ADDENDUM TO: EQUIVALENCE BETWEEN STRICT VISCOSITY
SOLUTION AND VISCOSITY SOLUTION IN THE WASSERSTFEIN SPACE
AND REGULAR EXTENSION OF THE HAMILTONIAN IN L%.

CHLOE JIMENEZ

This document contains additional proofs to the section 4.3. of the article [3].
Indeed, in an interesting discussion with Giulia Cavagnari, she made me realize that
the second part of Proposition 4.27. (that is V7, is a supersolution), proved with the
only help of the dynamic programming principle, (given in remark 4.26.) is not ob-
vious at all. Indeed, as she mentioned, for some X, Vi (tg, X) might have no optimal
trajectories. She is quite right and a lemma will be added in the present document
to avoid this difficulty. I will also provide the proof of remark 4.26. which is not
included in the orignal document

This addendum is organized as follows: in a first part we will recall briefly the
setting of section 4.3; then I will give the proof the dynamic programming principle
of remark 4.26.; in a third part I will prove that V7, is a supersolution of the suitable
Hamilton-Jacobi-Bellman equation.

0.1. Setting of the problem. Given a bounded, uniformly continuous mapping
G : P2(R%) — R, we study the following value function defined for all ¢y € [0, T] and
wE P (Rd):

V(to, ) :== inf {G(ur) :t € [to, T] — (vt, p) admissible and py, = p}.
(vt,41t)
A couple (vg, py) is said to be admissible in [tg, T if:
o 1 € [tg, T] = py € Pa(RY) associated with vy is in AC2([tg, T], Po(R%)).
e it exists u: [0,7] x R? — U Borel such that:
v(z) = fx,u(t,z), uy) a.e. t, p-a.e.

Here U is a compact, convex and separable Banach space and f : R? x U x Py(R4) — R?
satisfies the following assumptions:

e f is affine in u, that is for all (z, ) € R% x Po(R?), u,v € U and t € [0, 1]:
flz,(I=tha+tv,p) =1 —t)f(z,u,p) +tf(z,v,v),

e fis continuous and it exists L > 0 such that for all (x,u, 1) € RYx U xPy(R?)
and (y,v) € R? x Py(RY):

|f(l‘>u7:u) - f(y,u,u)| < L(WQ(le/) + |[L‘ _y|) :
Given a fixed complete probability space (€2, B(f2),IP), we consider the lift of V
which is given for all ¢y € [to, 7] and X € L%,(Q,R?) by (see [2] and [3]):

ViL(to, X) = inf{G(X74IP) : t — X, is admissible and X;, = X},
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a map t — X is said to be admissible for V7, (to, X) if for some u: [tg, 7] x @ - U
Borel:

o t > Xy is in WH2([to, T], LE(Q, RY)),
o Xi(w) = f(Xi(w),u(t,w), XufIP) a.e. t, P-a.e. w € .

In the next section, we show that V7 satisfies a dynamic programming principle
inherited from the corresponding one for V.

0.2. Proof of the Remark 4.26. The remark 4.26. states that for all s < ¢ and
X € LL(Q,RY):
Vi(s,X) =inf{V(¢t,X;) : 7+— X, is admissible for Vi (s, X) and X, = X}.

We denote by W (s, X) the right hand side of the equality.
Step 1: It is easy to see that:

W(s, X) < Vi(s, X).

Indeed take 7 € [s,T] — X, an admissible for Vi (s, X). On the one hand its
restriction to [s,t] is admissible for W (s, X) and, on the other hand, its restriction
to [¢t,T] is admissible for V7, (¢, X;) so that:

Wi(s, X) < VL(t, Xi) < G(XrilP).
Taking the infimum of the right hand side on all admissible trajectories for V7, (s, X)

gives the result.
Step 2: We use the following dynamic programming principle proved in [4]:

V(s,u) = inf {V(t, ) : (vr, pr) is admissible for V(s, pu) and ps = p}

(vrpr)

with u the law of X. Denote by W(s, ) the right side of the equality. Then
for any admissible trajectory 7 € [s,t] — X, for W(s, X), by Proposition 4.22
of [3] (see also [2] and [5]), T € [s,t] — X fIP is admissible for W(s, u) and as
V(t, XifIP) = Vi.(t, X¢), we get:

W(s, ) < Wi(s, X).
Finally, recalling step 1:
VL(SaX) = V(S,,LL) = W(‘Sa/") < W(SvX) < VL(S7X)'
O

0.3. VL is a viscosity supersolution. In this section we prove the following propo-
sition using the dynamic programming principle above:

Proposition 0.1. The lift Vi, of V is the unique viscosity supersolution of the fol-
lowing equation:

QU (t, X) + Ho(X, DxU(t, X)) = 0 Y(t, X) € [0, T[x L% (2, RY)
{ U(T,X) = G(XtP) VX € LL(Q,RY)

with: Ho(X, Z) = inf{/ f(X,v(X,2),X4IP)- Z dIP : v:R?* - U Borel }
Q

We will need the following lemma:
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Lemma 0.2. Lett € [0,T], X € LL(Q,RY) and (p, Z) € D™VL(t, X) (or DTV (¢, X)).
It exists (X', Z") such that:
(X’ Z)jj]P = (X/7Z,)Ij]P7 VARS D_VL(t’X,) (7"68]). D+VL(t)X/) )
and an optimal trajectory exists for Vi (t, X').

