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ABSTRACT. In this paper, we first investigate quasi-entropy solutions to scalar
conservation laws in several space dimensions. In this setting, we introduce a
suitable Lagrangian representation for such solutions. Next, we prove that, in one
space dimension and for fluxes f satisfying a general non-degeneracy condition,
the entropy dissipation measures of quasi-entropy solutions are concentrated on
a 1-rectifiable set. The same result is obtained for the isentropic Euler system
with v = 3, for which we also slightly improve the available fractional regularity
by exploiting the sign of the kinetic measures.

1. INTRODUCTION
Consider a scalar conservation law
O+ divef(u) =0, in (0,T)xR? (1.1)

where f : R — R? is a C? function. In this paper we study quasi-entropy solutions
of (1.1). These are functions u € L>((0,T) x RY) such that the distribution pu,, :=
ne(u) + gz(u) is a locally finite measure for every entropy-entropy flux (n,q), i.e. a
pair of C? smooth functions such that ¢’ = f'n/. In general, if u is a quasi-entropy
solution to (1.1), it satisfies the balance law of the form

o +divyf(u) =m, in (0,T) xR% (1.2)

where m € .#([0,T] x RY), the source, is a locally finite measure. It is well known
that weak solutions of (1.1) are not unique, and that the well posedness is restored
only in the smaller class of entropy solutions. These last are weak solutions to (1.1)
that in addition dissipates every convex entropy:

oy = O (u) + diveq(u) <0, in 7' (1.3)

where here 1 (the entropy) is any scalar convex function. Since [19] it is known
that the Cauchy problem associated to (1.1) is well posed in the class of entropy
solutions.

In the fundamental paper [23] the authors prove that entropy solutions of (1.1)
satisfy a kinetic formulation, where the collision term, which encodes the entropy
production (1.3), takes the form of a derivative of a nonnegative finite measure:

X + f’(’U) Vax = 811#’ X(ta x, U) = 10<v§u(t,z) - 1u(t,z)§v<0' (14)

Although entropy solutions provide a satisfactory mathematical theory for (1.1),
more general concepts of solution are studied in the literature, in particular the class
of finite entropy solutions (or, solutions with finite entropy production) appears in
many physical models: these are quasi-entropy solutions for which, in addition, m =
0 in (1.2). Being a finite entropy solution corresponds, from the kinetic formulation

point of view, to allowing finite measures p (without sign) in the right hand side of
1
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(1.4). For quasi-entropy solutions, an additional source term pg € .# ([0, T] x R? x R)
must be added:

Orx + f'(v) - Vax = dpp1 + o (1.5)

Finite entropy solutions (therefore, quasi-entropy solutions satisfying (1.5) with
o = 0) arise for example in the study of large deviations for scalar conservation
laws [6], [24] and in the study of the I'-convergence problem of the Aviles-Giga
functional, see e.g. [26] and the references therein. Moreover, finite entropy solutions
find applications in the theory of diffusive-dispersive approximations to conservation
laws and more generally whenever non-classical shock waves are present, see [21] and
the references therein. In [20] it is proved that diffusive dispersive approximations
to conservation laws with general flux functions converge to finite entropy solutions,
where p1 is a general locally finite measure. It is expected that the results of this
paper will be useful in the study of these solutions. More importantly for our present
purposes, as it shown in Proposition 6.3 later in this paper, the Riemann invariants
of an entropy solution of the Euler system with v =3

Op + O (pu) = 0,

1.6
Ou(pu) + B (pu® + /3) = 0 (16)
are quasi-entropy solutions to the Burgers equation
u?
Oru + Oy <2> =0 (1.7)

if p is bounded away from zero. This explains the need for a source term g in (1.5).
The system has been studied in the literature by various authors, see for example
[17, 22, 34, 36]. In [2] it is conjectured that systems of conservation laws might
share some of their regularity properties with scalar balance laws. In this direction,
in [4] it is proved that entropy solutions to 2 X 2 systems satisfy a pair of kinetic
equations with source terms, and it is proved that points outside the jump set are
of vanishing mean oscillation. Moreover, in [33], these tools are further exploited to
obtain strong time regularity and a decay result for entropy solutions.

In one space dimension, starting from the work of Oleinik [30], various authors
studied the regularizing effect induced by the interaction of the nonlinearity of the
flux with the entropy condition (1.3). Typically, the nonlinearity of the flux forces
characteristic lines to intersect; together with the entropy condition this produces
the desired regularizing effect. For example, for entropic solutions u to Burgers
equation, the one-sided Lipschitz estimate

Oru(t,-) < %, in 7'

induces a regularizing effect L> to BV. See also [3, 5, 8, 10, 22, 23, 29] for various
results on the regularizing effect of nonlinearity in conservation law. Therefore,
from Vol'pert chain rule for BV functions [37], it follows that the measures u,
are concentrated on the 1-rectifiable jump set of u. It has been a long standing
problem to understand whether or not this concentration property holds for general
fluxes and entropy solutions in one space dimension. In one space dimension, a
first result [14] solves the problem for entropy solutions with C? fluxes for which
{u|f"(u) = 0} is locally finite, and only in a recent work [8] the authors prove
the same concentration property for entropy solutions with general smooth fluxes.
The result of [8] is achieved by using in a crucial way a Lagrangian representation
for solutions of (1.1), which is an extension of the method of characteristics in the
non-smooth setting.



QUASI-ENTROPY SOLUTION TO SCALAR BALANCE LAWS 3

In [27] it is proved that the concentration property remains valid for finite entropy
solutions to one dimensional Burgers equation. The result is also achieved by using
a Lagrangian representation, but a different one: one can think of it as representing
characteristics at the level of the kinetic formulation (1.4), rather then at the level of
(1.1). This kind of representation was introduced for the first time in [7] for entropic
(multi-d) solutions of (1.1) and in [25] for finite entropy solutions.

In the multidimensional case, using techniques coming from geometric measure
theory, in [13] a partial rectifiability result for the entropy dissipation is proved. In
particular, letting v(t, ) be the (¢, x)-marginal of the measure |u|, with  as in (1.4),
they prove that the set J C (0,7) x R of points (¢,z) of positive 7% density of v
is d-rectifiable. However, the question of whether v is concentrated on the jump set
J remains open.

1.1. Results and plan of the paper. The paper is organized as follows.

In Section 2 we discuss the equivalence between the notion of quasi-entropy solu-
tion and the kinetic formulation (1.5). The results of this section are quite standard,
see for example [13].

In Section 3 we discuss a further equivalence, the one between quasi-entropy
solutions and solutions which satisfy a Lagrangian representation, in the spirit of
[7, 25]. The main theorem, Theorem 3.2, relies on a theorem of Smirnov [32] (see
Theorem 3.12) and we prove the existence of the Lagrangian representation via a
measure-theoretic reparametrization argument. In this way we can also show some
additional properties of the Lagrangian representation (Theorem 3.14).

In Section 4 we study the structure of the dissipation measures for scalar conser-
vation laws in one space dimension, satisfying a general non-degeneracy condition on
the flux f, Definition 4.1. In Theorem 4.5, which is the main Theorem of this section,
we show that the entropy dissipation measure (which is the pushforward measure
(pt,2)¢p1] of |p1| by the canonical projection in the ¢,x variables) is concentrated on
a l-rectifiable set. The arguments are inspired by [27], [28].

In Section 5, Theorem 5.2, we prove a regularity result for quasi entropy solutions
to the Burgers equation when the measure p; in (1.5) has a positive sign. The
argument relies on the Lagrangian representation of Section 3, and exploits the sign
of the kinetic measure p1, slightly improving the fractional regularity available in
the literature [16] in terms of Besov spaces.

Finally, in Section 6 we show that the all the above results can be applied to
entropy solution away from vacuum of the Euler system with v = 3.

2. KINETIC FORMULATION OF QUASI-ENTROPY SOLUTIONS

We start by giving the definition of quasi-entropy solution. Here we consider a
C? flux function f: R — R? and an open set Q C R¥1. Most of the times we will
take Q = (0,7") x R for some T > 0.

Definition 2.1. We say that u € L>°(Q;R) is a quasi-entropy solution with flux f
if for every entropy-entropy flux pair (1, q), with n € C%(R), there exists a locally
finite measure p, € .#(2) such that

Om(u) + divo q(u) = iy in 7], (9). (2.1)

Since in particular the pair (n9,qq) defined by no(u) = u, go(u) = f(u) is an
entropy-entropy flux pair, if u is a quasi-entropy solution we find that u solves (1.2)
with m = .

Remark 2.2. The more classical concept of entropy solution to the conservation law
O+ divy f(u) =0
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can be obtained by requiring, in addition, that j,, = 0 and that for every convexr
entropy 7, the corresponding entropy measure y,, is nonpositive.

In [23], Lions, Perthame and Tadmor characterize entropy solutions via a kinetic
formulation. Here we use a slightly different formulation, that immediately follows
from the one of [13], which is adapted for quasi-entropy solutions. We write its proof
for completeness.

Proposition 2.3. A function u € L>*(Q;R) is a quasi-entropy solution in the sense
of Definition 2.1 if and only if, there exist locally finite measures po, u1 € A (2 x R)
with supp p; C Q x [inf u, sup u], such that

Ox + f(v) - Vex = O + pio in 7'( x R) (2.2)
where
1 ifv <u(t,z),
t,x,v) = ) 2.3
x(t,z,0) {0 otherwise. (2:3)

Remark 2.4. Clearly the measures g, 1 such that (2.2) holds are not unique. It is
possible to choose the measures u1, g such that their support is contained in the
topological boundary of the hypograph of w:

supp p; C dhypu 1=0,1,

where
hyp(u) = {(t,z,v) € A x R|v < u(t,z)}.

However, later on we will need to make a finer choice on the measures ug, p1, that
in particular implies the above condition.

