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Abstract. The approximation of brittle laws via steeper and steeper cohesive profiles is vali-
dated within the mechanical setting of debonding models, which describe the detachment process
of a peeled elastic adhesive membrane. In a quasistatic framework, energetic solutions to a suit-
ably rescaled cohesive debonding problem, formulated in terms of displacements, are proved to
converge to a limit evolution of shapes solving its brittle counterpart. The proposed approach
relies on an equivalent and recently introduced free-boundary reformulation of this latter model.
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Introduction

In the last decades, the variational modelling of failure mechanisms in elastic materials has
generated an increasing interest within the mathematical community, initiated by [9] in the
framework of fracture mechanics, and directly extended to delamination or debonding models.
In literature, such degradation phenomena are usually classified in the two cathegories of brittle
and cohesive. The former case, whose energetic interpretation has been pioneered by Griffith
[12], describes an abrupt process occurring instantaneously and which thus divides the object
into a completely sound and a completely collapsed region. On the contrary, as envisaged by
Barenblatt [2] (see also [11]), the latter case illustrates a more gradual behaviour somehow
introducing mixed zones in which the material is just partially broken.

This indicates that cohesive laws could be interpreted as a regularized version of brittle
ones. Indeed, at a formal level, the dissipation density of a brittle model is described by the
characteristic function χ{λ>0} of the positivity set of a certain nonnegative scalar quantity λ
(hence, the sets {λ = 0} and {λ > 0} represent the sound and the collapsed regions, respectively),

1



2 F. RIVA

while cohesive densities are modelled by a nondecreasing continuous function Φ(λ) satisfying
Φ(0) = 0 and lim

λ→+∞
Φ(λ) = 1 (so, the set {0 < Φ(λ) < 1} represents the partially broken part

of the material). Since clearly χ{λ>0} = lim
ε→0

Φ(λε ), one naturally expects that cohesive models

approximate brittle ones when the cohesive profile becomes steeper and steeper. Although
this can be easily made rigorous in a static scenario, where the theory of Γ-convergence [7]
directly applies due to the monotonicity of the map ε 7→ Φ(λε ), the problem becomes way more
challenging in the evolutive framework due to the emergence of an additional crucial feature:
the irreversibility of failure progression. In this setting, we are in fact not aware of any result in
this direction.

In the current paper we propose to verify such approximation in the context of debonding
models, focusing on the quasistatic regime. This means that inertial effects are neglected and
the process evolves through states of equilibrium [14].

Debonding models describe the evolution of an adhesive elastic membrane glued to a planar
rigid substrate and peeled away due to the application of an external prescribed displacement.
If the adhesion law between the membrane and the substrate is brittle, the process is usually
formulated in terms of an evolution of sets t 7→ A(t), representing the debonded region at time
t. In the quasistatic framework, the governing rules of the phenomenon are given by a global
stability condition and an energy-dissipation balance (energetic solutions):

E(t, A(t)) ≤ E(t, B) +

∫
B\A(t)

κ dx, for all B ⊇ A(t),

E(t, A(t)) +

∫
A(t)\A(0)

κ dx = E(0, A(0)) +

∫ t

0
P (τ) dτ.

(0.1)

Above, E(t, A) denotes the elastic energy of the membrane which at time t is debonded on A
(see (1.5)), while the integral term

∫
B\A κ dx accounts for the dissipation of energy occurring

by debonding the membrane from a certain configuration A to a larger one B. Indeed, the
function κ models the toughness of adhesion. The integrand P represents the power of the
prescribed displacement, see Definition 1.1 for its expression. Irreversibility of the debonding
process is finally encoded in the solution directly asking that t 7→ A(t) has to be nondecreasing
with respect to inclusion.

Such formulation of quasistatic brittle debonding has been first studied in [4], where existence
of a weaker notion of solution in terms of capacitary measures (rather than sets) have been
proved, and then in [13], where the authors showed existence of actual shape solutions to (0.1)
by resorting to an equivalent free-boundary reformulation which we will exploit also in this
paper. See also [18] for the simpler one-dimensional case.

In the cohesive setting the process is instead depicted in terms of displacements: the elastic
energy and the dissipation (pseudo-)potential now read as 1

2

∫
Ω |∇u|

2 dx and
∫

Ω Φ(x, u, γ) dx,

respectively. Here, Ω ⊆ Rd denotes the reference configuration of the membrane, while the
cohesive density (x, y, z) 7→ Φ(x, y, z), which somehow represents a regularized toughness, is
nondecreasing in y and z, and satisfies Φ(x, 0, 0) = 0 and lim

(y,z)→∞
Φ(x, y, z) = κ(x). Solving

the quasistatic cohesive debonding model means finding a map t 7→ (u(t), γ(t)), where γ is
nondecreasing, fulfilling γ(t) ≥ u(t) and

1

2

∫
Ω
|∇u(t)|2 dx+

∫
Ω
Φ(x, u(t), γ(t)) dx ≤ 1

2

∫
Ω
|∇v|2 dx+

∫
Ω
Φ(x, v, γ(t)) dx, for all suitable v,

1

2

∫
Ω
|∇u(t)|2 dx+

∫
Ω

Φ(x, u(t), γ(t)) dx = initial energy +

∫ t

0
P (τ) dτ.

(0.2)
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The main difference with respect to the brittle scenario is given by the additional variable γ,
which is crucial to preserve irreversibility; usually, γ(t) describes the maximal opening occuring
till time t, see (1.7). We point out that irreversibility cannot be asked directly on the displace-
ment u, since it is not the movement of the membrane which is monotone, but the progression
of degradation in the adhesion law. Thus, the additional variable γ is necessary for a proper
description of cohesive models. We also refer to [6, 8, 15] for more details.

We are now in a position to describe the result of the paper. We consider the rescaled
cohesive density Φε(x, y, z) := Φ

(
x, yε ,

z
ε

)
and we pick any energetic solution (uε, γε) of the

rescaled cohesive formulation (0.2). As ε → 0 we prove that the sequence uε(t) converges to a
limit displacement u(t), whose “irreversible”positivity set

Ã(t) :=
⋃

s∈[0,t]

{u(s) > 0} (0.3)

defines a solution to the brittle debonding model (0.1). We also mention that this cohesive-
to-brittle approximation of debonding models can be seen as the evolutive counterpart of the
singular perturbation analysis of the one-phase Bernoulli free-boundary problem, in the spirit
of [5, Chapter 1].

In order to properly understand the meaning of this result and the difficulties arising in its
proof, some considerations are due. First, the formal computation

lim
ε→0

(
1

2

∫
Ω
|∇u|2 dx+

∫
Ω

Φ
(
x,
u

ε
,
u

ε

)
dx

)
=

1

2

∫
{u>0}

|∇u|2 dx︸ ︷︷ ︸
≈E({u>0})

+

∫
{u>0}

κ(x) dx

suggests that expression (0.3) is the natural candidate, encompassing irreversibility, for a qua-
sistatic brittle solution. This can be actually made rigorous employing the equivalent reformu-
lation of the brittle model in terms of displacements developed in [13], which we will heavily
exploit in our argument, see Proposition 2.1.

