LEAST GRADIENT PROBLEM WITH NONHOMOGENEOUS TERM

SAMER DWEIK

ABSTRACT. Given a domain Q C RY, we consider the following generalization of the least gradient
problem

inf{/ﬂ\DuH—/ﬂwu :u€BV(Q), u=f on 8(2},

where ¢ € LN (Q) and f € L'(99) are given functions. If the domain (2 satisfies a 1)—barrier condition
and the boundary datum f is continuous, we show existence of a solution w to this problem provided
that ¢ € LP(Q) with p > N and 4 is sufficiently small in an appropriate sense. By a comparison
theorem, we will also prove uniqueness of the solution provided that 1 is a constant A and |A| is
smaller than the Cheeger constant of 2. When N < 7, we show that the solution u is continuous on
Q. These generalize previous results obtained for the classical BV least gradient problem (without
the nonhomogeneous term ) in [18, 10, 9].

1. INTRODUCTION

In this paper, we study a variant of the least gradient problem. The classical version of the least
gradient problem consists of minimizing the total variation of the vector measure Du among all BV
functions u defined on an open bounded Lipschitz and simply connected domain 2 C RY with given
boundary datum f € L'(99):

(1.1) inf{/Q|Du u e BV(Q), ulon = f},

where u|gn denotes the trace of u on the boundary 9Q. It was first considered in this form in [18],
where the authors prove existence and uniqueness of a solution to (1.1) in the case where 2 satisfies
a “barrier condition” (in 2D, this assumption is equivalent to strictly convexity) and the boundary
datum f is continuous. In fact, we can see clearly that a solution may not exist if {2 is just convex;
assume that Q = [0,1]? with f(z1,22) = 21 on [0,1] x {0}, f(z1,22) = 1 — 21 on [,1] x {0} and
f(z1,22) = 0 otherwise, then we see that the level sets (which are line segments; see [8, Chapter 10])
of a solution u to Problem (1.1) are contained in the segment [0, 1] x {0}, which means that u does not
satisfy ujpqo = f and so, the problem (1.1) does not attain a minimum. However, in the case when €2
is not strictly convex, one needs to introduce admissibility conditions on the boundary data to obtain
existence and uniqueness of solutions, see [4, 5, 16]. On the other hand, the continuity assumption on
the boundary data can be relaxed. In [6], the authors proved that in two dimensions Problem (1.1)
admits a solution as soon as f € BV(01); the idea there is to show that (1.1) is equivalent to an
optimal transport problem between the positive and negative parts of the tangential derivative of f.
However, we lose uniqueness of the solution to (1.1) if f ¢ C(99).
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2 S. DWEIK

The least gradient problem with Neumann boundary condition has been also considered in [7, 15, 14].
More precisely, the authors studied the following minimization problem:

(1.2) inf{/Q|Du|—/m¢udH1 : ueBV(Q)}7

where ¢ € L*(99Q) with [, ¢ = 0. They show that Problem (1.2) reaches a minimum (which has to
be clearly equal zero) as soon as the datum ¢ is small enough, that is ||¢||« < 1 where the norm || - ||+
is equivalent to || - ||z (a) and it is defined as follows:

Jog U

[« == sup{ cu € BV(Q) .
fQ | Dul

If ||¢||. < 1 then uw = 0 is the unique solution for Problem (1.2) while if ||¢||. = 1, then there are

infinitely many minimizers. If ||¢||. > 1, the minimal value will be —oco and so, a solution u does not

exist.

In this paper, we will consider the following BV least gradient problem with nonhomogeneous term:
(1.3) inf{/ |Du|+/wu :uw€BV(Q), u=f on 89},
Q Q

where 1 is a given function in L™V (). To the best of our knowledge, this problem with nonhomogeneous
term has not been studied before in the literature. We note that Problem (1.1) is a particular case
of (1.3) when ¢» = 0. The main goal will be to prove existence and uniqueness of a solution to this
problem. In fact, it is not difficult to check that the functional in Problem (1.3) is lower semicontinuous
with respect to the L! convergence. Let (u,,), be a minimizing sequence in (1.3). Since v has no sign,
then it is not clear whether this sequence is uniformly bounded in BV () or not. Even if we assume
that up to a subsequence, u,, — u weakly* in BV (), then it is also not clear whether the limit
function u satisfies the boundary condition u = f on 92 or not. Hence, the existence of a minimizer to
Problem (1.3) seems to be a difficult task. Moreover, the existence of a solution to this problem should
somehow be related to the nonhomogeneous term 1, i.e. we cannot expect existence of a solution
without appropriate conditions on 1. On the other hand, we will also need some geometric assumption
on {2 since we recall that in the case where 1» = 0, the domain Q has to be strictly convex (or more
generally, satisfies a barrier condition).

Inspired by [13], we will consider instead of Problem (1.3) the following relaxation problem:

(1.4) min{/QDu|+/69 |u—f|cmN*1+/Qwu : ueBV(Q)}.

This can also be expressed in the following way: extend f into a BV function f defined on a larger
domain €2, and then consider

(1.5) min{/ﬁ|Du|+/ﬂwu cueBV(Q), u=f on Q\Q}.

Assume Problem (1.4) (or equivalently (1.5)) has a minimizer u. So, the fact that the solution u satisfies
or not ujpn = f could depend on f (and on the domain €2 as well as the nonhomogeneous term ). In
case we have u|pq = f, then u will be also a solution to Problem (1.3). We note that when ¢ # 0, an
existence result cannot be obtained via the optimal transport approach used in [6], since it is not clear
whether this more general formulation admits an equivalent optimal transport representation or not.
Notice that if w is a solution to Problem (1.3), then u solves formally the following 1—Laplacian PDE
with nonhomogeneous term:

(1.6) {V'[gﬁ] =4 in 0

u=f on 0.
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In [14], the authors show through approximation by p—Laplacian problems as p — 17 existence of
a BV solution u to Problem (1.6) with Dirichlet boundary condition (i.e. u = 0 on 9Q) but in a very
weak sense (see [14, Definition 4.1]), assuming that the datum ¢ is sufficiently small.