Proof. We first show that if u satisfies (2.2), then u is a quasi-entropy solution. Let
(n, ) be any entropy-entropy flux pair. Let U €  (compactly contained in 2) and
for every test function ¢ € C2°(Q), with supp ¢ C U, we can compute, omitting the
variables (¢, x),

/£¢tnuo4vx¢- w)dadt = /n/n ¢ﬂ7 4—Vx¢n()4fQ0)dvdxdt

_//(an/ dlu’O(t7x7v)+//¢T]” d,LL1(t,:c,v)dxdt
QJR QJR

In particular, letting Cuy = ||uoll. ) + ll#1ll.z ) and defining the distribution
Ty = Om(u) + Veq(u)
we obtain the bound
(Ty, ¢) < Culldllco [n'ller Vo€ C(Q)  withsuppg C U. (2.4)

By Riesz theorem, T}, can be identified with a locally finite measure.
Conversely, assume that u is a quasi entropy solution as in Definition 2.1. Define
a distribution T' € 2'(2 x R) by

(T, 6 0) = /ngmg(u) b Veb-qu)dzdt Yo eCR(Q), o€ CF(R)

where we define the entropy-entropy flux pair associated to g

o= [ [ewavas 0= [ reme e
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This definition is sufficient because finite sums Zfi L pi(t,2)0:(€) are dense in C°(IR?)
(see e.g. [15, Section 4.3]) We again consider any U € €2 and for any ¢ € Z(U) we
define a linear functional Ly : C(R) — R by

Ly(0) i/ Pine(u) + Vit - qy(u) dz dt.
U
Each functional Ly is bounded, and therefore also continuous, since it holds
[Ls(0)| < Cugllollco Vo€ CR)

for some constant C; 4 depending only the set U and the C ! norm of the function
¢. Since u is a quasi-entropy solution, we deduce that the family of functionals Lg
is pointwisely bounded, because

sup [Ly(0)] < / d|pen,|-
$eC(U) U

[plo<1
Therefore, by the uniform boundedness principle, the family Ly is uniformly (norm)

bounded, that is

sup  |Lg(o)| = sup [T, ¢0)| < Cu. (2.5)
peC(U) peC(U)
[#lo<1, |olo<1 [#lo<1,]olo<1
We also notice that by definition of Ly, it holds
Ly(0) =0  Voe C(R) withsuppo C R\ [infu,supul. (2.6)

Combining (2.5), (2.6) with the Riesz representation theorem, we then obtain the
existence of a locally finite measure p; € (2 xR), with supp p1 C QX [inf u, sup u],
such that

(T, do) = //¢m o) dm(t,z,0)  VoeCE(R), o€ CX(R).

(2.7)
Finally, we calculate, for any ¢ € C2°(Q2) and ' € C2°(R),

<8tx + f'(v)Vax, ¢77’> = <0tx + f'(0)Vax, ¢(n' — "7’(0))>

+ <8tx + f'(v)Vax, ¢>77'(0)>
<8tx + f(v)VeX, ¢/
+ <6tx + f/(0)Vax, ¢1'(0 )>

—<T ¢n”> + <8tx + f'(v)Vax, ¢77’(0)>

//(;Stac "(v)dp1 +1'(0 /gbtmduno
"

where we recall that ng(u) = u is the trivial entropy and we used (2.7) with o = n".
The result follows by setting pg = i, X do. O

3. LAGRANGIAN REPRESENTATION

In this section we introduce the concept of Lagrangian representation of quasi-
entropy solution to the balance law (1.1), which is the main tool that we will use
throughout the rest of this chapter. This kind of representation was introduced for
the first time in [7] for entropy solutions to scalar conservation laws:

Owu + div, f(u) = 0. (3.1)



6 FABIO ANCONA, ELIO MARCONI, AND LUCA TALAMINI

In [7], the authors use the Lagrangian representation to prove that continuous
solutions to the conservation law (3.1) do not dissipate any entropy.

In [25] the Lagrangian representation is introduced also for finite entropy solutions
to the conservation law (3.1) (i.e., no source terms are present, but the measures
iy in (1.3) can change sign) and later on, in [27], it is used to prove that, in the
one dimensional case and for Burgers equation f(u) = u?/2, the entropy dissipa-
tion measures are concentrated on a l-rectifiable set. In this case the existence of
a Lagrangian representation was proved via an explicit approximation procedure,
similar to the transport-collapse scheme. In our setting, inspired by the method in
[9], where it is used for the continuity equation, we adopt a different approach based
on Smirnov’s Theorem on the representation of 1-currents. This method provides
finer control over the behavior of the Lagrangian curves, which will be essential in
the subsequent analysis.

3.1. Definition of the Lagrangian Representation. In this subsection we define
the Lagrangian representation of a quasi-entropy solution to the balance law (1.1).
In the following, we denote by I' the space of curves

r= {(I,Y,v) ’ v =(7"9"): I, = RY x RS, 4" is Lipschitz and 4* is in BV(IW)}

where I, = (t}/, t%) is the domain of definition of a curve . A locally finite measure
on I' is a measure w € #(I") such that w(K) < 4oco for every set K C T of the
form

K={yeT| " O 1" O] <M, Lip(y") <M, |h'lsv <M},

Definition 3.1. A Lagrangian representation (of the hypograph) of a quasi-entropy
solution w to (1.1) is a locally finite measure w € .#Z*(T") such that:

(1) it holds
2 = [ (.21 dw(y) (3:2)

where x is defined as in (2.3), and the measure in the right hand side is
defined on test functions ¢ € C.(R%+?) by

/med[/r(id,v)ufldw dw(v)} = /F </1 go(t,v(t))dt) dw(7).

~y

(2) w is concentrated on the set of curves v = (y*,7") € I" such that
A = f (v (1)), for L'-ae. t €I, (3.3)

(3) the following integral bound holds: for every compact K C R? and T > 0,
one has

/F Tot.Var. (17, I 1 [0,T]) - ey (1) dew(3) < Crer
) ) (3.4)
Zw({7€F| (t,~" (t’))E(O,T)XK})SCK,T

=1

The link between the notion of kinetic solution and Lagrangian representation is
given by the following proposition.

Theorem 3.2. A function u € L*°(2, R) is a quasi-entropy solution of (1.1) if and
only if it admits a Lagrangian representation.
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We prove that if v admits a Lagrangian representation, then u is a quasi-entropy
solution. The opposite implication is deeper: the proof, which relies on the structure
of 1-dimensional normal currents in R", is carried out in the next subsection (see
Theorem 3.14). Actually, for the opposite implication, we will prove a stronger
result, stating the existence of a good Lagrangian representation (see Definition 3.3)

Proof. Assume that v admits a Lagrangian representation w. We have to show the
existence of a pair of locally finite measures pg, 1 € # (2 x R) such that (2.2)
holds. To do so, we consider the distribution

S = 0ix+ f'(v) - Vax
and calculate, for every test functions ' € Z(R) and ¢ € 2(Q),

(S, ) // (b2, 0)[6e(t, 2) + F(0) - Vad(t, )] dvde dt

T8 [ GOt ©) + £60) - Vst )] ddesta)
/ /I DIge(t, A7 (1)) +57(1) - Va(t, 4" ()] dt deo()

= / [ ) ot @) dedwt),
rJr,
(3.5)

Now we compute more explicitly the integrand in the last line: in particular, since
n'¢ has compact support, by (3) we deduce that for almost every v the function
t— gy(t) =1 (v"(t)o(t,v"(t)) is in BV (I,). Let J, be the jump set of v¥, defined
by

Jy={t € L | 7" (t+) # 7" (t-)}.
By Volpert’s chain rule we obtain that Dg, € .# (1) is given by

Dy, =1/ (1) 5867 (0) - L1+ ' (" (D)(677 (1)) - D)

+ 3 (O tH) — 0 (7 () - (A7 (L) - &

ted,

where l~)'y” denotes the diffuse part of the derivative of 7", see [1, §3.9]. Therefore,
using the chain rule in (3.5), we obtain

/(.0 d x —
| e go = [ g

~

- /I (1 (£)) $(t, 4" (£)) D (1) (3.6)
= SR E) — o () - Bt A (B)).
ted,

For every v € T, define the measure u] € .#(Q x R) as

—(L,7):D
—%”k (t,z U) |7 (t—) <v <A (t+), ted,} (3.7)
+ A (t@,0) | () v <A (=), tedy)

and the measure p € .#(Q x (0 1)) as
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Using that

/ dDgy (t) =1/ (v(2)p(t, ¥ (£2)) — 0 (v(t}) o (t, 7" (t}))

I

and inserting (3.6) in the last line of (3.5), we obtain,

—(8,7'¢) Z/F<—M3, n'¢) dw(7)+/r</ﬁ, " ¢) dw(y). (3.9)

This shows that setting

o= [ o). o= [ et (3.10)

it holds
S = av,ul + uo, in @/(Q X R) (3.11)

which proves the claim. Finally, notice that ui, uo are locally finite measures, by
assumption (3) in Definition 3.1. Therefore u is a quasi-entropy solution by Propo-
sition 2.3. ]

We say that a pair (uo, p11) € .# (22xR)? is induced by a Lagrangian representation
if (3.10) holds, with p, p defined in (3.7), (3.8). Every Lagrangian representation
induces a unique pair (po, i1). We give the following definition.

Definition 3.3. We say that a Lagrangian representation w is good if the pair
(o, 1) € A (2 x R)? induced by w satisfies additionally

] = /F ildw(), ol = /F 3] deo(). (3.12)

Condition (3.12) says that there are no cancellations, e.g. the second condition in
(3.12) implies that no curves are created in the same point where others are canceled,
that is, up to a negligible set of curves, for every pair of curves v, o there holds

(3, 7(t)) # (to, 0 (t))-

The analogous condition for x] means that, up to a negligible set of curves, there

holds
{(t,z,v) | ¥*(t) =" (t) =z, ~'(t+) <v<A’(t—), o’(t+)>v>c’(t—)} =10
{(t,z,v) | ¥*(t) =" (t) =z, A'(t+) >v>7"(t—), o"(t+)<v<o’(t—)} =10

Remark 3.4. Not every couple (pg, 1) € .4 (22xR)? is induced by a good Lagrangian
representation. For example, every couple (g, 1) # 0 which corresponds to u =
const., i.e. pg+ dyp1 = 0, is not induced by any good Lagrangian representation.

3.2. Existence of (good) Lagrangian Representations. In this subsection we
use a Theorem of Smirnov [32] about the decomposition of 1-currents into currents
of the form [y] associated to Lipschitz curves (see Example 3.11) to derive good
Lagrangian representations for all quasi-entropy solutions. As a byproduct, we
obtain a proof of the remaining implication of Proposition 3.2.

3.2.1. Preliminaries About the Theory of Currents. For an introduction to the sub-
ject we refer for example to [18]. The space Z(R?) of k-dimensional currents is the
dual of the space 2%(R?) of all smooth k-differential forms with compact support
in RZ.

Given a k-current T € Z(R?), its mass M(T) is defined as

M(T) = sup{(T ,w) | w € ZFRY), |w| <1}
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Remark 3.5 (1-currents with finite mass). The space of 1-currents with finite mass
can be identified with Radon vector measures T € . (R%)?, and we will often identify
a l-current with finite mass with the associated vector measure. The duality of a
l-current with finite mass T = (Ty,..., Ty) with a vector field ® = (®!,..., ®%) ¢
C>®(R?, RY) is

T, ®) = o' dT;.
(T, @) ;/R

Analogously, the space of 0-currents with finite mass can be identified with the space
of Radon measures on R%.

