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ABSTRACT. In this paper we introduce a notion of H—mass for the Lagrangian formu-
lation of branched optimal transport, and we prove its lower semicontinuity. This is a
functional whose expression mirrors that of the Eulerian H—mass for normal currents
and the Gilbert energy for discrete networks.

This result provides a simple variational framework for branched optimal transport in
the Lagrangian setting, previously unavailable. The proof is inspired by the Euclidean
dimension-reduction argument for currents, but requires new tools since convergence of
traffic plans does not imply convergence of slices.
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1. INTRODUCTION

Branched optimal transport models describe variational problems in which the trans-
portation cost favors the concentration of particles, and minimizers therefore exhibit a
ramified structure. The discrete problem was introduced by Gilbert [17]. In that model,
a network is a finite, oriented, weighted graph connecting sources and sinks, and its
cost is obtained by summing, over all edges, a concave power of the weight times the
length of the edge so that transporting mass together is strictly cheaper than splitting
it into several disjoint paths. This type of discrete ramified transport model has been
used in a variety of contexts (irrigation systems, river basins, urban traffic, biological
networks, communication networks); see for instance the monograph by Bernot, Caselles
and Morel [2] and the references therein.

A substantial amount of work has been devoted to developing continuous analogues of
Gilbert’s model. On the Eulerian side, Xia introduced transport paths, a formulation in
terms of vector-valued measures (or normal 1-currents), see [28]. Simultaneously, on the
Lagrangian side, Maddalena, Solimini and Morel introduced irrigation patterns, that is,
parametrized families of curves, see [20]. The traffic plan formalism of Bernot, Caselles and
Morel, see [3, 2], provides a unifying Lagrangian framework: a traffic plan is a probability
measure on the space of 1-Lipschitz curves.

On the Eulerian side, if T is a rectifiable 1-current in R¢ one can write

T =[E,T,0],

where E is a l-rectifiable set, 7 its orientation and 6 the multiplicity. The typical
branched-transport functional is then the a—mass

M"‘(T):[Ew(xﬂad’i-[l(x), a e (0,1),

and more generally one considers an H-mass

My (T) = [E H(0(2)]) dH (z).
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for suitable functions H : [0, 4+00) — [0, +00), see [4]. Lower semicontinuity properties of
My with respect to flat convergence of currents are by now well understood, starting from
the relaxation results of [11, 4, 23, 19] and the dimension-reduction arguments developed
there. These Eulerian lower semicontinuity results are a key ingredient in many recent
results, including existence, stability, and generic uniqueness of optimal networks; we refer
for instance to [7, 8, 5, 30, 29].

In the Lagrangian setting of traffic plans, Bernot—Caselles-Morel introduce the (Gilbert)
a—energy of a traffic plan P, which we recall here. A traffic plan is typically represented
by a measurable parametrisation

X:QXR+—>X,

where () is a probability space indexing the fibres, and each y(w,-) is 1-Lipschitz and
eventually constant. The multiplicity of the traffic plan at a point (w,t) is denoted by
|x(w, )], and represents the amount of fibers passing through the point x(w,t). For
a € [0,1] the a—energy of P, also called Gilbert energy, is defined by [2, Definition 3.33]

e(®)i= [ [ Ity e Ol de (11)

with the convention 0°! = +00. One of the main results presented in [2] is the proof
of the lower semicontinuity of £* and the existence of minimizers for the irrigation and
who-goes-where problems.

The quantity that (1.1) is meant to extend is the “Gilbert energy”. For a loop-free
traffic plan P, Bernot—Caselles—Morel prove the representation formula

EYP) = Op ()™ dH'(x), (1.2)

R4
where 0p(x) denotes the multiplicity of P at the point x, see [2, Proposition 4.8]. Thus,
(1.2) is the exact Lagrangian counterpart of Gilbert’s discrete cost and of the Eulerian
a—mass for currents. The equivalence between these two quantities plays a fundamental

role in many recent results on the well posedness of the problem, including [9, 10].

However, as emphasized in [2, Chapter 4], it is not possible to simply define the energy
of a traffic plan by the right-hand side of (1.2). On the one hand, this would require a
priori rectifiability assumptions on the network, which are not easy to handle. On the
other hand, and more importantly for the present work, the authors explain that a direct
variational treatment of the Gilbert energy appears out of reach, since the multiplicity
map z — fp(x) is not lower semicontinuous with respect to convergence of traffic plans.
In particular, they explicitly write that “a direct proof of the lower semicontinuity of the
Gilbert energy does not seem to be easily attainable” 2, p. 39]. This difficulty is precisely
the reason for introducing the more involved definition (1.1) of a—energy in place of the

more geometric a—mass suggested by (1.2).

The main purpose of this paper is to close this gap at the level of Lagrangian functionals.
We introduce a notion of H-mass My (P) for traffic plans P, defined directly in terms of
the multiplicity fp and of the network

Yp:={z € X :0p(x) >0},

together with a measure describing the diffuse part of the plan. More precisely, for a

Borel function H : [0,400) — [0, +00) satisfying natural assumptions (monotonicity,
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subadditivity, and lower semicontinuity), we set
Ma(P) = [ H(bp(e)) dH'(x) + H'0) mh(X),
Xp

where p$ is the diffuse part of a measure canonically associated with P, compare also
with [4, Propositions 2.32 and 3.19]. In particular, when H(#) = 6 we recover the usual
mass of a traffic plan, and when H(0) = 0* with o € (0,1) we obtain what we shall call
the Lagrangian a—mass

M (P) = /E Op (2)* dH(z) |

which is the direct analogue of the Eulerian a—mass for currents and of the Gilbert energy
for discrete networks. Compared with the a—energy £% in (1.1), the functional M® has
a considerably simpler geometric expression, but its lower semicontinuity had remained
open, see [2, Chapter 4].

