STRATIFICATION OF THE SINGLE BLOW-UP SET FOR RADON MEASURES

LUIGI DE MASI

ABSTRACT. We show that the set of points where the blow-up, in the sense of Preiss, of a signed
Radon measure on R is unique and its invariant subspace has dimension k is k-rectifiable. As simple
applications, we obtain a rectifiability criterion for signed Radon measures and the extension of a result,
due to Mattila, on measures having unique blow-up almost everywhere.

1. INTRODUCTION

The notion of blow-up of a geometric or analytic object, i.e. the limit of its enlargements around a point
as the zooming factor goes to infinity, is of fundamental importance in many areas of Mathematics. The
blow-up of a function or a manifold provides a simplified, but somewhat essential, description of the
local behavior of the object “at infinitesimal scale”. For this and other reasons, the classification of the
blow-ups of various mathematical items has become a central theme in geometric and functional analysis.
For a Radon measure g in R™, a natural definition of blow-up at a point z € R” is the one in the sense
of Preiss, [Pre87]: the limit in the weak*-topology of Radon measures (in duality with C.(R™)) of the
rescalings

Cj(TIJ‘j)#:u’?
for some sequences c¢; > 0, r; — 0, where 7, ,(y) = ¥-* and 4 is the push-forward of Radon measures.
We say that g has unique blow-up at = € supppu if there exists a Radon measure u, with either
|z (B1(0)) = 1 or p, = 0 and such that, for every sequence r; — 0T, there are a subsequence, not
relabeled, and a constant ¢ # 0 for which

1 %
(1.1) Uy = m(fnm)#ﬂ — Clg,

where || is the total variation measure of u and - denotes the weak*-convergence of Radon measures.
We will denote by S, the set of points where p has unique blow-up.

Mattila studied positive measures having a unique blow-up at almost every point: a way to rephrase his
main result [Mat05, Theorem 3.2] is that, for p-a.e. € S,, the blow-up of p at  is a multiple of the
k-dimensional Hausdorff measure H#* on a k-plane. Although this describes the blow-ups of i at u-a.e.
point in S, it can be interesting to study the behavior of y in the remaining part of S,,.

This problem has already received some attention: in [Del21] it is proved that, for a given u € L] (R™),
the set ¥, of points z where —-u (‘T‘) converges, in the Llloc—topology, to a non-constant function can

rn

be covered by a countable union of (n — 1)-dimensional Lipschitz graphs.

e The results in [Del21] rely on the fact that the measure u is induced by a L}

e function v and that the

rescalings converge in the L] -topology, while in S,, the convergence is intended in the weak*-topology

of Radon measures. Thus the subset of S, where the unique blow-up of u is not a constant function

can be larger than X,. Is this set rectifiable as well? What can be said if p is a general Radon
measure?

e It is easily seen (Lemma 5) that the unique blow-up p, of p at a point in x € S, has an invariant

linear subspace D, of R™, namely (7, 1)#pte = pg for y € D,. Therefore
(1.2) S, = U Sﬁ, where Sff ={reS,: dimD, =k}.
k=1

Do these Sﬁ enjoy finer rectifiability properties?

The main result of this note provides an answer to these questions.
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Theorem 1. Let p be a signed Radon measure on R™ and k € {0,1,...,n}. Then Sl’f is contained in a
countable union of k-dimensional Lipschitz graphs. Moreover, the approzimate tangent plane to Sfj at x
coincides with Dy, for HF-a.e. x € Sl’j.

The idea of the proof is that, for every x € Sl’f, there is a radius r > 0 for which the points in Sl’f N B, (x)
with similar properties are contained in a cone xz + C' around x + D,. Otherwise, by contradiction, one
can find a sequence of such points y; ¢ z + C with 7; = [z — y;| — 0 and such that the measures c;pu,,
and g, -, are as close as we want. Now, on one hand c;pu,; converges to a measure v whose invariant
subspace is close to D,; on the other hand p,, ,, being translations of p, ,, with respect to points
outside C, converge to a translation of u, whose invariant subspace is not contained in C, contradicting
the closeness of c;ju,, and piy; ..

A first outcome of Theorem 1 is a rectifiability criterion for signed Radon measures in terms of their
blow-ups which, to the best of our knowledge, is new.