Example 3.6 (Rectifiable k-currents). Let a k-rectifiable set M C R? oriented by a
unit k-vector 7, and a measurable multiplicity function 6 be given. Then we denote
by [M, 7, 0] the k-current defined by

(M, T, 0], w) = /M O(x)(r(x), w(x)>d%”k(x), Vwe .@k(Rd)

The boundary of a k-current T is a k — l-current 9T € Z;_;(R?) defined as
(0T, w) =(T, dw), VweZ"(RY
where d : 2F"1(R?) — 2¥(R?) is the De Rham’s-Cartan differential.

Definition 3.7 (Normal Currents). We say that a k-current T € Z;,(R?) is normal
if both T and OT are of finite mass.

Definition 3.8 (A-cyclic currents). Let T € Z;(R9) be a k-current. We say that

(1) A current C € Z,(R?) is a subcurrent of T, and we write C < T, if M(T) =
M(T — C) 4+ M(C).

(2) A current C < T is a cycle of T if 9C = 0.

(3) T is a-cyclic if its only cycle is C = 0.

Remark 3.9. In general, given T,C € Z;(RY), it is clear by the definition of mass of
a current that it holds M(T) < M(T — C) + M(C). Therefore C is a subcurrent of T
if and only if M(T) > M(T — C) +M(C). In particular, if T is of finite mass, C must
be of finite mass.

Example 3.10 (Structure of 1-subcurrents). Let T € 2;(R%) be a 1-current with
finite mass, and let ||T|| € .ZT(R%) be its total variation measure. By the polar
decomposition of vector valued measures (see [1]) there exists a unit measurable
vector field S : R? — R%, defined ||T|-a.e., such that T = § - || T||. It is easy to see
that every subcurrent C € 2;(R?) of T has the form

C=S5-|Cl, |ICI<|T|| as measures

Example 3.11 (1-currents associated with Lipschitz curves). The most important
example for the following of this section is the case of 1-rectifiable currents

[ = [v((0,1), 7(2), 2°(v"({z})] € Z1(RY)

associated with a Lipschitz curve « : [0,1] — R%, where 7(x) is the tangent vector
the the graph v((0,1)) at a point = € v((0,1)), defined for #'-almost every point
z € 7((0,1)), and 7#°(y 1 ({z})) counts how many times the curve  passes through
the point z. The action of [y] on 1-forms (which can be identified with vector fields
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® € OX(R? RY)) can be explicitly written as (see the Area Formula in [1])

_ ) - (2 B!
Wl o= [ o) (@) o

1
- / @((r), A dr, Ve C(RYRY)
0
In particular [v] has finite mass since
1
. ® < / A(r)ldr <Lip(y), Ve CPRLRY, |8 < 1.
0

The boundary of the 1-current [y] € 2;(R?), satisfies

1
OB &) = [ $o6(m)dr = 60(1) — 60, Vue CXRY)

so that O[v] = d,(1)—0,(0) € #(R?). Therefore [7] is a normal 1-current. Moreover,
a l-current [y] € 2:1(R%) is a cycle if and only if (1) = ~(0), otherwise it is an
a~cyclic 1-current.

3.2.2. Smirnov’s Theorem for Normal Currents. The following Theorem of Smirnov
yields a decomposition of 1-normal currents into superposition of currents associated
to Lipschitz curves.

Theorem 3.12 (Smirnov, [32]). Let U C RY be an open set. Let T € 91(U)
be a normal, a-cyclic 1-current in U. Then there exists a positive measure 1 €
AT (Lip((0,1);U)) such that

= | (Plw)dn(),  Vwe2'(U) (3.13)
Lip((0,1);U)
Furthermore, the mass of T decomposes as
() = [ M([]) dn() (3.14)
Lip((0,1);U)

and the boundary measure 0T decomposes as

OT)" = (er)ym,  (T)” = (co)sm (3.15)
where
er 1 Lip((0,1);U) = R%, erly) = (1)
is the evaluation map at a point t € (0,1) and (OT)* denotes the positive/negative
part of the measure OT .

Remark 3.13. Let T = S - ||T|| be the polar decomposition of the vector measure T.
From the formula of decomposition of the mass it follows that the curves on which
n is concentrated are such that S(v(7)) is parallel to 4(7) for £! a.e. 7. In fact,
since T is of finite mass, we can use S as a test vector field in equation (3.13) (see
for example [18]). This yields

M(T) = (T, 8) = [ (1.8 an) = [

1
/ (). S(v(r)) dr dn(y)
Lip((0,1);U) Lip((0,1);U) JO

(3.16)
But on the other hand, by equation (3.14), it also holds

1
M(T) = /L oy M () = /L oo /0 K()ldrdnty)  (3.17)
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Since S is a unitary vector, it holds
(3(r), S((T)) < 3(r)l,  for L1 ae. 7€ (0,1)

Therefore combining (3.16), (3.17) one obtains that () must be parallel to S for
Ll ae. 7€ (0,1), for n ae. yeT.

We fix some notation that we will need for the following proposition. We let I be
as above, and as usual elements of I' will be denoted by v = (7*,~"). Instead, we
let

I = Lip((0,1), 2 x R).

Elements of T' are denoted by
O(r) = (@t(r), 0% (1), @”(7‘)) eQxR, 7e€(0,1).

Theorem 3.14. Letu be a quasi-entropy solution and let (uo, p1) € # (2xR)? be as
in Proposition 2.3. Then there exists a good Lagrangian representation w € 4+ (T)
of u. Moreover, letting (o, fi1) be the pair induced by w as in Definition 3.3, it
holds |fio| < |po| and

al < uf, < py, as measures. (3.18)
Proof. 1. Define the 1-current T € 21(Q2 x R) as
d d T
T= (2% xS g™, —m) € R(@QxR). (3.19)

In this step we prove that T is a normal, a-cyclic current. When testing T against
a smooth vector field, we obtain

(T, <1>>=/Q Rx-[¢t+¢x~f’(v)]dtdxdv—/ﬂ Y dyuy

xR
< VI x dtdz dv + [ p ], (3.20)
QxR
VO eCPQxR R, @<L

The boundary of T is, by equation (2.2), the measure pg, plus the boundary terms
at t =0 and ¢t =7T. In fact it holds

<aT,¢>=/Q Rx-[3t¢+V¢x'f’(v)]dtd$dv—/Q oo

—— [ odut [ X(T)6(T) = x(0)- 9(0)drdo 3.21)

= — (0} + (r @ x(t) - L4 = do 2 x(0) - £, 6),
Vel xR).

Therefore T is a normal 1-current. B

Finally, we prove that T is a~cyclic. Let T =S - ||T|| be the polar decomposition
of the current (vector measure) T. Moreover, we choose A C {2 x R measurable
such that p; = puf + ¢ = picA + pL A° is the decomposition of p; with respect to
the Lebesgue measure into absolutely continuous and singular part respectively. In
particular, we can choose A such that .Z%+2(A¢) = 0. We let p: Q x R — R be the
density of uf, i.e. pu¢ = p.Z%* 2. Then the unit vector S is given by

(VI 17@F +62) " 0, f ), plt 2, 0), i A

(5",5%,8") =8 =
(0,0,0(t,z,v))7, in A°
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where pf = o |5, o € {—1,1} pi-a.e., is the polar decomposition of pf.

As a preliminary step we prove that for every subcurrent C < T such that C =
Ci +Cywith 0# C; < TiA and Cy < TLAC, then 9C # 0. Let R > 0 be such that
supp T C [0,T] x Br(0) C 2 x R. Choose a test function ¢ € C°(£2 x R) such that

o(t,x,v) =t, if (t,z,v) €[0,T] x Br(0),
o(t,x,v) =0, if (t,z,v) € [0,T] x Bag(0)©

Then it holds

(C. Vo) = [ S| >0
QxR
because St(z) > 0 for||Cy| a.e. # € Q x R. To conclude that T is a-cyclic, we
need to prove that for every 0 # C < TLA®, it holds 9C # 0. In this case, one has
C=(0,0,—/11), with i1 < py (as O-currents), and 9C = 0 corresponds to dyji; = 0
in the sense of distributions. But since i1 is compactly supported in v, this implies
i1 = 0, and therefore C = 0, as wanted.

2. Thanks to Step 1, we can apply Smirnov Theorem 3.12, which gives a measure
n € A (T) such that (3.13) holds. Expanding the relation, this means that for
every vector field ® = (®!, ¥ dY) € C°(Q2 x R), we have

/ X B (f(v) - 7)) ALt / & duy
e xR (3.22)

_ /f/ol O(r) - d(0(r)) dr dn(O).

By Remark 3.13 the measure n € .4 +(f) given by Smirnov Theorem is concentrated
on curves © € I' such that ©(r) is parallel to S(O(7)) for a.e. 7 € (0,1). In
particular, this means either © travels vertically along v, or the velocity of the first
component is positive.

3. Given the measure 1 € //ﬂ'(f) in Step 2., in order to get a Lagrangian
representation in the sense of Definition 3.1, we want to eliminate a specific set of
“bad” curves. In particular, define A C T' as the set of curves such that ©%((0,1))
is a singleton. These are the curves whose support is contained on an hyperplane
{t = s}. The new measure will be defined by

=n(T\A).

Notice that in any case, by the shape of the vector field S , the curves satisfy é)t(r) >
0 for a.e. 7 € (0,1) for i almost every ©. For curves in I' \ A such that the
first component ©! is non-decreasing, it is well defined a reparametrization map

R:T\ A — T defined as
R(O)(t) = (6%(7(t)), ©(7(1))), 7(t) =inf{r € (0,1) : t < O'(7)}. (3.23)

Here 7(t) is just the pseudo-inverse of the increasing Lipschitz function ©*(7). The
domain of the curve R(0) will be int[©!((0,1))] (the interior).
Therefore we are now allowed to consider the pushforward measure

w=Ryn € 4" (T)

which is a good candidate to be a Lagrangian representation in the sense of Definition
3.1.
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4. Finally, we prove that w is a Lagrangian representation. The second condition
in Definition 3.1 is trivial. For the first condition, we need to verify that

[ 2o aRsiin) = x- 22, (3.24)
r
Therefore consider any test function ¢ € C2°(2 x R) and calculate
/ o(t,x v)d[(ld,’y)ﬁf LI (8, v) dRem (v // o(t,~(t)) dt dRsm(v)
QxR

/ H(0(r(1))) dt d7(©)
I’Y

/ / 6(6(r)) (0" (7) dr A (©)
/ / 6(6(r)) (0 (7) dr dn(®),

where the last equality holds because

// (©Y(r)drdn = // (©Y (r)drdn =0

since (©) (1) = 0 for every 7 € (0,1) if © € A, therefore we are allowed to substitute
7 with . Moreover, for n-a.e. © € I', by the last observation in Step 2., it holds

(O (1) - 14:(O(7)) = 0, for Zl-ae. 7€ (0,1)

(3.25)

Therefore we obtain

/ / 6(6(r))(©")'(r) dr dn(© / / H(6(r))(O(7) - 14(8(r)) dr dn(©).