Our main result is the lower semicontinuity of this Lagrangian H-mass with respect to
weak™® convergence of traffic plans, see Theorem 3.1. Roughly speaking, we prove that if
(P,), is a sequence of traffic plans converging to a traffic plan P, then

Mp(P) < liminf My (Py,).

In particular, for H(f) = 0% we obtain the lower semicontinuity of the Lagrangian a—mass
M.

One can thus view our result as giving a posteriori justification for the “simple” formula
suggested by Gilbert’s discrete energy in the Lagrangian framework, in the same spirit in
which the results of [11] justify the analogous formula for currents.

1.1. Idea of the proof. The proof is inspired by the dimension-reduction arguments
used in the Eulerian setting, but it also presents substantial new difficulties. In the case
of currents, the lower semicontinuity of My can be reduced to the 0—dimensional case
by slicing: if 7,, — T in the flat norm, then for almost every slice (with respect to a
Lipschitz map) one has flat convergence of the slices (T,,, f,y) — (T, f,y), and one can
exploit the lower semicontinuity of the corresponding “O-dimensional H-mass” together
with an integral-geometric formula.

In the Lagrangian framework, we also work with slices, but the situation is more delicate:
we introduce a notion of simple Lagrangian slices (P, f,y), which are measures counting
intersections between trajectories and level sets { f = y} of Lipschitz functions, see §2.5.
While it is still possible to establish lower semicontinuity for the H-mass of such measures
under suitable assumptions, the convergence of traffic plans does not imply any
convergence of the slices. In particular, one cannot immediately exploit the lower
semicontinuity of the O—dimensional H—mass as in the Eulerian case.

The key observation is that, even in the absence of convergence of the slices, we retain
a one-sided control on the multiplicities: roughly speaking, for almost every slice and for
almost every point in the intersection with the limit network, the amount of sliced mass
that the sequence (P,), places in small neighbourhoods of that point is at least as large
as the sliced mass of the limit traffic plan, see Proposition 3.2. A careful decomposition
of each slice into its atomic part and its diffuse part then permits us to exploit this
inequality: using the monotonicity and subadditivity assumptions on H, we obtain the
lower semicontinuity of the H-mass of the slices, separately on the atomic and on the
diffuse component. In particular, for almost every choice of the slicing level y we achieve

Mu((P, f,9)) < liminf My ((Po, f,9).
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To pass from slicewise to global lower semicontinuity, we first develop an integral-
geometric representation of the Lagrangian H-mass via simple slices: we show that
My (P) can be expressed as an average of the H—masses of the slices (P, f,y), taken over
appropriate families of Lipschitz functions f and levels y, see Corollary 2.26. Combining
this representation with the slicewise liminf inequality above, and using Fubini-type
arguments, we finally deduce the global lower semicontinuity of My for traffic plans, see
Propositions 3.3 and 3.4.

1.2. Applications. The lower semicontinuity of My is a crucial property for many
questions where the Lagrangian formulation is particularly natural, such as stability and
regularity of optimal traffic plans and generalized network problems involving additional
structure such as multi-material transport, orientation constraints, robustness with respect
to damages, and so on, see [12, 22, 27, 6, 21, 15, 30, 13, 29, 14]. The lower semicontinuity
of the Lagrangian H—-mass established here provides a flexible tool that can be combined
with these results and with the known equivalences between Eulerian and Lagrangian
formulations (see e.g. [25, 26]) to obtain new existence and stability statements in settings
where the Lagrangian viewpoint is essential.

As a concrete example in this direction, in a subsequent work we plan to adapt the
methods developed in the present paper to prove stability results for the mailing problem in
a very general framework, extending the analysis of [9] and removing technical restrictions
on the cost. The possibility of working directly with the Lagrangian a—mass, rather than
with the more involved a—energy £¢, is particularly important in that context.

2. PRELIMINARIES

2.1. Notation. Throughout this paper, X C R will be a fixed compact and convex
subset. Sets and functions on R? are assumed to be Borel measurable, and, unless we
specify otherwise, measures on R are positive, finite measures on the Borel o-algebra
(the obvious exceptions being the Hausdorff measures). We will also use the following
notation:

|z|: Euclidean norm of » € R%
B,(x): open Euclidean ball centred at x € R? with radius r > 0;
dist(F, F): Euclidean distance between E C R? and F C R?, namely dist(E, F) :=
infa}EE,yEY |ZL‘ - y|7
dist(z, E): Euclidean distance between x € R? and F C R? namely dist(z, E) :=
dist({z}, E);
U(E, p): open tubular neighbourhood of E C R? of radius p > 0, namely
U(E,p) = {x € R?| dist(x, F) < p};
E: closure of a subset E C X, if X is a topological space;
xe: characteristic function of a set F, taking values 0 and 1;
H*: k-dimensional Hausdorff measure;
M (X): the space of (non-negative) Radon measures on X, when X is a metric
space;
fin, — p: weak® convergence of measures, namely [¢du, — [¢dp for every
¢ € CY(X), provided that X is a compact metric space;
p L E: restriction of a measure p to £ C X, that is, uL E(A) := u(E N A) for
every A Borel;
fyp: push-forward of a measure with respect to a map f: X — Y, namely
fin(E) == u(f~Y(FE)) if E C Y Borel;
Gr(k,d): the Grassmannian of k-dimensional vector subspaces of R,
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A 1-rectifiable set is a Borel subset £ C R such that E C EyUUY E;, where H!(Ey) = 0
and E; = fi(R), with fi: R — R? a Lipschitz curve. Recall that for 1-rectifiable subsets
the weak tangent line at x € F, that we denote by Tan(z, F), is defined for H'-a.e. z € E
(see [1, Chapter 2] for more details).