Corollary 2. Let p be a signed Radon measure on R™ and k € {0,1,...,n}. Let us assume that, for
|i|-a.e. x € R™, there exists a Radon measure v, whose invariant linear subspace V. is k-dimensional and

with the property that, for every sequence r; — 0T there are a subsequence, not relabeled, and a constant
¢ # 0 such that

1

A (Tfﬂ“j )#/L = Clg.
J

r
Then p is k-rectifiable: there exists a signed function 6 € Llloc(Sl’f,Hk) such that p = HHkl_Sllj, where S}j
is defined in (1.2).

The above result extends to signed Radon measures the well-known criterion for positive ones, see for
instance [Sim&3, Theorem 11.8], where one usually sets v, = 0yH¥LV, for some k-dimensional linear
subspace V, and assumes the existence of the limit r‘k(Tm’rj)#u 2 QgHFLV, as r — 0T,

We point out that Corollary 2 cannot be trivially deduced from the corresponding result for positive
measures, since the fact that p has a certain blow-up at a point does not provide any suitable information
on the blow-ups of |u| at the same point, not even their uniqueness; nor does it appear that the classical
proof of [Sim&83, Theorem 11.8] can be readily adapted to the case of signed measures.

A further consequence of Theorem 1 is the following extension of [Mat05, Theorem 3.2] to signed Radon
measures. It is based on the intuitive idea that, since each S 5 is k-rectifiable, it is reasonable to expect that
its subset of points where the blow-up of p is more diffused than a k-dimensional measure is |p|-negligible.

Corollary 3. Let i be a signed Radon measure on R™ and k € {0,1,...,n}. Then, for |u|-a.e. € S,’j,
the unique blow-up of i at x is a multiple of H*LD,.

We conclude this introduction with a comment on the definition of unique blow-up at a point. As already
said above, we say that p, is the unique blow-up of p at = € suppp if, for every sequence r; — 0,
there exists a subsequence for which (1.1) holds true. This differs from the definition used in [Mat05] for
positive Radon measures, where one does not require the convergence of a subsequence for every choice
of {r;};: according to [Mat05], one says that y has unique blow-up at = € R if there exists v such that
any non-trivial weak*-limit (in case it exists) of ¢;(7,,r,)#p, where ¢; > 0 and r; — 07T, is of the form cv
for some ¢ > 0.

[Mat05, Lemma 2.5] shows, provided p is positive, that this condition actually implies iz X cpy as
r — 0 and, subsequently, our definition (they are actually equivalent). However, this does not hold in the
case of signed Radon measures: let us consider two sequences of positive real numbers a;, p; such that

1 X

. . j+1

lim — E a; =0, lim Pixl _ ),
Jj—+o0 aj i J—+o0 pj

Then the Radon measure on R defined as

K= Zaj (62PJ+P? - 62/);'—0?)

jEN
has the null measure as unique blow-up at 2 = 0 in the sense of [Mat05], but uo ,;, = m(Tmm)#M
Pj

has no converging subsequences because |, |(B2(0)) — +00 as j — +o0.
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2. NOTATION
Throughout the paper, p denotes a fixed signed Radon measure on R"™.

General notation

B, (z) Open ball of radius r and center z in R";

Wik Lebesgue measure of the unit ball in R¥;

C(z,V,s) Open cone with center z, axis the k-dimensional linear subspace V' and opening
angle v € (0,Z]: {y € R": dist(y, 2 + D) < (sinv)|y — z[};

T Translation with base x and scaling factor %: Ter(y) = L= for every y € R™;

Measures

H? s-dimensional Hausdorff measure in R™;

|| Total variation measure of the signed Radon measure p;

# Push-forward of Radon measures;

N Weak*-convergence of Radon measures, in duality with C.(R™);

d Distance compatible with the weak*-convergence of locally uniformly bounded

Radon measures: if sup;cy [vj](C) < +oo for every bounded set C' C R", then
vi v <= d(v;,v) = 0.

Ha,r Normalized rescaling of ;1 at = € supp p at scale r: pig , == m(nw)#u;

L Normalized unique blow-up of y at x € R™ as in (1.1);

D, Invariant subspace of p,, given by Lemma 5;

S, Set of points in R™ where the blow-up of u is unique;

Sﬁ Set of points in R™ where the invariant subspace of the unique blow-up of u
has dimension k;

Homf Set of measures v such that for some « € [0, 8] it holds (79,x)xv = A%V for all

A > 0, whose invariant subspace has dimension at least k and [v|(B1(0)) < 1;

3. PROOF OF THE RESULTS

We start with a simple remark on the definition of unique blow-up at a point: for every point z € S,
such that p, # 0, the constant ¢ in (1.1) is bounded and away from 0.

