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SOLUTION AND VISCOSITY SOLUTION IN THE WASSERSTEIN SPACE

AND REGULAR EXTENSION OF THE HAMILTONIAN IN L2
IP.
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This document contains additional proofs to the section 4.3. of the article [3].
Indeed, in an interesting discussion with Giulia Cavagnari, she made me realize that
the second part of Proposition 4.27. (that is VL is a supersolution), proved with the
only help of the dynamic programming principle, (given in remark 4.26.) is not ob-
vious at all. Indeed, as she mentioned, for some X, VL(t0, X) might have no optimal
trajectories. She is quite right and a lemma will be added in the present document
to avoid this difficulty. I will also provide the proof of remark 4.26. which is not
included in the orignal document

This addendum is organized as follows: in a first part we will recall briefly the
setting of section 4.3; then I will give the proof the dynamic programming principle
of remark 4.26.; in a third part I will prove that VL is a supersolution of the suitable
Hamilton-Jacobi-Bellman equation.

0.1. Setting of the problem. Given a bounded, uniformly continuous mapping
G : P2(Rd)→ R, we study the following value function defined for all t0 ∈ [0, T ] and
µ ∈ P2(Rd):

V(t0, µ) := inf
(vt,µt)

{G(µT ) : t ∈ [t0, T ] 7→ (vt, µt) admissible and µt0 = µ}.

A couple (vt, µt) is said to be admissible in [t0, T ] if:
• t ∈ [t0, T ] 7→ µt ∈ P2(Rd) associated with vt is in AC2([t0, T ],P2(Rd)).
• it exists u : [0, T ]× Rd → U Borel such that:

vt(x) = f(x,u(t, x), µt) a.e. t, µt-a.e.

HereU is a compact, convex and separable Banach space and f : Rd ×U× P2(Rd)→ Rd
satisfies the following assumptions:

• f is affine in u, that is for all (x, µ) ∈ Rd × P2(Rd), u,v ∈ U and t ∈ [0, 1]:

f(x, (1− t)u + tv, µ) = (1− t)f(x,u, µ) + tf(x,v, ν),

• f is continuous and it exists L > 0 such that for all (x,u, µ) ∈ Rd×U×P2(Rd)
and (y, ν) ∈ Rd × P2(Rd):

|f(x,u, µ)− f(y,u, ν)| ≤ L (W2(µ, ν) + |x− y|) .
Given a fixed complete probability space (Ω, B(Ω), IP), we consider the lift of V

which is given for all t0 ∈ [t0, T ] and X ∈ L2
IP(Ω,Rd) by (see [2] and [3]):

VL(t0, X) = inf{G(XT ]IP) : t 7→ Xt is admissible and Xt0 = X},
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a map t 7→ Xt is said to be admissible for VL(t0, X) if for some u : [t0, T ]× Ω→ U
Borel:

• t 7→ Xt is in W 1,2([t0, T ], L2
IP(Ω,Rd)),

• Ẋt(ω) = f(Xt(ω),u(t, ω), Xt]IP) a.e. t, IP-a.e. ω ∈ Ω.

In the next section, we show that VL satisfies a dynamic programming principle
inherited from the corresponding one for V.

0.2. Proof of the Remark 4.26. The remark 4.26. states that for all s < t and
X ∈ L2

IP(Ω,Rd):

VL(s,X) = inf {V (t,Xt) : τ 7→ Xτ is admissible for VL(s,X) and Xs = X} .

We denote by W (s,X) the right hand side of the equality.
Step 1: It is easy to see that:

W (s,X) ≤ VL(s,X).

Indeed take τ ∈ [s, T ] 7→ Xτ an admissible for VL(s,X). On the one hand its
restriction to [s, t] is admissible for W (s,X) and, on the other hand, its restriction
to [t, T ] is admissible for VL(t,Xt) so that:

W (s,X) ≤ VL(t,Xt) ≤ G(XT ]IP).

Taking the infimum of the right hand side on all admissible trajectories for VL(s,X)
gives the result.
Step 2: We use the following dynamic programming principle proved in [4]:

V(s, µ) = inf
(vτ ,µτ )

{V(t, µt) : (vτ , µτ ) is admissible for V(s, µ) and µs = µ}

with µ the law of X. Denote by W(s, µ) the right side of the equality. Then
for any admissible trajectory τ ∈ [s, t] 7→ Xτ for W (s,X), by Proposition 4.22
of [3] (see also [2] and [5]), τ ∈ [s, t] 7→ Xτ ]IP is admissible for W(s, µ) and as
V(t,Xt]IP) = VL(t,Xt), we get:

W(s, µ) ≤W (s,X).

Finally, recalling step 1:

VL(s,X) = V(s, µ) =W(s, µ) ≤W (s,X) ≤ VL(s,X).

�

0.3. VL is a viscosity supersolution. In this section we prove the following propo-
sition using the dynamic programming principle above:

Proposition 0.1. The lift VL of V is the unique viscosity supersolution of the fol-
lowing equation:{

∂tU(t,X) + H2(X,DXU(t,X)) = 0 ∀(t,X) ∈ [0, T [×L2
IP(Ω,Rd)

U(T,X) = G(X]IP) ∀X ∈ L2
IP(Ω,Rd)

with: H2(X,Z) = inf

{∫
Ω
f(X,v(X,Z), X]IP) · Z dIP : v : R2d → U Borel

}
.

We will need the following lemma:
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Lemma 0.2. Let t ∈ [0, T ], X ∈ L2
IP(Ω,Rd) and (pt, Z) ∈ D−VL(t,X) ( or D+VL(t,X)).