Second, in order to pass to the limit the rescaled version of (0.2), especially the term∫
Ω

Φ

(
x,
uε(t)

ε
,
γε(t)

ε

)
dx, besides compactness of uε (actually trivial due to obviousH1 bounds)

it is crucial to identify a suitable sequence of sets, somehow modelling an ε-debonded region,
encoding the irreversibility information. Since no perimeter bounds are actually available, just
weak convergence of the characteristic functions of such sets can be obtained. This creates two
issues: in principle the limit evolution may not even be described by sets, and even if it was,
a link with the limit displacement u (and so with (0.3)) is definitely not clear. We overcome
these problems by introducing an artificial evolution of sets A(t), see (2.4), such that the pair
(u(t), A(t)) fulfils a version of the global stability condition and of an energy inequality (ob-
tained by sending ε → 0 in (0.2)) close to the equivalent reformulation of [13]. By means of
some further inspections, this is enough to ensure that (0.3) is actually a solution to the brittle
debonding model.

The contribution of this paper is thus twofold. On the one hand, we validate the cohesive
approximation of brittle models in the framework of quasistatic debonding. On the other hand,
we provide an alternative proof of existence of energetic solutions to the brittle debonding model.

The paper is organized as follows. In Section 1 we present in detail the framework of the
present work and we list the needed assumptions. We describe both the brittle and the cohesive
debonding model, and we state our main result, regarding the asymptotic analysis of rescaled
cohesive evolutions, in Theorem 1.5. Section 2 is devoted to its proof. We first recall the
equivalent free-boundary reformulation of brittle debonding introduced in [13], and then we
provide suitable compactness properties for both displacements and ε-debonded sets which will
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lead to the convergence of rescaled cohesive evolutions to solutions of such reformulation. At
the end of the paper we attach Appendix A, where we sketch the proof of existence of energetic
solutions to the cohesive debonding model.

Notations. The maximum (resp. minimum) of two extended real numbers α, β ∈ R∪{±∞} is
denoted by α∨ β (resp. α∧ β). For the positive and negative part of a real function f we write
f+ := f ∨ 0 and f− := −(f ∧ 0), respectively. The standard scalar product between vectors
v, w ∈ Rd is indicated by v · w.

Given a set Ω in Rd, we denote by M(Ω) the class of its Lebesgue measurable subsets, and
by L0(Ω) the space of Lebesgue measurable functions on Ω. We adopt standard notations for
Lebesgue, Sobolev and Bochner spaces. The space of absolutely continuous functions from an
interval [a, b] to a Banach space X is denoted by AC([a, b];X). For any family of scalar functions
Y (Ω), we indicate its subset of non-negative elements by Y (Ω)+.

When dealing with Lebesgue classes, we often avoid to explicitely write that a certain property
holds almost everywhere (or a.e.), although it in fact does. For the same reason, through the
paper inclusions or equalities of sets are to be meant up to sets of null Lebesgue measure.

1. Setting and main result

Let Ω ⊆ Rd, d ∈ N, be an open, bounded, connected Lipschitz set representing the refer-
ence configuration of an elastic adhesive membrane. We assume that the membrane is initially
debonded, i.e. adhesion is not present, on an open subset A0 of Ω, namely in the paper we are
not considering the problem of debond initiation. On Ω \ A0 instead, the adhesive effects will
be differently described, depending on whether we consider the brittle or the cohesive regime.

The debonding process is then triggered by an external, time-dependent, prescribed displace-
ment w acting on a portion Γ of the unstuck boundary ∂Ω∩∂A0 with positive Hausdorff measure.
For technical reasons, we require that

A0 contains a neighborhood of Γ. (1.1)

Although this assumption surely excludes certain situations, somehow related to debond ini-
tiation, it is completely natural in view of the mechanical applications, where some space is
needed in order to apply the prescribed displacement. As customary, the considered prescribed
displacement is the trace of a function defined on the whole of Ω, and we assume that

w ∈ AC([0, T ];H1(Ω)) satisfies 0 ≤ w ≤M in [0, T ]× Ω, (1.2a)

for a given positive constant M > 0. Without loss of generality, by a standard mollification
argument, due to (1.1) we can suppose that

w ≡ 0 in [0, T ]× (Ω \A0). (1.2b)

1.1. Brittle debonding. In the brittle scenario, modelling an abrupt debonding process, the
behaviour of the adhesion between the membrane and the substrate is described by a function
κ, usually called toughness, which satisfies

κ ∈ L∞(Ω)+ such that κ > 0 on Ω \A0 and κ = 0 on A0. (1.3)

The energy dissipated during the debonding process in order to move from a debonded config-
uration, described by a set A, to a larger one, described by a second set B, is then modeled
by ∫

B\A
κdx. (1.4)

In the quasistatic framework, a robust and well-established variational notion of solution,
which we will adopt in this paper, is provided by energetic solutions. We refer to [14] for an
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extensive presentation. Such solutions are based on two ingredients: a time-dependent energy
driving the evolution, and a dissipation distance describing the energy loss in time. The resulting
process is then governed by a global stability condition together with an energy(-dissipation)
balance.

In our setting, the dissipation is described by (1.4), augmented with a natural monotonic-
ity constraint modelling irreversibility of the debonding phenomenon. In order to introduce
the internal energy we borrow the notation from [13], where quasistatic evolutions for brittle
debonding have been analyzed. Given η ∈ H1(Ω) and A ∈M(Ω) we set

H1
Γ,η(Ω) := {ϕ ∈ H1(Ω) : ϕ = η on Γ},

H1
Γ,η(Ω, A) := {ϕ ∈ H1

Γ,η(Ω) : ϕ = 0 on Ω \A}.

The energy of a measurable set A at a time t is then defined as

E(t, A) := min
v∈H1

Γ,w(t)
(Ω,A)

1

2

∫
Ω
|∇v|2 dx, (1.5)

namely it consists in the minimial Dirichlet energy among displacements v supported in A and
attaining the correct boundary condition w(t) on Γ. We also denote by hA,w(t) the (unique)
minimizer of (1.5), so that by definition

E(t, A) =
1

2

∫
Ω
|∇hA,w(t)|2 dx.

Definition 1.1. Under the previous assumptions, we say that a set-valued map [0, T ] 3 t 7→
A(t) is a shape energetic solution of the brittle debonding model if the following conditions
are satisfied (in order, compatibility, initial datum, irreversibility, global stability and energy
balance):

(CO)S A(t) is open for all t ∈ [0, T ];
(ID)S A(0) = A0;
(IR)S A(s) ⊆ A(t) for all 0 ≤ s ≤ t ≤ T ;
(GS)S for all t ∈ [0, T ] there holds

E(t, A(t)) ≤ E(t, B) +

∫
B\A(t)

κ dx, for all B ∈M(Ω) such that A(t) ⊆ B; (1.6)

(EB)S the map t 7→
∫

Ω
∇ẇ(t) · ∇hA(t),w(t) dx belongs to L1(0, T ) and for all t ∈ [0, T ] there

holds

E(t, A(t)) +

∫
A(t)\A0

κ dx = E(0, A0) +

∫ t

0

∫
Ω
∇ẇ(τ) · ∇hA(τ),w(τ) dx dτ.

