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Abstract. Refining an earlier result due to Hahlomaa, we provide a new Carleson-type con-
dition for k-regular sets in the Heisenberg group Hn to have big pieces of Lipschitz images of
subsets of Rk for 1 ≤ k ≤ n. Our approach passes via the corona decompositions by normed
spaces, recently introduced by Bate, Hyde, and Schul. Along the way, we prove implications
between several notions of quantitative rectifiability for low-dimensional sets in Hn.

1. Introduction

This paper concerns uniformly k-rectifiable sets in sub-Riemannian Heisenberg groups Hn

for 1 ≤ k ≤ n. Quantitative multiscale methods for the study of (uniform) rectifiability in Hn

have been mainly developed for sets of dimension 1 (e.g., [FFP07; Jui10; LS16a; LS16b; CL17;
CLZ19; FO21; Li22; BLZ23]) or codimension 1 (e.g., [MS17; NY18; CFO19; Rig19; FOR20;
NY22; CLY22; CLY26; CLY25; Mer23; HJ25]). A notable exception is Hahlomaa’s preprint
[Hah12], which gave the initial impetus for the present work. On the other hand, in abstract
metric spaces, a recent breakthrough by Bate, Hyde, and Schul [BHS23] laid the foundations
for a general theory of uniform rectifiability by Lipschitz images from Rk, in spirit of David
and Semmes’ work in Euclidean spaces [DS91; DS93].

A new sufficient condition for BPLI. We provide a new sufficient Carleson-type condition
for a set in Hn to have big pieces of Lipschitz images (BPLI) from Rk, for 1 ≤ k ≤ n, which
implies the result in [Hah12] as a corollary. Along the way, we introduce corona decompositions
by horizontal planes and relate them to other notions of corona decompositions in the literature
[FO20; DF22; BHS23]. At the same time, we streamline the proof in Hahlomaa’s paper by
applying parts of the general metric space theory [BHS23]. This supplements the results in
[BHS23] with a family of concrete examples, namely k-regular sets in the non-Euclidean spaces
(Hn, d) for 1 ≤ k ≤ n, where characterizations of the BPLI property can be meaningfully
studied. Every Lipschitz function f : A ⊂ Rk → (Hn, d) is locally Lipschitz with respect to the
Euclidean distance on Hn, but only Euclidean Lipschitz maps which are horizontal with respect
to the sub-Riemannian structure on Hn are Lipschitz in the Heisenberg metric d [Mag10]. In
this setting, we find new sufficient Carleson measure conditions for BPLI that rely on the
structure of the ambient Hn and are not covered by the characterizations of BPLI in [BHS23].

Theorem 1.1. Let n ∈ N and k ∈ {1, . . . , n}. If E ⊂ Hn is a k-regular set with the properties
E ∈ GLem(β1,π,A(2n,k), 2) and E ∈ WGL(β∞,Vk

), then E has big pieces of Lipschitz images of
subsets of Rk.
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This also holds with “Lipschitz” replaced by “bi-Lipschitz”. The restriction to k ≤ n is
natural since (Hn, d) is purely k-unrectifiable in Federer’s sense for k > n [AK00; Mag04]. In
the range k > n, uniform k-rectifiability should be built on intrinsic Lipschitz graphs [FSS07]
instead of metric Lipschitz images from Rk, and this is a direction which we do not pursue here.

The concepts in Theorem 1.1 will be properly introduced in Definitions 3.1, 3.2, 3.9, 3.15,
and 3.19. For now, we simply remark that the weak geometric lemma WGL(β∞,Vk

) is a way of
quantifying that, for each precision level ε > 0, the set E stays ε-close – in a scale-invariant way
– to horizontal k-planes in all balls centered on E, except perhaps for a family of balls satisfying
a Carleson packing condition. It is known in Euclidean spaces that a weak geometric lemma
alone does not even imply rectifiability [DS91, §20] since it does not sufficiently control how
much the best-approximating planes at a point can spin around as one considers smaller and
smaller scales. In the proof of Theorem 1.1, the geometric lemma GLem(β1,π,A(2n,k), 2) allow us
to control the amount of spinning for certain approximating horizontal k-planes. Remarkably,
unlike the coefficients β∞,Vk

, the β1,π,A(2n,k)(x, r)-numbers, for x ∈ E and r > 0, only measure
how well the projection π(E ∩ B(x, r)) ⊂ R2n is approximated by arbitrary affine k-planes in
R2n, but this turns out to be sufficient in combination with the WGL(β∞,Vk

) assumption.

Connections with geometric lemmas in the literature. Our proof of Theorem 1.1 is
modeled on Hahlomaa’s paper [Hah12], which contains a version of the result under a stronger
assumption. We recover this as a corollary of Theorem 1.1:

Corollary 1.2 (Hahlomaa). Let n ∈ N and k ∈ {1, . . . , n}. If E ⊂ Hn is a k-regular set such
that E ∈ GLem(β1,Vk

, 2), then E has big pieces of Lipschitz images of Rk.

In Section 4 we present an example of a set E ⊂ H1 to demonstrate that the assumption
in Theorem 1.1 is strictly weaker than the one in Corollary 1.2. The set E is the rectifiable
curve Γ constructed by Juillet in [Jui10]. Juillet used this example to prove that the sufficient
condition stated in [FFP07] for a subset of H1 to be contained in a rectifiable curve in the
spirit of the analyst’s traveling salesman theorem is not a necessary condition. To apply this
example in our context, we first verify that the curve Γ from [Jui10] is in fact 1-regular. It is
then easy to see from [Jui10] that Γ /∈ GLem(β∞,V1 , 2), that is, Γ violates a geometric lemma
with exponent 2 for L∞-based horizontal β-numbers; analogous examples could be constructed
for any exponent p < 4, cf. [Li22]. However, this does not a priori rule out the possibility
that Γ could satisfy a corresponding geometric lemma with L1-based horizontal β-numbers as
in Corollary 1.2, at least not by standard estimates such as [DS91, (5.4)]. The main work in
Section 4 consists in verifying that the curve Γ is so badly approximable by horizontal lines
that it even fails the L1-based geometric lemma GLem(β1,V1 , 2). On the other hand, it follows
from a (quantification) of Li’s work [Li22] that Γ satisfies the assumptions of our Theorem
1.1. This example also shows that a characterization of BPLI by means of a geometric lemma
GLem(β1,Vk

, 2) with exponent 2, analogous to the Euclidean one [DS91], cannot hold in Hn.

In fact, Theorem 1.1 was partially motivated by the quest to provide sufficient conditions
for the BPLI property in Hn that can be checked assuming one of the geometric lemmas in the
existing literature. We present two such applications; the first one is related to the stratified
β̂-numbers in [Li22], the second one to the projection ι-numbers in [FV25b].

Corollary 1.3. Let n ∈ N and k ∈ {1, . . . , n}. If E ⊂ Hn is a k-regular set such that

E ∈ GLem(β̂1,Vk
, 4), then E has big pieces of Lipschitz images of Rk.

The curve constructed in [Jui10] does not meet the assumption in Corollary 1.2, while it
satisfies the assumption in Corollary 1.3.

Theorem 1.4. There is a 1-regular curve Γ ⊂ H1 with Γ /∈ GLem(β1,V1 , 2) yet Γ ∈ GLem(β̂1,V1 , 4).
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The β̂1,Vk
-numbers are an L1-based version of the β̂-numbers introduced in [Li22] for subsets

of arbitrary Carnot groups. In this paper, Li proved the following traveling salesman theorem.
A set E in a Carnot group G of step s and homogeneous dimension Q lies on a finite length
rectifiable curve if and only if

diam(E) +

ˆ ∞

0

ˆ
G
β̂E(x, r)2s dx

dr

rQ
<∞.

The exponent “4” in Corollary 1.3 corresponds to 2s in case of G = Hn. Corollary 1.3 can
be interpreted as partial generalization of a quantitative version of Li’s result [Li22] in Hn

from k = 1 to 1 ≤ k ≤ n. Namely, a 1-regular set E ⊂ Hn with E ∈ GLem(β̂∞,V1 , 4)

satisfies E ∈ GLem(β̂1,V1 , 4) and consequently BPLI by Corollary 1.3. It is known that every 1-
regular BPLI set in a complete, doubling, quasiconvex metric space is contained in a connected
1-regular set, see [FV25a, Corollary 4.6]. In conclusion, every 1-regular set E ∈ Hn with

E ∈ GLem(β̂∞,V1 , 4) can be covered by a 1-regular connected set Γ. This fact could also be
deduced from [Li22], using the argument in [FV25a, Section 3], but Corollary 1.3 offers an
alternative approach that provides information also for k > 1.

Finally, we mention an application of Theorem 1.1 to the ι1,Vk
-numbers introduced by the

first author together with Violo in [FV25b]. Roughly speaking, these coefficients are small for a
k-regular set E at point x ∈ E and scale r > 0, if there exists a projection PV onto a horizontal
k-plane V such that PV is, in L1-norm, close to an isometry on E ∩B(x, r); see Definition 3.9.
In particular, if ι1,Vk

(x, r) is very small for E, the metric on E ∩B(x, r) is almost isometric to
the Euclidean distance on Rk under the map PV .

Corollary 1.5. Let n ∈ N and k ∈ {1, . . . , n}. If E ⊂ Hn is a k-regular set such that
E ∈ GLem(ι1,Vk

, 1), then E has big pieces of Lipschitz images of Rk.

Corollary 1.5 for k = 1 also follows from [FV25a, Thm 1.4] since the ι1,V1-numbers are
bounded from below by the L1-based Gromov-Hausdorff numbers studied in [FV25a]. While
applicable in more general metric spaces, the approach in [FV25a] passes via Menger curvature
and is restricted to 1-dimensional sets, whereas Theorem 1.1 provides an approach via corona
decompositions that yields Corollary 1.5 for all 1 ≤ k ≤ n. The latter assumes a geometric
lemma with exponent “1” instead of “4” as in Corollary 1.3. The formal reason is visible in
Proposition 3.22, but in light of [Vio22; FV25a; FV25b], we believe that “1” is in fact optimal.

A few words about the proofs. Our proof of Theorem 1.1 follows Hahlomaa’s proof of
Corollary 1.2, which is in turn modeled on David and Semmes’ work in Euclidean spaces [DS91,
(C3) ⇒ (C4) ⇒ (C6)]. We focus here on describing the main new elements in our approach.

Although not explicitly stated in this form, Hahlomaa deduces the BPLI property for k-
regular sets E ⊂ Hn from GLem(β1,Vk

, 2) by passing via an intermediate corona decomposition.
Roughly speaking, this condition means that a system of dyadic cubes on E can be divided
into a family of bad cubes, of which there are not too many, and the remaining good cubes
can be further partitioned into a forest F of – again not too many – trees, so that the set E
has good approximation properties from the perspective of each tree S ∈ F . We define corona
decompositions by horizontal planes (P-C) (Definition 3.30) and adapt Hahlomaa’s proof to
verify, for 1 ≤ k ≤ n, that a k-regular set E in Hn with GLem(β1,π,A(2n,k), 2) and WGL(β∞,Vk

)
satisfies (P-C) (Theorem 5.1). This corona decomposition is formally stronger than the one
implicitly contained in [Hah12], and we verify the crucial approximation property in Lemma
6.6. The reason why our weaker assumption in terms of the β1,π,A(2n,k)-numbers suffices for
(P-C) becomes visible in Lemma 6.9 and how this lemma is used to control the trees in a
certain subfamily of F . These are trees for which a large proportion of minimal cubes has
children whose best approximating horizontal planes are significantly rotated compared to best
approximating plane of the top cube Q(S). The amount of rotation is related to properties of
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the image of E under the projection π : Hn → R2n, π(z, t) = z. This observation allows us to
control the rotation using E ∈ GLem(β1,π,A(2n,k), 2). On the other hand, this assumption (or
the stronger condition E ∈ GLem(β1,π,Vk

, 2)) alone does not imply BPLI, as can be seen by
considering a 1-regular subset of the vertical t-axis, which is mapped to a single point under
the projection π (Example 5.2). For this reason we need WGL(β∞,Vk

) to establish that E is a
priori sufficiently horizontal.

Having deduced from E ∈ GLem(β1,π,A(2n,k), 2) and E ∈ WGL(β∞,Vk
) that E satisfies the

corona decomposition (P-C), we could conclude Theorem 1.1 by following the approach in
[Hah12]. However, to highlight that this last step is independent of the specific ambient struc-
ture of Hn (unlike the first part of the proof), we apply the result in [BHS23] instead. More
precisely, we observe in Lemma 3.34 that (P-C) implies a corona decomposition by normed
spaces, as introduced in [BHS23], and Theorem 1.1 then follows from [BHS23, Theorem B].

Connections with other corona decompositions. In Lemmas 3.32 – 3.33 we prove:

Theorem 1.6. A k-regular set E ⊂ Hn (1 ≤ k ≤ n) satisfies (P-C) if and only if it admits a
corona decomposition by intrinsic Lipschitz graphs (ILG-C).

The (ILG-C) property is a variant of the corona decomposition studied by David and Semmes
[DS91], where from the perspective of each tree S, the set E is well approximated by an intrinsic
Lipschitz graph with small intrinsic Lipschitz constant (in the sense of Franchi, Serapioni,
and Serra Cassano [Ser16]). In contrast, (P-C), and the related corona decompositions by
normed spaces, are defined via mapping properties rather than approximation by sets. Through
the equivalence of (P-C) and (ILG-C), our approach to Theorem 1.1 via (P-C) yields several
corollaries of independent interest. These can be seen as counterparts for classical results in
the Euclidean theory of uniform rectifiability [DS91].

Corollary 1.7 (Corollary of Theorems 1.6 and 5.1). Let n ∈ N and k ∈ {1, . . . , n}. If E ⊂ Hn

is a k-regular set such that E ∈ GLem(β1,π,A(2n,k), 2) and E ∈ WGL(β∞,Vk
), then E has a

corona decomposition by intrinsic Lipschitz graphs.

Corollary 1.8 (Corollary of Theorem 1.6 and [BHS23]). Let n ∈ N and k ∈ {1, . . . , n}. If
E ⊂ Hn is a k-regular set satisfying a corona decomposition by intrinsic Lipschitz graphs, then
E has big pieces of Lipschitz images of Rk.

The (ILG-C) property can be seen as a set-theoretic version of corona decompositions that
were studied for intrinsic Lipschitz functions on 1-dimensional horizontal subgroups in Hn

[FO20; DF22]. In [FO20, §3.1.1], the first author and Orponen proved for n = 1 that such
intrinsic Lipschitz functions admit corona decompositions by intrinsic Lipschitz functions with
small Lipschitz constant, and applied this result to prove that certain singular integral operators
are L2-bounded on regular curves in H1. We hope that Corollary 1.7 could find applications
for the study of k-dimensional singular integral operators in Hn for all 1 ≤ k ≤ n, and more
generally, that the present paper will serve as a step towards developing a theory of quantitative
(or uniform) rectifiability for low-dimensional sets in Heisenberg groups. We believe that this is
a natural setting to apply and advance the results in [BHS23], as there is already a rich theory
of qualitative k-dimensional rectifiability in Hn for 1 ≤ k ≤ n, see for instance [MSS10; AM22].

Structure of the paper. Section 2 contains standard notation and preliminaries about
Heisenberg groups. Section 3 provides an overview of known and new notions of quantitative
rectifiability for low-dimensional sets in Heisenberg groups. In particular, we introduce various
versions of geometric lemmas and corona decompositions, and prove implications between them.
In Section 4, we strengthen Juillet’s result by showing that the curve Γ constructed in [Jui10] is
1-regular with Γ /∈ GLem(β1,V1 , 2). In Section 5, building on Section 3, we explain how Theorem
1.1 follows from an intermediate result about a corona decomposition by horizontal planes, and
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we deduce the various corollaries. Finally, in Section 6, we complete the proof of Theorem 1.1
by deducing the existence of the corona decomposition from the stated assumptions.

2. Preliminaries

2.1. Notation. We write a ≲ b to denote the existence of an absolute constant C > 0 with
a ≤ Cb. When writing a ≲λ b, we allow C to depend on λ. We write a ∼ b if a ≲ b and b ≲ a.

2.2. Heisenberg groups. We recall the definition of the Heisenberg group, and introduce
objects related to its horizontal structure relevant for the study of low-dimensional subsets.

Definition 2.1 (Heisenberg group). The n-th Heisenberg group Hn is defined as the set R2n+1

equipped with the group product

(2.1) (z, t) · (z′, t′) = (z + z′, t+ t′ + ω(z, z′)) for z, z′ ∈ R2n, t, t′ ∈ R.
where

(2.2) ω(z, z′) :=
1

2

n∑
i=1

(ziz
′
n+i − zn+iz

′
i) for z, z′ ∈ R2n.

We equip Hn with left invariant vector fields

Xi = ∂zi − 1
2
zn+i∂t, 1 ≤ i ≤ n, Xi = ∂zi + 1

2
zi−n∂t, n+ 1 ≤ i ≤ 2n, T = ∂t.

Here ∂zi and ∂t denote the coordinate vectors in R2n+1, which may be interpreted as operators
on differentiable functions. If [·, ·] denotes the Lie bracket of vector fields, then [Xi, Xn+i] = T ,
while all the other commutation relations are trivial. Thus Hn is a Carnot group of step 2.

Definition 2.2. A vector in R2n+1 is horizontal at p ∈ R2n+1 if it is a linear combination of
the vectors Xi(p), 1 ≤ i ≤ 2n. An absolutely continuous curve γ in the Heisenberg group is
horizontal if, at almost every point t, the derivative γ′(t) is horizontal at γ(t).

For every absolutely continuous curve γI : [a, b] → R2n, one can find γ2n+1 : [a, b] → R so
that γ := (γI , γ2n+1) : [a, b] → Hn is horizontal. If γ2n+1(a) is prescribed, the component γ2n+1

is uniquely determined by the horizontality condition, and γ is called a horizontal lift of γI .
Specifically, for n = 1, if the curve γI is closed and γ is one of its horizontal lifts, then the total
change in height γ3(b)−γ3(a) equals the signed area enclosed by γI ; see for instance [CDPT07].

Definition 2.3. A vector subspace V ⊂ R2n is said to be isotropic if ω(z, z′) = 0 for all
z, z′ ∈ V , where ω : R2n × R2n → R is the form defined in (2.2).

For 1 ≤ k ≤ n, we denote by V0
k the family of k-dimensional horizontal subgroups of Hn.

Every V ∈ V0
k is of the form V = VI × {0} for a k-dimensional isotropic subspace VI of R2n.

We call a subset V of Hn an (affine) k-dimensional horizontal plane if it can be written as
x · V0 for some x ∈ Hn and V0 ∈ V0

k . We denote by Vk the collection of all affine horizontal
k-dimensional planes of Hn.

The family of arbitrary affine k-dimensional planes in R2n will be denoted by A(2n, k).

Definition 2.4 (Projection onto horizontal subgroups). Let V = VI × {0} ∈ V0
k be a k-

dimensional horizontal subgroup of Hn, where VI is a k-dimensional isotropic subspace of R2n.
The horizontal projection onto V is defined by

PV : Hn → V, PV (z, t) := (πVI
(z), 0),

where πVI
: R2n → VI stands for the standard Euclidean orthogonal projection onto VI .