(3.26)
Define the vector field

d(t,z,v) = (o(t, 2,v),0,0) - 14(t, z,v) € C([0,T] x R,

Using ® as a test function in the representation of Step 2, we obtain

1
/F /O HO(M)(OY (1) - 14(0(r)) dr dn(6) = (T, &) = (x - ZH2,¢)  (3.27)
as wanted. i

3.3. Epigraph and Simultaneous Lagrangian Representations. We conclude
this section with the proof of some useful properties of Lagrangian representations.

3.3.1. Lagrangian representation for the epigraph. Given a quasi-entropy solution of
the balance law (1.1), we constructed a Lagrangian representation for the function
X in (2.3), which is the characteristic function of the hypograph of u. In an entirely
similar way, we can give the definition of Lagrangian representation for the epigraph
of u

Definition 3.15. We say that w,. is a Lagrangian representation for the epigraph
of w if conditions (2), (3) of Definition 3.1 hold, and condition (1) is replaced by:

Xe - L2 = /F (id, 7)3-L I, dwe () (3.28)
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where
1 ifu(t,z) <w,

. (3.29)
0 otherwise

Xe(t, z,v) = {

The existence of such a representation follows from Theorem 3.14: in fact, define

a(t,x) =1 —u(t,x), glu) = —f(1—u).

Then, if X(t, z,v) = Lyyp a(t, z,v), X is a solution of the kinetic equation
IX +9'(v) - VaX = p[agun] — agpo,  inZj,,

where a : Q x (0,1) — Q x (0,1) is defined as «a(t,z,v) = a(t,x,1 — v). Since u
is a quasi-entropy solution with flux g by Proposition 2.3, Theorem 3.14 yields a

Lagrangian representation of u, which we call @. Now, letting the map T : " — T’
be defined as

T()() =aly(®), tel,

it is easy to see that, since

X(t,x,v) = xe(t,z,1 —v)
the measure
We = Tﬁ(:J

is a Lagrangian representation of the epigraph of u.

3.3.2. Simultaneous Lagrangian Representations. Let u be a given quasi-entropy so-
lution. To keep the notation as clear as possible, when we need to consider simul-
taneously Lagrangian representations of the hypograph and of the epigraph, we will
call them wy, and w,, respectively. Moreover, we will let

Xh = ]-hyp U Xe = ]-epiu-

It is clear that, if y; satisfies (2.2) for some pug, p1, then x. = 1 — xp, satisfies (2.2)
with (—po, —p1). Motivated by this observation, we give the following definition.

Definition 3.16. We say that a pair (ug, 1) is simultaneously induced by La-
grangian representations wy, we of the hypograph and of the epigraph respectively
if (uo, p1) is induced by wj, and (—po, —p1) is induced by we.

It is useful to introduce the following relation < between pairs (ug, 111) that belong
to the set

Py := {(po, 1) € A4 (2 x R) | (2.2) holds}. (3.30)

Definition 3.17. Given (uo, #t1) and (fo, fi1) in Py, we write

<, ay <y as measures

! (3.31)
10| < |pol

(Io, fi1) = (po, 1) == {

Note that < is the natural relation respected by the application of Theorem
3.14. This allows to prove the following proposition, which states the existence of
simultaneously induced pairs.

Proposition 3.18. Let u be a quasi-entropy solution. Ewvery pair (1o, 1) € Py
which is minimal with respect to =X s simultaneously induced by some good La-
grangian representations wp, We.
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Proof. Let (fo,t1) be a minimal element of P, for the relation <. It is easy to
see there exists at least one minimal element: consider a starting pair (fig, fi1) and
consider the set

Y= {(//Joal‘bl) |(//J0a/‘61) = (lao’lal)}‘
Consider now a minimizer for the function F : (uo, 1) — ||p1].r in 3, which
clearly exists, and call it (09, 01). We claim that this is a minimal element for <, in
fact, assume that (0(,0}) < (0¢,01). Then in particular (o{, c}) < (fio, fi1) so that
(0,01) € X; moreover by the first condition of (3.31) there holds ai’i < of; by
minimality for 7 we deduce o] = 01, and therefore o(, = 0. Therefore (09,01) is a
minimal element for <.

Now apply twice Theorem 3.14 first to u with the pair (fg, z11) and then to w
(with the reversed flux g(v) = —f(1—v)) with the pair (—fig, —fi1). The new couple
of pairs induced by the Lagrangian representations wj; and w. (which are good,
according to Theorem 3.14) must coincide with the starting one, by minimality for
the relation <. O

Remark 3.19. We proved that any minimal pair (uo,u1) for the relation “=<” is
simultaneously induced. This proves that if a pair is efficient enough, then it is
simultaneously induced. A partial converse holds: if a pair (po, p1) is simultaneously
induced by wj,, we, then it is “efficient” in the sense that

supp pio U supp p1 C 0 (hyp u).

3.3.3. Good Selection of Curves. Given a Lagrangian representation w € .1 (I),
we can select a good set of curves on which it is concentrated. In this direction, with
the same proof contained in [27], we have the following Lemma.

Lemma 3.20. For wy,-a.e. v € I it holds that for £'-a.e. t € [0,T]
(1) (t,7*(t)) is a Lebesgue point of u;
(2) 7" (t) <ult,y"(t))
We denote by I'y, the set of curves v € I' such that the two properties above hold.
Similarly, for we-a.e. v € I' it holds that for £*-a.e. t € [0,T]
(1) (t,v*(t)) is a Lebesgue point of u;
(2) 7" (t) > u(t, v (1))
and we denote by Iy the set of curves v € I' such that the two properties above hold.

4. STRUCTURE OF THE KINETIC MEASURES

4.1. Rectifiability of J. We assume from now on that u is a bounded quasi-entropy
solution taking values in [0, 1], u € L>°(£2, [0, 1]) with flux f. This is not restrictive
since we consider in any case bounded quasi-entropy solutions.

Throughout this section, we will use the following structural assumption about
the nonlinearity of the flux f.

Definition 4.1. We say that a flux f : [0,1] — R? is weakly genuinely nonlinear if
2 ({v €0, 1) r+&-f(v) = o}) =0, V(1) est! (4.1)

In [13], the structure of the kinetic measures p; in (2.2) has been studied in
general dimension, when g = 0. These results directly apply also to the case when
a source term g is present, although some extra care must be used when choosing
the representative (o, 1) € Py. We summarize below the results that are obtained
directly from [13], in our setting. We first recall some definitions.

Definition 4.2. In connection to a pair (g, 1) € Py,
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(1) we denote by vy, 1 the (¢, x) marginals of the total variation of u1, po:

vo = [pralttol, vi = [pralsl il (4.2)
where p;, 1  x (0,1) — Q is the natural projection on the (¢, x) variables.
We also let

v =uy+ .

(2) we denote by J C Q the set of points (¢, ) of positive ¢ density of v:

B.(t
J=<(t,z) € (0,T) x R? limsupy(ri(d’m)) >0 (4.3)
rl0 r
(3) we say that u: Q — (0,1) has vanishing mean oscillation at a point (¢, z) if
lim -~ 941 / lu(s,y) —up(t,z)|dsdy =0 (4.4)
740 B, (tx)

where %, (t,x) is the mean of w in the ball B, (¢, z).

(4) Let J C R¥! be a d-rectifiable set with unit normal 7. We call two Borel
functions =, u" : J — R left and right traces of u on J with respect to 7
if, for #%-a.e. (s,y) € J,

1
lim — / lu(t,z) —u (s,y)| dtdx + / lu(t,r) —ut(s,y)| dtdz | =0,
O\ B (s B (s.9)

where B (s,y) := {(t,z) € Br(s,y) | £((t,z) — (s,y)) - 7i(s,y) > 0}.
In our context, the result of [13], yields

Theorem 4.3 ([13]). Let d € N and f be weakly genuinely nonlinear. Let u be a
quasi-entropy solution of (1.1), and let (o, 1) be a minimal pair in P,.. Then the
set J in (4.3) is d-rectifiable and
(1) uw has vanishing mean oscillation at every point (t,x) € J¢, the complement
of J,
(2) w has left and right traces on J.
(3) I = ((n(ut),q(ut)) — (n(u™), q(u™))) - BAUWT, where ut denotes the
traces on J and i denotes the normal to J.

For BV solutions (1) and (3) can be improved to

(1’) every (t,z) ¢ J is a Lebesgue point;
(3) py = ((n(w*),q(u™)) — (n(u),q(u"))) - AT

Remark 4.4. One may wonder where the minimality assumption of (o, 1) enters
in the proof of Theorem 4.3: the authors of [13] consider an equivalent kinetic
formulation, for quasi-entropy solutions, which reads:

Xt + f'(v) - Vax = 0ot (4.5)

where [ is possibly non-compactly supported in v to account for a source term. The
link with our pg, p1 (which are compactly supported in v) is

v

a(t,x,v) = pi(t, z,v) +/ dpo(t, z,v)

—00
where the second measure in the right hand side denotes the primitive in the v

variable of the measure pg. In [13], the rectifiable jump set, let us call it J, is
defined as the set of positive ##?-density of the measure

7= (pra)g AILRT x (=00, |ul0)).
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Our J is instead the set of positive /#?-density of the measure v := (py )3 (g1 |+|o])-
Therefore to obtain Theorem 4.3 from the results of [13] we only need to show that

J=1J up to an #%-negligible set.

To prove this, it is enough to prove that v < v (notice that the other v <« v is
trivial). By contradiction, assume that there is a measurable set A C R4! with
positive measure such that

But this means that

(Ml + /U o (t, x,v) dv>|_A =0

—00
that implies
Opt1tA + oA =0

and therefore we can replace the pair (jo, #11) with another pair (u, 1)) € P, defined
by

py = A g = pol A
Clearly (g, pt)) = (#0, pt1), and this contradicts the minimality of pg, 1.

Establishing (1) for general weakly genuinely nonlinear fluxes is an open problem
at the time of writing, but in [31] the author considered the case of entropy solutions
with a power-type nonlinearity assumption on f, and in this setting he proved that
every point (¢,x) ¢ J is a continuity point, providing a positive answer about (1)
in this particular case. Moreover, in [25] the author showed that, for general finite
entropy solutions, the set of non-Lebesgue points has Hausdorff dimension at most
d, also providing a partial answer to (1). Also, for entropy solutions in one space
dimension both (1’) and (3’) have affirmative answers: see [8].