In Section 2, we will prove existence of a solution u to the relaxed problem (1.4) under the assumption
that (we note that the existence of a minimizer to (1.4) in the case when ¢ = 0 is trivial)

(1.7) inf{ Jo v cu€eBV(Q), u=0 on (“)Q} > —1.
Jo | Du|
Then, we will show that any superlevel set F; := {u > s} of a solution u to Problem (1.4) is a

¥—minimal set. Thanks to this result, we will be able to show that u has the correct trace (i.e. u = f
on 0N) as soon as f € C(9N) and IN satisfies a positivity condition on a sort of generalized mean
curvature related to the nonhomogeneous term 1 (we refer to this as the )—barrier condition and this
would be a generalization of the notion of barrier condition to the case when 1 # 0).

In Section 3, we will study the uniqueness of the solution to Problem (1.3). First, we show that
the boundary of any superlevel set E of a minimizer u to (1.3) is smooth, up to a set of Hausdorff
dimension at most N —8. Then, we will prove that the essential boundary of any superlevel set E; must
intersect 0€2; this will play an important role in the proof of our comparison theorem. However, we
need to restrict ourselves to the uniform case when 1 is constant (i.e. ©» = ) to prove our comparison
and uniqueness results. The key point here is that under this restriction, two different level sets cannot
intersect at a point inside Q.

Recalling (1.7), we note that the existence of a solution to Problem (1.5) in the case when ¢ = A is
then related to the Cheeger constant:

Asz—inf{PerF(F) : FCQ}.

Indeed, we have

A —|A

inf{f {QDU| cu€BV(Q), u=0 on 89}:inf{|f|||gﬂ|u cu€BV(Q), u=0 on BQ}
o U o U

[ Joul

fQ|Du|
—[Al 1Al

T

= —|\| sup{ u€ BV(Q), u=0 on 69}

inf{flﬂleu tu€BV(Q), u=0 on 69}
o ul

Consequently, we will show that if ¢» = A and |A] < Aq then Problem (1.3) has a unique solution w.
However, it is not clear whether we lose uniqueness or not in the general case when 1 is not constant.
In addition, we will prove only in low dimensions (when N < 7) that this solution u is continuous on
Q. But, we do not also know whether it is possible for a minimizer to be discontinuous when N > 8.

2. EXISTENCE

In this section, we prove existence of a solution to Problem (1.3). Let Q be an open bounded
Lipschitz domain such that 2 C (). Let f be a function in BV (Q\Q) such that f = f on 99 (we extend
f by 0 on Q). Let us also extend v by 0 on Q\Q. Then, we consider the relaxation problem (1.5):

(2.1) min{/@|Du|—|—/Qwu cu€BV(Q), u=f on Q\Q}
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We start by proving existence of a minimizer u to Problem (2.1). Before that, we need to introduce
the constant:

(2.2) A :=inf { f%}éZl : ue BV(Q), u=0 on Q\Q} <0.
Q

Then, we have the following:

Proposition 2.1. Assume A > —1 and ¢ € LP(QQ) with p > N. Then, Problem (2.1) reaches a
minimum.

Proof. Let (uy)n be a minimizing sequence in Problem (2.1). Then, there is a constant C' < oo such
that

(2.3) / | Dy, | +/ Yu, <C, forall neN.
Q Q

Yet,
/Qwun:/gwun—f)zA/§|Dun—Df|.
Hence,

(1+A)/ |Dun\+A/ [f] §/ |Dun\+A/ |Du,, — D] S/ \Dun|—|—/ Yu, <C, forall neN.
Q N Q Q Q Q
Since A > —1, this implies that

(2.4) /7|Dun| <C, forall neN.
Q

But, u, — f € BV(Q) with u,, — f =0 on Q\ﬁ Then, there is a uniform Poincaré constant M < oo
such that

(2.5) /Q i — Fl < M /Q Du, — DJ|.

Thanks to (2.4) and (2.5), we infer that the sequence (u,), is bounded in BV(f2). Hence, up to a
subsequence, u, — @ weakly* in BV (£2). In particular, we have w,, — @ in L9(f2) for all 1 < ¢ < %

and @ = f on Q\ﬁ So, 4 is admissible in Problem (2.1). From the lower semicontinuity of the total
variation, we get also that

(2.6) /|Dﬂ\ gnminf/ | Dty
Q n Q

Moreover, one has

(2.7) /szun—>/ﬂwa.

Thus, (2.6) and (2.7) imply together that

/Q|Dﬁ|+/91/1u§hminf[/Q|Dun|+/ﬂwun}

Consequently, @ is a minimizer for Problem (2.1). O

After shifting the minimisation problem (2.1) by the constant term fﬁ\ﬁ IDf|, we also see that
u 1= U|q solves

(2.8) min{/Q|Du|+/mu—f|d7—tN_1+/Qz/Ju : ueBV(Q)}.
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Now, we come back to the original problem (1.3) and our goal is to show that a minimizer u in
Problem (2.8) has no jump on 9%, i.e. the inner trace of u equals f on 9. Hence, we consider again
the minimization problem:

(2.9) min{/ \Du|—|—/@/}u : u€BV(Q), u=f on 89}.
Q Q

Definition 2.1. Assume Q is a bounded open set and Q is a large domain that contains Q. We say

that a function uw € BV () is ¢—least gradient in Q if for all functions v € BV (Q) with v = u a.e. in

Q\Q, we have
[|Du|+/¢u§/\Dv|+/¢v.
Q Q Q Q

We say that E C Q of finite perimeter is a y—minimal set in Q if for all subsets F C Q0 such that
F\Q = E\Q a.e., we have

Per(E,Q)+/ ¢ < Per(F, Q)+/ 0,
E F

where Per(E,Q) denotes the perimeter of E in Q defined by Per(E,Q) = Jo|DxE|, where xg is the
characteristic function of E. In the sequel, we will write Per(E) instead of Per(E, Q).

