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ABSTRACT. The aim of this paper is to investigate the contraction properties of p-
Wasserstein distances with respect to convolution in Euclidean spaces both qualitatively
and quantitatively. We connect this question to the question of uniform convexity of
the Kantorovich functional on which there was substantial recent progress (mostly for
p = 2 and partially for p > 1). Motivated by this connection we extend these uniform
convexity results to the case p = 1, which is of independent interest.

1. INTRODUCTION

Let A, u be probability measures on R™ and let p. : R® — R be a standard convolution
kernel; that is, pe () = e "p(z/e) for some function p > 0 satisfying [, pdr = 1. Denote
Ae = pe* A and pie = pe * p. It is well-known, see e.g. [34, Lemma 5.2] as well as the proof
of Theorem 1.1 below, that for every p > 1, and every € > 0,

Wp(/\Evf'LE) < WP(Aa/‘)' (1'1)

Here W), stands for the standard p—Wasserstein distance. For applications of this inequal-
ity as well as variants in more general geometries, we refer for instance to [37, 5, 15, 14, §].
Two classical situations where this inequality is relevant are

e Contractive estimates for Wasserstein distances serve as a good definition of non-
negative Ricci curvature in various settings [37, 31], due to the fact that decay
of Wasserstein distances along the heat flow is a characterisation of nonnegative
curvature (and the heat flow is a convolution kernel in the Euclidean setting);

e Often in statistics one wishes to estimate a Wasserstein distance W),(\, 1) to com-
pare an empirical distribution to some theoretical one, but only has access to
samples from noisy distributions A * p., where p is the distribution of the noise,
and ¢ a small size parameter. Inequality (1.1) implies that independent noise
makes us underestimate the distance.

Setting

58()‘7:“) = W}?()":U’) - W;?()‘Ea,uf)? (12)
the contraction property (1.1) may be rephrased as 0.(A, ) > 0. The first question we
aim at understanding is the equality case d:(\,u) = 0. Unless specified otherwise, we
will assume throughout the paper that A (but not necessarily i) is absolutely continuous
with respect to the Lebesgue measure; we will also assume that infp, p > 0 (we denote by
Bpg(x) the open ball of radius R > 0 centered at x € R™ and B = Bg(0)). Notice that if
Spt p is compact and the distances between the connected components of X = Spt A are
bounded away from zero, then for € small enough the convolution acts independently on
each connected component of X'. Therefore, we will most often assume that X’ is connected.
For a measure p and z € R", we define the translated measure p* by p*(A) = p(A — 2)
for A C R™.

Theorem 1.1. Let A and v be probability measures on R™. Assume that either Sptp =
R™ or X is connected and moreover that there exist optimal Kantorovich potentials for
Wp(A\, 1) and Wy (A, pie). Then 6-(A, ) = 0 if and only if:
o Forp > 1, there exists z € R™ such that p = N\*.
1
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e Forp =1, there exists e € S*~! such that whenever ¢ € L'(u)NLY(\) is monotone
in the direction e, i.e. p(x +te) > (x) for all x € R™ and t > 0, we have

/n odp > / . (1.3)

Remark 1.2. The fact that the case p = 1 is different can easily be understood in
dimension one. If we consider two measures with disjoint supports [a,b] and [c,d] with
b < ¢, then if p is compactly supported, for any ¢ small enough, A. and u. also have
disjoint supports, and for any coupling 7. of the two perturbed measures

[ =] = | [aar= [ v = win0

Remark 1.3. In both cases the conclusion may be seen to be equivalent to the fact that
the gradient of the optimal Kantorovich potential for W), (X, 1) is constant, see the proof of
Theorem 1.1 in Section 5. Moreover, when p = 1, letting p. be the orthogonal projection
on et (1.3) is equivalent to the following property. We have p.#\ = p#u = n for some
measure 1) and, disintegrating A = Ay ®n and p = pu, ®n, p, is stochastically dominated by
Ay on p;1(y) for n—almost every y. To see that (1.3) implies pe#\ = p.#u, it is enough
to consider all the test functions ¢ which do not depend on (z, e), since for these we have
equality in (1.3) (by testing the inequality with both ¢ and —¢). The second property
then follows. Another informal way of interpreting (1.3) is that transport between A\ and
1 happens only in the direction e.

Wi (e, p12) = / & — yldr. =
RxR

Remark 1.4. In a statistical context, one may think of this rigidity result as stating that
when p > 1, the only situation in which there is no loss from estimating the Wasserstein
distance on noisy data rather than directly is when considering a translation model.

We then consider the quantitative counterpart of this question. More precisely, we ask
the following question: for p > 1, if §.(\, ) is small, does it imply that p is almost a
translate of A\? Similarly, if p = 1 and 0.(\, u) is small, does it mean that there is a
direction e € S"~1 such that (1.3) almost holds?

Currently, the answer to these questions depends on the hypothesis which are made on A
and p. Rather than giving a general statement, let us give an example of what we can
achieve.

