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Abstract. The aim of this paper is to investigate the contraction properties of p-
Wasserstein distances with respect to convolution in Euclidean spaces both qualitatively
and quantitatively. We connect this question to the question of uniform convexity of
the Kantorovich functional on which there was substantial recent progress (mostly for
p = 2 and partially for p > 1). Motivated by this connection we extend these uniform
convexity results to the case p = 1, which is of independent interest.

1. Introduction

Let λ, µ be probability measures on Rn and let ρε : Rn → R be a standard convolution
kernel; that is, ρε(x) = ε−nρ(x/ε) for some function ρ ≥ 0 satisfying

∫
Rn ρdx = 1. Denote

λε = ρε ∗λ and µε = ρε ∗µ. It is well-known, see e.g. [34, Lemma 5.2] as well as the proof
of Theorem 1.1 below, that for every p ≥ 1, and every ε > 0,

Wp(λε, µε) ≤Wp(λ, µ). (1.1)

HereWp stands for the standard p−Wasserstein distance. For applications of this inequal-
ity as well as variants in more general geometries, we refer for instance to [37, 5, 15, 14, 8].
Two classical situations where this inequality is relevant are

• Contractive estimates for Wasserstein distances serve as a good definition of non-
negative Ricci curvature in various settings [37, 31], due to the fact that decay
of Wasserstein distances along the heat flow is a characterisation of nonnegative
curvature (and the heat flow is a convolution kernel in the Euclidean setting);

• Often in statistics one wishes to estimate a Wasserstein distance Wp(λ, µ) to com-
pare an empirical distribution to some theoretical one, but only has access to
samples from noisy distributions λ ∗ ρε, where ρ is the distribution of the noise,
and ε a small size parameter. Inequality (1.1) implies that independent noise
makes us underestimate the distance.

Setting

δε(λ, µ) =W p
p (λ, µ)−W p

p (λε, µε), (1.2)

the contraction property (1.1) may be rephrased as δε(λ, µ) ≥ 0. The first question we
aim at understanding is the equality case δε(λ, µ) = 0. Unless specified otherwise, we
will assume throughout the paper that λ (but not necessarily µ) is absolutely continuous
with respect to the Lebesgue measure; we will also assume that infB1 ρ > 0 (we denote by
BR(x) the open ball of radius R > 0 centered at x ∈ Rn and BR = BR(0)). Notice that if
Spt ρ is compact and the distances between the connected components of X = Sptλ are
bounded away from zero, then for ε small enough the convolution acts independently on
each connected component of X . Therefore, we will most often assume that X is connected.
For a measure µ and z ∈ Rn, we define the translated measure µz by µz(A) = µ(A − z)
for A ⊂ Rn.

Theorem 1.1. Let λ and µ be probability measures on Rn. Assume that either Spt ρ =
Rn or X is connected and moreover that there exist optimal Kantorovich potentials for
Wp(λ, µ) and Wp(λε, µε). Then δε(λ, µ) = 0 if and only if:

• For p > 1, there exists z ∈ Rn such that µ = λz.
1
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• For p = 1, there exists e ∈ Sn−1 such that whenever φ ∈ L1(µ)∩L1(λ) is monotone
in the direction e, i.e. φ(x+ te) ≥ φ(x) for all x ∈ Rn and t ≥ 0, we have∫

Rn

φdµ ≥
∫
Rn

φdλ. (1.3)

Remark 1.2. The fact that the case p = 1 is different can easily be understood in
dimension one. If we consider two measures with disjoint supports [a, b] and [c, d] with
b < c, then if ρ is compactly supported, for any ε small enough, λε and µε also have
disjoint supports, and for any coupling πε of the two perturbed measures

W1(λε, µε) =

∫
R×R

|x− y|dπε =
∣∣∣∣∫

R×R
(x− y)dπε

∣∣∣∣ = ∣∣∣∣∫
R
xdλ−

∫
R
ydµ

∣∣∣∣ =W1(λ, µ).

Remark 1.3. In both cases the conclusion may be seen to be equivalent to the fact that
the gradient of the optimal Kantorovich potential forWp(λ, µ) is constant, see the proof of
Theorem 1.1 in Section 5. Moreover, when p = 1, letting pe be the orthogonal projection
on e⊥, (1.3) is equivalent to the following property. We have pe#λ = pe#µ = η for some
measure η and, disintegrating λ = λy⊗η and µ = µy⊗η, µy is stochastically dominated by
λy on p−1

e (y) for η−almost every y. To see that (1.3) implies pe#λ = pe#µ, it is enough
to consider all the test functions φ which do not depend on ⟨x, e⟩, since for these we have
equality in (1.3) (by testing the inequality with both φ and −φ). The second property
then follows. Another informal way of interpreting (1.3) is that transport between λ and
µ happens only in the direction e.

Remark 1.4. In a statistical context, one may think of this rigidity result as stating that
when p > 1, the only situation in which there is no loss from estimating the Wasserstein
distance on noisy data rather than directly is when considering a translation model.

We then consider the quantitative counterpart of this question. More precisely, we ask
the following question: for p > 1, if δε(λ, µ) is small, does it imply that µ is almost a
translate of λ? Similarly, if p = 1 and δε(λ, µ) is small, does it mean that there is a
direction e ∈ Sn−1 such that (1.3) almost holds?
Currently, the answer to these questions depends on the hypothesis which are made on λ
and µ. Rather than giving a general statement, let us give an example of what we can
achieve.

Theorem 1.5. Let p = 2, and assume that X = Sptλ is bounded, Lipschitz and connected.
If m ≤ λ ≤M on X for some 0 < m < M and R, ε > 0 is such that Sptλε∪Sptµε ⊂ BR,
then there exists C = C(ρ,R,X ,m,M) > 0 such that

min
z∈Rn

W 2
2 (λ, µ

z) ≤ Cε−(n+1)δ
1
3
ε (λ, µ). (1.4)

Remark 1.6. Let us make an important observation regarding the convolution kernel ρ.
For most of our results it will be important that the measures we consider both before and
after convolution have bounded support. In that case we will thus restrict ourselves to
convolution kernels which have themselves bounded support (as in the theorem above). To
illustrate the applicability of the method beyond the compact case, we will also consider
in Theorem 5.10 the case when λ (but not µ) is Gaussian and ρε is the heat kernel.

Remark 1.7. Since δε(λ, µ) ≤ W p
p (λ, µ), we see that the best possible exponent we can

hope for on the right-hand side of (1.4) is one. As seen in Theorem 5.3, we would obtain
this sharp exponent provided the strong convexity estimates from [18] could be improved
accordingly. Regarding the dependence of the right-hand side of (1.4) in ε we do not claim
any optimality, see in particular Remark 5.11. In this respect notice also that by (3.4) of
Lemma 3.2 we get an improved dependence on ε if X is convex.
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We now discuss the proof of Theorem 1.5. Our first main insight is that this question is
closely related to the question of stability in optimal transportation. Indeed, from our proof
of Theorem 1.1, we deduce that if δε(λ, µ) ≪ 1, then the optimal Kantorovich potentials
for W2(λε, µε) are almost optimal potentials for the dual formulation of W2(λ, µ), and
similarly for all the translations of λ and µ. Thanks to recent progress on the strong
convexity properties of the Kantorovich functional in the case of the quadratic cost, see
[20, 26, 18, 29, 28, 19], we can deduce that the optimal transport map Tε for W2(λε, µε)
is itself close to the optimal transport map T for W2(λ, µ). We thus obtain a control on
the quantity (which we define here for all p ≥ 1)

Λε(ξ, f) =

∫
Rn×Rn

|ξ(y)− f(x)|pρε(x− y)dxdλ(y), (1.5)

where ξ(y) = T (y) − y and f(x) = Tε(x) − x. Our second main insight is that if Λε is
small then ξ is close to being constant. For the following theorem, We let τp,λ(ε) be the
quantity defined in (3.2), see also Lemma 3.2.

Theorem 1.8. Let λ be such that Hypothesis 3.1 holds for r ≤ ε. For ξ ∈ L1(λ), letting,

z =

∫
Rn

ξdλ,

we have for every f and every p ≥ 1,∫
Rn

|ξ − z|pdλ ≲M0(r)(ε/r)
nτp,λ(r)Λε(ξ, f). (1.6)

Here the implicit constant depends only on the constant η from Hypothesis 3.1 and on
infB1 ρ.

In order to discuss the proof of (1.6), let us first consider the case Λε(ξ, f) = 0. In
that case, for every x ∈ Rn and every y ∈ Sptλ ∩ Bε(x) we have ξ(y) = f(x). In
particular, if for some x, x′, we have Sptλ ∩Bε(x) ∩Bε(x′) ̸= ∅, then ξ(y) = f(x) = f(x′)
in Sptλ ∩ (Bε(x) ∪ Bε(x

′)). Covering Sptλ by overlapping balls of radius ε, we find
that ξ is constant on Sptλ (the assumption τp,λ(ε) < ∞ will turn out to imply some
ε−connectedness of Sptλ). From this argument, we learn that Λε(ξ, f) controls how far
is ξ from being constant in balls of radius ε. In order to prove that ξ is globally close to
a constant we use a gluing argument which is reminiscent of some proofs of the Poincaré
inequality, see e.g. [24, 25]. This is also very similar in spirit to the proofs of quantitative
stability of optimal transport maps in [27, 28]. Let us also point out that the quantity
Λε(ξ, f) is closely related to non-local characterizations of Sobolev spaces by Bourgain-
Brézis-Mironescu, see [9, 11] as well as Remark 3.5 below. In particular Theorem 1.8
generalizes the main result of [33] with a very different proof which is somewhat closer to
arguments from [22].

Let us now comment on extensions of Theorem 1.5. As explained above, besides The-
orem 1.8, one of the main building blocks in our proof of Theorem 1.5 is the uniform
convexity of the Kantorovich functional. Despite recent progress on this question, since
at the moment of writing this paper sharp results do not seem to be available, we rather
write our main theorem as a conditional result as in [13], see Theorem 5.3. Let us point
out that while many results are available regarding strong monotonicity of the gradient of
the Kantorovich functional, see [20, 18, 29, 28, 27] for p = 2 and [30] for p > 1, we actually
need as in [13, 21] the (seemingly stronger) strong convexity of the Kantorovich functional
itself. This in turn is currently known only under either strong regularity properties of
the potentials, see [20, 26, 29] or in the setting of Theorem 1.5. We finally point out that
since τp,λ(ε) <∞ morally implies that Sptλ is bounded, see Remark 3.4, in order to show
that our strategy of proof goes beyond the compact case, we consider in Theorem 5.10
also the case when λ is a Gaussian measure.
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Our second main contribution of the paper is a quantitative stability result of Kan-
torovich potentials when p = 1. Since in this case, we have W1(λ + ν, µ + ν) = W1(λ, µ)
whenever λ(Rn) = µ(Rn), we will always assume that λ ⊥ µ. We will actually make the
stronger hypothesis that λ and µ have disjoint support, see Remark 4.5 for a discussion
of this assumption.