Lemma 4. Let p be a signed Radon measure on R™ and let u, # 0 be the unique blow-up of 1 at x € S,,.
Then there exists n = n(x) > 0 such that, for every sequence pi ., converging to cp, asrj — 07T, it holds
n<le <L

Proof. The upper bound on |¢| trivially follows from the lower semi-continuity of the total variation
measure of open sets under weak*-convergence and the fact that, by definition, it holds |z | (31 (0)) <1

for every r > 0, while |p,|(B1(0)) = 1. It remains to show the lower bound.
By contradiction, let us assume that, for every m € N, there exists a sequence 7;(m) — 0 such that

P, (m) 2 e i With lem] < % Since the distance d metrizes the weak-*convergence of Radon measures,
there exists M,, € N such that

1 .
d(“x,rj(m)»cmux) < E Vj > My,

We can thus define a sequence p,, | 0 such that p,, = r;, (m) for some j,, > M,,. Since the sequence of
measures ¢, lt,, converges strongly to 0, it holds

(3.1) lim d(ps,p,,,0) = 0.

m——+oo

On the other hand, by definition of unique blow-up at z, the sequence ji, ,, must have a weakly*-
converging subsequence, whose limit is 0 by (3.1), hence contradicting the assumption ¢ # 0 in (1.1). O

We now show that the unique blow-up of p at x is homogeneous and that it has an invariant subspace.
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Lemma 5. Let p be a signed Radon measure on R™ and let p, # 0 be the unique blow-up of pn at x € S,,.
Then there exists o = a(z) > 0 such that j, and |p.| are (o — n)-homogeneous,' namely

(To\)stte = Az, (Ton)#|1a| = A1 VA > 0.
For p,., and more generally for every (o — n)-homogeneous Radon measure, the set
Cp = {y € R": (1y\)pebta = A" (Ty1) gepte VA > 0}
coincides with the invariant subspace Dy of i, that is
Dy i={y € R": (ty,1)plta = Jia}-
Moreover D, is a linear subspace of R™ and, provided p, # 0, it holds dim D, < «.

Proof. e u, and |u,| are (a — n)-homogeneous. We have

1 |1l (Bar (2))
———— (Twar )t = ———L iy 2 vr, A > 0.
| (Br () |ul(Br(x)) =
Let us choose a sequence r; — 0 such that pug ., X ¢ug # 0 and a subsequence such that P ry,
converge as well to ¢, # 0. Then the above equation implies

(TO,)\)#IU’Z,T’ =

|1l (B, (%))
(3.2) (To.0) gty = (€'q) s where ¢:= lim — —" 22
iwtoo |pl(By,, (v))

This in particular proves that the product ¢’q does not depend on the subsequence rj, (nor on the
sequence 7;) and depends only on A, thus we can define a map A — ¢(A) = < such that

(o) e = V(MNpz YA > 0.

The fact that (1) = 1, that ¥(\) # 0 for every A > 0 and the continuity of the map A — (79.2) s
with respect to the weak*-topology imply 1(A) > 0 for every A > 0. Since for each open set U C R™
it holds

(ron) 12 (U —sup{/f TM#M>:fecc<U>,||f||cog1}

— () sup { [ 1w am): 1 € ).l < 1}
— W)

we infer (7o) |pe] = Y(A)py for all X > 0 as well. As in [Mat05, Lemma 2.5 (2)], it is easily seen
that ¥ (Ap) = ¥(\)Y(p), thus there exists o > 0 such that ¥(A) = A\* for every A > 0.

e C, = D,. We consider an (& — n)-homogeneous Radon measure v which is fixed throughout the rest
of the proof and we prove the statements for the sets C, D corresponding to v. By definition of
push-forward and of 7, », it follows

C={yeR":v(y+IA) = v(@y+A) VA>0, VACR" bounded and Borel},
D={yeR": v(iy+ A) =v(A) VA CR" bounded and Borel},

where y + AA == {y+Xz: 2 € A} =17, /\( ). Clearly 0 € C, D and let A C R™ be any bounded Borel
set. If y € C, then