Theorem 1.5. Letp = 2, and assume that X = Spt A is bounded, Lipschitz and connected.
Ifm <A< M on X for some 0 <m < M and R,e > 0 is such that Spt A USpt . C Bp,
then there exists C = C(p, R, X, m, M) > 0 such that

1

min W3 (A, 7)< Ce™ 62 (A, p). (1.4)

2ER™
Remark 1.6. Let us make an important observation regarding the convolution kernel p.
For most of our results it will be important that the measures we consider both before and
after convolution have bounded support. In that case we will thus restrict ourselves to
convolution kernels which have themselves bounded support (as in the theorem above). To
illustrate the applicability of the method beyond the compact case, we will also consider
in Theorem 5.10 the case when A (but not x) is Gaussian and p, is the heat kernel.

Remark 1.7. Since d.(A, ) < WJ(A, u), we see that the best possible exponent we can
hope for on the right-hand side of (1.4) is one. As seen in Theorem 5.3, we would obtain
this sharp exponent provided the strong convexity estimates from [18] could be improved
accordingly. Regarding the dependence of the right-hand side of (1.4) in € we do not claim
any optimality, see in particular Remark 5.11. In this respect notice also that by (3.4) of
Lemma 3.2 we get an improved dependence on ¢ if X is convex.
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We now discuss the proof of Theorem 1.5. Our first main insight is that this question is
closely related to the question of stability in optimal transportation. Indeed, from our proof
of Theorem 1.1, we deduce that if d.(\, u) < 1, then the optimal Kantorovich potentials
for Wa(Ae, pe) are almost optimal potentials for the dual formulation of Wa(\, 1), and
similarly for all the translations of A and pu. Thanks to recent progress on the strong
convexity properties of the Kantorovich functional in the case of the quadratic cost, see
[20, 26, 18, 29, 28, 19], we can deduce that the optimal transport map T for Wa(A., pc)
is itself close to the optimal transport map 7" for Wa(\, ). We thus obtain a control on
the quantity (which we define here for all p > 1)

A& = [ 1) = F@)Ppe(o — y)dadAy). (1.5

where £(y) = T(y) —y and f(x) = T.(x) — x. Our second main insight is that if A. is
small then ¢ is close to being constant. For the following theorem, We let 7, y(g) be the
quantity defined in (3.2), see also Lemma 3.2.

Theorem 1.8. Let \ be such that Hypothesis 3.1 holds for r < e. For & € L*()\), letting,

- [ e
we have for every f and every p > 1,
[ I = #Pax S Mot ) e/ a6, ) (1.6

Here the implicit constant depends only on the constant n from Hypothesis 3.1 and on
infp, p.

In order to discuss the proof of (1.6), let us first consider the case A-(§, f) = 0. In
that case, for every x € R" and every y € SptA N B.(x) we have £(y) = f(z). In
particular, if for some z, 2/, we have Spt AN B.(x) N B:(2') # 0, then £(y) = f(z) = f(2')
in SptA N (B:(z) U Be(z')). Covering Spt A by overlapping balls of radius e, we find
that £ is constant on Spt A (the assumption 7,(¢) < oo will turn out to imply some
e—connectedness of Spt ). From this argument, we learn that A.(, f) controls how far
is £ from being constant in balls of radius €. In order to prove that £ is globally close to
a constant we use a gluing argument which is reminiscent of some proofs of the Poincaré
inequality, see e.g. [24, 25]. This is also very similar in spirit to the proofs of quantitative
stability of optimal transport maps in [27, 28]. Let us also point out that the quantity
A(&, f) is closely related to non-local characterizations of Sobolev spaces by Bourgain-
Brézis-Mironescu, see [9, 11] as well as Remark 3.5 below. In particular Theorem 1.8
generalizes the main result of [33] with a very different proof which is somewhat closer to
arguments from [22].

Let us now comment on extensions of Theorem 1.5. As explained above, besides The-
orem 1.8, one of the main building blocks in our proof of Theorem 1.5 is the uniform
convexity of the Kantorovich functional. Despite recent progress on this question, since
at the moment of writing this paper sharp results do not seem to be available, we rather
write our main theorem as a conditional result as in [13], see Theorem 5.3. Let us point
out that while many results are available regarding strong monotonicity of the gradient of
the Kantorovich functional, see [20, 18, 29, 28, 27| for p = 2 and [30] for p > 1, we actually
need as in [13, 21] the (seemingly stronger) strong convexity of the Kantorovich functional
itself. This in turn is currently known only under either strong regularity properties of
the potentials, see [20, 26, 29] or in the setting of Theorem 1.5. We finally point out that
since 7, (€) < oo morally implies that Spt A is bounded, see Remark 3.4, in order to show
that our strategy of proof goes beyond the compact case, we consider in Theorem 5.10
also the case when X is a Gaussian measure.
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Our second main contribution of the paper is a quantitative stability result of Kan-
torovich potentials when p = 1. Since in this case, we have Wi (A + v, u+ v) = Wi (A, p)
whenever A(R") = p(R™), we will always assume that A L p. We will actually make the
stronger hypothesis that A and p have disjoint support, see Remark 4.5 for a discussion
of this assumption.