From the structure of the group law (2.1), it easily follows that horizontal projections are
group homomorphisms. For a more thorough discussion of these mappings and their role in
geometric measure theory on Hn, we refer the reader to [MSS10; BFMT12].
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Definition 2.5 (Projection onto affine horizontal planes). Let V = x · V0 ∈ Vk be a k-
dimensional horizontal plane with x ∈ Hn and V0 ∈ V0

k . Then the horizontal projection onto V
is defined by

PV : Hn → V, PV (y) := x · PV0(x
−1 · y).

The affine horizontal projection PV is well-defined since it does not depend on the specific
choice of the point x ∈ V ; see [Hah12, §2] or [FV25b, §4.1.2] for this and other properties of PV .

It will be convenient to introduce also other kind of projections, which we may call Euclidean
coordinate projections : if p = (z, t) ∈ Hn, we define π : Hn → R2n and πt : Hn → R as

π(p) = π(z, t) := z, πt(p) = πt(z, t) := t.

We will denote by | · |Rm , or simply by | · |, the Euclidean norm on Rm. The Euclidean distance is
dEucl(z, z

′) = |z−z′| for every z, z′ ∈ Rm. In the Heisenberg group Hn, we let d(x, y) := ∥y−1 ·x∥
to be the Korányi distance induced by the homogeneous Korányi norm

(2.3) ∥(z, t)∥ := 4

√
|z|4R2n + 16 t2.

For any V ∈ Vk, the horizontal projection PV is 1-Lipschitz with respect to the Korányi distance.
In addition, the space (V, d) is isometric to (Rk, | · |Rk). For s ≥ 0, we will denote by Hs the
s-dimensional Hausdorff measure associated to the Korányi distance d, obtained via classical
Carathéodory construction. Hausdorff measures with respect to dEucl will be denoted Hs

Eucl.
The closed ball in (Hn, d) with center x ∈ Hn and radius r > 0 is denoted by B(x, r), while
Bm(z, r) or BEucl(z, r) denotes a Euclidean ball in Rm. The diameter of a set A ⊂ Hn with
respect to the Korányi distance is denoted by diam(A).

Definition 2.6. A linear map φ : Hn → Hn is called a rotation if for all z, z′ ∈ R2n, t, t′ ∈ R,

πt(φ(z, t)) = t,

ω (π(φ(z, t)), π(φ(z′, t′))) = ω(z, z′),

|π(φ(z, t)) − π(φ(z′, t′))| = |z − z′|.

Any rotation is a group homomorphism and an isometry with respect to d of Hn. Moreover,
for any V,W ∈ Vk there exists a rotation φ and a point p ∈ Hn such that W = p · φ(V ).
Rotations are exactly those maps which can be expressed in coordinates as φ(z, t) = (Az, t)
with A ∈ SU(n). For more details, see, e.g., [BFMT12, Section 2]

If V ∈ V0
k is a k-dimensional horizontal subgroup of Hn, the complementary orthogonal

subgroup of V inside Hn is defined as the (Euclidean) (2n+ 1−k)-dimensional orthogonal com-
plement of V inside R2n+1, which is a normal subgroup of Hn. If W denotes the complementary
orthogonal subgroup of V , then we define PW : Hn → W as PW (y) := (PV (y))−1 · y. The next
definition is due to Franchi, Serapioni, and Serra Cassano [FSS07; Ser16].

Definition 2.7 (Intrinsic Lipschitz graph). Let V ∈ V0
k and let W be the corresponding

complementary orthogonal vertical subgroup. A map ϕ : V → W is called intrinsic Lipschitz
if there exists L > 0 such that

(2.4) ∥PW

(
Φ(v′)−1Φ(v)

)
∥ ≤ L ∥PV

(
Φ(v′)−1Φ(v)

)
∥ for every v, v′ ∈ V,

where Φ : V → Hn is the graph map associated to ϕ, defined by Φ(v) := v · ϕ(v) for all v ∈ V .
The intrinsic Lipschitz constant of ϕ is defined as the best constant L such that (2.4) holds.

A set Γ ⊂ Hn is a k-dimensional intrinsic Lipschitz graph, for 1 ≤ k ≤ n, if there exists
V ∈ V0

k and and an intrinsic Lipschitz function ϕ : V → W such that Γ = Φ(V ).
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If V is a horizontal subgroup with orthogonal vertical subgroup W , and ϕ : V → W is
intrinsic Lipschitz as in Definition 2.7, then the associated graph map Φ : V → Hn is metrically
Lipschitz since we have for all v, v′ ∈ V that

d(Φ(v),Φ(v′)) ≤ ∥PV

(
Φ(v′)−1 · Φ(v)

)
∥ + ∥PW

(
Φ(v′)−1 · Φ(v)

)
∥ ≤ (1 + L)∥PV

(
Φ(v′)−1 · Φ(v)

)
∥

= (1 + L)∥(v′)−1 · v∥ = (1 + L)d(v, v′).(2.5)

We will also need precise quantitative information in the opposite direction: knowing that a
graph map Φ(v) = v · ϕ(v) is metrically Lipschitz with constant close to 1, we can deduce that
the function ϕ : V → W is intrinsic Lipschitz with small constant.

Proposition 2.8. Let V be a k-dimensional horizontal subgroup of Hn, with complementary
orthogonal subgroup W . Let Φ : V → Hn denote the graph map associated to a function
ϕ : V → W . Suppose that Φ is (1 + η)-Lipschitz with respect to the Korányi metric for some
0 < η ≤ 1. Then ϕ is intrinsic Lipschitz and its intrinsic Lipschitz constant is at most 6 4

√
η.

Proof. Consider v, v′ ∈ V . Our assumption tells us that

(2.6) ∥Φ(v′)−1 · Φ(v)∥ ≤ (1 + η)∥(v′)−1 · v∥ = (1 + η)|π(v) − π(v′)|R2n ,

and our goal is to prove that

(2.7) ∥PW (Φ(v′)−1 · Φ(v))∥ ≤ 6 4
√
η ∥PV (Φ(v′)−1 · Φ(v))∥ = 6 4

√
η |π(v) − π(v′)|R2n .

From (2.6), we deduce that√
|π(v) − π(v′)|2R2n + |π(ϕ(v)) − π(ϕ(v′))|2R2n = |π(Φ(v′)−1 · Φ(v))|R2n ≤ ∥Φ(v′)−1 · Φ(v)∥

≤ (1 + η)|π(v) − π(v′)|R2n ,

which implies, squaring both sides and collecting terms,

(2.8) |π(ϕ(v)) − π(ϕ(v′))|R2n ≤ 2
√
η |π(v) − π(v′)|R2n .

Again, by (2.6), we get that

4

√
|π(v) − π(v′)|4R2n + 16|πt(Φ(v′)−1 · Φ(v))|2 ≤ ∥Φ(v′)−1 · Φ(v)∥ ≤ (1 + η)|π(v) − π(v′)|R2n .

Similarly as before, this implies that

(2.9) |πt(Φ(v′)−1 · Φ(v))| ≤ √
η|π(v) − π(v′)|2R2n .

We now write V = VI × {0} and consequently W = V ⊥
I ×R, where VI is an isotropic subspace

of R2n. Using the definitions of PV and PW , we can explicitly write

PW (z, t) = (z − πVI
(z), t− ω(πV1(z), z)) = (πV ⊥

I
(z), t− ω(πVI

(z), πV ⊥
I

(z)))

= (πV ⊥
I

(z), t) · (0,−ω(πVI
(z), πV ⊥

I
(z))),

where ω : R2n × R2n → R is the form appearing in the group law (2.1). Using this expression
for PW , we get by the triangular inequality

∥PW (Φ(v′)−1 · Φ(v))∥ ≤
∥∥(π(ϕ(v)) − π(ϕ(v′)), πt(Φ(v′)−1 · Φ(v))

)∥∥ +

+
∥∥(0,−ω(π(v) − π(v′), π(ϕ(v)) − π(ϕ(v′)))

)∥∥ .
Now we estimate the two terms on the right-hand side.∥∥(π(ϕ(v)) − π(ϕ(v′)), πt(Φ(v′)−1 · Φ(v))

)∥∥ ≤ |π(ϕ(v)) − π(ϕ(v′))|R2n + 2
√
|πt(Φ(v′)−1 · Φ(v))|.

Using (2.8) and (2.9), we deduce that∥∥(π(ϕ(v)) − π(ϕ(v′)), πt(Φ(v′)−1 · Φ(v))
)∥∥ ≤ 4 4

√
η|π(v) − π(v′)|R2n .
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Concerning the other term,∥∥(0,−ω(π(v) − π(v′), π(ϕ(v)) − π(ϕ(v′)))
)∥∥ = 2

√
|ω(π(v) − π(v′), π(ϕ(v)) − π(ϕ(v′)))|

≤ 2

√
1

2
|π(v) − π(v′)|R2n|π(ϕ(v)) − π(ϕ(v′))|R2n

≤ 2 4
√
η|π(v) − π(v′)|R2n ,

where we used (2.8) and the simple inequality |ω(z, z′)| ≤ 1
2
|z|R2n|z′|R2n for every z, z′ ∈ R2n.

Combining the previous inequalities, we finally get (2.7). □

3. Quantitative notions of rectifiability for low-dimensional sets in Hn

We discuss quantitative conditions that express in a multi-scale fashion how well a low-
dimensional set E ⊂ Hn is covered or approximated by “nice” objects such as Lipschitz images,
intrinsic Lipschitz graphs, or horizontal planes. This intuition is made precise with the notions
of big pieces (Section 3.1), geometric lemmas (Section 3.2) and corona decompositions (Section
3.3), originating from the work of David and Semmes in Euclidean spaces [DS91; DS93]. Here
we present new and known incarnations of these classical notions.

3.1. Big pieces of Lipschitz images.

Definition 3.1 (s-regular sets). Let s > 0. A set E ⊂ Hn is said to be AD-s-regular (or simply
s-regular) if it is closed and there exists a constant CE > 1 such that

(3.1) C−1
E rs ≤ Hs(E ∩ B(x, r)) ≤ CEr

s for every x ∈ E, 0 < r ≤ diam(E), r <∞.

We call the regularity constant of E the best possible constant CE satisfying (3.1).

Definition 3.2. Let k ∈ {1, . . . , n}. We say that a k-regular set E ⊂ Hn has big pieces of
Lipschitz images of subsets of Rk (BPLI) if there exist constants c, L > 0 such that for every
x ∈ E, 0 < r < diam(E) there exist A ⊂ Bk(0, r) and an L-Lipschitz function f : A → Hn

with the property that

(3.2) Hk (E ∩B(x, r) ∩ f(A)) ≥ crk.

Slightly different definitions are used in the literature, but in our setting they turn out
to be all equivalent. First, by the Lipschitz extension result [WY10], any Lipschitz function
f : A ⊂ Rk → Hn can be extended on the full Rk with controlled Lipschitz constant. Notice that
this is possible exactly when k ≤ n (see [BF09]). Hence it is equivalent to consider functions
defined on Bk(0, r) or on Rk, and replace in (3.2) the set f(A) by f(Bk(0, r)). Remarkably, this
is further equivalent to the condition where f : A ⊂ Bk(0, r) → Hn is required to be bilipschitz
(by [Sch09, Corollary 1.9]), as in [Hah12, Theorem 1.1]. In particular, Theorem 1.1 and its
corollaries in Section 1 all hold with the conclusion “big pieces of Lipschitz images” replaced
by “big pieces of bi-Lipschitz images” in the sense of [Hah12, p.1]; see also [BHS23, §1.2]. We
decided to focus on Definition 3.2 since in [BHS23], BPLI is taken as a definition of uniform
rectifiability in metric spaces.

Because a Lipschitz function f : Rk → (Hn, d) is locally Euclidean Lipschitz, while the
converse is not true, proving that a set E ⊂ Hn satisfies BPLI is not just a Euclidean result.
Consequently, sufficient conditions for BPLI in Hn, as introduced in the following, have to take
into account the horizontal structure and cannot be mere copies of the conditions in [DS91].

3.2. Geometric lemmas. For any E ⊂ Hn and x ∈ Hn we denote by

d(x,E) := inf {d(x, y) : y ∈ E}
the distance between the point x and the set E.
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Definition 3.3. Let n ∈ N, E ⊂ Hn, k ∈ {1, . . . , n}, p ≥ 1, x ∈ Hn, r > 0. We define

βp,Vk
(x, r) = βE

p,Vk
(x, r) := inf

V ∈Vk

(
r−k

ˆ
E∩B(x,r)

(
d(y, V )

r

)p

dHk(y)

) 1
p

, p <∞

β∞,Vk
(x, r) = βE

∞,Vk
(x, r) := inf

V ∈Vk

sup
y∈E∩B(x,r)

d(y, V )

r
.

Definition 3.4. Let E ⊂ Hn be AD-k-regular, 1 ≤ p ≤ ∞, 1 ≤ q < +∞. We say that E
satisfies the q-geometric lemma with respect to βp,Vk

, and we write E ∈ GLem(βp,Vk
, q) if there

exists C > 0 such that for every R > 0 and every x ∈ E it holds

(3.3)

ˆ R

0

ˆ
E∩B(x,R)

βp,Vk
(y, r)q dHk(y)

dr

r
≤ CRk.

Condition (3.3) is one way of expressing that the set E is well approximated by horizontal
planes at most places and scales. This is equivalent to saying that βp,Vk

(y, r)qdHk(y) dr
r

is a
Carleson measure on E × R+. Some of the results we will use have been stated in terms of
different versions of geometric lemmas, so we review the relevant definitions here. Instead of
using the double integral in (3.3), geometric lemmas can be formulated with the help of systems
of dyadic cubes.

3.2.1. Carleson conditions for dyadic cubes. The following is a special case of a construction
due to Christ [Chr90], with minor modifications that we will indicate below.

Definition and Theorem 3.5 (Dyadic cubes). Assume that E ⊂ Hn is a k-regular set with
regularity constant CE. Then there exist constants ϱ ∈ (0, 1) and D ∈ (1,∞), depending only
on CE and k, and a collection D = ∪j∈JDj where, for every j ∈ J, Dj is a family of pairwise
disjoint Borel sets and

(1) For each j ∈ J, E =
⋃

Q∈Dj
Q.

(2) If Q1, Q2 ∈ D and Q1 ∩Q2 ̸= ∅, then Q1 ⊆ Q2 or Q2 ⊂ Q1.
(3) If j ∈ J and Q ∈ Dj, then diam(Q) ≤ Dϱj.
(4) For each j ∈ J and Q ∈ Dj, there exists xQ ∈ E such that B(xQ, D

−1ϱj) ∩ E ⊂ Q.

(5) Hk({x ∈ Q : d(x,E \Q) ≤ ηϱj}) ≤ Dη
1
DHk(Q) for all j ∈ J, Q ∈ Dj, η > 0.

Here J = Z if E is unbounded, and J = {j ∈ Z : j ≥ J0} where J0 ∈ Z is such that
ϱJ0+1 ≤ diam(E) < ϱJ0 otherwise. We also define

DQ0 := {Q ∈ D : Q ⊂ Q0}, Q0 ∈ D,
and for a given constant λ > 1, we set

λQ := {x ∈ E : d(x,Q) ≤ (λ− 1)diam(Q)}.

Choosing D large enough, we may and will assume that

(3.4) D−1ϱj ≤ diam(Q) ≤ Dϱj and D−1ϱjk ≤ Hk(Q) ≤ Dϱjk, Q ∈ Dj, j ∈ J,
cf. [Hah12, (14)] or similar computations leading to [FV25a, (2.8)]. If Q ∈ Dj for some j ∈ J,
we denote by C(Q) the set of children of Q, namely C(Q) := {R ∈ Dj+1 : R ⊂ Q}. Also, for
S ⊂ D, we let min(S) to be the family of minimal (with respect to the inclusion) cubes in S.

Remark 3.6. The cubes in Definition and Theorem 3.5 are essentially as in [Hah12, (8)–(14)]
with ϱ = 1/α and Dj playing the role of cubes in generation “−j”. The main difference is
that we assume that the cubes of a fixed generation cover E entirely, not only up to a Hk-null
set. The existence of such cubes can be proven by modifying Christ’s original construction as
explained in [HM12, Section 4], see also [BHS23, Lemma 2.6.1]. The resulting cubes are not
necessarily open, but Borel sets, which is sufficient to run the argument in [Hah12].
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Remark 3.7. Given dyadic cubes as in Definition and Theorem 3.5 for some ϱ ∈ (0, 1), one can
always construct a new family that satisfies the same properties with “ϱ” replaced by “1/2”
and some of the constants possibly depending on ϱ, see the proof of [HMMM17, Proposition
2.12]. Since the original ϱ can be chosen depending only on k and CE, we could without loss of
generality assume in Definition and Theorem 3.5 that ϱ = 1/2. In particular, all k-regular sets
in Hn admit dyadic systems with the properties stated in [FV25a, Theorem and Definition 2.5].
We did not to specify the value of ϱ in Definition and Theorem 3.5 in order to have a more
flexible definition that allows us to apply results stated in the literature for various values of ϱ.

Remark 3.8. The dyadic systems used in [BHS23] have all the properties required in our Defi-
nition and Theorem 3.5. In fact, [BHS23, Lemma 2.6.1] states additional properties concerning
the “centers” of the cubes and the values of constants. These will not be needed for most of
our paper, only when applying [BHS23, Theorem 9.0.1], we will restrict attention to dyadic
systems as in [BHS23, Lemma 2.6.1] (as we may by Remark 3.16).

We will compare geometric lemmas for different coefficient functions that we now introduce.
We recall from Definition 2.3 that Vk denotes the family of all horizontal k-planes in Hn, whereas
A(2n, k) stands for Grassmanian of all affine k-planes in R2n.

Definition 3.9 (Coefficient functions). Let n ∈ N, k ∈ {1, . . . , n}, E ⊂ Hn be a k-regular set
with a dyadic system D, Q ∈ D, p ≥ 1, and λ > 1. We define

• the horizontal β-numbers

βp,Vk
(λQ) := inf

V ∈Vk

( 
λQ

(
d(y, V )

diam(λQ)

)p

dHk(y)

) 1
p

, p <∞,

β∞,Vk
(λQ) := inf

V ∈Vk

sup
y∈λQ

d(y, V )

diam(λQ)

• the stratified β-numbers

β̂p,Vk
(λQ) := inf

V ∈Vk

([ 
λQ

(
dEucl(π(y),π(V ))

diam(λQ)

)p
dHk(y)

] 2
p

+

[ 
λQ

(
d(y,V )

diam(λQ)

)p
dHk(y)

] 4
p

) 1
4

, p <∞,

β̂∞,Vk
(λQ) := inf

V ∈Vk

(
sup
y∈λQ

[
dEucl(π(y), π(V ))

diam(λQ)

]2
+ sup

y∈λQ

[
d(y, V )

diam(λQ)

]4) 1
4

• the horizontal projection β-numbers

βp,π,Vk
(λQ) := inf

V ∈Vk

( 
λQ

(
dEucl(π(y), π(V ))

diam(λQ)

)p

dHk(y)

) 1
p

, p <∞,

β∞,π,Vk
(λQ) := inf

V ∈Vk

sup
y∈λQ

dEucl(π(y), π(V ))

diam(λQ)

• the projection β-numbers

βp,π,A(2n,k)(λQ) := inf
W∈A(2n,k)

( 
λQ

(
dEucl(π(y),W )

diam(λQ)

)p

dHk(y)

) 1
p

, p <∞,

β∞,π,A(2n,k)(λQ) := inf
W∈A(2n,k)

sup
y∈λQ

dEucl(π(y),W )

diam(λQ)
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• the projection ι-numbers

ιp,Vk
(λQ) := inf

V ∈Vk

( 
λQ

 
λQ

(
|d(x, y) − d(PV (x), PV (y))|

diam(λQ)

)p

dHk(x) dHk(y)

) 1
p

, p <∞,

ι∞,Vk
(λQ) := inf

V ∈Vk

sup
y∈λQ

|d(x, y) − d(PV (x), PV (y))|
diam(λQ)

Remark 3.10. The functions h ∈ {β, β̂, βπ, ι}, h : D → [0,∞), have obvious counterparts
h : E× [0,∞) → [0,∞) defined using balls as in Definition 3.3 instead of cubes. More precisely,
one replaces “

ffl
λQ

” with “r−k
´
E∩B(x,r)

”, and “diam(λQ)” with “r”. Abusing notation, we will

denote the values of these functions by h(y, r).

