LIPSCHITZ REGULARITY OF ALMOST-MINIMIZERS IN TWO-PHASE FREE
BOUNDARY PROBLEMS WITH GENERALIZED ORLICZ GROWTH
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AssTrACT. Optimal local Lipschitz regularity for scalar almost minimizers of two-phase free-
boundary functionals

F(0;Q) = f(P(X, [Vol) + A X (<o) + A2X(os0) + Min{Ay, A2} Xjo=0) dx,
Q

with growth function ¢ a generalized Orlicz function and A;, A, nonnegative bounded func-
tions, is established, assuming a “small” density for either the positivity or the negativity
set.
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1. INTRODUCTION AND THE MAIN RESULTS

For a bounded open set () C R? (d > 2), we will deal with the regularity of local almost-
minimizers of the functional

F(@;Q) = fQ P(x, [Vo]) + A1 (xX) X fo<0) + A2(X)Xjos0) + min{As(x), A2(x)} X (o=0} dx, (1.1)

for v € W#(Q), where ¢ is a generalized Orlicz function.
As relevant examples of energies undergoing non-standard growth we report here the
perturbed Orlicz, the so-called variable exponent, and the double-phase case

a@e(E),  1EPY,  and  JEP +a@)El for (x, &) € RY X RY,

while an exhaustive list of examples can be found in [10]. We point out that the unified
approach we develop embraces all the relevant examples in literature, provided the bulk
energy has a growth from below with exponent p > 1, and needs not distinguish between
sub- and superquadratic energies.

Variational problems involving functionals like occur in many contexts, especially
in modeling the flow of two liquids in jets and cavities (see, e.g., [2]).
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Lipschitz regularity for minimizers of two-phase free boundary functionals has been
obtained in some cases. For ¢(x, t) = #? it was proven in the seminal paper by Alt-Caffarelli-
Friedman [1]], whose proof heavily relies on a monotonicity formula. To the best of our
knowledge, Lipschitz regularity remains wide-open in two phase scenarios involving more
general functionals, except in those cases where a variant of the ACF monotonicity formula
exists (see [5], for instance, and [4] for a discussion about this issue). Trying to overcome
the challenges posed by the lack of a monotonicity formula, a first result dealing with the
p-Laplacian is due to Karakhanyan [11], where he showed the local Lipschitz continuity of
minimizers under the assumption of a suitably small uniform upper bound on the Lebesgue
density of the negative phasd'|along the free boundary. Later on, Dipierro and Karakhanyan
[8] circumvented the lack of a monotonicity formula by a completely different geometric
type argument (see also [3]). Since we are dealing with almost minimizers in a generalized
Orlicz framework, we will still resort to the smallness assumption on the density of one of
the phases, deferring to forthcoming contributions the compliance of the method in [8] with
the situation at hand.

In the autonomous Orlicz setting, contributions concerning the regularity of minimizers
of two-phase problems are, for instance, [4, 14], where again the smallness assumption
on the density of the negative phase is exploited. In particular, in [4] the class of the
admissible Orlicz functions is restricted by some additional structural assumption which
ensures suitable compactness properties useful when the blow-up arguments are addressed.
Our approach, which already works in the autonomous and variational setting, does not
require additional assumptions on the Orlicz functions, as it relies on a lower semicontinuity
argument when applying blow-up techniques. When dealing with almost minimizers,
one has to face some technical difficulties, due to the fact that almost minimizers, unlike
minimizers, do not satisfy a PDE or a monotonicity formula. As far as we know, the
first result about regularity of almost minimizers of two-phase functionals in the prototype
case p(t) = #* is due to David and Toro in [7]. Their argument is mainly based on an
almost-monotonicity formula, which overcomes the lack of the classical one used in [1]].
Subsequently, their result has been extended to the variable-coefficients setting in [6], still
in the quadratic growth case.

Assuming a suitable upper bound on the density of one of the phases, with this work we
address the case of almost minimizers, which is not covered, to the best of our knowledge,
by the previous literature even in the p-case. In particular, the generalized Orlicz case
represents a novel contribution, as it encompasses a wide range of significant examples,
both for minimizers and almost minimizers.

Description of our result. In order to introduce the main result of our paper, we formulate
our problem and specify the definition of almost-minimizer. Given two bounded and
nonnegative functions A1, A, : O — R, we define

A := max{||A1]leo, [1A2]lco} - (1.2)

For a bounded open set () C R* (d > 2), we will deal with local almost-minimizers of the
functional

F(@;Q) = fQ P, [Vo(0)))+A1 (X)X fo<0} (¥) +A2(X) X o0} (%) +min{A1 (x), A2 ()} X (o=0) (x) dx, (1.3)

for v € W#(Q). The precise notion of almost minimizers that we use is the following.