Theorem 1.9. Let A, u be probability measures with disjoint supports both contained in
Bpgr for some R > 0, and let X = SptA. Assume 0X is rectifiable and m < X < M
on X for some 0 < m,M < oo. Let i be the Kantorovich potential associated with
Wi(A, i), and ¢ be any 1-Lipschitz function. Then, for every o > 3, there exist a constant
C=C(a,R,X,m,M) >0, such that

196 = Tl <€ [ 0= odde=2=C (Wt = [ sau=n). @)

We recall that a compact set K C R” is called rectifiable if there exists a Lipschitz

function f : R"~! — R™ and a compact set Ky such that K = f(Kj). Let us point out
that while there is no reason to believe that the condition o > 3 is sharp, (1.7) cannot
hold for o < 2, see Remark 4.7.
The proof of Theorem 1.9 is very different from the proof from [18] in the quadratic case.
The starting point is Lemma 4.1 where a stability estimate of the form (1.7) is obtained via
a relatively simple argument but at the price of replacing the measure A on the left-hand
side of (1.7) by the transport density o (see (2.10) for the definition). The difficulty is
then to estimate o from below by A, see in particular Lemma 4.6. Let us point out that
in Theorem 4.8 we extend the validity of (1.7) to some measures which are not bounded
from below and might have unbounded support.

Equipped with Theorem 1.9, we can prove an analog of Theorem 1.5 for p = 1.

Theorem 1.10. Let A, i be probability measures with disjoint supports both contained in
Bpr for some R > 0 and let X = Spt A\. Assume that X is Lipschitz and m < A < M on
X for some 0 < m, M < co. For every o > 3, there exist C = C(a, X, m, M, R) > 0 and
e € S"! such that for every 1— Lipschitz and monotone function o in the direction e,

1
/ wdA—/ edp < Ce™"68 (A, ). (1.8)
As a consequence (recall the notation from Remark 1.3)
1
Wi(Pe#t, petp) < Ce™"08 (A, ). (1.9)

The paper is organized as follows. In Section 2 we gather the notation we use throughout
the paper and recall some facts about optimal transportation. In Section 3, we prove
Theorem 1.8. In Section 4 we investigate the stability properties of Kantorovich potentials
for p = 1. In particular we prove there Theorem 1.9. Finally, in Section 5 we turn to our
main objective which is the study of (1.1) and its rigidity. We first prove a qualitative
version, namely Theorem 1.1 and then the quantitative counterparts for p > 1 in Section
5.1 and p =1 in Section 5.2.

2. NOTATION AND PRELIMINARIES

Given a set A, we write x4 for its indicator function. We write (z,y) for the standard
scalar product in R™ and |z| = y/(z, z) for the Euclidean norm. We always endow R™ with
the Euclidean distance. The notation A < B means that there exists a constant C' > 0,
such that A < CB, where unless specified otherwise, C' depends on the dimension n and
p. We write A <, B to indicate an additional dependence on the parameter, or set of
parameters, g. We write A = B if both A < B and B < A. We use the notation A < B as
an hypothesis; it means that there exists some (typically small) £ > 0 such that if A < eB,
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then the conclusion holds. For p > 1, we write p’ for the Holder conjugate of p, which is
the unique p’ > 1 for which 1/p+1/p’ = 1. For e € S}, we set p.(z) =  — (z,¢) e to be
the orthogonal projection on et. For a closed set X C R”, we write P(X) for the set of
probability measures supported on X', and M(X) for the set of positive Radon measures
supported on X. If a measure )\ is absolutely continuous with respect to the Lebesgue
measure, by abuse of notation, we will identify it with its density, so A(z) is the density of
A at point z. Similarly, if A is radially symmetric we identify A(z) and A(|z|). We say that
a measure p is log-concave if p = exp(—V') for some convex function V' : R” — RU{+o0}.
Note that this is a bit more restrictive than the usual definition of log-concavity, which
allows for more degenerate measures, that are supported on a hyperplane, but we shall not
consider degenerately log-concave measures here. If, moreover, V' is k—strongly convex,
we say that p is k—uniformly log concave.

2.1. Optimal transport. In this section we recall some basic facts regarding optimal
transport, see e.g. [34, 36, 4]. For p > 1 and measures \, y with finite p—moment and
AR™) = p(R™) we set

O\ p) ={re MR" xR") : w1 =\, o = u},
where 71, m are the marginals of w. Then, we define
1
WP(X, 1) = inf / —|z — y|Pdm.
yAn) I(Ap) JRP xR p’ vl

If X is absolutely continuous, then there exists an optimal transport plan 7 such that
m = (Id x T)#A\ for some optimal transport map 7' (see e.g. [4, Theorem 7.1] for the
existence in the case p = 1). When p > 1, T and 7 are unique; when p = 1, however,
there is no uniqueness, even in the one-dimensional case. Nevertheless, if p =1 there is a
unique ray-monotone optimal transport map, see [4, Theorem 6.4 & Theorem 6.5] as well
as [34, Theorem 3.18] where the case of measures with compact support is covered.

For t € [0,1] and taking T to be a an optimal transport map, we set

Ti(z) = (1 —t)z +tT(x), (2.1)

and then
pr = Ti# A, gr =Ti# (T — x)A), (2.2)
so that in the distributional sense,
gy +V - ji = 0.

By integration we get that j = fol Jedt satisfies

V-j=po—p=\—p
For ¢ : R” — R U {—o00}, with 1 not identically equal to —oco, we set

vela) = inf ~la =3l — ().

