [14] solves the problem for entropy solutions with C2 fluxes for which
{u|f ′′(u) = 0} is locally finite, and only in a recent work [8] the authors prove
the same concentration property for entropy solutions with general smooth fluxes.
The result of [8] is achieved by using in a crucial way a Lagrangian representation
for solutions of (1.1), which is an extension of the method of characteristics in the
non-smooth setting.
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In [27] it is proved that the concentration property remains valid for finite entropy
solutions to one dimensional Burgers equation. The result is also achieved by using
a Lagrangian representation, but a different one: one can think of it as representing
characteristics at the level of the kinetic formulation (1.4), rather then at the level of
(1.1). This kind of representation was introduced for the first time in [7] for entropic
(multi-d) solutions of (1.1) and in [25] for finite entropy solutions.

In the multidimensional case, using techniques coming from geometric measure
theory, in [13] a partial rectifiability result for the entropy dissipation is proved. In
particular, letting ν(t, x) be the (t, x)-marginal of the measure |µ|, with µ as in (1.4),
they prove that the set J ⊂ (0, T )× Rd of points (t, x) of positive H d density of ν
is d-rectifiable. However, the question of whether ν is concentrated on the jump set
J remains open.

1.1. Results and plan of the paper. The paper is organized as follows.
In Section 2 we discuss the equivalence between the notion of quasi-entropy solu-

tion and the kinetic formulation (1.5). The results of this section are quite standard,
see for example [13].

In Section 3 we discuss a further equivalence, the one between quasi-entropy
solutions and solutions which satisfy a Lagrangian representation, in the spirit of
[7, 25]. The main theorem, Theorem 3.2, relies on a theorem of Smirnov [32] (see
Theorem 3.12) and we prove the existence of the Lagrangian representation via a
measure-theoretic reparametrization argument. In this way we can also show some
additional properties of the Lagrangian representation (Theorem 3.14).

In Section 4 we study the structure of the dissipation measures for scalar conser-
vation laws in one space dimension, satisfying a general non-degeneracy condition on
the flux f , Definition 4.1. In Theorem 4.5, which is the main Theorem of this section,
we show that the entropy dissipation measure (which is the pushforward measure
(pt,x)♯|µ1| of |µ1| by the canonical projection in the t,x variables) is concentrated on
a 1-rectifiable set. The arguments are inspired by [27], [28].

In Section 5, Theorem 5.2, we prove a regularity result for quasi entropy solutions
to the Burgers equation when the measure µ1 in (1.5) has a positive sign. The
argument relies on the Lagrangian representation of Section 3, and exploits the sign
of the kinetic measure µ1, slightly improving the fractional regularity available in
the literature [16] in terms of Besov spaces.

Finally, in Section 6 we show that the all the above results can be applied to
entropy solution away from vacuum of the Euler system with γ = 3.

2. Kinetic Formulation of quasi-entropy solutions

We start by giving the definition of quasi-entropy solution. Here we consider a
C2 flux function f : R → Rd and an open set Ω ⊂ Rd+1. Most of the times we will
take Ω = (0, T )× R for some T > 0.

Definition 2.1. We say that u ∈ L∞(Ω;R) is a quasi-entropy solution with flux f
if for every entropy-entropy flux pair (η, q), with η ∈ C2(R), there exists a locally
finite measure µη ∈ M (Ω) such that

∂tη(u) + divx q(u) = µη in D ′
t,x(Ω). (2.1)

Since in particular the pair (η0, q0) defined by η0(u) = u, q0(u) = f(u) is an
entropy-entropy flux pair, if u is a quasi-entropy solution we find that u solves (1.2)
with m = µη0 .

Remark 2.2. The more classical concept of entropy solution to the conservation law

∂tu+ divx f(u) = 0
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can be obtained by requiring, in addition, that µη0 = 0 and that for every convex
entropy η, the corresponding entropy measure µη is nonpositive.

In [23], Lions, Perthame and Tadmor characterize entropy solutions via a kinetic
formulation. Here we use a slightly different formulation, that immediately follows
from the one of [13], which is adapted for quasi-entropy solutions. We write its proof
for completeness.

Proposition 2.3. A function u ∈ L∞(Ω;R) is a quasi-entropy solution in the sense
of Definition 2.1 if and only if, there exist locally finite measures µ0, µ1 ∈ M (Ω×R)
with suppµi ⊂ Ω× [inf u, supu], such that

∂tχ+ f ′(v) · ∇xχ = ∂vµ1 + µ0 in D ′(Ω× R) (2.2)

where

χ(t, x, v) =

{
1 if v ≤ u(t, x),

0 otherwise.
(2.3)

Remark 2.4. Clearly the measures µ0, µ1 such that (2.2) holds are not unique. It is
possible to choose the measures µ1, µ0 such that their support is contained in the
topological boundary of the hypograph of u:

suppµi ⊂ ∂ hypu i = 0, 1,

where

hyp(u) =
{
(t, x, v) ∈ Ω× R | v ≤ u(t, x)

}
.

However, later on we will need to make a finer choice on the measures µ0, µ1, that
in particular implies the above condition.

Proof. We first show that if u satisfies (2.2), then u is a quasi-entropy solution. Let
(η, q) be any entropy-entropy flux pair. Let U ⋐ Ω (compactly contained in Ω) and
for every test function ϕ ∈ C∞

c (Ω), with suppϕ ⊂ U , we can compute, omitting the
variables (t, x),∫
Ω
ϕt η(u) +∇xϕ · q(u) dx dt =

∫
Ω

∫
R
χ(v)

(
ϕtη

′(v) +∇xϕ η
′(v) f ′(v)

)
dv dx dt

= −
∫
Ω

∫
R
ϕ η′ dµ0(t, x, v) +

∫
Ω

∫
R
ϕ η′′ dµ1(t, x, v) dx dt.

In particular, letting CU = ∥µ0∥M (U) + ∥µ1∥M (U) and defining the distribution

Tη
.
= ∂tη(u) +∇xq(u)

we obtain the bound

⟨Tη, ϕ⟩ ≤ CU ∥ϕ∥C0 ∥η′∥C1 ∀ ϕ ∈ C∞
c (Ω) with suppϕ ⊂ U. (2.4)

By Riesz theorem, Tη can be identified with a locally finite measure.
Conversely, assume that u is a quasi entropy solution as in Definition 2.1. Define

a distribution T ∈ D ′(Ω× R) by

⟨T, ϕ ϱ⟩ .=
∫
Ω
ϕtηϱ(u) + ∇xϕ · qϱ(u) dxdt ∀ϕ ∈ C∞

c (Ω), ϱ ∈ C∞
c (R)

where we define the entropy-entropy flux pair associated to ϱ

ηϱ(v)
.
=

∫ v

0

∫ z

0
ϱ(w) dw dz, qϱ(v)

.
=

∫ v

0
f ′(z)η′ϱ(z) dz.
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This definition is sufficient because finite sums
∑N

i=1 φi(t, x)ϱi(ξ) are dense in C
∞
c (R3)

(see e.g. [15, Section 4.3]) We again consider any U ⋐ Ω and for any ϕ ∈ D(U) we
define a linear functional Lϕ : C(R) → R by

Lϕ(ϱ)
.
=

∫
U
ϕtηϱ(u) + ∇xϕ · qϱ(u) dxdt.

Each functional Lϕ is bounded, and therefore also continuous, since it holds

|Lϕ(ϱ)| ≤ CU,ϕ ∥ϱ∥C0 ∀ϱ ∈ C(R)

for some constant CU,ϕ depending only the set U and the C1 norm of the function
ϕ. Since u is a quasi-entropy solution, we deduce that the family of functionals Lϕ
is pointwisely bounded, because

sup
ϕ∈C∞

c (U)
|ϕ|0≤1

|Lϕ(ϱ)| ≤
∫
U
d|µηϱ |.

Therefore, by the uniform boundedness principle, the family Lϕ is uniformly (norm)
bounded, that is

sup
ϕ∈C∞

c (U)
|ϕ|0≤1, |ϱ|0≤1

|Lϕ(ϱ)| = sup
ϕ∈C∞

c (U)
|ϕ|0≤1, |ϱ|0≤1

|⟨T, ϕϱ⟩| ≤ CU . (2.5)

We also notice that by definition of Lϕ, it holds

Lϕ(ϱ) = 0 ∀ϱ ∈ C(R) with supp ϱ ⊂ R \ [inf u, supu]. (2.6)

Combining (2.5), (2.6) with the Riesz representation theorem, we then obtain the
existence of a locally finite measure µ1 ∈ M (Ω×R), with suppµ1 ⊂ Ω×[inf u, supu],
such that

⟨T, ϕϱ⟩ = Lϕ(ϱ) =

∫
Ω

∫
R
ϕ(t, x)ϱ(v) dµ1(t, x, v) ∀ϕ ∈ C∞

c (Ω), ϱ ∈ C∞
c (R).

(2.7)
Finally, we calculate, for any ϕ ∈ C∞

c (Ω) and η′ ∈ C∞
c (R),〈

∂tχ+ f ′(v)∇xχ, ϕη
′
〉
=
〈
∂tχ+ f ′(v)∇xχ, ϕ(η

′ − η′(0))
〉

+
〈
∂tχ+ f ′(v)∇xχ, ϕη

′(0)
〉

=
〈
∂tχ+ f ′(v)∇xχ, ϕ

∫ v

0
η′′
〉

+
〈
∂tχ+ f ′(v)∇xχ, ϕη

′(0)
〉

= −
〈
T, ϕη′′

〉
+
〈
∂tχ+ f ′(v)∇xχ, ϕη

′(0)
〉

= −
∫
Ω

∫
R
ϕ(t, x)η′′(v) dµ1 + η′(0)

∫
Ω
ϕ(t, x) dµη0

where we recall that η0(u) = u is the trivial entropy and we used (2.7) with ϱ = η′′.
The result follows by setting µ0 = µη0 × δ0. □

3. Lagrangian Representation

In this section we introduce the concept of Lagrangian representation of quasi-
entropy solution to the balance law (1.1), which is the main tool that we will use
throughout the rest of this chapter. This kind of representation was introduced for
the first time in [7] for entropy solutions to scalar conservation laws:

∂tu+ divx f(u) = 0. (3.1)
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In [7], the authors use the Lagrangian representation to prove that continuous
solutions to the conservation law (3.1) do not dissipate any entropy.

In [25] the Lagrangian representation is introduced also for finite entropy solutions
to the conservation law (3.1) (i.e., no source terms are present, but the measures
µη in (1.3) can change sign) and later on, in [27], it is used to prove that, in the
one dimensional case and for Burgers equation f(u) = u2/2, the entropy dissipa-
tion measures are concentrated on a 1-rectifiable set. In this case the existence of
a Lagrangian representation was proved via an explicit approximation procedure,
similar to the transport-collapse scheme. In our setting, inspired by the method in
[9], where it is used for the continuity equation, we adopt a different approach based
on Smirnov’s Theorem on the representation of 1-currents. This method provides
finer control over the behavior of the Lagrangian curves, which will be essential in
the subsequent analysis.

3.1. Definition of the Lagrangian Representation. In this subsection we define
the Lagrangian representation of a quasi-entropy solution to the balance law (1.1).
In the following, we denote by Γ the space of curves

Γ
.
=
{
(Iγ , γ)

∣∣ γ = (γx, γv) : Iγ → Rdx × R+
v , γx is Lipschitz and γv is in BV (Iγ)

}
where Iγ = (t1γ , t

2
γ) is the domain of definition of a curve γ. A locally finite measure

on Γ is a measure ω ∈ M (Γ) such that ω(K) < +∞ for every set K ⊂ Γ of the
form

K =
{
γ ∈ Γ

∣∣ |γx(0)|, |γv(0)| ≤M, Lip(γx) ≤M, ∥γv∥BV ≤M
}
.

Definition 3.1. A Lagrangian representation (of the hypograph) of a quasi-entropy
solution u to (1.1) is a locally finite measure ω ∈ M+(Γ) such that:

(1) it holds

χ · L d+2 =

∫
Γ
(id, γ)♯L

1⌞Iγ dω(γ) (3.2)

where χ is defined as in (2.3), and the measure in the right hand side is
defined on test functions φ ∈ Cc(Rd+2) by∫

Rd+2

φ d
[ ∫

Γ
(id, γ)♯L

1⌞Iγ dω(γ)
]
:=

∫
Γ

(∫
Iγ

φ(t, γ(t)) dt
)
dω(γ).

(2) ω is concentrated on the set of curves γ = (γx, γv) ∈ Γ such that

γ̇x = f ′(γv(t)), for L 1-a.e. t ∈ Iγ , (3.3)

(3) the following integral bound holds: for every compact K ⊂ Rd and T > 0,
one has∫

Γ
Tot.Var.