IIndeed, as we are going to state, the same argument works if the minimum density between the two phases
is suitably small.
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Definition 1.1. We say that u : Q0 — R is a (local) almost-minimizer for F in Q, with constant
K and exponent B, if

F(u; Br(x0)) < (1 + 1) F(w; By(x0)),

for every ball B,(xo) such that B,(xo) C Q and every w € WY (B,(xo)) such that u = w on dB,(x).
We denote by
F*(u) := Ff(u) UF (u),
where F*(u) := d{u > 0}NQ and F~(u) := d{u < 0} N Q. Moreover, for xy € F*(u) we consider
the density function of the negativity set along the free boundaries for u; that is,
L4({u < 0} N B,(x0))
L4(By(x0)) '

O, (xo, 1) = (1.4)

In a similar fashion, we define
L({u > 0} N By(x0))
L4(B,(x0))

The main result of the paper is the following.

O (xo,7) :=

Theorem 1.1 (Lipschitz regularity). Let Q C RY be a bounded open set, and Q' € Q. Let
@ € D(Q), (x,-) € CY([0,0)) be satz'sf_l/ing and such that @ comply with
and for some 1 < p < q. Let u : Q — R be an almost-minimizer of F in (), where
F is defined as in (1.3). Then, there exist ro = ro(d,p,q,L, A, x,B,Q,u) > 0 and a constant
C=CWd,p,q,L A, x,B) > 0with the following property: for every 0 < r < ro and B.(xp) € Q, u is
Lipschitz continuous in B,(xg) provided that

min {0} (z,7),0;,(z,7)} < C for every z € F*(u)N B%(xo). (1.5)

For proving this result, we may take advantage of the analysis of the one-phase case
carried out in [13]. Some results therein can be directly transferred to the case at hand (see,
for instance, Theorem and Theorem . Hence, in our discussion we mainly focus on
the parts where the two-phase scenario needs additional work, which are mainly contained
in Section[3.3]

Outline of the paper. The rest of the paper is organized as follows. In Section 2] we fix the
basic notation and recall some basic facts about Orlicz and generalized Orlicz functions. In
Sections (3.1]and 3.2} we recall some ingredients in order to get the main result. Namely, we
discuss Caccioppoli type estimates and higher integrability results for almost minimizers,
as well the local Holder continuity of almost minimizers, Theorem and that of their
gradients away from the free boundary, Theorem Section 3.3|is entirely devoted to the
proof of the main result: the main steps are Lemma where an interior uniform bound
for the gradient of an almost minimizer is provided; Proposition 3.8} showing that a suitable
blow-up sequence of almost minimizers converges to the solution of a limit autonomous
problem, and its consequence Proposition This is the point where the role of the
assumption is apparent. Together with the blow-up argument, it allows us for proving
the sublinearity of a bounded almost minimizer in a neighborhood of a free-boundary point.

2. BASIC NOTATION AND PRELIMINARIES

We begin with some basic notation. Let Q C IR? be an open and bounded set. For every
x € R? and r > 0, we denote by B,(x) C RY the open ball centered at x with radius r. We will
often use the shorthand B, when either x = 0 or the center x is not relevant.
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For x € RY, |x| represents the Euclidean norm of x. The m-dimensional Lebesgue measure
of the unit ball in IR" is denoted by y,, for each m € IN. The d-dimensional Lebesgue measure
is denoted by £¢. The closure of a set A is denoted by A. The characteristic function of any
set A c R? is denoted by xa, which takes the value 1 on A and 0 elsewhere.

Given two functions f, g : [0,+00) — R, we write f ~ ¢ to indicate that f and g are
equivalent, meaning there exist constants ¢, c; > 0 such that for all t > 0,

a18(t) < f(t) < c28(h).
The symbol < is used to denote < up to a constant. The space of measurable functions on {2
is denoted by L%(QQ).

2.1. Generalized ®-functions and Orlicz spaces. We provide some basic definitions and re-
sults concerning generalized @-functions and Orlicz spaces, focusing solely on the concepts
that will be relevant to our discussion. For a more detailed and comprehensive treatment
of the subject, we refer the reader to [9]].

Definition 2.1. Let ¢ : [0,4+00) — [0, +00] be increasing with @(0) = 0, th%k @) = 0 and
tlim @(t) = +oo. Such @ is called a

—+00

(i) weak ®-function if @ is almost increasing, meaning that there exists L > 1 such that
@SL@for0<t£s.
(ii) convex ®-function if ¢ is left-continuous and convex.

By virtue of Remark below, each convex @-function is a weak @-function. If ¢ is a
convex ®-function, then there exists ¢’ the right derivative of ¢, which is non-decreasing and
right-continuous, and such that

t
() = fo ¢/ (5) ds.