Horizontal β∞-numbers in Hn were introduced for k = n = 1 in connection with the traveling
salesman theorem [FFP07]; the higher-dimensional L1-based variants were used by Hahlomaa
[Hah12]. The stratified β-numbers we define here are inspired by Li’s definition [Li22] for p = ∞
in Carnot groups. The projection ι-numbers were introduced by the first author and Violo in
[FV25b]. The projection β-numbers have to the best of our knowledge not been used before,
and we comment on them in the next remark.

Remark 3.11. The horizontal projection β-numbers βp,π,Vk
arise naturally in relation with the

stratified β-numbers β̂p,π,Vk
and the horizontal β-numbers βp,Vk

. Since, for any V ∈ Vk, the
projection π(V ) is an affine isotropic subspace of R2n (namely π(V ) = z+W , with z ∈ R2n and
W an isotropic subspace of R2n) and, conversely, any k-dimensional affine isotropic subspace
of R2n can be expressed as π(V ) for some V ∈ Vk, it follows that in the definition of βp,π,Vk

one
can equivalently consider isotropic subspaces of dimension k in R2n instead of projections of
affine horizontal k-planes. Since the projection β-numbers are instead computed by minimizing
among all W ∈ A(2n, k), it follows that, for any p ≥ 1, λ > 1,

βp,π,A(2n,k)(λQ) ≤ βp,π,Vk
(λQ).

The properties stated in the next two lemmas hold more generally for all coefficient functions
in Definition 3.9, but we focus here on the statements that will be applied later in the paper.

Lemma 3.12. For any x, y, z ∈ Hn, V ∈ Vk it holds

|π(x) − π(y)| = |π(z · x) − π(z · y)|, d(PV (x), PV (y)) = d(Pz·V (z · x), Pz·V (z · y)).

Moreover, if z ∈ Hn and E is a k-regular set with a dyadic system D, then {z ·Q} is a dyadic
system for the k-regular set z · E and, for all p ∈ [1,∞], λ ≥ 1, Q ∈ D, we have the following
identities between the coefficient functions associated to E and z · E, respectively:
β̂p,Vk

(λQ) = β̂p,Vk
(λ(z ·Q)), βp,π,A(2n,k)(λQ) = βp,π,A(2n,k)(λ(z ·Q)), ιp,Vk

(λQ) = ιp,Vk
(λ(z ·Q)).

Proof. The claim about the dyadic systems holds due to the left-invariance of d. The property
|π(x)−π(y)| = |π(z ·x)−π(z · y)| follows immediately from the structure of the group law and
the invariance under translations of the Euclidean distance. Together with the left-invariance
of d and the resulting left-invariance of Hk, it implies the claimed left-invariance property of

the β̂-numbers and of the βπ-numbers, observing also that Vk = {z ·V : V ∈ Vk} for all z ∈ Hn,
and A(2n, k) = {u+W : W ∈ A(2n, k)} for all u ∈ R2n.

For the second property, recall from Definition 2.5 that if V = q · V0 with V0 isotropic, then
PV (x) = q · PV0(q

−1 · x). This implies that Pz·V (z · x) = z q · PV0(q
−1z−1z x) = z · PV (x). In

particular we get that

(3.5) d(PV (x), PV (y)) = d(z · PV (x), z · PV (y)) = d(Pz·V (z · x), Pz·V (z · y)).

This identity, together with the left-invariance properties of d and Hk, implies the claimed
left-invariance property for the ι-numbers. □
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Similar arguments as in the proof of Lemma 3.12 yield the following result.

Lemma 3.13. If φ : Hn → Hn is a rotation and E is a k-regular set with a dyadic system D,
then {φ(Q)} is a dyadic system for the k-regular set φ(E) and, for all p ∈ [1,∞], λ ≥ 1, Q ∈ D,
we have

βp,π,A(2n,k)(λQ) = βp,π,A(2n,k)(λφ(Q)).

Lemma 3.14. Let V = z · V0 ∈ Vk with z ∈ Hn and V0 ∈ V0
k . Then

d(PV (x), PV (y)) = d(PV0(x), PV0(y)), x, y ∈ Hn.

In particular, in the definition of ιp,Vk
we can replace “Vk” by “V0

k” without changing the values
of the coefficients.

Proof. By (3.5), the fact that V0 = V0,I ×{0} is a subgroup, the structure of the group law and
the linearity of Euclidean orthogonal projections, we obtain

d(PV (x), PV (y)) = d(PV0(z
−1x), PV0(z

−1y)) = |πV0,I
(π(z−1x)) − πV0,I

(π(z−1y))|
= |πV0,I

(π(x)) − πV0,I
(π(y))| = d(PV0(x), PV0(y)). □

Definition 3.15 (Geometric lemma). Let n ∈ N, k ∈ {1, . . . , n}, and let h be one of the
coefficient functions in Definition 3.9. Given 1 ≤ q < +∞, a k-regular set E ⊂ Hn with a
dyadic system D and λ > 1, we say that E satisfies the q-geometric lemma with respect to h,
and write E ∈ GLem(h, q), if there exists a constant C such that we have

(3.6)
∑

Q∈DQ0

h(λQ)q Hk(Q) ≤ CHk(Q0), Q0 ∈ D.

A few remarks are in order:

Remark 3.16. Dyadic systems are not unique, but if h is one of the coefficient functions in
Definition 3.15, and E satisfies (3.6) for one dyadic system D, then it fulfills the same condition
for all possible such systems (with possibly different, but quantitatively controlled constants).
This was proven in [FV25a, Remark 2.16] for dyadic systems that satisfy the properties of
Definition and Theorem 3.5 with ϱ = 1/2. The result for arbitrary ϱ, with C depending possibly
on ϱ, follows by the procedure in the proof of [HMMM17, Proposition 2.12]. Alternatively, one
can pass via the integral characterization in Lemma 3.18 to verify that the validity of the
geometric lemma does not depend on the chosen dyadic system on E.

Remark 3.17. For h as in Definition 3.15, the validity of (3.6) (up to changing the constant
“C” in a quantitative way) is independent of the choice of λ > 1, see [FV25a, Remark 2.30]
and [FV25a, Lemma 2.23], which holds as stated for K0 > 1.

Geometric lemmas for standard Jones-type β-numbers in Euclidean spaces can be equiva-
lently stated with a Carleson measure condition in the spirit of Definition 3.4 or with a discrete
condition in the spirit of Definition 3.15, see, for instance, the comment around (1.51) in [DS93,
p.20]. An analogous reformulation is possible in our setting.

Lemma 3.18. Let n ∈ N, k ∈ {1, . . . , n}, q ∈ [1,+∞), and let h be one of the coefficient
functions in Definition 3.9. Then a k-regular set E ⊂ Hn satisfies E ∈ GLem(h, q) in the sense
of Definition 3.15 if and only if there exists C > 0 such that for any R > 0 and x ∈ E it holds

(3.7)

ˆ R

0

ˆ
E∩B(x,R)

h(y, r)q dHk(y)
dr

r
≤ CRk.

Since the argument is standard, we only sketch the proof.
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Proof. Assume first that E satisfies (3.7). Let D be a dyadic system on E, λ > 1, write
µ = Hk

⌞E, and fix Q0 ∈ D. Let j0 be such that Q0 ∈ Dj0 . The coefficient function h has the
following crucial property: there exists a constant M > 1, depending only on CE, k, and λ,
such that for all Q ∈ Dj, Q ⊂ Q0, we have

(3.8) h(λQ) ≤Mh(y,Mr), y ∈ B(xQ, ϱ
j) ∩ E, r ∈ [ϱj, ϱj−1].

This, and the k-regularity of E, allows us to bound the sum over dyadic cubes as follows:∑
Q∈DQ0

h(λQ)qµ(Q) ≲
∑
j≥j0

ˆ ϱj−1

ϱj

∑
Q∈Dj∩DQ0

ˆ
B(xQ,ϱj)

h(y,Mr)q dµ(y)
dr

r

=
∑
j≥j0

ˆ ϱj−1

ϱj

ˆ
B(xQ0

,C1ϱj0 )

h(y,Mr)q
∑

Q∈Dj∩DQ0

χB(xQ,ϱj)(y) dµ(y)
dr

r
,(3.9)

where we have used in the last step that there exists a constant C1 > 1, depending only on
CE and k, such that B(xQ, ϱ

j) ⊂ B(xQ0 , C1ϱ
j0) for all Q ∈ Dj ∩ DQ0 . By the properties of

dyadic systems (Definition and Theorem 3.5), we have d(xQ, xQ′) ≥ D−1ϱj for Q,Q′ ∈ Dj.
The k-regularity of E and a standard volume counting argument then imply that card(Q ∈
Dj ∩ DQ0 : y ∈ B(xQ, ϱ

j)) ≲ 1 for all y ∈ E. This finally allows to bound (3.9) by
ˆ ϱj0−1

0

ˆ
B(xQ0

,C1ϱj0 )

h(y,Mr)q dµ(y)
dr

r
,

from where E ∈ GLem(h, q) follows (after a change of variables in r) since Q0 was chosen
arbitrarily. Here, the constant in GLem(h, q) depends on the constant C in (3.7), as well as
possibly on CE, k, and λ.

In the opposite direction, assume that E ∈ GLem(h, q) in the sense of Definition 3.15. Let
D be a dyadic system on E, pick x ∈ E and R > 0. Let j0 ∈ Z be such that ϱj0 ≤ R < ϱj0−1.
We begin by writing

(3.10)

ˆ R

0

ˆ
B(x,R)

h(y, r)q dµ(y)
dr

r
∼
∑
j≥j0

ˆ ϱj−1

ϱj

ˆ
B(x,R)

h(y, ϱj−1)q dµ(y)
dr

r
,

where we used that h(y, r) ≲ h(y, ϱj−1) for r ∈ [ϱj, ϱj−1] thanks to k-regularity of E. Moreover,
there exists Q0 ∈ D such that B(x,R) ⊂ KQ0 with R ∼ diam(Q0) and K depending only on k
and CE, see e.g., [FV25a, (2.9)]. We cover KQ0 with a number m ≲ 1 of cubes Q0,1, . . . , Q0,m

from generation j0 as in [FV25a, (2.12)]. An inequality similar to (3.8) with the roles of balls
and cubes reversed, and the assumption E ∈ GLem(h, q) (with Remark 3.17) finally allow us
to bound the expression in (3.10) by µ(Q0,1) + · · · + µ(Q0,m), which concludes the proof. □

Definition 3.19 (Weak geometric lemma). Let n ∈ N and k ∈ {1, . . . , n}. Given a k-regular
set E ⊂ Hn with a dyadic system D and h one of the coefficient functions in Definition 3.9, we
say that E satisfies the weak geometric lemma with respect to h, and write E ∈ WGL(h), if for
each ε > 0 and λ > 1, there is a constant C = C(ε, λ) such that

(3.11)
∑

Q∈DQ0
,h(λQ)>ε

Hk(Q) ≤ C(ε, λ)Hk(Q0), Q0 ∈ D.

Remark 3.20. Clearly, if E ⊂ Hn is k-regular, the implication E ∈ Glem(h, q) ⇒ E ∈ WGL(h)
holds for any q ∈ [1,+∞). The converse implication is not true in general. For an example
in Euclidean R2, see [DS91, Section 20]. By isometrically embedding R2 into H2, and using
[FV25b, Lemma 4.38], this also produces an example of a set E ⊂ H2 with E ∈ WGL(β∞,V1),
yet E /∈ Glem(β∞,V1 , q) for q = 2. Moreover, since the example in [DS91, Section 20] is not
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Euclidean rectifiable in R2, the set E ⊂ H2 fails to be Euclidean rectifiable and, in particular,
cannot have BPLI in the sense of Definition 3.2.

An example in H1 that satisfies WGL(β∞,V1) (since it satisfies a strong geometric lemma with
exponent 4) yet fails Γ /∈ Glem(β∞,V1 , q) for q = 2 is provided by the curve Γ in Section 4.

Remark 3.21. The weak geometric lemmas in Definition 3.19 can be equivalently stated in terms
of a Carleson set condition, similarly as the geometric lemmas allow for the reformulation in
Lemma 3.18; see for instance [BHS23, Lemma 2.6.5]. This also shows that the validity of a
weak geometric lemma does not depend on the specific choice of dyadic system D.

We next discuss relations between geometric lemmas for the functions in Definition 3.9.

Proposition 3.22. Let n ∈ N and k ∈ {1, . . . , n}. Assume that E ⊂ Hn is a k-regular set and
D a dyadic system on E. Then we have, for λ ≥ 1,

β̂1,Vk
(λQ)4 ≲λ ι1,Vk

(λQ), Q ∈ D.

In particular, if E ∈ GLem(ι1,Vk
, 1), then E ∈ GLem(β̂1,Vk

, 4).

Proof. Let E be k-regular with a dyadic system D. For simplicity, we denote µ := Hk⌞E. Fix
ε > 0. Then, by definition of ι1,Vk

(λQ), there exists V ∈ Vk such that 
λQ

 
λQ

|d(x, y) − d(PV (x), PV (y))|
diam(λQ)

dµ(x) dµ(y) < ι1,Vk
(λQ) + ε.

Therefore there exists at least a point z0 ∈ λQ such that

(3.12)

 
λQ

|d(z0, y) − d(PV (z0), PV (y))|
diam(λQ)

dµ(y) < ι1,Vk
(λQ) + ε.

By Lemma 3.12 it suffices to prove β̂1,Vk
(λ[z−1

0 · Q])4 ≲ ι1,Vk
(λ[z−1

0 · Q]), so without loss of
generality, we will assume in the following that z0 = 0. Moreover, by Lemma 3.14, we can
assume that V = VI × {0} ∈ V0

k . In this case PV (y) = (πVI
(π(y)), 0). Then for every y ∈ λQ

|d(z0, y) − |πVI
(π(z0)) − πVI

(π(y))|| = ∥y∥ − |πVI
(π(y))|

≥ |π(y)| − |πVI
(π(y))|

=
|π(y)|2 − |πVI

(π(y))|2

|π(y)| + |πVI
(π(y))|

=
|πV ⊥

I
(π(y))|2

|π(y)| + |πVI
(π(y))|

≥
|πV ⊥

I
(π(y))|2

2 diam(λQ)

=
dEucl(π(y), VI)

2

2 diam(λQ)
.(3.13)

This estimate will be useful for one of the two summands appearing in the definition of

β̂1,Vk
(λQ). For the other summand, we use a similar estimate.

Denoting a := ∥y∥ and b := |πVI
(π(y))|, we have

|d(z0, y) − |πVI
(π(z0)) − πVI

(π(y))|| = a− b =
a4 − b4

a3 + a2b+ ab2 + b3
≳

a4 − b4

diam(λQ)3
.

Here

a4 − b4 = |π(y)|4 + 16πt(y)2 − |πVI
(π(y))|4

= (|πVI
(π(y))|2 + |πV ⊥

I
(π(y))|2)2 + 16πt(y)2 − |πVI

(π(y))|4

= |πVI
⊥(π(y))|4 + 2|πVI

(π(y))|2|πVI
⊥(π(y))|2 + 16πt(y)2

≳ ∥PV (y)−1 · y∥4 ≥ d(y, V )4,
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where we used the fact that

∥PV (y)−1 · y∥4 = |π(PV (y)−1 · y)|4 + 16(πt(PV (y)−1 · y))2

= |πVI
⊥(π(y))|4 + 16(πt(y) − ω(πVI

(π(y)), π(y)))2

≤ |πVI
⊥(π(y))|4 + 32πt(y)2 + 8|πVI

(π(y))|2|πV ⊥
I

(π(y))|2,

where ω is the form appearing in the group law (2.1). Thus

(3.14) |d(z0, y) − |πVI
(π(z0)) − πVI

(π(z))|| ≳ d(y, V )4

diam(λQ)3
.

Finally combining (3.13) and (3.14), we obtain

d(z0, y) − |πVI
(π(z0)) − πVI

(π(y))|
diam(λQ)

=
1

2

d(z0, y) − |πVI
(π(z0)) − πVI

(π(y))|
diam(λQ)

+
1

2

d(z0, y) − |πVI
(π(z0)) − πVI

(π(y))|
diam(λQ)

≳
dEucl(π(y), VI)

2

diam(λQ)2
+

d(y, V )4

diam(λQ)4
.

Recalling the definition of β̂, and applying Jensen’s inequality with φ(x) = x2 and φ(x) = x4,
respectively, we deduce that

β̂1,Vk
(λQ)4 ≤

 
λQ

distEucl(π(y), VI)
2

diam(λQ)2
+

d(y, V )4

diam(λQ)4
dµ(y)

≲
 
λQ

|d(z0, y) − |πVI
(π(z0)) − πVI

(π(y))||
diam(λQ)

dµ(y)
(3.12)

≤ ι1,Vk
(λQ) + ε.

We get the conclusion by the arbitrariness of ε. □

Proposition 3.23. Let n ∈ N and k ∈ {1, . . . , n}. Assume that E ⊂ Hn is a k-regular set and
D a dyadic system on E. Then we have, for λ ≥ 1,

(3.15) β1,π,Vk
(λQ)2 + β1,Vk

(λQ)4 ≤ β̂1,Vk
(λQ)4, Q ∈ D.

Moreover, if E ∈ GLem(β̂1,Vk
, 4), then E ∈ GLem(β1,π,A(2n,k), 2) and E ∈ WGL(β∞,Vk

).

Proof. We recall from Definition 3.9 that

β̂1,Vk
(λQ)4 = inf

V ∈Vk

{[ 
λQ

dEucl(π(y), π(V ))

diam(λQ)
dHk(y)

]2
+

[ 
λQ

d(y, V )

diam(λQ)
dHk(y)

]4}
,

which immediately implies (3.15). Clearly, this also shows that if E ∈ GLem(β̂1,Vk
, 4), then

E ∈ GLem(β1,π,Vk
, 2) and E ∈ GLem(β1,Vk

, 4). Since β1,π,A(2n,k) ≤ β1,π,Vk
by Remark 3.11, this

implies also E ∈ GLem(β1,π,A(2n,k), 2).
To conclude the proof of the proposition, it remains to show that E ∈ GLem(β1,Vk

, 4) implies
E ∈ WGL(β∞,Vk

). This follows by the same argument as in Euclidean spaces, which works
irrespective of the integrability exponents; see [DS91, p.27] or [DS93, p.27]. □

Proposition 3.24. Let n ∈ N and k ∈ {1, . . . , n}. Assume that E ⊂ Hn is a k-regular set and
D a dyadic system on E. Then we have, for λ ≥ 1,

(3.16) β̂1,Vk
(λQ)4 ≲ β1,Vk

(λQ)2, Q ∈ D.