In the following section, we prove that property (3’) holds for quasi-entropy solu-
tions in one space dimension.

4.2. The One-Dimensional Case. The aim of this section is to extend the rec-
tifiability result [27] to general genuine nonlinear fluxes in one space dimension. In
particular, we will prove the following Theorem.

Theorem 4.5. Let d = 1 and f satisfy (4.1). Let u € L*(2;[0,1]) be a quasi-
entropy solution of (1.1), and let (110, p1) be a minimal pair in Py. Then, in addition
to Theorem /.3, v in (4.2) is concentrated on J, i.e.

vV = I/1|_J (46)

We will actually prove that v is concentrated on a 1l-rectifiable set, it is then
immediate to see that the set coincides with the set J thanks to formula (3) of
Theorem 4.3.

For convenience, recall that Q@ = (0,7") x R, and in the following we denote
X = Q x (0,1). The strategy of the proof is as follows. From Proposition 3.18
we know that if (uo, 1) is a minimal pair, then it is simultaneously induced by
some wy,w. good Lagrangian representations of the hypograph and the epigraph
of u, respectively. The concentration on J of the full measure v, will follow by the
concentration on J of both the measures [p;]sp and [pys]gu; . Therefore first we
prove the result for [pt,x]ﬁ,uf, and the other case will follow by symmetry.

The proof is established in five steps.
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1. We introduce the measures w, @ u]"", w.@u]"~ € 4 (T'x X), i.e. the measures
defined as, for Borel sets G € B(T"), A € B(X),

on ] (G x A)i= [ il () deon (),
¢ (4.7)
we & 1l (G x A) 1= /G W7 (A) dwe ()
where u?i are defined in (3.7). Since (ug, p1) is simultaneously induced by wy and

We, it is possible to choose a transport plan 7+ € .#((I' x X)?) which transports
wp ® ,uY’Jr to we ® 1y and which is concentrated on the set

G .= {(fy,t,x,v,’y',t,m,v) e (T x X)? ‘

V() =), vey(tH), 7 (t-)] N h"”(t—)m"“(tﬂl}

This follows observing that, because (uo, i1) is simultaneously induced by wy and
We, We have

/F pi” dwp(v) = py = /F P dwe(y), /F pl " dwn(7) = py = /F " dwe(),
and applying the following Lemma.

Lemma 4.6 ([27], Lemma 8). Denote by P1, Py : (I x X)? — (I x X) the standard
projections. Then there exists a plan 7 € .4 ((T x X)?) with marginals

(4.8)

[Pilgnt = whp @)™,
[Py = we @ "™
concentrated on the set G defined in (4.8).

(4.9)

2. In this step, we decompose the plan 7 constructed in Step 1 into a countable
sum of components. First, consider the set I = {v : f”(v) = 0}, and its complement
(0,1) \ I. Since (0,1) \ I is an open set, we can write it as the union of countably
many disjoint intervals A;:

o0
0, 1)\ I = U Ay, A; C (0,1) disjoint intervals
=1

+

Then we will decompose 7 as

at = Z "+ Th (4.10)
leN

where, loosely speaking, m;" is supported in the set (v,t,z,v,7/,t,z,v") where at the
point (¢,z) the curves v, satisfy

{77 (t4), 7" (t=), 7" (), /" (t=)} € Ass

while W}_ represents the remaining curves. In the following of this step we formalize
this discussion.
By definition, the measure wy, ® p7 (recall also (3.7)) is concentrated on the set

G = {(n,t,2,0) €T x X [4°(1) = 2, v € " (t4),7° ()] }. (4.11)
Analogously, the measure w, ® p; "7 is concentrated on the set

g, = {(7’,75’,1",1/) el x X ‘ YY) =4, v e [’y”(t'—),’y”(t/—k)}}. (4.12)
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We define the sets, for each [ € N,

Gy = {(rta.0) € GF | 7°(1). 7" (14) € A,

(4.13)
Goy = {0/ W) € 67 |1 (t=), 7" (t+) € Ar}.
and the sets
G, Yt v) € G| AV (E=) > 4V (t+) ¢,
=1 R } (4.14)
={( ) e g7 [ *)<7”(t’+)}-
Finally we define
7Tl+ = 7r+|_(g;:l X g;l),
(4.15)

7= wt(((g,j X G2 U (G5, % 6)) @i, x G;D)-
l

By Step 1 it holds
= Z 7Tl+ + 77:; + 7r;r
leN
where

i = 7T+|_(g,'£l xG. 1),
Gilp = {(%t’f’%“) € gﬂv(t—) =(t+) € I},

Gori= {(%t’,x’,v’) € g,j‘v(t’—) =y(t'+) € I}.

We claim that 7rf = 0 so that actually

+ + +
T —Zﬂl +7TJ.

leN

This follows by the following Lemma about functions of bounded variation (see e.g.
[1]).

Lemma 4.7. Let v : (a,b) — (0,1) be a BV function. Then, if Dv is the diffuse
part of the measure Dv, for any set I C (0,1) of zero £ measure, it holds

Dv(v='(I)) =0

3. Using the construction of Step 2, we now prove that for every | € N, the
measure

foz = [Pt,x]ﬁﬂfr (4.16)

is concentrated on a 1-rectifiable set, where P, : (I' x X)? — (0,7) x R is the
projection on the first two variables (v,t, z, v,y ¢/, 2/, v") — (t, z).

We fix [ € N, and prove that I/i’: ; is concentrated on a 1-rectifiable set. Without
loss of generality we can assume that A; C (0,1) is such that f”(v) > 0 for every
v € A;. The other case is completely symmetric. We start with two preliminary
results, that are proved in [27].

The first lemma formalizes the intuitive fact that, in an interval A; where the flux
is strictly convex, generically, Lagrangian curves representing the hypograph cannot
cross from the left curves representing the epigraph.
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Lemma 4.8. Let I'y,Tc as in Lemma 3.20. Let (7,15) € I'y, and let (a,b) C Iy be
such that 4°((a,b)) C A;. Let moreover G C I'c be a set of curves (v, 1,) such that
there exist a < s% < s% < b with

FE) >, ) <F), A A (@)
Then
we(G) =0. (4.18)

The proof of the Lemma can be found in [27, Proposition 6] in the case of Burgers
equation, but it is the same for strictly convex fluxes, therefore we omit the proof.

Given t, T, let G%j C T'j, be the set of curves (v, I,) such that ¢ € I, 7¥(t) € Ay,
and y*(t) < 7. Ar{alogously, let Gi, C I'c be the set of curves (7,1y) such that
tel,, () € Ay, and v*(t) > .

Now we construct the candidate Lipschitz curves on which I/fr ; is concentrated,
[27, Corollary 7]. ’

Lemma 4.9. To each (v, I,) € 'y, associate the time tﬂf € (¢, t?y] defined as
l T 42 Iy
t, :=sup {t € [{,t3) | 7Y(s) € A Vs € (t,t)}

where we understand that the sup of the empty set is t. Define the curve

fialt) = sup Ao (1), te[t,T)
{'YGG%@ cte(t, )}

and its upper Lipschitz envelope ftli* (6, T) = R

ftlj(t) :=inf {g(t) | g : [t,T] = R is | f'|oc-Lipschitz and g > f%,z in [t,T)}. (4.19)
Then, for every t € [t,T), it holds

wn({7€Gha |70 > 1at), teEH)]}) =0

we({v €Gr, | () < flt), tel t;)}) —0.

The following Lemma is a general result about functions of bounded variation
(see [1]).

(4.20)

Lemma 4.10. Let v : (a,b) — R be a BV function and denote by D™ v the negative
part of the measure Dv. Then for D™ v-a.e. T € (a,b) there exists a 6 > 0 such that

v(z) >v(z) Voe(x—9,z), v(z) <v(z) Vaoe (z,z4+90)

Now that we have all the elements, we divide the proof of Step 3 into further
substeps.

3.1. Fix (£,2) € (0,T) x R. Define the sets G Q{eaé CI'x X as

t,z’

grti={(v.t,z,v) €Ty x X : te (B, 47(F) <z} o)

gg’é ={(y,t,z,v) €Tex X : te (f,tgf), (1) > z}.
Define the measure

+ .+ hil el
Mgz = ™ ‘—(gﬂ:@ X gf,i)
The main contribution of this step is to show that, letting
Fiz=A{ta) |z=fl,(t), te®T)
then
the measure (P ;)sm, . is concentrated on FL. (4.22)
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Let Q%;t be the two connected components of (£,7) x R\ .Z!_, the left (—) and the
right (4) one, respectively. By definition of Q% and of ﬁt—lfi, and by (4.20), there
holds

wh @ p LG (T x Q% (0,1)) = 0. (4.23)
Moreover, one has
h,l
[Pralimls 5 < [Pralym o (G77 x (T x X))
(4.24)
e [pt,l‘]ﬁ (/ M¥7+LgZidWh> .
'y
It follows from (4.23), (4.24) that
[Pralems 2(2) = 0. (4.25)
In an entirely similar way, we prove
l,—
[Py a)im 7 5 (25) = 0. (4.26)

Finally, we have that [Pt/,x/]ti”;r{f = [Pm]ﬁwft—j, because 7" is supported in G and

therefore also 7Tl+ is supported in G. Therefore we conclude that
I, l,—
[Pralims (1 U QL)) =0 (4.27)

which means that [Pt,x]ﬁﬁ;rﬁ is concentrated on ﬁ%j

3.2. We prove that for m-a.e. pair (v,t,z,v,9/,¥,2’,v') there exists a § > 0
such that
(1) for every s € [t — d,t) it holds v*(s) < v*(s),
(2) v¥(s) € A; for all s € (t —6,t],
(3) vV (s) € A; for all s € (t' —6,t].