(
γv, Iγ ∩ [0, T ]

)
· 1{γx(t1γ)∈K}(γ) dω(γ) < CK,T

2∑
i=1

ω
({
γ ∈ Γ | (t, γx(tiγ)) ∈ (0, T )×K

})
≤ C̃K,T

(3.4)

The link between the notion of kinetic solution and Lagrangian representation is
given by the following proposition.

Theorem 3.2. A function u ∈ L∞(Ω, R) is a quasi-entropy solution of (1.1) if and
only if it admits a Lagrangian representation.
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We prove that if u admits a Lagrangian representation, then u is a quasi-entropy
solution. The opposite implication is deeper: the proof, which relies on the structure
of 1-dimensional normal currents in Rn, is carried out in the next subsection (see
Theorem 3.14). Actually, for the opposite implication, we will prove a stronger
result, stating the existence of a good Lagrangian representation (see Definition 3.3)

Proof. Assume that u admits a Lagrangian representation ω. We have to show the
existence of a pair of locally finite measures µ0, µ1 ∈ M (Ω × R) such that (2.2)
holds. To do so, we consider the distribution

S
.
= ∂tχ+ f ′(v) · ∇xχ

and calculate, for every test functions η′ ∈ D(R) and ϕ ∈ D(Ω),

−⟨S, η′ϕ⟩ =

∫
Ω

∫
R
η′(v)χ(t, x, v)[ϕt(t, x) + f ′(v) · ∇xϕ(t, x)] dv dx dt

by (3.2)
=

∫
Γ

∫
Iγ

η′(γv(t))[ϕt(t, γ
x(t)) + f ′(γv(t)) · ∇xϕ(t, γ

x(t))] dtdω(γ)

by (3.3)
=

∫
Γ

∫
Iγ

η′(γv(t))[ϕt(t, γ
x(t)) + γ̇x(t) · ∇xϕ(t, γ

x(t))] dtdω(γ)

=

∫
Γ

∫
Iγ

η′(γv(t))
d

dt
ϕ(t, γx(t)) dtdω(γ).

(3.5)
Now we compute more explicitly the integrand in the last line: in particular, since
η′ϕ has compact support, by (3) we deduce that for almost every γ the function
t 7→ gγ(t)

.
= η′(γv(t))ϕ(t, γx(t)) is in BV (Iγ). Let Jγ be the jump set of γv, defined

by

Jγ
.
=
{
t ∈ Iγ | γv(t+) ̸= γv(t−)

}
.

By Volpert’s chain rule we obtain that Dgγ ∈ M (Iγ) is given by

Dgγ = η′(γv(t))
d

dt
ϕ(t, γx(t)) · L 1 + η′′(γv(t))ϕ(t, γx(t)) · D̃γv(t)

+
∑
t∈Jγ

(
η′(γv(t+))− η′(γv(t−))

)
· ϕ(t, γx(t)) · δt

where D̃γv denotes the diffuse part of the derivative of γv, see [1, §3.9]. Therefore,
using the chain rule in (3.5), we obtain∫

Iγ

η′(γv(t))
d

dt
ϕ(t, γx(t)) dt =

∫
Iγ

dDgγ(t)

−
∫
Iγ

η′′(γv(t))ϕ(t, γx(t)) dD̃γv(t)

−
∑
t∈Jγ

(η′(γv(t+))− η′(γv(t−))) · ϕ(t, γx(t)).

(3.6)

For every γ ∈ Γ, define the measure µγ1 ∈ M (Ω× R) as

µγ1
.
= −(I, γ)♯D̃γv

− H 1⌞{(t, x, v) | γv(t−) ≤ v ≤ γv(t+), t ∈ Jγ}
+ H 1⌞{(t, x, v) | γv(t+) ≤ v ≤ γv(t−), t ∈ Jγ},

(3.7)

and the measure µγ0 ∈ M (Ω× (0, 1)) as

µγ0
.
= δ(t1γ ,γ(t1γ)) − δ(t2γ ,γ(t2γ)). (3.8)
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Using that ∫
Iγ

dDgγ(t) = η′(γ(t2γ))ϕ(t, γ
x(t2γ))− η′(γ(t1γ))ϕ(t, γ

x(t1γ))

and inserting (3.6) in the last line of (3.5), we obtain,

−
〈
S, η′ϕ

〉
=

∫
Γ

〈
− µγ0 , η

′ϕ
〉
dω(γ) +

∫
Γ

〈
µγ1 , η

′′ϕ
〉
dω(γ). (3.9)

This shows that setting

µ1 :=

∫
Γ
µγ1 dω(γ), µ0 :=

∫
Γ
µγ0 dω(γ) (3.10)

it holds

S = ∂vµ1 + µ0, in D ′(Ω× R) (3.11)

which proves the claim. Finally, notice that µ1, µ0 are locally finite measures, by
assumption (3) in Definition 3.1. Therefore u is a quasi-entropy solution by Propo-
sition 2.3. □

We say that a pair (µ0, µ1) ∈ M (Ω×R)2 is induced by a Lagrangian representation
if (3.10) holds, with µγ1 , µ

γ
0 defined in (3.7), (3.8). Every Lagrangian representation

induces a unique pair (µ0, µ1). We give the following definition.

Definition 3.3. We say that a Lagrangian representation ω is good if the pair
(µ0, µ1) ∈ M (Ω× R)2 induced by ω satisfies additionally

|µ1| =
∫
Γ
|µγ1 | dω(γ), |µ0| =

∫
Γ
|µγ0 | dω(γ). (3.12)

Condition (3.12) says that there are no cancellations, e.g. the second condition in
(3.12) implies that no curves are created in the same point where others are canceled,
that is, up to a negligible set of curves, for every pair of curves γ, σ there holds

(t1γ , γ(t
1
γ)) ̸= (t1σ, σ(t

1
σ)).

The analogous condition for µγ1 means that, up to a negligible set of curves, there
holds

{(t, x, v) | γx(t) = σx(t) = x, γv(t+) < v < γv(t−), σv(t+) > v > σv(t−)} = ∅

{(t, x, v) | γx(t) = σx(t) = x, γv(t+) > v > γv(t−), σv(t+) < v < σv(t−)} = ∅

Remark 3.4. Not every couple (µ0, µ1) ∈ M (Ω×R)2 is induced by a good Lagrangian
representation. For example, every couple (µ0, µ1) ̸= 0 which corresponds to u =
const., i.e. µ0 + ∂vµ1 = 0, is not induced by any good Lagrangian representation.

3.2. Existence of (good) Lagrangian Representations. In this subsection we
use a Theorem of Smirnov [32] about the decomposition of 1-currents into currents
of the form JγK associated to Lipschitz curves (see Example 3.11) to derive good
Lagrangian representations for all quasi-entropy solutions. As a byproduct, we
obtain a proof of the remaining implication of Proposition 3.2.

3.2.1. Preliminaries About the Theory of Currents. For an introduction to the sub-
ject we refer for example to [18]. The space Dk(Rd) of k-dimensional currents is the
dual of the space Dk(Rd) of all smooth k-differential forms with compact support
in Rd.

Given a k-current T ∈ Dk(Rd), its mass M(T) is defined as

M(T) = sup{⟨T , ω⟩ | ω ∈ Dk(Rd), |ω| ≤ 1}
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Remark 3.5 (1-currents with finite mass). The space of 1-currents with finite mass
can be identified with Radon vector measures T ∈ M (Rd)d, and we will often identify
a 1-current with finite mass with the associated vector measure. The duality of a
1-current with finite mass T = (T1, . . . ,Td) with a vector field Φ = (Φ1, . . . ,Φd) ∈
C∞
c (Rd, Rd) is

⟨T , Φ⟩ =
n∑
i=1

∫
Rd

Φi dTi.

Analogously, the space of 0-currents with finite mass can be identified with the space
of Radon measures on Rd.

Example 3.6 (Rectifiable k-currents). Let a k-rectifiable setM ⊂ Rd oriented by a
unit k-vector τ , and a measurable multiplicity function θ be given. Then we denote
by JM, τ, θK the k-current defined by

⟨JM, τ, θK, ω⟩ =
∫
M
θ(x)⟨τ(x), ω(x)⟩ dH k(x), ∀ ω ∈ Dk(Rd)

The boundary of a k-current T is a k − 1-current ∂T ∈ Dk−1(Rd) defined as

⟨∂T , ω⟩ = ⟨T , dω⟩, ∀ ω ∈ Dk−1(Rd)

where d : Dk−1(Rd) → Dk(Rd) is the De Rham’s-Cartan differential.

Definition 3.7 (Normal Currents). We say that a k-current T ∈ Dk(Rd) is normal
if both T and ∂T are of finite mass.

Definition 3.8 (A-cyclic currents). Let T ∈ Dk(Rd) be a k-current. We say that

(1) A current C ∈ Dk(Rd) is a subcurrent of T, and we write C ≤ T, if M(T) =
M(T− C) +M(C).

(2) A current C ≤ T is a cycle of T if ∂C = 0.
(3) T is a-cyclic if its only cycle is C = 0.

Remark 3.9. In general, given T,C ∈ Dk(Rd), it is clear by the definition of mass of
a current that it holds M(T) ≤ M(T− C) +M(C). Therefore C is a subcurrent of T
if and only if M(T) ≥ M(T−C)+M(C). In particular, if T is of finite mass, C must
be of finite mass.

Example 3.10 (Structure of 1-subcurrents). Let T ∈ D1(Rd) be a 1-current with
finite mass, and let ∥T∥ ∈ M+(Rd) be its total variation measure. By the polar
decomposition of vector valued measures (see [1]) there exists a unit measurable

vector field S⃗ : Rd → Rd, defined ∥T∥-a.e., such that T = S⃗ · ∥T∥. It is easy to see
that every subcurrent C ∈ D1(Rd) of T has the form

C = S⃗ · ∥C∥ , ∥C∥ ≤ ∥T∥ as measures

Example 3.11 (1-currents associated with Lipschitz curves). The most important
example for the following of this section is the case of 1-rectifiable currents

JγK := Jγ
(
(0, 1)

)
, τ(x), H 0

(
γ−1({x})

)
K ∈ D1(Rd)

associated with a Lipschitz curve γ : [0, 1] → Rd, where τ(x) is the tangent vector
the the graph γ((0, 1)) at a point x ∈ γ((0, 1)), defined for H 1-almost every point
x ∈ γ((0, 1)), and H 0

(
γ−1({x})

)
counts how many times the curve γ passes through

the point x. The action of JγK on 1-forms (which can be identified with vector fields
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Φ ∈ C∞
c (Rd,Rd)) can be explicitly written as (see the Area Formula in [1])

⟨JγK, Φ⟩ =
∫
γ((0,1))

H 0
(
γ−1({x})

)
·
〈 γ̇
|γ̇|
, Φ
〉
· dH 1

=

∫ 1

0
⟨Φ(γ(τ)), γ̇(τ)⟩ dτ, ∀ Φ ∈ C∞

c (Rd,Rd)

In particular JγK has finite mass since

⟨JγK, Φ⟩ ≤
∫ 1

0
|γ̇(τ)| dτ ≤ Lip(γ), ∀ Φ ∈ C∞

c (Rd,Rd), |Φ| ≤ 1.

The boundary of the 1-current JγK ∈ D1(Rd), satisfies

⟨∂JγK, ϕ⟩ =
∫ 1

0

d

dτ
ϕ(γ(τ)) dτ = ϕ(γ(1))− ϕ(γ(0)), ∀ u ∈ C∞

c (Rd)

so that ∂JγK = δγ(1)−δγ(0) ∈ M (Rd). Therefore JγK is a normal 1-current. Moreover,

a 1-current JγK ∈ D1(Rd) is a cycle if and only if γ(1) = γ(0), otherwise it is an
a-cyclic 1-current.

3.2.2. Smirnov’s Theorem for Normal Currents. The following Theorem of Smirnov
yields a decomposition of 1-normal currents into superposition of currents associated
to Lipschitz curves.

Theorem 3.12 (Smirnov, [32]). Let U ⊂ Rd be an open set. Let T ∈ D1(U)
be a normal, a-cyclic 1-current in U . Then there exists a positive measure η ∈
M+(Lip((0, 1);U)) such that

⟨T, ω⟩ =
∫
Lip((0,1);U)

⟨JγK, ω⟩ dη(γ), ∀ ω ∈ D1(U) (3.13)

Furthermore, the mass of T decomposes as

M(T) =

∫
Lip((0,1);U)

M(JγK) dη(γ) (3.14)

and the boundary measure ∂T decomposes as

(∂T )+ = (e1)♯η, (∂T )− = (e0)♯η (3.15)

where

et : Lip((0, 1);U) → Rd, et(γ) = γ(t)

is the evaluation map at a point t ∈ (0, 1) and (∂T )± denotes the positive/negative
part of the measure ∂T .