In particular, if E ∈ GLem(β1,Vk
, 2), then E ∈ GLem(β̂1,Vk

, 4).
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Proof. Recalling that dEucl(π(x), π(y)) ≤ d(x, y) for all x, y ∈ Hn, this follows directly from
Definition 3.9 since

β̂1,Vk
(λQ)4 = inf

V ∈Vk

{[ 
λQ

dEucl(π(y), π(V ))

diam(λQ)
dHk(y)

]2
+

[ 
λQ

d(y, V )

diam(λQ)
dHk(y)

]4}

≤ inf
V ∈Vk

{
2

[ 
λQ

d(y, V )

diam(λQ)
dHk(y)

]2}
. □

3.2.2. Multiresolution families.

Definition 3.25 (Dyadic nets and multiresolution families). [Sch07; Jui10] Given E ⊂ Hn

compact, a dyadic net in E is a collection ∆ = (∆j)j∈Z of subsets of E such that

(i) ∆j ⊂ ∆j+1 for every j ∈ Z;
(ii) If x1, x2 ∈ ∆j, then x1 = x2 or d(x1, x2) > 2−j;

(iii) If y ∈ E and j ∈ Z, there exists x ∈ ∆j such that d(y, x) ≤ 2−j.

For fixed dyadic net (∆j)j in E, 1 ≤ p ≤ +∞ and d ∈ N, let also

(3.17) B∆
p,d(E) :=

∑
j∈Z

2−j
∑
x∈∆j

β2
p,Vd

(x,A 2−j),

for some constant A > 1. The corresponding multiresolution family is the collection

G := {B(x,A 2−j) : x ∈ ∆j, j ∈ Z}.

In Section 4, we will need the following connection (for k = 1) between a geometric lemma
and a multiresolution family as in Definition 3.25.

Lemma 3.26. If E ⊂ Hn is bounded and k-regular with E ∈ GLem(βp,Vk
, 2), then B∆

p,k(E) <∞
for every dyadic net in E.

The proof is standard, so we only sketch the idea. Let D be a system of dyadic cubes as in
Definition 3.5. Recalling Remark 3.7, we may assume that the conditions hold with ϱ = 1/2,
so that a cube of generation j satisfies diam(Q) ∼ 2−j. The idea for Lemma 3.26 is to assign
to each B ∈ G (as in Definition 3.25) a cube QB ∈ D so that B ∩ E ⊂ KQB for a constant
independent of B, and then bound the β-number of B in terms of the corresponding number
for KQB. The same Q ∈ D might arise as Q = QB for several B ∈ G, but this multiplicity can
be controlled using the k-regularity of E and property (ii) of the dyadic net ∆. The desired
conclusion then follows from the assumed geometric lemma, which we may equivalently consider
in the version with dyadic cubes or double integrals, according to Lemma 3.18.

3.3. Corona decompositions. In this section, we define different versions of corona decom-
positions for k-regular sets in Hn. All of them are based on the notion of coronization, which
is an adaptation of the original definition by David and Semmes [DS93, (3.14)-(3.18)].

Definition 3.27 (Coronization). Let n ∈ N, k ∈ {1, . . . , n}, and E ⊂ Hn be k-regular with a
dyadic system D. A coronization of E with constant C > 0 is a decomposition D = G∪̇B of
the dyadic cubes into a good set G and a bad set B with the following properties:

• for every R ∈ D ∑
Q∈B,Q⊆R

Hk(Q) ≤ CHk(R);

• the good set G can be partitioned into a family F of disjoint trees S (also called stopping
time regions) such that:
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– each S ∈ F is coherent : it has a (unique) maximal element, denoted by Q(S), that
contains all other elements of S as subsets, has the property that if Q ∈ S, Q′ ∈ D
with Q ⊆ Q′ ⊆ Q(S), then Q′ ∈ S, and finally is such that if Q ∈ S, then either
all of the children of Q lie in S or none of them do;

– for every R ∈ D

(3.18)
∑

S∈F ,Q(S)⊆R

Hk(Q(S)) ≤ CHk(R).

Coronizations are useful if the trees S are such that E has good (approximation) properties
at the scales and locations of each Q ∈ S. In this case we will say that E admits a corona
decomposition (with respective properties). As in the Euclidean case ([DS91, p.20] or [DS93,
p.58]) the existence of such a decomposition should be independent of the specific choice of
dyadic system in the definition, but we will not need this fact.

We introduce three definitions of corona decomposition for regular subsets E ⊂ Hn. The first
one, a corona decomposition by intrinsic Lipschitz graphs with small constants, is inspired by
the classical definition in Rn of a corona decomposition (see [DS93, Definition 3.19] or [DS91]).
It is also related to a corona decomposition for intrinsic Lipschitz functions by intrinsic Lipschitz
functions with small constants, which was established for k = n = 1 in [FO21], motivated by
an application to singular integral operators on regular curves. Moreover, it is an instance of
the general corona decompositions studied in [BHHLN22]. By [BHHLN22, Theorem 1.1], a set
with (ILG-C) therefore has big pieces squared (in the sense of [BHHLN22, Definition 2.11]) of
intrinsic Lipschitz graphs.

Definition 3.28 (Corona decomposition by intrinsic Lipschitz graphs (ILG-C)). Let n ∈ N,
k ∈ {1, . . . , n}, and E ⊂ Hn be k-regular. We say that E admits a corona decomposition by
intrinsic Lipschitz graphs (ILG-C) if, for every η > 0, there exists a constant C = C(η) > 0 such
that E admits a coronization D = G∪̇B with constant C where, for each S ∈ F , there exists a
k-dimensional intrinsic Lipschitz graph Γ = ΓS with intrinsic Lipschitz constant bounded by η
so that, for all Q ∈ S, it holds that

(3.19) dist(x,Γ) ≤ η diam(Q) if x ∈ E, dist(x,Q) ≤ diam(Q).

Remark 3.29. We will need an improvement of (ILG-C), where we can replace “d(x,Q) ≤
diam(Q)” by “d(x,Q) ≤ Ndiam(Q)” in Definition 3.28 for some constant N > 1, with the
constant C = C(η,N) in the coronization allowed to depend also on N . This is a priori a
stronger condition, but in fact the two versions are equivalent. In the Euclidean case, this is
stated on [DS91, p.20], see also [DS93, Lemma 3.31], The proof does not use any features of
Euclidean spaces and relies purely on axiomatic properties of dyadic families and coronizations,
see the outline of the proof in [DS91; DS93].

The next version of the corona decomposition is inspired by [Hah12, Lemma 4.3]. Here and
in the following, K0 is a fixed constant, which will be chosen big enough depending on k and
CE, as in [Hah12, p.4]. We also assume that at least K0 ≥ 2.

Definition 3.30 (Corona decomposition by horizontal planes (P-C)). Let n ∈ N, k ∈ {1, . . . , n},
and E ⊂ Hn be k-regular. We say that E admits a corona decomposition by horizontal planes
(P-C) if, for every η > 0, there exists a constant C = C(η) > 0 such that E admits a coroniza-
tion D = G∪̇B with constant C where, for each S ∈ F , there exists an affine horizontal plane VS
such that, whenever x, y ∈ K0Q(S) are chosen in such a way that d(x, y) > ηmin{hS(x), hS(y)},
then

(3.20) d(x, y) ≤ (1 + 2η)d(PVS (x), PVS (y)),

where
hS(x) := inf{d(x,Q) + diam(Q) : Q ∈ S}.
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Hahlomaa worked with a condition analogous to (P-C), but with (3.20) only required to hold
for d(x, y) > D−2 min{hS(x), hS(y)} for a constant D depending on k and the Ahlfors regularity
constant of E. However, an inspection of the proof in [Hah12] reveals that in fact (P-C) can
be obtained, even under our weaker Carleson-type assumptions on E, see the proof of Lemma
6.6. The condition (P-C) can be compared more easily with other corona decompositions from
the literature.

The third type of corona decomposition we consider is the one by normed spaces, introduced
by Bate, Hyde, and Schul [BHS23, Definitions 6.4.1, 6.4.2] in metric spaces:

Definition 3.31 (Corona decomposition by normed spaces (N-C)). Let n ∈ N, k ∈ {1, . . . , n},
and E ⊂ Hn be k-regular. We say that E ⊂ Hn admits a Corona decomposition by normed
spaces (N-C) with constants Λ1,Λ2 ≥ 1 if for every η > 0 there exists C = C(η) > 0 such that
E admits a coronization D = G∪̇B with constant C where, for each S ∈ F , there exists a norm
∥ · ∥S on Rk, a point yS ∈ Rk and a map φS : 3BQ(S) → B∥·∥S (yS , 3diam(Q(S))) such that if
Q ∈ S and x, y ∈ 3BQ satisfy d(x, y) ≥ ηdiam(Q), then

1

Λ1

d(x, y) ≤ ∥φS(y) − φS(x)∥S ≤ Λ2d(x, y),

where BQ is defined as in [BHS23], while B∥·∥S denotes a ball with respect to the norm ∥ · ∥S .

In the subsequent Lemmas 3.32–3.34, we discuss relations between the different corona de-
compositions stated in Definitions 3.28 (ILG-C), 3.30 (P-C), and 3.31 (N-C).

Lemma 3.32. Let n ∈ N, k ∈ {1, . . . , n}, and E ⊂ Hn be k-regular. If E satisfies (P-C), then
also (ILG-C).

Proof. Fix η > 0. We will find ϑ = ϑ(η) = ϑ(η,K0, k, CE) > 0 sufficiently small and apply
(P-C) with parameter ϑ

K0
. Let D = G∪̇B be the coronization given by (P-C) applied with “η”

replaced by “ ϑ
K0

”; this will also serve as a coronization for (ILG-C). We only need to verify the

existence of intrinsic Lipschitz graphs as in (3.19).
Let F be the forest of trees associated with the coronization, and fix S ∈ F . For every

x, y ∈ K0Q(S), with x ̸= y, let us denote by Qx,y a smallest – with respect to diameter –
cube in S with x, y ∈ K0Qx,y. (While the cubes in S of a fixed generation are disjoint, the
K0-enlarged cubes generally are not, so that the choice of Qx,y need not be unique, but any
admissible choice will do. Moreover, the assumption that x, y ∈ K0Q(S) ensures that there
exists at least one cube with the desired properties.)

We perform a construction inspired by [BHS23, Remark 6.4.3]. Let N be a set in K0Q(S)
with the following property (P): if x, y ∈ N are distinct, then d(x, y) ≥ ϑ diam(Qx,y), and
N is maximal in the sense that it is impossible to add an element to N while preserving the
separation condition. By Zorn’s lemma, the existence of N is guaranteed.
We claim that, choosing ϑ = ϑ(η) small enough, then for every x ∈ K0Q(S) and any cube
Q ∈ S such that x ∈ K0Q, there exists xN ∈ N satisfying d(x, xN ) ≤ η diam(Q). In fact, let
x ∈ K0Q for some Q ∈ S and assume by contradiction that

(3.21) d(x, y) > η diam(Q) for every y ∈ N .

In particular x ̸∈ N . If we prove that N ∪ {x} still satisfies the separation property in (P),
we then conclude by maximality of N . In other words, for fixed y ∈ N we want to show that
d(x, y) ≥ ϑ diam(Qx,y). Let R ∈ S be the smallest ancestor of Q such that

(3.22) diam(R) ≥ 1

K0 − 1
d(x, y) + diam(Q).

If such an ancestor does not exist in S, then set R = Q(S). In the first case, we have

d(y,R) ≤ d(y,Q) ≤ d(x, y) + d(x,Q) ≤ d(x, y) + (K0 − 1)diam(Q) ≤ (K0 − 1)diam(R).
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This means that y ∈ K0R. The same conclusion also holds in the case R = Q(S), since clearly
y ∈ K0Q(S) = K0R. Since also x ∈ K0R, we get that diam(R) ≥ diam(Qx,y) by the choice of
Qx,y. Then we can estimate, by the minimality of R and properties of dyadic cubes (see (3.4)
and Definition 3.5), and our counter-assumption (3.21) that

D−2ϱ diam(R) ≤ 1
K0−1

d(x, y) + diam(Q)
(3.21)

≤ 1
K0−1

d(x, y) + 1
η
d(x, y) =

(
1

K0−1
+ 1

η

)
d(x, y).

This holds also in the case in which we could not find the ancestor satisfying (3.22), since in
that case

D−2ϱ diam(R) ≤ diam(R) ≤ 1

K0 − 1
d(x, y) + diam(Q).

Hence we find that

d(x, y) ≥ D−2ϱ
1

K0−1
+ 1

η

diam(R)

and, choosing

(3.23) ϑ ≤ D−2ϱ
1

K0−1
+ 1

η

(≲k,CE
η),

we finally get
d(x, y) ≥ ϑ diam(R) ≥ ϑ diam(Qx,y)

and the claim is proved. Now, by construction of N , for any x, y ∈ N , we know

d(x, y) ≥ ϑ diam(Qx,y) ≥ ϑ
K0
hS(x) ≥ ϑ

K0
min{hS(x), hS(y)}.

The second inequality follows by the fact that x ∈ K0Qx,y, so that hS(x) ≤ d(x,Qx,y) +
diam(Qx,y) ≤ (K0 − 1)diam(Qx,y) + diam(Qx,y) = K0diam(Qx,y). By (P-C), applied with ϑ

K0
,

we deduce that there exists an affine horizontal plane VS such that

(3.24) d(x, y) ≤ (1 + 2 ϑ
K0

)d(PVS (x), PVS (y)), x, y ∈ N .

By Lemma 3.14, we may without loss of generality assume that VS is a horizontal subgroup.
Condition (3.24) implies that the horizontal projection PVS |N is injective. Thus there exists
a well-defined map ΦS := (PVS |N )−1 : PVS

(N ) → N that sends PVS (x) 7→ x, and N =
ΦS(PVS (N )) is an in intrinsic graph over PVS (N ) ⊂ VS . More precisely, by the injectivity of
PVS |N , we obtain that for every v ∈ PVS (N ), there exists a unique φS(v) in the complementary
orthogonal subgroup W such that v · φS(v) ∈ N . Then ΦS is the graph map of φS , and by

(3.24), the latter is intrinsic Lipschitz with intrinsic Lipschitz constant ≲ 4
√
ϑ (see Proposition

2.8). Thus, by (3.23), the intrinsic Lipschitz constant of φS can be bounded by ≲k,CE
4
√
η. By

[DF22], we can extend φS to the full space VS with a control on the Lipschitz constant. Let ΓS
be the associated intrinsic Lipschitz graph.

Let now Q ∈ S and x ∈ E with d(x,Q) ≤ diam(Q). Then x ∈ K0Q and, by the previous
claim, there exists xN ∈ N satisfying d(x, y) ≤ η diam(Q). Therefore

(3.25) d(x,ΓS) ≤ d(x,N ) ≤ d(x, xN ) ≤ η diam(Q).

This proves that the chosen coronization satisfies the condition required in (ILG-C). To be
precise, the intrinsic graph we have constructed may not have intrinsic Lipschitz constant
bounded by η; this is not a problem, since the constant is controlled by η, in the sense that it
goes to 0 as η → 0, so by choosing ϑ(η) initially even smaller if needed, we can arrange that
the intrinsic Lipschitz constant of ΓS is less than η while also (3.25) holds. □

Next, we consider the converse of the implication in Lemma 3.32.

Lemma 3.33. Let n ∈ N, k ∈ {1, . . . , n}, and E ⊂ Hn be k-regular. If E satisfies (ILG-C),
then also (P-C).
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Proof. Fix η > 0. Our goal is to verify the conditions of (P-C) for this parameter. Find
0 < η ≤ η such that

(3.26)
1 + η2

1 − 6 η2D2ϱ−1 − 6η
≤ 1 + 2η.

Apply now (ILG-C) with parameter η2 and find the corresponding coronization D = G∪̇B
with forest F and constant C = C(η2) = C(η, k, CE). The only property that has to be
verified is that for each S ∈ F there exists an affine horizontal plane VS such that, whenever
x, y ∈ K0Q(S) are chosen in such a way that d(x, y) > ηmin{hS(x), hS(y)}, then

(3.27) d(x, y) ≤ (1 + 2η)d(PVS (x), PVS (y)).

Fix S ∈ F . We take as affine horizontal plane VS the domain of the Lipschitz graph ΓS
which is associated to S by the (ILG-C) property. Suppose now x, y ∈ K0Q(S) with d(x, y) >
ηmin{hS(x), hS(y)}. Assume without loss of generality that min{hS(x), hS(y)} = hS(x). By
definition of hS , there exists a cube Q ∈ S such that d(x, y) > η(diam(Q) + d(x,Q)). Consider
now the minimal cube R ⊃ Q, R ∈ S, such that diam(K0R) ≥ d(x, y). Such a cube exists since
diam(K0Q(S)) ≥ d(x, y). Then there are two possibilities:

• If there exists a child R̂ of R which contains Q, then by minimality of R and by the
properties of dyadic cubes,

diam(R)

D2ϱ−1
≤ diam(R̂)≤ diam(K0R̂) < d(x, y),

Hence diam(R) ≤ D2ϱ−1 d(x, y);
• If instead there exists no child of R containing Q, this implies that R = Q. Therefore

η diam(R) ≤ η diam(R) = η diam(Q) ≤ η (diam(Q) + d(x,Q)) < d(x, y),

which gives diam(R) ≤ η−1d(x, y).

In any case, we get diam(R) ≤ (D2ϱ−1 + η−1)d(x, y).
Moreover d(x,R) ≤ d(x,Q) < η−1d(x, y) ≤ η−1diam(K0R)≤ 2η−1K0diam(R). Similarly, by

the triangle inequality, d(y,R) ≤ d(x, y)+d(x,R) ≤ (η−1+1)diam(K0R)≤ 2(η−1 + 1)K0diam(R).
Therefore we can apply (ILG-C) (with the improvement from Remark 3.29 for the constant
N = 2(η−1 + 1)K0) and get

(3.28) d(x,ΓS) ≤ η2diam(R) and d(y,ΓS) ≤ η2diam(R)

since d(x,R) ≤ Ndiam(R) and d(y,R) ≤ Ndiam(R).
Let now xΓ and yΓ be two points on ΓS which realize d(x,ΓS) and d(y,ΓS) respectively. Since

ΓS is an intrinsic Lipschitz graph with constant smaller than η2, we get by metric Lipschitz
continuity of the graph map (2.5) that

(3.29) d(xΓ, yΓ) ≤ (1 + η2)d(PVS (xΓ), PVS (yΓ)).