1.2. Cohesive debonding. While in brittle laws the adhesion is either completely active or
completely broken, and in the latter case the (infinitesimal) dissipated energy equals the tough-
ness κ, cohesive laws allow for intermediate states, somehow describing partial debonding. A
proper description of this gradual behaviour is usually given in terms of displacements rather
than of sets. Roughly speaking, as illustrated in Figure 1, complete debonding occurs just when
the displacement overcomes a certain threshold δ > 0.

Moreover, in order to incorporate the irreversibility of the debonding process in the model, an
additional monotone variable (also called, history variable) γ, recording the maximal displace-
ment reached during the evolution, is commonly introduced. In a certain sense, in the spirit of
a damage variable, it is needed to trace the partial degradation the adhesion undergoes due to
small elongations, whose possible interpretation is the rupture of a fraction of the microscopic
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Figure 1. Density of brittle adhesion (left) and cohesive adhesion (right) with
respect to the displacement u.

adhesive bonds between membrane and substrate. In a smooth case, such history variable is
simply given by

γ(t, x) = sup
s∈[0,t]

|u(s, x)|, (1.7)

where u denotes the current displacement of the membrane.
The cohesive energy we consider in the present paper is then modeled by∫

Ω
Φ(x, |u|, γ) dx, (1.8)

where the cohesive density Φ: Ω × [0,+∞) × [0,+∞) → [0,+∞) is a Carathéodory function
satisfying the following assumptions:

(Φ1) Φ(x, 0, 0) = 0 for a.e. x ∈ Ω;
(Φ2) Φ(x, y, z) ≤ K for some constant K > 0, and for a.e. x ∈ Ω, for all y, z ≥ 0;
(Φ3) the map y 7→ Φ(x, y, z) is Lipschitz continuous in [0,+∞), with Lipschitz constant

independent of x ∈ Ω and of z ≥ 0;
(Φ4) Φ(x, y, z) = Φ(x, y, y∨z) for a.e. x ∈ Ω and for all y, z ≥ 0;
(Φ5) for a.e. x ∈ Ω the map (y, z) 7→ Φ(x, y, z) is nondecreasing with respect to each compo-

nent;
(Φ6) Φ(x, ·, ·) ≡ 0 for a.e. x ∈ A0, while Φ(x, y, z) > 0 for a.e. x ∈ Ω \A0 and for all y, z > 0.

Assumption (Φ6) is a compatibility condition between Φ and the initial debonded region, high-
lighting the fact that on A0 no adhesion effects are present.

The dependence of Φ on the two variables |u| and γ allows to include in a proper and general
way the different mechanical responses observed during two opposite regimes: the loading phase,
when |u| = γ, and the unloading phase, when |u| < γ. The former encompasses the irreversible
part of the cohesive process, while the latter describes residual elastic (and thus, reversible)
effects, possibly due to the remaining active adhesive bonds. We refer to [10, 16] for a deeper
insight on the modelling of these two regimes.

Example 1.2. The typical example of cohesive energy density, featuring a quadratic unloading,
is given by

Φ(y, z) :=


ψ′(z)

2z
y2 + ψ(z)− zψ′(z)

2
, if y < z,

ψ(y), otherwise,
(1.9)
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Figure 2. Graph of a typical cohesive density y 7→ Φ(y, z), for a fixed z > 0.

where for the sake of simplicity we are not considering the dependence on x, which anyway can be
easily implemented in order to fulfil (Φ6). The function ψ : [0,+∞)→ [0,+∞), which models the
loading phase, is nondecreasing, bounded, concave, of class C2 and such that ψ′(0) > 0 = ψ(0).
See also Figure 2. It is not difficult to check that a density of the form (1.9) satisfies assumptions
(Φ1)-(Φ5). We refer to [17, Proposition 1.4.] for more details.

We are now in a position to introduce the generalized notion of energetic solution we adopt
in this paper to describe the quasistatic cohesive debonding model. The term generalized is
here used since the history variable γ is not required to fulfil exactly (1.7), but it is just a
nondecreasing function larger than the maximal displacement. Nevertheless, we mention that
equality (1.7) could be recovered under stricter hypotheses, arguing as in [17, Section 3.2].
Anyway, in view of the asymptotic analysis illustrated in Section 1.3, our goal is to present
the weakest notion of solution for which the convergence to a brittle evolution can be actually
proved.

We finally point out that, differently from the brittle case where (1.4) describes all the occuring
dissipation, expression (1.8) mixes dissipative effects (related to γ) with some residual internal
energy (related to |u|). This contrast is reflected in the global stability condition (GS) below,
which presents a slightly different structure than (1.6).

As an initial state we consider a pair (u0, γ0) ∈ H1
Γ,w(0)(Ω) × L0(Ω)+, and we assume it is

globally stable, meaning that

γ0 ≥ |u0| and

1

2

∫
Ω
|∇u0|2 dx+

∫
Ω

Φ(x, |u0|, γ0) dx ≤ 1

2

∫
Ω
|∇v|2 dx+

∫
Ω

Φ(x, |v|, γ0) dx, for all v ∈ H1
Γ,w(0)(Ω).

(1.10)

Definition 1.3. Under the previous assumptions, we say that a map [0, T ] 3 t 7→ (u(t), γ(t)) ∈
H1(Ω)× L0(Ω)+ is a generalized energetic solution of the cohesive debonding model if

(CO) u(t) ∈ H1
Γ,w(t)(Ω) for all t ∈ [0, T ];

(ID) (u(0), γ(0)) = (u0, γ0);
(IR) γ(s) ≤ γ(t) for all 0 ≤ s ≤ t ≤ T ;
(GS) for all t ∈ [0, T ] there hold γ(t) ≥ |u(t)| and

1

2

∫
Ω
|∇u(t)|2 dx+

∫
Ω

Φ(x, |u(t)|, γ(t)) dx ≤ 1

2

∫
Ω
|∇v|2 dx+

∫
Ω

Φ(x, |v|, γ(t)) dx,

for all v ∈ H1
Γ,w(t)(Ω);
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(EB) the map t 7→
∫

Ω
∇ẇ(t) · ∇u(t) dx belongs to L1(0, T ) and for all t ∈ [0, T ] there holds

1

2

∫
Ω
|∇u(t)|2 dx+

∫
Ω

Φ(x, |u(t)|, γ(t)) dx

=
1

2

∫
Ω
|∇u0|2 dx+

∫
Ω

Φ(x, |u0|, γ0) dx+

∫ t

0

∫
Ω
∇ẇ(τ) · ∇u(τ) dx dτ.

Existence of generalized energetic solutions can be proved arguing as in [3, 10, 17], with small
adjustments. For the sake of completeness, we provide a short proof in Appendix A.

The following proposition collects some basic properties of generalized energetic solutions.

Proposition 1.4. Let (u, γ) be a generalized energetic solution of the cohesive debonding model.
Then u(t) is nonnegative and bounded for all t ∈ [0, T ], and it holds

sup
t∈[0,T ]

‖u(t)‖L∞(Ω) ≤M, sup
t∈[0,T ]

‖u(t)‖H1(Ω) ≤ C, (1.11)

where M is the constant appearing in (1.2a), while C just depends on ‖w‖C0([0,T ];H1(Ω)) and on
the constant K from (Φ2).