Remark 3.13. Let T = S⃗ · ∥T∥ be the polar decomposition of the vector measure T.
From the formula of decomposition of the mass it follows that the curves on which

η is concentrated are such that S⃗(γ(τ)) is parallel to γ̇(τ) for L 1 a.e. τ . In fact,

since T is of finite mass, we can use S⃗ as a test vector field in equation (3.13) (see
for example [18]). This yields

M(T) = ⟨T, S⃗⟩ =
∫
Lip((0,1);U)

⟨JγK, S⃗⟩dη(γ) =
∫
Lip((0,1);U)

∫ 1

0
⟨γ̇(τ), S⃗(γ(τ))⟩ dτ dη(γ)

(3.16)
But on the other hand, by equation (3.14), it also holds

M(T) =

∫
Lip((0,1);U)

M(JγK) dη(γ) =
∫
Lip((0,1);U)

∫ 1

0
|γ̇(τ)| dτ dη(γ) (3.17)
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Since S⃗ is a unitary vector, it holds

⟨γ̇(τ), S⃗(γ(τ))⟩ ≤ |γ̇(τ)|, for L 1 a.e. τ ∈ (0, 1)

Therefore combining (3.16), (3.17) one obtains that γ̇(τ) must be parallel to S⃗ for
L1 a.e. τ ∈ (0, 1), for η a.e. γ ∈ Γ.

We fix some notation that we will need for the following proposition. We let Γ be
as above, and as usual elements of Γ will be denoted by γ = (γx, γv). Instead, we
let

Γ̃ = Lip((0, 1), Ω× R).
Elements of Γ̃ are denoted by

Θ(τ)
.
=
(
Θt(τ),Θx(τ),Θv(τ)

)
∈ Ω× R, τ ∈ (0, 1).

Theorem 3.14. Let u be a quasi-entropy solution and let (µ0, µ1) ∈ M (Ω×R)2 be as
in Proposition 2.3. Then there exists a good Lagrangian representation ω ∈ M+(Γ)
of u. Moreover, letting (µ̃0, µ̃1) be the pair induced by ω as in Definition 3.3, it
holds |µ̃0| ≤ |µ0| and

µ̃+1 ≤ µ+1 , µ̃−1 ≤ µ−1 , as measures. (3.18)

Proof. 1. Define the 1-current T ∈ D1(Ω× R) as

T =
(
χ · L d+2, χ · f ′(v)⌞L d+2, −µ1

)T
∈ D1(Ω× R). (3.19)

In this step we prove that T is a normal, a-cyclic current. When testing T against
a smooth vector field, we obtain

⟨T , Φ⟩ =
∫
Ω×R

χ · [Φt +Φx · f ′(v)] dt dx dv −
∫
Ω×R

Φv dµ1

≤
√

1 + |f ′(v)2| ·
∫
Ω×R

χ dtdx dv + ∥µ1∥M ,

∀ Φ ∈ C∞
c (Ω× R,Rd+2), |Φ| ≤ 1.

(3.20)

The boundary of T is, by equation (2.2), the measure µ0, plus the boundary terms
at t = 0 and t = T . In fact it holds

⟨∂T , ϕ⟩ =
∫
Ω×R

χ · [∂tϕ+∇ϕx · f ′(v)] dt dx dv −
∫
Ω×R

∂vϕ dµ1

=−
∫
Ω×R

ϕ dµ0 +

∫
Rd+1

χ(T ) · ϕ(T )− χ(0) · ϕ(0) dxdv

=−
〈
ϕ, µ0

〉
+
〈
δT ⊗ χ(t) · L d+1 − δ0 ⊗ χ(0) · L d+1 , ϕ

〉
,

∀ ϕ ∈ C∞
c (Ω× R).

(3.21)

Therefore T is a normal 1-current.
Finally, we prove that T is a-cyclic. Let T = S⃗ · ∥T∥ be the polar decomposition

of the current (vector measure) T. Moreover, we choose A ⊂ Ω × R measurable
such that µ1 = µa1 + µs1 = µ1⌞A+ µ1⌞Ac is the decomposition of µ1 with respect to
the Lebesgue measure into absolutely continuous and singular part respectively. In
particular, we can choose A such that L d+2(Ac) = 0. We let ρ : Ω× R → R be the

density of µa1, i.e. µ
a
1 = ρL d+2. Then the unit vector S⃗ is given by

(S⃗t, S⃗x, S⃗v) = S⃗ =


(√

1 + |f ′(v)|2 + ρ2
)−1

(1, f ′(v), ρ(t, x, v))T , in A

(0, 0, σ(t, x, v))T , in Ac
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where µs1 = σ ∥µs1∥, σ ∈ {−1, 1} µs1-a.e., is the polar decomposition of µs1.
As a preliminary step we prove that for every subcurrent C ≤ T such that C =

C1 + C2 with 0 ̸= C1 ≤ T⌞A and C2 ≤ T⌞Ac, then ∂C ̸= 0. Let R > 0 be such that
suppT ⊂ [0, T ]×BR(0) ⊂ Ω×R. Choose a test function ϕ ∈ C∞

c (Ω×R) such that{
ϕ(t, x, v) = t, if (t, x, v) ∈ [0, T ]×BR(0),

ϕ(t, x, v) = 0, if (t, x, v) ∈ [0, T ]×B2R(0)
c

Then it holds

⟨C , ∇ϕ⟩ =
∫
Ω×R

S⃗t d ∥C1∥ > 0

because S⃗t(x) > 0 for∥C1∥ a.e. x ∈ Ω × R. To conclude that T is a-cyclic, we
need to prove that for every 0 ̸= C ≤ T⌞Ac, it holds ∂C ̸= 0. In this case, one has
C = (0, 0,−µ̂1), with µ̂1 ≤ µ1 (as 0-currents), and ∂C = 0 corresponds to ∂vµ̂1 = 0
in the sense of distributions. But since µ̂1 is compactly supported in v, this implies
µ̂1 = 0, and therefore C = 0, as wanted.

2. Thanks to Step 1, we can apply Smirnov Theorem 3.12, which gives a measure

η ∈ M+(Γ̃) such that (3.13) holds. Expanding the relation, this means that for
every vector field Φ = (Φt,Φx,Φv) ∈ C∞

c (Ω× R), we have∫
Ω×R

χ · [Φt + (f ′(v) · Φx)] dLd+2 −
∫
Ω×R

Φv dµ1

=

∫
Γ̃

∫ 1

0
Θ̇(τ) · Φ(Θ(τ)) dτ dη(Θ).

(3.22)

By Remark 3.13 the measure η ∈ M+(Γ̃) given by Smirnov Theorem is concentrated

on curves Θ ∈ Γ̃ such that Θ̇(τ) is parallel to S⃗(Θ(τ)) for a.e. τ ∈ (0, 1). In
particular, this means either Θ travels vertically along v, or the velocity of the first
component is positive.

3. Given the measure η ∈ M+(Γ̃) in Step 2., in order to get a Lagrangian
representation in the sense of Definition 3.1, we want to eliminate a specific set of

“bad” curves. In particular, define ∆ ⊂ Γ̃ as the set of curves such that Θt((0, 1))
is a singleton. These are the curves whose support is contained on an hyperplane
{t = s}. The new measure will be defined by

η̃ = η⌞(Γ̃ \∆).

Notice that in any case, by the shape of the vector field S⃗, the curves satisfy Θ̇t(τ) ≥
0 for a.e. τ ∈ (0, 1) for η̃ almost every Θ. For curves in Γ̃ \ ∆ such that the
first component Θt is non-decreasing, it is well defined a reparametrization map
R : Γ̃ \∆ → Γ defined as

R(Θ)(t)
.
=
(
Θx(τ(t)),Θv(τ(t))

)
, τ(t)

.
= inf{τ ∈ (0, 1) : t < Θt(τ)}. (3.23)

Here τ(t) is just the pseudo-inverse of the increasing Lipschitz function Θt(τ). The
domain of the curve R(Θ) will be int[Θt((0, 1))] (the interior).

Therefore we are now allowed to consider the pushforward measure

ω
.
= R♯η̃ ∈ M+(Γ)

which is a good candidate to be a Lagrangian representation in the sense of Definition
3.1.



QUASI-ENTROPY SOLUTION TO SCALAR BALANCE LAWS 13

4. Finally, we prove that ω is a Lagrangian representation. The second condition
in Definition 3.1 is trivial. For the first condition, we need to verify that∫

Γ

[
(id, γ)♯L

1⌞Iγ
]
dR♯η̃(γ) = χ · L d+2. (3.24)

Therefore consider any test function ϕ ∈ C∞
c (Ω× R) and calculate

∫
Γ

∫
Ω×R

ϕ(t, x, v) d
[
(id, γ)♯L

1⌞Iγ
]
(t, x, v) dR♯η̃(γ) =

∫
Γ

∫
Iγ

ϕ(t, γ(t)) dt dR♯η̃(γ)

=

∫
Γ

∫
Iγ

ϕ(Θ(τ(t))) dtdη̃(Θ)

=

∫
Γ

∫ 1

0
ϕ(Θ(τ))(Θt)′(τ) dτ dη̃(Θ)

=

∫
Γ

∫ 1

0
ϕ(Θ(τ))(Θt)′(τ) dτ dη(Θ),

(3.25)
where the last equality holds because∫

∆

∫ 1

0
(Θt)′(τ) dτ dη =

∫
∆

∫ 1

0
(Θt)′(τ) dτ dη̃ = 0

since (Θt)′(τ) = 0 for every τ ∈ (0, 1) if Θ ∈ ∆, therefore we are allowed to substitute

η̃ with η. Moreover, for η-a.e. Θ ∈ Γ̃, by the last observation in Step 2., it holds

(Θt)′(τ) · 1Ac(Θ(τ)) = 0, for L 1-a.e. τ ∈ (0, 1)

Therefore we obtain∫
Γ

∫ 1

0
ϕ(Θ(τ))(Θt)′(τ) dτ dη(Θ) =

∫
Γ

∫ 1

0
ϕ(Θ(τ))(Θt)′(τ) · 1A(Θ(τ)) dτ dη(Θ).

(3.26)
Define the vector field

Φ(t, x, v) = (ϕ(t, x, v), 0, 0) · 1A(t, x, v) ∈ C∞
c ([0, T ]× Rd+1).

Using Φ as a test function in the representation of Step 2, we obtain∫
Γ

∫ 1

0
ϕ(Θ(τ))(Θt)′(τ) · 1A(Θ(τ)) dτ dη(Θ) = ⟨T,Φ⟩ = ⟨χ · L d+2, ϕ⟩ (3.27)

as wanted. □

3.3. Epigraph and Simultaneous Lagrangian Representations. We conclude
this section with the proof of some useful properties of Lagrangian representations.

3.3.1. Lagrangian representation for the epigraph. Given a quasi-entropy solution of
the balance law (1.1), we constructed a Lagrangian representation for the function
χ in (2.3), which is the characteristic function of the hypograph of u. In an entirely
similar way, we can give the definition of Lagrangian representation for the epigraph
of u

Definition 3.15. We say that ωe is a Lagrangian representation for the epigraph
of u if conditions (2), (3) of Definition 3.1 hold, and condition (1) is replaced by:

χe · L d+2 =

∫
Γ
(id, γ)♯L

1⌞Iγ dωe(γ) (3.28)
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where

χe(t, x, v)
.
=

{
1 if u(t, x) ≤ v,

0 otherwise
(3.29)

The existence of such a representation follows from Theorem 3.14: in fact, define

ũ(t, x)
.
= 1− u(t, x), g(u)

.
= −f(1− u).

Then, if χ̃(t, x, v) = 1hyp ũ(t, x, v), χ̃ is a solution of the kinetic equation

∂tχ̃+ g′(v) · ∇xχ̃ = ∂v
[
α♯µ1

]
− α♯µ0, in D ′

t,x,v

where α : Ω × (0, 1) 7→ Ω × (0, 1) is defined as α(t, x, v) = α(t, x, 1 − v). Since ũ
is a quasi-entropy solution with flux g by Proposition 2.3, Theorem 3.14 yields a
Lagrangian representation of ũ, which we call ω̃. Now, letting the map T : Γ → Γ
be defined as

T (γ)(t) = α(γ(t)), t ∈ Iγ

it is easy to see that, since

χ̃(t, x, v) = χe(t, x, 1− v)

the measure

ωe
.
= T♯ω̃

is a Lagrangian representation of the epigraph of u.

3.3.2. Simultaneous Lagrangian Representations. Let u be a given quasi-entropy so-
lution. To keep the notation as clear as possible, when we need to consider simul-
taneously Lagrangian representations of the hypograph and of the epigraph, we will
call them ωh and ωe, respectively. Moreover, we will let

χh
.
= 1hyp u, χe

.
= 1epi u.

It is clear that, if χh satisfies (2.2) for some µ0, µ1, then χe = 1− χh satisfies (2.2)
with (−µ0,−µ1). Motivated by this observation, we give the following definition.

Definition 3.16. We say that a pair (µ0, µ1) is simultaneously induced by La-
grangian representations ωh, ωe of the hypograph and of the epigraph respectively
if (µ0, µ1) is induced by ωh and (−µ0,−µ1) is induced by ωe.