Let u be a minimizer in Problem (2.1). For every s € R, we define the superlevel set
E,:={z e Q:u(x)> s}
Then, we show the following;:

Proposition 2.2. For almost every s such that Es # 0, the superlevel set E5 minimizes the following
problem:

(2.10) {Per(E) +/Ew . ECQ, EAE, C Q}

Proof. Let v € BV(Q) be a nonnegative function such that v = 0 on Q\Q. From the minimality of
in Problem (2.1), we clearly have

/Q|DU|S/Q|D(u+v)|+/Q1Z)v.

Fix s € R. We define uy := max{u — 5,0} and us := min{u, s}. Then, we claim that u; and uy are
1—least gradient functions in ). In fact, it is easy to see that u = u; + us. Moreover, we will show

that
[|Du|:/~|Dul|—|—/~ |Dus|.
a Q a

Let ¢ : R — R be a Lipschitz function then by the chain rule formula for BV functions (see [1, Theorem
3.96]), one has the following:

Dl¢(w)] = ¢'(u)Vu + [¢(uf) — 6(u;)] - v HY 'L Tu + ¢/ (@) DCu,

where Vu is the absolutely continuous part and D¢u is the Cantor part of Du, u is the approximate
limit of u at x defined as follows:
1
lim — u(y) —u(x)|dy =0
i o [ )~ @y =0
Ju is the jump set (which is countably N — 1 rectifiable and so, at a.e. = € 7, there exists a normal
vector vy, to Jy,), uj and u; are the two “one-sided” approximate limits of u on J, in the sense that

lu(y) — uj ()] dy =0,
r—0 N /B(a:,r)ﬁ{y:<yw,l/u>>0} !
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lim —

1 / _
|u(y) — vy (x)|dy = 0.
r—0 N B(z,r)n{y:<y—xz,v, ><0} !

Thanks to [1, Proposition 3.92], we note that ¢/(u)Vu is well defined since Vu = 0 LN —a.e. on the
set where ¢’(u) is not defined and ¢'(u)Du is also a well defined measure since ¢'(u) is undefined in
a |D°u|—negligible set.

Now, define ¢1(¢) := max{t — 5,0} and ¢2(t) = min{t, s}. So, we have u; = ¢1(u) and ug = ¢a(u).
Hence,
Duy = ¢ (u)Vu + [¢1 (uj') —¢1(u;)] vy HN L T, + 6 (@) Du
and
Duy = ¢4 (u)Vu + [qﬁg(uj) — ¢2(u;)] - vy HY L T, + ¢ (@) D u.

In particular, we have
/ Dy | = / IVl + / 61 (u) — én ()| AHN L+ [Deul({u > 5})
Q {u>s} Tu

and

Lipuat= [ 19l [ loat) - oo 5 D < )

fu<s)
/\Du1|+[ | Dus)|
Q Q

=/Q|VUI+/ o1 (uf) = 1 (uy )] + [@2(u)) — do(uy )] AHN 1 + | Doul (),

7

Thus,

where we have used that |Vu|({u = s}) = |D|({u = s}) = 0. On the other hand, it is easy to check
that

|61 (uf) = 1(uy)| + |do(u]) = da(u)] = [u] —uj|.

Hence, we get

/Q|DU1|+/§|DU2|+/QT/JU1+/Q¢U2:/Q\DU|+/Q¢U§/Q|D(U+U)|+/Q¢(U+”U)

g/Q|D(u1+v)\+/§2\DuQ|+/ﬂw(u1+v)+/ﬂ¢U2

Jpwl+ [ v < [ Do)+ [ oo,

for any function v € BV(Q) with v = 0 on Q\Q. In the same way, one can show that usy is also a
1p—least gradient function.

and so,

For every € > 0 small enough, we define u. := I min{max{u — s,0},¢}. Thanks to the above
argument, we infer that the function u. also satisfies

~|Dua|§ ~|D(u‘€"'1’)“" P,

Q a Q

for any function v € BV(Q) such that v = 0 on Q\ﬁ Hence, u. is a 1y—least gradient function for all
e>0.

For every v € BV (), we will denote in the sequel by v+ and v~ the inner and outer traces of v on
09, respectively. We recall that v+ and v~ are characterized by the fact that for #~ ! almost every
x € 09,

lim —/ lo(y) — vt (z)|dy =0 and lim —N/ lv(y) — v (x)|dy = 0.
B(z,r)NQ B(z,r)\Q
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Assume that
LYz eQ ulx)=s}) =HY ' ({z € 9Q :ut(2z) = s}) = 0.
We note that this is the case for a.e. s. Then, it is clear that u. — xg, in Lq(fl) for any 1 < ¢ < oo,
when £ — 0. Moreover, we claim that uX — Xi“s in L1(0Q). Let us prove that ul — XES in L1(0Q)
(the proof that uZ — xp_in L'(9Q) is completély similar and so, it will be omitted). First of all, we
see that
ul = émin{max{u"‘ — 5,0}, e}

This follows from the fact that

1 1 1
—~ — min{max{u(y) — s,0},e} — = min{max{u™ (x) — 5,0},¢}|dy
™ JB(z,r)nQ | € €
1 / n
< —= u(y) —u" (z)|dy — 0.
N B(m,r)ﬁﬂl (v) ()]

But again, we see that ul — x(u+>s3 in L'(0Q). Yet, we claim that xg,+>¢ = XES- Fix z € 0 and
assume that v (z) > s. Set A, := {u < s} N B(z,r) N Q. Then, we must have

Al 1 1
@) sl G < 5 [ luty) —wt@lay < uly) = (@) dy = 0
r ™ Ja, r B(z,r)NQ
Hence, |A,|/rN — 0. Yet, one has
1 1

1
e ()~ 1 dy = - . 0) =y + o [ ) =1y

rN B(x,r)NQ (B(z,m)NQ)\ A,

1
o [ ) - 11y 0.

