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Abstract

We analyze a family of non-local integral functionals of convolution-type depending on two
small positive parameters ¢,0: the first rules the length-scale of the non-local interactions and
produces a ‘localization’ effect as it tends to 0, the second is the scale of oscillation of a finely
inhomogeneous periodic structure in the domain. We prove that a separation of the two scales
occurs and that the interplay between the localization and homogenization effects in the asymp-
totic analysis is determined by the parameter A defined as the limit of the ratio £/§. We compute
the I'-limit of the functionals with respect to the strong LP-topology for each possible value of A
and detect three different regimes, the critical scale being obtained when A € (0, +00).
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1 Introduction

In their celebrated paper [7], Bourgain, Brezis, and Mironescu proved that a simple approximation of
(a multiple of) the p-Dirichlet energy is obtained by means of the double integrals
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with {pe}¢ a family of radially symmetric non-negative kernels satisfying

L p©lepac=1 and hmi/ p-(€)[€lP dé = 0
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for all £, > 0. This result has been extended by Ponce [24], also in the sense of I'-convergence,
to more general homogeneous energies and non-radially symmetric kernels, and, very recently, sharp
conditions on the family of kernels {p.}. for the validity of such approximation have been detected,
see [15] and [17].

A remarkable class of kernels that fit in this framework is obtained starting from a non-negative p
having p-moment on R? equal to 1 and letting

pe(§) = Eidp(g)-

3

Because of this rescaling property, the resulting energies are called of convolution-type.

Besides the theory of non-local gradients, that finds several applications in peridynamics (see, e.g.,
[4, B, 20]), non-local energies, and in particular those of convolution-type, have been investigated in
the last years within many contexts (we refer to [I] for a comprehensive treatment from the variational
perspective). For instance, manifold-constrained maps have been considered by Solci [25], who has
obtained an approximation of a vortex energy in the spirit of the Ginzburg-Landau model, and by
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Giorgio, Happ, and Schonberger [I8] for the homogenization of micromagnetic energies. Some geo-
metric aspects have been investigated by Berendsen and Pagliari in [6], where, together with other
results, the asymptotics as € — 0 of the associated notions of non-local perimeters are established.
The analysis of multiscale problems has been addressed by Alicandro, Gelli, and Leone [2] in the
setting of perforated domains (see also [I1] [12]), and by Braides, Scalabrino, and Trifone [I3] in that
of disconnected sets.

The aim of this work is to perform the asymptotic analysis of non-local functionals of convolution-
type in the setting of periodic homogenization. Given Q a bounded open subset of R with Lipschitz
boundary and small positive parameters ¢, d, we study the functionals

/Q/Q;p(y;x>f(§,:g,w)dxdy, ue LP(O;R™), (2)

g

for p € (1,400), under general assumptions on p, the interaction kernel, and the density f, that is
supposed to be QQ1-periodic in the first two variables.

As already mentioned, the parameter ¢ is responsible for a localization of the functionals (2]), which
possess a finite limit as € — 0 only on Sobolev functions. On the other hand, since f is periodic, the
above energies encode some average properties of a finely inhomogeneous structure when § is small,
which, in broad terms, yields a homogenized limit energy independent of the spatial variables. In light
of these observations, it is expected that both the localization and homogenization phenomena may
be exhibited by our model when the parameters ¢, § vanish simultaneously; and therefore, it is rather
natural to ask how these effects combine.

For this reason, we assume that 6 = d(¢) vanishes as e — 0, and prove that a separation of
the scales € and 0 occurs, providing a complete description of the effective limit (in the sense of I'-
convergence with respect to the strong LP-topology) in accordance with the (possibly different) rates
of convergence to 0 of the involved parameters.

In order to illustrate our result, we consider a simplified, but prototypical, example of non-local
oscillating energies given by

im [ [ oo ®

that is obtained from upon setting f(z,y,z) = a(x)|z|P, with the function a that is (Q;-periodic
and such that 0 < o < a(x) < 8 < +oo for a.e. z € R%

As a starting point for our study, we may consider the case d(g) = € that has already been treated
in [I]. In this instance, it is proved that

L(LP)- hm F.o(u / N ( dr, ue€ WhP(Q;R™),

E—

the integrand of the homogenized energy fil being characterized through a so-called non-local cell-
problem formula (see [1, Theorem 6.2]) given by

M0 =it [ [ o= aa@lut) —u@) dedy s u e 14, 4, (QuR™))
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for all M € R™*¢, where
LYy (QusR™) = {u € LY (R%GR™) :u— Mz is Qs-periodic}.
It is immediate to extend this result to the case that ¢ is a multiple of
M(e)=¢, >0,

for some A € (0, +00), obtaining that

D) tim Fes () = [ %a(F) da, (4)



where now

hom)\ 1nf /Rd/ X4 y—r a(x)‘u(y);u(x) pdxdy:ueL;M(Ql;Rm)}.

Different limits are obtained if we let the parameters ¢, tend to 0 separately. To see this, we
suppose for simplicity of exposition that the kernel p is radial and that the coefficient a is continuous.
If we let first € — 0 (keeping ¢ fixed), applying [24] Corollary 8] we obtain that

Fy(u) := D(LP)- lim F- 5(u) = /@/QQ(%) Vu(@)|P de, ue WLP(QR™),

e—0

where
= / P66 P de. (5)
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Then, letting 6 — 0 and using a known result in I'-convergence for the homogenization of integral
functionals (see [I0, Theorem 14.7]) we infer

D(LP)-lim Fs(u) = & | from(Vu)dx,
d—0 O
where the integrand is described by the cell-problem formula
from (1) = int{ [ a(a) Tula)p de s w e WA, (@um™))

and
W VP Qs R™) == {u € WEP(RGR™) - u — M is Qi-periodic}.

loc

In a similar fashion, if we first let § — 0, by the periodicity of the coefficient ¢ and the Riemann-
Lebesgue Lemma, we have that

F.(u) = D(LP)- lim F. 5(u) = (/ladx)/ﬂ/ﬂ;d,o(y;x)‘u(y);u(x) * de dy;

and then, applying once again [24, Corollary 8], as € — 0 we obtain

T(LP)- lim F.(u) = H(/ ad:v)/ \VulP de, ue WIP(Q;R™),
1 Q

e—0

with k as in .

Since functionals are equi-coercive in the strong LP-topology on functions with fixed mean
value on @ (see [23] Theorems 1.1, 1.2]), using, at least formally, a diagonal argument (see [14] for
the metrizability of I'-convergence) we obtain that there exist two scales §’(¢) and §”(¢) such that

I(LP)- hm F, 5oy (u) = li/ Srom(Vu) d

PY- i " - p
(L) 6hg(l)FE,(; (e)(u) H(/Q adx) /Q |Vul? dz

and

1

whenever u € W'P(;R™). These two behaviours differ from that obtained in (), where £/6(e)
is a fixed positive constant, suggesting that the I'-limit of {F} 5.)}c may be governed by the new
parameter

E

and in particular that the critical scaling may be obtained for A € (0,400). This is the content of our
main result. In view of its statement, we set our standing assumptions.



We suppose that p : R? — [0,+00] is a non-negative Borel function (not necessarily radially
symmetric) such that there exist cg, 79 > 0 with the property that

p(&) > ¢y for almost every € € B,,, (p1)

and

| e ds <+, (02)

then we suppose that f : RY x R? x R™ — [0, +00) is a Borel function such that
f(,y,2) and f(z,-,z) are Q;-periodic for every z € R™

and for almost every y, z € R, respectively, (P)

f(z,y,-) is convex for almost every z,y € R?, ©)

and that fulfills the growth conditions
alzP < f(z,y,z) < B|z|P for almost every x,y € R? and for every z € R™ (GC)

for some strictly positive numbers «, 8 and an exponent p € (1, +00).
Besides these hypotheses, according to the value of A we shall assume that

f(z,-,2) is continuous for almost every = € R? and for every z € R™, (HO)
or
(&) f(z,y,2) = p(—€) f(z,y, —2) for almost every &, z,y € R? and for every z € R™, (H1)
or that
/Rd p(&) d§ = +o0. (H2)

Note that if f(z,y, 2) = f(y,z, 2) and f(x,y,2) = f(x,y, —2) for a.e. x,y € R? and for all z € R™, it
is not restrictive to suppose that p(¢) = p(—¢) for a.e. € € RY, see, e.g., [T, Remark 2.1].

We use the change of variables £ := (y — x)/e and introduce the notation E.(€) := {z € E :
x + &€ € E} to rewrite the functional as

/de(f)/ﬂs(g)f(;:’x;ag,u(m—&-ei)—u(x))dxd&

then, we consider {¢;}; and {;}; two sequences of positive numbers converging to 0 as j — +oo and
define the functionals F; : LP(§; R™) — [0, +-00] as

. T x+eé u(x + €;8) — u(x) )
Fj(u) == /de(é)/gsj@f(éj’ 5J_J , J&_j )dxdg, jeN. (6)

Theorem 1.1. Let {¢;}; and {d;}; be sequences such that €; — 0 and §; — 0T as j — +oo, and
assume there exists ..
A= lim -2 €0, +o0].

Jj—+oo j
Let p be a non-negative kernel satisfying and (ps)), and let f be a function satisfying (]ED, ,
and (GC). In addition, if A € [0,+00) assume that (HO) is satisfied, and if A = +o00 assume that
either (H1) or is satisfied. Then, letting {F;}; be as in @, there exists a quasiconvex function
fa i R™*% — [0, 4+00) such that

I'(LP)- lim Fj(u

Jj—+oo

) / H(Vu)dr  if u € WHP(Q; R™),
=4 Ja
+00 if u € LP(Q;R™) \ WLHP(Q; R™).