Theorem 1.9. Let λ, µ be probability measures with disjoint supports both contained in
BR for some R > 0, and let X = Sptλ. Assume ∂X is rectifiable and m ≤ λ ≤ M
on X for some 0 < m,M < ∞. Let ψ be the Kantorovich potential associated with
W1(λ, µ), and ϕ be any 1-Lipschitz function. Then, for every α > 3, there exist a constant
C = C(α,R,X ,m,M) > 0, such that

∥∇ψ −∇ϕ∥αL1(λ) ≤ C

∫
Rn

(ψ − ϕ)d(µ− λ) = C

(
W1(λ, µ)−

∫
Rn

ϕd(µ− λ)

)
. (1.7)

We recall that a compact set K ⊂ Rn is called rectifiable if there exists a Lipschitz
function f : Rn−1 → Rn and a compact set K0 such that K = f(K0). Let us point out
that while there is no reason to believe that the condition α > 3 is sharp, (1.7) cannot
hold for α < 2, see Remark 4.7.
The proof of Theorem 1.9 is very different from the proof from [18] in the quadratic case.
The starting point is Lemma 4.1 where a stability estimate of the form (1.7) is obtained via
a relatively simple argument but at the price of replacing the measure λ on the left-hand
side of (1.7) by the transport density σ (see (2.10) for the definition). The difficulty is
then to estimate σ from below by λ, see in particular Lemma 4.6. Let us point out that
in Theorem 4.8 we extend the validity of (1.7) to some measures which are not bounded
from below and might have unbounded support.

Equipped with Theorem 1.9, we can prove an analog of Theorem 1.5 for p = 1.

Theorem 1.10. Let λ, µ be probability measures with disjoint supports both contained in
BR for some R > 0 and let X = Sptλ. Assume that X is Lipschitz and m ≤ λ ≤ M on
X for some 0 < m,M < ∞. For every α > 3, there exist C = C(α,X ,m,M,R) > 0 and
e ∈ Sn−1 such that for every 1−Lipschitz and monotone function φ in the direction e,∫

Rn

φdλ−
∫
Rn

φdµ ≤ Cε−nδ
1
α
ε (λ, µ). (1.8)

As a consequence (recall the notation from Remark 1.3)

W1(pe#λ, pe#µ) ≤ Cε−nδ
1
α
ε (λ, µ). (1.9)

The paper is organized as follows. In Section 2 we gather the notation we use throughout
the paper and recall some facts about optimal transportation. In Section 3, we prove
Theorem 1.8. In Section 4 we investigate the stability properties of Kantorovich potentials
for p = 1. In particular we prove there Theorem 1.9. Finally, in Section 5 we turn to our
main objective which is the study of (1.1) and its rigidity. We first prove a qualitative
version, namely Theorem 1.1 and then the quantitative counterparts for p > 1 in Section
5.1 and p = 1 in Section 5.2.

2. Notation and preliminaries

Given a set A, we write χA for its indicator function. We write ⟨x, y⟩ for the standard

scalar product in Rn and |x| =
√
⟨x, x⟩ for the Euclidean norm. We always endow Rn with

the Euclidean distance. The notation A ≲ B means that there exists a constant C > 0,
such that A ≤ CB, where unless specified otherwise, C depends on the dimension n and
p. We write A ≲q B to indicate an additional dependence on the parameter, or set of
parameters, q. We write A ≈ B if both A ≲ B and B ≲ A. We use the notation A≪ B as
an hypothesis; it means that there exists some (typically small) ε > 0 such that if A ≤ εB,
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then the conclusion holds. For p > 1, we write p′ for the Hölder conjugate of p, which is
the unique p′ > 1 for which 1/p+1/p′ = 1. For e ∈ Sn−1, we set pe(x) = x− ⟨x, e⟩ e to be
the orthogonal projection on e⊥. For a closed set X ⊆ Rn, we write P(X ) for the set of
probability measures supported on X , and M(X ) for the set of positive Radon measures
supported on X . If a measure λ is absolutely continuous with respect to the Lebesgue
measure, by abuse of notation, we will identify it with its density, so λ(x) is the density of
λ at point x. Similarly, if λ is radially symmetric we identify λ(x) and λ(|x|). We say that
a measure µ is log-concave if µ = exp(−V ) for some convex function V : Rn → R∪{+∞}.
Note that this is a bit more restrictive than the usual definition of log-concavity, which
allows for more degenerate measures, that are supported on a hyperplane, but we shall not
consider degenerately log-concave measures here. If, moreover, V is κ−strongly convex,
we say that µ is κ−uniformly log concave.

2.1. Optimal transport. In this section we recall some basic facts regarding optimal
transport, see e.g. [34, 36, 4]. For p ≥ 1 and measures λ, µ with finite p−moment and
λ(Rn) = µ(Rn) we set

Π(λ, µ) = {π ∈ M(Rn × Rn) : π1 = λ, π2 = µ},

where π1, π2 are the marginals of π. Then, we define

W p
p (λ, µ) = inf

Π(λ,µ)

∫
Rn×Rn

1

p
|x− y|pdπ.

If λ is absolutely continuous, then there exists an optimal transport plan π such that
π = (Id × T )#λ for some optimal transport map T (see e.g. [4, Theorem 7.1] for the
existence in the case p = 1). When p > 1, T and π are unique; when p = 1, however,
there is no uniqueness, even in the one-dimensional case. Nevertheless, if p = 1 there is a
unique ray-monotone optimal transport map, see [4, Theorem 6.4 & Theorem 6.5] as well
as [34, Theorem 3.18] where the case of measures with compact support is covered.
For t ∈ [0, 1] and taking T to be a an optimal transport map, we set

Tt(x) = (1− t)x+ tT (x), (2.1)

and then

µt = Tt#λ, jt = Tt#((T − x)λ) , (2.2)

so that in the distributional sense,

∂tµt +∇ · jt = 0.

By integration we get that j̄ =
∫ 1
0 jtdt satisfies

∇ · j̄ = µ0 − µ1 = λ− µ.

For ψ : Rn → R ∪ {−∞}, with ψ not identically equal to −∞, we set

ψc(x) = inf
y∈Rn

1

p
|x− y|p − ψ(y).

If ϕ = ψc for some function ψ, we say that ϕ is c−concave. We now define the Kantorovich
functional as

Fλ,µ(ψ) =

∫
Rn

ψcdλ+

∫
Rn

ψdµ. (2.3)

Kantorovich duality asserts that we have

W p
p (λ, µ) = sup

ψ
Fλ,µ(ψ). (2.4)
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If now R > 0 is such that Sptλ ∪ Sptµ ⊂ BR, the supremum in (2.4) is achieved by some
ψ. Since the value of ψ outside BR plays no role, we may assume that ψ = −∞ outside
BR, in which case ψc is Lipschitz continuous with

sup
BR

|∇ψc| ≲ Rp−1. (2.5)

When p = 1, it is not hard to see that a function ψ is c-concave if and only if it is
1-Lipschitz. Moreover, in that case we have ψc = −ψ, so that

W1(λ, µ) = sup
∥∇ψ∥∞≤1

∫
Rn

ψd(µ− λ). (2.6)

We now connect optimal potentials and optimal transport maps. For p > 1, let

Φp(z) = |z|p′−2z. (2.7)

We then have that if T is the optimal transport map and ψ is an optimal Kantorovich
potential,

x− T (x) = Φp(∇ψc(x)). (2.8)

Since Φp is invertible, this implies that ∇ψc is determined uniquely on X = Sptλ. For
p = 1, we have that

|T (x)− x| = ψ(T (x))− ψ(x),

and because ψ is 1-Lipschitz, if T (x) ̸= x we have

∇ψ(x) = T (x)− x

|T (x)− (x)|
, (2.9)

so that the mass is transported through rays of direction given by ∇ψ. Moreover ψ is
affine (with constant gradient) on the segment [x, T (x)]. We thus have

σ = |j̄| =
∫ 1

0
|jt|dt. (2.10)

Notice that (2.9) and the fact that transport happens along rays implies that ∇ψ is de-
termined uniquely on Sptσ.

Lemma 2.1. Let p = 1. If λ ⊥ µ then Sptλ ⊂ Sptσ.

Proof. We start by noticing that since λ ⊥ µ, for λ a.e. x we have |T (x)−x| > 0. Without
loss of generality, assume that 0 ∈ Sptλ, and suppose for the sake of contradiction that
σ(Br) = 0 for some r > 0. We then have by (2.10), and the definition (2.2) of jt,

σ(Br) =

∫ 1

0

∫
T−1
t (Br)

|T (x)− x|dλ(x)dt = 0,

and thus for almost every t ∈ (0, 1) and λ-almost every x ∈ T−1
t (Br), we get |T (x)−x| = 0.

In order to obtain a contradiction with the initial observation, let us construct a set
A ⊂ Br/2 ∩ T−1

t (Br) with λ(A) > 0. For M > 0 let

AM = {x : |T (x)− x| ≤M}.
Since W1(λ, µ) < ∞, by the Markov inequality we have λ(AcM ) ≤ λ(Br/2)/2 provided M
is large enough. Setting A = AM ∩Br/2 we thus have

λ(A) ≥ λ(Br/2)/2 > 0.

Moreover, for every x ∈ A and t ∈ (0, r/(4M)),

|Tt(x)| ≤ |x|+ tM ≤ r

2
+ tM ≤ 3r

4
< r.

Thus Tt(A) ⊂ Br i.e. A ⊂ T−1
t (Br) as required. □
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We end this section by recalling the formula for computing the density of the push-
forward of absolutely continuous measures. We follow the presentation from [3, Section
5.5]. To this aim we need to recall some definitions. For f : Rn → Rn we say that z ∈ Rn
is the approximate limit of f at x if the sets

{y : |f(y)− z| > ε},

have density 0 at the point x. We then write z = f̃ for the approximate limit. Similarly,
a linear map L : Rn → Rn is the approximate differential of f at x if the sets{

y :
|f(y)− f̃(x)− L(y − x)|

|x− y|
> ε

}
,

have density 0 at the point x. We then write L = ∇̃f . We let Σf be the sets of points
where f is approximately differentiable. We then have, see [3, Lemma 5.5.3]:

Lemma 2.2. Assume that ρ ∈ L1(Rn) and that there exists Σ ⊂ Σf such that f̃ Σ
is injective and |{ρ > 0}\Σ| = 0. Then f#ρ is absolutely continuous if and only if

|det ∇̃f | > 0 a.e. on Σ. In this case, we have for a.e. x ∈ Σ,

(f#ρ)(f̃(x)) =
ρ(x)

| det ∇̃f(x)|
.

3. Two-point stability

The aim of this section is to prove Theorem 1.8. We recall the definition (1.5) of Λε(ξ, f)
and will often write Λε for Λε(ξ, f) when there is no ambiguity.

Let us introduce some notation: for r > 0, η ≪ 1, we set r̂ = rη. For x̄ ∈ (0, r̂)n and y ∈
Rn, we let xy be the projection of y onto the grid r̂Zn+ z̄ (which, for z̄ fixed is well-defined
Lebesgue a.e.). Setting X = Sptλ, we let Xz̄ = {x ∈ r̂Zn + z̄ : x = xy for some y ∈ X}.
We make the following assumptions on λ:

Hypothesis 3.1. bla

(i) there exists η ≪ 1 such that if r ≪ 1 there exists M0(r) ≥ 1 such that for every
z̄ ∈ (0, r̂)n and x, x′ ∈ Xz̄ with |x− x′| ≤ r̂ then

λ(Br(x) ∩Br(x′)) ≥M0(r)
−1max(λ(Br(x)), λ(Br(x

′))),

(ii) λ is absolutely continuous with respect to the Lebesgue measure,
(iii) Xz̄ is a connected subgraph of r̂Zn.