— A — A
V(y+A):V<2<y+ vt )>(OE=C)2"V(y+ y+ >(ygc)u(y—y+A):u(A),

2 2
thus we infer y € D. On the other hand, if y € D, we have
vy +24) Y b 0a) O xeua) Y Nevy 1 4) WA >0,

concluding y € C.
e D, is a linear space. For every y,z € D, we have

vy — 2+ A) " p(—z+ A)
thus y — z € D. For every y € D and A > 0, it holds

v+ A) = v <>\ (y + f)) (O£ ya, ( ;‘) WED) ya,, (;‘) OO 1),

1According to this definition, the measure induced by a p-homogenous locally integrable function f, with respect to the
Lebesgue measure, is p-homogeneous as well.

(=€) I/(Z*Z#»A) =v(A),
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showing \y € D.
o The dimension of D, is at most a. Let us assume v # 0 and k = dim D. Up to multiplying by a
constant, we can assume |v|(B1(0)) = 1, so that the homogeneity provides

(3.3) v[(Br(0)) =r*  ¥r>0.

Let @ := [—1,1]™ be the unit cube. By a dyadic decomposition, for every j € N the cube @ contains
2k7 disjoint open balls of radius 277 with centers on D. Thus (3.3) and the invariance of |v| with
respect translations on D yield

(@) = 2"~ vjeN,
which implies k& < a. O

Remark 6. In the first step of the above proof, (3.2), |c|, |c/| € [n(z),1] and ¥(N) = C,Tq = \“ imply

“n(x im in M im su ‘u'(B)\r(l'))
(3.4) A%n(z) < lim inf (B ) < limsup ICAE)

< A VA > 0.
n(x)

We now prove that, if a Radon measure ¢ is homogeneous with respect to a point which is sufficiently
distant from the invariant subspace of another homogeneous measure v, then the two measures cannot
be too close. See Section 2 for the relevant notations.

Lemma 7. For every 8, M > 0 and every n,7,d > 0, there exists € > 0 with the following property. Let
v,o be signed Radon measures in R™ and let V' be a k-dimensional linear subspace such that:

e [V|(B1(0)) <1 and |o|(B1(0)) < M;

e v is (a — n)-homogeneous for o € [0, 8] and V is its invariant subspace given by Lemma 5;

o d(cv,w) > 6 for every |c| € [n,1] and every w € Horng_H, that is the set of measures w which are
(o — n)-homogeneous for some a € [0, 8], whose invariant subspace has dimension at least k+ 1 and
such that |w|(B1(0)) < 1;

O\ B

o (Tyx)p0o = )\O/(Tyﬂ)#g for every A > 0, where y € (B% (0)) \ C(0,V,v) and o € [0, f].

1
P

Then d(cv,0) > e for every c € [n,1].

Proof. Let us assume, by contradiction, that there exist M,8 > 0 and 7,7, > 0 such that, for every
j € N, there are measures v;,0;, k-dimensional subspaces V; and y; € (B% (0)\ B: (0)) \ C(0,V},7)
satisfying the hypotheses of the statement with aj,a; < B and d(c;v;,0%) < % for |¢j| € [n,1]. Up to
selecting a subsequence and without loss of generality, we can assume c¢; > 0 for every j € N.

The assumptions on v; and o; imply that they are uniformly bounded on each bounded subset of R";

thus, up to subsequences, we can assume

N N
vj v, 0 a,

Ozj—>01§ﬁ7 a;‘_>0/§6a Cj—>5€[7771]7 VJ_>V7
y; —y € (B1(0)\ B1(0)) \ C(0,V,7),
where the convergence of V; to V' is intended locally in the Hausdorff distance. Since d is continuous with
respect to weak*-convergence, it holds d(¢v, o) = 0, that is év = o. Moreover:
e The lower semicontinuity of the total variation measure of open sets with respect to weak™-convergence
provides |v|(B1(0)) < 1 and |o|(B1(0)) < M.
e Again the continuity of d with respect to weak™-convergence yields

dlev,w)>6 V|| €[n,1], Ywe Homer1 .