In particular, the following hold for every M € R™*4:



(i) if \=0 and holds, then
pony =t [ [ stz (Tuta)e) dede - w e Wik @™
(i) if A € (0,400) and holds, then

) =int{ [ /Q ar () (o M g 1 (@uE™ )

(iii) if A = 400 and either or holds, then
froc) = [ [ [ p©)1(0y, 00 oy

We remark that the hypotheses 7 and are needed in order to ensure the equi-
coerciveness of the functionals {F}}; so that, as ¢ — 0, these have a finite limit only on W1P(Q;R™),
see [23] or [1], and that the latter can be weakened if we further assume the integrability of the kernel
(Remark. Assumption implies the weak lower semicontinuity in L of the involved functionals
and cannot be removed unconcernedly, since, contrary to the local case, the relaxation procedure for

double integrals may even result in the loss of an integral representation as observed in [2T], [19] 8]. We
postpone further comments on the conditions (HO|), (H1)) and (H2|) to the end of the introduction.

The first steps towards the proof of our result are the reduction to the case p is supported on a
ball followed by the application of a compactness and integral representation result. These results
have been proved in [I] in greater generality; we present some simpler versions that are suitable for
our purposes, see Lemma and Theorem respectively. The latter states that the sequence of
functionals {F}}; in (6) admits (up to subsequences) a I'-limit which has to be finite on W7 (Q;R™)
only and that is represented in integral form as

I(LP)- lim Fj(u) = / o(x, Vu) dzx.
Jj—+o0o Q
As customary in the homogenization of integral functionals, we prove that the integrand ¢ is inde-
pendent of the first variable (Lemma below). Subsequently, we exploit the quasiconvexity of ¢
in the gradient variable and the convergence of boundary-value problems for non-local functionals to
infer that
(M) = igl_l inf{F;(u, Q) : u = Mz close to 0Q},
J o0

where we have ‘localized’ the functionals {F};}, in a cube @ contained in 2 setting

A o z z+¢g€ uw(x +€;6) — u(x) ]
FJ(U’Q) i /]de(é-),/QEj(g)f(517 5] ) 5]‘ )d$d§7 J €N7

and the proper meaning of ‘close to dQ’ shall be clarified in Section 2. Note that, here, the term
‘localization’ is intended in the sense of the so-called ‘localization method’ for I'-convergence in which
integral functionals are regarded as set functions as well (see [I0, Chapter 9] or [I, Chapter 5] for the
non-local counterpart). Upon manipulating the localized energies using the assumptions and ,
together with some rescaling arguments, we obtain that ¢ (M) is determined in terms of the ‘non-local
cell-problem formulas’

inf{/Rd p(f)/1 f(LIZ,:E + %jf, ule ng) _ U(x)) drdf :u € L;M(QURm)}; (7)

and then, we discuss the asymptotic behaviour of the infima according to the value of the relevant
parameter X. Our analysis is based on the study of the compactness properties of any sequence {u;};
having equi-bounded energies; i.e., such that

sup/]R p({)/ f(:l:,z + %E, wlo 57;) ~ uj(x)) dx d§ < +o0, (8)
d 1 J




and with fixed mean value in )1 for all j € N. In particular, if

A= lim L =0, (subcritical case)
J—+oo 5j

condition , together with the assumptions on p and f, implies the strong convergence (up to
subsequences) to a function u € WhHP(Q; R™).

If .

A= lim - € (0,+00), (critical case)
Jj—+oo 6]

we infer a uniform bound on |lu;||zr(@,;rm) that only yields weak compactness in LP but which is
sufficient to carry out our proof.

Finally, when

£
A= lim L = +oo, (supercritical case)
Jj—+oo 6j
we are not able to obtain any compactness for {u;};; we rely on the LP-bounds for the difference
quotients

wj(z + &) — uj(z)
e, jeN, (9)
5

and on a more delicate argument in the vein of the two-scale convergence [3, 22].

It is interesting to note that, starting from our result, it is possible to infer that the function
A fa(M)

is continuous in [0, +-oc] for all M € R™*4 upon assuming together with either or .
The continuity at A = 0, which is formally obtained adapting the equi-coerciveness and I'-convergence
results in [24] 23], can be regarded as a localization of the non-local cell-problem formulas defining
fx to the local cell-problem formula for fy. We rigorously infer such continuity using , but this
assumption seems to play a merely technical role in the whole work as it is needed to apply a strong-
weak lower semicontinuity result in LP-spaces (Theorem . Clearly, requiring the continuity in the
y-variable or in the z-variable is equivalent, and is not even needed when only one space-variable is
involved; in other words, can be removed if f(z,y,2) = f(z, 2).

The case A = +00 is more complex and a different discussion is needed about the hypotheses
and . According to the heuristics illustrated before for the analysis of 7 it would be natural to
conjecture that

froeW)= [ [ [ ol€) o M) dwdy e

for all M € R™*4, regardless of the validity of (HI)) or (H2). In fact, if we do not enhance our
assumptions, we are only able to prove that

froo(M) > inf{/Rd/ / pO) f(x,x+y, ME+V(x,y)) dedydE : V EC}, (10)

where the class C contains functions periodic in both variables and whose mean value equals 0. This
class is introduced because, roughly speaking, functions of the form M¢+ V (z,y) with V' € C arise as
a two-scale limit of a sequence of difference quotients similar to @ If we assume that either or
holds true, then the minimum problem in is easily seen to be solved only by V = 0, which
allows us to prove (i7i) in Theorem On the contrary, when neither of the hypotheses and
is in force, one can exhibit simple examples in which V' = 0 is not a minimizer for .

This argument suggests that it may be needed a more careful analysis of the difference quotients
in @D when {u;}; is an optimal sequence for the corresponding minimum problems ; but it turns
out that, for a simple choice of f, these difference quotients do not weakly converge to M¢ if both
(f1) and are neglected, see Proposition We are then led to regard hypotheses and
(H2)) as necessary to us, when the homogenization occurs at a scale that is infinitesimal compared to
that of the localization, in order to ensure a ‘compatibility’ between the two limit processes.



Such a compatibility seems to be lacking, or to be more difficult to exploit, in the fractional
setting previously analyzed in collaboration with Braides and Donati [9]. For the oscillating energies
of fractional-type

u(@)|” >
1—5// 5 |y—x|d+2s dedy, we L*(Q), (11)

the localization effect produced by the vanishing of the parameter € in is due to the convergence
s — 17. In that work, we were only able to treat a subcritical case

V1—s<<.

Although a similar heuristic reasoning to that presented above could be performed in this setting as
well, we do not know whether the scale
Vi—s~9

is critical or not; that is, whether three regimes only are allowed in the limit for the functionals .
Such functionals do not fit in the framework of convolution-type energies because the dependence of
on 1 — s is different from the dependence of functionals on the parameter €. This complicates
the analysis already in the case v/1 — s < §, which, in fact, is studied by means of a discretization
argument.

2 Notation and preliminary results

In this section we fix the notation and state some preliminary results.

We let d,m be two positive integers and consider the Euclidean space R* k € {d,m,m x d}.
We identify R? with the ambient space containing the domain €2, a bounded open set with Lips-
chitz boundary, and R™ with the target space of the vector-valued functions we consider, usually in

LY (Q;R™) or W, ’p(Q R™). For k € {d,m,m x d}, we let |¢| denote the Euclidean norm of a vector
£ €RF. Fork = d we let B,.(z) denote the d-dimensional Euclidean ball of centre x and radius r and
we let @, denote the d-dimensional cube of side-length r given by @, := (0, 7).

Given t € R, we let [t| and [t] denote the lower and the upper integer part of ¢, respectively.
Analogously, given ¢ € R, we set |£] := ([&1],.., |&a)) € Z% and [€] = ([&1], ..., [&4]) € Z2. We
say that a set E C R* k € {d,m}, is measurable provided that it is measurable with respect to the
k-dimensional Lebesgue measure and, in this case, we let |E| denote its measure.

We say that a function u : R — R™ is Q-periodic if, letting {ey,...,eq} denote the canonical
basis of R¢, it holds

u(z + e;) = u(x)

for almost every z € R? and for all i € {1,...,d}. We recall that, for any M € R™*¢ the following
class of functions have been defined in the introductory section:

y(QuR™) = {ue LY _(R%R™) :u— Mz is Qi-periodic}
and
yh QU R™) = {u € WP(RGR™) :u — Ma is Qg-periodic}.
In order to treat boundary-value problems in a non-local setting, we introduce the class of functions
D,y (A;R™) = {u € LP(A4;R™) : u(z) = Mz for ae. z € A, dist(z, R4\ A) < r},

with A an open subset of R?, M € R™*¢ and r > 0.

Given A C R open, we say that a sequence of functionals F; « LP(A;R™) — [0,+00],j € N,
I'-converges with respect to the strong LP(A; R™)-topology to a functional F : LP(A4;R™) — [0, +oc]
as j — +oo if the following hold:

(i) for every u € LP(A;R™) and {u;}; C LP(A;R™) such that u; — w in LP(A;R™) as j — +oo it
holds
lim inf F; (u;) > F(u);

j—+oo



(ii) for every u € LP(A;R™) there exists a sequence {v;}; C LP(A;R™) such that v; — u in
LP(A;R™) as j — 400 and it holds

limsup F; (v;) < F(u).

Jj—+oo

In this case, we write
[(LP)- lim Fj(u) = F(u)
Jj—+oo
for all w € LP(A;R™).