2.2. Traffic plans. This section is devoted to some preliminary notation and facts
concerning traffic plans. The main references for the topic are [2, 26].
We denote

Lip, := {v: R* — X | v is Lipschitz with Lip(y) < 1}.
We consider on Lip; the topology induced by the distance
dp(y1,72) = kSUP ]1 171 = 22l 0.4 »
eN+
which metrizes the topology of uniform convergence on compact subsets of RT. Tt is
well-known (see [2, Lemma 3.4]) that (Lip,,d;) is a compact metric space.
Definition 2.1 (Stopping time of a curve). Given v € Lip,, we define its stopping time as
Too(7y) := inf{t € RT | 7 is constant on [t, +00)}
Definition 2.2 (Full length of a curve). Given 7 € Lip,, we define its full length as

+oo
Lo)= [ ol
0
where the integral is well-defined thanks to Rademacher’s theorem.

Lemma 2.3 (Lemma 3.20 of [2]). The maps v — Tw(vy) and v — L(v) are lower
semicontinuous with respect to the topology induced by dy,.

We also denote
Lip := {vy € Lip; | T (y) < +0o0}.
In what follows, we will use the following maps:
eo: Lipy = X,  ew: Lip = X.
v+ 7(0) v = Y (Ts(7))

The map eq is continuous with respect to the topology induced by d, while e, is Borel-
measurable. In particular, we can extend e., to a Borel-measurable function defined on
the whole Lip,. We tacitly use this fact.

We are now ready to define traffic plans.

Definition 2.4 (Traffic plan). A traffic plan on X is a Radon measure P € M (Lip,)
such that

| Ta)ipe) < oc.
Lipy
We denote the space of traffic plans on X by TP(X).
Observe that, by definition, a traffic plan is concentrated on Lip.

Definition 2.5 (Marginals of a traffic plan). Let P € TP(X). The starting marginal
and the ending marginal of P are defined, respectively, as

pp = (e0):P, pp := (ec0)sP.
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Definition 2.6 (Coupling of a traffic plan). Let P € TP(X). The coupling of P is
defined as

TP = (607600)11]_3.

The notions of marginals and coupling can be interpreted as “boundary conditions”:
the former are prescribed in the Lagrangian branched transport problem, while the latter
is prescribed in the Mailing Problem (see [2, 9]). While the marginals only provide a
“global” information about the displacement of the measures, the coupling provides a
more specific information, that allows one to track “where every particle goes”; once it is
transported via P.

Let us also define the multiplicities of a traffic plan. These quantities will play a key
role later.

Definition 2.7 (Multiplicities of a traffic plan at a point). Let P € TP(X) and let
x € RY. The multiplicity of P at x is
Op(z) :=P({y € Lip, | Im~ > z}).
The full multiplicity of P at x is
Op(z) == |  H'(yv(z))dP(y).
Lip,

It can be readily checked that fp(x) < Op(z) for every z € RY.

2.2.1. Rectifiable traffic plans. We now briefly recall the notion of rectifiability for traffic
plans.
Let us begin by associating to every traffic plan P a 1-rectifiable set.

Definition 2.8 (Network of a traffic plan). Let P € TP(X). Its network is
Yp = {zr € R | Op(z) > 0}.
Lemma 2.9 (Proposition 2.5 of [26]). Let P € TP(X). Then Xp is a 1-rectifiable set.
The definition of network allows one to define the notion of rectifiability for traffic plans.

Definition 2.10 (Rectifiable traffic plan). A traffic plan P € TP(X) is said to be
rectifiable if H'(Im~ \ Xp) = 0 for P-a.e. v € Lip,.

2.3. The Lagrangian H-mass. In what follows, we will consider a Borel-measurable
function H: [0, +00) — [0, 4+00) such that

(H1) H(0) =0;

(H2) H is subadditive and nondecreasing;

(H3) H is lower semicontinuous, that is, for every 6 € [0, 4+00) and for every (0,),en

with 6,, — 6, it holds that
H(6) < 1TILI£1$IOIOf H(6,).

Remark 2.11. By combining (H2) and (H3), it can be easily checked that H is countably
subadditive (see [11, Remark 2.2]).

Remark 2.12. It follows from [18, Theorem 16.3.3], that there exists

oy oy HO) - H(0)
H'(0) = elg(% 5 =S, € [0, 4o0].
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To define the H-mass of a traffic plan, we need to study the decomposition of a measure
naturally associated with it. Let us be more precise.
Given a traffic plan P € TP(X), define the measure

pp = H'L (Im~y) dP(v).
Lip,
Decomposing up as
pp = pp - Yp + pup L (Xp)°,

we would like to characterize up L Xp: for every ¢ € C°(X), using Fubini’s theorem, one
obtains that

el = [ [ @@ )
= [ 9w ) 1 (@) aP ()
[ ]t mran () PG ' w)

= /. ¢(x)0p (x) dH ()

= <9P%1 L Yp, ¢> .
In particular, we have the following decomposition of up:
pp = 0pH' L ¥p + p$, where pp := up L (Xp)°. (2.1)
Remark 2.13. Observe that P € TP(X) is rectifiable if and only if ub = 0.

Y

Taking into account the decomposition in (2.1), the measure ud represents the “diffuse’
part of the traffic plan. By Remark 2.13, the rectifiability of a traffic plan intrinsically
requires that no diffusion phenomena occur. However, for general traffic plans, one must
also keep track of the diffused part. This leads to the following definition of H-mass.

Definition 2.14 (H-mass of a traffic plan). Let P € TP(X) and let H: [0,4+00) —
[0, +00) be a function satisfying (H1), (H2) and (H3). The H-mass of P is defined as

Mgy (P):= | H(0p(x))dH' (z) + H'(0) pp(X),

Yp
where pg is defined in (2.1).

Remark 2.15. Depending on the choice of H, one obtains functionals that are relevant
in the literature:
o if H(#) = 0, one refers to My as the mass' of the traffic plan, usually denoted by
M
o if H() = 6 with a € (0, 1), one refers to My as the a-mass of the traffic plan,
usually denoted by M. This functional is relevant in Branched Optimal Transport,
since it is the natural generalisation of Gilbert’s energy to the continuous setting.

For notational convenience, we also define a localized version of the H-mass.