If ¢ = ¢ for some function v, we say that ¢ is c—concave. We now define the Kantorovich
functional as

Fu(¢) = A YN + A d. (2.3)
Kantorovich duality asserts that we have

WP (A p) = sup Exu(®). (2.4)
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If now R > 0 is such that Spt AU Spt u C Bp, the supremum in (2.4) is achieved by some

1. Since the value of 1 outside Br plays no role, we may assume that 1) = —oo outside
Bp, in which case ¢ is Lipschitz continuous with

sup |Vy©| < RPL (2.5)

Br
When p = 1, it is not hard to see that a function v is c-concave if and only if it is
1-Lipschitz. Moreover, in that case we have ¥¢ = —), so that

Wi(A,p) = sup Yd(p— A). (2.6)
[Villoo<1 JR™

We now connect optimal potentials and optimal transport maps. For p > 1, let
D,(z) = |2 2. (2.7)

We then have that if T' is the optimal transport map and v is an optimal Kantorovich
potential,
z—T(z) = ®p(Vi“(z)). (2.8)
Since ®,, is invertible, this implies that V¢ is determined uniquely on & = Spt A. For
p = 1, we have that
T (z) — z| = (T(x)) — P(z),
and because v is 1-Lipschitz, if T'(x) # = we have

T(zx)—x
Vip(z) = o <s——7
T (z) - (z)|
so that the mass is transported through rays of direction given by V). Moreover v is
affine (with constant gradient) on the segment [z, T'(z)]. We thus have

1
o =il = /0 eldt. (2.10)

Notice that (2.9) and the fact that transport happens along rays implies that Vi is de-
termined uniquely on Spto.

(2.9)

Lemma 2.1. Let p=1. If A L u then Spt A C Spto.

Proof. We start by noticing that since A L p, for A a.e. = we have |T'(x) —z| > 0. Without
loss of generality, assume that 0 € Spt A, and suppose for the sake of contradiction that
o(By) = 0 for some r > 0. We then have by (2.10), and the definition (2.2) of j,

1
o(By) = /0 /Tt_l(BT) |T(x) — z|dA(x)dt = 0,

and thus for almost every ¢ € (0, 1) and M-almost every x € T, (B,), we get |T(x) —2| = 0.
In order to obtain a contradiction with the initial observation, let us construct a set
A C B,js N T, (B,) with A(A) > 0. For M > 0 let

Ay ={z : |T(z) —z| < M}.

Since W1 (A, p) < oo, by the Markov inequality we have A\(A§,) < A(B,2)/2 provided M
is large enough. Setting A = Ap; N B, /5 we thus have

Moreover, for every z € A and t € (0,r/(4M)),

3
T3 ()| S‘x|+tM§g+tM§Zr<r.

Thus T;(A) C By ie. AC Tt_l(Br) as required. O
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We end this section by recalling the formula for computing the density of the push-
forward of absolutely continuous measures. We follow the presentation from [3, Section
5.5]. To this aim we need to recall some definitions. For f : R™ — R" we say that z € R”
is the approximate limit of f at x if the sets

vy f(y) — 2] > e},

have density 0 at the point z. We then write z = ffor the approximate limit. Similarly,
a linear map L : R™ — R"™ is the approximate differential of f at z if the sets

{y W) @)~ Ly —a)| }

|z —y

have density 0 at the point x. We then write L = v f. We let ¥ be the sets of points
where f is approximately differentiable. We then have, see [3, Lemma 5.5.3]:

Lemma 2.2. Assume that p € LY(R™) and that there exists ¥ C X¢ such that fLY
is injective and [{p > 0}\X| = 0. Then f#p is absolutely continuous if and only if
|det Vf| >0 a.e. on X. In this case, we have for a.e. x € 3,

Foyy = P
(f#p)(f(2)) @)

3. TWO-POINT STABILITY

The aim of this section is to prove Theorem 1.8. We recall the definition (1.5) of A.(&, f)
and will often write A. for A.(€, f) when there is no ambiguity.

Let us introduce some notation: for r > 0, n < 1, we set 7 = rn. For z € (0,7)" and y €
R™, we let z,, be the projection of y onto the grid 7Z" 4 Z (which, for Z fixed is well-defined
Lebesgue a.e.). Setting X = Spt A, we let Xz = {z € 7Z" + Z : z = z, for some y € X'}.
We make the following assumptions on A:

Hypothesis 3.1.

(i) there exists n < 1 such that if r < 1 there exists Mo(r) > 1 such that for every
z € (0,7)" and z, 2" € Xz with |x — 2’| <7 then

A(Br () N By(2')) > Mo(r) ™ max(A(B(2)), \(B: (")),

(ii) A is absolutely continuous with respect to the Lebesgue measure,
(iii) X3 is a connected subgraph of TZ".

Notice that hypothesis (i) is a sort of doubling property for A. It is for instance satisfied
with uniform My if A = yx for a set X having density estimates of the form |[XNB,(z)| = ™
for x € X, as well as if A has a support with this property and a density bounded from
above and below. We assume that ¢ < 1 is such that (i) holds for » = . All the implicit
constants below depend on 7.