A special subclass of convex ®-functions is represented by the N-functions (see, e.g., [12,
Ch.I)).

Definition 2.2. A function ¢ : [0,00) — [0,00) is said to be an N-function if it admits the

representation
t
(p(t):fa(r)dr
0

where a(s) is right-continuous, non-decreasing for s > 0,a(s) > 0 for s > 0 and satisfies the conditions
a(0)=0, lir+n a(s) = +o0. (2.1)
S—+00

The functiona(t) is simply the right-hand derivative of ¢(t). Asanimmediate consequence
of the definition, we observe that an N-function ¢ is continuous, satisfies ¢(0) = 0, and is
increasing. Furthermore, ¢ is a convex function and, as noted in Remark [2.1| below, it

satisfies condition [(inc);} Conditions (2.1) imply that

t t
limmzo, lim m:

t—0*+ f t—>+o00 f

+00

For our purposes, we need functions ¢ to depend also on the spatial variable x.

Definition 2.3. Let ¢ : QQ X [0,00) — [0,00]. We call ¢ a generalized weak ®-function (resp.,
convex ®-function, N-function) if

(1) x = @(x, |f(x)]) is measurable for every f € L°(Q);

(2) t = @(x,t)is a weak P-function (resp., a convex D-function, an N-function) for every x € L.
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We write ¢ € Oy (Q), ¢ € O(Q) and ¢ € N(Q), respectively. If ¢ does not depend on x, we
will adopt the shorthands ¢ € @y, @ € O. and ¢ € N, respectively. For the right-derivative of a
generalized convex ®-function, we will use the notation ¢y in place of ¢’.

For a bounded function ¢ : Q X [0, +00) — [0, +o0) and a ball B,(xp) ¢ Q we define, for
everyt >0,

Prx() = inf @(x,t) and @ (t):= sup @(x,t). (2.2)
x€B,(xp) x€B,(x0)

Following the terminology of [9} [10], we give the following definitions. The first three
ones concern with the regularity of ¢ with respect to the t- variable, (A1) imposes a bound
on how much ¢ can change between nearby points, while the last one, is a continuity
assumption with respect to the spatial variable x. Note that implies see [10,
Remark 4.2].

Definition 2.4. Let p,q > 0. A function ¢ : Q X [0, +00) — [0, +00) satisfies

(inc), ift € (0, +o0) (p(;;’t) is increasing for every x € Q

(dec), ift € (0, +o0) (P(;;’t) is decreasing for every x € ()
(AO) if there exists L > 1 such that 1 < ¢(x,1) < L for every x € Q
(A1) if there exists L > 1 such that, for any ball B,(xq) C Q,

. ~ 1
(P;txo(t) < Lgo,,x[)(l‘), Yt >0 such that (Pr,xo(t) € [L _Ld(Br(Xo))].

(VA1) if there exists an increasing continuous function w : [0, +00) — [0, 1] with w(0) = 0 such
that, for any ball B,(xo) C €,

1
<A+ - (@), VYt>0 hthat @, (t) € ,—.
Prxp(B) < (1 + (1)) y 4, () such that ¢y, (t) [w(r) Ld(Br(xo))]
Remark 2.1. If ¢ : QQ X [0,4+00) — [0, +00) is convex and ¢(x,0) = 0 for every x € Q, then ¢

satisfies If @ satisfies then it satisfies for every 0 < pa < p1. If @ satisfies
then it satisfies [(dec)g,[for every g2 > q1.

The following simple results can be found in [13, Proposition 2.4].

Proposition 2.2. Let 1 < p < g < +oo and ¢ € O (Q) with right derivative @;. Assume that @y
satisfies|(inc),-1|and |(dec),-1} Then
(i) @ satisfies|(inc)y|and ((dec),, and the following estimate hold:

@(x,s)min{t”, t7} < p(x, ts) < max{t*, t}p(x,s), Yxe€Q, Vs, t € [0, +).
(ii) @(x,t) and toq(x, t) are equivalent, in the sense that
pox,t) <teix,t) <gex,t), Y(xt) e Qx[0,+);

(iii) if, in addition, @ complies with then also ¢ does with constants depending on L, p, q.
More precisely,

1 L
—<pkx1) <=, VxeQ. (2.3)
Lg =" P
If, in addition, (x,-) € C}([0, +00)) for every x € Q, then @ € N(Q).
For ¢ € ®,(Q), the generalized Orlicz space is defined by
LP(Q) = {f € L%Q) : Ifllio(q) < 0}
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with the (Luxemburg) norm

Iflle) = inf{A >0: @(p(§) < 1}, where g, (f) := qu(x, |f(x)]) dx.