Proof of the Lemma: We do the proof for D™V}, the proof for D™V}, being the
same. Let v = (X, Z)fIP and p the law of X. Recall that:
(pta Z) € D_VL(t7 X) ~ (pt7 7) € D;}GSV(tv :U)

(see Definition 4.12., Example 4.13 in [3| and the results in [5]).
It was proved in [4], that an optimal trajectory 7 € [t,T] — u, exists for V(t, u).
Denote by e, the evaluation map:

er: (x,0) € R x C([t, T],R?) o (1) € R%
Let n € P(R? x C([t,T],R%)) associated to T + ju, by the superposition principle

([1], Theorem 8.2.1.), in particular e ffn = p,. Let us disintegrate v and n and glue
them together:

n=n"@ux), v=9"@ux), mz0)=7"(2)@n"(c)® u(x).
It exists (X', Z',9) € L& (Q,RY)2x L4 (Q,C([t, T],R?)) such that (X', Z’, S)4IP = m.
As a consequence (X', Z")fIP = ~. Then, as (p;,7) € D ogV(t, 1):
(pt, Z/) (S D_VL(t, X/)

Moreover denoting by S; = e, o S, we get 7 — S, an admissible trajectory for
VL(t, X") (see for instance [5], proof of Theorem 2.1., 1)). As we have:

V(t,X") = G(ur) = G(X7t)P
the trajectory 7 +— S; is optimal for Vg (¢, X'). O

Proof of the Proposition: Let (t,X) € [to, T[xL%(Q,RY), (p, Z) € D™VL(t, X).
Take X', Z’ given by the above Lemma and 7 — X/ optimal for Vi (t9, X'), denote
by u : [to, T] x  — U the associated control.

By Remark 4.26. for A > 0 small enough:
0=Vr(t+h,X{,p) — Vi(t, X').

Moreover, as (p, Z') € D~V (t, X'):

VE(E+ B X ) = Vi XT) o+ (XL = X', 2') + 0 (V2 5 K — XiIP)

so that:
t+h

(1) 0=ph+(]  FXuln), XgP)dr, Z) +o (ViZ+ X — Xi]2).
t

Note that, it exists a constant M > 0 such that (see [2], Proposition 4.9.):
IX7 = X|| < M| — .

This implies, by the Lipschitz property of f:

t+h t+h
H ] f(X;'vu(Tv)vXtIﬁIP) dr — ] f(X/au(TW)aX/ﬁIP) dTH
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t+h t+h
§2L/ |yX4—XHdT§2LM/ |7 — t|dr = LMR2.
t t

So that:

t+h
< Ig-i-h _X/aZ/> = < f(X;_,LI(T, )’Xéﬁ]P) dT, Z/>
t
t+h
> ( f(X' u(r,-), X'$1P) dr, Z') — LMh?.
t

Now setting m(w, x, z) = (Id, X', Z"){IP = m™?*(w) ® y(x, 2), as (X, Z) has the same
law of (X', Z'), as f is affine in wu:

t+h
< é—i—h - Xlaz/> > < f(X,,ll(T, )7X/ﬁ]P) dTa Z/> - LMh2

t
t+h T
> —LMh? + /t /Q f(X (W), u(r,w), X4IP) - Z'(w) d]P(w)] dr

t+h
> —LMh? + / / f(z,u(r,w), X{P) - zdm(w, x, z)] dr
t L/ QxR2d

Y

—LMh? + /:Jrh :/de f(m,/gu(T,w) dm®™*(w),x) - zdy(z, z)} dr

v

t+h T
— 2 v(T - Z(w w)| dr
LMh +/t _/Qf(X, (r. X, Z), XtIP) - Z(w) dIP( )}d

> —LMh? + hHy(X, Z)

where, for almost every 7, we have set: v(7,z,z) = / u(7,w) dm®?(w). Then,

Q

recalling (1), this leads to:

0> pth — LMh? + hH5(X, Z) + o (\/hZ [ Xn — XtH2> .

Dividing by h and making h go to 0 gives the desired inequality. O
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