Notice that hypothesis (i) is a sort of doubling property for λ. It is for instance satisfied
with uniformM0 if λ = χX for a set X having density estimates of the form |X∩Br(x)| ≳ rn

for x ∈ X , as well as if λ has a support with this property and a density bounded from
above and below. We assume that ε≪ 1 is such that (i) holds for r = ε. All the implicit
constants below depend on η.
For each z̄ ∈ (0, r̂)n and x, x′ ∈ Xz̄, we let ℓ(x, x′) be the (Euclidean) geodesic connecting

x to x′ in X + Br. We then let ℓ̂(x, x′) be an arbitrary curve in Xz̄ ∩ (ℓ(x, x′) + Br)
connecting x to x′ with

H1(ℓ̂(x, x′)) ≲ H1(ℓ(x, x′)).

We let I(x, x′) = ℓ̂(x, x′) ∩Xz̄ so that

rH0(I(x, x′)) ≲ H1(ℓ̂(x, x′)) ≲ H1(ℓ(x, x′)). (3.1)
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For p > 1, we then define the quantity (recall that 1/p+ 1/p′ = 1)

τp,λ(r) =

sup
z̄∈(0,r̂)n

sup
z∈Xz̄

 ∑
x,x′∈Xz̄

χI(x,x′)(z)λ(Br(x))λ(Br(x
′))

 ∑
z′∈I(x,x′)

λ(Br(z
′))

− p′
p


p
p′
 . (3.2)

For p = 1, we instead set

τ1,λ(r) = sup
z̄∈(0,r̂)n

sup
z∈Xz̄

 ∑
x,x′∈Xz̄

χI(x,x′)(z)λ(Br(x))λ(Br(x
′))

(
sup

z′∈I(x,x′)
λ(Br(z

′))−1

) .

When it is clear from the context we write τ(r) = τp,λ(r). When z̄ = 0 we simply write
X for X0. Let us estimate τp,λ(r) under the assumptions of Theorem 1.5.

Lemma 3.2. Let X be a Lipschitz domain and λ ∈ P(X ) be such that m ≤ λ ≤ M for
some m,M > 0. Then, for every p ≥ 1 and r ≪ 1,

τp,λ(r) ≲λ r
−(n+p−1) and M0(r) ≲λ 1. (3.3)

The implicit constants depends on λ only through m,M , diam(X ) and the Lipschitz con-
stant of X . If instead X is convex then

τp,λ(r) ≲λ r
−p. (3.4)

Proof. The estimate M0(r) ≲λ 1 has already been discussed above so we focus only on the
estimate of τp,λ. We will consider only the case p > 1; the case p = 1 being analogous.
Without loss of generality we may assume that z̄ = 0. On the one hand, since λ(Br(x)) ≈λ

rn for every x ∈ X,

∑
x,x′∈X

χI(x,x′)(z)λ(Br(x))λ(Br(x
′))

 ∑
z′∈I(x,x′)

λ(Br(z
′))

− p′
p


p
p′

≲λ r
n
∑

x,x′∈X
χI(x,x′)(z)

(
H0(I(x, x′))

) p
p′ .

Since X is Lipschitz, we have on the one hand H1(ℓ(x, x′)) ≲X diam(X ) for every x, x′ ∈ X
and thus

sup
x,x′∈X

H0(I(x, x′))
(3.1)

≲ r−1 sup
x,x′∈X

H1(ℓ(x, x′)) ≲X diam(X )r−1.

On the other hand, for every z ∈ X,∑
x,x′∈X

χI(x,x′)(z) ≤ (H0(X))2 ≲X r−2n|X |2. (3.5)

Combining these estimates yield (3.3). Let us finally prove that if X is convex then (3.5)
may be improved to ∑

x,x′∈X
χI(x,x′)(z) ≲X diam(X )n+1r−(n+1). (3.6)

Set R = diam(X ) and notice that in this case ℓ(x, x′) = [x, x′] is a segment. Let Cr(x, x
′) =

ℓ(x, x′) +Br. We have by definition of I and ℓ,∑
x,x′∈X

χI(x,x′)(z) ≤
∑

x,x′∈X
χCr(x,x′)(z) ≲X r−2n

∫
X×X

χCr(x,x′)(z)dxdx
′

≤ r−2n

∫
X

∫
BR(x)

χCr(x,x′)(z)dxdx
′.
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Writing x′ = x+ tu for u ∈ ∂B1 we find∫
X

∫
BR(x)

χCr(x,x′)(z)dx
′dx ≲ Rn−1

∫
X

∫
∂B1

∫ R

0
χCr(x,x+tu)(z)dxdH

n−1(u)dt

Finally notice that if x /∈ Ru+B2r(z) then z /∈ Cr(x, x+ tu) so that exchanging the order
of integration we get∫

X

∫
∂B1

∫ R

0
χCr(x,x+tu)(z)dxdH

n−1(u)dt ≤ R

∫
∂B1

|X ∩ (Ru+B2r(z))|dHn−1(u)dt

≲ R2rn−1.

This concludes the proof of (3.6), from which we then obtain (3.4).
□

Remark 3.3. If we only assume that X is Lipschitz but not convex then (3.5) is in general
optimal, see Figure 1.

z

x

x′

Figure 1. For every point x in the upper shaded region and every x′ in
the bottom shaded region z ∈ I(x, x′).

Remark 3.4. Notice that τp,λ(r) < ∞ morally implies that X is bounded. Assume for
instance that X contains the horizontal line. Since for every x, x′, and p > 1, ∑

z′∈I(x,x′)

λ(Br(z
′))

− p′
p


p
p′

≳
1

λ(Br(x))
+

1

λ(Br(x′))
,

we have for z on the horizontal line,

∑
x,x′∈X

χI(x,x′)(z)λ(Br(x))λ(Br(x
′))

 ∑
z′∈I(x,x′)

λ(Br(z
′))

− p′
p


p
p′

≳
∑

x,x′∈X
χI(x,x′)(z)(λ(Br(x)) + λ(Br(x

′))) = ∞.

Proof of Theorem 1.8. We only consider the case p > 1 since the case p = 1 is analogous.
For every x ∈ Rn, let

m(x) =

∫
Rn

|ξ(y)− f(x)|pρε(x− y)dλ(y),
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so that ∫
Rn

m(x)dx = Λε.

Let η ≪ 1 be such that point (i) of Hypothesis 3.1 holds for r ≤ ε, and set r̂ = ηr,
Qr̂ = (0, r̂)n and for z ∈ r̂Zn, Qr̂(z) = Qr̂ + z. We then have∫

Qr̂

∑
x∈r̂Zn

m(x+ z)dz =
∑
x∈r̂Zn

∫
Qr̂(x)

m(z)dz ≤
∫
Rn

m(z)dz = Λε,

so there exists z̄ ∈ Qr̂ such that

rn
∑
x∈r̂Zn

m(x+ z̄) ≲ Λε. (3.7)

Up to a translation, we can assume that z̄ = 0. We estimate∫
Rn×Rn

|ξ(y)− ξ(y′)|pdλ(y)dλ(y′) ≲
∫
Rn×Rn

|ξ(y)− f(xy)|pdλ(y)dλ(y′)

+

∫
Rn×Rn

|f(xy)− f(xy′)|pdλ(y)dλ(y′) +
∫
Rn×Rn

|ξ(y′)− f(xy′)|pdλ(y)dλ(y′)

≲
∫
Rn

|ξ(y)− f(xy)|pdλ(y) +
∫
Rn×Rn

|f(xy)− f(xy′)|pdλ(y)dλ(y′).

We start by considering the first right-hand side term. Since |y − xy| ≤
√
n/2r̂ < ε, we

have y ∈ Bε(xy) and thus as 1 ≲ εnρε on Bε (recall that we assumed ρ ≳ 1 on B1), so∫
Rn

|ξ(y)− f(xy)|pdλ(y) =
∑
x∈r̂Zn

∫
{y : xy=x}

|ξ(y)− f(x)|pdλ(y)

≤
∑
x∈r̂Zn

∫
Bε(x)

|ξ(y)− f(x)|pdλ(y) ≲ εn
∑
x∈r̂Zn

m(x)
(3.7)

≲ (ε/r)nΛε.

For the second sum, we can similarly write∫
Rn×Rn

|f(xy)− f(xy′)|pdλ(y)dλ(y′) ≲
∑

x,x′∈X
λ(Br(x))λ(Br(x

′))|f(x)− f(x′)|p.

To lighten notation a bit, set λx = λ(Br(x)). Let now x, x′ ∈ X. If x and x′ are
nearest neighbors in r̂Zn, by Hypothesis (i), letting A = Br(x) ∩ Br(x′) we have λ(A) ≥
M0(r)

−1max(λx, λx′). By the triangle inequality and Jensen we then find

|f(x)− f(x′)|p ≲
∣∣∣∣f(x)− 1

λ(A)

∫
A
ξdλ

∣∣∣∣p + ∣∣∣∣f(x′)− 1

λ(A)

∫
A
ξdλ

∣∣∣∣p
≤ 1

λ(A)

∫
A
|f(x)− ξ(y)|pdλ(y) + 1

λ(A)

∫
A
|f(x′)− ξ(y)|pdλ(y)

≤ 1

λ(A)

∫
Br(x)

|f(x)− ξ(y)|pdλ(y) + 1

λ(A)

∫
Br(x′)

|f(x′)− ξ(y)|pdλ(y)

≲ εnM0(r)

(
m(x)

λx
+
m(x′)

λx′

)
.
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Take now x, x′ ∈ X arbitrary. Then by the triangle inequality and the above computation,
summing along the geodesic we get

|f(x)− f(x′)|p ≲ εnM0(r)

 ∑
z∈I(x,x′)

(
m(z)

λz

) 1
p

p

≤ εnM0(r)

 ∑
z∈I(x,x′)

λ
− p′

p
z


p
p′ ∑
z∈I(x,x′)

m(z),

where the last inequality is due to the Hölder inequality. After summation, we find

∑
x,x′∈X

λxλx′ |f(x)− f(x′)|p ≲ εnM0(r)
∑

x,x′∈X
λxλx′

 ∑
z∈I(x,x′)

λ
− p′

p
z


p
p′ ∑
z∈I(x,x′)

m(z)

= εnM0(r)
∑
z

 ∑
x,x′∈X

χI(x,x′)(z)λxλx′

 ∑
z′∈I(x,x′)

λ
− p′

p

z′


p
p′
m(z).

By definition (3.2) of τp,λ, we get∑
x,x′∈X

λxλx′ |f(x)− f(x′)|p ≲M0(r)τp,λ(r)ε
n
∑
z

m(z)
(3.7)

≲ M0(r)(ε/r)
nτp,λ(r)Λε.

In conclusion, we find∫
Rn×Rn

|ξ(y)− ξ(y′)|pdλ(y)dλ(y′) ≲ (ε/r)nΛε +M0(r)(ε/r)
nτp,λ(r)Λε

≲M0(r)(ε/r)
nτp,λ(r)Λε.