We denote by W(Q) the set of f € L?(Q) satisfying that 91 f,...,d,;f € L?(Q), where 9, f is
the weak derivative of f in the x;-direction, with the norm | fllyye(qy := Il fllLe@)+X; 119iflle -
Note that if ¢ satisfies [(dec),| for some g > 1, then f € L?(Q) if and only if g, (f) < o, and if
@ satisfies |(AO)L |(inc)p| and |(dec)q| for some 1 < p < g, then L?(QQ) and W'¥(Q) are reflexive

Banach spaces. In addition we denote by Wé’(P(Q) the closure of C(Q2) in Wie(Q).

3. LocaL LiPSCHITZ REGULARITY OF ALMOST MINIMIZERS

3.1. Preliminary regularity results for almost-minimizers. We startby stating a Caccioppoli-
type inequality for almost minimizers of F. The proof follows along the lines of [13| Lemma
3.2], so we omit further details.

Lemma 3.1. Let ¢ € O(Q) be such that holds for some q > 0. Let u be an almost-minimizer
of F in Q, with constant k < xo and exponent p, and let xo € Q) and By,(xo) € Q, with 2r < 1. Then
there exists a constant ¢ = c(q, ko) such that

)( @(x, [Vul)dx <c ‘}[ @ (x, W) dx+Af. (3.1)

B,(xg) BZV‘(xO)

Also the following lemma, which contains a higher integrability result and reverse Holder
type estimates for the gradient of an almost minimizer of F, can be proved exactly as in [13,
Lemma 3.3].

Lemma 3.2. Let ¢ € ®y,(Q) satisfy ((AO), (A1)} [(inc),| ((dec)y| with constant L > 1and 1 < p < q.

Let u € Wllc;f(Q) be an almost-minimizer of I in () with constant x < ko and exponent p, and let
xo € Q and By (x0) € Q, with ||Vullres,, () < 1, and 2r < 1. Then

(i) (Higher integrability) there exist so = so(d,p,q,L) > 0and c = c(d,p,q,L, xo) > 1 such that

1
1+sg
dsq dsp

J( @(x, [Vul)*o dx < 2™ T )( @ (x, [Vul) dx + A |, (3.2)
By (xo) B1+5)-(x0)
forany 6 € (0, 1], where A := A + 1. In particular, this implies ¢(-,|Vul) € Lll(:rcso Q).

(ii) (Reverse Holder type estimates) for every t € (0,1], there exist ¢; = cy(d,p,q,L, xo,t) > 0
such that

1
T+sg t

J[ @(x, [Vul) o dx < J( @ (x,|Vul)' dx| +A[. (3.3)

Br(xo) BZV(xO)
Note that, under our assumption on ¢, it holds that
||Vu||L‘f’(Bzr(xU)) <1l & (P(xl |Vu|) dx<1

B2r(x0)
(it is sufficient that ¢ € @y,(Q) and @(x, -) be left-continuous; see, e.g., [9, Lemma 3.2.3]).
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Remark 3.3. As noted in [13, Remark 3.4], the choice of radii can be done in order to exploit the
estimates of Lemma More precisely, if L > 1 is that of condition [(A0)| and sy is the exponent of
Lemma|3.2

(i) with fixed ) € Q, there exists ro € (0,1), ro = ro(d, L, @(), llp(:, |Vu|)1+50||L1(Q,)) satisfying

2+s0

2(1+sg)

1 1 1 _20+sg) S
rn<=, w?r)<-, Ld(Ber) <min{—,2 < f (p(x,|Vu|)l+s0 dx ’ , (3.4
2 L 2L o

and such that for any By, (xo) C Q' with r € (0, ro), it holds that

f @x, [Vul)dx < 1.
B2r(x0)

(ii) If, in addition, u € L} (Q), the choice of sy and, accordingly, of ro can be done in such a way that
the dependence of ro on u is through ||ull ~q).

3.2. Local Hoélder continuity. In this section, we recall two main regularity results for
almost minimizers, which will be instrumental in the proof of the local Lipschitz continuity
result. The first concerns the C**-regularity of any almost-minimizer u for F, locally within
Q, for any exponent a € (0, 1). It has been proved for the one-phase scenario in [13| Theorem
3.7] and the proof is verbatim the same in our case, as it only relies on the aforementioned
Caccioppoli and higher integrability estimates, together with the properties of ¢. Later, we
recall that Vu is locally CY%% for some exponent a € (0, 1) away from the free-boundary F*(i).
Since the open sets considered in Theorem [3.5|are assumed not to meet the free-boundary,
it holds u # 0 in the whole set, and up to discussing along the same lines the additional case
u < 0 with respect to [13| Theorem 3.8], no change in the proof strategy is needed
This is the precise statement of the C**-regularity result.