It is useful to introduce the following relation ⪯ between pairs (µ0, µ1) that belong
to the set

Pχ :=
{
(µ0, µ1) ∈ M (Ω× R) | (2.2) holds

}
. (3.30)

Definition 3.17. Given (µ0, µ1) and (µ̂0, µ̂1) in Pχ, we write

(µ̂0, µ̂1) ⪯ (µ0, µ1) ⇐⇒

{
µ̂+1 ≤ µ+1 , µ̂−1 ≤ µ−1 as measures

|µ̂0| ≤ |µ0|
(3.31)

Note that ⪯ is the natural relation respected by the application of Theorem
3.14. This allows to prove the following proposition, which states the existence of
simultaneously induced pairs.

Proposition 3.18. Let u be a quasi-entropy solution. Every pair (µ̂0, µ̂1) ∈ Pχ

which is minimal with respect to ⪯ is simultaneously induced by some good La-
grangian representations ωh,ωe.
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Proof. Let (µ̂0, µ̂1) be a minimal element of Pχ for the relation ⪯. It is easy to
see there exists at least one minimal element: consider a starting pair (µ̄0, µ̄1) and
consider the set

Σ := {(µ0, µ1) |(µ0, µ1) ⪯ (µ̄0, µ̄1)}.
Consider now a minimizer for the function F : (µ0, µ1) 7→ ∥µ1∥M in Σ, which
clearly exists, and call it (σ0, σ1). We claim that this is a minimal element for ⪯, in
fact, assume that (σ′0, σ

′
1) ⪯ (σ0, σ1). Then in particular (σ′0, σ

′
1) ⪯ (µ̄0, µ̄1) so that

(σ′0, σ
′
1) ∈ Σ; moreover by the first condition of (3.31) there holds σ′,±1 ≤ σ±1 ; by

minimality for F we deduce σ′1 = σ1, and therefore σ′0 = σ0. Therefore (σ0, σ1) is a
minimal element for ⪯.

Now apply twice Theorem 3.14 first to u with the pair (µ̂0, µ̂1) and then to ũ
(with the reversed flux g(v) = −f(1−v)) with the pair (−µ̂0,−µ̂1). The new couple
of pairs induced by the Lagrangian representations ωh and ωe (which are good,
according to Theorem 3.14) must coincide with the starting one, by minimality for
the relation ⪯. □

Remark 3.19. We proved that any minimal pair (µ0, µ1) for the relation “⪯” is
simultaneously induced. This proves that if a pair is efficient enough, then it is
simultaneously induced. A partial converse holds: if a pair (µ0, µ1) is simultaneously
induced by ωh, ωe, then it is “efficient” in the sense that

suppµ0 ∪ suppµ1 ⊂ ∂ (hyp u).

3.3.3. Good Selection of Curves. Given a Lagrangian representation ω ∈ M+(Γ),
we can select a good set of curves on which it is concentrated. In this direction, with
the same proof contained in [27], we have the following Lemma.

Lemma 3.20. For ωh-a.e. γ ∈ Γ it holds that for L 1-a.e. t ∈ [0, T ]

(1) (t, γx(t)) is a Lebesgue point of u;
(2) γv(t) < u(t, γx(t))

We denote by Γh the set of curves γ ∈ Γ such that the two properties above hold.
Similarly, for ωe-a.e. γ ∈ Γ it holds that for L 1-a.e. t ∈ [0, T ]

(1) (t, γx(t)) is a Lebesgue point of u;
(2) γv(t) > u(t, γx(t))

and we denote by Γe the set of curves γ ∈ Γ such that the two properties above hold.

4. Structure of the Kinetic Measures

4.1. Rectifiability of J. We assume from now on that u is a bounded quasi-entropy
solution taking values in [0, 1], u ∈ L∞(Ω, [0, 1]) with flux f . This is not restrictive
since we consider in any case bounded quasi-entropy solutions.

Throughout this section, we will use the following structural assumption about
the nonlinearity of the flux f .

Definition 4.1. We say that a flux f : [0, 1] → Rd is weakly genuinely nonlinear if

L 1
({
v ∈ (0, 1)

∣∣ τ + ξ · f ′(v) = 0
})

= 0, ∀ (ξ, τ) ∈ Sd+1 (4.1)

In [13], the structure of the kinetic measures µ1 in (2.2) has been studied in
general dimension, when µ0 = 0. These results directly apply also to the case when
a source term µ0 is present, although some extra care must be used when choosing
the representative (µ0, µ1) ∈ Pχ. We summarize below the results that are obtained
directly from [13], in our setting. We first recall some definitions.

Definition 4.2. In connection to a pair (µ0, µ1) ∈ Pχ,
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(1) we denote by ν0, ν1 the (t, x) marginals of the total variation of µ1, µ0:

ν0
.
= [pt,x]♯|µ0|, ν1

.
= [pt,x]♯|µ1| (4.2)

where pt,x : Ω × (0, 1) → Ω is the natural projection on the (t, x) variables.
We also let

ν
.
= ν0 + ν1.

(2) we denote by J ⊂ Ω the set of points (t, x) of positive H d density of ν:

J
.
=

{
(t, x) ∈ (0, T )× Rd

∣∣∣ lim sup
r↓0

ν (Br(t, x))

rd
> 0

}
(4.3)

(3) we say that u : Ω → (0, 1) has vanishing mean oscillation at a point (t, x) if

lim
r↓0

r−d−1

∫
Br(t,x)

|u(s, y)− ur(t, x)|ds dy = 0 (4.4)

where ur(t, x) is the mean of u in the ball Br(t, x).
(4) Let J ⊂ Rd+1 be a d-rectifiable set with unit normal n⃗. We call two Borel

functions u−, u+ : J → R left and right traces of u on J with respect to n⃗
if, for H d-a.e. (s, y) ∈ J ,

lim
r↓0

1

rn

(∫
B−

r (s,y)
|u(t, x)− u−(s, y)| dtdx+

∫
B+

r (s,y)
|u(t, x)− u+(s, y)| dtdx

)
= 0,

where B±
r (s, y) := {(t, x) ∈ Br(s, y) | ±

(
(t, x)− (s, y)

)
· n⃗(s, y) > 0}.

In our context, the result of [13], yields

Theorem 4.3 ([13]). Let d ∈ N and f be weakly genuinely nonlinear. Let u be a
quasi-entropy solution of (1.1), and let (µ0, µ1) be a minimal pair in Pχ. Then the
set J in (4.3) is d-rectifiable and

(1) u has vanishing mean oscillation at every point (t, x) ∈ Jc, the complement
of J,

(2) u has left and right traces on J.
(3) µη⌞J = ((η(u+), q(u+)) − (η(u−), q(u−))) · n⃗H d⌞J, where u± denotes the

traces on J and n⃗ denotes the normal to J.

For BV solutions (1) and (3) can be improved to

(1’) every (t, x) /∈ J is a Lebesgue point;
(3’) µη = ((η(u+), q(u+))− (η(u−), q(u−))) · n⃗H d⌞J.

Remark 4.4. One may wonder where the minimality assumption of (µ0, µ1) enters
in the proof of Theorem 4.3: the authors of [13] consider an equivalent kinetic
formulation, for quasi-entropy solutions, which reads:

χt + f ′(v) · ∇xχ = ∂vµ̃ (4.5)

where µ̃ is possibly non-compactly supported in v to account for a source term. The
link with our µ0, µ1 (which are compactly supported in v) is

µ̃(t, x, v) := µ1(t, x, v) +

∫ v

−∞
dµ0(t, x, v)

where the second measure in the right hand side denotes the primitive in the v

variable of the measure µ0. In [13], the rectifiable jump set, let us call it J̃, is
defined as the set of positive H d-density of the measure

ν̃ := (pt,x)♯|µ̃|⌞(Rd+1 × (−∞, |u|∞)).



QUASI-ENTROPY SOLUTION TO SCALAR BALANCE LAWS 17

Our J is instead the set of positive H d-density of the measure ν := (pt,x)♯(|µ1|+|µ0|).
Therefore to obtain Theorem 4.3 from the results of [13] we only need to show that

J = J̃ up to an H d-negligible set.

To prove this, it is enough to prove that ν ≪ ν̃ (notice that the other ν̃ ≪ ν is
trivial). By contradiction, assume that there is a measurable set A ⊂ Rd+1 with
positive measure such that

ν(A) > 0, ν̃(A) = 0.

But this means that (
µ1 +

∫ v

−∞
µ0(t, x, v) dv

)
⌞A = 0

that implies

∂vµ1⌞A+ µ0⌞A = 0

and therefore we can replace the pair (µ0, µ1) with another pair (µ′0, µ
′
1) ∈ Pχ defined

by

µ′1 = µ1⌞A
c, µ′0 = µ0⌞A

c.

Clearly (µ′0, µ
′
1) ⪯ (µ0, µ1), and this contradicts the minimality of µ0, µ1.

Establishing (1’) for general weakly genuinely nonlinear fluxes is an open problem
at the time of writing, but in [31] the author considered the case of entropy solutions
with a power-type nonlinearity assumption on f , and in this setting he proved that
every point (t, x) /∈ J is a continuity point, providing a positive answer about (1’)
in this particular case. Moreover, in [25] the author showed that, for general finite
entropy solutions, the set of non-Lebesgue points has Hausdorff dimension at most
d, also providing a partial answer to (1). Also, for entropy solutions in one space
dimension both (1’) and (3’) have affirmative answers: see [8].

In the following section, we prove that property (3’) holds for quasi-entropy solu-
tions in one space dimension.

4.2. The One-Dimensional Case. The aim of this section is to extend the rec-
tifiability result [27] to general genuine nonlinear fluxes in one space dimension. In
particular, we will prove the following Theorem.

Theorem 4.5. Let d = 1 and f satisfy (4.1). Let u ∈ L∞(Ω; [0, 1]) be a quasi-
entropy solution of (1.1), and let (µ0, µ1) be a minimal pair in Pχ. Then, in addition
to Theorem 4.3, ν1 in (4.2) is concentrated on J, i.e.

ν1 = ν1⌞J (4.6)

We will actually prove that ν1 is concentrated on a 1-rectifiable set, it is then
immediate to see that the set coincides with the set J thanks to formula (3) of
Theorem 4.3.

For convenience, recall that Ω = (0, T ) × R, and in the following we denote
X = Ω × (0, 1). The strategy of the proof is as follows. From Proposition 3.18
we know that if (µ0, µ1) is a minimal pair, then it is simultaneously induced by
some ωh,ωe good Lagrangian representations of the hypograph and the epigraph
of u, respectively. The concentration on J of the full measure ν1 will follow by the
concentration on J of both the measures [pt,x]♯µ

+
1 and [pt,x]♯µ

−
1 . Therefore first we

prove the result for [pt,x]♯µ
+
1 , and the other case will follow by symmetry.

The proof is established in five steps.
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1. We introduce the measures ωh⊗µγ,+1 , ωe⊗µγ,−1 ∈ M (Γ×X), i.e. the measures
defined as, for Borel sets G ∈ B(Γ), A ∈ B(X),

ωh ⊗ µγ,+1 (G×A) :=

∫
G
µγ,+1 (A) dωh(γ),

ωe ⊗ µγ,−1 (G×A) :=

∫
G
µγ,−1 (A) dωe(γ)

(4.7)

where µγ±1 are defined in (3.7). Since (µ0, µ1) is simultaneously induced by ωh and
ωe, it is possible to choose a transport plan π+ ∈ M ((Γ × X)2) which transports

ωh ⊗ µγ,+1 to ωe ⊗ µγ,−1 and which is concentrated on the set

G :=
{
(γ, t, x, v, γ′, t, x, v) ∈ (Γ×X)2

∣∣
γx(t) = γ′,x(t), v ∈ [γv(t+), γv(t−)] ∩ [γ′,v(t−), γ′,v(t+)]

} (4.8)

This follows observing that, because (µ0, µ1) is simultaneously induced by ωh and
ωe, we have∫
Γ
µγ,−1 dωh(γ) = µ−1 =

∫
Γ
µγ,+1 dωe(γ),

∫
Γ
µγ,+1 dωh(γ) = µ+1 =

∫
Γ
µγ,−1 dωe(γ),

and applying the following Lemma.

Lemma 4.6 ([27], Lemma 8). Denote by P1, P2 : (Γ×X)2 → (Γ×X) the standard
projections. Then there exists a plan π+ ∈ M ((Γ×X)2) with marginals

[P1]♯π
+ = ωh ⊗ µγ,+1 ,

[P2]♯π
+ = ωe ⊗ µγ,−1

(4.9)

concentrated on the set G defined in (4.8).