Recalling that

z =

∫
Rn

ξdλ,

we find by Jensen’s inequality,∫
Rn

|ξ − z|pdλ ≤
∫
Rn×Rn

|ξ(y)− ξ(y′)|pdλ(y)dλ(y′) ≲M0(r)(ε/r)
nτp,λ(r)Λε,

which concludes the proof of (1.6).
□

Remark 3.5. Note that if we assume that X is convex, as a consequence of Theorem
1.8 and Lemma 3.2 (and in particular of (3.4)), we can obtain a new characterization of
constant functions: If ξ is such that, for every ε > 0 there exists a function fε such that
Λε(ξ, fε) = o(εp), then ξ is constant. This may be seen as a generalization of [11].

For another consequence, we can take λ to be the uniform probability measure on X
and ξ = f . To lighten notation, let us take ε = r and omit the dependence on M0. We
get ∫

X
|f(x)− z|pdx ≲ τp,λ(ε)Λε(f, f) ≲X ε−p

∫
X×Rn

ρε(x− y)|f(x)− f(y)|pdxdy.

Since |z| ≲ ε on Spt ρε, we obtain the estimate:∫
X
|f − z|pdx ≲X

∫
X×Rn

ρε(x− y)
|f(x)− f(y)|p

|x− y|p
dxdy.
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This estimate is similar to the one proved in [33]. It is a non-local version of the Poincaré-
Wirtinger inequality which actually implies the standard one as a consequence of [9, The-
orem 1].

We now show that a similar estimate to that of Theorem 1.8 can be obtained for some
non-compactly-supported λ. For simplicity we restrict ourselves to the Gaussian case, see
also Remark 3.7.

Proposition 3.6. Let λ be a standard Gaussian of mean zero and variance 1. Assume
also that there exists a constant C > 0 such that

|ξ(x)| ≤ C(1 + |x|). (3.8)

Then, with

z =

∫
Rn

ξdλ,

we have for every f , ε ∈ (0, 1), p ≥ 1, and any β > 0∫
Rn

|ξ − z|pdλ ≲ρ,C,β ε
−pΛε(ξ, f)

1−β. (3.9)

Proof. We consider only the case p > 1 since the case p = 1 is analogous. Notice first that
by (3.8), ∫

Rn

|ξ − z|pdλ ≲C 1,

and thus we may assume without loss of generality that Λε ≪ 1. Let z =
∫
Rn ξdλ and for

R≫ 1 to be chosen,

zR =

∫
BR

ξdλ, and λR = λχBR
.

We then write∫
Rn

|ξ − z|pdλ ≲
∫
Rn

|ξ − zR|pdλR + |z − zR|p +
∫
Bc

R

|ξ − z|pdλ. (3.10)

Let us first estimate the second right-hand side term in (3.10). Since λ is radially sym-
metric, we have ∫

Bc
R

|x|dλ = C(n)

∫ ∞

R
rne−r

2/2dr ≲ Rn−1e−R
2/2

and therefore

|z − zR|p =

∣∣∣∣∣
∫
Bc

R

ξdλ

∣∣∣∣∣
p
(3.8)

≲C

(∫
Bc

R

|x|dλ

)p
≲ (Rn−1λ(R))p. (3.11)

We now turn to the third right-hand side term in (3.10). By (3.8) we have similarly∫
Bc

R

|ξ − z|pdλ ≲
∫
Bc

R

|ξ|pdλ+ |z|pλ(Bc
R) ≲C

∫
Bc

R

|x|pdλ ≲ Rn−2+pλ(R). (3.12)

Let us point out that since p ≥ 1, for R large the right-hand side of (3.12) is larger than
the right-hand side of (3.11). We finally estimate the first right-hand side term in (3.10).
By Theorem 1.8 applied to λR/λ(BR) and setting τR(r) = τp,λR(r), we have for r ≤ ε∫

Rn

|ξ − zR|pdλR ≲ τR(ε)

∫
|ξ(y)− f(x)|pρε(x− y)dxdλR(y) ≲M0(r)(ε/r)

nτR(r)Λε,

(3.13)
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so we are left with estimating τR(r) and M0(r) for an appropriate choice of r. We first
note that since λR/λ(BR) has nice support, part (i) of Hypothesis 3.1 holds with

M0(r) ≲ sup
|x−x′|≤r

supu∈BR∩(Br(x)∩Br(x′)) λR(u)

infu∈BR∩(Br(x)∩Br(x′)) λR(u)

≲ exp(4(rR+ r2)).

Hence if we take r = min(ε,R−1) we have M0(r) ≲ 1.
We set

R =
√

2 log Λε. (3.14)

Since r ≤ R−1, we have for every x ∈ X,

λ(Br(x)) ≈ λ(x)|Br|,

and thus for every (x, x′) ∈ X, assuming |x′| > |x|: ∑
z′∈I(x,x′)

λ(Br(z
′))

− p′
p


p
p′

≈ |Br|−1

 ∑
z′∈I(x,x′)

1

λ(z′)
p′
p


p
p′

≲ |Br|−1

(
r−1

∫ |x′|

−|x|′
exp

(
p′

2p
t2
)) p

p′

≲ |Br|−1
(
r−1min(1, |x′|−1)

) p
p′ λ−1(x′).

We thus find

∑
x,x′∈X

χI(x,x′)(z)λ(Br(x))λ(Br(x
′))

 ∑
z′∈I(x,x′)

λ(Br(z
′))

− p′
p


p
p′

≲ r
n− p

p′
∑

x,x′∈X
χI(x,x′)(z)λ(x)min(1, |x′|−

p
p′ )

≤ r
n− p

p′
∑

x,x′∈X
χI(x,x′)(z)λ(x).

Using the same computations as in the proof of (3.6) from Lemma 3.2 we have∑
x,x′∈X

χI(x,x′)(z)λ(x) ≲ r−2nRn
∫
∂B1

λ(BR ∩ (Ru + B2r(z)))dHn−1(u) ≲ r−(n+1)Rn.

From this we get

τR(r) ≲ r−pRn.

Plugging this into (3.13) and recalling that M0(r) ≲ 1 yields∫
Rn

|ξ − zR|pdλR ≲ εnr−(p+n)RnΛε. (3.15)

Plugging (3.11), (3.12) and (3.15) into (3.10) leads to∫
Rn

|ξ − z|pdλ ≲ εnr−(p+n)RnΛε +Rn−2+p exp(−R2/2).

By the choice (3.14) of R and since r = min(ε,R−1) ≥ εR−1, we find∫
Rn

|ξ − z|pdλ ≲
(
ε−p| log Λε|

2n+p
2 + | log Λε|n−2+p

)
Λε,

which concludes the proof of (3.9). □
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Remark 3.7. Since we used bounds from above and below on the measure of balls, it is
not clear if Proposition 3.6 holds for more general uniformly log-concave measures.

4. Stability of Potentials for Linear Cost

The aim of this section is to prove Theorem 1.9. We will also obtain some extensions for
measures which have densities not bounded from below, see Theorem 4.8. This includes
also some measures with unbounded support.

For λ absolutely continuous with respect to the Lebesgue measure with X = Sptλ and
µ a measure of same mass, we let T be an optimal transport map forW1(λ, µ) and ψ be an
optimal Kantorovich potential. Recall the definitions (2.1) of Tt, (2.2) of µt, jt and (2.10)
of σ. In order to prove Theorem 1.9 we first obtain a stability inequality when integrating
with respect to σ.

Lemma 4.1. For every 1-Lipschitz function ϕ,

∥∇ψ −∇ϕ∥2L2(σ) ≤ 2

∫
Rn

(ψ − ϕ)d(µ− λ). (4.1)

Proof. Using µ = T#λ and ψ(T (x))− ψ(x) = |T (x)− x|, we calculate:∫
Rn

(ψ − ϕ)d(µ− λ) =

∫
Rn

(|T (x)− x| − ϕ(T (x)) + ϕ(x))dλ

=

∫
Rn

∫ 1

0
(|T (x)− x| − ⟨∇ϕ(Tt(x)), T (x)− x⟩)dtdλ

=

∫
Rn

∫ 1

0
|T (x)− x|

(
1−

〈
∇ϕ(Tt(x)),

T (x)− x

|T (x)− x|

〉)
dtdλ.

Since |∇ϕ| ≤ 1 we have

1−
〈
∇ϕ(Tt(x)),

T (x)− x

|T (x)− x|

〉
≥ 1

2

∣∣∣∣∇ϕ(Tt(x))− T (x)− x

|T (x)− x|

∣∣∣∣2 .
Using moreover that

T (x)− x

|T (x)− x|
= ∇ψ(T (x)) = ∇ψ(Tt(x)),

we find ∫
Rn

(ψ − ϕ)d(µ− λ) ≥ 1

2

∫ 1

0

∫
Rn

|T (x)− x||∇ϕ(Tt(x))−∇ψ(Tt(x))|2dλdt

(2.2)
=

1

2

∫ 1

0

∫
Rn

|∇ψ −∇ϕ|2d|jt|dt

(2.10)
=

1

2
∥∇ψ −∇ϕ∥2L2(σ).

□

In order to prove Theorem 1.9, we thus need to bound σ from below by λ. This may
be seen as a quantitative version of Lemma 2.1. Notice that bounds of σ from above by
λ are available in the literature, see [16] or [34, Section 4.3]. As we will see the bound
will degenerate close to ∂X . We will thus use the following elementary (and probably
well-known) result. For X ⊂ Rn compact and r > 0 we define the r−erosion

Xr = {x ∈ X : d(x, ∂X ) ≥ r}. (4.2)

Lemma 4.2. Let X ⊂ Rn be a compact set such that ∂X is rectifiable. Then for every
α ∈ (0, 1),

Iα(X ) =

∫
X
d(x, ∂X )−αdx <∞. (4.3)
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Moreover, if ∂X is C2 then

lim sup
r→0

Iα(Xr) <∞. (4.4)

Finally, if X is a convex set with X ⊂ BR for some R > 0 then

Iα(X ) ≲α R
n−1. (4.5)

Proof. We start with the general case. By definition of upper Minkowski content [2,
Definition 2.100] and [2, Theorem 2.106], there exists r0 > 0 such that for r ≤ r0,

|X\Xr| ≲X r. (4.6)

Therefore,

Iα(X ) =

∫
X
d(x, ∂X )−αdx =

∫ ∞

0
|{x ∈ X : d(x, ∂X )−α ≥ s}|ds

≤
∫ r−α

0

0
|X |ds+

∫ ∞

r−α
0

|X\X(1/s)1/α |ds

≲X 1 +

∫ ∞

r−α
0

s−1/αds

<∞.

For every compact set X , denoting f(x) = d(x, ∂X ) which satisfies |∇f | = 1 a.e. and

X (r) = {x ∈ X : d(x, ∂X ) = r} we have by the co-area formula,

|X\Xr| =
∫
X\Xr

|∇f |dx =

∫ r

0
Hn−1(X (s))ds ≤

(
sup
s∈[0,r]

Hn−1(X (s))

)
r.

If now ∂X is C2 then on the one hand, for r0 small enough, see e.g. [1],(
sup

s∈[0,r0]
Hn−1(X (s))

)
≲X 1

and on the other hand, for η, s small enough (Xη)(s) = X (s+η) so that for η, r small enough
we have a uniform in η version of (4.6),

|Xη\(Xη)r| ≲X r.

Injecting this in the previous proof yields (4.4).
If finally X is convex, then Xr is also convex with Xr ⊂ X ⊂ BR so that Hn−1(∂Xr) ≤
Hn−1(∂BR) ≲ Rn−1 and since ∂Xr = X (r), this yield the quantitative version of (4.6)

|X\Xr| ≲ Rn−1r.