In particular, the map t 7→
∫

Ω
∇ẇ(t) · ∇u(t) dx is automatically in L1(0, T ).

Proof. TheH1 bound easily follows by using w(t) as a competitor in the global stability condition
(GS). Indeed from (Φ2) we deduce

1

2

∫
Ω
|∇u(t)|2 dx ≤ 1

2

∫
Ω
|∇w(t)|2 dx+K|Ω|,

and we conclude by means of Poincaré inequality.
To obtain the estimate 0 ≤ u(t) ≤M instead, we use as competitors the functions u(t)+ and

u(t) ∧M , respectively. In the first case we infer

1

2

∫
Ω
|∇u(t)|2 dx+

∫
Ω

Φ(x, |u(t)|, γ(t)) dx ≤ 1

2

∫
{u(t)>0}

|∇u(t)|2 dx+

∫
Ω

Φ(x, u(t)+, γ(t)) dx

≤ 1

2

∫
{u(t)>0}

|∇u(t)|2 dx+

∫
Ω

Φ(x, |u(t)|, γ(t)) dx,

where the second inequality follows from (Φ5). The above estimate yields∫
{u(t)≤0}

|∇u(t)|2 dx = 0,

whence u(t) is nonnegative.
The very same argument with u(t) ∧M implies that u(t) ≤M , and we conclude. �

1.3. From cohesive to brittle. We can now introduce the asymptotic problem at the core
of the present work. To this aim, in order to link the cohesive and the brittle scenarios we
additionally assume that the cohesive density Φ satisfies:

(Φ7) for a.e. x ∈ Ω there exists κΦ(x) := lim
(y,z)→∞

Φ(x, y, z) = sup
y,z≥0

Φ(x, y, z).

Such assumption introduces the proper notion of brittle toughness which will arise from the
cohesive density. Note that we are requiring that κΦ is reached when the pair (y, z) goes
to infinity, and observe that the typical example (1.9) satisfies (Φ7) with κΦ = lim

z→∞
ψ(z).

Furthermore, due to (Φ2) and (Φ6), the function κΦ directly fulfils (1.3).
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For a small parameter ε > 0 we define the rescaled cohesive density

Φε(x, y, z) := Φ
(
x,
y

ε
,
z

ε

)
,

and we consider any generalized energetic solution (uε, γε) related to Φε and starting from an
initial state (uε0, γ

ε
0) ∈ H1

Γ,w(0)(Ω)× L0(Ω)+ which is globally stable in the sense of (1.10) (with

Φε). Namely, recalling Proposition 1.4, it satisfies

(CO)ε uε(t) ∈ H1
Γ,w(t)(Ω)+ for all t ∈ [0, T ];

(ID)ε (uε(0), γε(0)) = (uε0, γ
ε
0);

(IR)ε γε(s) ≤ γε(t) for all 0 ≤ s ≤ t ≤ T ;
(GS)ε for all t ∈ [0, T ] there hold γε(t) ≥ uε(t) and

1

2

∫
Ω
|∇uε(t)|2 dx+

∫
Ω

Φ

(
x,
uε(t)

ε
,
γε(t)

ε

)
dx ≤ 1

2

∫
Ω
|∇v|2 dx+

∫
Ω

Φ

(
x,
|v|
ε
,
γε(t)

ε

)
dx,

for all v ∈ H1
Γ,w(t)(Ω);

(EB)ε for all t ∈ [0, T ] there holds

1

2

∫
Ω
|∇uε(t)|2 dx+

∫
Ω

Φ

(
x,
uε(t)

ε
,
γε(t)

ε

)
dx

=
1

2

∫
Ω
|∇uε0|2 dx+

∫
Ω

Φ

(
x,
uε0
ε
,
γε0
ε

)
dx+

∫ t

0

∫
Ω
∇ẇ(τ) · ∇uε(τ) dx dτ.

The asymptotic analysis as ε→ 0 of the cohesive rescaled evolution (uε, γε) to a brittle one is
the content of our main result, Theorem 1.5. As often happens with singular limits, we require
that the initial data (uε0, γ

ε
0) are well-prepared, in the sense that

lim
ε→0

∫
Ω

Φ

(
x,
uε0
ε
,
γε0
ε

)
dx = 0. (1.12)

This ensures that no artificial debonding is produced by the initial state. Observe that the
simplest situation in which both the global stability condition (1.10) and (1.12) are satisfied
occurs when the membrane is initially at rest, i.e. (uε0, γ

ε
0) = (0, 0). Indeed, in this case one has

1

2

∫
Ω
|∇uε0|2 dx+

∫
Ω

Φ

(
x,
uε0
ε
,
γε0
ε

)
dx =

∫
Ω

Φ(x, 0, 0) dx = 0,

due to (Φ1). Of course, this may happen just if w(0) ≡ 0 on Γ, which nevertheless represents a
realistic and natural situation.

Theorem 1.5. Assume that the prescribed displacement w satisfies (1.2) and the cohesive den-
sity Φ fulfils (Φ1)-(Φ7). Let (uε, γε) be any generalized energetic solution of the rescaled cohesive
debonding model starting from an initial state (uε0, γ

ε
0) satisfying (1.10) and (1.12). Then there

exists a map u : [0, T ]→ H1(Ω)+ such that, up to a nonrelabelled subsequence, for all t ∈ [0, T ]
there holds

uε(t) −−−→
ε→0

u(t), strongly in H1(Ω) and weakly∗ in L∞(Ω).

Moreover, introducing the set

Au(t) := A0 ∪
⋃

s∈[0,t]

{u(s) > 0}, (1.13)

it defines a shape energetic solution of the brittle debonding model in the sense of Definition 1.1,
with respect to the toughness κΦ introduced in (Φ7).
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This theorem may look bizarre at a first sight, since it does not involve the history variable γε,
which is the only source of irreversibility in the cohesive problem. Although it is not explicitely
present in the statement, we however stress that its role will be crucial in the proof of the result.
Indeed, the construction of an approximated debonded region will be based on γε, see (2.2).

2. Proof of Theorem 1.5

The argument we propose in order to show the convergence of rescaled cohesive evolutions to
brittle ones strongly relies on an equivalent reformulation of shape energetic solutions in terms
of displacements, recently introduced in [13] as a proper way to prove existence of quasistatic
solutions to the brittle debonding model by means of Minimizing Movements.

After recalling what we need of such reformulation in Section 2.1, we present a suitable
compactness result in Section 2.2. Besides displacements, whose compactness is actually trivial
due to (GS)ε, it will be crucial to keep track of a sort of cohesive debonded region, see (2.2), in
order to preserve irreversibility. Since no perimeter bounds are available for such sets, only weak
compactness for their characteristic functions can be obtained by Helly’s Selection Theorem,
exploiting irreversibility. This allows us to first define an artificial limit debonded region, see
(2.4), and then to provide a connection between this limit set and the limit displacement, which
are a priori unrelated. This is done in Proposition 2.5. Section 2.3 concludes the proof of our
result by passing to the limit both (GS)ε and (EB)ε, finally showing that the limit displacement
fulfils the equivalent reformulation previously introduced.