2. In this step, we decompose the plan π+ constructed in Step 1 into a countable
sum of components. First, consider the set I = {v : f ′′(v) = 0}, and its complement
(0, 1) \ I. Since (0, 1) \ I is an open set, we can write it as the union of countably
many disjoint intervals Al:

(0, 1) \ I =
∞⋃
l=1

Al, Al ⊂ (0, 1) disjoint intervals

Then we will decompose π+ as

π+ =
∑
l∈N

π+l + π+J (4.10)

where, loosely speaking, π+l is supported in the set (γ, t, x, v, γ′, t, x, v′) where at the
point (t, x) the curves γ, γ′ satisfy

{γv(t+), γv(t−), γ′,v(t+), γ′,v(t−)} ⊂ Al;

while π+J represents the remaining curves. In the following of this step we formalize
this discussion.

By definition, the measure ωh⊗µ+,γ1 (recall also (3.7)) is concentrated on the set

G+
h :=

{
(γ, t, x, v) ∈ Γ×X

∣∣∣ γx(t) = x, v ∈ [γv(t+), γv(t−)]
}
. (4.11)

Analogously, the measure ωe ⊗ µ−,γ1 is concentrated on the set

G−
e :=

{
(γ′, t′, x′, v′) ∈ Γ×X

∣∣∣ γx(t′) = x′, v′ ∈ [γv(t′−), γv(t′+)]
}
. (4.12)
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We define the sets, for each l ∈ N,

G+
h,l :=

{
(γ, t, x, v) ∈ G+

h

∣∣∣ γv(t−), γv(t+) ∈ Al

}
,

G−
e,l :=

{
(γ′, t′, x′, v′) ∈ G−

e

∣∣∣ γv(t−), γv(t+) ∈ Al

}
.

(4.13)

and the sets

G+
h,J :=

{
(γ, t, x, v) ∈ G+

h

∣∣∣ γv(t−) > γv(t+)
}
,

G−
e,J :=

{
((γ′, t′, x′, v′) ∈ G−

e

∣∣∣ γv(t′−) < γv(t′+)
}
.

(4.14)

Finally we define

π+l := π+⌞(G+
h,l × G−

e,l),

π+J := π+⌞

((
(G+
h × G−

e,J) ∪ (G+
h,J × G−

e )
)
\
⋃
ℓ

(G+
h,l × G−

e,l)

)
.

(4.15)

By Step 1 it holds

π+ =
∑
l∈N

π+l + π+J + π+I

where

π+I := π+⌞(G+
h,I × G−

e,I),

G+
h,I :=

{
(γ, t, x, v) ∈ G+

h

∣∣∣γ(t−) = γ(t+) ∈ I
}
,

G−
e,I :=

{
(γ′, t′, x′, v′) ∈ G+

h

∣∣∣γ(t′−) = γ(t′+) ∈ I
}
.

We claim that π+I = 0 so that actually

π+ =
∑
l∈N

π+l + π+J .

This follows by the following Lemma about functions of bounded variation (see e.g.
[1]).

Lemma 4.7. Let v : (a, b) → (0, 1) be a BV function. Then, if D̃v is the diffuse
part of the measure Dv, for any set I ⊂ (0, 1) of zero L 1 measure, it holds

D̃v(v−1(I)) = 0

3. Using the construction of Step 2, we now prove that for every l ∈ N, the
measure

ν+1,l := [Pt,x]♯π
+
l (4.16)

is concentrated on a 1-rectifiable set, where Pt,x : (Γ × X)2 → (0, T ) × R is the
projection on the first two variables (γ, t, x, v, γ′, t′, x′, v′) 7→ (t, x).

We fix l ∈ N, and prove that ν+1,l is concentrated on a 1-rectifiable set. Without

loss of generality we can assume that Al ⊂ (0, 1) is such that f ′′(v) > 0 for every
v ∈ Al. The other case is completely symmetric. We start with two preliminary
results, that are proved in [27].

The first lemma formalizes the intuitive fact that, in an interval Al where the flux
is strictly convex, generically, Lagrangian curves representing the hypograph cannot
cross from the left curves representing the epigraph.
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Lemma 4.8. Let Γh,Γe as in Lemma 3.20. Let (γ̄, Iγ̄) ∈ Γh and let (a, b) ⊂ Iγ̄ be
such that γ̄v((a, b)) ⊂ Al. Let moreover G ⊂ Γe be a set of curves (γ, Iγ) such that
there exist a < s1γ < s2γ < b with

γx(s1γ) > γ̄x(s1γ), γx(s2γ) < γ̄x(s2γ), γv(s1γ , s
2
γ) ⊂ Al. (4.17)

Then
ωe(G) = 0. (4.18)

The proof of the Lemma can be found in [27, Proposition 6] in the case of Burgers
equation, but it is the same for strictly convex fluxes, therefore we omit the proof.

Given t̄, x̄, let Glt̄,x̄ ⊂ Γh be the set of curves (γ, Iγ) such that t̄ ∈ Iγ , γ
v(t̄) ∈ Al,

and γx(t̄) < x̄. Analogously, let Grt̄,x̄ ⊂ Γe be the set of curves (γ, Iγ) such that

t̄ ∈ Iγ , γ
v(t̄) ∈ Al, and γ

x(t̄) > x̄.
Now we construct the candidate Lipschitz curves on which ν+1,l is concentrated,

[27, Corollary 7].

Lemma 4.9. To each (γ, Iγ) ∈ Γh associate the time tlγ ∈ (t̄, t2γ ] defined as

tlγ := sup
{
t ∈ [t̄, t2γ)

∣∣ γv(s) ∈ Al ∀ s ∈ (t̄, t)
}

where we understand that the sup of the empty set is t̄. Define the curve

f̃ lt̄,x̄(t) := sup
{γ∈Gl

t̄,x̄
: t∈(t̄, tlγ)}

γx(t), t ∈ [t̄, T )

and its upper Lipschitz envelope f lt̄,x̄ : [t̄, T ) → R

f lt̄,x̄(t) := inf
{
g(t)

∣∣ g : [t̄, T ] → R is |f ′|∞-Lipschitz and g ≥ f̃ lt̄,x̄ in [t̄, T )
}
. (4.19)

Then, for every t ∈ [t̄, T ), it holds

ωh

({
γ ∈ Glt̄,x̄

∣∣ γx(t) > f lt̄,x̄(t), t ∈ [t̄, tlγ)]
})

= 0

ωe

({
γ ∈ Grt̄,x̄

∣∣ γx(t) < f lt̄,x̄(t), t ∈ [t̄, tlγ)
})

= 0.
(4.20)

The following Lemma is a general result about functions of bounded variation
(see [1]).

Lemma 4.10. Let v : (a, b) → R be a BV function and denote by D−v the negative

part of the measure Dv. Then for D̃−v-a.e. x̄ ∈ (a, b) there exists a δ > 0 such that

v(x) > v(x̄) ∀ x ∈ (x̄− δ, x̄), v(x) < v(x̄) ∀ x ∈ (x̄, x̄+ δ)

Now that we have all the elements, we divide the proof of Step 3 into further
substeps.

3.1. Fix (t̄, x̄) ∈ (0, T )× R. Define the sets Gh,l
t̄,x̄

, Ge,l
t̄,x̄

⊂ Γ×X as

Gh,l
t̄,x̄

:=
{
(γ, t, x, v) ∈ Γh ×X : t ∈ (t̄, tl,t̄γ ), γx(t̄) < x̄

}
Ge,l
t̄,x̄

:=
{
(γ, t, x, v) ∈ Γe ×X : t ∈ (t̄, tl,t̄γ ), γx(t̄) > x̄

}
.

(4.21)

Define the measure
π+
l,t̄,x̄

:= π+l ⌞
(
Gh,l
t̄,x̄

× Ge,l
t̄,x̄

)
The main contribution of this step is to show that, letting

F l
t̄,x̄ := {(t, x) | x = f lt̄,x̄(t), t ∈ (t̄, T )}

then
the measure (Pt,x)♯π

+
l,t̄,x̄

is concentrated on F l
t̄,x̄. (4.22)
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Let Ωl,±
t̄,x̄

be the two connected components of (t̄, T )×R \F l
t̄,x̄, the left (−) and the

right (+) one, respectively. By definition of Gh,l
t̄,x̄

and of F l
t̄,x̄, and by (4.20), there

holds

ωh ⊗ µγ,+1 ⌞Gh,l
t̄,x̄

(
Γh × Ωl,+

t̄,x̄
× (0, 1)

)
= 0. (4.23)

Moreover, one has

[Pt,x]♯π
+
l,t̄,x̄

≤ [Pt,x]♯π
+
l ⌞
(
Gh,l
t̄,x̄

× (Γ×X)
)

= [pt,x]♯

(∫
Γh

µγ,+1 ⌞Gh,l
t̄,x̄
dωh

)
.

(4.24)

It follows from (4.23), (4.24) that

[Pt,x]♯π
+
l,t̄,x̄

(Ωl,+
t̄,x̄

) = 0. (4.25)

In an entirely similar way, we prove

[Pt′,x′ ]♯π
+
l,t̄,x̄

(Ωl,−
t̄,x̄

) = 0. (4.26)

Finally, we have that [Pt′,x′ ]♯π
+
l,t̄,x̄

= [Pt,x]♯π
+
l,t̄,x̄

, because π+ is supported in G and

therefore also π+l is supported in G. Therefore we conclude that

[Pt,x]♯π
+
l,t̄,x̄

((Ωl,+
t̄,x̄

∪ Ωl,−
t̄,x̄

)) = 0 (4.27)

which means that [Pt,x]♯π
+
l,t̄,x̄

is concentrated on F l
t̄,x̄.

3.2. We prove that for π+l -a.e. pair (γ, t, x, v, γ′, t′, x′, v′) there exists a δ > 0
such that

(1) for every s ∈ [t− δ, t) it holds γx(s) < γ′x(s),
(2) γv(s) ∈ Al for all s ∈ (t− δ, t],
(3) γ′,v(s) ∈ Al for all s ∈ (t′ − δ, t′].

In order to prove it, we proceed as follows. By definition of π+l , it holds

for π+l -a.e. pair (γ, t, x, v, γ
′, t′, x′, v′) it holds:{

γv(t−) ≥ γv(t+) and γv(t−), γv(t+) ∈ Al

γ′,v(t−) ≤ γ′,v(t+) and γ′,v(t−), γ′,v(t+) ∈ Al

(4.28)

Therefore there exists a δ2,3 > 0 such that (2), (3), are satisfied. To prove (1), we
first prove the following claim:

for µ−γ -a.e. (t, x, v), there exists a δ > 0 such that γv(s) > v for every s ∈ (t− δ, t)
(4.29)

An application of Lemma 4.10 provides a D̃−γ-negligible subset Nγ ⊂ Iγ such that
for every t ∈ Iγ \ Nγ there exists a δ such that γv(s) > γv(t+) for every s ∈
(t − δ, t). Moreover, for every t ∈ Iγ in which γv has a negative jump, for each
v ∈ [γv(t+), γv(t−)) there exists a δ > 0 such that for every s ∈ (t − δ, t) it holds
γv(s) > v. Let

Eγ = {(t, x, v) : γv(t−) = v > γv(t+)}

Since Eγ is at most countable and µγ,+1 has no atoms, it follows that µγ,+1

(
Eγ
)
= 0.

Therefore

µγ,+1

(
Eγ ∪ (I, γ)(Nγ)

)
= 0
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and (4.29) is proved. Therefore, using also (2), we obtain the following statement:

for ωh ⊗ µγ,+1 -a.e. (γ, t, x, v), there exists a δh > 0 (δh < δ2) such that

for every s ∈ (t− δh, t) it holds γ
v(s) > v, and hence γx(s) < x− (t− s)f ′(v)

(4.30)
where we used the strict convexity of f in Al and the characteristic equation for γ
(3.3). In an entirely analogous way we prove the symmetric statement: for ωe⊗µ−γ -
a.e. (γ, t, x, v), there exists a δe > 0 (δe < δ3) such that

for every s ∈ (t− δh, t) it holds γ
v(s) < v, and hence γx(s) > x− (t− s)f ′(v)

(4.31)
To conclude is sufficient to notice that since π+ is concentrated on G, then (1) holds
with δ = min(δh, δe) for π

+
l -a.e. (γ, t, x, v, γ

′, t′, x′, v′).

3.3. From Step 3.2, we deduce that for π+l -a.e. pair (γ, t, x, v, γ′, t′, x′, v′), there
exists a rational pair (t̄, x̄) ∈ ((0, T ) ∩Q)×Q such that

(γ, t, x, v, γ′, t′, x′, v′) ∈ Gh,l
t̄,x̄

× Ge,l
t̄,x̄

This shows that π+l is concentrated on⋃
t̄∈(0,T )∩Q

x̄∈Q

Gh,l
t̄,x̄

× Ge,l
t̄,x̄

Since holds

[Pt,x]♯π
+
l =

∑
t̄∈(0,T )∩Q

x̄∈Q

[Pt,x]♯

(
π+l ⌞G

h,l
t̄,x̄

× Ge,l
t̄,x̄

)
(4.32)

by Step 3.1 it follows that [Pt,x]♯π
+
l = ν+1,l is concentrated on the 1-rectifiable set⋃

t̄∈(0,T )∩Q
x̄∈Q

F l
t̄,x̄ ⊂ (0, T )× R.