Plugging this back in the previous computation (with the choice r0 = 1) concludes the
proof of (4.5). □

We can use this lemma to obtain a relation between the measure λ and the transport
density σ, namely an upper bound on the Rényi divergence Dα(λ||σ). Recall that for
arbitrary probability measures ρ1, ρ2 in Rd, the Rényi divergence is given by

Dα(ρ1||ρ2) =
1

α− 1
ln

(∫
Rn

(
dρ1
dρ2

)α−1

dρ1

)
.

See [7] and references therein for background on Rényi divergences and comparisons with
various classical distances between probability measures.
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Lemma 4.3. Under the assumptions of Theorem 1.9, the following inequality holds:

Dα(λ||σ) ≤ CX ,α,R +
α

α− 1
ln(M)− ln(m), (4.7)

for every α < 3/2. In particular we have λ≪ σ.
Moreover, the constant CX ,α,R in (4.7) can be chosen to be of the form

CX ,α,R =
1

α− 1
ln(c1|X |+ c2I2(α−1)(X )),

where c1, c2 depend only on α,R and the dimension n.

Proof. We first prove the lemma under the additional assumptions that µ is discrete, and
that n ≥ 2. Let T be an optimal transport map from λ to µ, and denote as usual,
Tt = tT + (1 − t)id. We recall the formula (2.10) for the transport density σ. From now
on, we assume that t ̸= 0, 1. As a byproduct of the proof in [34, Theorem 4.16], the map

Tt is essentially injective in this case. Writing µ =
∑I

i=1 µiδzi for some µi > 0 and zi ∈ Rn,
we set for every i = 1, · · · , I

Ai = {x : T (x) = zi}.
We claim that for every point x of density one of Ai, the map Tt is approximately dif-
ferentiable at x with (recall the notation from Lemma 2.2 for approximate limits and
differentials)

T̃t(x) = (1− t)x+ tzi and ∇̃Tt(x) = (1− t)id. (4.8)

It is of course enough to prove the corresponding claim for T instead of Tt. Let x be a
point of Ai of density one. Since µ is discrete we have for ε > 0 small enough,

{y : |T (y)− zi| > ε} = Aci

which indeed has density zero at x. This proves that T̃ (x) = zi. Similarly, since the
support of λ is bounded

{y : |T (y)− zi|/|y − x| > ε} ⊂ Aci

which gives as claimed ∇̃T (x) = 0.

By (4.8) we have for a.e. x ∈ X , 0 < det ∇̃Tt(x) = (1− t)n < 1 and thus by Lemma 2.2,
for a.e. x ∈ X ,

|jt|(Tt(x)) = |T (x)− x|λ(x)/|det ∇̃Tt(x)| > |T (x)− x|λ(x) ≥ |T (x)− x|m,

where we used that λ ≥ m on X by hypothesis. Let now y ∈ Tt(X ) ∩ X and set x =
T−1
t (y). Note that since Tt is essentially injective, T−1

t is indeed well-defined for almost
all such y. Since y lies in the ray between x and T (x) we have |T (x) − x| ≥ |T (x) − y|.
Moreover, since y ∈ X and T (x) ∈ X c by the hypothesis that Sptλ ∩ Sptµ = ∅, we have
|T (x)− y| ≥ d(y, ∂X ) and the previous inequality implies the lower bound

|jt|(y) ≥ d(y, ∂X )m for a.e. y ∈ Tt(X ) ∩ X . (4.9)

For y ∈ X , let

t(y) = sup{t0 : y ∈ Tt(X ) ∩ X for every t < t0}.

Then, according to (2.10) and (4.9), we have for a.e. y ∈ X ,

σ(y) =

∫ 1

0
|jt|(y)dt ≥

∫ t(y)

0
|jt|(y)dt >

∫ t(y)

0
d(y, ∂X )mdt = t(y)d(y, ∂X )m. (4.10)

Notice that since σ is absolutely continuous, see [34, Theorem 4.16], we may use Fubini
to exchange the integral in time and the a.e. statement (4.9). We now want to find a
relatively large subset of X for which the right-hand side of (4.10) can be bounded from
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below. Recall the definition (4.2) of Xr, that the supports of λ, µ both lie in a ball of
radius R and define for t0 ∈ (0, 1),

X (t0) = Tt0
(
Xt0(2R+1)

)
.

We use the convention that X (t0) = ∅ if Xt0(2R+1) = ∅. We claim that for almost every
y ∈ X (t0), we have y ∈ Xt0 , and t(y) ≥ t0. By (4.10) this would imply, that

σ(y) > t(y)d(y, ∂X )m ≥ mt20 on X (t0). (4.11)

Notice that these claims are empty if X(t0) is empty. For the first claim, let x ∈ Xt0(2R+1).
The points x, T (x) both lie in a ball of radius R, so |T (x) − x| ≤ 2R. If we denote
y = Tt0(x), we see that

|y − x| = |Tt0(x)− x| = t0|T (x)− x| ≤ 2t0R,

so y ∈ Xt0 , since d(y, ∂X ) ≥ d(x, ∂X )− |x− y|≥ t0(1 + 2R)− 2Rt0.
The second claim will require more effort. Let A be the set of all x ∈ X which lie on a

line connecting two points in the support of µ. Since µ is discrete and n ≥ 2, A is equal to
a finite union of lines, and thus has Lebesgue measure zero. Notice that if x ∈ X\A and L
is a line containing x then H0(L ∩ Sptµ) ≤ 1. Let y = Tt0(x) ∈ X (t0)\Tt0(A). For t < t0,

define zt =
y−tT (x)

1−t . We aim to show that Tt(zt) = y, which would imply the second claim.

Note that T (zt) is well-defined since d(x, ∂X ) ≥ t0(1 + 2R) and

d(zt, x) =
t0 − t

1− t
|x− T (x)| ≤ 2Rt0

so that zt ∈ X .
By definition zt lies between x and T (x). Recall that transport rays are one-dimensional

segments covering our entire domain, and that x, T (x) always lie on the same transport ray.
It is well-known [34, Corollary 3.8] that transport rays only intersect at their endpoints,
so the only transport ray that zt belongs to is the one containing x, T (x). Since zt, T (zt)
also lie on the same transport ray, we conclude that x, T (x), T (zt) are all on the same line
L. However since x ∈ X\A and T (zt), T (x) ∈ L ∩ Sptµ, we must have T (zt) = T (x).
Therefore,

Tt(zt) = tT (zt) + (1− t)zt = tT (x) + (y − tT (x)) = y.

This concludes the proof of (4.11). We estimate now the size of X (t0) in relation to X .
Since the map Tt is essentially injective and (1− t)-contractive, we see that

|X (t0)| = (1− t0)
n|Xt0(2R+1)| ≥ (1− nt0)|Xt0(2R+1)|.

Therefore, the size of the set X\X (t0) can be bounded as

|X\X (t0)| ≤ |X | − (1− nt0)|Xt0(2R+1)| = |X | − |Xt0(2R+1)|+ nt0|Xt0(2R+1)|
≤
∣∣X\Xt0(2R+1)

∣∣+ n|X |t0.

Notice that this estimate trivially holds if Xt0(2R+1) = ∅. We now prove that the integral

of σ−β converges, as long as β < 1/2. To simplify notation, we denote σ′ = σ/m. By
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(4.11), for almost all y and s > 0, if σ′(y) ≤ s then y ̸∈ X (s1/2). Therefore,∫
X
(σ′)−βdx =

∫ ∞

0

∣∣∣{y : σ′(y) < s−1/β
}∣∣∣ ds

≤
∫ ∞

0

∣∣∣X\X
(
s−1/2β

)∣∣∣ ds
≤
∫ 1

0
|X |ds+

∫ ∞

1

∣∣∣X\Xs−1/2β(2R+1)

∣∣∣ ds+ ∫ ∞

1
n|X |s−1/2βds

=

(
2β

1− 2β
n+ 1

)
|X |+

∫ ∞

1

∣∣∣{x : d(x, ∂X )−2β · (2R+ 1)2β ≥ s
}∣∣∣ ds

≤
(

2β

1− 2β
n+ 1

)
|X |+ (2R+ 1)2βI2β(X ),

which is indeed finite if β < 1/2 by (4.3) of Lemma 4.2. Let now β = α−1 so that β < 1/2

provided α < 3/2, and then c1 = 2β
1−2βn+ 1, c2 = (2R+ 1)2β. We can compute the Rényi

divergence of λ, σ to be

Dα(λ||σ) =
1

α− 1
ln

(∫
X

(
dλ

dσ

)α−1

dλ

)

≤ 1

β
ln

(∫
X

(
1

mσ′

)β
Mαdx

)

≤ 1

β
ln
(
(c1|X |+ c2I2β(X ))Mαm−β

)
=

1

β
ln (c1|X |+ c2I2β(X )) +

α

β
lnM − lnm <∞.

Let now µ be arbitrary. We will approximate µ using discrete measures, and we need to
show that the transport density will also be approximated. For this, we use the following
lemma.

Lemma 4.4. Let λ, µk, µ be bounded measures, with µk weakly converging to µ, and let
σk, σ be the transport densities associated with λ and µk, µ, respectively. Then σk weakly
converges to σ.

To see how the lemma implies our claim, approximate µ with discrete measures µk,
and let σk be the transport density associated with λ, µk. Then by the lemma, up to a
subsequence, σk converges weakly to σ. Since the Rényi divergence is lower semicontinuous
in the weak topology [35, Theorem 19], we get that

Dα(λ||σ) ≤ lim inf
k→∞

Dα(λ||σk) ≤ CX ,α,R +
α

α− 1
lnM − lnm.

This concludes the proof when n ≥ 2.
Finally, for n = 1, let L be the Lebesgue measure on [0, 1], and let λ′ = λ⊗L, µ′ = µ⊗L,

and σ′ = σ⊗L. Then it is not hard to see that σ′ is the transport density associated with
λ′, µ′, and that Dα(λ

′||σ′) = Dα(λ||σ), which proves Lemma 4.3 in that case. □

To finish the proof of Lemma 4.3, we need to prove Lemma 4.4.

Proof of Lemma 4.4. We proceed by contradiction and assume that convergence does not
hold. By Prokhorov’s theorem, we can extract a subsequence of σk weakly converging to
some measure σ′ ̸= σ. To simplify notation, we keep denoting this subsequence σk. Let πk
be optimal transport plans from λ to µk; taking a subsequence again, we can assume πk
weakly converges to some transport plan π between λ and µ, which is optimal, according
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to [34, Theorem 1.50]. The transport density can be described as a functional acting on a
compactly supported continuous function φ, with value equal to

⟨σk, φ⟩ =
∫
Rn×Rn

∫ 1

0
|x− y|φ(ty + (1− t)x)dtdπk.

Note that the integrated function is clearly continuous and bounded, so we can simply
compute:

⟨σ′, φ⟩ = lim
k→∞

∫
Rn×Rn

∫ 1

0
|x− y|φ(ty + (1− t)x)dtdπk

=

∫
Rn×Rn

∫ 1

0
|x− y|φ(ty + (1− t)x)dtdπ = ⟨σ, φ⟩,

which proves that σ = σ′. This gives the desired contradiction. □

Remark 4.5. Let us illustrate the difficulty of considering measures λ and µ such that
λ ⊥ µ but Sptλ ∩ Sptµ ̸= ∅. Take λ = χ(0,1)×(0,1) and µ =

∑
k∈N 2−kδyk where yk are

dense in (0, 1) × (0, 1). In this case it would be natural to consider in the proof above,
X = (0, 1)× (0, 1)\Sptµ however X\Xr = X for every r > 0 so that no estimate like (4.6)
can hold.