2.1. Preliminaries on shape energetic solutions. We now present the characterization of
shape energetic solutions via displacements, in the spirit of a free-boundary problem of Alt-
Caffarelli type [1], developed in [13]. The underlying idea is that, due to maximum principle,
the debonded region A(t) should somehow correspond to the positivity set of the minimal dis-
placement attaining the energy E(t, A(t)). Taking into account irreversibility, this also justifies
expression (1.13).

Next proposition, containing the aformentioned characterization, is obtained collecting some
results from [13], see in particular Propositions 2.5 and 3.3 and Remark 2.3 (recall that condition
(2.10) therein is in force in our setting due to (1.1)).

Proposition 2.1. If a map t 7→ u(t) satisfies the following conditions, then the set Au(t) intro-
duced in (1.13) defines a shape energetic solution of the brittle debonding model.

(CO)’ u(t) ∈ H1
Γ,w(t)(Ω) for all t ∈ [0, T ];

(ID)’ u(0) = hA0,w(0);
(GS)’ for all t ∈ [0, T ] there holds

1

2

∫
Ω
|∇u(t)|2 dx ≤ 1

2

∫
Ω
|∇v|2 dx+

∫
{v>0}\Au(t)

κdx, for all v ∈ H1
Γ,w(t)(Ω);

(EI)’ for all t ∈ [0, T ] there holds

1

2

∫
Ω
|∇u(t)|2 dx+

∫
Au(t)\A0

κdx ≤ 1

2

∫
Ω
|∇u(0)|2 dx+

∫ t

0

∫
Ω
∇ẇ(τ) · ∇u(τ) dx dτ.

Remark 2.2. Observe that conditions (GS)’ and (EI)’ involve the set Au(t) itself. This encom-
passes irreversibility and makes this formulation non-trivial.

We also borrow the following technical lemma, which will be crucial for the asymptotic anal-
ysis, in particular for the proof of Proposition 2.6. We refer to [13, Lemma 1.4] for a proof.

Lemma 2.3. Let η ∈ H1(Ω)+ and let A ∈ M(Ω). For u ∈ H1
Γ,η(Ω, A) the following are

equivalent:
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(1)
1

2

∫
Ω
|∇u|2 dx ≤ 1

2

∫
Ω
|∇v|2 dx+

∫
{v>0}\A

κ dx, for all v ∈ H1
Γ,η(Ω);

(2)
1

2

∫
Ω
|∇u|2 dx+

∫
A
κ dx ≤ 1

2

∫
Ω
|∇v|2 dx+

∫
{v>0}

κ dx, for all v ∈ H1
Γ,η(Ω)+∩C0(Ω)

satisfying A ⊆ {v > 0}.
If one of the above holds, then u = hA,η. Moreover, u is locally Lipschitz continuous in Ω and it
is harmonic in the open set {u > 0}.

2.2. Compactness. Although both considered notions of solution are now formulated in term
of displacements, the cohesive history variable γε is still the crucial ingredient in order to de-
scribe the debonded set. Indeed, it is the only element in the cohesive framework encompassing
irreversibility. In order to clarify the expression of the ε-debonded set Aε(t) below, let us assume
for a moment that Φ(x, ·, ·) is definitely constant, namely

Φ(x, y, z) = κΦ(x), if y ∨ z ≥ δ(x),

for some positive threshold δ(x) > 0. Accordingly to the cohesive interpretation, the adhesion
at a point x is completely broken just when the displacement at that point has overcomed δ(x)
at least once. Due to the rescaling, it is thus natural to describe the debonded region at time t
as the set {x ∈ Ω : γε(t, x) ≥ εδ(x)}.

In the general case, when κΦ may be just reached asymptotically, in order to mimic the
previous consideration we pick an arbitrary sequence δε satisfying

lim
ε→0

δε = +∞, lim
ε→0

εδε = 0, (2.1)

and for t ∈ [0, T ] we set

Aε(t) := A0 ∪ {γε(t) ≥ εδε}. (2.2)

Observe that the map t 7→ Aε(t) is nondecreasing with respect to inclusion, due to (IR)ε,
and that clearly A0 ⊆ Aε(0). This is enough to infer weak compactness for the sequence of
characteristic functions χAε(t).

Proposition 2.4. There exists a (non relabelled) subsequence and a map t 7→ ρ(t) such that for
all t ∈ [0, T ] there holds

χAε(t) −−−→
ε→0

ρ(t) weakly∗ in L∞(Ω). (2.3)

In particular, ρ is nondecreasing in time, 0 ≤ ρ(t) ≤ 1 for all t ∈ [0, T ] and ρ(0) = 1 on A0.

Proof. The functions χAε(t) are clearly bounded in L2(Ω), as they take values in {0, 1}. Moreover,

by their time-monotonicity with respect to inclusion, they are also bounded in BV ([0, T ];L1(Ω)).
Due to the reflexivity of L2(Ω), by means of Helly’s Selection Theorem together with a diagonal
argument we conclude that, along a non-relabelled subsequence, there holds

χAε(t) −−−⇀
ε→0

ρ(t) weakly in L2(Ω) for all t ∈ [0, T ] .

Moreover, for any t ∈ [0, T ] the sequence χAε(t) is also trivially bounded in L∞(Ω). Thus,
from any subsequence we can extract a further subsequence that weakly∗ converges in L∞(Ω).
Since the limit is uniquely identified and coincides with ρ(t), the desired convergence (2.3) holds
without a further extraction.

The stated properties on ρ directly follow by weak∗ convergence from the fact that χAε(t) is
monotone and bounded between 0 and 1, and recalling that A0 ⊆ Aε(0). �
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Although weak∗ convergence does not preserve characteristic functions, whence we do not
directly have a limit debonded region, we can anyway identify an artificial one defining

A(t) := {ρ(t) = 1}. (2.4)

Notice that t 7→ A(t) is nondecreasing with respect to inclusion, since ρ is nondecreasing in time,
and that A0 ⊆ A(0).

Next proposition, besides an immediate compactness result for displacements, mainly provides
the crucial link (2.6) between (2.4) and the limit displacement.

Proposition 2.5. For all t ∈ [0, T ] there exist a further subsequence εn (possibly depending on
t) and a function u(t) ∈ H1

Γ,w(t)(Ω)+ ∩ L∞(Ω) such that

uεn(t) −−−−−→
n→+∞

u(t) weakly in H1(Ω) and weakly∗ in L∞(Ω). (2.5)

In particular, u(t) satisfies (CO)’.
Furthermore, for all t ∈ [0, T ] one has

{u(t) > 0} ⊆ A(t), (2.6)

whence we deduce

Au(t) ⊆ A(t), for all t ∈ [0, T ]. (2.7)

Proof. The weak convergence stated in (2.5) immediately follows from the uniform bounds (1.11).
Notice indeed that the involved constants are independent of ε. In particular, u(t) belongs to
H1

Γ,w(t)(Ω)+ ∩L∞(Ω). Moreover, by the compact embedding of H1(Ω) into L2(Ω), without loss

of generality we can assume that uεn(t) pointwise converges to u(t) almost everywhere in Ω.
In order to prove (2.6), we fix t ∈ [0, T ] and we pick x ∈ {u(t) > 0} such that lim

n→+∞
uεn(t, x) =

u(t, x). Thus, recalling (2.1), there exists n̄ = n̄(t, x) ∈ N such that for all n ≥ n̄ one has

u(t, x) ≥ 2εnδεn ,

uεn(t, x)− u(t, x) ≥ −εnδεn .