In order to prove it, we proceed as follows. By definition of 7Tl+, it holds
for 7Tl+-a.e. pair (v,t,z,v,7,t',2',v") it holds:

7(t—) > 7 (t+) and v (=), 7" (t+) € A (4.28)
YU (t—) < 4V (t+) and vV (E—), "V (t4) € A,

Therefore there exists a d23 > 0 such that (2), (3), are satisfied. To prove (1), we
first prove the following claim:

for . -a.e. (t,z,v), there exists a § > 0 such that v"(s) > v for every s € (t —4,t)

(4.29)
An application of Lemma 4.10 provides a D~ ~y-negligible subset N, C I, such that
for every t € I, \ N, there exists a § such that 7¥(s) > ~"(t+) for every s €
(t — 0,t). Moreover, for every ¢t € I, in which 4" has a negative jump, for each
v € [yV(t+),7"(t—)) there exists a 6 > 0 such that for every s € (¢ — 6,¢) it holds
~vY(s) > v. Let

Ey={(t,z,v) : 7(t=) =v>7"(t+)}

Since E is at most countable and uY’Jr has no atoms, it follows that ,u'ly’+ (E,y) =0.
Therefore

i (B, U (L)) =0
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and (4.29) is proved. Therefore, using also (2), we obtain the following statement:
for wy, ® p) " -a.e. (v,t,x,v), there exists a &, > 0 (J, < d2) such that
for every s € (t — dy,t) it holds 4”(s) > v, and hence v (s) < x — (t — s) f'(v)
(4.30)
where we used the strict convexity of f in A; and the characteristic equation for
(3.3). In an entirely analogous way we prove the symmetric statement: for w, ® oy -
a.e. (v,t,x,v), there exists a d. > 0 (d. < d3) such that
for every s € (t — dp,t) it holds 7" (s) < v, and hence ¥*(s) >z — (t — s) f'(v)
(4.31)
To conclude is sufficient to notice that since 7 is concentrated on G, then (1) holds
with & = min(dy, d.) for 7rl+—a.e. (v, t, 0,4, ¢ 2! 0.

3.3. From Step 3.2, we deduce that for 7rl+—a.e. pair (v,t,z,v,v,t',2’,v"), there
exists a rational pair (¢,7) € ((0,7) N Q) x Q such that

Iy h,l e,l
(v, t,z, 0,9 ¢ 2" 0') € g{’i X gﬂj
This shows that 7rl+ is concentrated on
hl el
U gt_,i X gﬂﬁc

t€(0,7)NQ
10

Since holds
Praleri = 3 [Pale(m gl < 62t

te(0,7)NQ
zeQ

by Step 3.1 it follows that [Pm]ﬁﬂf =v ; is concentrated on the 1-rectifiable set

(4.32)

U Zl.co1) xR
te(0,7)NQ

zeQ
4. As a final step, we prove that the remaining part
vy = [Pl (4.33)

is concentrated on the set J of Theorem 4.3, and therefore is concentrated on a
1-rectifiable set.

For v € (0,1), we introduce the following functions which measure the nonlinearity
of f near a point v. For § > 0, define

h(5,6) = max {h >0 ‘ LY ((@-6,0)N{v : |f@) = ()] = 20}) > h}

bt (3,0) = max{h >0 ( LY (@,0+0) N {v : |f'(©) - f(v)] >2h}) > h}.
If the flux is weakly genuinely nonlinear in the sense of Definition 4.1, it holds
0<b(@,0) <6, >0 (4.34)

For example, if f(v) = v?/2, then for every v € (0,1) one has h*(v,4) = §/3.
We have the following Lemma, proved with the same techniques of [28, Lemma 4.6].

Lemma 4.11. Let (v,1,) € 'y, let t € I, and set & = v*(t). Let
v = max [y"(t1)],
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where
{(@t+), 1 (E-)) i tel,
[V ()] = " ()} if t=infI,,
{v*(t—)} if t=supl,.

Then there exists a constant ¢ depending only on ||f”||co and 61 depending on ~y
such that for all § < 61 at least one of the following holds true.

L2{(t,2) € By (L) | ult,2) > v -3}

hrﬁ%}nf 2 “h7(v,9)

lim sup M >c-h (v, (5)2 (4.35)
rl0 r

lim sup n(Bx(t, 7)) >c-h(7,0)>.
rl0 r

Proof. Without loss of generality, we assume that © = 4Y(t—) and that there exists
d such that (t —d,t) C Iy. We let 6 > 0 be such that for every ¢ € (t — §,1) it holds

If'(3°@®) = f(0)l <b™(,8)/2,  3°(t) >0 —b(0,0)/2
Moreover, since 3lim,_,;- 7.(t) = f'(v), then for 7 small, and for every r < 7, the
curve (t,£) 3 t — (t,5"(t)) has a unique intersection with dB,((f,Z)), at a point
that we call ¢,.
We start by noting that an interval J C (v—0,0—b7(0,d)/4) of length ~ h~ (v, J)
and in which f’ is distant at least h~ (7, ) from f/():
If(¥) — f'(v)] > b~ (v,0), Yo e J
1 (4.36)
|J| > b (9, 9).
1"l
In fact, pick any point © € (9 — 6, v) such that f'(v) > 2h. Let J be the connected
component of the set {v | |f'(v) — f'(v)| > b~ (v,0)} to which ¥ belongs. Then, the
length of J must be at least

1
|J| > mh_(@,(s)-

Since ¥ € Ty, and 4¥(t) > v — h~(v,8)/4 for t € (t; — J,t1), it holds, for some
€ > 0 possibly depending on r, that

b~ (v,9)
4

32{(75,@ €S, |u(t,r) >v— } > er, where S7, := (id,7")((¢, 1)) + B:(0).

(4.37)
For every (v, I,) € I consider the nontrivial interiors (¢, t;.y’+)§y:”1 of the connected
components of (v?)~!(.J) which intersect

(ide,y) ' (S2, x J) C I,
where J is the central interval of J of length |.J|/3. Notice that we have the estimate

3
N, <1+ mTot.Var.v” (4.38)

For every j € N, consider the set
Lj={(v,Iy) + Ny=j}
and consider the measurable restriction map

Rj : Fj — I, (71 I’y) = (’77 (t;'y’_7t]7"+))
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Define the measure
oo

@n =Y _(Rj)s(wn )
j=1
which is finite because of the estimate (4.38) we have for some constant K > 0

3
lloon | </N dw(y /1{7 () —a|<i} (Y )< ’J’>T0t Var.y” dw(y) < oo

the last inequality being a consequence of (3.4). By an elementary transversality
argument, for wy-a.e. curve (7', 1) it holds, since

[5(0) = F@)] > b7(5,8) for ace. te (£]7,1)

that 5
1 / T 3
/ < . .
8% {telﬂ, ‘7(t)eSg,r><J}_ = (4.39)
By construction, it holds
/(idt,v)ﬁfll_[ﬂ, dwy, > $3L{(t,:n,v) €Sy, xJ ‘ u(t,z) > v}. (4.40)
r

The measure of the set in the right hand side of (4.40) is at least re|J|, therefore
combining (4.39), (4.40), we obtain

&n(D) = =rlJ[h™(5,6). (4.41)
Welet I' =11 UT's; UT'3, where

I = {(')’alw) ‘ ’Iﬂ > 7“}:
Lo ={(v. L)) | L] <7, ~+°(0L,)ndJ #0},

s ={(v. 1) | |1I,| <7 ~"(0I,)N8J =0}.

For wp-a.e. (v,1,) € I'1 it holds
LHtel, | (t,(t) € Bar(t, @) x J} > 7

For @p-a.e. (v,1,) € I'y it holds

Y(Iy) C Ba(t, @) x J, Tot.Var.y” > |J|/3
For @p-a.e. (v,1y) € I'3 it holds

(. 7(th),  (2,7(2)) € Bar(t,2) x J

Then it follows that one of these condition holds:

. r|J|h~ (v, 0 . r|J|h~ (v, 6 r|JI6= (0,9

2 @D ) b 0.0 10~ (2,6).
(4.42)

If the first condition holds, we deduce from (e;)swon < (er)swn = x(t,-,-) - Z? for

every t > 0, using Fubini’s theorem,

wp(l3) >

1
.,2”2({(15 ) € By (£,Z) | u(t,z) > v — 5}) 37’2[)*(17,5).
If the second condition holds, we deduce, using the first equation in (3.10), that

_ J| . J o) |J 1 _
al(Bar(t.2) x 0) 2 [ Hlaso > AL oy
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If the third condition holds, in a similar way, we deduce, using the second equation
in (3.10), that

_ 1 _
’MO‘(BQ’I‘( ,i’) X J) > WT[] (’U,(S)2.
This proves the result. O

The symmetric statement holds for the epigraph: the proof is identical, therefore
is omitted.

Lemma 4.12. Let (v,1,) € I, let

where
{v(t+), v (=)} if tel,
[y ()] = § ¥ (t+)} if t=infI,,
(=)} if t=supl,.

and set T = y*(t). Let

v = liminf ().
t—t, tely

Then there exists an absolute constant ¢ depending only on || f"||s such that for
every 6 € (0,1) at least one of the following holds true.

Z*{(t,x) € Bg(t,z) ! u(t,z) <v—6}

. . + —
luﬁ%)nf 2 >c-h"(9,0)
B 7 -
lim sup vo(Br(t, 7)) >c-h(9,6)? (4.43)
rl0 r
B 7 -
lim sup M >c-h(9,0)3.
rl0 r

The following proposition concludes the proof of Step 4.
Proposition 4.13. For v} j-a.e. (t,z) € (0,T) x R, it holds

B.(t,
lim sup 2P 2)

> 0. (4.44)
rl0 r

In particular, the measure V1+J is concentrated on the 1-rectifiable set J of Theorem
4.3,
Proof. For v 7 a.e. (t,z) one of the following holds:
(1) there exists (v,t,z,v) € Q;L“J and (7/,t',2',v") € G such that
(to) = (¢,2') and 4"(t=) > v =/ > 2" (t-);
(2) there exists (v,t,z,v) € G, and (v/,t',2',v") € G_ ; such that
(t,z) = (t',2") and ~A"(t—) <v=10" <A"(t-).

Since the proof is symmetrical, assume the first condition holds. We apply Lemma
4.11 to the curve v and Lemma 4.12 to the curve 4/ with

5= Al (=) v},

Then either the second or the third condition holds in at least one of the two Lemma
4.11,4.12, or the first condition holds in both Lemmas. But in this case, (¢, ) cannot
be a point of vanishing mean oscillation. Therefore by Theorem 4.3, it must holds
(t,z) € J. O
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5. From the previous steps, we conclude that I/1+ is concentrated on a 1-rectifiable
set. In fact, one has

v = (Pt,m)ﬁ/r u " dwn(7) < (Pl ™ = vl + > v (4.45)
h leN

From Step 3 and Step 4 we deduce that v} is concentrated on a 1-rectifiable set.
The same argument holds for v, therefore the proof of Theorem 4.5 is completed.

We conclude the section with a result about the structure of the source term pg
outside the jump set J that, beside having an interest on its own, it will be useful
for later when studying the isentropic system with v = 3.