Using the upper bound on Dα(λ||σ), we can transfer the bound (4.1) involving integra-
tion with respect to σ to a bound involving integration with respect to λ.

Lemma 4.6. Under the assumptions of Theorem 1.9, for every p > 3 there exists a
constant C = C(R, p) > 0 such that for every f ∈ L1(λ),

∥f∥L1(λ) ≤ C
(
|X |+ I2/(p−1)(X )

)1−1/p M

m1/p
∥f∥Lp(σ).

Proof. Let p > 3 and p′ be the Hölder conjugate of p, so that 1/p + 1/p′ = 1. Notice in
particular that p′ < 3/2. By Hölder inequality, we see that

∥f∥L1(λ) =

∥∥∥∥f · dλ
dσ

∥∥∥∥
L1(σ)

≤ ∥f∥Lp(σ)

∥∥∥∥dλdσ
∥∥∥∥
Lp′ (σ)

= ∥f∥Lp(σ)

(∫
X

(
dλ

dσ

)p′−1

dλ

)1/p′

= ∥f∥Lp(σ)

(
e(p

′−1)Dp′ (λ||σ)
)1/p′

(4.7)

≲R,p

(
|X |+ I2/(p−1)(X )

)1−1/p M

m1/p
∥f∥Lp(σ).

□

Theorem 1.9 is now a simple corollary of the lemma.

Proof of Theorem 1.9. For α > 3 we apply Lemma 4.6 to f = |∇ψ −∇ϕ| ≤ 2 and p = α
to get that

∥∇ψ −∇ϕ∥L1(λ) ≤ C∥∇ψ −∇ϕ∥Lp(σ) ≤ C∥∇ψ −∇ϕ∥2/p
L2(σ)

(4.1)

≤ C

(∫
Rn

(ψ − ϕ)d(µ− λ)

)1/p

,

for a constant C > 0 depending on α,R,X ,m and M . □

Remark 4.7. Let n = 1. Set λ = χ(0,1), µ = χ(1,2) and ψ(x) = x which is an optimal
Kantorovich potential for W1(λ, µ). For ε≪ 1 set

ϕ(x) =

{
−x if x ≤ ε

x− 2ε if x ≥ ε.
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We then have

∥ψ′ − ϕ′∥L1(λ) = 2ε and W1(λ, µ)−
∫ 2

0
ϕd(µ− λ) = 2ε2 − 2

∫ ε

0
xdx = ε2.

Therefore (1.7) cannot hold with α > 1/2. This example may easily be extended to
arbitrary space dimension.

We now prove that as in [28] for the case p = 1, stability still holds for some measures
which may not be bounded from below or have unbounded support. This comes however
with a worse stability exponent. For λ absolutely continuous and R > 0 we introduce the
following conditions:

(H1) X = Sptλ ⊂ BR and λ is log-concave;
(H2) λ is κ-uniformly log-concave;
(H3) X = Sptλ ⊂ BR, ∂X is C2 and there exist constants 0 < m,M < ∞, and δ > 0

such that md(x, ∂X )δ ≤ λ ≤M on X .

Under assumptions (H1) or (H2), we write λ = exp(−V ) for some convex function V
and assume without loss of generality that the minimum of V is attained at x = 0. We
then fix r0 > 0 such that B2r0 ⊂ X , set m0 = infBr0

λ and M = exp(−V (0)) = maxX λ.

Theorem 4.8. Assume that λ, µ are probability measures with disjoint supports, that there
exists R > 0 such that Sptµ ⊂ BR and that moreover one of the conditions (H1), (H2) or
(H3) holds. Then, for every α > 4 for (H1) and (H2) or α > 3 + δ for (H3), there exists
a constant C > 0 with the following property. If ψ is an optimal Kantorovich potential
associated with W1(λ, µ), and ϕ is any 1-Lipschitz function, then

∥∇ψ −∇ϕ∥αL1(λ) ≤ C

∫
Rn

(ψ − ϕ)d(µ− λ). (4.12)

The constant C depends on R, m0, M and α for (H1) and (H2) as well as κ for (H2) and
on R, X , m, M , δ and α for (H3).

Remark 4.9. Arguing as in [18] it is likely that stability may also be obtained for measures
µ with unbounded support provided we assume finiteness of high enough moments.

Our method of proving these theorems will involve restricting the source measure λ to
”nicer” domains, on which Theorem 1.9 holds. We first prove the following lemma.

Lemma 4.10. Let λ, µ be two probability measures, with λ absolutely continuous. Let T
be an optimal transport map from λ to µ, and let σ be the transport density associated with
W1(λ, µ). For A ⊆ Rn, let λA = λ A, µA = T#λA, and let σA be the transport density
associated with W1(λA, µA). Then we have σA ≤ σ.

Proof. Notice that T is also an optimal transport map from λA to µA. With obvious
notation (recall (2.2)) we have for every non-negative test function ζ, and every t ∈ [0, 1],∫

Rn

ζd|(jA)t| =
∫
Rn

ζ(Tt)|T − x|dλA ≤
∫
Rn

ζ(Tt)|T − x|dλ =

∫
Rn

ζd|jt|.

By (2.10) this concludes the proof. □

Proof of Theorem 4.8. We will prove results similar to Lemma 4.6, which will then imply
the statements thanks to (4.1). In this proof we write for compactness a ≲C b to indicate
an estimate which holds up to a constant which depends on the same parameters as the
constant C from (4.12) i.e. R, m0, M and α for (H1) etc... We start by observing that
since

∥∇ψ −∇ϕ∥L1(λ) ≤ 2,
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we may assume without loss of generality that the right-hand side of (4.12) is small. By
(4.1) this means that we can assume that (here as usual σ denotes the transport density
associated to W1(λ, µ))

∥∇ψ −∇ϕ∥2L2(σ) ≪C 1. (4.13)

Step 1. We first argue for (H1) and (H2) which we treat simultaneously.
Let T be an optimal transport map for W1(λ, µ). For r ≥ r0,m ≤ m0, let Br,m =

{x ∈ Br : λ(x) ≥ m}. Note that since λ is log-concave, Br,m is a convex set. We also
let λr,m = λ Br,m/λ(Br,m), µr,m = T#λr,m, and finally σr,m be the transport density
associated to W1(λr,m, µr,m). Notice that since r ≥ r0 and m ≤ m0, we have Br0 ⊂ Br,m
and thus

λ(Br,m) ≥ λ(Br0) ≥ m0|Br0 | ≳C 1. (4.14)

Let p = α − 1 > 3. We claim that for every f ∈ L∞(λ), such that ∥f∥∞ ≤ 2 and
∥f∥Lp(σ) ≪C 1, we have

∥f∥L1(λ) ≲C ∥f∥p/(p+1)
Lp(σ) . (4.15)

To this aim, we write

∥f∥L1(λ) = ∥f∥L1(λ,Br,m) + ∥f∥L1(λ,Br\Br,m) + ∥f∥L1(λ,Rd\Br). (4.16)

We estimate the three terms separately. For the first term, we use Lemmas 4.6 and 4.10
as well as (4.14) to get

∥f∥L1(λ,Br,m) ≤ ∥f∥L1(λr,m) ≲C (|Br,m|+ I2/(p−1)(Br,m))
1− 1

pm−1/p∥f∥Lp(σr,m)

≲C (rn + I2/(p−1)(Br,m))
1− 1

pm−1/p∥f∥Lp(σ).

Since Br,m ⊂ Br and Br,m is convex, we have by (4.5) that for r ≥ r0,

I2/(p−1)(Br,m) ≲p r
n−1 ≤ r−1

0 rn ≲C r
n.

Therefore, we get

∥f∥L1(λ,Br,m) ≲C m
−1/prn∥f∥Lp(σ). (4.17)

For the second term in (4.16), we simply observe that since Br,m ⊂ Br,

∥f∥L1(λ,Br\Br,m) ≲ mrn. (4.18)

We finally turn to the last term in (4.16). If we work under hypothesis (H1) we simply
choose r = R ≥ r0, for which this term drops. If instead we assume (H2), we observe that
since V is minimal at 0 and uniformly κ−convex, we have

V (x) ≥ V (0) +
κ

2
|x|2

and thus

λ(x) ≤M exp
(
−κ
2
|x|2
)
.

Therefore

∥f∥L1(λ,Rd\Br) ≲ λ(Rd\Br) ≲C r
n−2 exp

(
−κ
2
r2
)
. (4.19)

Combining (4.17), (4.18) and (4.19) together with (4.16) we find (recall that under (H1)
the third term drops) for r ≥ r0 and m ≤ m0,

∥f∥L1(λ) ≲C

(
rn∥f∥Lp(σ)

m1/p
+mrn + rn−2 exp

(
−κ
2
r2
))

.

We now conclude the proof of (4.15) under hypothesis (H2) since the argument for (H1)

is simpler. We first optimize in m by choosing m = ∥f∥p/(p+1)
Lp(σ) . Notice that thanks to the

hypothesis ∥f∥Lp(σ) ≪ 1 we have m ≤ m0. We get

∥f∥L1(λ) ≲C

(
rn∥f∥p/(p+1)

Lp(σ) + rn−2 exp
(
−κ
2
r2
))

.
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We then optimize in r by setting r = (2κ−1| log ∥f∥Lp(σ)|)1/2n. Again r ≥ r0 thanks to the
hypothesis ∥f∥Lp(σ) ≪ 1. We finally get

∥f∥L1(λ) ≲C ∥f∥p/(p+1)
Lp(σ) | log ∥f∥Lp(σ)|n/2.

Up to changing slightly the value of p, this concludes the proof of (4.15).
Finally, using (4.15) with f = ∇ψ − ∇ϕ which satisfies ∥f∥Lp(σ) ≪ 1 by (4.13), in com-
bination with (4.1) concludes the proof of (4.12) under hypothesis (H1) or (H2) since we
get

||f ||L1(λ) ≲ ∥f∥p/(p+1)
Lp(σ)

≲ ||f ||2/(p+1)
L2(σ)

≲

(∫
Rn

(ψ − ϕ)d(µ− λ)

)1/(p+1)

and p+ 1 = α.
Step 2. We now assume (H3). We now set p = α − δ > 3 and claim that for every

f ∈ L∞(λ) with ∥f∥∞ ≤ 2 and ∥f∥Lp(σ) ≪ 1, we have

∥f∥L1(λ) ≲C ∥f∥
p

p+δ

Lp(σ). (4.20)

For this we recall the definition (4.2) of Xr and decompose for r > 0

∥f∥L1(λ) = ∥f∥L1(λ,Xr) + ∥f∥L1(λ,X\Xr).

Since λ ≥ mr−δ on Xr, if r is small enough so that λ(Xr) ≳ 1, we have arguing as in Step
1 by combining Lemma 4.10 and Lemma 4.6,

∥f∥L1(λ,Xr) ≲C (|Xr|+ I2/(p−1)(Xr))1−1/pr−δ/p∥f∥Lp(σ)

(4.4)

≲C r−δ/p∥f∥Lp(σ).