This yields

γεn(t, x) ≥ uεn(t, x) = u(t, x) + uεn(t, x)− u(t, x) ≥ εnδεn , for n ≥ n̄,

namely x ∈ Aεn(t) for n ≥ n̄. We have thus proved that lim
n→+∞

χAεn (t)(x) = 1 for almost

every x ∈ {u(t) > 0}. Hence, by first exploiting (2.3) and then using Dominated Convergence
Theorem we obtain∫

{u(t)>0}
ρ(t) dx = lim

n→+∞

∫
{u(t)>0}

χAεn (t)(x) dx = |{u(t) > 0}|.

Since 0 ≤ ρ(t) ≤ 1, the above equality implies that ρ(t) = 1 almost everywhere in {u(t) > 0},
and so we conclude by definition (2.4) of A(t). �

2.3. Asymptotic analysis. In this final section we conclude the proof of Theorem 1.5 by
showing that the limit displacement obtained in Proposition 2.5 fulfils all the conditions stated
in Proposition 2.1. This first proposition deals with the global stability condition.

Proposition 2.6. The limit displacement u(t) obtained in Proposition 2.5 satisfies (GS)’ and
can be characterized by u(t) = hA(t),w(t) for all t ∈ [0, T ]. In particular, the convergence stated
in (2.5) holds for the whole subsequence found in Proposition 2.4.

Furthermore, there actually holds A(0) = A0, whence (ID)’ is fulfilled.
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Proof. Fix t ∈ [0, T ] and pick v ∈ H1
Γ,w(t)(Ω)+ ∩ C0(Ω) such that A(t) ⊆ {v > 0}, so that by

(GS)ε we have

1

2

∫
Ω
|∇uεn(t)|2 dx+

∫
Ω

Φ

(
x,
uεn(t)

εn
,
γεn(t)

εn

)
dx ≤ 1

2

∫
Ω
|∇v|2 dx+

∫
Ω

Φ

(
x,

v

εn
,
γεn(t)

εn

)
dx.

(2.8)
Observe that the last term above can be bounded in this way:∫

Ω
Φ

(
x,

v

εn
,
γεn(t)

εn

)
dx

=

∫
{v>0}

Φ

(
x,

v

εn
,
γεn(t)

εn

)
dx+

∫
{v=0}∩Aεn (t)

Φ

(
x, 0,

γεn(t)

εn

)
dx+

∫
{v=0}\Aεn (t)

Φ

(
x, 0,

γεn(t)

εn

)
dx

≤
∫
{v>0}

Φ

(
x,

v

εn
,
γεn(t)

εn

)
dx+

∫
{v=0}∩Aεn (t)

Φ

(
x, 0,

γεn(t)

εn

)
dx+

∫
Ω\Aεn (t)

Φ

(
x, 0,

γεn(t)

εn

)
dx.

On the other hand, by using (Φ5), we can estimate from below the second term on the left-hand
side of (2.8): ∫

Ω
Φ

(
x,
uεn(t)

εn
,
γεn(t)

εn

)
dx

=

∫
Aεn (t)

Φ

(
x,
uεn(t)

εn
,
γεn(t)

εn

)
dx+

∫
Ω\Aεn (t)

Φ

(
x,
uεn(t)

εn
,
γεn(t)

εn

)
dx

≥
∫
Aεn (t)

Φ

(
x,
uεn(t)

εn
,
γεn(t)

εn

)
dx+

∫
Ω\Aεn (t)

Φ

(
x, 0,

γεn(t)

εn

)
dx.

By combining the previous two inequalities with (2.8) we end up with

1

2

∫
Ω
|∇uεn(t)|2 dx+

∫
Aεn (t)

Φ

(
x,
uεn(t)

εn
,
γεn(t)

εn

)
dx

≤1

2

∫
Ω
|∇v|2 dx+

∫
{v>0}

Φ

(
x,

v

εn
,
γεn(t)

εn

)
dx+

∫
{v=0}∩Aεn (t)

Φ

(
x, 0,

γεn(t)

εn

)
dx.

(2.9)

We now notice that∫
Aεn (t)

Φ

(
x,
uεn(t)

εn
, δεn

)
dx ≤

∫
Aεn (t)

Φ

(
x,
uεn(t)

εn
,
γεn(t)

εn

)
dx ≤

∫
Aεn (t)

κΦ dx.

The second inequality directly follows from (Φ7), while the first one is a byproduct of (Φ5)
together with the definition (2.2) of Aεn(t) (recall that Φ(x, ·, ·) ≡ 0 on A0 by (Φ6)). The term
on the right converges to

∫
Ω κΦρ(t) dx as n→ +∞ by (2.3). The term on the left does the same

since the integrand strongly converges to κΦ in L1(Ω) by Dominated Convergence Theorem,
exploiting (Φ7) and (Φ2).

We have thus proved that

lim
n→+∞

∫
Aεn (t)

Φ

(
x,
uεn(t)

εn
,
γεn(t)

εn

)
dx =

∫
Ω
κΦρ(t) dx. (2.10a)

Analogously, one can show that

lim
n→+∞

∫
{v=0}∩Aεn (t)

Φ

(
x, 0,

γεn(t)

εn

)
dx =

∫
{v=0}

κΦρ(t) dx. (2.10b)
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On the other hand, since v(x)/εn diverges as n→ +∞ whenever v(x) > 0, there also holds

lim
n→+∞

∫
{v>0}

Φ

(
x,

v

εn
,
γεn(t)

εn

)
dx =

∫
{v>0}

κΦ dx. (2.10c)

By sending n→ +∞ in (2.9), exploiting weak lower semicontinuity of the first term and using
(2.10a), (2.10b), (2.10c), we infer

1

2

∫
Ω
|∇u(t)|2 dx+

∫
Ω
κΦρ(t) dx ≤ 1

2

∫
Ω
|∇v|2 dx+

∫
{v>0}

κΦ dx+

∫
{v=0}

κΦρ(t) dx.

Recalling that ρ(t) = 1 on A(t) by definition (2.4), and that {v = 0} ⊆ Ω \ A(t) since we chose
v satisfying A(t) ⊆ {v > 0}, we finally obtain

1

2

∫
Ω
|∇u(t)|2 dx+

∫
A(t)

κΦ dx ≤ 1

2

∫
Ω
|∇v|2 dx+

∫
{v>0}

κΦ dx.

Since {u(t) > 0} ⊆ A(t) by (2.6), we are in a position to apply Lemma 2.3, which thus yields

1

2

∫
Ω
|∇u(t)|2 dx ≤ 1

2

∫
Ω
|∇v|2 dx+

∫
{v>0}\A(t)

κΦ dx, for all v ∈ H1
Γ,w(t)(Ω).