Proposition 4.14. In the above setting, there exists a measurable function e(t,x)
such that one additionally has

pord© = €(t, l’)(pt,gc)ti|,lt0| ® 51](15,2:)’ e(ta l‘) € {17 _1}' (446)

Proof. Since p1, po is a minimal pair, it is induced by a good Lagrangian represen-
tation wy, (Definition 3.3) in particular,

MZA%MWO

Since (po, p1) and (—pp, —p1) are simultaneously induced by wp,, we, there holds

—MZA%WM)

This means that for |ug| almost every point (¢, x,v) there is a curve v, € I'y, and a
curve v, in I'e such that v, (t) = (z,v),7.(t) = (x,v), and either

t =tk

42
Th? t_t'Ye

or
__ 42 _ 41
t=12, t=tl.
Assume now that p is not of the form (4.46). Then there is a point (t,z) € J¢, two
values v_ < vy and two curves v, € I',, 7. € I'c such that vj(t) = 72(t) = x and
limsup 75 (s) = vy, limsup =wv_
s—t, s€ly, s—t, s€1y,
Since (t,z) € J¢, the first option of Lemma 4.11 and of Lemma 4.12 must hold. But
with the same argument of Proposition 4.13, this is a contradiction because (t, ) is
of vanishing mean oscillation. O

5. REGULARITY OF BURGERS’ EQUATION

In this section we provide a first application of the Lagrangian representation to
obtain a regularity result for quasi-entropy solutions Burger’s equation. We first
recall the Definition of the Besov spaces BZY  (R).

oo,loc

Definition 5.1. Let a € (0,1), p € [1,+00). A function v : R — R belongs to
B*? (R) if

oo,loc
uw(x+h) —u(z)|?
ho

dz < +00, VK CR compact. (5.1)

|ul]? . = sup/
Bx"(K) h>0JK

Then we have the following regularity result in terms of Besov spaces.
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Theorem 5.2. Let u be a quasi-entropy solution to Burgers equation such that in
addition py given by Proposition 2.3 is a signed measure. Then for every T > 0,
K C R compact and 6 > 0 there exists a constant C = C(K,T, up) such that

’ C
0l gyt < o 5.2)

Proof. Up to a symmetry in the v, we can assume that u; is a positive measure.

Moreover, up to choosing a different pair (fio, f11) smaller than (uo, p1) for <, we
can assume that wy is a Lagrangian representation of the hypograph of u (Defini-
tion 3.1) that induces (pg, 111) as in Definition 3.3. Thanks to Proposition 3.18, we
can also assume that (ug, 11) is simultaneously induced (Definition 3.16) by wj and
we, where w, is a Lagrangian representation of the epigraph of u (Definition 3.15).
This second step is not really necessary but makes the proof easier. A key point is
that these operation preserve the sign of u1, by definition of the relation <. Finally,
we denote by I'y,, I'e the set of curves selected by Lemma 3.20.

1. Fix At > 0 and for ¢ > At consider the set of curves

F';Z’At = {’yh eIy ‘ [

+
S St—At Zt}

rbAt .= {% el. | t, <t—At, th> t}
Define the measures

XZAt ‘= Cty (wh'—Fz’At) < Xh(t7 *y )XQL(R X (Oa 1)) in %(R X (07 1))7

(5.3)
Xbar = ey (el TEAT) < Xt ) L2 (R x (0,1))  in (R x (0,1)).
Finally, we define the functions
a®(t, x) := sup {v €(0,1) | (v,z) € supp X’;At}, VeeR
(5.4)

bAY(t, x) == inf {v €(0,1) | (v,z) € supp XZN}v Vel

Notice that the L' distance between a®t(t,-) and u(t,-) can be estimated in terms
of the source 9. In fact, by definition of a*, we have

M At
/_M|a (t,x)—u(t,xndx:wh({%erh | tel,, t;he(t—m,t)})

< g (8,07 -
5.5

where
1A= (b= At ) x (=M — At M + At) x (0,1).

This implies, integrating in (0,7") and using Fubini’s Theorem:

T rM
/ / a®(t, ) — u(t,z)| dedt < At- |ud|([0,T] x (=M — At, M + At) x (0,1)).
e (5.6)
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Entirely symmetrical statements holds for the distance of u from b2t

M
/ a2t 2) — ult, z)| de < pug (SMA),
M

T M
/ / b2 (t, ) — u(t,x)|dadt < At - |ug | ([0,T) x (=M — At, M + At) x (0,1)).
At J—-M
(5.7)
By triangular inequality, the difference a®t(t, ) — b>(t, ) lies in L' as well and

M
/ a8, ) — bt 2)| d < [puol (S,
M

T M
/ / | (t,x) — b2 (¢, 2)| dodt < At|uo|([0,T] x (=M — At, M + At) x (0,1)).
B (5.8)

2. Now fix x < y and € > 0 small. Take a curve 7, € Fz’m such that |y (t) —
(y,a™(t,y))| < e. Since p; is positive and (y,a®*(t,y)) € supp XZA“ by (3.7) we
can assume that ¢ — 7;(t), t € I, is decreasing. By definition of b2t there exist
positive measure set of curves G C F?At such that

"Ye(t) - ($7bAt(tvx))’ <e.
By Lemma 4.8, it holds
we({% €G | elt—At) >H(t—At) and y.(t) < wh(t)}) -0 (5.9)

Moreover, since 1 > 0 and again by (3.7), I,, 3 t — ~Z(t) is increasing for we-a.e.
ve € G. Therefore, thanks to the characteristic equation (3.3), it holds

FE(t — At) <y — At -aPH(t,y) + 2

A (5.10)
Yot — At) > x — At - b7 (t,x) — 2¢, for we-a.e. Y. € G.
Then, combining (5.9) with (5.10) and letting € — 0 we obtain
a®(t,y) — bt x) < %, for every x <y (5.11)

Setting h = y — x and integrating in an interval [—M, M|, for some M > 0, we
obtain

M
/ (a®t(t, x4+ h) — bt z)) T de < 2MhAL™L (5.12)
-M

Moreover, combining with the inequality above the L> bounds for a®, b, and the
inequality (5.8) of Step 1, we obtain

M M
—/ (a®H(t, x + h) — bY(t, x)” do = —/ (a®H(t, x4+ h) — b2t )t da
-M -M

M
At AL ) da
—i—/_M(a (t,z+h) — b= (t,x))d

> —2MAAL — 20 — |po| (M2
(5.13)
which in turn yields the bound

M
/ 1tz + h) — bt )| do
-M (5.14)

< C(hA + (5124
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for all t > 0 and At < ¢, with C depending only on M.

Step 3. Fix 6 > 0 and h'/2 < §. Then, for every At < §, we estimate the L!
norm of the difference u(t,x) — u(t,x + h) by

/ / u(t, x) —u(t:c+h|da:dt</ / — b2 (¢, )| de dt+

+ / / 024t ) — a®U(t, x + h)| da dt+
4 —M
T M

+/ / la®t(t,z + h) — u(t,z + h)|dz dt
§ -M

< 2At - o] ((0,T) x (=M — 6, M +8) x (0,1))

T rM
+/ / la®(t, x + h) — b (t, )| dz dt
é -M

(5.15)
where the inequality in the last line follows by (5.6), (5.7). By (5.14), since for
€ (0,T) one has At < § < t, we obtain

T
/ / Dt 2+ h) — b1, 2)| dz dt < C(hAE! + A)
8 R
so that in total, for another constant C' depending on M, T and |ug|, we obtain

// —u(t,r +h)|dedt < CRAt +A), VAt<S§  (5.16)

Choosing At = hl/2 (which is possible since h'/2 < § by assumption), we obtain

T M _
/ / ult, z) h:‘/(;’x MW pdt <20, Wb suchthat B2 <8 (5.17)

Instead if h1/2 > §, we obtain trivially

M u(t, x) — u(t,z + h)| 2MT
/ / - arar < 2L (5.18)

This proves that

t, u(t, h
sup/ / |u(t, =) z+ bl dzdt < g, V K C R compact.  (5.19)
h>0 h1/2 J

O

6. APPLICATIONS TO THE EULER SYSTEM WITH v = 3

In this section we apply the results of this paper to the system of isentropic gas
dynamics with v = 3, for the evolution of the density p and the momentum m = pu
of an isentropic gas:

Oip+9:m =0
9 N (6.1)
Oym + 0x(m”/p+p°/3) =0
The Riemann invariants of the system are
m m
w=-——p, z=—+p (6.2)
p p

with corresponding eigenvalues

A(w, z) = w, Ae(w, z) = z.
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We consider solutions that take values in the compact set

K= {(om) | 1o m) <M, p=cf

where ¢, M are fixed constants from now on.

Definition 6.1 (Entropy solutions in K). A function u = (p, m) € L*°([0,T]xR; K)
is an entropy solution in K of (6.1) if it is a weak solutions of (6.1) and it dissipates
every convex entropy 7 : K — R:

om(u) + 0,q(u) <0 in 7
where ¢ is the corresponding entropy flux Vg = VnDf, and

f— m

Remark 6.2. Some comments are here in order. First, recall that the convexity of
the entropy must be checked in the conserved variables (p,m). Secondly, a more
subtle point is the following: in the definition of an entropy solution in K we require
all convex entropies n : K — R to be dissipated. However, it may happen that
such entropies cannot be extended as convex functions to the whole set {(p,m) €
RT xR) | p # 0}. An example of class of solutions that fits our definition is the one
vanishing viscosity solutions with the identity viscosity matrix such that Imu® C K
for all € > 0, where u® are the viscous approximations solving

up + f(u')e = cug,.
We recall that a function € C? is an entropy of the system if and only if it
satisfies, in Riemann coordinates (w, z),
_)\lz
It is well known that the system (6.1) admits a strictly convex entropy, the energy:

A2w
T (w, 2) = (w,2) + 22—, (w, z) = 0. (6.3)
A1 — \g

1 1
ni(p,m) = 5m*/p+ o

In the following Proposition we use the energy to prove that, if an entropy solution
(p,m) satisfies p > ¢ > 0in [0, T] X R, then its Riemann invariants are quasi-entropy
solutions to the Burgers equation.

Proposition 6.3. Let u = (p,m) € L>([0,T] x R, K) be an entropy solution in K
of (6.1). Then w =u— p and z = u+ p are quasi-entropy solutions of the Burgers
equation, i.e. they satisfy Definition 2.1 with f(u) = u?/2.

Proof. We prove that w is a quasi-entropy solution of the Burgers equation, the
proof for z being identical. By definition of quasi-entropy solution, we need to show
that for every n: R — R, 5 € C?, there holds

py = Ogm(w) + Oq(w) € A ([0,T] x R)

where ¢ is the entropy flux of n, ¢'(w) = wn/(w). Starting from 7, we construct
an entropy-entropy flux pair for the isentropic system (6.1) by setting, in Riemann
invariants,
ﬁ(wv z) = n(w)7 Cj(wv Z) = Q(w) Vw<z.