Throughout the whole work, we shall always assume that the kernel p : R? — [0, +00] is a Borel
function that satisfies (jp1)) and , and that the density f : R? x R? x R™ — [0, +00) is a Borel
function that satisfies , and . In some specific cases, such assumptions will be enhanced

[2).

through (TI0), (ET), and
Given T > 0 and letting A, (€2) denote the family of open subsets of © with Lipschitz boundary,
we introduce for all j € N the truncated and ‘localized’ versions of the functionals @ that are defined

as Fl : LP(5R™) X Areg(Q2) — [0, +00],
z z+e€ u(z + £;€) — u(x)

By [ oo [ o(5 S S e (12)

where for all € > 0 and ¢ € R? we adopt the notation

<

A (&) ={x e A:xz+ef € A}

If A = Q we simply write F/ (u) in place of F] (u,Q). The notation for the localized functionals is
immediately adapted to the non-truncated energies {F}};.
Now we recall some useful facts about I'-convergence in the non-local context. In each of the
following statements, the I'-limit is intended with respect to the strong convergence in LP(2; R™).
The first fact concerns the possibility of simplifying the asymptotic analysis by considering kernels
whose support is a ball, see [I, Lemma 5.1].

Lemma 2.1. Assume there exist a sequence {Ty}n monotonically increasing to 400 and functionals
{FTh(-; )} such that for all h € N we have

D(LP)- lim F/"(u, A) = F™"(u, A)

j—+oo
for every u € LP(Q;R™) and A € Ayeg(Q2). Then

[(LP)- lim Fj(u, A) = lim FT"(u, A)

j—+o0 h—4o00
for every u € LP(Q;R™) and A € A,eq(Q).

Following [1l Proposition 6.1], we prove that if an integral representation is in place for the T-limit
of {F jT}j with T" > 0, then, as a consequence of the assumption (]E[), it holds that the integrand only
depends on the gradient variable.

Lemma 2.2. Let T > 0 and assume there exists a Carathéodory function ¢ : © x R™*4 — [0, +00)
such that

F(Lp)-jgrfm Fl(u, A) = /A o(z, Vu) dx

for every u € WHP (S, R™) and A € Aveg(Q). Then ¢ is independent of the first variable.
Proof. We set
F(u,A) ::/ o(x, Vu) dx
A



for u € WHP(Q;R™) and A € Aueg(2) and we note that the conclusion follows if we prove that
F(Mz,B,(y)) = F(Mz,B.(y'))
for every M € R™*? and for every y,3' € R% r > 0 such that B,(y) and B,.(y') are contained in Q.

To prove this claim, it suffices to show that

F(Mz, By (y)) < F(Mz, Br(y'))

for every M,y,y’,r as above and r’ € (0,7).
Let {u;}; be such that u; - M« in LP(B,(y');R™) as j — 400 and

lim F (uj, Br(y)) = F(Mz, B (). (13)

J—+oo
Note that, upon assuming that j is large enough, we have
y—y

J

By (y) — 45 [ J C B.(y)

and then, the functions

vj(x) = uj(x—éj {ygjle +5jMLy;y/J7 jeN,

are well defined on B,-(y) and such that v; - M« in LP(B,/(y); R™) as j — +00. Moreover, by a
change of variables and assumption (]ED, it holds

Fl(vj, By (y)) =
T b)) = [ © /(Bw(y))
z 4§ yi(+e8) —uy(w)

- /BT ) /(Br/(y)—%- L%J)E.(f) f<5j s g ) dx dg

J

J

(ﬁ T +e5€ UJ(JH'?fjﬁ)—Uj(ﬂﬂ))dxd5
©" N6 6 €j

€5

< Fjf (uj, By (y))-
Therefore, recalling , we infer
F(Mﬁl’, Br(yl)) = hlll F]T(uj’ Br(y/)) > lim inf FJT(UJa BT" (y)) > F(MZL’, BT’ (y))a
Jj—4o00

Jj—+o0
which concludes the proof. O

The following compactness and integral representation result is a consequence of [I, Theorem 5.1]
and Lemma [2.2] and constitutes the starting point of our analysis.

Theorem 2.3. Let T > 0. There exist a subsequence {jx}x C N and ¢ : R™*4 — [0,4+00) a
quasiconvez function such that

Vu)d 3 c Wl,p A,Rm ’
I'(LP)- lim F};(u,A) _ /A@( w)dr ifu ( )

k—+o00 400 ’ifu c LP(Q;Rm) \ Wl’p(A;Rm)
for every A € Aveg(9).

We recall [I, Proposition 5.4], which establishes the stability of I'-convergence for fixed boundary
conditions.

Proposition 2.4. Let T,s > 0, M € R™*¢ and assume there exists a functional F : LP(Q;R™) x
Areg (£2) = [0, +00] such that
[(LP)- lim F](u, A) = F(u, A)
Jj—+oo

for every u € LP(;R™) and A € Ayeg(2). Then
lim inf{F (u, A) : u € Dye, p(A;R™)} = inf{F(u, A) 1 u — Mz € Wy (A;R™)}
Jj—+oo

for every A € Aieg(2).



To conclude, we state a simplified version of a useful result about the lower semicontinuity of
integral functionals with respect to the strong-weak convergence in LP x LP, see [I6, Theorem 7.5].

Theorem 2.5. Let p € (1,+00), £ € Nt E C R’ be measurable, and ¥ : E x R x R™ — [0, +-00) be
a Borel function such that

U(s,-,-) is continuous for almost every s € E

and
U(s,t,-) is convex for almost every s € E and for every t € R

Then the functional

(v,u) € LP(E;RY) x LP(E;R™) — /E\Il(s,v(s),u(s))ds

is sequentially weakly lower semicontinuous with respect to the strong-weak convergence in LP(E;R?) x

LP(E;R™).

3 Asymptotic analysis of the truncated functionals

This section is devoted to the asymptotic analysis of functionals for which the interaction kernel
p is supported on a ball. This analysis, in combination with Lemma shall allow us to prove the
main result in the final section.

We begin with two preliminary lemmas.

Lemma 3.1. Let M € R™*4 {u;}; C LY 2 (QusR™), {A;}; C R, and vj(z) := uj(z) — Mx,j € N.
For every E C R? measurable bounded set and r > 0, there exists a positive constant C' depending on
d,p,r, and E such that

/E/l‘w(x—k)\i\{;)—vj(x)‘pdmd£<C/Br/l

for every 7 € N. In particular, if we assume that

sup//
J JB.JQ1

o [ [ AR g o
J E 1 J

Proof. Tt suffices to prove the statement in the case E = Bgr. If R < r this is obviously true;
therefore, we prove the statement in the case R = 2r, so that the general case follows by a simple
dyadic argument.

Using the changes of variables &' := £/2 and o’ := x + \;¢’, for all j € N we have

/B/ pdxdgzzd/&/l
§2d+p_1{/ / ‘uj(:c+2xjgf)AT v;(x + A€

+/BT/1 e+ )\g‘/\fjf)vj(x)J
— 2d+p_1{/BT /Qlﬂjf/ Uj($'+>\J§;) —v;(@')

+/BT/1 Uj($+&§;)—vj(x) ‘pdxdf’}-
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p
dz d¢

vj(z 4+ A;€) —v;(x)
Aj

j(x)‘pdxd§< oo

uj(z+ X&) —u
Aj

for some r > 0, then

vi(z 4+ X&) —v;(x) vi(z+2M;¢) —v
Aj Aj

p
dx de’

"z d§’}

"’ dg’




Since v; is Q1-periodic, the function

. / AN X /
= vi(z' + X&) —vi(2’) P
Aj

is Q-periodic as well for every ¢ € R, hence,

/ Uj(fE/ + )\jf/) —Vj (QC/) ‘p d:L'/ _ / v (x’ + )\jf/) — Uj(iC/) ‘p d(L'/
Q1+X;¢ /\j 1 /\j
and then
/ / ‘vjir—'_)\f ‘ dx d£<2d+p/ / UJ +>\§ )‘pdl'df,
Bz 1 1
which proves the first part of the statement.
The second part of the statement is an immediate consequence. O

The following lemma provides some precompactness results for sequences having equi-bounded
energy.

Lemma 3.2. Let M € R™*? {u;}; C LY, (Qi;R™), {\;}; C R such that \; — X € [0, +00) as
j — 400, and assume there exists A a bounded open subset of R% with Lipschitz boundary such that

@1 C A and
sup{/ ujdx—i—/ /‘uj(x—i_)\jg)_uj(x)‘pdxd{}<+oo
i g, B, Ja Aj

J J

for some r > 0. The following hold:

(i) if A =0, there exist a subsequence {uj, }x and a function u € WHP(A;R™) such that uj, — u
strongly in LP(A;R™) as k — +o00;

(1t) if X € (0,+00), there exist a subsequence {u;, }i, and a function u € LP(A;R™) such that uj, — u
weakly in LP(A; R™) as k — +o0;

in both cases, it holds that sup; |[u;||Le(q,rm) is finite.