In turn, this inequality implies (GS)’ by means of (2.7). Furthermore, Lemma 2.3 also yields
that u(t) = hA(t),w(t). In particular, the convergence (2.5) does not depend on the chosen
subsequence.

Finally, combining (2.10a) at time t = 0 with assumption (1.12) we deduce

0 ≥
∫

Ω
κΦρ(0) dx ≥

∫
A(0)\A0

κΦ dx,

and so A(0) = A0 and we conclude. �

A similar argument shows that the convergence of displacements is actually strong in H1(Ω).

Corollary 2.7. Convergence (2.5) is strong in H1(Ω).

Proof. Fix t ∈ [0, T ]. By choosing v = u(t) as a competitor in (GS)ε, the same computations
performed in Proposition 2.6 lead to

lim sup
ε→0

1

2

∫
Ω
|∇uε(t)|2 dx+

∫
Ω
κΦρ(t) dx ≤ 1

2

∫
Ω
|∇u(t)|2 dx+

∫
{u(t)>0}

κΦ dx+

∫
{u(t)=0}

κΦρ(t) dx.

Since ρ(t) = 1 almost everywhere on {u(t) > 0} by (2.6), we finally infer

lim sup
ε→0

1

2

∫
Ω
|∇uε(t)|2 dx ≤ 1

2

∫
Ω
|∇u(t)|2 dx,

and we conclude. �

This last proposition shows how to pass to the limit in the energy balance (EB)ε, thus con-
cluding the proof of Theorem 1.5.

Proposition 2.8. The limit displacement u(t) obtained in Proposition 2.5 satisfies (EI)’.

Proof. Fix t ∈ [0, T ]. From (EB)ε we know that

1

2

∫
Ω
|∇uε(t)|2 dx+

∫
Ω

Φ

(
x,
uε(t)

ε
,
γε(t)

ε

)
dx

=
1

2

∫
Ω
|∇uε0|2 dx+

∫
Ω

Φ

(
x,
uε0
ε
,
γε0
ε

)
dx+

∫ t

0

∫
Ω
∇ẇ(τ) · ∇uε(τ) dx dτ.
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The right-hand side easily converges to
1

2

∫
Ω
|∇u(0)|2 dx+

∫ t

0

∫
Ω
∇ẇ(τ) · ∇u(τ) dx dτ as ε→ 0,

due to the strong convergence of the displacements and to (1.12). As regards the left-hand side,
observing that ∫

Ω
Φ

(
x,
uε(t)

ε
,
γε(t)

ε

)
dx ≥

∫
Aε(t)

Φ

(
x,
uε(t)

ε
,
γε(t)

ε

)
dx

and recalling (2.10a) we deduce

lim inf
ε→0

(
1

2

∫
Ω
|∇uε(t)|2 dx+

∫
Ω

Φ

(
x,
uε(t)

ε
,
γε(t)

ε

)
dx

)
≥ 1

2

∫
Ω
|∇u(t)|2 dx+

∫
Ω
κΦρ(t) dx

≥ 1

2

∫
Ω
|∇u(t)|2 dx+

∫
A(t)

κΦ dx

≥ 1

2

∫
Ω
|∇u(t)|2 dx+

∫
Au(t)\A0

κΦ dx.

In the second inequality we exploited definition (2.4), while in the last one we used (2.7). This
concludes the proof. �

Appendix A. Existence of cohesive generalized energetic solutions

We here provide a brief proof of the following result, along the lines of [3, 17].

Theorem A.1. Assume that the prescribed displacement w satisfies (1.2) and the cohesive
density Φ fulfils (Φ2)-(Φ6). Given an initial state (u0, γ0) ∈ H1

Γ,w(0)(Ω) × L0(Ω)+ satisfying

(1.10), there exists a generalized energetic solution of the cohesive debonding model.

We employ the well-known Minimizing Movements scheme. Let 0 = tn0 < tn1 < · · · < tnn = T
be a sequence of partitions of [0, T ] such that

lim
n→+∞

sup
k=1,...,n

(tnk − tnk−1) = 0. (A.1)

Starting from (u0, γ0), for k = 1, . . . , n we consider the following iterative minimization algo-
rithm: 

uk ∈ argmin
v∈H1

Γ,w(tn
k

)
(Ω)

{
1

2

∫
Ω
|∇v|2 dx+

∫
Ω

Φ(x, |v|, γk−1) dx

}
,

γk := γk−1 ∨ |uk|.
(A.2)

By arguing as in Proposition 1.4, we know that uk is nonnegative and

max
k=0,...,n

(‖uk‖L∞(Ω) + ‖uk‖H1(Ω)) ≤ C. (A.3)

This yields a uniform L∞ bound to γ̃k := 0 ∨ u1 ∧ · · · ∨ uk. Notice that γk = γ0 ∨ γ̃k.
By exploiting (Φ3) and computing the Euler-Lagrange equations of (A.2), we additionally

infer
max

k=0,...,n
‖∆uk‖L∞(Ω) ≤ C.

By Lp elliptic regularity and an application of Sobolev Embedding Theorem we thus deduce

max
k=0,...,n

‖uk‖C0,1
loc (Ω)

≤ C, (A.4)

where C0,1
loc (Ω) denotes the space of locally Lipschitz continuous functions in Ω. Since Lipschitz

bounds are preserved with the operation of maximum, we also obtain

max
k=0,...,n

‖γ̃k‖C0,1
loc (Ω)

≤ C. (A.5)
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We now introduce the piecewise constant interpolants

un(t) :=

{
uk, if t ∈ [tnk , t

n
k+1),

un, if t = T,
τn(t) :=

{
tnk , if t ∈ [tnk , t

n
k+1),

T, if t = T,

and analogous expressions for γ̃n(t) and γn(t). Notice that γn(t) = γ0 ∨ γ̃n(t). We also set
wn(t) := w(τn(t)).

Exploiting (A.5), Helly’s Selection Theorem together with Ascoli-Arzelá Theorem ensure the
existence of a subsequence (not relabelled) such that for all t ∈ [0, T ] there holds

γ̃n(t) −−−−−→
n→+∞

γ̃(t), locally uniformly in Ω.

In particular, setting γ(t) := γ0 ∨ γ̃(t), we have

γn(t) −−−−−→
n→+∞

γ(t), in L∞loc(Ω).

Moreover, by (A.3) and (A.4), for any t ∈ [0, T ] we can extract a further subsequence (possibly
depending on t) such that

unj (t) −−−−→
j→+∞

u(t), weakly in H1(Ω) and locally uniformly in Ω.

Previous convergences are enough to grant the validity of (CO), (ID) and (IR) of Definition 1.3;
we are just left to show (GS) and (EB).