In particular v # 0.

e Since for each A > 0 the functions 7, \ converge uniformly to 7, x as y — z, from V; — V and v; > v,
we have that v is (o« —n)-homogeneous and that its invariant subspace D contains V, thus dim D > k.
On the other hand, the above point implies dim D < k, therefore D = V.

e Since for each A > 0 the functions 7,, x converge uniformly to 7, x, we have (7, x)xv = A (1 1) 4V
In order to infer y € V, it remains to show that o’ = «. To this aim, let us first observe that |v| is
(av—n)-homogeneous with respect to the origin, as in the proof of Lemma 5, and (o —n)-homogeneous
with respect to y. Thus By_},|(0) < Bx(y) C Bxtjy(0) yields

A=y W(B1(0)) < X |(Bi(w) < A+ [y Wl(Bi(0)) YA >0,

which, for large A and taking into account v # 0, implies o = .
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The last point yields y € D =V, which however contradicts y ¢ C(0,V,~). O
We now proceed with the proof of Theorem 1.

Proof of Theorem 1. The statement is trivial for k¥ = n, thus we assume k € {0,1,...,n — 1} be fixed
throughout the proof. Let us moreover fix v € (0, 1—16) It is possible to choose a finite number m of
k-dimensional linear subspaces {V;}}*, such that every k-dimensional linear subspace V' is contained in
C(0,Vp,) for some £ € {1,...,m}. For every £ € {1,...,m} and every i € N, we define the set

1

-

B = {0 € 8% D, OOV, o) i 1(o) > 5

1 1 ;
d(cpiy,w) > : Y|e| € [i’ 1} , Vw € Hom}H_l},

where D, and «(z) are respectively the invariant subspace and the homogeneity exponent of u, given
by Lemma 5, n = n(z) is given by Lemma 4, while d and Hom/, 41 are respectively the distance and the
set of (a — n)-homogeneous measures described in Section 2. Since S¥ = J, .y U;~; Ei ¢, it is enough to
prove that each F; ; can be covered by a countable union of Lipschitz graphs.

Let us fix i € Nand ¢ € {1,...,m}. Then fix the value £ given by Lemma 7 for § =i, § = %, M=1q-2¢
and, for every p > 0, define the set

Eivp=qx€Eiy: inf d(pgr, cuz) <e Vre(0,p),.
lel€[n,1]

If x € F; ¢, then it belongs to Fj ¢ , for some p > 0, because the existence of a sequence r; — 0 such that
d(pte,r;, cte) > € for every j € N and every |c| € [n, 1] would contradict € S. Therefore

Eio= U Eiqop
PEQN(0,+00)
and it suffice to prove that, for a fixed p > 0, the set E;,, can be covered with a countable union of
Lipschitz graphs. In order to do so, we claim that, for every x € E; ¢ ,, there exists r > 0 such that
(3.5) Ei¢p,NBr(z)\ C(x,Dg,37y) = {z}.

Let us fix © € E; ¢ ), let i, be (o — n)-homogeneous and let us assume, toward a contradiction, that for
every j € N there exists

(3.6) Ui € Eiy N B @)\ (Bry (2) U C(a, Da,37)),

for some r; < p such that 7; | 0. This in particular implies the existence of constants ¢; with |c;| € [+,1]
such that
(3.7) d(Cjphy; s fy;ry) <€ V5 e N.
Up to selecting a non relabeled subsequence and without loss of generality, we can assume ¢; > 0 and
that 1, = cpi, for some ¢ € [1,1]. We now analyze the weak*-limit (up to a suitable subsequence) of
the two sequences of measures in (3.7).

e The first component c¢;,, of (3.7) satisfies the homogeneity of Lemma 5 with ¢; € [1,1], a(y;) < and

|11, | (B1(0)) = 1; therefore the sequence of measures pi,, is weakly relatively compact and converges,

up to a subsequence, to a Radon measure v, which, by the same arguments in the proof of Lemma 7,
is (&’ — n)-homogeneous for some o' < i, its invariant subspace V has dimension k and

1 1 )
(3.8) lv|(B1(0)) <1, d(tv,w) > z v|t| € [ 1} , Vw € Homy, .