It is immediate to check that, if 7,q are entropy entropy fluxes for the Burgers
equation, then 7, g are entropy - entropy fluxes for the isentropic system (6.1). We
now show that 1(p, m) is C? in the region p > 0 when considered as a function of the
original variables p, m. This is fairly trivial, because we have n € C?, and morevoer
the change of coordinates (6.2) is C* in p > 0. This shows that 7 € C2(RT xR\ {p =
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0}). Clearly, since the energy ng is strictly convex, 7 is C? and K is a compact set,
there exists a constant C' > 0 big enough such that the entropy S := 7 + Cng is
convex in K. Therefore, since by assumption u is an entropy solution in K of (6.1)
(Definition 6.1), we have

0> pg :=0:S(u) + 0;Q(u) € ([0, T] x R) (6.4)

where @ is the entropy flux of S, therefore pug is a nonpositive measure. But now
by linearity of the operator 1+ p, we can write

pin = piy = ps — Cpiny, € A ([0, T] x R)
and this proves the claim. O

The following Theorem is due to Lions, Perthame and Tadmor in [22]. We consider
here directly the version for the exponent v = 3.

Theorem 6.4. Let u be an entropy solution to (6.1). Then for some nonpositive
measure m € A ([0,T] x R), there holds

Og(t, z,v) +v0,g(t, x,v) = Opym (6.5)

where
g(t,.%', U) = 1 /Lf w(twrl:) S v S Z(t)w)
0 otherwise

where w(t,z), z(t,x) are the Riemann coordinates of u(t,x).

In the following theorem we use Theorem 4.5 and Proposition 6.3 to deduce the
measure (pgz)sm is concentrated on a l-rectifiable set S C [0,77] x R.

Theorem 6.5. Let u = (p,m) € L°([0,T] x R; K) be an entropy solution of (6.1).
Then (piz)gm is concentrated on a 1-rectifiable set S C [0,T] x R.

Proof. 1. From Proposition 6.3 we deduce that w, z are quasi-entropy solutions to
the Burgers equation. By Proposition 2.3 this is equivalent to

1 ifo<z(tzx

Oex +v0ux = po + Oppr,  x(t,x,0) = - .( ) (6.6)
0 otherwise
1 ifv<w(t

O +v0yth = 00+ Bpor,  Blt,m )= 4 L LY S whT) (6.7)
0 otherwise

for some locally finite measures g, ;.

Recall the Definition of the sets P, Py, given in (3.30), which are the sets of all
the pairs (uo, 1) and (o, 01) of locally finite measures for which (6.6) and (6.7)
are satisfied, respectively. We can assume, up to replacing the measures u;, o;, that
the pairs (1o, 1) and (og, 01) are minimal with respect to the relation < introduced
in Definition 3.17. Therefore from Theorems 4.3, 4.5 we readily deduce that v; :=
(Pt,z)slp1] and &1 = (py.2)4|o1| are concentrated on the 1-rectifiable set S C [0, 7] xR
which is defined as

x + + B.(t,
S:= {(t,x) €[0,7] x R | limsup (P, )ﬁ(|M1| o4l +1M0| |00D( (t,2)) > 0}
rl0

2. Consider the disintegrations, for ¢ = 0, 1,

Hi = M§t7x) X v, 0; = Ul(t’m) ®&

vi = (pra)pliel, & = (Dea)sloil
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Thanks to Proposition 4.14, we deduce that for some measurable functions w(t, z)
and z(t, z)

,u(t’z) = e(t, 7)05(t,2), for vp-a.e. (t,z) € S°
(t ) = et, )0 (t,2) for {p-a.e. (t,x) € S°

where e, € are some measurable functions with values only in {—1,1}. Notice that

p(t,z) = z(t,z) —w(t,x) = /Rx(t,:r,v) —(t, z,v) do,

(6.9)

2(t,)
m(t, ) :/(t vdv:Av(x(t,x,v)—¢(t,x,v))dv

w(t,z)
therefore by subtracting (6.7) from (6.6) and integrating in v we obtain the equation
for the conservation of mass

0 =0p+ 0xm = (prz)4(po — 00) in .@,;z. (6.10)
Using (6.9), we therefore deduce that
e(t, £)roLS® = (pr.a)3p0LS = (pr.a)go0rS” = €(t, 2)§oLS°

and since vy, &y are positive measures and e,e € {—1,1}, we conclude

LS =1pLS® and e(t,x) =e€(t, ) for vp-a.e. and &y-a.e. (6.11)
We deduced that g, og restricted to S¢ write in the form
MO'—SC = e(tax)(sé(t,a:) ®J, oS¢ = e(tvx)(sw(t,x) ®] (612)

where j := 1gLS¢ = £LS¢. Using also the elementary identity

2 3 2(t,x)
m(t, 2) + plt.z) = / v?do = / V2 (x(t, z,v) — p(t, z,v)) dv
,O(t, i‘) 12 w(t,x) R
we deduce, by multiplying (6.6), (6.7) by v and subtracting (6.7) from (6.6), that

2 3

0=dm + a:,;(m7 + %) = (pra)s(or — ) + /vd(uo — o)) (6.13)

where we denote by [vd(uo — 09)(-,,v) the measure on (¢,z) defined by

//¢(t7w)d /Ud(o—ag)(,, (t,z) == /// txvd,uo—/// (t, z)v dog

for all ¢ : [0,7] x R — R continuous with compact support. Since 0.8 = 0 =
p1LS¢, we deduce from (6.13) that

0= /vd(,uo —09)(+, -, v)LS° (6.14)
which, using the expression (6.12), means
Z(t,z)j = w(t, z)j for j-a.e. (t,x). (6.15)

But this just means w(t,x) = z(t, z) for j-a.e. (t,z). Therefore
OpymLS® = 81,(/“ — 0'1>I_SC + (/Lo — J())LSC =0.

Since m is compactly supported in v, this implies m = 0 in S¢ and this concludes
the proof. O

We now analyze the shocks structure in order to obtain more information about
the dissipation measures.

Definition 6.6. A pair of states u™,u™ € K is an admissible shock if
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e The Rankine-Hugoniot conditions hold:

2 2 2 2
3 3 2 2 3 2 2 (6.16)
ﬁ_i_g(&_Z;):&_K_ (&_“;)
3 3 2 2 3 3 2 2
e The energy dissipation holds:
4 4 3 3 4 4 3 3
z z z z w w w w
dp =+ 2= _ (i_;>_7+_;_ (i_;><0 6.17
BT T T\ T3 T T T\ T )= (6.17)

By the same arguments of [13] we deduce that #'-a.e. point (t,x) € S is an
admissible shock, where u ™, u™ are the left and right traces on S.

The proof of the following lemma is classical, and is a special case of the second
order contact between the rarefaction and shock curve, together with the fact that
the entropy dissipation for genuinely nonlinear systems is cubic with respect to the
shock strength; we refer to [12, Chapter 5] for a proof of this well known facts.

Lemma 6.7. If u—,u" is an admissible shock, then there is a positive constant
C > 0 such that one of the following holds:

(a) Shocks of the first family: wy < w—, and

|24 — 2| < C- (wy —w-)

3 W4 + w-—
Y O — —F
2

‘SC-(w+—w)3

dE(w+,w_,z+,z_) <-C- |w+ - w—‘g

(b) Shocks of the second family: z4 < z_, and

U@gz"gc.(zmz

jwy —w_| <C- (2= — 24)?,

dE(w+7w_aZ+az_) <-C- ‘Z-F - Z_|3

Next, we use the structure of the shock to deduce that it is possible to choose the
measures (1,01 in (6.6), (6.7) with a definite sign.

Lemma 6.8. Let u € L*>°([0, 7] x R,K) be an entropy solution of (6.1). Then the
Riemann invariants satisfy

1 =2 < z(t

Orx + 0 X = o + Oppi1, x(t,z,v) = { ifvs Z( ) (6.18)
0 otherwise
1 = < t

O + 006 = 00+ D01, D(twv) = 4L VWD) (6.19)
0 otherwise

where 1,01 are signed measures.

Proof. For almost every point (¢,z) € S, (6.16) and (6.17) are satisfied, where z, z_
and w,,w_ are the left and right traces on S, which exist thanks to Theorems 4.3,
6.3. By (3) of Theorem 4.3 we can characterize the distributions on the right hand
side of (6.6), (6.7).

(T w + Oup1Ld o, n'p) = /

wy
- / 0 ()0 — o) dvd ATy, (6.20)
T % _

zy
(00T, + Byo1 T, 1) = /[OT} ) / 7 (0) (v — o) dvd AT, (6.21)
T _
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Here as in the proof of Theorem 6.5 u;, 0; are chosen to be minimal with respect to
the relation < and J,,J, are the corresponding jump sets (4.3). We claim that up
to an s#'-negligible set there holds

S=J,=1J.. (6.22)

In fact, by definition of S we have J,, UJ, = S. Since both w, z admit left and right
strong traces on S (see [35]), we deduce that on J#'-almost every point of S the
Rankine-Hugoniot conditions (6.16) hold. In particular, the following holds:

w(z) Aw(z) & 2z (z)#z2"(x) for #H'-ae zc8. (6.23)

By the representation formula (3) of Theorem 4.3, we deduce w~ # w* for 7#'-a.e.
in J,, which then implies by (6.23) that 2= # 2+ for J#'-a.e. in J,. But then
H1-a.e. point x € J, cannot be a vanishing mean oscillation points for z, and
therefore by Theorem 4.3 they are contained in J, up to .7 '-negligible subsets: this
shows J,, C J,. The converse inclusion is proved symmetrically, and this ultimately
proves the claim (6.22).

We partition S into the 1-shocks S!' and 2-shocks S? accordingly to Lemma 6.7.
In particular, say for the 1-shocks, we have

oSt + 9y LSt = Lt )y (0) (v — o)t St
= Lt ) (V) (v — 7). A8t + Lyt ) (0)(0 — o)A S
=: Oyfi1 + fo
where 7 = (wt +w™)/2 and
i1 = Lt w ) (0)(f(v) = f(w") =50 —wh)) 2t S!
where f(v) = v2/2. Moreover
ooLS" + B8t = 1(,— +)(v)(v — o)A 'LS" =: 5y
Lemma 6.7 immediately implies that 1 has a positive sign, and that g, 0 are
locally finite measures since they satisfy, for some constant C > 0,
|0, |o0] < C|pin | as measures
where ng is the energy dissipation. Therefore we have on 1-shocks that
porS* + Oyp1 St = 9,11 + Fo, oS! + 9,018 = 59
where [i1 is a positive measure, and fig, 5o are locally finite measures. An entirely
symmetric decomposition holds for 2-shocks, and this concludes the proof. O

Corollary 6.9. Let u = (p,m) € L*°([0,T] x R; K) be an entropy solution of (6.1).
Then (p,m) € BY/21

oo,loc”

Proof. The proof follows immediately by combining Theorem 5.2 and Lemma 6.8.
O
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