Therefore, if η is small enough, (3.28),(3.29), and the 1-Lipschitz property of PVS yield that

d(x, y) ≤ d(x, xΓ) + d(xΓ, yΓ) + d(y, yΓ)≤(1 + η2)d(PVS (xΓ), PVS (yΓ)) + 2η2diam(R)

≤ (1 + η2)d(PVS (x), PVS (y)) + (1 + η2)d(PVS (x), PVS (xΓ)) + (1 + η2)d(PVS (y), PVS (yΓ))

+ 2η2diam(R)

≤ (1 + η2)d(PVS (x), PVS (y)) + (1 + η2)d(x, xΓ) + (1 + η2)d(y, yΓ) + 2η2diam(R)

≤ (1 + η2)d(PVS (x), PVS (y)) + 6η2diam(R)

≤ (1 + η2)d(PVS (x), PVS (y)) + 6η2(D2ϱ−1 + η−1)d(x, y).

If η is small enough, absorbing the last term by the left-hand side of the inequality, and using
(3.26), we get the desired estimate (3.27). □
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If a set E admits a corona decomposition by horizontal planes (P-C) then, by definition, for
each tree S ∈ F , there is a horizontal projection with bi-Lipschitz constant close to 1 when
restricted to cubes Q ∈ S. Naturally, this implies an analogous condition where “close to 1” is
replaced by a definite constant.

Lemma 3.34. Let n ∈ N, k ∈ {1, . . . , n}, and E ⊂ Hn be k-regular. If E satisfies (P-C), then
also (N-C) with constants Λ1 = L and Λ2 = 1 for arbitrary L > 1.

Proof. Let n ∈ N, k ∈ {1, . . . , n}, and E ⊂ Hn be k-regular. Let L > 1. If E satisfies (P-C),
then, for any η sufficiently small, we get from (3.20) that

(3.30) d(x, y) ≤ Ld(PVS (x), PVS (y))

whenever x, y ∈ 3BQ with d(x, y) ≥ ηdiam(Q). Then E satisfies the conditions of (N-C) where
(Rk, ∥·∥S) is VS (as in Definition 3.30) equipped with the induced distance, φS is the projection
map onto VS , Λ1 = L and Λ2 = 1. Notice that the constant “C” in the definition of (N-C) is
allowed to depend also on Λ1 = L. □

4. An elaboration on Juillet’s construction

The goal of this section is to prove Theorem 1.4 by using a construction due to Juillet.
In [Jui10], the author constructed a Lipschitz curve ω : [0, 1] → H1 whose associated β∞,V1-
numbers are not square-summable, providing in this way a counterexample to the classical
traveling salesman problem (with exponent 2) in H1, which shows that the condition formulated
in [FFP07] for a compact set E ⊂ H1 to be contained in a rectifiable curve is not necessary. The
curve ω is obtained as a horizontal lift of a Lipschitz curve ωC : [0, 1] → R2, whose construction
requires a uniform approximation by polygonal curves. Let Γ denote the support of the curve
ω. It was observed in [FV25b, Proposition 4.37] that Γ ̸∈ GLem(β∞,V1 , 2), but this does not a
priori rule out the possibility that Γ could satisfy GLem(βp,V1 , 2) with some exponent p < ∞.
In order to show that the assumptions of our main result, Theorem 1.1, are strictly weaker
than the ones used by Hahlomaa in [Hah12], we aim to prove that Γ is a 1-regular set in (H1, d)

(Theorem 4.2) with Γ ̸∈ GLem(β1,V1 , 2) (Theorem 4.4), even if Γ ∈ GLem(β̂1,V1 , 4) (Theorem

4.5). The converse implication, GLem(β1,V1 , 2)⇒ GLem(β̂1,V1 , 4), always holds by Proposition
3.24.

As in the rest of the paper, we work here with the Korányi distance d. In [Jui10], the sub-
Riemannian distance is used instead, but this change is insignificant due to the bi-Lipschitz
equivalence of the two metrics.

We recall the following definition, which can be given in any metric space.

Definition 4.1. Let γ : [a, b] → H1 be a (continuous) curve. If d denotes the Korányi distance,
the length of γ in (H1, d) is defined as

ℓd(γ) := sup
k∈N

{
k∑

i=1

d(γ(si−1), γ(si)) : a = s0 < s1 < · · · < sk = b

}
.

If γ is a horizontal curve, then its length ℓd(γ) coincides with the Euclidean length of the
projection π ◦ γ in R2 (see [HZ15, Proposition 1.1] for the analogous statement with the sub-
Riemannian distance dcc, and [LN18, below Prop. 6.2], [Hak20, Lemma 5.1] or [KN10, Propo-
sition 2.1] for the inequality d ≤ dcc).

We now recall the main steps in the construction of the curve ω with trace Γ in Theorem 1.4,
since we will use them in our argument (see [Jui10] for more details about the construction).
Let

(4.1) ϑn :=
C0

n
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be a sequence of angles, where the constant C0 is chosen small enough (we will assume C0 ≤ 0.2
as in the original construction and point out all the instances where additional requirements
for C0 appear). We start by defining a sequence (ωC

n )n∈N of planar curves in R2. The curve
ωC
0 : [0, 1] → R2 is simply the constant speed parameterization of the segment connecting the

points (−1, 0) and (1, 0). Each curve ωC
n : [0, 1] → R2 is a polygonal line formed by 4n segments

of the same length ln, parameterized with constant speed Ln = 4n · ln. Inductively, the curve
ωC
n+1 is obtained from ωC

n by replacing each segment line in ωC
n by a polygonal curve (keeping

the same starting and ending points) made of four new segments of length ln+1 = ln
4 cosϑn+1

,

forming an angle ϑn+1 with the original one.

Figure 1. The construction of the curve ω

Notice that, by construction,

(4.2) 2 · 4−n ≤ ln ≤ 2−n+1 for every n ≥ 0.

It is proved in [Jui10, Proposition 3.1 and Lemma 3.2] that the sequence of curves (ωC
n )n

uniformly converges to a Lipschitz curve ωC of length L ≤ 2.4, again parameterized with
constant speed. Actually, the proof of [Jui10, Lemma 3.2] shows that

(4.3) L ≤ 2 · exp(0.08) ≤ 2.2.

Moreover

(4.4) L = lim
n→∞

4nln = sup
n

4nln,

where 4nln represents the length of the curve ωC
n .

Finally, let ω : [0, 1] → H1 be the horizontal lift of the curve ωC starting from (−1, 0, 0).
We denote by ωn the horizontal lift of ωC

n starting from the same point. Notice that the
Heisenberg length of the curve ω is still L, while the one of ωn is 4nln. By [Jui10, Lemma 3.3],
for every n ≤ m, the curves ωn and ωm coincide at each parameter point of the form σ

4n
for

σ = 0, 1, . . . , 4n: this is easy to see for the curves ωC
n and ωC

m, while it holds also for the lifted
curves since the signed area spanned by ωC

n and ωC
m on an interval [ σ

4n
, σ+1

4n
] is the same; recall

the comment below Definition 2.2. Moreover, ωn → ω uniformly on [0, 1]. This is not explicitly
stated in [Jui10], but it follows by the Arzelà–Ascoli theorem from the uniform convergence
ωC
n → ωC, the horizontality of ωn and the equi-boundedness of the derivatives, |ω̇C

n | ≤ Ln ≤ L.
Denoting by Γ the support of ω, our main goal is now to prove that Γ ̸∈ GLem(β1,V1 , 2), see
Theorem 4.4.

We first show that ω is injective: the same argument is also used to prove 1-regularity of
Γ = ω([0, 1]) (with respect to the Korányi distance in H1):

Theorem 4.2. The curve ωC (hence also ω) is injective, and Γ is 1-regular in (H1, d).
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Proof. The proof of injectivity relies on the following claim:

Claim. Let p = ωC(σ/4n) for some σ = 0, 1, . . . , 4n. Then

(4.5) BEucl(p, 0.6 ln) ∩ ωC
(

[0, 1] \
[
σ − 1

4n
,
σ + 1

4n

])
= ∅.

We now assume the claim and prove that ωC is injective. Let 0 ≤ a < b ≤ 1 and choose n ∈ N,
σ = 0, 1, . . . , 4n such that

(4.6)
∣∣∣a− σ

4n

∣∣∣ ≤ 1

2 · 4n

and

(4.7)
∣∣∣b− σ

4n

∣∣∣ > 1

4n
.

This is always possible, since one can choose n large enough such that

|a− b| > 3

2 · 4n

and subsequently choose σ = 0, 1, . . . , 4n such that (4.6) holds. By the triangular inequality,
(4.7) holds as well. From (4.6) it follows that

(4.8)
∣∣∣ωC(a) − ωC

( σ
4n

)∣∣∣ ≤ L
∣∣∣a− σ

4n

∣∣∣ ≤ L
1

2 · 4n

(4.3)

≤ 2.4

2 · 4n
= 0.6

2

4n

(4.2)

≤ 0.6 ln.

Hence ωC(a) ∈ BEucl(p, 0.6 ln). On the other hand, (4.7) means that b ∈ [0, 1] \ [σ−1
4n
, σ+1

4n
].

Therefore, the claim implies that ωC(b) ̸∈ BEucl(p, 0.6 ln) and in particular we deduce ωC(a) ̸=
ωC(b), proving injectivity of ωC (and clearly of ω).

Assuming the claim, we now show that ω([0, 1]) is 1-regular. Fix now x = (z, t) ∈ ω([0, 1]) and
r > 0. In order to prove upper 1-regularity, we can assume that r < 1/20, since otherwise we
use the simple estimate

H1 (B(x, r) ∩ ω ([0, 1])) ≤ L ≤ 20L r.

For r < 1/20, choose n ∈ N such that ln+1/40 ≤ r < ln/40. By L-Lipschitz continuity of ωC,
there exists σ = 0, 1, . . . 4n such that |z − p| ≤ L

2·4n , where p = ωC(σ/4n). In particular,

|z − p| ≤ L

2 · 4n

(4.3)

≤ 2.2

2 · 4n
=

11

20

2

4n

(4.2)

≤ 11

20
ln.

Hence, if z′ ∈ BEucl(z, r), then

|z′ − p| ≤ |z′ − z| + |z − p| ≤ r + 11
20
ln ≤

(
1
40

+ 11
20

)
ln ≤ 0.6 ln.

This proves that BEucl(z, r) ⊆ BEucl(p, 0.6 ln). Moreover, (4.5) implies that

(4.9) BEucl(p, 0.6 ln) ∩ ωC ([0, 1]) ⊆ ωC
([

σ − 1

4n
,
σ + 1

4n

])
.

Altogether, this shows that

π (B(x, r)) ∩ π (ω([0, 1])) = π (B(x, r)) ∩ ωC ([0, 1]) = BEucl(z, r) ∩ ωC ([0, 1])

=BEucl(p, 0.6 ln) ∩ ωC ([0, 1])
(4.9)
= ωC

([
σ − 1

4n
,
σ + 1

4n

])
.

Therefore, π (B(x, r) ∩ ω([0, 1])) ⊂ ωC
([

σ−1
4n
, σ+1

4n

])
. The injectivity of ωC implies then that

also

(4.10) B(x, r) ∩ ω([0, 1]) ⊂ ω

([
σ − 1

4n
,
σ + 1

4n

])
.
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Moreover, by the L-Lipschitz continuity of ωC and the same estimates as in (4.8), we have

(4.11) H1
Eucl

(
ωC
([

σ − 1

4n
,
σ + 1

4n

]))
≤ L

2

4n

(4.2),(4.3)

≤ 2.4 ln.

The upper 1-regularity of ω([0, 1]) then follows since, by (4.10) and the horizontality of the
curve ω,

H1(B(x, r) ∩ ω([0, 1])) ≤ H1

(
ω

([
σ − 1

4n
,
σ + 1

4n

]))
= H1

Eucl

(
ωC
([

σ − 1

4n
,
σ + 1

4n

]))
(4.11)

≤ 2.4 · 4 · 40 r.

The lower regularity of ω([0, 1]) is immediate since it is a connected set. □

Proof of the Claim (4.5) . We prove the claim by induction on n. Let us first show the conclu-
sion for n = 1. Since ωC is L-Lipschitz, then ωC

(
[0, 1] \

[
σ−1
4n
, σ+1

4n

])
lies in the L

16
-neighbourhood

of

E :=
{
ωC
( τ

16

)
: τ = 0, . . . , 4σ − 4 or τ = 4σ + 4, . . . , 16

}
.

Hence, if q ∈ ωC
(
[0, 1] \

[
σ−1
4n
, σ+1

4n

])
, then there exists q̄ ∈ E such that |q − q̄| ≤ L

16
. Then

(4.12)
∣∣∣q − ωC

(σ
4

)∣∣∣ ≥ ∣∣∣q̄ − ωC
(σ

4

)∣∣∣− |q − q̄| ≥ l1 −
L

16
≥ l1 −

2.4

16
.

Here we exploit the fact that
∣∣q̄ − ωC

(
σ
4

)∣∣ ≥ l1: this follows if the constant C0 (and hence the
angle ϑ1) in (4.1) is chosen small enough, so that if 0 ≤ t1 < t2 < t3 ≤ 16 are natural numbers,
then ∣∣∣∣ωC

(
t1
16

)
− ωC

(
t2
16

)∣∣∣∣ ≤ (t2 − t1)ℓ2(4.13)

(4.1)

≤ (1 + t2 − t1) · cos(ϑ1 + ϑ2)ℓ2

≤ (t3 − t1) · cos(ϑ1 + ϑ2)ℓ2 ≤
∣∣∣∣ωC

(
t1
16

)
− ωC

(
t3
16

)∣∣∣∣ .
The last inequality holds true since, if ϑ1 and ϑ2 are chosen small enough, the projection of ωC

2

to the segment between ωC(0) and ωC(1) preserves the order in the following sense: if τ < τ ′,
then the first coordinates satisfy (ω2)

C
1 (τ/16) < (ω2)

C
1 (τ ′/16), and moreover, the individual

segments in ωC
2 project to intervals of length at least cos(ϑ1 + ϑ2)ℓ2.

Since ϑn ≤ ϑ1, an analogous conclusion as in (4.13) also holds for “packages” of future gener-
ations, namely

∣∣ωC
(
t1
4n

)
− ωC

(
t2
4n

)∣∣ ≤ ∣∣ωC
(
t1
4n

)
− ωC

(
t3
4n

)∣∣ for every n ≥ 2 and 16 ϱ ≤ t1 < t2 <

t3 ≤ 16 (ϱ + 1) for ϱ = 0, 1, . . . , 4n−2 − 1. Moving back to (4.12), since by construction l1 ≥ 1
2
,

it follows l1 − 2.4
16

≥ 0.7l1 > 0.6 l1. We deduce that q ̸∈ BEucl(ω
C (σ/4) , 0.6 l1), as desired.

We now deal with the inductive step. Let p = ωC(σ/4n) for some σ = 0, 1, . . . , 4n. We distin-
guish two cases, according to the value of σ. If σ = 4σ0 for some σ0 = 0, 1, . . . , 4n−1, we can write
p = ωC(σ0/4

n−1). By induction hypothesis, since clearly BEucl(p, 0.6 ln) ⊂ BEucl(p, 0.6 ln−1), we
deduce that

BEucl(p, 0.6 ln) ∩ ωC
(

[0, 1] \
[
σ0 − 1

4n−1
,
σ0 + 1

4n−1

])
= ∅.

Notice that
[
σ0−1
4n−1 ,

σ0+1
4n−1

]
=
[
σ−4
4n
, σ+4

4n

]
: hence we only need to show that{

BEucl(p, 0.6 ln) ∩ ωC
([

σ−4
4n
, σ−1

4n

])
= ∅

BEucl(p, 0.6 ln) ∩ ωC
([

σ+1
4n
, σ+4

4n

])
= ∅.
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These properties can be proved exactly with the same argument as in the n = 1 case, replacing
l1 with ln and 16 with 4n+1, using the relation ln ≥ 2/4n from (4.2).

If instead σ ∈ {0, 1, . . . , 4n} in p = ωC(σ/4n) is not an integer multiple of 4, choose σ0 =
0, 1, . . . , 4n−1 such that σ0

4n−1 <
σ
4n
< σ0+1

4n−1 . In particular σ ∈ {4σ0 + 1, 4σ0 + 2, 4σ0 + 3}. Our
goal is now to prove

(4.14) BEucl(p, 0.6 ln) ∩ ωC
(

[0, 1] \
[
σ0

4n−1
,
σ0 + 1

4n−1

])
= ∅.

Once this is achieved, we reach the conclusion by arguing again as in the previous case. Let
p0 := ωC( σ0

4n−1 ) and p1 := ωC(σ0+1
4n−1 ). We first prove that

(4.15) BEucl(p, 0.6 ln) ⊆ BEucl(p0, 0.6 ln−1) ∪BEucl(p1, 0.6 ln−1).

Assume for instance σ = 4σ0 + 1. Then, if q ∈ BEucl(p, 0.6 ln),

|q − p0| ≤ |q − p| + |p− p0| ≤ 0.6 ln + ln = 1.6
ln−1

4 cosϑn

< 0.6 ln−1.

If instead σ = 4σ0 + 3, then we argue in the same way considering p1 instead of p0. Hence it
remains to discuss the case σ = 4σ0 +2. In this situation, |p0−p| = |p1−p| = ln−1/2. Consider
q ∈ BEucl(p, 0.6 ln) and assume for instance that |q−p0| ≤ |q−p1| (the other case is analogous).
By Pythagorean theorem

|q − p0| ≤
√

(0.5 ln−1)2 + (0.6 ln)2 =

(
0.25 +

0.36

16 cos2 ϑn

) 1
2

ln−1 ≤ 0.6 ln−1,

proving (4.15). Let us now conclude by showing (4.14).

Let q ∈ BEucl(p, 0.6 ln). By (4.15), q ∈ BEucl(pi, 0.6 ln−1) for some i ∈ {0, 1}. Let us assume
without loss of generality that i = 0. Then, by inductive hypothesis, q ̸∈ ωC([0, 1]\

[
σ0−1
4n−1 ,

σ0+1
4n−1

]
).

In order to establish (4.14), we need then to prove that q ̸∈ ωC
([

σ0−1
4n−1 ,

σ0

4n−1

])
. This is achieved

using a similar argument as before: since ωC is L-Lipschitz, ωC
([

σ0−1
4n−1 ,

σ0

4n−1

])
lies in the L

4n+1 -
neighbourhood of

E0 :=

{
ωC
(

16σ0 − 16

4n+1

)
, ωC

(
16σ0 − 15

4n+1

)
, . . . , ωC

(
16σ0
4n+1

)}
.

Assume by contradiction that q = ωC(s) for some s ∈
[
σ0−1
4n−1 ,

σ0

4n−1

]
. Then there exists q̄ ∈ E0

such that |q − q̄| ≤ L
4n+1 . Hence

(4.16) |q − p| ≥ |p− q̄| − |q − q̄| ≥ ln −
L

4n+1
≥ ln −

2.4

4n+1
.