Since

∥f∥L1(λ,X\Xr) ≲C |X\Xr|
(4.6)

≲C r,

we find for r small enough,

∥f∥L1(λ) ≲C r
−δ/p∥f∥Lp(σ) + r.

Optimizing in r by choosing r = ∥f∥
p

p+δ

Lp(σ) ≪ 1 by the hypothesis ∥f∥Lp(σ) ≪ 1, we get

(4.20). The proof of (4.12) is then concluded as above by combining this with (4.1).
□

5. Convolution inequality

In this section we turn to the study of (1.1). We recall the definition (1.2) of δε(λ, µ).
Also recall that for a measure µ and z ∈ Rn, we define the translated measure µz by
µz(A) = µ(A− z) for A ⊂ Rn. In particular, we have

µε =

∫
Rn

µzdρε(z).

Proof of Theorem 1.1. As a warm-up we first prove (1.1) in full generality, i.e. without
any assumptions on λ (in particular it does not need to be absolutely continuous) and µ
or ρ. Although it is well-known, we provide a proof based on the dual problem since it
will be the starting point of both the rigidity statement from Theorem 1.1 as well as its
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quantitative counterparts.
Since W p

p (λz, µz) =W p
p (λ, µ) for every z ∈ Rn, we have for every ϕ

W p
p (λ, µ) =

∫
Rn

W p(λz, µz)dρε(z) ≥
∫
Rn

[∫
Rn

ϕcdλz +

∫
Rn

ϕdµz
]
dρε(z)

=

∫
Rn

ϕcdλε +

∫
Rn

ϕdµε.

Taking the supremum over ϕ concludes the proof of (1.1).
Assume now that λ is absolutely continuous, and that either Spt ρ = Rn, or X is connected
and moreover that there exist optimal Kantorovich potentials ψ for Wp(λ, µ) and ψε for
Wp(λε, µε). In particular we have∫

Rn

ψcεdλε +

∫
Rn

ψεdµε =W p
p (λε, µε).

To prove Theorem 1.1, we focus on the only if part, since the if part is immediate by a
direct coupling argument. If δε(λ, µ) = 0, then we have equality in the above inequality
for the choice ϕ = ψε, and thus ψε is an optimal Kantorovich potential for Wp(λ

z, µz) for
every z ∈ Spt ρε. If ψ is an optimal Kantorovich potential for Wp(λ, µ), we claim that
∇ψc is constant in X . To prove this claim we notice that for every z ∈ Rn, ψz is also
optimal for W p

p (λz, µz). We thus have for a.e. x ∈ Sptλz (for p = 1 the equality holds for
x ∈ Sptσz but Sptλz ⊂ Sptσz by Lemma 2.1),

∇ψcε(x) = ∇(ψz)c(x) = ∇ψc(x− z).

Making the change of variable y = x− z, this is equivalent to

∇ψc(y) = ∇ψcε(y + z),

for y ∈ Sptλ and z ∈ Spt ρε. If Spt ρε = Rn this concludes the proof of the claim. Assume
now that X is connected. Letting f(x) = ∇ψcε(x) and ξ(y) = ∇ψc(y), since infB1 ρ > 0,
we have for a.e. x ∈ Rn,

ξ = f(x) a.e. in Bε(x) ∩ X .

If x, x′ are Lebesgue points of f such that |Bε(x) ∩Bε(x′) ∩ X | > 0 we thus have

f(x′) = ξ = f(x) a.e. in Bε(x) ∩Bε(x′) ∩ X ,

so that f(x) = f(x′). We conclude that ξ is constant in (Bε(x) ∪Bε(x′)) ∩ X . Taking for
y, y′ ∈ X a chain of consecutively overlapping balls of radius ε joining y to y′ we get that
ξ is constant on X as claimed.
We now argue separately in the cases p > 1 and p = 1. In the first case, since ∇ψc is
constant in X also (recall the definition (2.7) of Φp)

y − T (y) = Φp(∇ψc(y)),

is constant. Letting −z be this constant we have T#λ = λz which concludes the proof in
this case.
If instead p = 1, from the fact that ∇ψc = −∇ψ is constant we deduce that up to an
additive constant, ψ(x) = ⟨x, e⟩ for some e ∈ Sn−1. Let φ be monotone in the direction e.
We then have ∫

Rn

φdµ−
∫
Rn

φdλ =

∫
Rn

φ(T (x))− φ(x)dλ ≥ 0,

where we used that T (x)− x = |T (x)− x|e and thus φ(T (x))−φ(x) ≥ 0 by monotonicity
of φ. □
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We now turn to the quantitative version of (1.1). Let us first connect it with the
quantity Λε(ξ, f) (recall (1.5)) from Section 3. In order to have a unified presentation for
p > 1 and p = 1 let us set

Φ̂p(z) =

{
Φp(z) if p > 1

z if p = 1.

Recall the definition (2.3) of Fλ,µ. Letting ψ, respectively ψε, be a maximizer for Fλ,µ,
respectively Fλε,µε ; setting ϕ = ψc and ϕε = ψcε, we make the following assumption:

Hypothesis 5.1. There exists C > 0 and α ≥ 1 such that for every z ∈ Spt ρε,

Fλz ,µz(ψ
z)− Fλz ,µz(ψε) ≥ C

(∫
Rn

|Φ̂p(∇ϕz)− Φ̂p(∇ϕε)|pdλz
)α

. (5.1)

Proposition 5.2. If Hypothesis 5.1 holds then

δ
1
α
ε (λ, µ) ≥ C

1
αΛε(Φ̂p(∇ψc), Φ̂p(∇ψcε)). (5.2)

Proof. We start by observing that if ψ is optimal for Fλ,µ then for z ∈ Spt ρε and x ∈ Sptλz

we have
(ψc)z(x) = (ψz)c(x). (5.3)

Indeed, writing that x = z + x̂ for some x̂ ∈ Sptλ, we have

(ψc)z(x) = ψc(x− z) = ψc(x̂) = inf
y

1

p
|x̂− y|p − ψ(y)

= inf
y

1

p
|x̂+ z − y|p − ψ(y − z) = (ψz)c(x).

We write

δε(λ, µ) =W p
p (λ, µ)−W p

p (λε, µε) =

[∫
Rn

ψdµ+

∫
Rn

ψcdλ

]
−
[∫

Rn

ψεdµε +

∫
Rn

ψcεdλε

]
.

Since for every z ∈ Spt ρε,∫
Rn

ψdµ+

∫
Rn

ψcdλ =

∫
Rn

ψzdµz +

∫
Rn

(ψc)zdλz,

using (5.3) and
∫
Rn dρε(z) = 1 we get∫

Rn

ψdµ+

∫
Rn

ψcdλ =

∫
Rn

[∫
Rn

ψzdµz +

∫
Rn

(ψz)cdλz
]
dρε(z) =

∫
Rn

Fλz ,µz(ψ
z)dρε(z).

Combining this with∫
Rn

ψεdµε +

∫
Rn

ψcεdλε =

∫
Rn

[∫
Rn

ψεdµ
z +

∫
Rn

ψcεdλ
z

]
dρε(z) =

∫
Rn

Fλz ,µz(ψε)dρε(z),

we find

δε(λ, µ) =

∫
Rn

[Fλz ,µz(ψ
z)− Fλz ,µz(ψε)] dρε(z).

Using (5.1) and Jensen’s inequality we obtain

δε(λ, µ)

C
≥
∫
Rn

(∫
Rn

|Φ̂p(∇ϕz)− Φ̂p(∇ϕε)|pdλz
)α

dρε(z)

≥
(∫

Rn

∫
Rn

|Φ̂p(∇ϕz)− Φ̂p(∇ϕε)|pdλzdρε(z)
)α

x−z=y
=

(∫
Rn

∫
Rn

|Φ̂p(∇ϕ(y))− Φ̂p(∇ϕε(x))|pdλ(y)dρε(x− z)

)α
= Λε(Φ̂p(∇ϕ), Φ̂p(∇ϕε))α.
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This concludes the proof of (5.2). □

From (5.2) we see that we can obtain quantitative versions of Theorem 1.1, provided

we can check Hypothesis 5.1 and we have a lower bound on Λε(Φ̂p(∇ψc), Φ̂p(∇ψcε)). Com-
bining Theorem 1.8 and Proposition 5.2 we get the following conditional result.

Theorem 5.3. Assume that Hypothesis 3.1 and Hypothesis 5.1 hold (with r = ε for
Hypothesis 3.1). Setting

z =

∫
Rn

Φ̂p(∇ψc)dλ,

we have ∫
Rn

|Φ̂p(∇ψc)− z|pdλ ≲M0(ε)τp,λ(ε)δ
1
α
ε (λ, µ). (5.4)

Here the implicit constant depends on C and α from Hypothesis 5.1.

Remark 5.4. For p > 1, since x − Φ̂p(∇ψc) + z = T + z is a transport map between λ
and µz, (5.4) implies

W p
p (λ, µ

z) ≲M0(ε)τp,λ(ε)δ
1
α
ε (λ, µ).

If instead p = 1, (5.4) reads∫
Rn

|∇ψ + z|dλ ≲M0(ε)τ1,λ(ε)δ
1
α
ε (λ, µ).

Notice that while a priori |z| ≠ 1, since |∇ψ| = 1 a.e. on X = Sptλ,

|∇ψ + z| ≥ min
e∈Sn−1

|z − e|

which after integration yields

min
e∈Sn−1

|e+ z| ≤
∫
Rn

|∇ψ + z|dλ ≲M0(ε)τ1,λ(ε)δ
1
α
ε (λ, µ).

Thus if e reaches the minimum on the right-hand side, by triangle inequality we have for
some e ∈ Sn−1, ∫

Rn

|∇ψ − e|dλ ≲M0(ε)τ1,λ(ε)δ
1
α
ε (λ, µ). (5.5)

We now provide non-conditional results. At the moment we can obtain them only in
the case p = 2 or p = 1, for which Φ̂p(z) = z.

5.1. Quantitative convolution inequality for p = 2. We start with the quadratic
case p = 2. In this case we report the following result from [17, Corollary 1.31] (under the
hypothesis that X is convex) and its extension to John domains in [19, Theorem 2.8], see
also the proof of [17, Corollary 5.6]. The proof is very similar to the proof in [18] with a
slightly different presentation. To obtain the conclusion in this form we used that both ψ
and ψε satisfy (2.5).

Proposition 5.5. Let p = 2, and assume that X = Sptλ is bounded Lipschitz and
connected. Assume in addition that there exist constants 0 < m ≤ M such that m ≤
λ ≤ M on X , and there exists R > 0 such that Sptλ ∪ Sptµ ⊂ BR. Then there exists
C = C(R,m,M,X ) such that for every maximizer ψ of Fλ,µ and every c−concave function
ϕ ∈ C(BR),

Fλ,µ(ψ)− Fλ,µ(ϕ) ≥ C

(∫
Rn

|∇ψc −∇ϕc|2dλ
)3

.

Proof of Theorem 1.5. Let R > 0 be such that Sptλε ∪ Sptµε ⊂ BR. For every z ∈ Spt ρε
we may apply Proposition 5.5 to ϕ = ψ−z

ε to obtain that Hypothesis 5.1 holds with
α = 3. Now since X is Lipschitz, we may apply Lemma 3.2 to get τ2,λ ≲X ε−(n+1) and
M0(ε) ≲X M . Combining this with (5.4) concludes the proof. □
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We now investigate the case when λ is a Gaussian. To guarantee that Hypothesis 5.1
holds we will rely on the following result from [17, Proposition 1.20], see also [20, 26, 29, 6].