LObserve that this notion of mass is different from the notion of total variation.
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Definition 2.16 (Localized H-mass of a traffic plan). Let P € TP(X) be a traffic plan,
let H: [0,+00) — [0, +00) be a function satisfying (H1), (H2) and (H3), and let £ C R?
be a Borel subset. The H-mass of P localized at E is

Ma(PiE) = [ H(e() dH! () + H'(0) b (E),
SpNE
where pd is defined in (2.1).
Remark 2.17. Given a measure u € M (X), denoting by

Api={w e X | p{a}) > 0}
the set of atoms of i, we have that A, is at most countable.

In view of Remark 2.17, we can also define the notion of H-mass for a measure.

Definition 2.18 (H-mass of a measure). Let yp € M, (X) and let H: [0, 4+00) — [0, +00)
be a function satisfying (H1), (H2) and (H3). The H-mass of u is

M (1) = / H(u({x})) dH () + H'(0) p(X),

where pu? ;= pl (A,)°.

2.4. Regularity of intersection points between curves and level sets of Lipschitz
functions. In this section, we collect some preliminary facts that will turn out to be
useful later. Most of them are based on results concerning 1-rectifiability and the coarea
formula, see [1, Chapter 2], for a comprehensive reference.

We start with the following definition of a regular point, see [10, Section 2.3].
Definition 2.19 (Regular point of a curve). Let v € Lip. We say that € X is a regular
point of v if

oz €Imy\ {7(0),y(To(7)};

e Tan(z,Im~) exists;

o HO(v7!(z)) < +oo;

e for every t € v~ 1(x), v/(t) exists and Tan(x, Im~y) = span(~/(t)).
We denote the set of regular points of a curve v by Reg(7).

Remark 2.20. It follows from [10, Section 2.3, Remark 1] that, given v € Lip, H!'-a.e.
x € Im~ is a regular point of ~.

Lemma 2.21. Let P € TP(X) be a traffic plan and let f: RY — R be a Lipschitz function.
Then, for H'-a.e. y € R, the quantity

H'(Imy N [~ (y)) dP(y)
Lip;
is finite.
Proof. Using Fubini’s theorem and the coarea formula, see [1, Theorem 2.93],

[ waminrtenaped = [ [ waynw)aee

Lip,

< Lip(f) [ H'(Im~v)dP(y)

Lip;

< Lip(f) / Too(7) dP() < 4o,

Lip;
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and this concludes the proof. O

In particular, by Lemma 2.21, setting
Y(f):={y e R|H Im~yN f(y)) < +oo for P-a.e. v € Lip}, (2.2)

one has H}(R\ Y(f)) = 0.

Let us now consider a Lipschitz function f: R? — R. It is well-known that, if £ C R?
is a l-rectifiable subset, then for H!-a.e. x € E, the tangential differential at x, denoted
by dE f(x), is well-defined (see [1, Chapter 2]).

We are now ready to prove the following lemma, which will allow us to choose level
sets intersecting almost every curve (with respect to a traffic plan) at points with good
differentiability properties.

Lemma 2.22. Let P € TP(X) be a traffic plan and let f: RY — R be a Lipschitz function.
Then, for H'-a.e. y € R, for P-a.e. v € Lip,, the following facts hold
(R1) for every x € Tm~y N f~1(y), v '(z) N (0,T (7)) is finite and for every t €
v Hx) N (0, T (7)), v is differentiable at t and span+'(t) = Tan(x,Im~);
(R2) for every x € Tm~y N f~1(y), d™ f(z) exists and d™7 f(z)[v] # O for every
v € Tan(z, Im~).
Proof. Considering Y (f) as in (2.2), we have H'(R\ Y (f)) = 0. For y € Y(f), define
Ni(y) := {7y € Lip | (R1) does not hold},

Ny(y) := {7 € Lip | (R1) holds but (R2) does not hold}.

Proving that, for H'-a.e. y € Y(f), P(N1(y)) = P(Na(y)) = 0, we would conclude.
Regarding N;(y), using Fubini’s theorem,

/Y PO = [ H (e V() | M) 2 7)) (2.3)

If v € Lip, 1
lyeY(f) | Mi(y) 27} C f(Im~y\ Reg(v)). (2.4)

Indeed, if y is such that Ni(y) > ~, then there exists z € Im~y N f~!(y) such that
x ¢ Reg(v). Furthermore, f(z) =y, soy € f(Im~ \ Reg(y)). In particular, using (2.4),

H'{y € Y(f) | Ni(y) 2 7}) < H'(f(Im~y \ Reg(7)))
< Lip(f)H'(Im~v \ Reg(7)) =0,

where the last equality is due to Remark 2.20. Since P is concentrated on Lip, by
combining (2.3) and (2.5), we conclude that P(N;(y)) = 0 for H'-a.e. y € Y(f).
Concerning Ny (y), arguing as above,

/Y PO = [ A €Y () Nty 2 7)) (2.6)

Lipy

(2.5)

For a fixed v € Lip, for H'-a.e. z € Im~y, di™7 f(z) exists and, by the coarea formula (see
[1], Theorem 2.93), if 7,(z) is a vector with |7, (z)| = 1 spanning Tan(x,Im~), then

1 o )
[y )] T ) < e

In particular, for Hl-a.e. y € Y(f), d™7 f(x)[v] # 0 for every v € Tan(z, Im ), for every
r € ImvyN f~(y). In other words, v ¢ No(y) for H'-a.e.y € R, so, for v € Lip,

H{yeY(f) | éVz(y) 37}) =0. (2.7)




Combining (2.6) and (2.7), we conclude that P(Ny(y)) = 0 for H'-a.e.y € Y(f). O

2.5. Simple Lagrangian slicing. In [10], a Lagrangian analog of the usual notion of
slicing for currents was introduced. In this section, we present a different notion of slicing
from the one presented therein, called simple slicing. This turns out to be useful in
representing the H-mass by means of an integral-geometric formula.