The fact that |p− q̄| ≥ ln follows by the analogue observation after (4.12), if C0 is chosen small
enough. However, while we previously had to consider only the points in one “package”, we
now need the same conclusion for two consecutive “packages”. To this end, we also use the fact
that the angle between two consecutive segments of ωC

n−1 is always greater than π− 2ϑ1, which
can be made very close to π by choosing C0 small enough; recall (4.1).
Since ln ≥ 2 · 4−n, it follows that ln − 2.4

4n+1 ≥ 0.7 ln > 0.6 ln, which implies by (4.16) that
q ̸∈ BEucl(p, 0.6 ln), a contradiction. □

We next aim to show that Γ = ω([0, 1]) is so badly approximable by horizontal lines that it
does not satisfy GLem(β1,V1 , 2). To this end, we will use the following standard estimate for the
distance between two points in H1 in terms of the Euclidean distance between their projections
and the area spanned by any horizontal curve connecting them.
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Lemma 4.3. Let γ : [a, b] → H1 be a horizontal curve joining p1 = γ(a) and p2 = γ(b). Then

(4.17) d(p1, p2) ≲ |π(p1) − π(p2)| +
√

|Aγ|,

where Aγ denotes the algebraic area enclosed by the curve π ◦ γ concatenated with the segment
joining π(p2) and π(p1).

Proof. As both sides of the inequality (4.17) are invariant by left translations, we may assume
without loss of generality that p1 = γ(a) = 0. Since

d(γ(b), 0) ≲ |π(γ(b))| +
√

|γ3(b)|
and, by horizontality of γ = (γ1, γ2, γ3), we have γ̇3 = 1

2
(γ1γ̇2 − γ2γ̇1) almost everywhere, the

claim follows, cf. [CDPT07, (2.22)] or [Jui10, (1.1)]. □

Theorem 4.4. Γ ̸∈ GLem(β1,V1 , 2).

Proof. We will show that

(4.18) B∆
1,1(Γ) :=

∑
k∈Z

2−k
∑
x∈∆k

β1,V1(x,A 2−k)2 = +∞,

where ∆ = (∆k)k is a dyadic net and B∆
1,1 is defined as in (3.17) with a constant A ≥ 5, cf.

[Jui10, (0.1)]. Then the conclusion follows from Lemma 3.26. Notice that the index k is chosen
to uniformize the notation with the one used in [Jui10] and should not be confused with the
dimension of Γ, which is 1. In order to verify (4.18), we need suitable lower bounds for card(∆k)
and β1,V1(x,A 2−k), x ∈ ∆k, respectively.

It is proved in [Jui10, §4] that card(∆k) ≥ 2k, k ∈ N. Moreover, in [Jui10, (4.1)], a lower
bound for β∞,V1(x,A 2−k) is derived. We need to verify an analogous bound for β1,V1(x,A 2−k),
which requires a finer analysis: we have to show that Γ ∩ B(x,A 2−k) stays at large distance
from every horizontal line not only in a point, but in a large H1-measure set of points.

In [Jui10, Section 4] it is shown that, taking n = ⌈k/2⌉, for every x ∈ ∆k there exists
σ ∈ {0, 1, . . . , 4n − 1} such that

(4.19) ω

([
σ

4n
,
σ + 1

4n

])
⊆ B(x,A 2−k).

Nevertheless, it also holds that

(4.20) H1(Γ ∩B(x,A 2−k)) ≲ H1

(
ω

([
σ

4n
,
σ + 1

4n

]))
.

Indeed, on the one hand, H1(Γ∩B(x,A 2−k)) ≲ 2−k by 1-regularity of Γ established in Theorem
4.2. On the other, since π : (H1, d) → (R2, de), π(x, y, t) := (x, y), is a 1-Lipschitz map, by
construction of ω we deduce

H1

(
ω

([
σ

4n
,
σ + 1

4n

]))
≥ H1

Eucl

(
π

(
ω

([
σ

4n
,
σ + 1

4n

])))
= H1

Eucl

(
ωC
([

σ

4n
,
σ + 1

4n

]))
=

1

4n
H1

Eucl

(
ωC ([0, 1])

)
∼ 2−k.

Hence (4.20) follows. Recall the construction of the curve described after (4.1). Proceeding as
in [Jui10], we rescale ω

([
σ
4n
, σ+1

4n

])
using the similitudes of H1 (see [Jui10, Section 1.3]) and we

obtain another horizontal curve Γn which passes through the subset Λϑn+1 given by
(4.21){

(−1, 0, 0),

(
−1

2
,−tanϑn+1

2
,
tanϑn+1

4

)
,

(
0, 0,

tanϑn+1

4

)
,

(
1

2
,
tanϑn+1

2
,
tanϑn+1

4

)
, (1, 0, 0)

}
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and coincides with the curve obtained as Γ, but using the sequence of angles (ϑn+m)m≥1. The
scaling factor between Γn and ω

([
σ
4n
, σ+1

4n

])
is ln/2. Let us denote ϑ ≡ ϑn+1 and let

D1
ϑ := inf

ℓ∈V1

 
Γn

d(y, ℓ) dH1(y).

Easy computations show that

β Γ
1,V1

(x,A 2−k) ∼ 1

2−k
inf
ℓ∈V1

 
Γ∩B(x,A 2−k)

d(y, ℓ) dH1(y)

(4.19),(4.20)

≳
1

2−k
inf
ℓ∈V1

 
ω([ σ

4n
,σ+1

4n ])
d(y, ℓ) dH1(y)

=
1

2−k

ln
2
D1

ϑ ≳ D1
ϑ.

where we used the 1-regularity of Γ, (4.19) and (4.20), the invariance of the distance and the
fact that ln ≥ 4−n ≳ 2−k, recall (4.2).

In order to conclude (4.18), we need a large enough lower bound for D1
ϑ, which is the content

of the following claim.

Claim 1: D1
ϑ ≳

√
ϑ.

Assuming the validity of Claim 1, we now conclude that

B∆
1,1(Γ) :=

∑
k∈Z

2−k
∑
x∈∆k

β1,V1(x,A 2−k)2 ≳
∑
k∈N

2−k 2k (D1
ϑ)2 ≳

∑
k∈N

ϑ⌈k/2⌉+1
(4.1)∼

∑
k∈N

1
⌈k/2⌉+1

= +∞.

It remains to prove Claim 1, that can be read as follows: there exists a constant K̃ > 0 (not
depending on n, and in particular not on ϑ = ϑn+1) such that, for all ℓ ∈ V1, it holds 

Γn

d(y, ℓ) dH1(y) ≥ K̃
√
ϑ.

By [Jui10, Proposition 4.1] there exists a constant K > 0 such that, for any ℓ ∈ V1 and
any 0 < n ∈ N, there exists ȳ ∈ Λϑ (for Λϑ as defined in (4.21)) with the property that

d(ȳ, ℓ) ≥ K
√
ϑ. Let 0 < n ∈ N and ℓ ∈ V1. We want to show that there exists a subset N ⊆ Γn

satisfying H1(N) ≥ cH1(Γn), for some constant c independent of ϑ and ℓ, such that

(4.22) d(y, ℓ) ≥ K

4

√
ϑ for every y ∈ N .

If this is possible, then we reach the conclusion by simple estimates: 
Γn

d(y, ℓ) dH1(y) =
1

H1(Γn)

ˆ
Γn

d(y, ℓ) dH1(y) ≥ 1

H1(Γn)

ˆ
N

d(y, ℓ) dH1(y)

≥ c

H1(N)

ˆ
N

K

4

√
ϑ dH1(y) =

cK

4

√
ϑ =: K̃

√
ϑ.

Hence, it remains to construct the set N with the previous properties.

For each n ∈ N, let Γn,1 be the polygonal curve which connects the points in Λϑ, in ascending
order with respect to the first coordinate of H1 ≡ R3 (not to be confused with the rescaled
copy Γn of Γ). Notice that Γn,1 is a horizontal curve. We show now that there exists a subset
M ⊆ Γn,1 with H1(M) ≥ c′H1(Γn,1) and such that

(4.23) d(y, ℓ) ≥ K

2

√
ϑ for every y ∈M.

Then we will construct the corresponding set N on Γn.

In order to define the set M ⊂ Γn,1, we use ideas from [Jui10]. We denote the points in Λϑ
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by {A,B,C,D,E}, with respect to the same order used above. (We recall that “A” has also
denoted a constant in (4.18), but there should be no risk of confusion in the following). We
distinguish three cases, according to the value of the planar angle φ ∈ [0, π

2
] between ℓC and

the line BCDC, where ℓC, BC, DC are the images of the fixed horizontal line ℓ and the points
B,D ∈ H1 under the projection π, see Figure 2.

Figure 2. The three cases described below

• If φ ≥
√
ϑ, then ℓC intersects BCDC in a single point P . Then we can choose

ȳ =

{
D if dEucl(P,D

C) ≥ dEucl(P,B
C)

B if dEucl(P,D
C) < dEucl(P,B

C)

and in this case we let

M := {y ∈ Cȳ : d(y, ȳ) ≤ lϑ/10},
where lϑ is the distance between two consecutive points in Λϑ (and it is also the Euclidean
distance between the corresponding projections on R2).
Notice that H1(M) = 1

40
H1(Γn,1). Moreover, if y ∈M , by simple trigonometry

d(y, ℓ) ≥ dEucl(y
C, ℓC) = dEucl(P, y

C) sinφ ≥ 1

2
lϑ sin

√
ϑ,

which, by choice of K in [Jui10, Proposition 4.1], is greater than 1
2
K
√
ϑ.

• If ϑ
4
≤ φ <

√
ϑ, at least one of the segments BCCC or CCDC is not intersected by the

line ℓC. Without loss of generality we can assume ℓC does not intersect BCCC. For
every y ∈ BC we let y′ to be the unique point on BC such that d(y,B) = d(y′, C). This
also means that

dEucl(y
C, BC) = d(y,B) = d(y′, C) = dEucl((y

′)C, CC).
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Fix now y ∈ BC such that d(y,B) ≤ lϑ/10 and consider the Euclidean trapezoid T in
R2 having as vertices the points yC, (y′)C and the corresponding projections onto ℓC.
Then elementary geometric computations show that

Area (T ) ≥ 1

8
l2ϑ sinφ cosφ,

which gives, arguing as in the proof of Proposition 4.1 in [Jui10] that
√

Area (T ) ≥
√
ϑ

8
√
π
.

Applying [Jui10, Lemma 2.5] (in particular see the second line in that proof), by the
fact that y and y′ lie on the same horizontal line BC, we deduce that

d(y, ℓ) + d(y′, ℓ) ≥
√

Area (T ) ≥ 1

8
√
π

√
ϑ.

Therefore there exists a point p = p(y) ∈ {y, y′} such that

(4.24) d(p, ℓ) ≥
√

Area (T ) ≥ 1

16
√
π

√
ϑ ≥ K

2

√
ϑ,

by choosing K ≤ 1
8
√
π
. If we define

M := {p(y) : y ∈ BC, d(y,B) ≤ lϑ/10},

then H1(M) = 1
10
lϑ = 1

40
H1(Γn,1) and, by (4.24), d(p, ℓ) ≥ K

2

√
ϑ for every p ∈M .

• If φ < ϑ
4
, then, by [Jui10, Lemma 4.2], the line ℓC cannot intersect both the central

segments of ACBC and DCEC. Assume for instance that ℓC does not intersect the
central segment of ACBC. Let ψ be the positive angle between ℓC and the line ACBC:
it has been proved by Juillet that 7ϑ

4
≤ ψ ≤ π

4
. Let P be the intersection between the

line ACBC and ℓC and assume for instance that dEucl(P,B
C) ≤ dEucl(P,A

C). Similarly
as in the previous case, for every y ∈ AB, let y′ denote the unique point on the same
segment such that d(y, A) = d(y′, B). Fix y ∈ AB with d(y, A) ≤ lϑ/10 and denote
by T the Euclidean trapezoid in R2 having as vertices the points yC, (y′)C and their
projections onto ℓC. It can happen that this trapezoid is self-intersecting. So, using the
same strategy of Juillet and exploiting the fact that d(yC, AC) = d(y, A) ≤ lϑ/10, its
algebraic area can be estimated by

Area (T ) ≥
(

3

4
lϑ −

1

10
lϑ

)2
sin(2ψ)

4
−
(

1

4
lϑ

)2
sin(2ψ)

4

=
9

25
l2ϑ

sin 2ψ

4
≥ 9

400
sin 2ψ ≥ 1

4 · 32
sin(2ψ).

Hence, using the same estimates as in [Jui10],
√

Area (T ) ≥ 1
2

√
ϑ 7

32π
. Applying Lemma

2.5 in the same paper we conclude exactly as in the case ϑ
4
≤ φ <

√
ϑ.

In conclusion, we have found a set M ⊂ Γn,1 with H1(M) ≳ H1(Γn,1) and the property
required in (4.23). Now we use M to construct the desired set N ⊂ Γn with H1(N) ≳ H1(Γn)
and property (4.22). First of all, we need to introduce some notation. Let γn : [0, 1] → H1 be a
constant-speed parameterization of Γn starting from the point A. In particular, if Ψ : H1 → H1

denotes the similitude which maps ω([ σ
4n
, σ+1

4n
]) to Γn, then γn(s) = (Ψ ◦ ω)(σ+s

4n
). We also

define γn,i : [0, 1] → H1, for i ∈ N, as

γn,i(s) := (Ψ ◦ ωn+i)

(
σ + s

4n

)
,
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so that Γn,i is the support of γn,i. Notice that γn,i and γn are horizontal curves. Specifically,
γn,1 : [0, 1] → H1 turns out to be a constant speed parameterization of Γn,1 starting from A. If
y ∈ Γn, we denote by y(i) the point on Γn,i corresponding to y, which means

(4.25) y(i) := γn,i(γ
−1
n (y)).

Recall here that ω (hence γn) is injective by Theorem 4.2. Our goal is now to estimate the
distance between Γn and Γn,1. More precisely, for fixed y ∈ Γn, we want to estimate d(y, y(1)).
Recall that γn,i → γn uniformly (since the same holds for ωn and ω), hence in particular y(i) → y
as i→ ∞. Therefore

d(y, y(1)) ≤
+∞∑
i=1

d(y(i+1), y(i)).

The terms on the right-hand side can be estimated thanks to the following

Claim 2: there exists an absolute constant C > 0 such that, for every 0 < i ∈ N and y ∈ Γn,
if d̄ = d̄y,i is defined as

(4.26) d̄ := d̄y,i := min
{∣∣∣γ−1

n (y) − τ

4i

∣∣∣ : τ = 0, 1, . . . , 4i
}
,

then d(y(i+1), y(i)) ≤ C
√
ϑ d̄ L, where L is the length of ωC (and of ω), and y(i), y(i+1) are as in

(4.25). In particular it holds that

d(y(i+1), y(i)) ≤
C

2i

√
ϑ.

We now assume the validity Claim 2 and conclude the proof. Choose ī ≥ 1 such that

(4.27)
+∞∑
i>ī

1

2i
<

K

8C

where K and C are found as above. Fix also 0 < δ < 1
10

so small such that δ C L ≤ 3K/8.
Define F ⊂ Γn as

F :=

{
y ∈ Γn : |γ−1

n (y) − s̄| ≤ δ

(
1

4

)ī

for some s̄ ∈
{

0,
1

4
,
1

2
,
3

4
, 1

}}
.

If y ∈ F and i ≤ ī, it follows that d̄y,i ≤ δ
(
1
4

)ī
. Hence, by Claim 2 and the last estimates,

d(y, y(1)) ≤
+∞∑
i=1

d(y(i+1), y(i)) =
ī∑

i=1

d(y(i+1), y(i)) +
+∞∑
i>ī

d(y(i+1), y(i))

≤
ī∑

i=1

C
√
ϑ δ

(
1

4

)ī

L+
+∞∑
i>ī

C
√
ϑ

1

2i

≤ C
√
ϑL δ

(
+∞∑
i=1

(
1

4

)i
)

+ C
√
ϑ

+∞∑
i>ī

1

2i

(4.27)

≤ 3K

8

√
ϑ

1

3
+ C

√
ϑ
K

8C
=
K

4

√
ϑ.

Finally, using the set M with property (4.23), we define N ⊂ Γn as

N := {y ∈ F : y(1) ∈M}.
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Then, combining the previous estimate with (4.23), it follows that for every y ∈ N and each
ℓ ∈ V1,

d(y, ℓ) ≥ d(y(1), ℓ) − d(y, y(1)) ≥
K

2

√
ϑ− K

4

√
ϑ =

K

4

√
ϑ,

as required in (4.22). We need also to show that H1(N) ≥ cH1(Γn), for some constant c.

First of all, by definition of F it is clear that γ−1
n (F ) coincides with the δ

(
1
4

)ī
-neighborhood

of
{

0, 1
4
, 1
2
, 3
4
, 1
}

inside [0, 1]. Moreover, note that the set M ⊂ Γn,1 constructed in the three
cases discussed below (4.23) is contained in a line segment and, in addition, it has the following
property: for every ε < lϑ/10, M contains a point which is at distance exactly ε from one of
the two ends of the segment (see the construction of M). Since γn,1 parameterizes Γn,1 with
constant speed, then the same property holds for γ−1

n,1(M): there is τ ∈ {0, 1, 2, 3} such that,

for every ε < 1/40, there exists s ∈ γ−1
n,1(M) with

∣∣s− τ
4

∣∣ = ε or
∣∣s− τ+1

4

∣∣ = ε.

Since γ−1
n (N) = γ−1

n (F ) ∩ γ−1
n,1(M), we deduce by the previous remarks that

L1(γ−1
n (N)) ≥ δ

(
1

4

)ī

.

Finally, since γn parametrizes Γn with constant speed, we conclude that

H1(N) ≥ δ

(
1

4

)ī

H1(Γn).

This concludes the proof of Claim 1, up to the proof of Claim 2. In order to complete the proof
of Theorem 4.4, it remains to show the validity of Claim 2. Notice that the final part of the
claim follows from the fact that d̄ L ≤

(
1
2

1
4i

)
·4 ≤ 1

2i
for every 0 < i ∈ N. Hence, to prove Claim

2, it suffices to show that, for y ∈ Γn and 0 < i ∈ N,

(4.28) d(y(i+1), y(i)) ≤ C
√
ϑ d̄ L.

In order to compute this distance we use Lemma 4.3. Let τ̄ be the value reaching the minimum
in the definition (4.26) of d̄ = d̄y,i. The curves γn,i and γn,i+1 coincide at τ̄

4i
: this follows from

the fact that

γn,i

( τ̄
4i

)
= Ψ

(
ωn+i

(
4iσ + τ̄

4n+i

))
= Ψ

(
ωn+i+1

(
4iσ + τ̄

4n+i

))
= γn,i+1

( τ̄
4i

)
,

since ωn+i and ωn+i+1 coincide on integer multiples of 1
4n+i .

Choose ϱ := τ̄ if γ−1
n (y) ≥ τ̄

4i
, while ϱ := τ̄ − 1 if γ−1

n (y) ≤ τ̄
4i

. Notice that the set γn,i([
ϱ
4i
, ϱ+1

4i
])

is a horizontal segment, parameterized with constant speed. The set γn,i+1([
ϱ
4i
, ϱ+1

4i
]) is instead

a polygonal curve (again parameterized with constant speed), whose projection on R2 forms,
with the projection of γn,i([

ϱ
4i
, ϱ+1

4i
]), two congruent isosceles triangles with base angles equal

to ϑn+i+1 (see Figure 3). Since both curves are parametrized with constant speed, the line
segment π(y(i)) π(y(i+1)) is orthogonal to π(γn,i([

ϱ
4i
, ϱ+1

4i
])).