Proof. The statement (4) readily follows by [Il, Corollary 4.2].
As for the proof of (ii), we observe that, by the translation invariance of the functional, it is not
restrictive to suppose that

/ ujder =0 (14)

and that /2 < X; < 2) for every j € N; moreover, since {u;}; C L% /(Q1;R™), we may further
assume that A = Q.
Using Lemma 3.1 with E = Qy/», we get

S = sup/ /
J JQaa 1

hence, applying the change of variables ¢’ := \;¢{, we obtain

uj(z 4+ A\j&) —uj(z) P

dzx d§ < 4o0;

sz [ e a0 - uy ) drde
Qa/x

~sup /%/l|uj<x+s'>uj<x>|pdxds'
> () s / | / o €) g () (15)

11



Resorting to and to the fact that u;(x) — Mx is Q1-periodic, we apply Jensen’s inequality to infer

/1 IUj<w)pdx=/1 Uj(-%')—/luj'(§>d§‘pd$

// us(w) = g+ €) + us( + €) — uy(€) de|” d

1

:/1/ uj(x)—uj(x—l—f)—i-deg’pdx

1

<2 [ [ lula+o - u@p deds + at ),
1 1
which, combined with , leads to

sup / s (@)|P da < 227 {2 7S + dF | M]P} < +oc,

J 1

that implies the thesis. O

For the remaining part of this section, we let {€;}; and {d;}; be positive sequences such that
g; — 0" and 6; — 0T as j — 400, we set

and we assume there exists
A= lim A; € [0, +o0].

j—+o0
We let T be fixed so that
T>rg and Ql C Brp,

with rg the positive constant appearing in ; both these conditions are not restrictive since, even-
tually, we will let T'— +o0.
We consider the truncated functionals

FT(u, A) ;:/ p(g)/A .(g)f(ﬁ 5”+5j5’u($+5j€})*u(ﬁc))dxdé

b
B oj 9; £j

for u € LP(Q;R™) and A € Aiee(2), and we recall that the kernel p satisfies the assumptions (p1)
and 7 and that the density f satisfies the assumptions (]E[)7 , and . We prove that if the
I'-limit of the truncated functionals {FjT}j exists and equals an integral functional, then its energy
density ¢ can be characterized through an ‘asymptotic formula’ and, when A is finite, also by means
of certain ‘non-local cell-problem formulas’ involving the parameters {\;};.

Proposition 3.3. Assume there exists a quasiconver function ¢ : R™*4 — [0, +-00) such that

/ e(Vu)dz  if u € WHP(A;R™),
A

[(LP)- lim F(u, A) =
+o00 if u € LP(Q;R™) \ WhP(A;R™)

Jj—+oo

for every A € Ayeg(Q). For every M € R™*? the following hold:
(i) for every A € [0, +o00] we have

o=t w{(0) ] 20 f e S e

u € DT,\j,M(Qr/aj;Rm)}

for some r > 0;
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(i1) for every A € [0, +o00] we have

(M) > I}Iililiopinf{/BT p(€) / 1 f(a?,m + A6, ule )\i\? -~ u(x)) dedg:ue L;,M(Ql;Rm)}Q
(iii) for every A € [0, +00) we have
AE) —
P(M) = lim_ inf{/BT p(€) / 1 f(x, + N, u+ f]) “(”“”)) dade :u e L;’M(Ql;Rm)}.

Proof. Fix M € R™*? and let Q be a cube of side-length r which is contained in Q. Using the
quasiconvexity of ¢ and the convergence of boundary-value problems established in Proposition [2.4]
with A = @ and s =T, we have

o) = int{ 5 [ (V) do Mo € W3 (Q: )

o 1 7 m
= jlgr}oo mf{ﬁFj (u,Q) : u € Dre; m(Q;R )}
For the sake of exposition, we assume that Q = Q, = (0,7)¢, the general case being analogous.
Consider u € Dr.; p(Qr;R™), and set v(z) := u(djz)/d;. We have that v € Dry; m(Qr/s,; R™) and,
by a change of variables,

. oo urded) —u@)y
Hwa)= [ o0 | R e L
] s rreg WEHED D)

/BT p(é)/(cz,»ej(g)f(@’ o €i/; ) dede

. o+ A6 — ofa)
=4 /BT ) /(Q,,./a D () f(x’ A J/\j ) o e

By the arbitrariness of u, we obtain that

(M) = lim inf{((jf)d/B P(f)/(Q : (g)f(amx-i—)\jf, u(x+>\§i)_u(x))dxd§:
T /8, (&

Jj—+oo

RS DT,\j,M(Qr/aj;Rm)},

which proves (i).
Now we let

o) = int{ [ ) / RCERYE ule Affj) —U0Y g e Lt (QuR™))

and prove that

@(M) > limsup p;(M). (16)

j—+oo

Given u € Dry; m(Qrys,; R™), we define

~ u(r) ifxe @y,
u(x) = . I
Mz ifxz € Q5,1 \ Quys,s

we note that u € Dry; m(Qfr/5;1; R™), and we write

(%)d /BT A /(Qwaﬂ)xj (3} f(x’ A = AJ)‘? - a(x)) dwdg

6:\4 u(x + X&) —u(x
() wo | e tage, WAL DY g g
r Br (Qrr/s; 12 (O\Qry5,;); (&) J
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If £ € Br and x € (Qrr/5,1)x,(§) \ (Qrys,)a;(§), then u(z + A;€) — u(x) = \;ME, hence, using the
upper bound in (GC|) we get

0i\¢ w(x + X;€) —ulx
D we (v  ge, TEFAD DY g
Br (Qrr/6;1)2; (O\(Qr/s;);(8) J

( oo Pl AgE, Me) i d
Br (Qrr/5;1)2; (O\(Qrys5,)x; ()

B lBare [ ple)lei de

Br

ﬁ‘b

IN
/N
e llSg
\_/

]7

where we have set
5= Qs \ Qrys;—1a,s  JEN, (17)

and we have used that (Qr,/s,7)x,(§) \ (Qr/s,)a; (§) C Ej for all £ € Br. Recalling we infer there
exists a positive constant C, independent of j, such that

o =o' (151" (5 -m)") ~el(Z)'- (- Za))

J

which tends to 0 as j — 4+00. As a consequence of these observations, we get that

A L L

which, by the arbitrariness of u, yields

o(M) = jEI—Poo inf{ (%)d /BT p(§) /(Qr/aj)xj © f(x, T+ A€, u(@ + )\])i) — u(x)) dx df :

u € ’DT)\]-,M(QT/Jj;Rm)}
> limsupinf{(f'j)d/BT p(&) /Q( P f(ac,x—i— A€, @+ N8 = u(x)) dx d¢ :

j—+oo >\j

u € DT)\j,M(Q(r/éj'\QRm)}-

Consider now u € Dry; am(Qrr/s,1; R™), let w be the Q. /5,1-periodic extension of u(x) — Mz, let
u(z) == w(z) + Mz, and define the function

1 - .
w(x) := 7767 Z u(x +1).
IV iezanio,[r/s;1)4

Since w € LY, ,,(Q1; R™), by the assumptions and we obtain

o) [ f(m ¢, LA 2Dy g g

@j(M)S/

B )‘j
1 u(z +i+ N —u(z +1)
< + A€, dzd
- (T/(;j]d i€Z4n[o (r/é DBE /BT /1 o J€ )‘j ) v
1 Uz + X&) — u(x)
= 5 +)\ 3 d d
/931 s czanio w(s 1y /BT /+Q1 <z A Aj ) o
1 o ulz+ A8 —ulz)
= 757 /BT p(§) /er/m f(:r,x + A€, j/\j )dm de. (18)
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Moreover, observing that Qr,./s,1 \ (Qfr/s,1)x,(§) C Ej for all £ € Br and using (GCJ), we get

1 w(x + X&) —u(x)
Tr/8.1d ) Aj ) dx d
[T/(;j]d /BT o) /Q[r/sﬂ\(Q[r/sﬂ)xj © f($ x4+ A€ Aj ) @ dg
1
< e [ ol ae
_ (/)
B (19)

Therefore, combining with , we obtain

(2)' [ o0 o (i T e ) S

hence, taking into account the arbitrariness of v and that 6; — 0, we infer passing to the limit,
concluding the proof of (ii).

Finally, we assume that A € [0, +00) and we prove that

@(M) < liminf p;(M). (20)

j——+oo
Let {u;}; C LY, ,(Q1;R™) be such that

(x + XN;E) —u;(x)
Aj

ljminfapj(M):ljminf/ p(f)/ f(x,x+)\j§, et )dmdﬁ,
Br

J—+oo J—+oo 1

and, by the translation invariance of the functional, suppose that

/ u; dr =0
1

for every j € N. Since T > rq, by , the lower bound in (GC)), and the previous step, we have

o(M) > acy liminf/ /
Jj—+oo By, N

therefore, upon extracting a not relabeled subsequence, we apply Lemma 3.2 with r = rg and A = Q1
to obtain that sup; [|u;{|Ls(q,rm) < 400, and then

P
dx d¢;

uj(z + A€) —uj(z)
Aj

sup luj — Mx||Lp(q,:rm) < +00. (21)
j

Now we set w;(x) := 0;u;(x/d;),j € N, and note that w; — Mz in LP(Q1;R™) as j — +o00. To see
this, we also let v;(x) := u;(x) — Mx,j € N, and observe that, since v; is Q1-periodic,

/Q1 lwj(x) — Mz|P do = /Q1 ’(5]-1)]- (%) ‘pdx

— [ @l ds
Q

1/5;

1 6j ¢ D p

which tends to 0 by and the fact that §; — 0. Using the definition of I'-limit and a change of
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variables, we obtain

(p(M):/ (M )dx<hm1an (w;, Q1)

Jj—+oo
_ T x+e wj(x+515) w; ()
Jlgigo /BT /Q1/a )x; (E)f(x v g, Aj ) v
uj(z +A;€) — uj(x)
<1]1£r)1i1;10f6 . p(ﬁ)/@mé | f(x,x—i—)\jf, ! ])\j 4 )dmdf
_ uj(z +A;€) — uj(z)
l;ggg/BTp@)/lf(x o+ ayg, RS ) de de
= liminf ¢, (M),
Jj—r+oo

where we also used and the Q;-periodicity of the functions

= uj(x + N€) — uj(x)’
Aj

This leads to and proves (7i). O

jEN.

Now we explicitly determine the integrand ¢ for each value of A € [0, +oc0]. We devote the next
subsections to the proof of the following proposition.