Let f: R — R be a Lipschitz function. Given a curve v € Lip,, for Ll-a.e. y € R, the
measure

s5(f,y) = H'L (Imy N f~(y))
is well-defined and 0O-rectifiable.
To define the simple slice of a traffic plan, one would like to integrate all the measures
s4(f,y) with respect to the said traffic plan. This is a well-defined operation, provided
that the quantity

HO(Imy N f~(y)) dP(7)

Lip,
is finite. By Lemma 2.21, this holds for H'-a.e. y € R.

Definition 2.23 (Simple slice of a traffic plan). Let P € TP(X) be a traffic plan, let
f:R? — R be Lipschitz and let ¥ € R be such that

H'(Imy N 7 (y)) dP(y) < +oo.
Lipy

The simple slice of P with respect to f at y is the measure
®.f) = [ s (f)dPl).
Lipy

It is immediate to prove that, when defined, (P, f,y) is concentrated on f~'(y). In
order to write the H-mass of a slice, one needs to characterize its atomic part.

Lemma 2.24. Let P € TP(X) be a traffic plan, let f: R? — R and let y € R be such
that (P, f,y) is well-defined. If A(P, f,y) denotes the set of atoms of (P, f,y), then

AP, fy) =Sp N f(y).

Proof. Since (P, f,y) is concentrated on f~1(y), it is enough to prove that, given x €

f~H(y), then
reYp < xe€ AP, f,y).

This is true, since

(P, f,y) ({z}) = H(Im~y N f~(y) N {z}) dP(v)

Lipy
:/ X{Im'yax}(’y) dP(’Y)
Lipy
= GP (‘1')7
where we have used the fact that

HO(Immf—1<y>m{as}>={1 e my

0 otherwise.

This concludes the proof. O
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Using Lemma 2.24, we can write the atomic part of (P, f,y): given ¢ € C%(X),
(P, fy) L AP = (P, f,y) L (e N 7' (). )

/L‘pl /ImvﬂEpmf 1(y) (z) dHO(I) dP(v)
- /Lipl /zpmfl(y) O(2) Xt~ () dH (x) dP(7)

Epnf~y) Lip,
:/2 . o(z)0p (x) dH(x)
= (oML (e (). 0).

Therefore, we have characterized the atomic part of (P, f,y), and we can decompose the
slice as

(P, f,y) = 0pH L (Zp N f (1)) + (P, f,9)".

We can use this decomposition to compute the H-mass of the slice (see Definition 2.18).

2.6. An integral-geometric formula for the Lagrangian H-mass. We will now focus
on the representation of the H-mass of a traffic plan via an integral-geometric formula.
Recall that on Gr(1, d) we can consider a probability measure 7 4 which is invariant under
the action of O(d) on Gr(1,d), O(d) denoting the d-dimensional orthogonal group (for
more details concerning such a measure, consult [24, Chapter 3|). Given a line ¢ € Gr(1,d),
let m,: R? — R be the orthogonal projection onto ¢ (here we tacitly identify £ = R for
.a-a.e. £ € Gr(1,d)). We have the following integral-geometric formula for 1-rectifiable
sets (see [16, Sections 2.10.15, 3.2.26]).

Theorem 2.25. There exists ¢ = c(d) > 0 such that, if E C R? is 1-rectifiable, then
HiE) = [ HENT ) donao H(E)
Gr(1,d)xR

Corollary 2.26 (Integral-geometric formula for the H-mass). There exists ¢ = ¢(d) > 0
such that, if P € TP(X) is a traffic plan and E C R? is a Borel subset, then

Ma(PiE) = [ Ml(Po) L E) dna ® W) (2.5)
Gr(1,d)xR
Proof. To prove (2.8), it is enough to check that

/E  H(bp(a) 7' (o)

(2.9)
—c ( [ HER@) dH°<x>) A4 @ H)(E,y)
Gr(1,d)xR SpNm, (y)NE

and that

Wb (E) = ¢ / 1 (P (B) s H(E) (2.10)
11



The proof of (2.9) can be found in [11, Lemma 3.1]. Hence, we focus only on (2.10).
Observe that, by definition,

(Pmey) (BE)= | H'(Imynm'(y) N (Se)* N E)dP(7),

Lip,

so, using Fubini’s theorem,

¢ / (P, 70, 9)" (E) dy1.0 © H) (L, )
Gr(1,d)xR

:/ <c/ H(Imy N EN (Zp)° N, (y) d(y1.a @ HY(, y)) dP(7).
Lip, Gr(1,d)xR
Applying Theorem 2.25 to the set Im~y N E N (Xp)¢, we obtain that

C/G(ld) R<Paw7y>d(E) g @HY(Ly) = | HImyNEN(Zp)°) dP(7)

Lipy
= up(E),
and this concludes the proof. U

3. MAIN RESULT

Our goal is to prove the following result, concerning the lower semicontinuity of the
H-mass.

Theorem 3.1. Let A C X be an open subset, let (P,)pen C€ TP(X), let P € TP(X) be
such that P, = P and let H: [0, +00) — [0, +00) be a function satisfying (H1), (H2) and
(H3). Then

My (P; A) < l}f}}i&fMH(Pn? A). (3.1)

The proof of Theorem 3.1 relies on proving the lower semicontinuity for the H-mass for
the simple slices, assuming that we have the convergence of traffic plans. Observe that this
would follow trivially by [11, Proposition 2.6], if we knew that the convergence of traffic
plans implies the convergence of the simple slices. However, this is not true in general.
Hence, our strategy relies on a “counting” argument that exploits the connectedness of
the curves and their regularity. All preliminary facts regarding this approach will be
presented in Section 3.1.

After proving the lower semicontinuity of the sliced H-mass, we will be able to prove
the main result with a simple computation, that exploits the integral-geometric equality
(see Corollary 2.26).