Elementary computations show that

de(π(y(i)), π(y(i+1))) ≤ de
(
π
(
γn,i

(
τ̄ /4i

))
, π(y(i))

)
tanϑn+i+1

≤ d̄ ℓd(Γn,i) tanϑ

≤ d̄ L 2ϑ ≤ d̄ L
√
ϑ.

In the previous estimates, we used the fact that ϑn+i+1 ≤ ϑ ≡ ϑn+1 ≤ 1/4, the property that
Γn,i is parametrized with constant speed and the inequalities ℓd(Γn,i) ≤ ℓd(Γn) ≤ L (which
follow since ℓd(Γn) = supi ℓd(Γn,i) as in (4.4) and by the fact that ϑn+j ≤ ϑj for j ≥ 1).
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Figure 3. Part of the curves π ◦ γn,i and π ◦ γn,i+1.

Similarly, if we compute the area A enclosed by the (three or four) segments joining π(y(i)),
π(γn,i(τ̄ /4

i)), π(y(i+1)), i.e. traveling on π(Γn,i), on π(Γn, i+1) and on π(y(i+1))π(y(i)), one gets

A ≤ 1

2
dEucl

(
π
(
γn,i

(
τ̄ /4i

))
, π(y(i))

)2
tanϑn+i+1

≤ 1

2
d̄ 2ℓ2d(Γn,i) tanϑ

≤ 1

2
d̄ 2L2 2ϑ = d̄ 2L2ϑ.

Applying Lemma 4.3, since γn,i(τ̄ /4
i) = γn,i+1(τ̄ /4

i), we get

d(y(i), y(i+1)) ≲ dEucl(π(y(i)), π(y(i+1))) +
√
A ≲ d̄ L

√
ϑ

as required in (4.28), and we conclude the proof of Claim 2, and thus of Theorem 4.4. □

Theorem 4.5. Γ ∈ GLem(β̂1,V1 , 4).

Proof. By [Li22, Theorem 1.5], if E ⊂ H1 and ΓE is any curve containing E, thenˆ +∞

0

ˆ
H1

β̂∞,V1(x, r)
4 dx

dr

r4
≲ H1(ΓE),

where the β̂-numbers refer to those of E. It is then a standard argument to deduce from

this property applied for dyadic cubes on the 1-regular curve Γ that Γ ∈ GLem(β̂∞,V1 , 4), for
instance with the help of [FV25a, Corollary 3.2]. See also the proof of [CL17, Proposition 3.1].

Finally, Γ ∈ GLem(β̂∞,V1 , 4) implies Γ ∈ GLem(β̂1,V1 , 4). □

5. Sufficient conditions for uniform rectifiability

In this section, we establish several sufficient conditions for a k-regular set E ⊂ Hn to have
big pieces of Lipschitz images of subsets of Rk, for 1 ≤ k ≤ n. All geometric lemmas in the
following statements can be phrased equivalently in terms of discrete sums over dyadic cubes,
or in terms of double integrals over points and scales, according to Lemma 3.18. We recall the
statement of Theorem 1.1:

A k-regular set in Hn, for 1 ≤ k ≤ n, with the geometric lemma GLem(β1,π,A(2n,k), 2) and the
weak geometric lemma WGL(β∞,Vk

) has BPLI.

The core of the proof of Theorem 1.1 is the following result.

Theorem 5.1. Let n ∈ N and k ∈ {1, . . . , n}. If E ⊂ Hn is a k-regular set with E ∈
GLem(β1,π,A(2n,k), 2) and E ∈ WGL(β∞,Vk

), then E has a corona decomposition by horizontal
planes (P-C).
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Once Theorem 5.1 is established, Theorem 1.1 follows by the work of Bate, Hyde, and Schul
[BHS23] combined with the results in Section 3.3 for the different corona decompositions.

Proof of Theorem 1.1 assuming Theorem 5.1. By Theorem 5.1, if E ⊂ Hn is k-regular with
E ∈ GLem(β1,π,A(2n,k), 2) and E ∈ WGL(β∞,Vk

), it has (P-C). It follows from Lemma 3.34
that E has a corona decomposition by normed spaces. [BHS23, Theorem B] yields that E has
BPLI. □

The proof of Theorem 5.1 is postponed to the next section. Here we limit ourselves to
discussing the assumptions in Theorems 1.1 and 5.1, and deducing the corollaries stated in the
introduction. First, it is clear that the weak geometric lemma WGL(β∞,Vk

) alone does not
imply the BPLI property of a k-regular set in Hn (1 ≤ k ≤ n), see for instance Remark 3.20.
Moreover, a single summability condition on the βπ-numbers, as in the statement of Theorem
1.1, cannot suffice to prove BPLI as the following example shows.

Example 5.2 (βπ-number conditions alone do not imply BPLI). Let K ⊂ [0, 1] be the standard
Cantor middle-half set of Hausdorff dimension 1/2. The set E = {(0, t) : t ∈ K} ⊂ H1

is 1-regular in the Heisenberg distance. Since π(E) = {0} is entirely contained in any 1-
dimensional subspace of R2, the associated β1,π,Vk

-numbers (hence also the β1,π,A(2n,k)-numbers)
vanish identically. However, E cannot have BPLI, for if it did, then it would be contained
in a regular curve ([FV25a, Corollary 4.6]) and [LS16b] (with an argument as in the proof of
Theorem 4.5) would therefore imply that E ∈ GLem(β∞,V1 , 4). However, this is impossible since
E is badly approximable by horizontal lines. Indeed, for every x ∈ E and 0 < r < diam(E),
the set E ∩ B(x, r) contains two (in fact many) points on the vertical t-axis at Heisenberg
distance ≳ r from each other. This implies that for ever horizontal line V ∈ V1 considered in
the infimum β∞,V1(x, r), there exists at least one point in E ∩ B(x, r) with distance ≳ r from
V . Therefore β∞,V1(x, r) ≳ 1 for x ∈ E, 0 < r < diam(E).

As discussed in the introduction, Theorem 1.1 leads to several corollaries related to existing
literature. In particular, uniform rectifiability for k-regular sets in Hn can be inferred from geo-
metric lemmas expressed in terms of Hahlomaa’s horizontal β-numbers [Hah12], Li’s stratified
β-numbers [Li22], or the ι-numbers introduced by the first author and Violo [FV25a].

Proof of Corollary 1.2 (GLem(β1,Vk
, 2) implies BPLI). This follows from Theorem 1.1 with the

help of Propositions 3.23 and 3.24. □

Proof of Corollary 1.3 (GLem(β̂1,Vk
, 4) implies BPLI). This follows from Theorem 1.1 with the

help of Proposition 3.23. □

Proof of Corollary 1.5 (GLem(ι1,Vk
, 1) implies BPLI). This follows from Theorem 1.1 with Propo-

sitions 3.22 and 3.23. □

Through the equivalence of (P-C) with (ILG-C), we also obtain from [BHS23] that (ILG-C)
implies BPLI, which mirrors one of the implications proven by David and Semmes in Euclidean
spaces [DS91].

Proof of Corollary 1.8 ((ILG-C) implies BPLI). By Lemma 3.33, if E satisfies (ILG-C), then
also (P-C). The result then follows by Lemma 3.34 and [BHS23, Theorem B]. □

6. Proof of the corona decomposition

In this section, we revisit the corona decomposition and prove Theorem 5.1. The general
procedure for constructing corona decompositions is outlined in [DS91, p.19]. We closely follow
the proof by Hahlomaa [Hah12, p.5-17], which, in turn, is significantly inspired by David and
Semmes’ original construction of a corona decomposition for sets satisfying the geometric lemma
GLem(β1, 2) in Euclidean spaces. Our task is to verify that all the proof steps can be carried
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out under our strictly weaker assumptions E ∈ GLem(β1,π,A(2n,k), 2) and E ∈ WGL(β∞,Vk
). We

will present the arguments in all detail where they deviate from [Hah12]. For the parts of the
proof that follow [Hah12], we omit details if they can either be verified with a straightforward
computation or they proceed as in the standard Euclidean construction [DS91]. The structure
of the proof is as follows:

6.1 Preliminaries for the proof of Theorem 5.1
6.2 Assigning planes to good cubes
6.3 Building the coronization
6.4 Verifying the corona decomposition by horizontal planes (P-C)

Hahlomaa does not explicitly state the conclusion of his proof in the form of a corona decom-
position, but we decided to do so for two reasons: first, it is straightforward to deduce from the
corona decomposition by horizontal planes (P-C) the one by normed spaces (N-C), which allows
us to apply the recent result by Bate, Hyde, and Schul [BHS23]. Second, as we have shown
in Lemma 3.32 and Lemma 3.33, (P-C) is equivalent to the corona decomposition by intrinsic
Lipschitz graphs (ILG-C), so Theorem 5.1 can be seen as a Heisenberg counterpart for David
and Semmes’ proof that the geometric lemma implies the existence of corona decompositions
by Lipschitz graphs, recall Corollary 1.7.

Proof of Corollary 1.7. (Glem(β1,π,A(2n,k), 2) and WGL(β∞,Vk
) imply (ILG-C)). This follows im-

mediately from Theorem 5.1 and Lemma 3.32. □

6.1. Preliminaries for the proof of Theorem 5.1. Let E ⊂ Hn be a k-regular set with
E ∈ GLem(β1,π,A(2n,k), 2) and E ∈ WGL(β∞,Vk

). Let CE denote the regularity constant of E.
We also use the notation µ := Hk|E. Given V1, V2 ∈ Vk, we define the angle between V1 and V2
as

(6.1) ∠(V1, V2) := min{C ≥ 1 : d(x, y) ≤ Cd(PV2(x), PV2(y)) for all x, y ∈ V1}.

Remark 6.1. This is the definition used in [Hah12, p.4], which we adopt here to facilitate
comparison of certain arguments in our proof with the corresponding ones in [Hah12]. However,
this definition of angle differs from the ones used in [DS91; DS93; FV25b]. Notably, ∠(V1, V2) =
1 for V1 = V2 according to (6.1) (whereas this angle would be 0 according to the definitions in
the cited references). Moreover, if, e.g., V1, V2 are two horizontal lines through the origin with

an angle of δ, then ∠(V1, V2) ∼ 1 + δ2

2
, for small δ, with the definition (6.1).

Remark 6.2. As proved in [Hah12, Lemma 2.3], the angle ∠(V1, V2) can be computed by only
considering the projections of V1 and V2 on R2n:

∠(V1, V2) = min{C ≥ 1 : |x− y| ≤ C|ππ(V2)(x) − ππ(V2)(y)| for all x, y ∈ π(V1)}.
This is applied in the proof of Lemma 6.7 and Lemma 6.10. Although the definition is not
expressed in a symmetric form, it is not difficult to see that V1 and V2 can be interchanged.

If A ⊂ Hn and r > 0 we will denote by A(r) the r-neighborhood of A, that is defined by

A(r) := {x ∈ Hn : d(x,A) ≤ r}.
We will show that there exists a constant η0 > 0, depending only on k and CE, such that E
satisfies the conditions in Definition 3.30 (P-C) for all 0 < η < η0 (and thus, a posteriori, for all
η > 0). All the following constants may depend on k and the k-regularity constant
CE of E without explicit mentioning.

(1) The constant K0 > 1 will be chosen large enough, as specified in Sections 6.4.3 – 6.4.4.
(2) The constant 0 < η ≤ η0 will be chosen small enough, as in Sections 6.4.2 – 6.4.4.
(3) The constant K > 1 will be chosen sufficiently large, depending on K0 and η; see the

proof of Lemma 6.6 and Sections 6.4.2 and 6.4.4.
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(4) Finally, the constant 0 < ε < 1 will be chosen small enough, depending on η and K,
as explained in Section 6.2, in the proof of Lemma 6.6, as well as in Sections 6.4.2 and
6.4.4.

The constants K and ε will be used to define the good cubes in the coronization for parameter
η, and as such they are allowed to depend on η.
We fix 0 < η < η0 and aim to show that E satisfies the conditions of (P-C) for this constant.
That is, we have to show that E admits a coronization (with a constant C = C(η) depending
on η) such that the projection condition (3.20) holds with parameter η.

6.2. Assigning planes to good cubes. Let D be an arbitrary but fixed dyadic system on E.
We define a “good family” G1 ⊂ D such that each Q ∈ G1 is well approximated by a horizontal
plane. More precisely, for fixed parameters ε > 0, K > 1 (which will be suitably determined
later), we let

G1 = G1(ε,K) := {Q ∈ D : KQ ⊂ V (ε2diam(Q)) for some V ∈ Vk}.

For each Q ∈ G1, we then fix VQ ∈ Vk to be an affine horizontal k-dimensional plane with the
property that KQ ⊂ VQ(ε2diam(Q)). The assumption E ∈ WGL(β∞,Vk

) implies a Carleson-
packing condition for the remaining cubes D \ G1 (in [Hah12, p.5] this is deduced from the
assumption E ∈ GLem(β1,Vk

, 2)).

Lemma 6.3. There exists a constant C = C(ε,K) such that

(6.2)
∑

Q∈D\G1, Q⊂R

µ(Q) ≤ Cµ(R), R ∈ D.

If a good cube Q ∈ G1 is well approximated by some horizontal plane V ∈ Vk, then this
plane V must make a small angle with VQ, as made precise in the following lemma.

Lemma 6.4. If Q ∈ G1 and V ∈ Vk is such that Q ⊂ V (2Kε2diam(Q)) then ∠(VQ, V ) ≤ 1 + ε.

This is [Hah12, Lemma 3.2], which holds choosing ε small enough depending on K. Bearing
in mind Remark 6.1 about the definition of angles, this is similar in spirit to [DS91, Lemma
5.13] in the Euclidean setting, although weaker in terms of the exponents of ε. Lemma 6.4 will
be applied in Section 6.4.2 to construct a Lipschitz function g : Rk → R2n−k for each tree S in
the coronization that we are going to construct in the following.

6.3. Building the coronization. We now describe how to build the coronization D = G∪̇B.
This is done exactly as in [Hah12, p.6–7] taking the parameter δ = η (see also [DS91, Section
7] for the original Euclidean construction). The reader can think that the good cubes G are
simply the family G1 from Section 6.2. This will be true for bounded E, and in the case of
unbounded E one selects a family G ⊂ G1 to run a suitable localization argument similar to
[DS91, p.38]. The family G still satisfies (6.2) and is then divided into a forest F ⊂ P(G) of
disjoint trees S, which is constructed in such a way that the following properties hold:

(1) Each S ∈ F has a maximal element (with respect to inclusion), which will be denoted
by Q(S);

(2) If Q ∈ S, R ∈ D are such that Q ⊂ R ⊂ Q(S), then R ∈ S;
(3) For each Q ∈ S, ∠(VQ, VQ(S)) ≤ 1 + η;
(4) If Q ∈ S, C(Q) ⊂ G and ∠(VR, VQ(S)) ≤ 1 + η for all R ∈ C(Q), then C(Q) ⊂ S;
(5) If Q ∈ S, then Q ∈ min(S) if and only if C(Q) \ G ̸= ∅ (“Q has at least one bad child”)

or there is R ∈ C(Q) such that ∠(VR, VQ(S)) > 1 + η (“Q has at least one child R with
a large angle between VR and VQ(S)”).
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The forest F is further subdivided as F = F1∪F2∪F3, where the conditions for the definition
of the Fi’s are stated in terms of properties of the minimal (with respect to inclusion) cubes of
the trees S ∈ Fi. In particular, for a given tree S ∈ F we set

m1(S) := {Q ∈ min(S) : C(Q) \ G ̸= ∅},
m2(S) := min(S) \m1(S).

Then we define the partition of the forest F as

F1 :=

S ∈ F : µ

 ⋃
Q∈m1(S)

Q

 ≥ µ(Q(S))/4

 ,

F2 :=

S ∈ F : µ

Q(S) \
⋃

Q∈min(S)

Q

 ≥ µ(Q(S))/4

 ,

F3 :=

S ∈ F : µ

 ⋃
Q∈m2(S)

Q

 ≥ µ(Q(S))/2

 .

Although the definitions are different, this is similar in spirit to the definitions used in the
corresponding Euclidean proof [DS91, p.39]. This is because, if Q ∈ m2(S), then there exists
R ∈ C(Q) with ∠(VR, VQ(S)) > 1 + η. The maximal cubes Q(S) for S ∈ F1 ∪ F2 are easily
seen to satisfy a Carleson packing condition. This is the statement of [Hah12, Lemma 4.2],
which has a purely axiomatic proof that applies verbatim in our situation, see also [DS91, p.39,
Lemma 7.4]. Precisely, the result reads as follows:

Lemma 6.5. There exists a constant C = C(ε,K) such that∑
S∈F1∪F2, Q(S)⊂R

µ(Q(S)) ≤ Cµ(R), R ∈ D.

The crux of the matter is to prove the corresponding Carleson packing condition for the
remaining trees S ∈ F3. It is in the proof of this statement, which corresponds to [Hah12,
(19)], that our assumption “E ∈ GLem(β1,π,A(2n,k), 2)” will finally become relevant. This is the
context of the Section 6.4, which forms the core of the proof. More precisely, the main deviation
of our proof from Hahlomaa’s will appear in Section 6.4.3.

6.4. Verifying the corona decomposition by horizontal planes (P-C). We conclude
that E has a corona decomposition by horizontal planes as follows:

6.4.1 Step 1: Projections are roughly bi-Lipschitz on top cubes
6.4.2 Step 2: Associating a Lipschitz function g : Rk → R2n−k to a tree S ∈ F
6.4.3 Step 3: Pushing estimates on β1,π from E down to the graph of g
6.4.4 Step 4: Bounding µ(Q(S)) for S ∈ F3 from above in terms of the β1,π,A(2n,k)-numbers
6.4.5 Step 5: A Carleson packing condition for top cubes of trees S ∈ F3

6.4.1. Step 1: Projections are roughly bi-Lipschitz on top cubes.

In this step, we verify property (3.20) in the definition of Corona decomposition by horizontal
planes (P-C). If S ∈ F is constructed as in Section 6.3, recall that

(6.3) hS(x) := inf{d(x,Q) + diam(Q) : Q ∈ S}.

The main core of this step is the following result (see [DS91, Lemma 8.4] for its Euclidean
counterpart).
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Lemma 6.6. Choosing K large enough (depending on K0 and on η) and choosing ε small
enough (depending on η) one has the following property for the trees constructed in Section 6.3.
If S ∈ F and x, y ∈ K0Q(S) with d(x, y) > η min{hS(x), hS(y)}, then

d(x, y) ≤ (1 + 2η)d(PVQ(S)
(x), PVQ(S)

(y)).

Proof. We follow the proof given in [Hah12, Lemma 4.3] with α = 1/ϱ, paying attention to our
weaker assumption on d(x, y). Let S ∈ F , let x, y ∈ K0Q(S) and assume for instance that
d(x, y) > η hS(x). Then there exists Q ∈ S such that

d(x, y) > η(d(x,Q) + diam(Q)).