)
7

Moreover

D,, c C(0,Vg,v) C C(0,Dy,2y) VjeN = V C C(0,Dy,,27).
e The second component . . of (3.7) satisfies
|| (By, ()
(3.9) gy = PAB)
Yt |#‘(Brj (y])) J"j o1 # ’
Since Br; (z) C By, (y;), we have
2

1l (B, (2) _ |nl(Br, ()
1l (Br, (7)) ~ |pl(Bra(2))’

w‘g



STRATIFICATION OF THE SINGLE BLOW-UP SET FOR RADON MEASURES 7

where, by (3.4), it holds

lim sup i

j—+o0 \ul(Bg(fU)) -

Taking into account also (3.6), up to a subsequence we thus have

(B, (@) Loy
m—)q,%Q, v —>y€B%(0)\(B

Therefore, (3.9) and the convergence iz ., X ey yield

(0) U C(0, Dy, 37)).

™

Py — ca(Ty1) b
Passing to the limit in (3.7), we have
(3.10) d(u, cq(Ty’l)#ux) <e.
We now observe that, by (3.8), v satisfies the assumptions of Lemma 7 with 8 =4 and ¢ = %, whereas

the measure o := cq(7y,1) /1o satisfies [o|(B1(0)) <i-2% and it is (o — n)-homogeneous with respect to
—1y, because

(Toy )50 = c(Tox )ty = A iy = X¥(T_y 1) 0.
We moreover point out that, since y ¢ C(0, D,, 37) while V' C C(0, D, 27), it holds y ¢ C(0,V, ). Hence
o satisfies the hypothesis of Lemma 7 as well; however its conclusion is in contradiction with (3.10).
This proves the existence of r such that (3.5) holds true and [Mat95, Lemma 15.13] (see also the obser-
vation below its proof) implies that E; ¢ , can be covered by a countable union of Lipschitz graphs.
From (3.5) we also infer that, for H*-a.e. x € E; 0., the approximate tangent plane T, F; ¢ , is contained
in C(0, D,, 3v). Since « can be chosen arbitrarily small, we have

T.Ei¢, =D,  for H"ae € E;,.

By standard arguments it holds T, F; ¢ , = T,S* for HF-ae. z € E; 0,5, which proves the last assertion of
the statement. ([l

We now prove Corollary 2.

Proof of Corollary 2. We first of all observe that, for every x € R” satisfying the hypotheses of the
statement, it holds

|l (By (@)

sup
rk

re(0,1]

= s(x) < +o0,

otherwise there would be a sequence r; — 0 for which the above ratio is unbounded, contradicting the
existence of a converging subsequence of T;k(’]’m’rj)#/i. Since this happens |u|-a.e., we have

ul = |ul.S};

and SF is k-rectifiable by Theorem 1. We now show that |u| < H*LE. Indeed, let us consider A C S}
with #¥(A) = 0. Then

A:LJAi7 Ay ={reA: s(z) <i}

ieN

and let us fix i € N. Since H*(4;) = 0, for every ¢ > 0 there exists a countable covering {B,,(x¢)}sen of
A; such that?

Zr§<€ and € A; VLeN.

LeN
Thus we have

l(45) < D 1ul (Br () < iy <ii-e.
€eN ¢eN

The arbitrariness of ¢ implies |u|(A;) = 0. Since this is true for every i € N, we infer |u|(A) = 0, hence
lu| < HES l’j Recalling that || is a Radon measure and H* LS’; is o-finite, the Radon-Nikodym Theorem
implies the existence of a function 6 € L] (Sff, HF¥) such that pu = erLSl]f. O

loc

2According to the definition of H¥, the balls covering A are not necessarily centered on A, but z € A; N B,-(y) implies
Br(y) C BQT‘(CU)
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We conclude with the proof of Corollary 3.

Proof of Corollary 3. From Theorem 1 we know that Sllj is contained in the union of a family {M; };en
of k-dimensional Lipschitz graphs. Since |u|-a.e. x € M; is a point of density 1 for M, with respect to
||, the blow-ups of u and pLM; at = are the same, therefore

po = (M) for |ul-a.e. v € M.

For such points, this implies that supp u, is contained in a closed cone C' around a k-dimensional linear
subspace V'; we observe that C' does not contain any half-space of dimension larger than k. On the other
hand, from Lemma 5 we infer the implication

yEsupppy = {Ay+2:A>0,2 € Dy} C supp py.

Then it must hold either p, = 0 or supp p, = D,. The invariance of u, on D, implies the conclusion. [
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