3.1. Counting intersection points between curves and hyperplanes. As men-

tioned above, the convergence of the traffic plans does not imply the convergence of the

corresponding simple slices. Nevertheless, we are able to retrieve the lower semicontinuity

of the slices evaluated on a fixed open subset. The goal of this section is to prove this fact.
For notational convenience, for ¢ € Gr(1,d) and y € R we denote

Hé_,y = Trﬂ_l(_ooay)v HZ_y = Wﬁ_l(ya +OO)
Proposition 3.2. Let O C X be an open subset, let (P,),en C TP(X) and let P €
TP(X) be such that P,, = P. Then, for v 4-a.e. £ € Gr(1,d), for H'-a.e. y € R,
<P77T€7y> (O) < lim in <P7L77rf7y> (O) (32)

n—-+o0o
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Proof. Using Lemma 2.22 with the traffic plan P and the maps f := 7y, we infer that for
Y14-a.e. £ € Gr(1,d), for H'-a.e. y € R, for P-a.e. v € Lip;, Imy N7, (y) N O is finite.
Then, for every x € Imvy N7, ' (y) N O, setting

O:v = B%o (37),
with

po := min min lw — 2|, min dist(z,00) ¢,
(w,z)e(lm'yr;zrzl(y)F‘IO)2 zEIm’yﬁwzl(y)ﬁO
there exist t£(x) € (0,7 (y)) such that?
(1) (it (2). @) € O
(2) 1 (x)) € HE,,
For the rest of the proof, we will fix such ¢ € Gr(1,d) and y € R.
Recall that the simple slice is defined as

(P71} (0) = [ HO(Imy N, (y) N O) dP(9).
Lip,
By proving that the function
7= H(Imy Nt (y) NO)

is lower semicontinuous for P-a.e. v € Lip,, then the thesis follows by [1, Lemma 1.61],
and by arguing exactly as in [1, Proposition 1.62].
For fixed ¢ and y, the above properties hold for P-a.e. v € Lip,. Fix any of such ~, and

consider any sequence (7, )neny C Lip; such that -+, & v. Recall that ~, & ~ if and only
if 7, — ~ uniformly on every compact subset K C R*. This means that if K C R is
compact, for every p > 0 there exists n, € N such that

W(K) € UG, p) Vi 2 m, 33)

where U(v(K), p) denotes the open tubular neighbourhood of v(K') with radius p. Fix
r€Imynna, (y)NO.

By (1) and by the openness of O,, there exists p, > 0 such that

U(y([t™(2),t*(x)]), pz) C O
Then, using (3.3) with p = p, and, there exists n;, € N such that, for every n > ny ,,

Y[t (@), t7(2)]) Cc U(([t™ (2),t7(2)]), pu) C Os.
Moreover, by (2), it can be easily proved that there exists n, > n; , such that, for every
n > Ny,
Yo (t5(2)) € Hl?'fy.
This shows, by the continuity of the map 7, and by connectedness, that for every
x € Imy N7, (y) N O, there exists n, € N such that, for every n > n,,

Im~y, N7, (y) NO, # 0.
Choosing

n .= max Ny,
r€Im 'yﬁ7r;1 (y)nO

In what follows, if s,t € R and s # t, we denote [s,t] ;== [min{s, t}, max{s,t}].
13



by the disjointness of the neighbourhoods O, it holds that
Ho(Im~y, N7, (y) N O) > H(Imy N7, (y) NO) Vn > n.
In particular,

HO(Imy N7, (y) N O) < liminf HO(Im v, N7, (y) N O),

n—-+o00

and this concludes the proof. U

3.2. Lower semicontinuity of the sliced H-mass. In this section, we prove the
following results. The first one proves the lower semicontinuity of the sliced H-masses
when we have H'(0) = +o00. The second result, instead, assumes the finiteness of H'(0).
The arguments used for both proofs are similar, but we prefer to split the result for more
clarity.

Proposition 3.3. Let A C X be an open subset, let (P,,),en € TP(X) and let P € TP(X)
be such that P, = P. Assume that H: [0,+00) — [0, +00) is a function satisfying (H1),
(H2),(H3) and H'(0) = +o00. Then, for v 4-a.e. £ € Gr(1,d) and for H'-a.e. y € R,

Mg (P, m,y) L A) < lir_rbinfMH((Pn,m,yH_A). (3.4)

Proof. For v g-a.e. £ € Gr(1,d) and for H'-a.e. y € R,
YpNmt(y)NA
is at most countable, and so are
Sp, Nt (y) N A,

since they are sets of atoms of (P, 7, y)LLA and (P,,, my, y)L A, for every n € N, respectively.
If

liglinfMH((Pn, T, y) L A) = +o0,
we trivially conclude, as there is nothing to prove. Otherwise,

lim inf My ((P,, me, y) L A) < 400.

n—-+o0o

In this case, choose a (non-relabelled) subsequence (P),cn that realizes the inferior limit,
namely

l]ir_r}ig)f Mg ((Py, e, y) L A) = nl_lgloo My ((Pp, 7, y) L A).
In particular, there exists M > 0 such that
MH(<PR,7Tg,y>|_A) S M Vn e N.

Since H'(0) = +o00, the boundedness of the H-mass of the slices implies that the slices
are purely atomic. In other words,

(P, 7, (A)=0 VneN,

Step 1: the slices of P must be atomic. Assume that (P,w,y>d (A) > 0. In particular,
there exists d > 0 such that (P, m,1y)? (A) > 6. Then, for every K € N*t, there exist
Ci,...,Ck such that

e (J; C Ais a closed ball;
o (P,m,y) (C;) > > forevery i € {1,..., K}.
14



For every fixed K, consider
px *=min{  min K}Q{dist(C'i, Cj)},ie{rlninK} dist(C;, 0A) ¢ > 0.

In particular, setting, for i € {1,..., K},
B=U (),

that is, a slightly enlarged open ball concentric to C;, we still have the open balls
By, ..., Bk being disjoint.