4. As a final step, we prove that the remaining part

ν+1,J := [Pt,x]♯π
+
J (4.33)

is concentrated on the set J of Theorem 4.3, and therefore is concentrated on a
1-rectifiable set.

For v̄ ∈ (0, 1), we introduce the following functions which measure the nonlinearity
of f near a point v̄. For δ > 0, define

h−(v̄, δ) := max
{
h > 0

∣∣∣ L 1
(
(v̄ − δ, v̄) ∩ {v : |f ′(v̄)− f ′(v)| ≥ 2h}

)
≥ h

}
h+(v̄, δ) := max

{
h > 0

∣∣∣ L 1
(
(v̄, v̄ + δ) ∩ {v : |f ′(v̄)− f ′(v)| ≥ 2h}

)
≥ h

}
.

If the flux is weakly genuinely nonlinear in the sense of Definition 4.1, it holds

0 < h±(v̄, δ) < δ, δ > 0 (4.34)

For example, if f(v) = v2/2, then for every v̄ ∈ (0, 1) one has h±(v̄, δ) = δ/3.
We have the following Lemma, proved with the same techniques of [28, Lemma 4.6].

Lemma 4.11. Let (γ, Iγ) ∈ Γh, let t̄ ∈ Īγ and set x̄ = γx(t̄). Let

v̄ = max [γv(t̄±)],
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where

[γv(t̄±)] =


{γv(t̄+), γv(t̄−)} if t̄ ∈ Iγ ,

{γv(t̄+)} if t̄ = inf Iγ ,

{γv(t̄−)} if t̄ = sup Iγ .

Then there exists a constant c depending only on ∥f ′′∥∞ and δ1 depending on γ
such that for all δ < δ1 at least one of the following holds true.

lim inf
r↓0

L 2
{
(t, x) ∈ B2r(t̄, x̄)

∣∣ u(t, x) > v̄ − δ
}

r2
> c · h−(v̄, δ)

lim sup
r↓0

ν0(B2r(t̄, x̄))

r
> c · h−(v̄, δ)2

lim sup
r↓0

ν1(B2r(t̄, x̄))

r
> c · h−(v̄, δ)3.

(4.35)

Proof. Without loss of generality, we assume that v̄ = γ̄v(t̄−) and that there exists
δ such that (t̄− δ, t̄) ⊂ Iγ . We let δ > 0 be such that for every t ∈ (t̄− δ, t̄) it holds

|f ′(γ̄v(t))− f ′(v̄)| < h−(v̄, δ)/2, γ̄v(t) > v̄ − h−(v̄, δ)/2

Moreover, since ∃ limt→t̄− γ̄
′
x(t) = f ′(v̄), then for r̄ small, and for every r < r̄, the

curve (t1γ̄ , t̄) ∋ t 7→ (t, γ̄x(t)) has a unique intersection with ∂Br((t̄, x̄)), at a point
that we call tr.

We start by noting that an interval J ⊂ (v̄−δ, v̄−h−(v̄, δ)/4) of length ∼ h−(v̄, δ)
and in which f ′ is distant at least h−(v̄, δ) from f ′(v̄):

|f ′(v̄)− f ′(v)| > h−(v̄, δ), ∀v ∈ J

|J | ≥ 1

∥f ′′∥∞
h−(v̄, δ).

(4.36)

In fact, pick any point ṽ ∈ (v̄−δ, v) such that f ′(v) ≥ 2h. Let J be the connected
component of the set {v | |f ′(v)− f ′(v̄)| > h−(v̄, δ)} to which ṽ belongs. Then, the
length of J must be at least

|J | ≥ 1

∥f ′′∥∞
h−(v̄, δ).

Since γ̄ ∈ Γh and γ̄v(t) > v̄ − h−(v̄, δ)/4 for t ∈ (t1 − δ̄, t1), it holds, for some
ε > 0 possibly depending on r, that

L 2

{
(t, x) ∈ Sγε,r

∣∣∣ u(t, x) > v̄ − h−(v̄, δ)

4

}
≥ εr, where Sγε,r := (id, γx)((tr, t̄)) +Bε(0).

(4.37)

For every (γ, Iγ) ∈ Γ consider the nontrivial interiors (tγ,−j , tγ,+j )
Nγ

j=1 of the connected

components of (γv)−1(J) which intersect

(idt, γ)
−1
(
Sγε,r × J̄

)
⊂ Iγ

where J̄ is the central interval of J of length |J |/3. Notice that we have the estimate

Nγ ≤ 1 +
3

|J |
Tot.Var.γv (4.38)

For every j ∈ N, consider the set

Γj := {(γ, Iγ) : Nγ ≥ j}
and consider the measurable restriction map

Rj : Γj → Γ, (γ, Iγ) 7→ (γ, (tγ,−j , tγ,+j ))
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Define the measure

ω̃h :=

∞∑
j=1

(Rj)♯(ωh⌞Γj)

which is finite because of the estimate (4.38) we have for some constant K > 0

∥ω̃h∥ ≤
∫
Γ
Nγ dω(γ) ≤

∫
Γ
1{|γx(t̄)−x|≤K}(γ)

(
1 +

3

|J |

)
Tot.Var.γv dω(γ) <∞

the last inequality being a consequence of (3.4). By an elementary transversality
argument, for ω̃h-a.e. curve (γ′, Iγ′) it holds, since

|γ̇′,x(t)− f ′(v̄)| > h−(v̄, δ) for a.e. t ∈ (tγ,−j , tγ,+j )

that

L 1
{
t ∈ Iγ′

∣∣∣ γ′(t) ∈ Sε,r × J̄
}
≤ 2ε

h−(v̄, δ)
. (4.39)

By construction, it holds∫
Γ
(idt, γ)♯L

1⌞Iγ dω̃h ≥ L 3⌞
{
(t, x, v) ∈ Sγε,r × J̄

∣∣∣ u(t, x) > v
}
. (4.40)

The measure of the set in the right hand side of (4.40) is at least rε|J̄ |, therefore
combining (4.39), (4.40), we obtain

ω̃h(Γ) ≥
1

2
r|J̄ |h−(v̄, δ). (4.41)

We let Γ = Γ1 ∪ Γ2 ∪ Γ3, where

Γ1 =
{
(γ, Iγ)

∣∣ |Iγ | ≥ r
}
,

Γ2 =
{
(γ, Iγ)

∣∣ |Iγ | < r, γv(∂Iγ) ∩ ∂J ̸= 0
}
,

Γ3 =
{
(γ, Iγ)

∣∣ |Iγ | < r, γv(∂Iγ) ∩ ∂J = 0
}
.

For ω̃h-a.e. (γ, Iγ) ∈ Γ1 it holds

L 1
{
t ∈ Iγ

∣∣ (t, γ(t)) ∈ B2r(t̄, x̄)× J
}
≥ r

For ω̃h-a.e. (γ, Iγ) ∈ Γ2 it holds

γ(Iγ) ⊂ B2r(t̄, x̄)× J, Tot.Var.γv > |J |/3

For ω̃h-a.e. (γ, Iγ) ∈ Γ3 it holds

(t1γ , γ(t
1
γ)), (t2γ , γ(t

2
γ)) ∈ B2r(t̄, x̄)× J

Then it follows that one of these condition holds:

ω̃h(Γ1) ≥
r|J̄ |h−(v̄, δ)

3
, ω̃h(Γ2) ≥

r|J̄ |h−(v̄, δ)
3

, ω̃h(Γ3) ≥
r|J̄ |h−(v̄, δ)

3
.

(4.42)
If the first condition holds, we deduce from (et)♯ω̃h ≤ (et)♯ωh = χ(t, ·, ·) · L 2 for
every t > 0, using Fubini’s theorem,

L 2
({

(t, x) ∈ B2r(t̄, x̄)
∣∣ u(t, x) > v̄ − δ

})
≥ 1

3
r2h−(v̄, δ).

If the second condition holds, we deduce, using the first equation in (3.10), that

|µ1|(B2r(t̄, x̄)× J) ≥
∫
Γ2

|J |
3

dω̃h(γ) ≥
r|J̄ |h−(v̄, δ)

3

|J |
3

≥ 1

27∥f ′′∥2∞
rh−(v̄, δ)3.
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If the third condition holds, in a similar way, we deduce, using the second equation
in (3.10), that

|µ0|(B2r(t̄, x̄)× J) >
1

9∥f ′′∥
rh−(v̄, δ)2.

This proves the result. □

The symmetric statement holds for the epigraph: the proof is identical, therefore
is omitted.

Lemma 4.12. Let (γ, Iγ) ∈ Γe, let

v̄ = min [γv(t̄±)],

where

[γv(t̄±)] =


{γv(t̄+), γv(t̄−)} if t̄ ∈ Iγ ,

{γv(t̄+)} if t̄ = inf Iγ ,

{γv(t̄−)} if t̄ = sup Iγ .

and set x̄ = γx(t̄). Let
v̄ = lim inf

t→t̄, t∈Iγ
γv(t).

Then there exists an absolute constant c depending only on ∥f ′′∥∞ such that for
every δ ∈ (0, 1) at least one of the following holds true.

lim inf
r↓0

L 2
{
(t, x) ∈ BR(t̄, x̄)

∣∣ u(t, x) < v̄ − δ
}

r2
> c · h+(v̄, δ)

lim sup
r↓0

ν0(BR(t̄, x̄))

r
> c · h+(v̄, δ)2

lim sup
r↓0

ν1(BR(t̄, x̄))

r
> c · h+(v̄, δ)3.

(4.43)

The following proposition concludes the proof of Step 4.

Proposition 4.13. For ν+1,J -a.e. (t, x) ∈ (0, T )× R, it holds

lim sup
r↓0

ν(Br(t, x))

r
> 0. (4.44)

In particular, the measure ν+1,J is concentrated on the 1-rectifiable set J of Theorem
4.3.

Proof. For ν+1,J a.e. (t, x) one of the following holds:

(1) there exists (γ, t, x, v) ∈ G+
h,J and (γ′, t′, x′, v′) ∈ G−

e such that

(t, x) = (t′, x′) and γv(t−) > v = v′ ≥ γ′,v(t−);

(2) there exists (γ, t, x, v) ∈ G−
h and (γ′, t′, x′, v′) ∈ G−

e,J such that

(t, x) = (t′, x′) and γ′,v(t−) < v = v′ ≤ γv(t−).

Since the proof is symmetrical, assume the first condition holds. We apply Lemma
4.11 to the curve γ and Lemma 4.12 to the curve γ′ with

δ =
1

3
{|γv(t−)− v|}.

Then either the second or the third condition holds in at least one of the two Lemma
4.11 , 4.12, or the first condition holds in both Lemmas. But in this case, (t, x) cannot
be a point of vanishing mean oscillation. Therefore by Theorem 4.3, it must holds
(t, x) ∈ J. □
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5. From the previous steps, we conclude that ν+1 is concentrated on a 1-rectifiable
set. In fact, one has

ν+1 = (pt,x)♯

∫
Γh

µγ,+1 dωh(γ) ≤ (Pt,x)♯π
+ = ν+1,J +

∑
l∈N

ν+1,l . (4.45)

From Step 3 and Step 4 we deduce that ν+1 is concentrated on a 1-rectifiable set.
The same argument holds for ν−1 , therefore the proof of Theorem 4.5 is completed.

We conclude the section with a result about the structure of the source term µ0
outside the jump set J that, beside having an interest on its own, it will be useful
for later when studying the isentropic system with γ = 3.

Proposition 4.14. In the above setting, there exists a measurable function e(t, x)
such that one additionally has

µ0⌞J
c = e(t, x)(pt,x)♯|µ0| ⊗ δū(t,x), e(t, x) ∈ {1,−1}. (4.46)

Proof. Since µ1, µ0 is a minimal pair, it is induced by a good Lagrangian represen-
tation ωh (Definition 3.3) in particular,

µ0 =

∫
Γ
µγ0 dωh(γ)

Since (µ0, µ1) and (−µ0,−µ1) are simultaneously induced by ωh, ωe, there holds

−µ0 =
∫
Γ
µγ0 dωe(γ)

This means that for |µ0| almost every point (t, x, v) there is a curve γh ∈ Γh and a
curve γe in Γe such that γh(t) = (x, v), γe(t) = (x, v), and either

t = t1γh , t = t2γe

or

t = t2γh , t = t1γe .