Theorem 3.4 (C**-regularity). Let ¢ € ®(Q), ¢(x,-) € CL([0,)) be satisfying [(VA)|, and
such that ¢y comply with |(A0), ((inc),—1|and (dec)y-1|for some 1 <p < q. Ifu € Wllc;f(()) is an
almost minimizer of F with constant k¥ < «o and exponent B, then u € C?(’)‘z(Q) forany a € (0,1).

More precisely, if QO € Q is fixed, there exists 0 < Ry < $dist(Q’, Q) complying with (thus
depending on u) and a constant c = c(d, p, q, a, ko, Ro, ") such that

[M]CLY(Q/) < C(f |Vu|dx + A) . (3.5)
Q

The following result establishes the local Holder continuity of the gradient of almost-
minimizers, away from the free boundary.
Theorem 3.5 (C*-regularity in {u # 0}). Let ¢ € D(Q), p(x,-) € CY([0, o)) be such that ¢;
comply with|(AO),|(inc),—1|and|(dec),-1|for some 1 <p < q. Ifu € Wllc;f(Q) is an almost minimizer
of F with constant k < xo and exponent  and ¢ satisfies with
w(r) < cr?, forall r € (0, 1] and for some 0 € (0,1), (3.6)

then u € Cll(;i’({u # 0}) for some a € (0,1) depending on d,p,q,L,p,0. More precisely, for
any QO € {u # 0} N Q, there exists an exponent & = a(d,p,q,L,B,0) and a constant C =
C(Y,d,p,q,L,«o, B, 0) such that

[Vilcar) < c( f V| dx + A) : (3.7)
Q
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3.3. Proof of the local Lipschitz continuity.

Lemma 3.6. Under the assumptions of Theorem let u be a bounded almost minimizer of F in
B1(0) with constant x < xg and exponent . Assume that u(x) # 0 for all x € B1(0). Then

Vu()| < C, (3.8)
where the constant C depends on p,q,d, L, o, 3,0, A, |[ull.=(8, 0))-
Proof. We have
IVu(0)l < [Vu(0) - (VM)B%(O)| + |(Vu)B%(O)| : (3.9)

Now, the first term on the right hand side above can be estimated by Theorem 3.5} observe
that, since we are assuming u to be bounded, by Remark (ii) the constant appearing
there depends on p, q,d, L, ko, 3, 0, A, llullr =8, 0)).- We then have

Va0 - (Vs ol < f 1V(0) - Vuo)
B1(0)

< 4_“[Vu]ca(3%(0)) (3.10)

<C f [Vuldx + A,
B%(O)

while

|(Vu)31(0)|sad(31)[f IVuldx + Al . (3.11)
i A B
2

Further, from the Caccioppoli inequality Lemma 3.1} (2.3), and the boundedness of u
on B1(0), we get

f IVu|dx < Lg f ((x, [Vu) + 1) dx < ¢ f ((p(x,leullLoo(Bl(o)))+A) dx
B, 0) B, 0) B1(0) (3.12)

< ¢(max {“””ZW(B](O»' ”u”Z“’(Bl(O))} +A).

Combining (3.9)-(3.12) we obtain (3.8), and this concludes the proof.
O

The next lemma concerns the asymptotic properties for suitable blow-ups of the sequence
@(x,t). Itis proved in [13, Lemma 3.10 and Appendix A].

Lemma 3.7. Let R > 0 be such that Bor(0) € Q, and (rj)jeN, (07)jeN be sequences of nonnegative
numbers, with R < 5= for every j, r; — 0 as j — +oo, and
]

oj— +o0 and @(0,0;)rj >0 asj— +oo. (3.13)
We define, for every j,
. N p(rix,ojt)
Pjx,t) = #(0,0) , X € Bor(0), t>0. (3.14)

Then,
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(i) the functions

@ ()= inf @jy,1), and (p}“(t) = sup @y, t), (3.15)
y€Bar(0) yeB,z(0)
are weak ® functions satisfying ((inc),|and ((dec),} Moreover, for j large enough,
min{#, 1} < @;(t) < maxi{t’,#1}, min{t’,t7} < (p}r(t) < max{t’, t1}, (3.16)

where the hidden constants are independent of j;
(ii) there exists jo € IN such that ¢; complies with|(AO)|for j > jo with L = 2;
(iii) there exists jo € IN such that ¢ complies with|(VA1)|for j > jo with the same w;
(iv) there exists a convex function ¢« € C1([0, +00)), whose derivative @, complies with

and such that

Pj(x,t) = @oo(t) uniformly on Bor(0) X K, where K C [0, +00) is compact. (3.17)
(v) Let (vj)jen C W(Br(0)) be such that

sup @iy, IVoi)dy < C,
j€N < Br(0)

and vj — vg a.e. in Br(0). Then
f $eo(|Vool) dy < lim inf f @iy, [Vo;)) dy. (3.18)
Br J7+e0 UBR

Let (¢;)jen be the sequence defined in (3.14) and, correspondingly, consider the scaled
Ai(rjx)
(p(O,Uj)’

Fi(v, Q) := fQ @j(x, Vo)) dx

functions )\Z (x) := i =1,2, and the scaled functional

. , , _ (3.19)
| A0 0+ A0+ max(A] (), 0o 8 i
With given u, we also consider for every j the blow-up function
i Bok(0 3.20
vj(x) = o x € Bar(0). (3.20)

We then have the following result about the asymptotic behavior of a blow-up sequence
defined by scaling an almost minimizer of J.