Then, x5 () = 1. If u™(z) < s, then one can show in the same way that xf () = 0. Hence,
XES = X{ut>s}-

Fix v € BV(Q) with v =0on O\Q. Set v, =[xz
gradient and v. = 0 on Q\Q, then we have

/Q|Dus\ S/QID(ug—i-ve)‘—i—/Qva.

/|Due\+/ |u:—u;\s/|D<ua+ve>\+/ |u:+v;—u;\+/wva.
Q oN Q oN Q

Therefore,

/|Du€\+/ |u:—u;|s/|D<xES+v>|+/ \xgs+v+—u;|+/w<xE5—us>+/wv.
Q onN Q o0 Q Q

Since ¥ € LP(Q) with p > 1, u. — xg, in LY(Q) (for any ¢ < co) and u — Xa in L1(09), then by
the lower semicontinuity of the total variation, we get that

E. B~ XE,|l = E, E. — XE, :
Dxe. |+ | x5 — x5l < | IDxe, +o)l+ | Ixg +o" —xg |+ [ v

Q o Q o0 Q
This yields that

(2.11) |l < [ DG+ o)1+ [ v

To conclude the proof, assume E is a subset of Q such that EAE, C €. Hence, by (2.11) with
v = XE — XE,, we infer the following inequality:

Per(Es,Q)Jr/ Y < Per(E,Q)+/ v, O
s E

—ue| - xq +v. For every € > 0, since u. is ¢p—least

s

Hence,

E
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Moreover, we have the following result which extends somehow Proposition 2.2 to the case of all s.

In [2, Theorem 1], the authors show that if u is a classical (i.e. 1» = 0) least gradient function in 2,
then any superlevel set E; of u is of least area in ).

Proposition 2.3. For all s, the superlevel set Es minimizes the following: for all v € BV (Q) such
that v =0 on OS2, we have
/|DXES| S/ |D(XES+U)|+/¢U-
Q Q Q

Proof. Let (s,)n be a sequence such that s, — s, s, < s, and Fy, is a ¢y—minimal set. It is easy to
see that xp, — xg, in LY(Q). Let K be a compact set and A be an open set such that

KcAccq,
HNTL(DA) < o,

/ |DXE.,
0A

For every n, let us denote by g, the function that is zero on A and xg, on Q\A Then, we clearly

have
[ 100l = .,
Q A
In particular, one has
[IDXESH +/wxEsn S[ngnH/z/Jgn:/ IXE.,
Q Q Q Q A

Hence,
/|DXE5n S/ IXE.,
A A

Then, this implies that xg, € BV (A). In addition to the assumptions above, one can always assume

the following:
/ | DxE.
A

o
lim/ IxE,, —XxE.| =0.
n Joa

Let h € BV (Q) such that h = xp, on Q\K. For every n, let us denote by h,, the function that is equal
to hon A and xg,, on Q\A. Then, we have

[\DxEsn +/wmn s/ |Dhn|+/whn.
Q Q Q Q

/ \Dh,| = / D + / X, — x| dHY 1 4 / Dxe.. |
a A A A

Thus, we get that

/\DXEMH/ Y XE,, S/ IDh|+/ IXE,, — XE.
A A A 0A

Letting n — oo, we infer that

/ Dxg.| + / ¥ Xs, snminf[ / Dye, |+ / wxEs,,j < / D] + / h.
A A n A A A A

Consequently,
1Dl < [ P+l + [ v
Q Q Q

and

=0, for all n.

dHN71 +/ ‘DXEsn |
Q\A

dHN_l‘f‘[ |DxE,, +/ Y XE,, -
A o\A

AN - /A bxm, <HN1(0A) + /A .

=0

and

Yet,

dHN T+ / Vh.
A
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for all v € BV (Q) such that spt(v) C K. Finally, we can extend this inequality to any v € BV (Q) with
vt =0 on 9N by approximation. [

Notice that a set with finite perimeter £ C RY is defined up to a set of measure zero; thus, each
such set defines an equivalence class of sets F' with |[EAF| = 0. To avoid this ambiguity, we will focus
on a particular element E(!) (the set of points with density 1) of this class, which remains unchanged
even if a set of measure zero is added to E. For this aim, we define the N—dimensional density of £
at a point z € RY as follows:

Thanks to the Lebesgue points theorem, 0 [E](x) exists at a.e. point € R" with Oy[E](z) = 1 for
a.e. v € E and Oy[E](z) =0 for a.e. z € RV\E. Given A € [0, 1], the set of points of density A of E is
defined as

EW = {2 e RN : 5[E](z) = A}
So, we clearly have
IEAEW| =0 and |RM\EJAE®|=0.

In particular, it is easy to see that E(1) is insensitive to modifications of E on sets of measure 0. On
the other hand, we define the essential boundary of E as the set of points where the density is neither
0 nor 1, i.e.

d.E =RN\[E© uEW].
In addition, we will also use in the sequel the notion of reduced boundary 0*FE of E which is defined
as the set of points = € spt[Dxg] where the limit

vg(z) ;== lim —DXE(B(x’T))
TS0 ‘DXE‘(B(I,T’))

exists and belongs to SV 1. We note that replacing E with E(!) does not change the reduced boundary
0*E. On the other hand, we clearly have

0*FE C 0.E C OFE.
Thanks to [1, Theorem 3.61], one has
HN Y9, E\O*E) = 0.