Proposition 3.4. Let ry be the positive constant appearing in and let T be such thatT > rg and
Q1 C By. Assume that there exist

A= lim 2 €0, +o]
Jj—+oo j

and a quasiconvexr function ¢ : R™*4 — [0, +00) such that

L(LP)- lim F; (u,A):/(p(Vu)dx, u € WHP(Q; R™), (22)
A

Jj—4o0
and +oc otherwise in LP(Q; R™), for every A € Aveg(Q). Then the following hold for every M € R™*4;
(i) if A= 0 and (HO) holds, then

= 1nf{/B / p(&) flx,z,(Vu)§)dax df : u € W;&’f}W(Ql;Rm)};

(ii) if X € (0,400) and (HO) holds, then

1nf /B/ xa;+>\§7u(m+)\§)_u(x))dxdg:ueL;’M(Ql;Rm)};

(iii) if A = 400 and either (H1) or (H2) holds, then

m= [ ) / | / 6, M) d dy .

3.1 The subcritical and critical cases, A € [0, +00)

The cases A = 0 and X € (0,400) are treated with similar arguments. We recall that, in both these
instances, we assume that

f(z,-, 2) is continuous for almost every x € R? and for every z € R™. (HO)

For the sake of exposition, we first establish the corresponding lower bounds, and then we prove their
optimality.
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3.1.1 Lower bounds

Let M € R™*4 be fixed. By and (ii7) of Proposition ﬁ, there exists {u;}; C L, ,,(Qi;R™)

such that ,

uj(z 4+ A;€) — uj(x)
Aj

and which, by the translation invariance of the functional, it is not restrictive to suppose satisfy

e = tim [ @) [ e

Jj—+oo

)dxdg

/ ujde =0 (23)

for every j € N. Using the lower bound in (GC|) and 7 we get that

sup / /
BTO 1

and then, by Lemma [3.1] applied with r = 9 and E = By, we obtain

sup / /
J Br 1

Uj(&?,f) =

U (.1? + )\35
Aj

)_WWFM%<+m

ﬂ@rm&<+m. (24)

uj(z +A6) —u
Aj

Therefore, we set
uj(x + A\€) —uj(x)
Aj ’

JeN,

and infer that the sequence of functions {U;}; is equi-bounded in L?(Q; x Byp;R™). Upon extracting
a (not relabeled) converging subsequence, we may assume there exists U such that

Uj(z,&§) =~ U(z,§) asj—+oo (25)
weakly in LP(Q1 X Br;R™); then, we apply Theoremwith ¢t=dxd,s=(§x), and

E = Br x Qq, \I/((f,l‘),t,q) = p(&)f($7t7Q)7

to infer
wUW)nggml%p@)/lmex+Aﬁ,%ﬁ”+*i?_“ﬂ@)dx@
> /B ) [ Slar + 26 UG, €) dwde (26)

At this point, we identify the weak limit U in accordance with the value of the parameter A and
obtain different lower bounds.

Subcritical case, A = 0. By the Q;-periodicity of u; — Mz, it easy to observe that implies
. A — p
Sup/ / ‘u] (z+ X8 —uy (m)’ dzx d§ < +o0 (27)
i JprJa Aj

for A any bounded open set. Resorting to and (27), we apply (i) of Lemma[3.2] with A any bounded
open set containing the closure of Q1 and r = T in order to obtain a (not relabeled) subsequence {u;};
and a function u € W’f}w (Q1;R™) such that u; — w strongly in LP(Qq;R™). Note that the direct
use of (7) of Lemma with A = @, would only imply u — Mx € W1P(Qq;R™), which, extended by
periodicity on R, does not necessarily belong to VVi)’Cp(Rd; R™).

We claim that

Uz, €) = (Vu(z))§ (28)

for a.e. x € Q1 and { € Byp. By the equi-boundedness of {U;};, it is sufficient testing the weak
convergence stated in with a class of functions whose linear span is dense in the dual space of
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LP(Q1 x Br;R™). Let then ¢ € C°(Q1;R™) and E C Br be measurable; by a change of variables
we have

EJ Q1 J
Y@ — A;€) — d(x)
/ /R v da dE.

We observe that, since u; — Mz is Q-periodic and u; — u strongly in LP(Q1;R™), we have that
u; — u strongly in LP(K; R™) for K any compact subset of R?; therefore, recalling that ¥ has compact
support, it is possible to pass to the limit using the Dominated Convergence Theorem to get

/Qlw U, €) do d = — //R (2))€ da de

— [ [ vt (uw)eds ae
EJQ1
which proves . Recalling , we get
; . 1, .M
o) = int{ [ p(¢) [ o, (V) dede e Wi (@R

T
that is the lower bound for the case A = 0.

Critical case, A € (0,400). Using , , and (i7) of Lemma we obtain a (not relabeled)
subsequence {u;}; and a function u € L%, /(Q1;R™) such that u; — u weakly in LP(Q1;R™). Using
an argument similar to that employed in the subcritical case, it is then immediate to verify that

u(x + A§) — u(z)

U(x7 6) = A )
which, combined with , implies
AE) —
<p(M)zinf{/BTp(f)/lf(x7x+)\§, uz+ i) u(ac))dxdf:uELi,M(Ql;Rm)},

achieving the lower bound in the case A € (0, +00).

3.1.2 Upper bounds

Now we prove that the lower bounds previously obtained are optimal. Although the proofs for each
regime are similar, we illustrate them separately for the sake of clarity.

Subcritical case, A =0. Let n > 0 and let w € W;&I}\/I (Q1;R™) be such that

wt{ | ) [ g (Tw drd e Wi Q™) 2 /| ) [ gt (Twp deds

We observe that the functional that appears in the minimum problem is continuous with respect to
the strong convergence in VVlif (RZ;R™). This follows applying the Dominated Convergence Theorem
whose use is justified by (C]), by the estimate

p(&)[f(z, 2, (Vu(x))§) < Bp(O)IE[°[Vulz)[”  for a.e. (2,§) € Q1 x Br, (29)

which follows by (GC)), and by (p2). Therefore, it is not restrictive to suppose that w € C°>°(R%; R™).
Applying (iii) of Proposition [3.3| we have

(M) = lim mf{/B p(g)/ f<x,x+/\j§, @+ A5¢) *“(“ﬁ”)) dede - u e L;M(Ql;Rm)}

Jj—+oo )\j

w(x + A;§) —w(zx)
v ) da de.

J—+oo

<im [ o [ p(maeas
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In order to conclude, we use the Dominated Convergence Theorem. The pointwise convergence is
ensured by the fact that f satisfies and (HOJ), and that

w(z + X&) —w(x) R

v (Vaw(@)

for all z,& € R? as j — +00; a uniform bound for the integrands

w(x + A;€) —w(x .
p(€)1 (2,0 + g, WETADZOEN) ey
j
holds in virtue of (GC)), the inequality
‘w(m + )\jg) - w(l') < ||vaL"°(Rd;RMXd)|§‘ (30)

Aj

for all z,& € R?, and . Finally, we get
0N < [ 9l) [ flaa (V@) dede

< (inf{/B .

which, by the arbitrariness of 7, concludes the proof.

Critical case, A € (0,+00). Let n >0 and let w € LY, ,,(Q1;R™) N C™ (R4 R™) be such that

T

) | S (Vu)e) dodg s u e Wik, (QuR™)} +1).

inf{/B p(f)/ f(x,x+/\£,u(x+/\§)_u(z))dxdﬁ:ueL;,M(Ql;Rm)}+n
z/BT p(«s)/lf(wﬂs, A =0 g g,

Note indeed that a similar argument to that used for A = 0 proves the continuity of the functional
with respect to the strong LP-convergence.

Once again, we apply (iii) of Proposition use w as a test function for the corresponding
minimum problems, and apply the Dominated Convergence Theorem (whose use is made possible also

by , 7 (GC), , and ) to infer

e < [ pf0) [l ag MEEAZIE o
u(z + A) — u(zx)

< (inf{ /B

which, by the arbitrariness of 7, concludes the proof.

p©) [ f(mtre M ) dndg s € L 4, (QuR™ )

T

3.2 The supercritical case, A = +o0.

The supercritical regime requires a different and more complex argument. Throughout this section,
we assume that either

p(ﬁ)f(x,y,z) = p(—f)f(x,y, _Z) (Hl)

for almost every &, x,y € R? and for every z € R™, or that

/ p(€) dE = +o0. (H2)
]Rd
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3.2.1 Lower bound
Let M € R™*4 be fixed. By (ii) of Proposition there exists {u;}; C L% ,/(Q1;R™) such that

o(M) Zlimsup/B p(é)/ f(x,as+)\j§, “J’““Jf? _“j(x)) da de.
T 1 J

Jj—+oo

In the supercritical regime, there are no compactness properties that we are able to infer for the
sequence {u;};. We consider the Q:-periodic functions v;(z) := u;(x) — Mz,j € N, and we let

Vi) = LU e,
Vi
so that
(M) > lim sup / (&) [ Flana+ NjE, V(2 \j€) + ME) du de. (31)
j—+oo JBr Q1

In order to describe the idea behind our proof, we note that if we had Vj(z,§) = V(z,§) for all
7 € N, then

Jj—+oo

o(M) > limsup /B pE) [ o+ V(A8 + M) dr

— limsup /B p(€)g(€, \,€) e

j—+oo

where we set

9(&y) = A f(z,x+y,V(z,y) + ME) dz.

Since g is periodic in the second variable and A; — 400, we may use a known result, which can be
regarded as a consequence of a two-scale convergence, to obtain that

g6 0,6) — /Q 9(6,y) dy

in a weak sense; and then, formally passing to the limit, we would get
00z [ o) [ [ swasn v - e ey
T 1 1

Our aim is to mimic this reasoning taking into account that {V;}; is not a constant sequence. This
requires the study of the equi-integrability of an auxiliary sequence of functions defined similarly to
the function g above, and some additional care has to be used since in general p does not belong to
any LP-space. These issues seem to prevent the direct use of the two-scale convergence and, also in
our setting, allows us to pass to the limit only upon having truncated ‘vertically’ the kernel.