Using Proposition 3.2 with O = B; for every i, we obtain that for v 4-a.e. £ € Gr(1,d),
for H'-a.e. y € R,

<P77T€7y> (Bz) < lim inf <Pn7 Te, y> (B’L) Vi e {17 ) K}

n—-+00
In particular, since (P, m,,y) > %, there exists n € N such that, for every n > n,
)

In particular, for every n > n, since H is non-decreasing and the slices of P,, are atomic,

H<5> gH((Pn,’/Tg,@ﬁ (BlﬂZPn)) Vi € {1,,K}

4K
Thus, summing over all the indices i, for every n > n, by Remark 2.11,
) K K
KH|-— | <Y H(P,,my)(B;NZp,)) => H > bp,(2)
4K i=1 i=1 €Sp, NB;
i= 1= r€Xp, NB;
N

<> Y. H(be,(r) <Mu((Pn,m,y)).

k=1 $EzpnﬂBi

In particular, passing to the inferior limit,

4K
However, since K € NT is arbitrary, we can let K — +o00. Since H'(0) = 400, we obtain
lir_r}lnf Mg (P, 7, y) L A) = +o0,

KH <5> < liglinfMH«Pn,m,yH_A).

thus contradicting the finiteness of the inferior limit. This proves that, for v; 4-a.e.
¢ € Gr(1,d) and for H'-a.c. y € R, (P, m,y)" (A) = 0.

Step 2: upper bound on the H-mass of “localized” slices of P. Fix € € (0,1). Fix any ¢
and y that satisfy all the above properties; in particular,

(P, m,y) LA = (P,m,y) L (AN Zp).
There exist N = N(¢) € Nand x1,...,zx € ¥p N7, (y) N A such that

My (P, me,y) L A) — ZH(GP(%)) <e if My((P,m,y) L A) < 400 (3.6)
> H(bp(x) =

J=1

™ | =

otherwise. (3.7)

15



Since H is lower semicontinuous, for every j € {1,..., N} there exists n; = n;(¢) > 0 such
that, whenever |© — 0p(z;)| < n;, then

H(©) = (1 —¢)H(0p(z))). (3.8)
We now fix

| | 2 3.9)
je{l,...N} je{l,...N}

and we also choose r > 0 such that the balls B,(z;), with j € {1,..., N}, are contained
in A and disjoint. From now on, we fix* £ € Gr(1,d) and y € R such that all the above
properties hold, and also Proposition 3.2 holds when choosing O = B,(z;), for every
j€{1,...,N}. By Proposition 3.2, for every j € {1,..., N},

(P.me,y) (B, (x,) < limin (P, m, ) (B, (x,).

ﬁ::min{ min _{n;}, min {fp(x;)}

so, for every j € {1,..., N}, there exists n; € N such that for every n > n;

N [

O(y) — 0 < (P, ) (By(5) — 5 < (P y) (Brlay)) (3.10)

Choosing

Y

©; = Op(z;) —

N [

by (3.8) we obtain that, for every j € {1,..., N},
(1—e)H(bp(z;)) < H(O;).

In particular, choosing

n:= max nj,
Je{l,...N}

using (3.10) and recalling that the slices (P, 7, y) are purely atomic, for every n > n,
we have

H(Bp(x,) < T+ H((Py, m9) (B, (2;) 0 S, ). (3.11)

Step 3: final estimates. We can now conclude: if (3.6) holds, for every n > n,

=

(3.11)
Mu((P,me,y) LA) < ) H(0p(z))) +2 <

1

1

> H({(Py,me,y) (By(z;) N Ep,)) +¢

=1

H ( Z (9pn(a?)) + €

(z;)NZp,,

1—¢

<
Il

IN
—_
|
™

—_

<

M= 1=

Z H(Qpn(lﬁ)) +¢€

L= 12€B,(z;)NZp,

1
S ;MH(CPTU ua y> I_A) + €.

Thus, passing to the inferior limit as n — 400,

™

<
Il

1
MH(<P77TE7y> I—A) S 1 lim infMH(<Pn77T€7y> I—A) +e.

— £ n—+oo

3observe that y1,qa-a.e. £ € Gr(1,d) and H'-a.e. y € R satisfy all the required properties.
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Since ¢ € (0,1) is arbitrary, we conclude. If (3.7) holds, with the exact same estimates we
obtain that, for n > n,

DS Hibp(ny) <

Thus, passing to the inferior limit as n — o0,

1 o
- S 7 iminf My ((Po, me, y) L A).

(P, e, y) L A).

However, since € € (0, 1) is arbitrary, by letting ¢ — 07 we would contradict the finiteness
of the right-hand side. In other words, (3.7) cannot occur, and this concludes the proof. [

Proposition 3.4. Let A C X be an open subset, let (P,)en C TP(X) and let P € TP(X)
be such that P, = P. Assume that H: [0, +00) — [0,+00) is a function satisfying (H1),
(H2),(H3) and H'(0) < +o00. Then, for v 4-a.e. £ € Gr(1,d) and for H'-a.e. y € R,

My (P, m,y) L A) < liglinf My (P, w0, y) L A). (3.12)

Proof. For v, g-a.e. £ € Gr(1,d) and for H'-a.e. y € R,
YSpNm(y)NA
is at most countable, and so are
Y, Ny (y) N A,
since they are sets of atoms of
(P,m,y) LA and (P,,m,y)LA VneN,

respectively.
Fix ¢ € (0,1). For any ¢ and y as above, there exist N = N(¢) € N and

T1,..., oy €ESp N, (y)NA
such that

N
/ H(bp () dH(2) — 3" H(Bp(x,)) < & if My ((P, 70, y) L S 1 A) < +o
YpNm, (y)nA j=1

(3.13)
or
al 1
> H(0p(z;)) > = otherwise. (3.14)
=1 <
Since H is lower semicontinuous, for every j € {1,..., N} there exists n; = n;(¢) > 0 such
that, whenever |© — 6p(z;)| < n;, then
H(O) > (1 - ;) H(bp(z,)). (3.15)
Furthermore, since H'(0) < +o0, then there exists § > 0 such that, whenever 6 € (0, ),
(1—¢e)H'(0)6 < H(0). (3.16)
Choose
e - [eH(0p(z;)
n=1(e) = mm{ e{r{}_l{}N}{m} g}_l{}N}{GP(%)} jefin, {21{/(0) 00 (3.17)