For each z € (0,7)" and z,2’ € X3z, we let £(x,2’) be the (Euclidean) geodesic connecting
z to 2’ in X 4+ B,. We then let /(x,2') be an arbitrary curve in X; N ({(x,2') + B,)
connecting z to 2’ with

H (U(w,a")) S H (U, 2")).
We let I(x,a') = {(x,2') N X so that

rHO (I (2, 7)) < HY (U, ")) < H Uz, 2)). (3.1)
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For p > 1, we then define the quantity (recall that 1/p + 1/p’ =1)

Tp (1) =
p

p/

sup sup [ Y Xi@an) (DABH@)AB () | Y /\(BT(Z'))_% - (32)

z€(0,1)" 2€ Xz z,x'€Xz Z'el(x,xz’)

For p = 1, we instead set

T A(r) = sup sup Z XI(LI/)(z))\(BT(a:))/\(Br(x/))< sup /\(Br(z’))1>

ze(0,m)" z€Xz \ ' €X5 Z'el(z,z’)

When it is clear from the context we write 7(r) = 7, (). When Z = 0 we simply write
X for Xo. Let us estimate 7, () under the assumptions of Theorem 1.5.

Lemma 3.2. Let X be a Lipschitz domain and X\ € P(X) be such that m < A\ < M for
some m, M > 0. Then, for everyp>1 andr < 1,

Tpa (1) Sy (P and My(r) <y 1. (3.3)

The implicit constants depends on A only through m, M, diam(X') and the Lipschitz con-
stant of X. If instead X is conver then

oA (1) Sa P (3.4)

Proof. The estimate My(r) <) 1 has already been discussed above so we focus only on the
estimate of 7, . We will consider only the case p > 1; the case p = 1 being analogous.
Without loss of generality we may assume that Z = 0. On the one hand, since \(B,(z)) ~)
r™ for every x € X,

p

v
’ P

3 Xty DABH@)AB() | Y MBI
r,x'eX z'el(z,z’)
DY Niean(2) (O (1)) 7

z,x'eX

Since X is Lipschitz, we have on the one hand H!({(z,2")) <x diam(X) for every z, 2’ € X
and thus

(3.1)
sup HO(I(z,2")) < 1 sup H(l(x,2")) Sy diam(X)r~t,
r,x’eX z,x'eX
On the other hand, for every z € X,
D Xi@an(2) < (HU(X))? Sar M| XP. (3.5)

rx'eX

Combining these estimates yield (3.3). Let us finally prove that if X' is convex then (3.5)
may be improved to

> X (2) Sa diam(x)m (0D, (3.6)
z,x'e€X

Set R = diam(X’) and notice that in this case {(z, z") = [z, 2] is a segment. Let C,(z,z') =
l(xz,x") + B,. We have by definition of I and /,

> Xt () £ D Xe@an(2) Sx /X Xm(x,xq(z)dxdx’
X

r,x'eX zx'eX
§r2”// Xcr(w,m/)(z)dxda:/.
X JBRg(z)
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Writing 2’ = x + tu for u € 9By we find

R
/ / Xcr($7xl)(z)dl',dx < Rt / / / XCT(M;HU)(z)da:d?—[”_l(u)dt
X J Bp(z) X JoB1 JO
Finally notice that if x ¢ Ru+ Ba,(z) then z ¢ C,(x,z + tu) so that exchanging the order

of integration we get

R
/ / / X, (st () dzd " (w)dt < R / 1 1 (Rus + Bap(2))|dH" (u)dt
X JOB; JO 0B1

This concludes the proof of (3.6), from which we then obtain (3.4).

< R2rm 1,

9

0

Remark 3.3. If we only assume that X is Lipschitz but not convex then (3.5) is in general

optimal, see Figure 1.

FIGURE 1. For every point x in the upper shaded region and every z’ in

the bottom shaded region z € I(x, /).

Remark 3.4. Notice that 7, y(r) < oo morally implies that & is bounded. Assume for

instance that X' contains the horizontal line. Since for every z,z’, and p > 1,

/ —% Y 1 1
zfezz(;x/))\(Br(z ) S B (@) AB(@))’

we have for z on the horizontal line,

Y Xia) (DABr@)AB()) [ D ABH())”

x,x'eX Z'el(z,x’

Z Z XI(z,2") (Z)(A(Br(ﬂf)) + )\(Br(ml))) = 0.

z,x'eX

Proof of Theorem 1.5. We only consider the case p > 1 since the case p = 1 is analogous.

For every x € R", let

mia) = [ 16w - f@)Pocle - A,
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so that

/n m(z)dz = A..

Let n < 1 be such that point (i) of Hypothesis 3.1 holds for r < e, and set ¥ = nr,
Q7= (0,7)™ and for z € TZ", Q#(z) = Q7+ z. We then have

/Q m(z + z)dz = Z/ dz</nm(z)dz:AE,

i ISAl TETL™
so there exists Z € Q7 such that

r" Z m(x+2) S Ae. (3.7)

TETLM

Up to a translation, we can assume that z = 0. We estimate

/ €(y) — E@)PAA)ANY) < / €() — F(z,)PAAG)AAY)
R® xRR"™ R™ xR"
+/ [f(2y) = f2y) PAA(y)dA(Y) +/ €)= f(zy)[PdA(y)dA(y)
R xR" R

nxR"

S [ 16w = f@PaN) + [ 1#(w) = fla)PaN@a).