In this subsection, from now on, we shall further assume that
inf A; > 2;
J

this condition is not restrictive since we are assuming that A\; — +oo.
We note that each Vj is Q1-periodic in both variables. Moreover, resorting to Lemma@ we have
that holds, which implies

SupHVj(I,)\jE)HLp(QIXBT;Rm) < +o0. (32)
J

The following observation is then a simple consequence.

Lemma 3.5. We have
sup ||VJ'($7€)||LP(Q1><Q1;R"”) < Fo0.
J
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Proof. Since @1 C Br, we combine the periodicity of V; in the second variable with a change of

variables to get
/ / I‘/}-(mjﬁ)l”dxdéz/ / Vi (2, \;E)|P da dé
Br 1 N i

=5t [ e o g

= [ W ol dede

25 ] Wi o e

where in the last inequality we have used that A; > 2 for all j € N. By (32), the proof is concluded. [

Now we let

9;(&) = ; fla @+ A€, Vi@, \j€) + ME) de, € €RY,

5@ = [ [ S Vimy s Mo dedy, ¢ <R
1 1
and observe the following.

Lemma 3.6. The sequences {g;}; and {g;}; are equi-integrable in L*(Br).

Proof. Consider first the sequence {g;},;. By a density argument, the thesis follows if we prove that
there exists a positive constant C' such that for any cube @) C By it holds

timsup [ 45(6)dé < ClQ).
Jj—+oo Q
To this end, we first observe that by (GC|) we have
[ os©de= [ [ s xe Vite ) + M) do de
Q QJQ1
<5 [ [ 1Wiene + Mep dnag
QJQ1

< gy /Q | Wit e de de + papirplQl). (33)

Now we note that, by (P)),

/Q/l IW(m,Ajs)lpdxdngjdAjQ/l Vi(@, €)|P da de
<Y [ [ W aras

i€L;

where Z; := {i € Z% : i + Q1 N X;Q # 0}. Since A\; “#T; — |Q|, we deduce
j——+oo

tmsup [ [V 9 drd < Q] 1msup V5.6 g, g
Q 1 Jj—+o0

which, together with , concludes the proof in light of Lemma
As for the sequence {g;};, by (GC|) we simply have

[a@ae= [ [ [ sty Vi) + gy
A A 1JQ1
< 5219—1{ij(x,y)llip(leQl;Rm)lA\ + |M|p|T|p|A|}

for any A C B measurable and for every j € N, and the conclusion follows as before. O
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We state our main lemma.

Lemma 3.7. It holds that
5O -6~ 0
weakly in L*(Br) as j — +oc.

Proof. Due to the equi-integrability of the sequence in L'(Br) established in Lemma it suffices to
test the weak convergence with the characteristic functions of cubes contained in Br. Let @ denote
such a cube, we have

/ 05(6) — 5(6) de = A7 / 03 (E/N) — i€/ de
Q Q

J

Ay / Gi(€/7) — T (€/7y) dé

i€Z;
+ )‘j_d/E g5 (&/N;) — gi (/X)) dE,

where we set Z; := {i € Z¢: i+ Q1 C \;Q} and Ej is obtained removing from A;Q all the unit cubes
of the fundamental lattice. Since there exists ¢ > O such that |E;| < c)\d ! for all j € N, we have that

A /gj (€/7;) — G5(6/2y) de = / () de

vanishes as j — +00 by Lemma [3.6} therefore, applying a change of variables, the periodicity of each
Vj, and , the claim follows if we prove that

JETOOA”ZZ// a4+ € Vi(x, €) + ;E)d:c
i+e

_/ / f (w2 + 9, Vi(w.y) + M " ) dedy}ds =0. (34)

To this end, we first prove that

jgrfoo)\jdg;j/l/lf(x,x—kf,Vj(x,f) ’;5) da dg

—// fle,z+&Vj(x,8) + Mz)dedédz=0. (35)
1 /@1

Indeed, we have

jglfoo’)‘jd%/l/lf(m’“@ i(:€) ;\i‘f) dz d¢
—// f(557$+§7vj(557§)+M2)dxd§dz’
e Jai Ja,

:jgrfm‘%ﬁt?{él /@f(xﬂ:—i—f, " (, §)+MT€) dz dg

—/ f(x,w—i-f,Vj(x,g)—&-Mz)dxdf}dz‘
1/Q1

SJE%’Z[%/I/l‘f T+ &V, w§)+M’;f)

=l + & Vilw,€) + M2)| da de dz, (36)
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where we used that, by Lemma |3.6]

lim . { / s fla, o+ € V(2. &) + Mz)da dg} dz= lim G;(2) dz = 0.

T2 JQ\U, ez, S5 17720 JQ\Ueq, S

We recall that, by , the function f is locally Lipschitz continuous in the last variable and, in
particular, resorting also to (GCJ), it holds that
(2. y,21) = fz,9, 22)| S O+ [z P71+ [22P7 )21 — 22 (37)

for a.e. x,y € R? and for every 21,2, € R™, where C is a constant that depends on p,d, and the
constant 3 appearing in (GC)). Let then i € Z; and z € %; using we have

(2 € V(@0 + MEE) — flaw+ € Vi, €) 4+ M2)|
J
<c(1+]Vi(,9) +Mi;5‘p1 V(2. 6) + Mz|p1)‘M<ij\_j§ - z)‘

<O+ Vi@ P AT

for a.e. z,& € @1, where C’ is a positive constant depending on p,d, 3, and M. Combining this
estimate with and using Holder’s inequality, we infer

. y | i+ €
jgl}f@o’/\j ;/1/1f(x,x+§,vj(x,§)+M Aj

) d de

—// flz,z+ & Vi(z,8) + Mz)dé dx dz
QJQ1JQ

< lim C’xl// / L+ |Vi(z, )P~  da dé dz
inteo oo Jau

/ : -1 . P
<C |Q‘]£5_noo )‘j (1 + ||‘/}(xa€)||Lp(Q1XQ1;Rm))7

which equals 0 by Lemma Then, is proved.
A similar argument shows that

. _ '+£
1 ~d : M
B [ oot o

—// flzyz+y,Vi(z,y) + Mz)dxdydz =0. (38)
Q 1/ Q1

Indeed, arguing as before, we have

: —d : 1+&
7, et 5 o
_// f(ﬂf,w—ky,Vj(:c,y)+Mz)dacdydz‘
Q 1/
- i+&
=1 \ V; M
j—tos ;/t@{///f(xx+y 3@ y) + M=

—/ f(w,arer,V‘(x,y)+M2)d$dy}d2‘
1J/Q1

<t 3 Lo AL L oo wvien v 55

€T,

)M@%

— flz,z+y,Vi(z,y) —l—Mz)‘dxdy} df}dz

/ : —1 : p
§ C ‘Q|j£5>n00 )‘j (1 + ||V7(x’y)”LP(leQl;RﬂL))?
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which equals 0, and this proves .
Gathering and we obtain , which is the thesis. O

We are now in position to prove the lower bound. Recalling and the definitions of g; and
Jj»J € N, we fix any R > 0 and apply Lemma[3.7]to obtain

(M) > limsup /B p(€)g;(€) de

Jj—+oo

zliminf [ min{p(¢), R}(g;(£) —g;(€))d§ + | min{p(¢), R}g;(§) dE

Jj—+oo Br Br

= liminf min{p(¢), R}g;(§) d¢

Jj—+o0 Br

= lim inf min{p(f),R}/ fle,z+y,Vi(z,y) + ME) da dy d§.
Br Q1 /Q

Jj—+oo

Using Lemma it is not restrictive to suppose that V;(z,y) — V(z,y) weakly in LP(Q1 x Q1;R™)
and, setting

C:= {U € L} (R*x RLGR™) 1 U(+,y) is Qi-periodic for a.e. y € RY,
Ul(z,-) is Qi-periodic for a.e. z € RY,
and / U(z,y)dx =0 for a.e. y € Rd},
1
by the definition of V;(z,y) and the periodicity of v;(z), it is easily seen that V' € C. Then, we apply
Theorem [2.5| with ¢ = d x d, s = (x,y) and
E =01 xQn, \I/((m,y),t,q)Zf(x,x—i—y,q—i-Mf),

and use Fatou’s Lemma to infer

(M) > min{p(¢), R} lim inf/ [,z 4y, Vi(z,y) + ME) de dy d§
Br J=rtoo 1Y/ Q1

> [ min{p(e). R} / F(@, 2+, Vi(z,y) + Me) dr dy de,
Br 1 JQ1

which, by the arbitrariness of R > 0 and V' € C, implies
o(M) > inf{/BT p(é)/1 o flxyz+y,V(z,y)+ M&) dadydE : V € C}.
For the sake of notation, we set
FO)i= [ p@ [ [ oo+ g Vi) + 26 dudyds
Br 1/

so that
(M) > inf{F(V):V eC}.
Let us suppose first that
p(&)f(z,y,2) = p(=&) f(z,y, —2) (H1)
for a.e. &,x,y € R? and for every z € R™. Using a change of variables and , we have that

F(V) = /B p6) [ S+ Vi 9) 4 MO drdy de
- /B p) [ Sty Vi) — ME)dady de
- /B pE) [ 5tV )+ M) drdyd
= F(=V);
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therefore, recalling , we infer

F(0) < 5 =F(V)
The arbitrariness of V' yields
ez PO = [ o) [ [ sa ety a0 draye (39)

which, using Fubini’s Theorem and , yields the desired lower bound.

Assume now that

[ oterds = +oc (12
Rd
and let V' € C. The lower bound in (GC) implies that

p(&) f(x, x4y, V(z,y) + ME&) > ap()|V (z,y) + MEP

for a.e. &, 2,y € R? and for every z € R™, and since there exist positive constants ci, cp such that
|21 + 22|P > c1|z1|P — ca|22|P for every z1, 22 € R™, we infer that

p&) f(z, x4y, V(z,y) + ME) + acap(§)| MEIP > acip(§)|V (z,y)[P.