Let R ∈ S be the minimal cube such that Q ⊂ R and diam(K0R) ≥ d(x, y). Notice that
such a cube exists, since by assumption diam(K0Q(S)) ≥ d(x, y). Then we have the following
properties:

d(y,R) ≤ d(x, y) + d(x,R) ≤ d(x, y) + d(x,Q) < d(x, y) + η−1d(x, y);(6.4)

diam(R) ≤ (D2ϱ−1 + η−1)d(x, y).(6.5)

Property (6.5) can be deduced in the following way: if Q = R, then

diam(R) = diam(Q) < η−1d(x, y) < (D2ϱ−1 + η−1) d(x, y).

If instead R ̸= Q, then there exists R̂ which is a child of R and contains Q. Then, by prop-

erties of dyadic cubes, see (3.4), diam(R) ≤ D2ϱ−1 diam(R̂). Therefore, using the minimality
assumption on R, we get

diam(R) ≤ D2ϱ−1 diam(R̂) ≤ D2ϱ−1 diam(K0R̂) ≤ D2ϱ−1 d(x, y) ≤ (D2ϱ−1 + η−1) d(x, y).

By (6.4) and the fact that diam(K0R) ≤ 2K0diam(R), we get

d(y,R) ≤ (1 + η−1) d(x, y) ≤ (1 + η−1)diam(K0R) ≤ 2K0(1 + η−1)diam(R),

d(x,R) ≤ d(x,Q) ≤ η−1d(x, y) ≤ · · · ≤ 2K0(1 + η−1)diam(R).

Hence, choosing K big enough depending only on K0 and η (in particular K ≥ 2K0(1+η−1)+1),
we get x, y ∈ KR. Recall that R is well approximated by the horizontal plane VR ∈ Vk, so
that x, y ∈ VR(ε2diam(R)). Let z, w ∈ VR be the points realizing d(x, z) = d(x, VR) and
d(y, w) = d(y, VR) and let us denote P := PVQ(S)

. From the previous observation we get

d(x, z) ≤ ε2diam(R) and d(y, w) ≤ ε2diam(R). Moreover, by property (3) in the construction
of the forest F , we can assume d(z, w) ≤ (1 + η) d(P (z), P (w)). Combining the previous
estimates, using the triangular inequality and the 1-Lipschitz continuity of P ,

d(P (x), P (y)) ≥ d(P (z), P (w)) − d(P (x), P (z)) − d(P (y), P (w))

≥ d(P (z), P (w)) − d(x, z) − d(y, w)

≥ (1 + η)−1 d(z, w) − 2ε2diam(R)

≥ (1 + η)−1(d(x, y) − 2ε2diam(R)) − 2ε2diam(R)

(6.5)

≥ ((1 + η)−1 − 4ε2(D2ϱ−1 + η−1))d(x, y)

≥ (1 + 2η)−1d(x, y),

where the last estimate holds if we choose ε > 0 small enough depending on η. □

Having proved Lemma 6.6, the last step to get a corona decomposition by horizontal planes
is a Carleson packing condition for the trees S ∈ F3. This is the content of the remaining steps.
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6.4.2. Step 2: Associating a Lipschitz function g : Rk → R2n−k to a tree S ∈ F .

In this step, we follow [Hah12, Section 5]: there is no modification in the argument, but we
reproduce it here for the convenience of the reader and to fix the notation that will be used
in the next steps. This construction relies on the original Euclidean arguments contained in
[DS91, Section 8]. We emphasize the perhaps surprising fact that for the construction of the
corona decomposition, it suffices to construct good Lipschitz functions g : Rk → R2n−k, rather
than Lipschitz functions g : Rk → Hn. This is the fundamental reason why in Theorem 5.1 we
only need to assume a geometric lemma for the projection β-numbers.

Fix S ∈ F and assume, up to a translation and a rotation of Hn (which are isometries), that
VQ(S) = {x ∈ Hn : xi = 0 for all i > k}. Here, rotation is defined as in Definition 2.6. Our
goal is to construct a (Euclidean) Lipschitz function g : Rk → R2n−k, with Lipschitz constant
controlled by

√
η, whose graph approximates π(K0Q(S)) well at the scales associated to cubes

Q ∈ S; see Lemma 6.7 for the precise statement.

For this construction, we let P : Hn → Rk be the projection on the first k-coordinates, that
is, P (x) := (x1, . . . , xk). Identifying VQ(S) ≡ Rk, we can regard P as the horizontal projection
PVQ(S)

. We also denote by P⊥ : Hn → R2n−k to be the orthogonal projection defined as

P⊥(x) := (xk+1, . . . , x2n). We then define H : Rk → R by setting

H(p) := inf{hS(x) : x ∈ P−1({p})},

where the map hS is defined in (6.3). It is easy to see that H can be equivalently computed by

(6.6) H(p) = inf{dEucl(p, P (Q)) + diam(Q) : Q ∈ S}.

Hence it follows that H is a 1-Lipschitz map, with respect to the Euclidean distance on Rk.
We let Z := {x ∈ E : hS(x) = 0} and it follows from the Bolzano-Weierstrass theorem that
p ∈ P (Z) if and only if H(p) = 0.

The idea is then to construct g by setting g(P (z)) = P⊥(z) for z ∈ Z (using that P |Z is
injective with Lipschitz inverse by Lemma 6.6) and apply Whitney-type arguments to extend
g to Rk (or more precisely, to a ball U0 ⊂ Rk). To this end, one partitions Rk \ P (Z) into a
countable union of disjoint (up to edges) standard dyadic cubes {Ri : i ∈ N} of Rk such that
the following Whitney-type condition holds

(6.7) 20 diam(Ri) ≤ H(p) for every p ∈ Ri.

We also require each Ri to be maximal (with respect to inclusion) among all cubes satisfying
(6.7). Fix x0 ∈ Q(S) and set

(6.8) Uj := Bk
(
P (x0), 2

−jK0diam(Q(S))
)
,

where Bk denotes the Euclidean ball in Rk. We then associate a good cube Qi ∈ S to each
dyadic cube Ri intersecting U0. Precisely, for each i ∈ I0 := {j ∈ N : Rj ∩U0 ̸= ∅}, there exists
Qi ∈ S with diameter comparable to Ri, in the sense that

C−1diam(Ri) ≤ diam(Qi) ≤ Cdiam(Ri)

for a suitable constant C depending only on K0. The choice of Qi can be performed in the
following way: by maximality of Ri, it follows that H(p) ≤ 42 diam(Ri) for every p ∈ Ri. Fix
p ∈ Ri ∩ U0. By (6.6), there exists Q ∈ S such that d(p, P (Q)) + diam(Q) < 90 diam(Ri).
If d(p, P (Q)) ≤ K0 diam(Q), then we set Qi = Q. Otherwise, we replace Q with a suitable
ancestor Qi such that K−1

0 d(p, P (Qi)) ≤ diam(Qi) ≤ K0 d(p, P (Qi)). The existence of such an
ancestor is guaranteed by the fact that d(p, P (Q(S))) ≤ K0 diam(Q(S)), since p ∈ U0.

We are now going to construct the desired map g. First, for each i ∈ I0, let Ai : Rk → R2n−k
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be the Euclidean affine function whose graph is π(VQi
). We also pick ϕ̃i : Rk → [0, 1] to be a

C2 cutoff function assuming value 1 on 2Ri, value 0 on Rk \ 3Ri and such that

|∂jϕ̃i| ≤ Cdiam(Ri)
−1, |∂j∂mϕ̃i| ≤ Cdiam(Ri)

−2 for all j,m ∈ {1, . . . , k}.

These functions will be used for a Whitney-type construction on U0 \P (Z). On the other hand,
for each p ∈ P (Z) there exists a unique point x(p) ∈ E such that P−1({p})∩K0Q(S) = {x(p)}:
recall that this is an immediate consequence of Lemma 6.6. Hence we can finally define the
function g : U0 → R2n−k by setting

(6.9) g(p) :=


∑

i∈I0 ϕ̃i(p)Ai(p)∑
i∈I0 ϕ̃i(p)

if p ∈ U0 \ P (Z)

P⊥(x(p)) if p ∈ P (Z)

The main features of the map g are summarized in the following Lemma, which mimics the
corresponding statement [DS91, Proposition 8.2] in the construction of the classical corona
decomposition.

Lemma 6.7. Choosing η ≤ 1, K large enough depending on K0 and η, and choosing ε small
enough depending on η and K, the following property holds: if g : U0 ⊂ Rk → R2n−k is the
function constructed as above, then there is a positive constant C such that

(i) g is C
√
η-Lipschitz;

(ii) |P⊥(x) − g(P (x))| ≤ C
√
εhS(x) for all x ∈ K0Q(S);

(iii) |g(p)| ≤ CK0
√
η diam(Q(S)) for all p ∈ U0.

Proof. Properties (i)-(iii) are proven in [Hah12, Lemma 5.3, Lemma 5.6, and Lemma 5.9], using,
in particular, the properties of the planes VQ stated in Lemma 6.4 and Lemma 6.6, as well as
property (3) of the tree S in Section 6.3. The definition (6.9) of g with the (2

√
η-Lipschitz)

affine functions Ai allows one to deduce the C
√
η-Lipschitz continuity of g, the approximation of

π(K0Q(S)) by the graph of g, and the estimate for |g(p)| from this geometric information. □

Remark 6.8. The exponents of η and ε in Lemma 6.7 look different from the corresponding ones
in the Euclidean predecessor [DS91, Proposition 8.2]. However, the reader should keep in mind
the different conventions used for the definition of angles (Remark 6.1) and pay attention to the
exponents in Lemma 6.4. What is important for the construction of the corona decomposition,
is that we obtain estimate (ii) with ε (and not with η). This will allow us to prove Lemma 6.10
by choosing ε small enough depending on η.

6.4.3. Step 3: Pushing estimates on β1,π from E down to the graph of g.

The proof in this section follows the outline in [Hah12, Section 6], which in turn is modeled
after the Euclidean predecessor [DS91, Section 13]. However, there is a crucial difference in
that the upper bound in Lemma 6.9 is expressed in terms of the projection β-numbers, rather
than the potentially larger “full” β-numbers.

As in [Hah12, Section 6], we use Lemma 6.7 (i),(iii) to extend the map g constructed in the
previous step to a C

√
η-Lipschitz function defined on Rk with support in U−1, where the latter

is defined as in (6.8) for j = −1. We then introduce new flatness coefficients associated to g:
for p ∈ Rk, t > 0, we set

γ(p, t) := t−k−1 inf
a

ˆ
Bk(p,t)

|g(u) − a(u)| du,

where the infimum is taken over all affine functions a : Rk → R2n−k, and integration is with
respect to the Euclidean k-dimensional Hausdorff measure on Rk. By Lemma 6.7 (i), if η is
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chosen small enough, then

(6.10) γ(p, t) ≤ 2t−k−1 inf
M

ˆ
Bk(p,t)

dEucl((u, g(u)),M) du

being the infimum computed among all k-planes M in R2n.

The next lemma, which improves [Hah12, Lemma 6.1], shows that actually it is possible to
bound the γ-numbers by means of the projection β-numbers associated to E.

Lemma 6.9. Let T = K0diam(Q(S))/2. Let {Ui}i∈N be as Section 6.4.2, (6.8). There exists a
positive constant C = C(K0) > 0 such that
(6.11)ˆ T

0

ˆ
U1

γ(p, t)2 dp
dt

t
≤ Cεµ(Q(S)) + Cε−6k

ˆ
K0Q(S)

ˆ T

hS(x)/K0

β1,π,A(2n,k)(x,K0t)
2dt

t
dµ(x).

Proof. For any p ∈ U1 and H(p)/60 < t ≤ T , by (6.6) there exists a point zp,t ∈ Q(S) such
that |p− P (zp,t)| ≤ 60t. For any z ∈ B(zp,t, t) ∩ E and δ > 0, we find W = Wz,p,t,δ ∈ A(2n, k)
such that

(6.12)

ˆ
B(z,K0t)

dEucl(π(x),W ) dµ(x) ≤ (K0t)
k+1[β1,π,A(2n,k)(z,K0t) + δ],

by definition of β1,π,A(2n,k)-numbers. Thanks to (6.10), we get that

γ(p, t) ≤ 2t−k−1

ˆ
Bk(p,t)

dEucl((u, g(u)),W ) du.(6.13)

The core of the proof is now to estimate the integral with respect to Hk on the Euclidean ball
Bk(p, t) by the corresponding one with respect to µ = Hk|E on B(z,K0t), in order to combine
(6.12) and (6.13) and get a pointwise estimate for γ(p, t) in terms of β1,π,A(2n,k)(z,K0t). If
u ∈ Bk(p, t) ∩ P (Z), then there exists a (unique, by Lemma 6.6) x ∈ K0Q(S) such that
P (x) = u. Since x ∈ Z, then h(x) = 0 and π(x) = (u, g(u)) ∈ R2n. It then follows by Lemma
6.6 and the triangular inequality that d(x, z) ≤ K0t, provided that K0 is chosen big enough. By
1-Lipschitz continuity of P , we have Hk

Eucl(Ω) ≤ P♯µ(Ω) for Ω ⊂ Bk(p, t)∩P (Z), and combining
all this with (6.12), we find

(6.14)

ˆ
Bk(p,t)∩P (Z)

dEucl((u, g(u)),W ) du ≤
ˆ
Bk(p,t)∩P (Z)

dEucl((u, g(u)),W ) dP♯µ(u)

≤
ˆ
P (B(z,K0t))

dEucl((u, g(u)),W ) dP♯µ(u)

≤
ˆ
B(z,K0t)

dEucl(π(x),W ) dµ(x)

≤ (K0t)
k+1[β1,π,A(2n,k)(z,K0t) + δ].

On the other hand, we need to estimate dEucl((u, g(u)),W ) for u ∈ Bk(p, t) \ P (Z). This
corresponds to [Hah12, Lemma 6.3, inequality (34), Lemma 6.4 and Lemma 6.5]: here we limit
ourselves to collect the intermediate estimates together. Let I(p, t) := {i ∈ I0 : Ri ∩Bk(p, t) ̸=
∅} and notice that Bk(p, t) \ P (Z) =

⋃
i∈I(p,t)(B

k(p, t) ∩ Ri), since Bk(p, t) ⊂ U0. Combining

this observation with the aforementioned estimates in [Hah12] one getsˆ
Bk(p,t)\P (Z)

dEucl((u, g(u)),W ) du

≲
∑

i∈I(p,t)

√
εdiam(Ri)

k+1 +
∑

i∈I(p,t)

εdiam(Ri)Lk(Ri) + ε−3k

ˆ
B(z,K0t)

dEucl(π(x),W ) dµ.
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We can now use our refined estimate (6.12) to get
(6.15)ˆ

Bk(p,t)\P (Z)

dEucl((u, g(u)),W ) du ≲
∑

i∈I(p,t)

√
εdiam(Ri)

k+1 + ε−3k tk+1[β1,π,A(2n,k)(z,K0t) + δ].

Combining (6.13), (6.14) and (6.15), using the arbitrariness of δ > 0, we conclude that

(6.16) γ(p, t) ≲ ε−3kβ1,π,A(2n,k)(z,K0t) +
√
ε t−k−1

∑
i∈I(p,t)

diam(Ri)
k+1.

The final part of the proof, which consists in deducing the integral estimate (6.11) from the
pointwise inequality (6.16), can be verbatim carried out as in Hahlomaa’s paper, starting from
equation [Hah12, (38)] onward, simply replacing the horizontal β-numbers β1,Vk

with the pro-
jection β-numbers β1,π,A(2n,k). □

6.4.4. Step 4: Bounding µ(Q(S)) for S ∈ F3 from above in terms of the β1,π,A(2n,k)-numbers.
In order to prove a packing condition for trees in F3 defined at the beginning of Section 6.3, we
estimate the measure of the corresponding top cubes in terms of the β1,π,A(2n,k)-numbers. This
will allow us in Step 5 to make use of our assumption E ∈ GLem(β1,π,A(2n,k), 2) to obtain the
conclusion.

Lemma 6.10. Let S ∈ F3. Then

(6.17) µ(Q(S)) < ε−6k−1

ˆ
K0Q(S)

ˆ K0diam(Q(S))

hS(x)/K0

β1,π,A(2n,k)(x,K0t)
2dt

t
dµ(x).

Proof. With Lemma 6.9 in place, the proof (by contradiction) reduces to a statement about the
γ-numbers associated to g. This corresponds to [Hah12, Section 7] and [DS91, Sections 11 and
14]. In fact, let S ∈ F3 and notice that we can assume VQ(S) = {x ∈ Hn : xi = 0 for all i >
k} since all quantities in Lemma 6.10 are invariant under group translations and rotations,
including β1,π,A(2n,k), cf. Lemmas 3.12 and 3.13. By contradiction, if (6.17) does not holds,
then we would get by Lemma 6.9

(6.18)

ˆ K0diam(Q(S))/2

0

ˆ
U1

γ(p, t)2 dp
dt

t
≤ C(K0)εµ(Q(S)).

This is exactly [Hah12, equation (41)]; thus the rest of the proof works verbatim the same as in
Hahlomaa’s paper. Arguments in this vein have appeared for instance also in [Lég99, Section
5] or [DS91, Section 14]. One uses (6.18) to estimate the oscillation of the function g in a way
that is incompatible with the assumption S ∈ F3, recalling that S ∈ F3 implies that a large
(in terms of µ-measure) part of Q(S) is covered by cubes Q ∈ m2(S), which have at least one
child R with ∠(VR, VQ(S)) > 1 + η. Indeed, (6.18), together with an application of Calderón’s
reproducing formula (see for instance [Wil08, Chapter 5]) for the function g, yields

µ

 ⋃
Q∈m2(S)

Q

 ≤ C(K0)ε
1/3µ(Q(S)),

provided that the parameters K0, η, ε,K are chosen appropriately. This leads to a contradiction
with the definition of F3, by selecting ε small enough depending on K0. □

6.4.5. Step 5: A Carleson packing condition for top cubes of trees S ∈ F3. In this step we prove
the final ingredient for the construction of the corona decomposition by horizontal planes. We
explain how to derive the Carleson packing condition for the set F3, which allows us to deduce
property (3.18) in the definition of coronization. This can be seen as a variant of arguments in
[DS91, Section 12]. Here we make use of our new assumption E ∈ GLem(β1,π,A(2n,k), 2).
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Lemma 6.11. There is a constant C = C(ε,K0) > 0 such that∑
S∈F3,Q(S)⊆R

µ(Q(S)) ≤ Cµ(R), R ∈ D.

Proof. Proceeding exactly as in [Hah12, Lemma 8.1], the Ahlfors regularity of E gives a bound
N = N(K0) ∈ N such that, for every x ∈ E and any t ∈ R, there are less than N trees S ∈ F
satisfying x ∈ K0Q(S) and hS(x)/K0 < t < K0 diam(Q(S)). Combining Lemma 6.10 of the
previous step with this observation, one estimates∑

S∈F3,Q(S)⊆R

µ(Q(S)) ≤
∑

S∈F3,Q(S)⊆R

ε−6k−1

ˆ
K0Q(S)

ˆ K0diam(Q(S))

hS(x)/K0

β1,π,A(2n,k)(x,K0t)
2dt

t
dµ(x)

≤ Nε−6k−1

ˆ
K0R

ˆ K0diam(R)

0

β1,π,A(2n,k)(x,K0t)
2dt

t
dµ(x).

By (3.4) and by our main assumption E ∈ GLem(β1,π,A(2n,k), 2), we get the desired final bound.
□
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