We start by considering the first right-hand side term. Since |y — x| < /n/2F < ¢, we
have y € B.(z,) and thus as 1 < €"p. on B, (recall that we assumed p 2 1 on By), so

S / — f(@)PAA(y)

TETL™ my_r}

(3.7)
<> / @)PdA(y) S Y mx) S (g/r)"A..

TETL™ TETL™

[ 1) = sapir

For the second sum, we can similarly write

L @) = fe)Pmae) s 30 ME DIF @)~ Fa.

x:vGX

To lighten notation a bit, set A\, = A(B.(z)). Let now z,2’ € X. If z and 2z’ are
nearest neighbors in 7Z", by Hypothesis (i), letting A = B,(x) N By(2') we have A\(A) >
My (r) " max(\z, \pr). By the triangle inequality and Jensen we then find

£(@) - F)P < ‘f(w)—l / édAp+‘f(x’)—A(lA> / ear|

5o L 1@ = €lraxe) + 575 [ 176 - cwPa)

p L 2 — P
ém / T(@\f(:c) EWPING) + 505 /B | ME) —ewpaw)
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Take now x, 2’ € X arbitrary. Then by the triangle inequality and the above computation,
summing along the geodesic we get

o -s@r s | Y (2
zel(z,x!)

p/

< " My(r) Z )\;% Z m(z),

z€l(x,x’) z€l(z,x’)

where the last inequality is due to the Hélder inequality. After summation, we find

Db
Iy

S OAMAf@) — FEP S M) 3 A [ S A7 Y mie)

r,x'eX z,x'eX z€l(z,x’) z€l(z,x’)

zsnMo(r)Z Z Xi(w,a') (2) Az Agr Z )\Z_,? m(z).

z z,x'eX z'el(z,x’)

By definition (3.2) of 7, ), we get

S Al f(@) = F@)P S Mo(r)rpa(r)e" Y m(z) £ Mo(r)(e/r)"mpa(r)A-.

z,x'eX z

In conclusion, we find

/Rnxw 1€(y) — EW)PAN(Y)ANY) S (e/r)"Ae + Mo(r)(e/r) " Tpr(r)Ac

S Mo(r)(e/r) " mp A (1) A
Recalling that
z = EdA,
Rn
we find by Jensen’s inequality,

/ € — 2|PdX < / €(y) — E@WHIPFAA(Y)AA(Y) S Mo(r)(e/r)" pa(r)As,
R R7 xRR"™

which concludes the proof of (1.6).
O

Remark 3.5. Note that if we assume that X is convex, as a consequence of Theorem
1.8 and Lemma 3.2 (and in particular of (3.4)), we can obtain a new characterization of
constant functions: If £ is such that, for every € > 0 there exists a function f. such that
A: (&, fz) = o(eP), then £ is constant. This may be seen as a generalization of [11].

For another consequence, we can take A to be the uniform probability measure on X
and ¢ = f. To lighten notation, let us take € = r and omit the dependence on My. We
get

/ [f(z) = z[Pde S mpa(e)Ae(f, f) Sx 6”/ p=(x —y)|f(x) = f(y)[Pdxdy.
X X xR"

Since |z| < € on Spt p, we obtain the estimate:

[f(x) = fy)F
/X |f - Z’pdx SX /Xan ,05(3’5 - y)wdl‘dy.
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This estimate is similar to the one proved in [33]. It is a non-local version of the Poincaré-
Wirtinger inequality which actually implies the standard one as a consequence of [9, The-
orem 1].

We now show that a similar estimate to that of Theorem 1.8 can be obtained for some
non-compactly-supported A. For simplicity we restrict ourselves to the Gaussian case, see
also Remark 3.7.

Proposition 3.6. Let A be a standard Gaussian of mean zero and variance 1. Assume
also that there exists a constant C > 0 such that

§(2)] < CA + |z). (3.8)
Then, with
z = EdM,
Rn
we have for every f, e € (0,1), p>1, and any 5 >0
L6 sPax Spcs A6 1), (39)

Proof. We consider only the case p > 1 since the case p = 1 is analogous. Notice first that
by (3.8),

/ €~ 2Pdr e 1,
Rn

and thus we may assume without loss of generality that A, < 1. Let z = fRn &d ) and for
R > 1 to be chosen,

ZR = fd)\, and /\R = )\XBR.
Bgr

We then write
/ € — 2Pdx < / € — zplPddg + |2 — 25 + / € = 2Pdn. (3.10)
Rr Rr B,

Let us first estimate the second right-hand side term in (3.10). Since A is radially sym-
metric, we have
I,

2 — 2al? = ‘/ ¢
By

We now turn to the third right-hand side term in (3.10). By (3.8) we have similarly

J

Let us point out that since p > 1, for R large the right-hand side of (3.12) is larger than
the right-hand side of (3.11). We finally estimate the first right-hand side term in (3.10).
By Theorem 1.8 applied to Ag/A(Bg) and setting 7r(r) = 7 1, (), we have for r < e

|x|d\ = C’(n)/ e " 2dy < Rl B2
e R
R

and therefore

< ( /| |x|dA) < (RABR). (3.11)

€—alans [ lePan+ PABR) Se [ lePaAS RTFIAR). (312)
R R

c
R

[ 16~ znPdre s @) [ 16w) = @ pole ~ y)dodrnty) £ Molr)(e/r)" ma(r)A-
(3.13)
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so we are left with estimating 7r(r) and My(r) for an appropriate choice of r. We first
note that since Ar/A(Bpg) has nice support, part (i) of Hypothesis 3.1 holds with

Moy(r) S sup SUPue BrN(Br ()N By (a')) Ar(u)
™ |o—at|<r fueBRA(B (@)NB (1) AR(1)
< exp((rR +1%)).