As regards the former, we first observe that the condition γ(t) ≥ u(t) follows again by the
previous convergences and the definition of γk. We then pick v ∈ H1

Γ,w(t)(Ω), and by choosing

v + wnj (t)− w(t) as a competitor in (A.2), we deduce

1

2

∫
Ω
|∇u(t)|2 dx+

∫
Ω

Φ(x, u(t), γ(t)) dx

≤ lim inf
j→+∞

[
1

2

∫
Ω
|∇unj (t)|2 dx+

∫
Ω

Φ(x, unj (t), γnj (t)) dx

]
= lim inf

j→+∞

[
1

2

∫
Ω
|∇unj (t)|2 dx+

∫
Ω

Φ(x, unj (t), γnj (t− τnj (t))) dx

]
≤ lim inf

j→+∞

[
1

2

∫
Ω
|∇v +∇(wnj (t)− w(t))|2 dx+

∫
Ω

Φ(x, |v + wnj (t)− w(t)|, γnj (t− τnj (t))) dx

]
,

where the only equality above is due to (Φ4). The first term in the last line above converges to
1
2

∫
Ω |∇v|

2 dx, since wn(t) −−−−−→
n→+∞

w(t) strongly in H1(Ω), while to deal with the second one we

argue as follows. By using first (Φ6) (and (1.2b)) and then (Φ5) we observe that∫
Ω
Φ(x, |v+wnj (t)−w(t)|, γnj (t−τnj (t))) dx=

∫
Ω
Φ(x, |v|, γnj (t−τnj (t))) dx ≤

∫
Ω
Φ(x, |v|, γnj (t)) dx,

which converges to
∫

Ω Φ(x, |v|, γ(t)) dx. Thus (GS) is proved.
The energy balance (EB) is finally a byproduct of the following two lemmas.

Lemma A.2. There exists a vanishing sequence Rn such that for all t ∈ [tn1 , T ] there holds

1

2

∫
Ω
|∇un(t)|2 dx+

∫
Ω

Φ(x, un(t), γn(t)) dx

≤1

2

∫
Ω
|∇u0|2 dx+

∫
Ω

Φ(x, u0, γ0) dx+

∫ t

0

∫
Ω
∇ẇ(τ) · ∇un(τ) dx dτ +Rn.
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Proof. Fix t ∈ [tn1 , T ] and let k such that t ∈ [tnk , t
n
k+1). For j = 1, . . . , k, choosing uj−1 +w(tnj )−

w(tnj−1) as competitor for uj , and exploiting (Φ4) and (Φ6), we deduce

1

2

∫
Ω
|∇uj |2 dx+

∫
Ω

Φ(x, uj , γj) dx =
1

2

∫
Ω
|∇uj |2 dx+

∫
Ω

Φ(x, uj , γj−1) dx

≤1

2

∫
Ω
|∇uj−1 +∇(w(tnj )− w(tnj−1))|2 dx+

∫
Ω

Φ(x, |uj−1 + w(tnj )− w(tnj−1)|, γj−1) dx

=
1

2

∫
Ω
|∇uj−1 +∇(w(tnj )− w(tnj−1))|2 dx+

∫
Ω

Φ(x, uj−1, γj−1) dx.

Subtracting 1
2

∫
Ω |∇uj−1|2 dx to both sides and summing from j = 1, . . . , k we infer

1

2

∫
Ω
|∇uk|2 dx+

∫
Ω

Φ(x, uk, γk) dx ≤ 1

2

∫
Ω
|∇u0|2 dx+

∫
Ω

Φ(x, u0, γ0) dx

+
k∑
j=1

∫ tnj

tnj−1

∫
Ω
∇ẇ(τ) · (∇uj−1 +∇(w(τ)− w(tnj−1))) dx dτ.

Rewriting the above inequality in terms of un(t) and γn(t) we thus obtain

1

2

∫
Ω
|∇un(t)|2 dx+

∫
Ω

Φ(x, un(t), γn(t)) dx

≤1

2

∫
Ω
|∇u0|2 dx+

∫
Ω

Φ(x, u0, γ0) dx+

∫ t

0

∫
Ω
∇ẇ(τ) · ∇un(τ) dx dτ

+

∫ τn(t)

0

∫
Ω
∇ẇ(τ) · ∇(w(τ)− wn(τ)) dx dτ −

∫ t

τn(t)

∫
Ω
∇ẇ(τ) · ∇un(τ) dx dτ︸ ︷︷ ︸

=:rn(t)

.

By exploiting (1.2a) and (A.3), and recalling (A.1), it is then standard to show that |rn(t)| can
be bounded, uniformly in t, by a vanishing sequence Rn. So we conclude. �

Lemma A.3. Let the pair (u, γ) satisfy (ID) and (GS). Then for all t ∈ [0, T ] there holds

1

2

∫
Ω
|∇u(t)|2 dx+

∫
Ω

Φ(x, u(t), γ(t)) dx

≥1

2

∫
Ω
|∇u0|2 dx+

∫
Ω

Φ(x, u0, γ0) dx+

∫ t

0

∫
Ω
∇ẇ(τ) · ∇u(τ) dx dτ.

Proof. Fix t ∈ (0, T ] and consider a sequence of partitions 0 = sn0 < · · · < snn = t satisfying:

(1) lim
n→+∞

sup
k=1,...,n

(snk − snk−1) = 0;

(2) lim
n→+∞

n∑
k=1

(snk − snk−1)

∫
Ω
∇ẇ(snk) · ∇u(snk) dx =

∫ t

0

∫
Ω
∇ẇ(τ) · ∇u(τ) dx dτ ;

(3) lim
n→+∞

n∑
k=1

∥∥∥∥∥(snk − snk−1)ẇ(snk)−
∫ snk

snk−1

ẇ(τ) dτ

∥∥∥∥∥
H1(Ω)

= 0;

(4) sup
k=1,...,n

∫ snk

snk−1

‖ẇ(τ)‖H1(Ω) dτ ≤ 1

n
.



18 F. RIVA

Picking the function u(snk) + w(snk−1)− w(snk) as a competitor for u(snk−1) in (GS) we infer

1

2

∫
Ω
|∇u(snk−1)|2 dx+

∫
Ω

Φ(x, u(snk−1), γ(snk−1)) dx

≤1

2

∫
Ω
|∇u(snk) +∇(w(snk−1)− w(snk))|2 dx+

∫
Ω

Φ(x, |u(snk) + w(snk−1)− w(snk)|, γ(snk−1)) dx

≤1

2

∫
Ω
|∇u(snk) +∇(w(snk−1)− w(snk))|2 dx+

∫
Ω

Φ(x, u(snk), γ(snk)) dx,

where in the last inequality we used (Φ5) and (Φ6). By adding 1
2

∫
Ω |∇u(snk)|2 dx to both sides

and by summing from k = 1 to k = n we deduce

1

2

∫
Ω
|∇u(t)|2 dx+

∫
Ω

Φ(x, u(t), γ(t)) dx− 1

2

∫
Ω
|∇u0|2 dx−

∫
Ω

Φ(x, u0, γ0) dx

≥
n∑
k=1

∫ snk

snk−1

∫
Ω
∇ẇ(τ) · (∇u(snk) +∇(w(τ)− w(snk))) dx dτ.

By exploiting (1)-(4) it is standard to show that last term above converges to
∫ t

0

∫
Ω∇ẇ(τ) ·

∇u(τ) dx dτ , and we conclude. �
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