By [1, Theorem 3.59], one can show that the reduced boundary 0*F is countably (N — 1) rectifiable.
Moreover, we have

|Dxp|=HN"'LO*E.

In order to prove existence of solutions to Problem (2.9), we need to introduce the following condition
on 2 that generalizes the notion of barrier condition in [18] to the case when v # 0.

Definition 2.2. We say that Q) satisfies the ¥—barrier condition if for every point xg € I and e > 0
sufficiently small, if E minimizes

(2.12) {PGT(W) + /Wd} : W CQ, W\B(zg,¢) = Q\B(zg,a)},

then
OEW N o N B(xg,e) = 0.

Remark 2.1. We note that the v—barrier condition is related to both the shape of Q0 as well as the
function 1p. Assume @ C R? has a smooth boundary and 1) = X, then it is not difficult to check that Q

satisfies the A—barrier condition as soon as it is uniformly convexr and the curvature of 9S) is greater
than |A].
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Now, we are ready to prove one of the main results in this paper.

Theorem 2.4. Assume Q satisfies the p—barrier condition, » € LP(Q) with p > N, A > —1 and,
f € C(09). Then, every minimizer of Problem (2.1) is also a minimizer of Problem (2.9). In particular,
Problem (2.9) has a solution.

Proof. Let u be a solution for Problem (2.1) (thanks to Proposition 2.1, u exists). Assume that the
inner trace of u on 9f) is not exactly f. So, there will be a point zg € 02 and a constant § > 0 small
such that

(213) €SSSup,cq, \xo—y\<r[u(y) - f(l‘o)] >4 or €SS SuUpy,cq, |x0—y\<r[f(m0) - u(y)] 2 57

for every r > 0. Let us assume that the first statement in (2.13) holds (the proof will be similar if
the second statement in (2.13) holds). Since f € C(dQ), then we may assume that the extension f is
also continuous on Q\Q. Fix f(xzg) < s < f(x) 4+ d. Thanks to the continuity of f, then we also have
u(y) < s, for all y € B(xo,)\; where £ > 0 is sufficiently small. Now, consider the superlevel set

E, = {x R u(x) > 5}
Hence, we clearly get

(2.14) zo € OB NN and EM N B(xg,e) C Q.

On the other hand, thanks to Proposition 2.2 and up to choosing a suitable s € (f(xo), f(xo) + ), we
have that the superlevel set E; minimizes the following problem:

{Per(E,Q)+/ Y : ECQ, EAE,CQ a.e.}.
E

The aim is to arrive to a contradiction with the assumption that €2 satisfies the y)—barrier condition.
Let V be a minimal set in Problem (2.12), i.e. V minimizes

(2.15) {Per(VV, Q) +/W¢ : W CQ, W\B(zg,¢) = Q\B(xo,s)}.

Since ) satisfies the 1h—barrier condition, then we have 9V N 90 N B(zg,e) = 0. Now, we define
V=V U(E;NQ). Then, we claim that V' also minimizes Problem (2.15). But, this yields obviously
to a contradiction with the assumption that €2 satisfies the y»—barrier condition since we clearly have

zo € V'Y noan B(z,¢). Let us prove our claim; assume V' is not a minimizer in (2.15). First, we
see that V/\ B(zg,e) = Q\B(zg,¢). So, by the minimality of V' in Problem (2.15), we have

Per(V,Q) —|—/ Y < Per(V,Q)+ [ 4.
v v

Set F' = [Es\V] N B(xg,e). Then, it is clear that F' # ) since z( € OEM N o9 while 0V N o0 N
B(zg,e) =0 and, F C Q as EM N B(xg,¢) C Q. Moreover, we have clearly V/ = V U F. Thanks to
[11, Theorem 16.3], one has

Per(V',Q)
= HN YO (VUF)) = HN 1@ VAF O+ H N 10 FOV O+ 1Y ({z € 0*VNO*F : vy (z) = vp(x)}).
Yet,
Per(V,Q) = HN 1@ VN FO) + HN 1@V n FO) + HN Y9V N O*F).

But, we have *V N F() = (). Since otherwise it means that there is a point z € 9*V N FM) and
so, |V N B(z,r)|/|Br| — 6 € (0,1) and |F N B(z,7)|/|Br] — 1. Since VN F = {), this yields that
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VN B(z,r)|/|Br] = 1+ 6 > 1, which is a contradiction. On the other hand, it is easy to see that
{r € *VNI*F :vy(x) =vp(z)} = 0. Hence, we get

(2.16) HN=H OV NO*F) < HN”(&)*FOV(O))+/ Y.
F

Set B/ = E,\F. Then, we clearly have E'AFE; C Q. Then, by the minimality of FE; in Problem (2.10),
one has

Per(E,,Q) + / Y < Per(E', Q)+ | .
E. E’
But, we have
Per(BEy,Q) = HN Y0 E,n FO) + HN 10" E,n FO) + HN"1(0*E, N O*F)
and

Per(E', Q) = HN Y O*E,nFO)Y + HYN YO  FNEMW) + HN "1 ({z € 9*E,NO*F s vp (z) = —vp(x)}).

Since F' C Es, then we clearly have {z € 9*Es NO*F : vg_ (z) = —vp(z)} = 0. This yields that
Per(E', Q) = HN YO E,n FO) + N Y@ Fn EW).

Moreover, it is easy to check that 0*E, N F(D) = ¢ (otherwise, there will be a point = such that
|Es N B(x,r)|/|B:| = 6 € (0,1) and |F N B(x,r)|/|Br| — 1, which is not possible since F' C Ej).
Hence, we get

(2.17) HN Y O*E,NO*F) + / Y < HN O FnEW).
F

However, we claim that

(2.18) HN Y *FNEW) <HN=Y0*V N F).