Hence if we take r = min(e, R™!) we have My(r) < 1.

We set
R = +/2log A.. (3.14)
Since r < R™!, we have for every z € X,
A(Br(x)) = A(x)| By,
and thus for every (z,2’) € X, assuming |2/| > |z|:

p

D
p’ p’

S OABE) | =B Y 11;,

z'el(x,z’) Zel(zx) A(Z,)

/| J i
s (o o (2pt2)
—Z'/

We thus find

/

3 Xty DABA@)AB) | Y AB())

7' €X z'el(x,z’)

.y . _z
STV X (2)A@) min(L 2| )
r,x'eX

<Y X ()A(@).

rx'e€X

Using the same computations as in the proof of (3.6) from Lemma 3.2 we have

Z Xi(e.an(2)A(z) S r " R" / MBr N (Ru 4 Boy(2)))dH" ' (u) < r~ (D R™,
r,x'eX 9B,

From this we get
Tr(r) SrTPR™.

Plugging this into (3.13) and recalling that My(r) < 1 yields
/R _|€ = zrlPdAR S €T TIR A, (3.15)
Plugging (3.11), (3.12) and (3.15) into (3.10) leads to
/]R" € — z|Pd\ < "~ PP RPA. + R exp(—R?/2).
By the choice (3.14) of R and since r = min(e, R~1) > eR™!, we find
/]Rn |€ — z|PdX S (5_p| log AE\%% + | logAEI"_Q“‘p) A,

which concludes the proof of (3.9). g
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Remark 3.7. Since we used bounds from above and below on the measure of balls, it is
not clear if Proposition 3.6 holds for more general uniformly log-concave measures.

4. STABILITY OF POTENTIALS FOR LINEAR COST

The aim of this section is to prove Theorem 1.9. We will also obtain some extensions for
measures which have densities not bounded from below, see Theorem 4.8. This includes
also some measures with unbounded support.

For \ absolutely continuous with respect to the Lebesgue measure with X = Spt A and
1 a measure of same mass, we let T' be an optimal transport map for Wi (\, u) and ¢ be an
optimal Kantorovich potential. Recall the definitions (2.1) of T3, (2.2) of p, j: and (2.10)
of 0. In order to prove Theorem 1.9 we first obtain a stability inequality when integrating
with respect to o.

Lemma 4.1. For every 1-Lipschitz function ¢,
IV = Vol <2 | (6= )il =) (4.1
Proof. Using pp = T#X\ and ¢(T'(z)) — ¢ (z) = |T(z) — z|, we calculate:

/ (W — )d(u— A) = / (IT() — 2| — S(T(x)) + b(x))dA
Rn Rn
1
= [ @) = ol = (Vo). 7(e) — e

= [ [ @ = (1 (Vomep, 1O ) dear

Since |V¢| < 1 we have

— 1
1- <V¢>(Tt(x)), W> 23 ‘W(Tt(ﬂs)) T T —a

Using moreover that

we find
I 2
L w=0iu=2=3 [ [ 176 Vo) - ViTi@)Pa

201 [ .
@1 / / Vo — Vo[2dljildt
2 O Rn

(2.10) 1
=7 SIVY = VolLa)
Il

In order to prove Theorem 1.9, we thus need to bound ¢ from below by A. This may
be seen as a quantitative version of Lemma 2.1. Notice that bounds of ¢ from above by
A are available in the literature, see [16] or [34, Section 4.3]. As we will see the bound
will degenerate close to dX. We will thus use the following elementary (and probably
well-known) result. For X C R" compact and r > 0 we define the r—erosion

Xy ={x e X :d(z,0X) >r}. (4.2)

Lemma 4.2. Let X C R" be a compact set such that 0X is rectifiable. Then for every
a e (0,1),

I, (X) = /Xd(x,aX)adx < 00. (4.3)
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Moreover, if X is C? then

lim sup I, (X)) < oo. (4.4)
r—0
Finally, if X is a convex set with X C Br for some R > 0 then
In(X) So RPN (4.5)

Proof. We start with the general case. By definition of upper Minkowski content [2,
Definition 2.100] and [2, Theorem 2.106], there exists rg > 0 such that for r < r,

A\ S (4.6)

Therefore,

I,(X) = /Xd(:n,a/'t')_ada: = /000 H{x € X : d(x,0X)"* > s}|ds

ry oo
S / ‘X‘dS‘i‘/ ‘X\X(l/s)l/a‘ds
0 ro

o0

<x1 +/ s Vs
ro &

< 0.