Assume now that µ0 is not of the form (4.46). Then there is a point (t, x) ∈ Jc, two
values v− < v+ and two curves γh ∈ Γh, γe ∈ Γe such that γxh(t) = γxe (t) = x and

lim sup
s→t, s∈Iγh

γvh(s) = v+, lim sup
s→t, s∈Iγe

= v−

Since (t, x) ∈ Jc, the first option of Lemma 4.11 and of Lemma 4.12 must hold. But
with the same argument of Proposition 4.13, this is a contradiction because (t, x) is
of vanishing mean oscillation. □

5. Regularity of Burgers’ Equation

In this section we provide a first application of the Lagrangian representation to
obtain a regularity result for quasi-entropy solutions Burger’s equation. We first
recall the Definition of the Besov spaces Bα,p

∞,loc(R).

Definition 5.1. Let α ∈ (0, 1), p ∈ [1,+∞). A function u : R → R belongs to
Bα,p

∞,loc(R) if

∥u∥p
Bα,p

∞ (K)
:= sup

h>0

∫
K

∣∣∣∣u(x+ h)− u(x)

hα

∣∣∣∣p dx < +∞, ∀ K ⊂ R compact. (5.1)

Then we have the following regularity result in terms of Besov spaces.
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Theorem 5.2. Let u be a quasi-entropy solution to Burgers equation such that in
addition µ1 given by Proposition 2.3 is a signed measure. Then for every T > 0,
K ⊂ R compact and δ > 0 there exists a constant C ≡ C(K,T, µ0) such that∫ T

δ
∥u(t)∥

B
1/2,1
∞ (K)

dt <
C

min{δ, 1}
. (5.2)

Proof. Up to a symmetry in the v, we can assume that µ1 is a positive measure.
Moreover, up to choosing a different pair (µ̂0, µ̂1) smaller than (µ0, µ1) for ⪯, we

can assume that ωh is a Lagrangian representation of the hypograph of u (Defini-
tion 3.1) that induces (µ0, µ1) as in Definition 3.3. Thanks to Proposition 3.18, we
can also assume that (µ0, µ1) is simultaneously induced (Definition 3.16) by ωh and
ωe, where ωe is a Lagrangian representation of the epigraph of u (Definition 3.15).
This second step is not really necessary but makes the proof easier. A key point is
that these operation preserve the sign of µ1, by definition of the relation ⪯. Finally,
we denote by Γh, Γe the set of curves selected by Lemma 3.20.

1. Fix ∆t > 0 and for t ≥ ∆t consider the set of curves

Γt,∆th :=
{
γh ∈ Γh

∣∣ t−γh ≤ t−∆t, t+γ ≥ t
}

Γt,∆te :=
{
γe ∈ Γe

∣∣ t−γe ≤ t−∆t, t+γ ≥ t
}

Define the measures

χta∆t := et♯ (ωh⌞Γ
t,∆t
h ) ≤ χh(t, ·, ·)L 2⌞(R× (0, 1)) in M (R× (0, 1)),

χtb∆t := et♯ (ωe⌞Γ
t,∆t
e ) ≤ χe(t, ·, ·)L 2⌞(R× (0, 1)) in M (R× (0, 1)).

(5.3)

Finally, we define the functions

a∆t(t, x) := sup
{
v ∈ (0, 1)

∣∣ (v, x) ∈ supp χta∆t

}
, ∀ x ∈ R

b∆t(t, x) := inf
{
v ∈ (0, 1)

∣∣ (v, x) ∈ supp χtb∆t

}
, ∀ x ∈ R.

(5.4)

Notice that the L1 distance between a∆t(t, ·) and u(t, ·) can be estimated in terms
of the source µ0. In fact, by definition of a∆t, we have∫ M

−M
|a∆t(t, x)− u(t, x)|dx = ωh

({
γh ∈ Γh

∣∣ t ∈ Iγh , t−γh ∈ (t−∆t, t)
})

≤ µ+0 (S
M,∆t
t )

(5.5)
where

SM,∆t
t := (t−∆t, t)× (−M −∆t,M +∆t)× (0, 1).

This implies, integrating in (0, T ) and using Fubini’s Theorem:∫ T

∆t

∫ M

−M
|a∆t(t, x)− u(t, x)| dxdt ≤ ∆t · |µ+0 |

(
[0, T ]× (−M −∆t,M +∆t)× (0, 1)

)
.

(5.6)
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Entirely symmetrical statements holds for the distance of u from b∆t:∫ M

−M
|a∆t(t, x)− u(t, x)|dx ≤ µ−0 (S

M,∆t
t ),∫ T

∆t

∫ M

−M
|b∆t(t, x)− u(t, x)|dx dt ≤ ∆t · |µ−0 |

(
[0, T ]× (−M −∆t,M +∆t)× (0, 1)

)
.

(5.7)
By triangular inequality, the difference a∆t(t, x)− b∆t(t, x) lies in L1 as well and∫ M

−M
|a∆t(t, x)− b∆t(t, x)|dx ≤ |µ0|(SM,∆t

t ),∫ T

∆t

∫ M

−M
|a∆t(t, x)− b∆t(t, x)|dx dt ≤ ∆t|µ0|

(
[0, T ]× (−M −∆t,M +∆t)× (0, 1)

)
.

(5.8)

2. Now fix x < y and ε > 0 small. Take a curve γ̄h ∈ Γt,∆th such that |γ̄h(t) −
(y, a∆t(t, y))| ≤ ε. Since µ1 is positive and (y, a∆t(t, y)) ∈ supp χt

a∆t , by (3.7) we

can assume that t 7→ γ̄vh(t), t ∈ Iγ̄h , is decreasing. By definition of b∆t there exist

positive measure set of curves G ⊂ Γt,∆te such that

|γe(t)− (x, b∆t(t, x))| ≤ ε.

By Lemma 4.8, it holds

ωe

({
γe ∈ G

∣∣ γe(t−∆t) > γ̄h(t−∆t) and γe(t) < γ̄h(t)
})

= 0 (5.9)

Moreover, since µ1 ≥ 0 and again by (3.7), Iγe ∋ t 7→ γve (t) is increasing for ωe-a.e.
γe ∈ G. Therefore, thanks to the characteristic equation (3.3), it holds

γ̄xh(t−∆t) < y −∆t · a∆t(t, y) + 2ε

γxe (t−∆t) > x−∆t · b∆t(t, x)− 2ε, for ωe-a.e. γe ∈ G.
(5.10)

Then, combining (5.9) with (5.10) and letting ε→ 0 we obtain

a∆t(t, y)− b∆t(t, x) ≤ y − x

∆t
, for every x < y (5.11)

Setting h = y − x and integrating in an interval [−M,M ], for some M > 0, we
obtain ∫ M

−M
(a∆t(t, x+ h)− b∆t(t, x))+ dx ≤ 2Mh∆t−1. (5.12)

Moreover, combining with the inequality above the L∞ bounds for a∆t, b∆t, and the
inequality (5.8) of Step 1, we obtain

−
∫ M

−M
(a∆t(t, x+ h)− b∆t(t, x))− dx = −

∫ M

−M
(a∆t(t, x+ h)− b∆t(t, x))+ dx

+

∫ M

−M
(a∆t(t, x+ h)− b∆t(t, x)) dx

≥ −2Mh∆t−1 − 2h− |µ0|(SM,∆t
t )

(5.13)
which in turn yields the bound∫ M

−M
|a∆t(t, x+ h)− b∆t(t, x)|dx

≤ C
(
h∆t−1 + |µ0|(SM,∆t

t )
)
,

(5.14)
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for all t > 0 and ∆t < t, with C depending only on M .

Step 3. Fix δ > 0 and h1/2 < δ. Then, for every ∆t < δ, we estimate the L1

norm of the difference u(t, x)− u(t, x+ h) by∫ T

δ

∫ M

−M
|u(t, x)− u(t, x+ h)| dxdt ≤

∫ T

δ

∫ M

−M
|u(t, x)− b∆t(t, x)|dx dt+

+

∫ T

δ

∫ M

−M
|b∆t(t, x)− a∆t(t, x+ h)| dxdt+

+

∫ T

δ

∫ M

−M
|a∆t(t, x+ h)− u(t, x+ h)| dx dt

≤ 2∆t · |µ0|((0, T )× (−M − δ,M + δ)× (0, 1))

+

∫ T

δ

∫ M

−M
|a∆t(t, x+ h)− b∆t(t, x)|dx dt

(5.15)
where the inequality in the last line follows by (5.6), (5.7). By (5.14), since for
t ∈ (δ, T ) one has ∆t < δ < t, we obtain∫ T

δ

∫
R
|a∆t(t, x+ h)− b∆t(t, x)|dx dt ≤ C(h∆t−1 +∆t)

so that in total, for another constant C depending on M,T and |µ0|, we obtain∫ T

δ

∫ M

−M
|u(t, x)− u(t, x+ h)| dxdt ≤ C(h∆t−1 +∆t), ∀ ∆t < δ (5.16)

Choosing ∆t = h1/2 (which is possible since h1/2 < δ by assumption), we obtain∫ T

δ

∫ M

−M

|u(t, x)− u(t, x+ h)|
h1/2

dx dt < 2C, ∀h such that h1/2 < δ (5.17)

Instead if h1/2 ≥ δ, we obtain trivially∫ T

δ

∫ M

−M

|u(t, x)− u(t, x+ h)|
h1/2

dx dt ≤ 2MT

δ
. (5.18)

This proves that

sup
h>0

∫ T

δ

∫
K

|u(t, x)− u(t, x+ h)|
h1/2

dx dt ≤ C

δ
, ∀ K ⊂ R compact. (5.19)

□

6. Applications to the Euler system with γ = 3

In this section we apply the results of this paper to the system of isentropic gas
dynamics with γ = 3, for the evolution of the density ρ and the momentum m = ρu
of an isentropic gas:

∂tρ+ ∂xm = 0,

∂tm+ ∂x(m
2/ρ+ ρ3/3) = 0

(6.1)

The Riemann invariants of the system are

w =
m

ρ
− ρ, z =

m

ρ
+ ρ (6.2)

with corresponding eigenvalues

λ1(w, z) = w, λ2(w, z) = z.
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We consider solutions that take values in the compact set

K :=
{
(ρ,m)

∣∣∣ |(ρ,m)| ≤M, ρ ≥ c
}

where c,M are fixed constants from now on.

Definition 6.1 (Entropy solutions in K). A function u = (ρ,m) ∈ L∞([0, T ]×R;K)
is an entropy solution in K of (6.1) if it is a weak solutions of (6.1) and it dissipates
every convex entropy η : K → R:

∂tη(u) + ∂xq(u) ≤ 0 in D ′

where q is the corresponding entropy flux ∇q = ∇ηDf , and

f =

(
m

ρ3

3 + m2

ρ

)
.

Remark 6.2. Some comments are here in order. First, recall that the convexity of
the entropy must be checked in the conserved variables (ρ,m). Secondly, a more
subtle point is the following: in the definition of an entropy solution in K we require
all convex entropies η : K → R to be dissipated. However, it may happen that
such entropies cannot be extended as convex functions to the whole set {(ρ,m) ∈
R+ ×R) | ρ ̸= 0}. An example of class of solutions that fits our definition is the one
vanishing viscosity solutions with the identity viscosity matrix such that Imuε ⊂ K
for all ε > 0, where uε are the viscous approximations solving

uεt + f(uε)x = εuεxx.

We recall that a function η ∈ C2 is an entropy of the system if and only if it
satisfies, in Riemann coordinates (w, z),

ηwz(w, z) =
−λ1z
λ1 − λ2

ηw(w, z) +
λ2w

λ1 − λ2
ηz(w, z) = 0. (6.3)

It is well known that the system (6.1) admits a strictly convex entropy, the energy:

ηE(ρ,m) =
1

2
m2/ρ+

1

6
ρ3.

In the following Proposition we use the energy to prove that, if an entropy solution
(ρ,m) satisfies ρ ≥ c > 0 in [0, T ]×R, then its Riemann invariants are quasi-entropy
solutions to the Burgers equation.

Proposition 6.3. Let u = (ρ,m) ∈ L∞([0, T ] × R,K) be an entropy solution in K
of (6.1). Then w = u− ρ and z = u+ ρ are quasi-entropy solutions of the Burgers
equation, i.e. they satisfy Definition 2.1 with f(u) = u2/2.

Proof. We prove that w is a quasi-entropy solution of the Burgers equation, the
proof for z being identical. By definition of quasi-entropy solution, we need to show
that for every η : R → R, η ∈ C2, there holds

µη = ∂tη(w) + ∂xq(w) ∈ M ([0, T ]× R)
where q is the entropy flux of η, q′(w) = wη′(w). Starting from η, we construct
an entropy-entropy flux pair for the isentropic system (6.1) by setting, in Riemann
invariants,

η̄(w, z) := η(w), q̄(w, z) := q(w) ∀ w < z.