Proposition 5.6. Assume that the optimal Kantorovich potential ψ for W2(λ, µ) is in
C1(Rn). Then for every c−concave function ϕ ∈ C1(Rn) such that x−∇ϕc is K−Lipschitz,
we have

Fλ,µ(ψ)− Fλ,µ(ϕ) ≥ 2K

∫
Rn

|∇ψc −∇ϕc|2dλ.

Remark 5.7. Notice that a limiting aspect of this statement is that here we need to
require not that ∇ψc is Lipschitz (which is a statement about the optimal transport map
from λ to µ) but that the competitor ∇ϕc is Lipschitz. This reduces a lot the applicability
of this result. This restriction of the method of proof has been already pointed out, see e.g.
[6, p.8 & p. 11]. Notice that in the framework of [6], the problem is somewhat symmetric
in the roles of ψ and ϕ, so they could go around this issue and have a hypothesis only on
smoothness of ψ, see in particular [6, Theorem 3] and [6, p.16].

As in the proof of Theorem 1.5, our aim is to apply Proposition 5.6 to ϕ = ψε where ψε is
an optimal Kantorovich potential forW2(λε, µε). Notice that if Tε is the optimal transport
map from λε to µε we have Tε = x−∇ψcε, recall (2.8). In order to find a framework where
we can guarantee that Tε is K−Lipschitz, we will assume that µ is κ−1−log concave and
that ρε = p√ε is the heat kernel. This allows us to rely on Caffarelli’s contraction principle

[12], see also [23] for some of the most recent progress on this topic.

Theorem 5.8. Let λ = exp(−V ) and µ = exp(−W ) be two probability densities on Rn.
Assume that Sptλ = Rn, Sptµ is convex with non empty interior, that both V and W are
C2 in their domains and

∇2V ≤ Σ−1Id, ∇2W ≥ κ−1Id,

with Σ, κ > 0. Then the optimal transport map T for W2(λ, µ) is
√
κ/Σ−Lipschitz.

We report the following seemingly folklore consequence of the Prékopa-Leindler inequal-
ity.

Lemma 5.9. Let µ be κ−1−log concave and pt be the heat kernel then for every t > 0,
pt ∗ µ is (κ+ 2t)−1−log concave.

Proof. The claim is a direct application of [10, Theorem 4.3]. We include the computations
for the reader’s convenience. We write

pt(x) =
1

Zt
exp

(
−|x|2

4t

)
and µ(x) = exp

(
−|x|2

2κ
−W (x)

)
where W is convex. We then have

pt ∗ µ(x) =
1

Zt

∫
Rn

exp

(
−|x− y|2

4t
− |y|2

2κ
−W (y)

)
dy.

Writing that

|x− y|2

4t
+

|y|2

2κ
=

1

2

|x|2

κ+ 2t
+
κ+ 2t

4tk

∣∣∣∣y − κ

κ+ 2t
x

∣∣∣∣2
we obtain

pt ∗ µ(x) =
1

Zt
exp

(
−1

2

|x|2

κ+ 2t

)∫
Rn

exp

(
−κ+ 2t

4tk

∣∣∣∣y − κ

κ+ 2t
x

∣∣∣∣2 −W (y)

)
dy.

Applying now [10, Theorem 4.3] with

Φ(x, y) = exp

(
−κ+ 2t

4tk

∣∣∣∣y − κ

κ+ 2t
x

∣∣∣∣2
)

and F (x, y) = exp (−W (y))
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we obtain that (notice that with the notation of [10] we have D = 0)∫
Rn

exp

(
−κ+ 2t

4tk

∣∣∣∣y − κ

κ+ 2t
x

∣∣∣∣2 −W (y)

)
dy

is log concave and thus pt ∗ µ is (κ+ 2t)−1−log concave. □

We then have

Theorem 5.10. Let λ be a standard Gaussian and µ be κ−1−log concave. Assume that
ρε = p√ε is the heat kernel, then for every ε2 ≪ κ and every β > 0,

min
z∈Rn

W 2
2 (λ, µ

z) ≲β ε
−2δε(λ, µ)

1−β. (5.6)

Proof. To ease notation, let tε =
√
ε and Σ2

ε = 1 + 2tε. Notice first that since the heat
kernel is a semi-group and since λ = p1/2 we have

λε = ptε ∗ p1/2 = ptε+1/2 = γΣε = exp(−Vε),

with

∇2Vε = Σ−1
ε .

Moreover, by Lemma 5.9 we get that µε is (κ+2tε)
−1−log concave. We now apply a first

time Theorem 5.8 and obtain that the optimal transport map T = ∇ψc for W2(λ, µ) is√
κ−Lipschitz. Applying a second time Theorem 5.8 we also get that the optimal transport

map Tε = ∇ψcε for W2(λε, µε) is
√

(κ+ 2tε)/Σε−Lipschitz. By Proposition 5.6, we see
that Hypothesis 5.1 holds with α = 1 and

C = 2K = 2
√
(κ+ 2tε)/Σε ≈

√
κ.

We may thus apply (5.2) and get

δε(λ, µ) ≳
√
κΛε(∇ψc,∇ψcε) =

√
κΛε(T − x, Tε − x). (5.7)

By invariance under translation of quadratic optimal transport, we may assume without
loss of generality that T (0) = 0. Since T is

√
κ−Lipschitz, we get that ξ = T − x satisfies

|ξ(x)| ≤ |x|+ |T (x)| ≲ (1 +
√
κ)|x|.

Combining Proposition 3.6 and (5.7) we find that there exists z ∈ Rn such that for any
β ∈ (0, 1), ∫

Rn

|T − x− z|2dλ ≲β,κ ε
−2δ1−βε (λ, µ).

This concludes the proof of (5.6). □

Remark 5.11. Assume that µ = γκ is an isotropic and centered Gaussian density. Then
see e.g. [32, Remark 2.31]

W 2
2 (λ, µ) = n|1− κ|2.

In particular if ρε = ptε is the convolution with the heat kernel at time tε =
√
ε we have

λε = γΣε and µε = γκε with

Σ2
ε = 1 + 2tε, and κ2ε = κ2 + 2tε.

Therefore

δε(λ, µ) = n(|1− κ|2 − |Σε − κε|2) =
(
1− |Σε − κε|2

|1− κ|2

)
W 2

2 (λ, µ).

Let

f(ε, κ) = 1− |Σε − κε|2

|1− κ|2
= 1− (1 + κ)2

(Σε + κε)2
.
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We notice first that if ε is fixed and κ tends to ∞, then f → 0, so that we cannot hope
for a bound of the form (5.6) without dependence on κ. On the other hand, if we assume
that κ ≤ R for some R > 0, we have

f(ε, κ) ≥ 2tε
R2 + 2tε

.

We can thus guess that the optimal prefactor in (5.6) should be t−1
ε = ε−

1
2 .

5.2. Quantitative convolution inequality for p = 1. We recall that for e ∈ Sn−1, we
set pe(x) = x − ⟨x, e⟩ e to be the orthogonal projection on e⊥. We order each set p−1

e (y)
by saying that x1 ≤ x2 if and only if ⟨x1 − x2, e⟩ ≤ 0.

Proof of Theorem 1.10. We write here a ≲C b to indicate an estimate which holds up to
constant depending on α,X ,m,M or R. By Theorem 1.9, Hypothesis 5.1 holds for any
α > 3. By Lemma 3.2 we have that also Hypothesis 3.1 holds with τ1,λ(ε) ≲C ε−n and
M0(ε) ≲C 1 so that by Theorem 5.3, see also (5.5), there exists e ∈ Sn−1 such that for
α > 3 ∫

BR

|∇ψ − e|dλ ≲C ε
−nδ

1
α
ε (λ, µ). (5.8)

We first prove (1.8). Let φ be 1-Lipschitz and monotone in the direction e. Let T be a

transport map from λ to µ, and let T̃ (x) = x+ ⟨T (x)− x, e⟩ e. If |∇ψ(x)−e| ≤
√
2, which

is equivalent to ⟨∇ψ(x), e⟩ ≥ 0 then since

T (x)− x = η(x)∇ψ(x),

for η(x) = |T (x)− x| > 0, we have that T̃ (x)− x is a positive multiple of e, so φ(T̃ (x)) ≥
φ(x). We may now estimate using |∇ψ(x)| = |e| = 1,

|T (x)− T̃ (x)| = |(T (x)− x)− ⟨T (x)− x, e⟩ e| = η(x)|∇ψ(x)− ⟨∇ψ(x), e⟩ e|

= |T (x)− x|
√
1− ⟨∇ψ(x), e⟩2 ≤ |T (x)− x|

√
2(1− ⟨∇ψ(x), e⟩

= |T (x)− x||∇ψ(x)− e|,

where we used that 1−⟨∇ψ(x), e⟩2 = (1−⟨∇ψ(x), e⟩)(1+⟨∇ψ(x), e⟩) ≤ 2(1−⟨∇ψ(x), e⟩).
Since x, T (x) ∈ BR, this leads to the estimate

|T (x)− T̃ (x)| ≤ 2R|∇ψ(x)− e| if |∇ψ(x)− e| ≤
√
2.

Since φ is 1-Lipschitz, we get when |∇ψ(x)− e| ≤
√
2,

φ(T (x)) ≥ φ(T̃ (x))− 2R|∇ψ(x)− e| ≥ φ(x)− 2R|∇ψ(x)− e|.

Let A be the set of x for which |∇ψ(x)− e| ≥
√
2. By Markov’s inequality, we can bound

the size of A as

λ(A) ≤ (1/
√
2)

∫
Rn

|∇ψ(x)− e|dλ.

On A since φ is 1−Lipschitz, we have φ(x) − φ(T (x)) ≤ 2R. Therefore, using that
T#λ = µ,∫

Rn

φdλ−
∫
Rn

φdµ =

∫
Rn

(φ(x)− φ(T (x)))dλ

≤ 2Rλ(A) + 2R

∫
Ac

|∇ψ − e|dλ ≲ R

∫
Rn

|∇ψ − e|dλ

(5.8)

≲ ε−nδ
1
α
ε (λ, µ).
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This proves (1.8).
We finally derive (1.9) from (1.8). For every 1−Lipschitz function φ not depending on
⟨x, e⟩ we have∫

e⊥
φd(pe#λ)−

∫
e⊥
φd(pe#µ) =

∫
Rn

φdλ−
∫
Rn

φdµ
(1.8)

≲ ε−nδ
1
α
ε (λ, µ).

Taking the supremum with respect to such functions and recalling (2.6) we obtain (1.9).
□
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[35] Van Erven, T., and Harremos, P. Rényi divergence and Kullback-Leibler divergence. IEEE Trans-
actions on Information Theory 60, 7 (2014), 3797–3820.

[36] Villani, C. Topics in optimal transportation, vol. 58 of Graduate Studies in Mathematics. American
Mathematical Society, Providence, RI, 2003.

[37] von Renesse, M.-K., and Sturm, K.-T. Transport inequalities, gradient estimates, entropy and
Ricci curvature. Communications on pure and applied mathematics 58, 7 (2005), 923–940.
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