Integrating this inequality, we get
F©V) +aes [ p@largrae = ae( [ peag)([ [ W aray);
Br Br 1 1
therefore, by and (H2|), we get that F(V) is finite only if V' = 0, which implies .

3.2.2 Upper bound

In order to prove the optimality of the previous lower bound, we recall that, according to (i) of
Proposition we have

@(M) = lim inf{(ff)d/B p(&)/(@ ) (g)f(a?,er)\jf, “(x+kf)*“(”))dxd5:
T /50N

j—4oo j

u € Dy, m(Qrys,; Rm)}

for some r > 0. We use u(z) = Mz as a test function for these minimum problems to obtain

L J.\a
o0 <tmint (2)° [ 9t | o NN

jotoo \ T

Jj—+oo

< liminf /B pO) [ w26 M) dade (40)

where the last inequality follows by (]ED
On the one hand, if we apply Lemma [3.7| with V; = 0 for every j € N, we have that

0 = [ fla 6 MEdr / F(,y, ME) da dy

weakly in L'(Br).
On the other hand, we observe that {pg;}; is an equi-integrable sequence in L!(Br) since, by

(GC)), we have
/ p(€)g;(€) de < BIMP / p(E) €l de
A A
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for every A C B measurable and p has finite p-th moment according to . Then, it is not restrictive
to suppose that pg; — © weakly in L'(Br) as j — 400.
We claim that

p(€) / [ sy Mg drdy = 0(6) (41)

for a.e. £ € Br. Let Xr := X{ceBrpe)<ry and ¥ € C°(Br). Since pxry € L>(Br), by the weak
convergence of {g;}; we infer

im [ @@ de = [ pn@w© ([ [ s me) vay) ac

j—+o0 Br Br

and analogously, since xgry € L°°(Br), we have

lim P(E)xr(€)V(§)g;(€) dE = [ O(&)xr(§)V(E) dS.

JA)+OO Bt Br
We deduce that
o [ [ g0 016 dr iy = 000

for a.e. £ € By such that p(¢) < R and for every R > 0; and since the set {£ € R? : p(¢) = +o00} has

measure zero in virtue of , we infer .
Recalling we conclude

e(M) <liminf | p(§) | flz,x+ A, ME)dxdS

J=+ee JBr Q1

Jj—+oo

SN VGTIGES
- / o(€) / f(r,y, ME) da dy d,
Br 1JQ1

which proves the upper bound.

Remark 3.8. As a byproduct, the above arguments show that

/BT/I/lp(g)f(x’vaf)dxdydf
= lim inf{/ p(f)/ f(x’x+/\j§7 u(z + A;€) —u(x)> dode s u e L;;M(QURm)},
Br 1

Jj—r+oo )‘j

and therefore, although in an indirect way, we obtain that (iii) of Proposition is valid also for
A = 4o00. We point out that, in this case, we also had to also resort to the assumption (H1)) or (H2).

3.2.3 Further comments on the supercritical case

We discuss our necessity to assume (H1)) or (H2) in order to treat the supercritical case A = +00. We
just proved that if a certain ¢ is a density for the I'-limit, then

o) zint{ [ () | [ St V) - M dedyde Ve

for all M € R™*4. Inspecting the proof, we note that our argument is only based on the equi-
boundedness of the difference quotients

; Vil .
Vi(z,§) == , JeEN,



which implies that (up to subsequences)

vi(z +§) —

vi(z)
¥ V(z,§)

weakly in LP(Q1 x Q1;R™) for some V' € C, but it does not exploit the fact that {u;(z) = vj(x)+Ma};
is a sequence of minimizers for the problems appearing in (i¢) of Proposition This may lead us to
believe that there is some room for an improvement: for instance, we may suspect that, incorporating
the optimality of {u;};, it may be possible to directly prove that

vi(x + &) —v;(2)
Aj

0, (42)

which would allow us to prove (#i4) of Theorem n without any additional assumptions. According
to the next Proposition, this may not be the case, even for a simple choice of the density f.
Let {¢;};,{0;}; be vanishing sequences such that \; :=¢;/0; = +00 as j — 400 and consider

B0 = [ [ B

with p a kernel in L' (R%) N L>°(R?) supported on By for some T > 0 and fulfilling and (pg)), and
a a non-constant (1-periodic function such that 0 < a < a(x) < 8 < +oo for a.e. € R?. With this
choice, we have that f(z,y,2) = a(r)|z|?, which implies that f(x,y, z) = f(x,y, —z) for a.e. 2,y € R?
and for every z € R, where we work in the scalar case m = 1 for the sake of simplicity. Therefore, we
have that is equivalent to

p(§) = p(=¢) (H1)
for a.e. £ € By and that fails.

Proposition 3.9. Let M € R, M 0, and, for all j € N, let u; be a minimizer for

inf{/B p(g)/ a(m)‘u(x + /\J)i) —u(@))? drd§ :u e Lié,M(Ql)}, (43)

let vj(z) == uj(z) — Mz, and let

_ @+ € —v(z)

Vi(z,€) iy

If V; = 0 weakly in L*(Q1 x Q1) as j — +oo, then
[ senrcac—o.
Br

Proof. Since p € L'(R%), it is possible to compute the Euler-Lagrange equations for the minimum
problems obtaining that for every j € N we have

/lgTP(f)/la(x)(Uj(x+)\i\i)_Uj(x))(w(x+>\i\i)_w(x))dxdf_o

for every w € L% ((Q1).
By first testing this equation with w(z) = v;(x), we infer
vi(x + X&) —v
[ oot©) [ a1t
Br 1 J

j(‘”)fdxdg

-~ [ nerne 5 a(x)(“f(”““g?‘“j(x))dxda (44)
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then, testing with w(z) = A\;w(z) for some w € Li’O(Ql), we obtain

[ o0 [ ato) (MR a1 0y6) — o)

_ / pOME [ a@)(@(x + NE) — () dude.  (45)
Br Q1

Now we note that Vj(z,\;§) — 0 weakly in L?(Q; x Br). Indeed, by (32), this sequence is
equi-bounded in L?(Q; x Br), hence, it suffices to test the weak convergence with the characteristic
functions of measurable sets E x Q C ()1 X Br, with Q a cube. Also using the equi-integrability of
{V;}; in LY(Q1 x Q1), it is immediate to observe that

. o —d
jgrfm/Q/EV;«x,Ajs)dxds—jgglooAj /W/vax,g)dxds

=1|@| lim /1/EV]-(x,§)d;vd§,

Jj—+oo

which equals 0 since V; — 0 by assumption. Passing to the limit in , we get

i [ P(f)/la(ff)’w(er)\j@_vj(x)‘zdxdgza

j—+oo )\]

which, by and the fact that inf a > «, implies

lim / /
Jj—+o0 By, 1
lim / /
Jj—+oo Br L

Upon assuming that |, o w = 0, by the Riemann-Lebesgue Lemma we have

(z) fdxdg —0,

1}]‘(.13 + /\35) — Uy
Aj

and then, by Lemma [3.1]

j(””)fdxdgzo.

vi(z+A€) —v
Aj

w(z+ A8 —w(z) = —w(x)

weakly in L?(Q; x Br) as j — +o00; hence, we pass to the limit in using the strong-weak
convergence to obtain

0= [ poneds [ o)
Br
Finally, properly choosing w, we get
| semeds =0,

which is the thesis. O

In this setting, if we choose p in such a way that also 1’ fails, we find a certain M # 0 for which
| ptoteds £o;
Br

and then, applying the above Proposition, we deduce that fails for the sequence {v;}; corre-
sponding to such M, as claimed.
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4 Proof of the main result

Finally, we prove Theorem removing the truncation assumption on the functionals.

Proof of Theorem[I_1 Let {T}}; be any sequence monotonically increasing to +oco and assume that
Th > ro and Q1 C By, for all h € N, where ry is as in . By Theorem and a diagonal argument,
there exists a subsequence {ji}r such that, for every h € N, the sequence of truncated functionals
{F ]-7;" (-, ) }x T-converges to a functional that admits the integral representation

Vu)de if ue WhP(A;R™),
FTr(u, A) 1= D(L7)- lim 7 (u, 4) = /A(ph( wde ifu (A;R™) (46)

e +00 if w e LP(Q;R™) \ WLP(A;R™)
for all A € Aueg(€2) and for some quasiconvex ¢, : R™*4 — [0, +00). By Lemma [2.1} we have that

D(LF)- Erfoo Fj (u,A) = lim FTn(u, A)

h— 400

for every u € LP(;R™) and A € Ayes(Q2). Clearly, {¢n} is an increasing sequence of functions;
therefore, by and the Monotone Convergence Theorem, we have

li Vu)dz if u € WHP(A;R™),
D(LP)- lim Fj, (u, A) = AhJToo en(Vu)de  ifu (4:R™)

Rt +00 if u e LP(Q; R™) \ WhP(A; R™)
for all A € Ayee(£2). In order to conclude, we prove that

lim ¢p(M) = fa(M)

h—+oco

for all M € R™*4 where fy is defined as in the statement of Theorem in accordance with the
value of \ € [0, 400]. Indeed, since fy is independent of the subsequence {ji }«, the conclusion follows
by the Urysohn property of the I'-convergence (see [14]).

Subcritical case, A = 0. Let M € R™*? be fixed. By Proposition we have that

lim ¢p(M)= lim inf{/B p(€) ; flz,z,(Vu)é)dedf - u e W;’f}W(Ql;Rm)}

h——+o00 h——4o00
. . 1, .TR™
<in{ [ o) [ o (Fu)e) dede - w e WS (@™
= fo(M).