Proposition 3.8. Let R, (7})jeN, (0))jeN, (¢))jeN and ¢ be as in Lemma Let u be a bounded
almost minimizer of F in B»(0) with constant k < ko and exponent . Then, for every j, the function

v; defined in (3.20) is an almost minimizer of the scaled functional F j (8.19) in Bor(0), with constant
R = KT? and the same exponent . Moreover, if |[0j||=(By(0)) < M, there exists v € WY (Br(0))

such that, up to a subsequence, v; — v weakly in WP (Bg(0)), and uniformly in Br(0), and v is
@ oo-harmonic in Br(0).

Proof. Let B,(xo) be a ball such that m CcB1(0),andw € Wl'(P(Bp(xo)) such that w = v; on
aBp(xo). Setting yo := rjxo, we then have ’

u(y) = ojriw(L) = @i(y),  on IByy(yo)
and, by the almost minimality of 1, we get

F(u, Br,p(y0)) < (1 + x(rjp)")F (@;, Br,p(y0))
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Now, set & := (x7/)P. Multiplying both the sides of the inequality by with the change

_1
(i
of variables x = %, and recalling the definition of ¢; we have

]

Fj(vj, Bp(x0)) < (1 + &;pP)Fj(w;, Bp(x0))

that is, v; is an almost minimizer of the functional F j defined in (3.19).
Now, we notice that applying Lemma 3.1/ to ¢;, and observing that &; < « for all j, we
obtain for v; the Caccioppoli-type estimate

[0j = (©j)y,20l Ay
i(x, |[Voi|)dx < c(f '(x, —) dx + (3.21)
fspw) v : Bay(y) v 2p 0,0)"

for any B,(y) € B2r(0), where the constant ¢ only depends on d, p, g, %, f, and is a uniform
constant with respect to j.

Recall that [|v}lli~B,0) < M. By (8.16), ¢; satisfy [(inc),| and [(dec),} with constants inde-
pendent of j. They also satisfy and with L and w independent of j, by Lemma
Then, the radius ry of Remark ii) can be chosen independently of j. It follows that,
applying Proposition to each vj, each of them is locally a-Holder continuous on B,r(0),
and the C%*-estimate on Bg(0), holds with a uniform bound not depending on ;.

Since a is[(inc),} combining the bounds |[v}l|r=(B,x0) < M, and we obtain

¢; (IVojl)
supf [Vo;lP dx < supf ————— +1|dx <C, (3.22)
i2jo JBy(0) izjo JB,0 | 27 ()

for a constant C depending on d,p, q,L, ko, M, R, A. Hence the above inequality also holds
for p = R, whence we infer the existence of a function v, € W'?(Bg(0)) such that, up to a
subsequence,

Uj = U weakly in WP (Br(0)). (3.23)
By on Bg(0), also gives
Vj = Voo uniformly in Br(0)

since the sequence (v;) is equibounded by M on Bg(0).

So we are left to prove that v is pe-harmonic in Br(0). We first notice that using (3.21))
for % < p < R, exploiting the uniform bound [|vj||r=(p,;(0)) < M and letting p — R, we also get
that the sequence of positive measures y; := @;(-,|Voj|) £ s equibounded on Bg(0). Thus,
we can find a Radon measure u on Bg(0) such that

pj —" u onBgr(0)

up to a subsequence (not relabeled).

Let us fix w € W#=(Bg(0)) be such that {w # v} € Br(0). Since ¢ satisfies we
can find a sequence (w®).»o C W' (Bg(0)) of regularizations of w, strongly converging to w
in W9=(Bg(0)) as ¢ — 0 (see, e.g., [9, Lemma 6.4.5]).