It exists (X ′, Z ′) such that:

(X,Z)]IP = (X ′, Z ′)]IP, Z ′ ∈ D−VL(t,X ′) (resp. D+VL(t,X ′) )

and an optimal trajectory exists for VL(t,X ′).

Proof of the Lemma: We do the proof for D−VL, the proof for D+VL being the
same. Let γ = (X,Z)]IP and µ the law of X. Recall that:

(pt, Z) ∈ D−VL(t,X)⇔ (pt, γ) ∈ D−AGSV(t, µ)

(see Definition 4.12., Example 4.13 in [3] and the results in [5]).
It was proved in [4], that an optimal trajectory τ ∈ [t, T ] 7→ µτ exists for V(t, µ).
Denote by eτ the evaluation map:

eτ : (x, σ) ∈ Rd × C([t, T ],Rd) 7→ σ(τ) ∈ Rd.

Let η ∈ IP(Rd × C([t, T ],Rd)) associated to τ 7→ µτ by the superposition principle
([1], Theorem 8.2.1.), in particular eτ ]η = µτ . Let us disintegrate γ and η and glue
them together:

η = ηx ⊗ µ(x), γ = γx ⊗ µ(x), m(x, z, σ) = γx(z)⊗ ηx(σ)⊗ µ(x).

It exists (X ′, Z ′, S) ∈ L2
IP(Ω,Rd)2×L2

IP(Ω, C([t, T ],Rd)) such that (X ′, Z ′, S)]IP = m.
As a consequence (X ′, Z ′)]IP = γ. Then, as (pt, γ) ∈ D−AGSV(t, µ):

(pt, Z
′) ∈ D−VL(t,X ′).

Moreover denoting by Sτ = eτ ◦ S, we get τ 7→ Sτ an admissible trajectory for
VL(t,X ′) (see for instance [5], proof of Theorem 2.1., i)). As we have:

V (t,X ′) = G(µT ) = G(XT ])IP

the trajectory τ 7→ Sτ is optimal for VL(t,X ′). �

Proof of the Proposition: Let (t,X) ∈ [t0, T [×L2
IP(Ω,Rd), (pt, Z) ∈ D−VL(t,X).

Take X ′ , Z ′ given by the above Lemma and τ 7→ X ′τ optimal for VL(t0, X
′), denote

by u : [t0, T ]× Ω→ U the associated control.
By Remark 4.26. for h > 0 small enough:

0 = VL(t+ h,X ′t+h)− VL(t,X ′).

Moreover, as (pt, Z
′) ∈ D−VL(t,X ′):

VL(t+ h,X ′t+h) ≥ VL(t,X ′) + pth+ 〈X ′t+h −X ′, Z ′〉+ o
(√

h2 + ‖Xt+h −Xt‖2
)

so that:

(1) 0 ≥ pth+ 〈
∫ t+h

t
f(X ′τ ,u(τ, ·), X ′t]IP) dτ , Z ′〉+ o

(√
h2 + ‖Xt+h −Xt‖2

)
.

Note that, it exists a constant M ≥ 0 such that (see [2], Proposition 4.9.):

‖X ′τ −X‖ ≤M |τ − t|.
This implies, by the Lipschitz property of f :

‖
∫ t+h

t
f(X ′τ ,u(τ, ·), X ′t]IP) dτ −

∫ t+h

t
f(X ′,u(τ, ·), X ′]IP) dτ‖
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≤ 2L

∫ t+h

t
‖X ′τ −X‖ dτ ≤ 2LM

∫ t+h

t
|τ − t| dτ = LMh2.

So that:

〈X ′t+h −X ′, Z ′〉 = 〈
∫ t+h

t
f(X ′τ ,u(τ, ·), X ′t]IP) dτ, Z ′〉

≥ 〈
∫ t+h

t
f(X ′,u(τ, ·), X ′]IP) dτ, Z ′〉 − LMh2.

Now setting m(ω, x, z) = (Id,X ′, Z ′)]IP = mx,z(ω)⊗γ(x, z), as (X,Z) has the same
law of (X ′, Z ′), as f is affine in u:

〈X ′t+h −X ′, Z ′〉 ≥ 〈
∫ t+h

t
f(X ′,u(τ, ·), X ′]IP) dτ, Z ′〉 − LMh2

≥ −LMh2 +

∫ t+h

t

[∫
Ω
f(X ′(ω),u(τ, ω), X]IP) · Z ′(ω) dIP(ω)

]
dτ

≥ −LMh2 +

∫ t+h

t

[∫
Ω×R2d

f(x,u(τ, ω), X]IP) · z dm(ω, x, z)

]
dτ

≥ −LMh2 +

∫ t+h

t

[∫
R2d

f(x,

∫
Ω
u(τ, ω) dmx,z(ω), x) · z dγ(x, z)

]
dτ

≥ −LMh2 +

∫ t+h

t

[∫
Ω
f(X,v(τ,X,Z), X]IP) · Z(ω) dIP(ω)

]
dτ

≥ −LMh2 + hH2(X,Z)

where, for almost every τ , we have set: v(τ, x, z) =

∫
Ω
u(τ, ω) dmx,z(ω). Then,

recalling (1), this leads to:

0 ≥ pth− LMh2 + hH2(X,Z) + o
(√

h2 + ‖Xt+h −Xt‖2
)
.

Dividing by h and making h go to 0 gives the desired inequality. �
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