Indeed, assume z € 9*F N E{Y. Hence, we have |Es N B(z,7)|/|Br] — 1 and |F N B(z,r)|/|B,| — 0 €
(0,1). Assume 2 € V(). Then, we have

[V NE;NB(z,r)| < |V N B(x,r)]

< 0.
| B | | B |
Hence,
Es; N B(z, F N B(x, VNEs;NB(x,
o1 B, 0 B(a,r) _ [P B | | @l L,
| B, | | By | | By |
which is a contradiction since |E, N B(x,7)|/|B,| — 1. Now, assume that = € V1), Then, one has
|V N B(x,r)]
—— — L.
|Br |

Clearly, this is not possible since otherwise we get
\V'0NB(x,r)| |FNB(z,r)  |VNB(x,r)

—1+60>1.
|By| |By| |By |

Consequently, z € 9.V. Yet, HN~1(9.V\0*V) = 0. Thus, up to a H¥~!—negligible set, 0* F' N Eél) C
O*V NO*F.

Now, we claim that 0* FNV©) c 0*E,NO*F, up to a HN ! negligible set. Fix z € 9* FNV () and
assume z ¢ 0.E;. We have |V N B(z,r)|/|B.| = 0 and |F N B(z,r)|/|B.| — 6 € (0,1). Hence, it is
clear that = ¢ E”) since F C E,. Therefore, 2 € ES" and so, we have |Es N B(xz,7)|/|By| — 1, which
is again a contradiction (see (2.19)). Hence,

(2.20) HYN L@ FnVO) <HNY O E, N F).
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Combining (2.16), (2.17), (2.18) & (2.20), we get

#L%W&ﬂGWWﬁ/ngNAWWWEQ)SHMHWVﬂWﬂ
F
<HN4wWwVWU+/¢
F

SHMHW&DWD+/¢.
F

But, this is clearly a contradiction because of the strict inequality. Hence, u = f on 99 and so, u
minimizes Problem (2.9). O

3. UNIQUENESS

In this section, we prove uniqueness of the solution to Problem (2.9). In the case when ¢ = 0,
existence and uniqueness are known to hold provided that €) satisfies a barrier condition and the
boundary datum f is continuous; see [18]. Thus, in the general case when 1 # 0, one might expect
uniqueness to remain valid under suitable assumptions on v (and possibly on 2). However, we will
be able to establish uniqueness only in certain particular cases, when v is constant and || is strictly
smaller than the Cheeger constant of 2. The key idea here is to prove a comparison principle on the
solutions of (2.9) or more precisely, on the superlevel sets of a solution u. From Proposition 2.10, we
recall that each superlevel set Eg is ©»—minimal. Since the proof of our comparison principle requires
some regularity on the boundaries of the superlevel sets, so we begin with the following result that
shows that the singular set of the boundary of any superlevel set E is of dimension at most N — 8 (so,
in dimensions up to seven it is empty).

Proposition 3.1. Assume that ¢ € LP(Q2) with p > N. Then, there will be an open set W C Q such
that OESY 0 W s of class C*7 (for some ~y that depends on p and N) with H*(Q\W) = 0 for all
s > N — 8. In addition, 0E§1) NW is of class C*< (resp. C**2:%) provided that 1 € C%*(Q) (resp.
Y € C*(Q)). Moreover, the mean curvature H of OB N W is given by the following:

Y

N-1

Proof. Fix xg € 8E§1) N Q and € > 0 sufficiently small so that B(zg,e) C Q. From the minimality of
E; in Problem (2.10), it is clear that for any set F' C Q such that E;AF C B(zg, €), we have

Per(E., Bao.)) + / ¥ < Per(F, B(z0,2)) + / ¥,
ESF]B(QIQ,E) FﬂB(ZE07E)

where

|DXF|~

Per(F, B(xg,¢)) = /

B(zo,e)
Thus, the C*7 regularity of 3E§1> N Q follows directly from [12, Theorem 3.1]. Assume x is a regular
point. After rotation and translation of axes, we may assume that xgp = 0 and oBM N B(zg,€) is the

graph of a function v* and that the inward unit normal vector to 8E§1) at xg is ey :=<0,...,0,1 >.
Then, it is easy to see that v* minimizes the following problem:

min {,_7(1)) : v € Lip(B'(0,¢)), v=1v* on 8B/(0,€)},

where

v(z')
J () = / V14 |Vol2 — / / (', 2" da” da’
(0,e) (0,e) JO
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and, B’(0,¢) is the ball centered at 0 with radius £ in RV~1. Now, fix ¢ € C§°(B’(0,¢)). For any &
small, we have J(v*) < J(v* 4 d¢). Then, the optimality condition at 6 = 0 yields that

Vo*(z') ,
——V¢(a') = ¥(
/’(0,5) /1+ |V’U*(£C/)|2 ~/B’(O,E)

2’ v*(2")) d(x).
Hence, one has

* !/
(3.1) B [ A R D))
1+ |Vo* (')
or equivalently,
(1 + |VU*‘2)(SU — ’UZ(U;
(1 + |Vo*|2)3/2

Zaijvi*j = —p(a’,v*(2))) where ai; =
i.J

Yet, the right hand side in (3.1) is clearly in C%(Q). Moreover, it is easy to check that there are two
positive constants 0 < A < A < oo such that A|¢[? < ;& < Al¢]2. In addition, a;; € C%7(B'(0,¢)),
for all i, j. Then, thanks to Schauder estimates (see [3]), this implies that v* is C** in B'(0, §). In
addition, the mean curvature H of OE{" at a point z = (z',v*(2)) is given by
* /
V- HE) =V [ | =y @) =
1+ |Vo*(a')[”

Before proving our comparison principle, we need to introduce several lemmas. We start by the
following:

Lemma 3.2. Assume E; and Es are two v—minimal sets with E1\Q C E2\Q. Then, E1 N Ey and
FE1 U E5 are also 1y—minimal sets.