Let p < p” € (0,R), with u(dBy) = u(dBy) = 0 and {w # v} € By. Let 1 € C°(By) be such

thatn=1onBy,, 0<n<1,|Vn < p,z—_p, and define C; = nw® + (1 — n)v;. Since {C; # v;} € By,
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using the almost minimality of v}, straightforward computations lead to

fB @i Vo) dx < (1 + k(rjpV)F (L), By)

p

. : lw® — vjl
< f @j(x, [Vw])dx + c(1 + K(ij/)ﬁ)f ((pj(x, IVoil) + @j(x, [Vw]) + ¢; (x, - ! )) dx
B, B, \B, p =

P
2 LB, + x(rip T (w, Bp) + (1 + x(rjp’)F) A LBy \ By)
(P(OI O-]) (P(OI 0])
(3.24)
for a suitable constant ¢ > 1 depending only on L and p, q.
First, we note that
lim sup @j(x,|Vojl)dx < u(By \ Bp) and ﬁj(we,BP) < CLd(Bp)

jo+oo Bp/ \BP

for j sufficiently large, and

LUBy) + x(r;p" T (s, By) + (1 + x(rip’)P) LBy \B,) = 0 (3.25)

(P(Or O_])
as j — +oo, for fixed p, p’, €.
Now we deal with the convergence of the integral terms above. Using the uniform
convergence (3.17) we have that

(P(O/ G])

lim (pj(x,Iwal)dx=f Poo([Vwr|) dx,
j=+eo JB \B, B,/\B,

since |Vw?| is bounded. Likewise, we have

Wt —v; £ _
1lim (o} (x, | p ]l) dx = f Poo (u) dx.
joteo Jp B, pr=p B,/ \B, pr=p

Therefore, passing to the liminf as j — +o0 in (3.24)), we have

lim inf f @j(x,|Vojl) dx
B,y

J—+oo
€ p [w" — Vol
< Poo(Vw])dx + ¢ Poo(IVW) + oo | ——— || dx| + u(By \ Bp).
B B,/ \B, pr=p

P

Now we let ¢ — 0 and, recalling that w = v, outside By, we easily obtain

lim inff Pj(x,|Voj|)dx < f Qoo(Vw|) dx + cf Poo(|Vwl)dx + u(By \ Bp) .
B,

j_)+00 Bp Bp’ \Bp

Therefore, with the lower semicontinuity result (3.18), letting p’ tend to p we finally get that
for every p € (0,R) and any w € WL¢=(Bg) such that {w # ve} € B, we have

f(Poo(IVvoopdef(Poo(IVwI)dx,
Bp Bp

as desired. O

A crucial tool for proving the Lipschitz continuity of an almost minimizer is the following
Proposition.
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Proposition 3.9. Let u be an almost minimizer of F in B1(xo), where xo € F*(u), such that
sup |u(x)| <M. (3.26)

x€B1 (xo)

Then there exists a constant Co = Co(d, p,q, L, o, ) < 1 such that
2M
lu(x)l < C_lx — Xol (3.27)
0

for all x € B,(x), provided that min{®}; (xo, ), ©;, (xo, 1)} < Co forany 0 <r < 1.

Proof. We may assume, without loss of generality, that xp = 0, and, throughout the proof,
we will omit the center in the notation for a ball centered at xy. We set

S(k,u) := sup |u(x)|, r:=27%, k=0, (3.28)

xeB,k

and our aim is to prove that there exists a constant 0 < Cyp < 1 such that

k
S(k+1,u) < max {%, M} , (3.29)
Co 2
provided that min{®} (xo, 1), ®;, (xo, 1)} < Co.
Indeed, once (3.29) has been established, arguing by induction we can prove that
Mry
S(k,u) < o forevery k> 0. (3.30)
0
From this, given r € (0, 1] and chosen k > 0 such that 74,1 < r < 1, we obtain
Mr Mr Mr
lellosqp,y < Nutllos, ) = S(k,u) < = =2=—=1 (3.31)

Co Co Co
and then (3.27).

In order to prove (3.29), we argue by contradiction, and, for every j > 1, we assume the
existence of u#; almost minimizer of § in By, with constant ¥ and exponent $, and of an
integer k; such that

: S(kj, uj)
S(kj +1,u;) > max JMrie41, > , (3.32)
and ,
min(®; 0,1,), 0 0,7)) < 5. (3.39)

Note that, by (3.32), |lujll;~z,) < M implies jri+1 < 1, hence k;j > log,(j) — 1 for every j, so
thatk; — +oo. Furthermore, with the uniform bound |[u||;=(,) < M and the same argument
used in Proposition we can show that for any n € (0,1) the u; are uniformly locally
n-Holder continuous in B;. Since u(0) = 0, we obtain

sup |uj(x) = sup [uj(x)—u;(0) < C,]rk 1 < C,er , (3.34)
XEBrk]+1 aceB,k]+1 i
where C;, is independent of ;.
Now, we set
Stki+1,u;
Gﬁzli——i, (3.35)
l’k].
and we consider the scaled function
Ui(re.x) ui(rg,x)
vj(x) == —~ = L x€B, . (3.36)