It is immediate to check that, if η, q are entropy entropy fluxes for the Burgers
equation, then η̄, q̄ are entropy - entropy fluxes for the isentropic system (6.1). We
now show that η(ρ,m) is C2 in the region ρ > 0 when considered as a function of the
original variables ρ,m. This is fairly trivial, because we have η ∈ C2, and morevoer
the change of coordinates (6.2) is C∞ in ρ > 0. This shows that η̄ ∈ C2(R+×R\{ρ =
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0}). Clearly, since the energy ηE is strictly convex, η̄ is C2 and K is a compact set,
there exists a constant C > 0 big enough such that the entropy S := η̄ + CηE is
convex in K. Therefore, since by assumption u is an entropy solution in K of (6.1)
(Definition 6.1), we have

0 ≥ µS := ∂tS(u) + ∂xQ(u) ∈ M ([0, T ]× R) (6.4)

where Q is the entropy flux of S, therefore µS is a nonpositive measure. But now
by linearity of the operator η 7→ µη we can write

µη = µη̄ = µS − CµηE ∈ M ([0, T ]× R)
and this proves the claim. □

The following Theorem is due to Lions, Perthame and Tadmor in [22]. We consider
here directly the version for the exponent γ = 3.

Theorem 6.4. Let u be an entropy solution to (6.1). Then for some nonpositive
measure m ∈ M ([0, T ]× R), there holds

∂tg(t, x, v) + v∂xg(t, x, v) = ∂vvm (6.5)

where

g(t, x, v) :=

{
1 if w(t, x) ≤ v ≤ z(t, x)

0 otherwise

where w(t, x), z(t, x) are the Riemann coordinates of u(t, x).

In the following theorem we use Theorem 4.5 and Proposition 6.3 to deduce the
measure (pt,x)♯m is concentrated on a 1-rectifiable set S ⊂ [0, T ]× R.

Theorem 6.5. Let u = (ρ,m) ∈ L∞([0, T ]×R;K) be an entropy solution of (6.1).
Then (pt,x)♯m is concentrated on a 1-rectifiable set S ⊂ [0, T ]× R.

Proof. 1. From Proposition 6.3 we deduce that w, z are quasi-entropy solutions to
the Burgers equation. By Proposition 2.3 this is equivalent to

∂tχ+ v∂xχ = µ0 + ∂vµ1, χ(t, x, v) :=

{
1 if v ≤ z(t, x)

0 otherwise
(6.6)

∂tψ + v∂xψ = σ0 + ∂vσ1, ψ(t, x, v) :=

{
1 if v ≤ w(t, x)

0 otherwise
(6.7)

for some locally finite measures µ0, σi.
Recall the Definition of the sets Pχ,Pψ given in (3.30), which are the sets of all

the pairs (µ0, µ1) and (σ0, σ1) of locally finite measures for which (6.6) and (6.7)
are satisfied, respectively. We can assume, up to replacing the measures µi, σi, that
the pairs (µ0, µ1) and (σ0, σ1) are minimal with respect to the relation ⪯ introduced
in Definition 3.17. Therefore from Theorems 4.3, 4.5 we readily deduce that ν1 :=
(pt,x)♯|µ1| and ξ1 := (pt,x)♯|σ1| are concentrated on the 1-rectifiable set S ⊂ [0, T ]×R
which is defined as

S :=

{
(t, x) ∈ [0, T ]× R

∣∣∣ lim sup
r↓0

(pt,x)♯
(
|µ1|+ |σ1|+ |µ0|+ |σ0|

)
(Br(t, x))

r
> 0

}
(6.8)

2. Consider the disintegrations, for i = 0, 1,

µi = µ
(t,x)
i ⊗ νi, σi = σ

(t,x)
i ⊗ ξi

νi := (pt,x)♯|µi|, ξi := (pt,x)♯|σi|
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Thanks to Proposition 4.14, we deduce that for some measurable functions w̄(t, x)
and z̄(t, x)

µ
(t,x)
0 = e(t, x)δz̄(t,x), for ν0-a.e. (t, x) ∈ Sc

σ
(t,x)
0 = ẽ(t, x)δw̄(t,x), for ξ0-a.e. (t, x) ∈ Sc

(6.9)

where e, ẽ are some measurable functions with values only in {−1, 1}. Notice that

ρ(t, x) = z(t, x)− w(t, x) =

∫
R
χ(t, x, v)− ψ(t, x, v) dv,

m(t, x) =

∫ z(t,x)

w(t,x)
v dv =

∫
R
v(χ(t, x, v)− ψ(t, x, v)) dv

therefore by subtracting (6.7) from (6.6) and integrating in v we obtain the equation
for the conservation of mass

0 = ∂tρ+ ∂xm = (pt,x)♯(µ0 − σ0) in D ′
t,x. (6.10)

Using (6.9), we therefore deduce that

e(t, x)ν0⌞S
c = (pt,x)♯µ0⌞S

c = (pt,x)♯σ0⌞S
c = ẽ(t, x)ξ0⌞S

c

and since ν0, ξ0 are positive measures and e, ẽ ∈ {−1, 1}, we conclude

ξ0⌞S
c = ν0⌞S

c and e(t, x) = ẽ(t, x) for ν0-a.e. and ξ0-a.e. (6.11)

We deduced that µ0, σ0 restricted to Sc write in the form

µ0⌞S
c = e(t, x)δz̄(t,x) ⊗ j, σ0⌞S

c = e(t, x)δw̄(t,x) ⊗ j (6.12)

where j := ν0⌞Sc = ξ0⌞Sc. Using also the elementary identity

m(t, x)2

ρ(t, x)
+
ρ(t, x)3

12
=

∫ z(t,x)

w(t,x)
v2 dv =

∫
R
v2(χ(t, x, v)− ψ(t, x, v)) dv

we deduce, by multiplying (6.6), (6.7) by v and subtracting (6.7) from (6.6), that

0 = ∂tm+ ∂x

(m2

ρ
+
ρ3

3

)
= (pt,x)♯(σ1 − µ1) +

∫
v d(µ0 − σ0)(·, ·, v) (6.13)

where we denote by
∫
v d(µ0 − σ0)(·, ·, v) the measure on (t, x) defined by∫∫

φ(t, x) d
[ ∫

v d(µ0 − σ0)(·, ·, v)
]
(t, x) :=

∫∫∫
φ(t, x)v dµ0 −

∫∫∫
φ(t, x)v dσ0

for all φ : [0, T ] × R → R continuous with compact support. Since σ1⌞Sc = 0 =
µ1⌞Sc, we deduce from (6.13) that

0 =

∫
v d(µ0 − σ0)(·, ·, v)⌞Sc (6.14)

which, using the expression (6.12), means

z̄(t, x)j = w̄(t, x)j for j-a.e. (t, x). (6.15)

But this just means w̄(t, x) = z̄(t, x) for j-a.e. (t, x). Therefore

∂vvm⌞Sc = ∂v(µ1 − σ1)⌞S
c + (µ0 − σ0)⌞S

c = 0.

Since m is compactly supported in v, this implies m = 0 in Sc and this concludes
the proof. □

We now analyze the shocks structure in order to obtain more information about
the dissipation measures.

Definition 6.6. A pair of states u−,u+ ∈ K is an admissible shock if
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• The Rankine-Hugoniot conditions hold:

z2+
2

−
z2−
2

− σ(z+ − z−) =
w2
+

2
−
w2
−
2

− σ(w+ − w−)

z3+
3

−
z3−
3

− σ
(z2+

2
−
z2−
2

)
=
w3
+

3
−
w3
−
3

− σ
(w2

+

2
−
w2
−
2

) (6.16)

• The energy dissipation holds:

dE :=
z4+
4

−
z4−
4

− σ
(z3+

3
−
z3−
3

)
−
w4
+

4
−
w4
−
4

− σ
(w3

+

3
−
w3
−
3

)
≤ 0 (6.17)

By the same arguments of [13] we deduce that H 1-a.e. point (t, x) ∈ S is an
admissible shock, where u−,u+ are the left and right traces on S.

The proof of the following lemma is classical, and is a special case of the second
order contact between the rarefaction and shock curve, together with the fact that
the entropy dissipation for genuinely nonlinear systems is cubic with respect to the
shock strength; we refer to [12, Chapter 5] for a proof of this well known facts.

Lemma 6.7. If u−,u+ is an admissible shock, then there is a positive constant
C > 0 such that one of the following holds:

(a) Shocks of the first family: w+ < w−, and

|z+ − z−| ≤ C · (w+ − w−)
3,

∣∣∣∣σ − w+ + w−
2

∣∣∣∣ ≤ C · (w+ − w−)
3

dE(w
+, w−, z+, z−) ≤ −C · |w+ − w−|3

(b) Shocks of the second family: z+ < z−, and

|w+ − w−| ≤ C · (z− − z+)
3,

∣∣∣∣σ − z+ + z−
2

∣∣∣∣ ≤ C · (z− − z+)
3

dE(w
+, w−, z+, z−) ≤ −C · |z+ − z−|3

Next, we use the structure of the shock to deduce that it is possible to choose the
measures µ1, σ1 in (6.6), (6.7) with a definite sign.

Lemma 6.8. Let u ∈ L∞([0, T ]× R,K) be an entropy solution of (6.1). Then the
Riemann invariants satisfy

∂tχ+ v∂xχ = µ0 + ∂vµ1, χ(t, x, v) :=

{
1 if v ≤ z(t, x)

0 otherwise
(6.18)

∂tψ + v∂xψ = σ0 + ∂vσ1, ψ(t, x, v) :=

{
1 if v ≤ w(t, x)

0 otherwise
(6.19)

where µ1, σ1 are signed measures.

Proof. For almost every point (t, x) ∈ S, (6.16) and (6.17) are satisfied, where z+, z−
and w+, w− are the left and right traces on S, which exist thanks to Theorems 4.3,
6.3. By (3) of Theorem 4.3 we can characterize the distributions on the right hand
side of (6.6), (6.7).

⟨µ0⌞Jw + ∂vµ1⌞Jw, η
′φ⟩ =

∫
[0,T ]×R

∫ w+

w−

η′(v)(v − σ) dv dH 1⌞Jw, (6.20)

⟨σ0⌞Jz + ∂vσ1⌞Jz, η
′φ⟩ =

∫
[0,T ]×R

∫ z+

z−

η′(v)(v − σ) dv dH 1⌞Jz. (6.21)
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Here as in the proof of Theorem 6.5 µi, σi are chosen to be minimal with respect to
the relation ⪯ and Jw,Jz are the corresponding jump sets (4.3). We claim that up
to an H 1-negligible set there holds

S = Jw = Jz. (6.22)

In fact, by definition of S we have Jw ∪Jz = S. Since both w, z admit left and right
strong traces on S (see [35]), we deduce that on H 1-almost every point of S the
Rankine-Hugoniot conditions (6.16) hold. In particular, the following holds:

w−(x) ̸= w+(x) ⇔ z−(x) ̸= z+(x) for H 1-a.e. x ∈ S. (6.23)

By the representation formula (3) of Theorem 4.3, we deduce w− ̸= w+ for H 1-a.e.
in Jw, which then implies by (6.23) that z− ̸= z+ for H 1-a.e. in Jw. But then
H 1-a.e. point x ∈ Jw cannot be a vanishing mean oscillation points for z, and
therefore by Theorem 4.3 they are contained in Jz up to H 1-negligible subsets: this
shows Jw ⊂ Jz. The converse inclusion is proved symmetrically, and this ultimately
proves the claim (6.22).

We partition S into the 1-shocks S1 and 2-shocks S2 accordingly to Lemma 6.7.
In particular, say for the 1-shocks, we have

µ0⌞S
1 + ∂vµ1⌞S

1 = 1(w+,w−)(v)(v − σ)H 1⌞S1

= 1(w+,w−)(v)(v − σ̄)H 1⌞S1 + 1(w+,w−)(v)(σ̄ − σ)H 1⌞S1

=: ∂vµ̃1 + µ̃0

where σ̄ = (w+ + w−)/2 and

µ̃1 = 1(w+,w−)(v)(f(v)− f(w+)− σ̄(v − w+))H 1⌞S1

where f(v) = v2/2. Moreover

σ0⌞S
1 + ∂vσ1⌞S

1 = 1(z−,z+)(v)(v − σ)H 1⌞S1 =: σ̃0

Lemma 6.7 immediately implies that µ̃1 has a positive sign, and that µ̃0, σ̃0 are
locally finite measures since they satisfy, for some constant C > 0,

|µ̃0|, |σ̃0| ≤ C|µηE | as measures

where ηE is the energy dissipation. Therefore we have on 1-shocks that

µ0⌞S
1 + ∂vµ1⌞S

1 = ∂vµ̃1 + µ̃0, σ0⌞S
1 + ∂vσ1⌞S

1 = σ̃0

where µ̃1 is a positive measure, and µ̃0, σ̃0 are locally finite measures. An entirely
symmetric decomposition holds for 2-shocks, and this concludes the proof. □

Corollary 6.9. Let u = (ρ,m) ∈ L∞([0, T ]×R;K) be an entropy solution of (6.1).

Then (ρ,m) ∈ B
1/2,1
∞,loc.

Proof. The proof follows immediately by combining Theorem 5.2 and Lemma 6.8.
□
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