Proof. We note that the proof is similar to the one in Theorem 2.4; we include it here for the sake of
completeness. Let us prove that E; N Ey is ¢»—minimal. Set F' = E1\F5. Thanks to the assumption
that E1\Q C FE2\Q, then we see easily that F' C Q. Now, we define E] = E1\F = E; N Ey. Then, we
have EyAE] C Q. Thanks to the minimality of Ey, we get

(3.2) Per(E1, Q)+ [ ¢ < Per(Ej, Q)+ [ .

E By
Yet, _

Per(E1,Q)

= HN @ B FO) + HY N F N EY) + HY T ({2 € U ELNOTF v, (v) = —vp(2)}).
Hence,
(3.3) HNL(O*Ey N O*F) +/ ¢ <HN N0 F N EM).
F

On the other hand, set Ef = F> U F = F; U Ey. Again, we clearly have F3AFE, C Q. Since Fs is a
1®—minimal set, then we have

(3.4) Per(E2, Q)+ [ o < Per(E}, Q)+ [ .
B, B,

Yet,

Per(E5,Q)
=HN P E, N FO) + HN L 0 FNEY) + HYN " '({2 € 0" Ea NO*F < vp, () = vp(x)}).
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But, this yields to

(35) ’HNfl(a*E2 N a*F) < fHNfl(a*F n EéO)) _,’_/ .
F

However, it is not difficult to check that HV~1(0*F N Eil)) = HN"YO*Ey N O*F) and HVN 1 (0" E1 N
O*F) =HN"Y0*F n Eéo)). Combining (3.3) & (3.5), we infer that

HY O B F) = MY @ PN ED) + [ .
F

In particular, the inequalities in (3.2) & (3.4) must be equalities. But, this means that F; N Fy and
F1 U E5 are ¥»—minimal sets. [

Lemma 3.3. For almost every s € [minpq f, maxaq f|, we have oEM non ¢ f7(s). In addition, we
have
{x € dNIEN : EW N B(x,e) cQ for some e >0} = 0.

Proof. Assume that there is a point zo € OES" N 9Q with f(zg) < s (resp. f(xg) > s). We note that
since f € C(99Q), then we may assume that the extension f is continuous over Q\. In particular, if
€ > 0 is sufficiently small then f < s (resp. f > s) on B(xg,e). Hence, one has

EW N B(w,e) N O\Q = 0.

Therefore, we have Egl) N B(wg,e) C Q. Recalling (2.14) and arguing as in Theorem 2.4, we arrive
again to a contradiction. [

In the next lemmas, we will show that any connected component of the closure of the reduced
boundary of a superlevel set intersects 0€2. For the sequel, we set

Aim ::min{Per(F):l:/1/):FCQ7 |F|:m>0}.
F

Lemma 3.4. Assume Ai,m > 0 for every m > 0. Let F be a connected component of Egl) such that
FNQ+#D. Then, the closure of the reduced boundary 0*F must intersect the boundary 0.

Proof. Assume 0*F N0 = 0 (so, dist(0*F,0Q) > 0). Hence, it is not difficult to see that OF C Q
since we recall from Proposition 3.1 that OF\O*F is of dimension at most N — 8. Now, set £ = E,\F.
We clearly have EAE, C Q. Then, thanks to the minimality of E, in Problem (2.10), one has

(3.6) Per(Es) + | v < Per(E) + / ¥,
Ey E
Yet, one has
Per(Ey) =HYN Y o*E,NFO) + HN-YO*E, N F) + HNY9*E, N d*F)
and

Per(E) =HYN Y E,NnFOY + HYN YO FNEWD) + HN Y {2z € 9*E, N O*F : vg, () = —vp(x)}).

But, we see easily that HY~1(0*F N Egl)) = 0 and HY~1(0*E, N F) = 0. Moreover, since F is a
connected component of E, then HN"1({z € 0*E; N9*F : vg, (z) = —vp(x)}) = 0. Therefore, by
(3.6), we get that
HN O F) +/ ¢ <0.
F
Yet, this inequality yields obviously to a contradiction thanks to the assumption that A m > 0 with
m=|F|>0. O
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Lemma 3.5. Assume Aim > 0 for every m > 0. If C is a connected component of 0*Es and
CNQ#0D, then CNON#D.

Proof. First of all, assume G is a connected component of E, and C is a connected component of 9*G.
Assume CNOQ = (. Since § is simply connected and thanks to Lemma 3.4, then C must be contained
in the inner boundary ;G of G. In particular, the region F inside 0;G satisfies FF C Q\Es, C C OF
and, |F| > 0. Now, we define E = E, U F. So, we clearly have EAE, C Q. Hence,

Per(E / ¥ < Per(E /w

Per(Ey) =HYN Y *E,NnFO) Lt HN Y 9*E,n FY) 4+ HN 10" E, N *F)

But,

and

Per(E) = HN YO E, N FO)Y 4+ HN Y FNEQ) + HVN ' ({z € 0*E, N O*F : vg, () = vp(z)}).
However, we see easily that HV~1(9*E, N F1) = 0 while 8*Es N O*F = 0*F. In addition, we have
HNHO*F N E(O)) =0and HVN1({z € 0" EsNO*F : vg, (z) = vp(x)}) = 0. Hence, we get

HN 1 a* / ’l/)
But, this contradicts now the assumption that A,/ > 0, where m = |F|>0. O

Now, we are ready to prove the following geometric comparison principle. However, we have to
restrict ourselves to the case when v is constant. In the sequel, we will denote by Ag the Cheeger

constant of €2, i.e.
AQ_inf{PB;(F) : FCQ}.

Proposition 3.6. Assume that v = A with |\| < Aq and Q satisfies the —barrier condition. Let
E1, By C Q be two v—minimal sets such that

EN\Q C Ex\Q.