Then, there exists K = K(¢) € N, K > N, and there exist By,..., Bx C A open balls

such that
17



e the balls are pairwise disjoint;
o for every j € {1,..., N} there exists a unique i(j) € {1,..., K} such that z; €
Bi(j); ) )

b szil <P77T€7y> (Bz) 27<P7 Te, y> (A) - &

o (Pmy)" (BiNA) < 1.
From now on, we fix £ and y such that Proposition 3.2 holds when choosing O := B;, for
every i € {1,..., K}. For notational convenience, we split the set of indices i for the balls
B; as follows:

I*:={i(j)e{1,....K}|je{l,...,N}},
I :={1,...,K}\ I

Step 1: upper bound on the H-mass of slices of P, localized at balls containing the
chosen atoms. For every ¢ € I*, by Proposition 3.2 we have

<P7 T, y> (BZ) < llI_I}_&nf <Pn7 T, y> (B’L)
In particular, for every i = i(j) € I* there exists n; € N such that, for every n > n;,
Op(x;) —

In particular, setting, for j € {1,..., N},

| 3

< (P} (Bi) = 1 < (Po,m0,) (B, (318)

0; = Op(z;) —

| 3]

Y

we can use (3.8) to conclude that, for every j € {1,..., N},

(1 _ 2) H(bp(z;)) < H(O;),

and so, choosing 7 := max;e s« n;, using (3.18) and the monotonicity of H, for every n > n,
for every j € {1,..., N}

(1-3) Hp() < H(Pr 70 y) (Biy). (319

We now estimate the left-hand side of (3.19) from below: by the choice of 77 and the
construction of the open balls,

(1-35) Hbe(e)) = (1= ) HGe) + 5 0
> (1—e)H(Op(z;)) + H'(0)7
> (1—¢) [H(p(x;)) + H'(0) (P, 70, m)" (Bigy)] -
Regarding the right-hand side of (3.19), using Remarks 2.11 and 2.12,

H<<an T, y> (Bi(j))) < H(<Pn7 Ty y) (EPn N Bi(j))) + H(<Pn7 Ty y>d (Bi(j)))
< H((Py, 7, y) (Sp, N Bigy))) + H'(0) (P, w0, )" (Bigy)
< My ((Py, me, y) L Bigj))-
Combining these computations, we have that there exists n € N such that, for every
n > n, for every j € {1,..., N},
H(0p(x;)) + H'(0) (P, 7, 9)" (Bi) <
18




Step 2: upper bound on the H-mass of slices of P, localized at the remaining balls. Now,
for i € I, we use Proposition 3.2 to obtain that

(P, 7, y)" (B;) < liminf (P, 7m0, y) (By).

n—-+o0o

Then,

H((P, 7, )" (B)) < H(lim inf (P, 7, y) (B;)) < liminf H((P,, 7, y) (B)).  (3.21)

n—-+4o0o n—-+00

Regarding the left-hand side of (3.21), by the choice of 77, by the construction of the balls
B; and by (3.16),

H((P, 7, y)" (B:)) = (1 — &) H'(0) (P, 7, y)" (B).
The right-hand side, instead, can be estimates as follows, using Remark 2.11:

lim fnf #((P,,, e, y) (B;)) < lim fuf [H((Py, 7, y) (Bi N Sp,)) + H'(0) (P, ) (By)]
< lir_rgnf Mg ((Pp, e, y) L B;).

Combining such estimates with (3.21),

H'(0) (P, 7, )" (B;) < lim inf My ((P,,, 7, y) L B;). (3.22)

1 —¢e n=a+oo

Step 3: final estimates. If (3.13) holds, using (3.20) and (3.22), for every n > n,

My (P 7, y) L A) = / s O )+ HO) (P (4

SE:IHHP% )) + H'(0 f:lpm, By) + (1+ H'(0))e
_ % |H (0p () + H'(0) (P, 7, )" (Bigy))]
f.%[:d H'(0) (P, 7, )" (B;) + (1+ H'(0))e
< 1i ;MH (P, me,y) L Biy))
oo 3l (P, e, y) L B;) + (1 + H'(0))e

< 1i&MH (<Pn,m,y> L (A\ U B@-))

.
+1—glﬁr£$gofMH(P"’W’ LUB) (1+ H'(0))e.

icld
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In particular, passing to the inferior limit as n — 400,

Lo
My (P, mp,y) L A) < - glégllgofMH ((Pn,m,y) L (A\ U Bl))

icld

+ N hr_r)nnfMH ( P, my L B) (1+ H'(0))e
— £ n—+oo

icld

1
< : lim inf My ((Pn, me, y) L A) 4+ (1 + H'(0))e.
— £ n—oo
In particular, since € € (0,1) is arbitrary, letting ¢ — 07, we conclude that (3.12) holds.
If, instead, (3.14) holds, with the same argument one proves that
1

S 72 tminf My (P, e, y) L A) + (1+ H'(0))e,

and since ¢ € (0, 1) is arbitrary, by letting ¢ — 07, we conclude. O

3.3. Conclusion. Using Corollary 2.26 and the results obtained in Section 3.2, we are
able to conclude the proof of the main result.

Proof of Theorem 3.1. We use Corollary 2.26 and Propositions 3.3 or 3.4, combined with
Fatou’s lemma:

My (P: A) = ¢ / My (P, 7, ) L A) d(a ® HY) (L, y)
Gr(1,d)xR

n—-+00

<e / lim inf My (P, 72, 9) L A) d(y1.0 @ H)(E, )
Gr(Ld)xR

n—-4o0o

< lim inf c/ My (P, me,y) L A) d(11.4 ® Hl)(f, Y)
Gr(1,d)xR
= l%r_r}ig)fMH(Pn; A). O
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