Ojlk; S(k]' +1, u]-) ’ "k;
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Note that, by (3.32),
gj > ]%/I — +00 asj— +oo, (3.37)
and since the density is scaling invariant, from (3.33) it follows that

~ [£9(foj > 01N By) Li({v; <0}NBy)| 1
min , <--0.
L£4(By) L4(By) ]

(3.38)

Setting

plrgx,oft) Ai(ri;x)

—, A¥):= ,
¢(0,0/) ! ¢(0,0/)

(Pj(xr t):= i=1,2,

with this choice of o;, ¢; and A{,/\é, we introduce the scaled functional F j defined as in
(3.19). Since, by (3.37), o; > 1 for j large enough, and ¢(0, t) is we have, in view of
(3.34) forn=1- 21—q

q
Stki+1,uj)
¢@mmhswanﬂm=¢®ﬂ)—l:gi'r
r

kj

Nl
NI=

<p(O,C]_ 7

2q

,  for jlarge enough,

x>
K

]

whence (3.13) follows.
Taking into account (3.32)), for x € By, we have

S(kj, u;) - 25(kjfuj) B
(k]' +1, u]') - S(k]-,u]-)

IMMSS 2. (3.39)

By Proposition v; is an almost minimizer of F j in B1(0) with constant Krf < xp and
]

exponent f3, there exist a C}([0, +0)) convex function ¢ whose derivative ¢,, complies
with |(inc)p_1| and |(dec)q_1l a function v, € W(B1(0)) such that, up to a subsequence,
vj = Ve uniformly in B (0), and ve is ¢o-harmonic in By (0). Since, by and (3.38), it
holds that either 0 < v, <2 0r -2 < v, <0in B 1 (0), and vs(0) = 0 being v;(0) = 0, from the
strong minimum/maximum principle we must have v, = 0 in B 1 (0). However, from

we deduce that sup [vw(x)| = 1 and this gives a contradiction. The proof is concluded.
x€B 1 (0)
2

We are now in position to prove the main result, Theorem 1.1}

Proof of Theorem[I.1, Let u be an almost minimizer of F in Q, with constant ¥ < xo and
exponent 8. Let ' € ), define rj as in (3.4) and set

7= }Imin{Zro, dist(QY’,dQ)} and Q,, :={xeQ: dist(x,dQ) >r}.

We recall that, by virtue of Theorem u € C¥%(Q,,) for any fixed a € (0,1). We then set
M := ||M||L°<>(Q,1), which depends on rp, and hence on 1 and €)' via the integral

f P(x, [Vul) 10 dx.
Q/

Now, let xg € Q' N {u # 0} be arbitrarily fixed. In order to estimate [Vu(xo)| we distinguish
between two cases, according to 7 := dist(xo, F*(u)).
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We first treat the case T < r1, and choose yy € F*(u) such that [yo — xo| = 7. Since

Bar(y0) € Q,,, we have |u| < M in By.(yo). Then, by virtue of Proposition for every
x € By(x0) C Bar(y0) we have

2M 4M
lu(x)| < C_olx = Yol < C—OT- (3.40)
Now, let us consider the scaled function u,(x) := M, x € B1(0). Since u is an almost

minimizer of J in B;(xg) with constant k¥ and exponent 8, a straightforward computation
shows that u; is an almost minimizer in B;(0), with constant k7 and exponent g, of the
functional F; defined as

To(w,Q) = fQ r (x, Vo)) d+ fQ A0 020y (AL (O 0y () +IIRAT (), A0 ooy (1) v,

where @-(x,f) := @(xo + tx,t) and A7(x) := Ai(xo + 7x), i = 1,2. It is easy to check that
@7 € D(B1(0)), (x,-) € CI([0, o0)) and that (¢.); complies withl@ |(inc)p_1| and |(dec)q_1
We only have to remark that also[(VAT) holds. For this, let p € (0, T), B,(y) C B1(0) and recall
that ¢ satisfies[(VAT)|on Br,(xo + T¥), so that

SN (5 B3 () I (O PR S N O 1 [w(fp), 1 /Ld(BTp)] .

Now, since pZ(t) = )(t), where @7 (t) are computed on B,(y), and 7 < 1, from the

+
(PBT(J(XO"'Ty
previous estimate we infer

Pr(t) < (1L+pM)pr(t), if pr(t) € pf,1/£%(By)| -
Moreover, by (3.40), |u.| < %I in B1(0). Therefore, by Lemma we deduce that
[Vu(xo)l = [Vu(0) < Cq,

where the constant C; depends on p,q,d, L, ko, 5, A, u, Y.
u(xo+r1x)

r1 4
x € B1(0)in place of u., which satisfies [[u;, ||, ©0)) < %, and J, in place of F;. This concludes
the proof.

If, instead, T > r1, we can perform an analogous argument as before with u,, (x) :=

O
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