Then, the following holds
Fy C Es.

Proof. We assume without loss of generality that Ei(l) = F; (i =1, 2). Assume by contradiction that
E is not included in Fy and so, LY (E;\FEy) > 0. First, we claim that

(3.7) OF\E, C Q.

It is clear that 8E1\l%2 C Q. Now, assume there is a point zy € [6E1\£§2] N 0. So, there will be
an € > 0 small enough such that E; N B(xp,c) C  since otherwise we get a contradiction with the

assumption that E1\Q C ég\ﬁ But, this contradicts Lemma 3.3.

By Proposition 3.1, we know that 0F; N Q (i = 1, 2) is smooth up to a set of Hausdorff dimension
at most N —8. So, we have LV (9(E;\Es)) = 0 and so, E;\F, coincides with its nonempty interior, up
to a negligible set. In particular, there exists a connected component C of 0*E; such that C\Eo # 0.
By Lemma 3.5, we must have C N 052 # (). Then, one has

CNoN c OE, NON C Es.

Then, CN ﬁg # (). This implies that C N @F3 is of dimension at least N — 2 since it separates C to two
nonempty components C\Ey and C N Ej.
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Thanks again to Proposition 3.1, we see that C N .EOQ is an open (N — 1)—connected manifold and
so, the topological dimension of its boundary is N — 2. Let us denote by x the intersection of the
(N — 2)—dimensional boundary of the manifold C N Ey with 0E». Hence, we have

X C O(E1 N Ey) and dim(x) = N — 2.

By Proposition 3.1 & Lemma 3.2, we know that 9(E; N Ey) is of class C? up to a set A/ of Hausdorff
dimension N — 8. In particular, HV=2(x\N) > 0. Fix € x\N. Then, one can assume that
0*(E1 N Ey) and 0*E; (with either 4 = 1 or i = 2) are the graphs of two C? functions (say v and v;)
around . Moreover the mean curvature of 0*(E; N Es) and 0*E; in the neighborhood of 2 should be
equal to H = . But, we may clearly assume that v; < v since F1 N Es C E;. Thus, thanks to the
comparison prlnc1ple in [17, Lemma 2.4], we infer that v = v; and so, E1 = Es in a small neighborhood
of x. But, this yields clearly to a contradiction. [

As an immediate consequence of the comparison principle above, we obtain the following elegant
estimate which bounds the difference between two ¥ —least gradient functions in terms of the difference
of their corresponding boundary data.

Proposition 3.7. Suppose that u; and us are two solutions to Problem (1.3) with u; = f1 and ug = fo
on 082, respectively. If f1 < fo on 09, then u; < ug a.e. in Q. Moreover, we have

_ < — .
|uy U2|_I%%X|f1 2]

Proof. Assume f; < fo on 0. Let us extend f; and fs by two continuous functions over Q\Q
with f1 < f on Q\Q (this is possible since we can always replace f1 and fo with min{ fi1, fg} and
max{f1, f2}). Now, assume that

He e Q:ui(z) > ug(z)}| > 0.

It is clear that
{z € Q:ui(z) > uz(x)} C Q.

Let s1 and ss be two constants such that
(3.8) {z € Q:up(z) > s1 > s9 > ug(x)}| > 0.

Define
E,={xeQ:ux)>s} i=1,2.

Then, we clearly have |Eq\E>| > 0. Yet, fi < fo on Q\Q. Hence, thanks to the continuity of f; and
f2, one has

E\NQ={zecO\Q: flzsl}c{xeﬁ\ﬁzfgzsl}c{xefl\ﬁ:f2>52}:ﬁ2\§.

Hence, thanks to the comparison principle in Proposition 3.6, we infer that £; C E5. But, this is in
contradiction with |E1\Ez| > 0.

Finally, set ¢ = maxggq |f1 — f2|. Then, we clearly have f; < fo 4+ ¢ on 9Q. On the other, it is easy
to see that ug + ¢ is ®p—least gradient. Hence, we should have
w1 < us + c.

Replacing u; and uq, we get
|lug —ug| <e. O

In particular, we get the following uniqueness result.
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Theorem 3.8. Assume that  satisfies the Y—barrier condition, 1 = X with |\| < Aq and, f € C(99Q).
Then, the solution of Problem (1.3) is unique.

Finally, we conclude this paper by the following regularity result on the solution u, which holds only
in low dimensions.

Theorem 3.9. Under the assumptions of Theorem 3.8, the solution u of Problem (1.3) is continuous
on Q as soon as N < 7.

Proof. The continuity of v on 9 follows from the fact that we already proved in Theorem 2.4 that
u = f on 0N in the sense that:

}i_rf%) eSS SUPye gz, u(y) — f(z)] =0, for all z € 9Q.

Now, assume that there is a point zg € 2 such that u is discontinuous at xg. Then, there exist two
numbers s; and s such that

lim essinf 1yu < 81 < 82 < lim esssu 1y U.
n— 00 B(zo,5) 1 2 n— oo pB(zO’Z)

Consider the superlevel sets Ey, := {z € Q : u(z) > s1} and F,, := {z € Q : u(z) > s2}. Hence, we
see that z¢ € By, NQ\ E,,. However, we have E,, C E,,. Then, we infer that

o € aESl n 8E52.

Thanks to Proposition 3.1, since N < 7 then F,, and dE, are of class C? in the neighborhood of
and the mean curvature of OF,, and OFE;, is the same

-2
H=—2"_
N-1

Thus, we infer that OE,, and dF,, coincide. But, by Lemma 3.3, 9E,N9Q C f~1(s). This contradicts
the continuity of f on 0Q2. [

Remark 3.1. Following the same lines as in the proof of Theorem 3.9, one can show that in higher
dimensions, when N > 8, the solution u is continuous on §2, except possibly on a set of Hausdorff
dimension N — 8.
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