Conversely, let {up}, C W;’ﬁw(Ql;Rm) be such that

Jm en(00) = [ p(e) [ S (Fun)e)dods (47)

and, without loss of generality, assume

/ updr =0 (48)
for every h € N. Combining with and (GC]), we have
sup/ / [(Vup)EIP d€ dax < 4005
h 1 /By,
and since there exists a positive constant C' such that

/ \Le[P dg > C|LJ?

70
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for every L € R™*?, we infer

sup/ [Vup|? dz < +o00.
h 1

This, together with , implies that there exists a subsequence {uy, }; converging to a certain u €
W#ﬁ\/f(Ql; R™) weakly in W1?(Qq;R™). As a consequence, we get that, for any R > 0 fixed,

(Vun, (2))§ = (Vu(z))¢

weakly in LP(Qq x Br;R™) as i — +o00.
Since f satisfies and (HO), we apply Theorem [2.5| with £ = d x d,s = (£, ), and

E = Q1 x Bg, W((f,x),y,z) = P(f)f(fca%z),

to obtain

lim @, (M) = lim p(&) [ [z, (Vup,)E) da dg

h—4o0 i——00 BTh,i ol}

> / o(€) | flww, (Vu)e) du de,
Br Q1

and, by the arbitrariness of R > 0,

h—+o00

lim @n(M) > / O [ fler (Vi) dede

> mf{/Rd p(g)/Q F(z, 2, (V)€) dede - u e W;MQl;Rm)}
= fo(M),

concluding the proof in the subcritical case.
Critical case, A € (0,+00). Fix M € R™*4. By Proposition we have that

lim ¢p(M)= lim inf{/BTh p(f)/1 f(x,m—i—)\f, u(m—&—)\i) —u(x)) drd:u e L;M(Ql;Rm)}

h—+oo h—+oco

< inf{/Rd p(ﬁ)/l f(m,x+)\§, “(“Ai) _“(x)) dede :ue L%,M(Ql;Rm)}.

To prove the converse, let {up}n C LY ,/(Q1;R™) be such that

lim p(M) = lim p(€) / f(x, ey, @ Ai) - “h(x)) dz de

h—+oc0 h—400 Br
13

and suppose that holds for every h € N. Reasoning as in the subcritical case, we have
AE) — P
sup/ / ‘uh(m—i— 9 uh(x)’ dx d¢ < 400,
h JB., JQ A

and then, applying (i¢) of Lemma with A = Q1 and r = 1y, we obtain that there exists a
subsequence {uy, }; and a function u € LY, ;,(Q1;R™) such that

un: (2 + AE) —un;(x) _ ulz + ) —u(z)
A A

weakly in LP(Q1 X Br;R™) as ¢ — 400, for any R > 0 fixed. The conclusion now follows as for the
subcritical case. Indeed, we apply Theorem in the same way to obtain

; AE) — up,
S oo = tin [ 0@ [ oo ag BRI asg

> /B p(ﬁ)/l £ g, MEFA DY g g
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and, by the arbitrariness of R and u, we conclude that

lim op(M) > inf{/Rd p(f)/l f(x,x+Ag, “(“Ai) _“(x)) dede :ue L;,M(Ql;Rm)}.

h—+oo

Finally, using the change of variables y := x + A&, we get

inf{/Rd p(€) /Ql f(m,x+ 2, ot Ai) - “(x)) dodé - u € Li,M(Ql;Rm)} = (M),

that is the thesis.

Supercritical case, A = +o0o. In this case the proof is immediate; indeed, by Proposition and
the Monotone Convergence Theorem,

lim ¢p(M)= lim / / / flz,y, M&) dx dy d€
h—+oco h—-+oo BT, . )

/HQd/I/I f(x,y, M) dx dy d§

- f +oo
for every M € R™*?, concluding the proof. O

As a corollary, we extend (7i7) of Proposition to kernels that are not necessarily supported on a
ball, and also to the case A = +o0. Consequently, we obtain that the densities { f} vary continuously
with respect to A.

Corollary 4.1. Let M € R™*? and let {\;}; be a positive sequence converging to A € [0, +o0]. Then

AM) = lim inf{/Rd p(g)/ f(x,x+/\j§, u@ + Aé) ’“(I))da:dgzue L;M(Ql;Rm)}.

Jj—+oo )‘j
Moreover, the function A — fx(M) is continuous in [0, +0o0].

Proof. According to (i4) of Theorem and a change of variables, we need to prove that

f)\(M): hm f)\( )

j—+oo

Let us first suppose A € [0, +00) and let {u;}; C L%, 1/ (Q1;R™) be such that

liminf fy, (M )7hm1nf/de(f)/ f(x :E+)\§, U@+ A8) = ())dxdf.

j—+oo j——+oo )\]

Upon assuming that the mean value of u; on @ is zero for all j € N, we obtain compactness
properties for the sequence {u;}; reasoning exactly as in Section 3 for the proofs of the lower bounds
in the subcritical and critical cases, and then, also resorting to Theorem we get that

fiminf £1,(00) = i { [ (@) [ o (Twe drds € WS (QuR™))

Jj—4o00
= fo(M)

if A =0, and that

ljlgnirng (M) > inf{/Rd p(f)/l f(x,er)\g’ u(x+A§) —u(:c)) dedé:ue L;M(Ql;R@}
= fa(M)
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if A € (0,400). Conversely, to prove that
limsup fy; (M) < fa(M),

Jj—4o00

we observe that

limsup fy, (M) < limsup/ p({)/ f(x,x + A8, w(x + A;€) — w(x)) dx d§ (49)
R4 1

Jj—4o00 Jj—4o0 )\j

for any w € LY, ;,(Q1;R™), and that

[0 [ (e HEAI ) grae

tends to

/ o© [ fz, (Vw)e) de de
R4 Q1

if A=0and w e W;gﬁw(Ql;Rm) N C>(R%R™), and tends to
w(z + A§) —w(x
[ 00 [ 5w rg MDY gy g

if A€ (0,+00) and w € LY 1 (Q1;R™) N C>=(R%;R™). Then, letting w be a (almost) minimizer for
the minimum problem corresponding to fo(M) or to fx(M), we infer the desired inequality by .

To conclude, we consider the case A = +00. On the one hand, letting T" > 0 sufficiently large so
that Remark [3.8]is valid, we have

liminf fy, (M) > lim inf{/ p(g)/ f(:z:,er)\jg’ u(z + X;€) —u(x)) dedé:ue L;M(Ql;gm)}
Br 1

j—+oo j—+oo )‘J

_ /B T / | / (€ w.y, M) drdy

and then, letting T" — +o0,
liminf £y, (M) > f1o0(M).

Jj—+oo
Conversely, we recall that, in order to prove the upper bound for the supercritical case in section 3,
we proved that

p(6) [ Flesa+ Nje, ME) da — p(€) / F(w,y, ME) da dy
Q1 1 JQ1

weakly in L'(Br) for any T > 0 large enough. By (GC) and , we have that for a.e. ¢ € R? and
for every j € N it holds

p(€) : flz, o+ N€ ME) dx < BIMPp(€)|EP € LY (RY);

and therefore, we deduce that

o) [ g e dn—p) [ [ sy, dudy
Q1 1 Q1
weakly in L!(R?). We obtain
froc) = [ ][ ol€)s o ME) drdy g

= lim [ p© [ fla,e+ NE ME)dede

j—+oo Jrd Q1

> limsupinf{/ p(g)/ f(x,x + A€, uz+ )\Jf) — u(x)) drdf:u€ L;M(Ql;Rm)}
Jj—r+oo R4 1 J

— Timsup fi, (M),
Jj—+o0
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where we have used u(z) = Mz as a test function for the minimum problems. This concludes the
proof. O

Remark 4.2. A milder growth condition from above on f can be required upon enhancing the
integrability of p at the origin. In particular, we may require in addition that

/ p(§) d§ < +oo, (50)
R4
in order to replace (GC|) with

alz|P < f(z,y,2) < B(1 4 |z|P) for almost every z,y € R? and for every z € R™. (51)

Indeed, there are only a few points in our proofs where a growth condition from above on f is employed.
We mention some of them and briefly illustrate how to modify the proofs according to the new set of
assumptions.

In the first part of the proof of Proposition we observed that

Sind
(4) / p(€)/ f(z, x4+ A€, ME) da dg (52)
r Br (Qrr/5;1)2; (O\(Qrys;)x; (§)

tends to 0. Recalling and using , it is easily seen that is estimated from above by
§ind
() 18308 [ o)1+ MPIep) de
T
and since we already proved that
95\ P P
(%) 118 | pe)lel de

Br

tends to 0 as j — 400, it suffices to observe that

(2)1mls [ oteae

vanishes by and the fact that (6;/r)%|E;| — 0.

In the upper bounds for the case A € [0,400) in Section 3, is employed to obtain some
uniform bounds from above useful to apply the Dominated Convergence Theorem. As an example,
we observe that inequality is now replaced by

p(&)f (z, x, (Vu(x))§) < Bp(E)(1 + [€[°[Vu(z)[?)  for a.e. (z,£) € Q1 x Br,

and the desired estimates are now obtained also resorting to .
In the supercritical case A = +oo, similar simple adaptations are needed in the proofs of Lemma
[3-6] and Lemma [3.7] As for the proof of the upper bound, it suffices to observe that

p(&) 0 fl@,z+ A6, M&)de, jeEN,

is still an equi-integrable sequence since, by , we have that, for every j € N and A C By measur-
able, it holds

[ 0@ [ st g nre)ands < 5] [ pleyac+ [ polarerrac)

A Q1 A A

so that the conclusion follows by . Clearly, in this case, the main result holds true assuming (H1]).
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