For every compact set X, denoting f(x) = d(z,0X) which satisfies |V f| = 1 a.e. and
X0 ={z e X :d(x,0X) =1} we have by the co-area formula,

|X\X,| = / |V fldx = / ’H"_I(X(s))ds < | sup an—l(X(s)) .
X\Xr 0 s€[0,7]
If now X is C? then on the one hand, for ro small enough, see e.g. [1],
sup H'HXW) | Sa
s€[0,ro]

and on the other hand, for 1, s small enough (Xn)(s) = X(5+1) g0 that for n, 7 small enough
we have a uniform in 7 version of (4.6),

‘Xn\(xn)r Sxr

Injecting this in the previous proof yields (4.4).
If finally X is convex, then X, is also convex with X, C X C Bpg so that H" 1(0&,) <
H*1(0BR) < R"! and since 84X, = X("), this yield the quantitative version of (4.6)

|X\X,| < RV,

Plugging this back in the previous computation (with the choice g = 1) concludes the
proof of (4.5). O

We can use this lemma to obtain a relation between the measure A and the transport
density o, namely an upper bound on the Rényi divergence D, (\||o). Recall that for
arbitrary probability measures p1, p2 in R, the Rényi divergence is given by

Dalpnllpn) = ([ (422 T
o =——1In — :
P1l1p2 a—1 e \dpo P1

See [7] and references therein for background on Rényi divergences and comparisons with
various classical distances between probability measures.
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Lemma 4.3. Under the assumptions of Theorem 1.9, the following inequality holds:

Do(N||o) < Cxar + In(M) — In(m), (4.7)

a—1

for every a < 3/2. In particular we have A < o.
Moreover, the constant Cx o r in (4.7) can be chosen to be of the form

Cx.a,rR = In(cy |X] + caly(q—1)(X)),

a—1

where c1,co depend only on a, R and the dimension n.

Proof. We first prove the lemma under the additional assumptions that p is discrete, and
that n > 2. Let T be an optimal transport map from A to u, and denote as usual,
T: = tT + (1 — t)id. We recall the formula (2.10) for the transport density o. From now
on, we assume that ¢ # 0,1. As a byproduct of the proof in [34, Theorem 4.16], the map
T; is essentially injective in this case. Writing p = Zfil ;6 , for some p; > 0 and z; € R,
we set for every i =1,---,1

Ai={z : T(x) =z}

We claim that for every point z of density one of A;, the map T} is approximately dif-
ferentiable at = with (recall the notation from Lemma 2.2 for approximate limits and
differentials)

Ti(z)=(1—tx+tz  and  VT(z) = (1 —t)id. (4.8)

It is of course enough to prove the corresponding claim for 7' instead of T;. Let x be a
point of A; of density one. Since p is discrete we have for £ > 0 small enough,

{y « |T(y) — zi| > e} = Af

which indeed has density zero at x. This proves that f(x) = z;. Similarly, since the
support of A is bounded

{y +1T(W) — zil/ly — x| > e} C Af

which gives as claimed VT'(z) = 0.
By (4.8) we have for a.e. z € X, 0 < det VI (z) = (1 —¢)" < 1 and thus by Lemma 2.2,
for a.e. z € X,

3l (Ti(2)) = |T(2) = 2[A(x)/| det VT, ()| > |T(z) - 2|\(@) = |T() — z|m,

where we used that A\ > m on X by hypothesis. Let now y € T;(X) N X and set x =
T, '(y). Note that since T} is essentially injective, T, ! is indeed well-defined for almost
all such y. Since y lies in the ray between x and T'(x) we have |T'(z) — z| > |T(x) — y|.
Moreover, since y € X and T'(z) € X° by the hypothesis that Spt A N Spt u = (), we have
|T(z) —y| > d(y,0X) and the previous inequality implies the lower bound

l7¢/(y) > d(y,0X)m  for a.e. y € Ty(X) N X. (4.9)
For y € X, let
t(y) = sup{top : y € T,(X)NX for every t < to}.
Then, according to (2.10) and (4.9), we have for a.e. y € X,
1 t(y) t(y)
o) = [ lilar> [l > [ d.02)mat = )iy, 0m. - (@.10)
Notice that since o is absolutely continuous, see [34, Theorem 4.16], we may use Fubini

to exchange the integral in time and the a.e. statement (4.9). We now want to find a
relatively large subset of X for which the right-hand side of (4.10) can be bounded from
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below. Recall the definition (4.2) of X, that the supports of A, u both lie in a ball of
radius R and define for ¢y € (0, 1),

X(to) = Tiy (Xip2r41)) -

We use the convention that X (tg) = 0 if X} (2p+1) = 0. We claim that for almost every
y € X(to), we have y € Xy, and t(y) > to. By (4.10) this would imply, that

o(y) > t(y)d(y, 0X)m > mt} on X(to). (4.11)

Notice that these claims are empty if X(tp) is empty. For the first claim, let x € X} (2p41)-
The points x,T(z) both lie in a ball of radius R, so |T'(z) — x| < 2R. If we denote
y = Ti,(z), we see that

|y — 2| = [Ty (2) — x| = to|T(x) — x| < 2R,

so y € Ay, since d(y,0X) > d(z,0X) — |z — y|> to(1 + 2R) — 2Rty.

The second claim will require more effort. Let A be the set of all x € X which lie on a
line connecting two points in the support of y. Since p is discrete and n > 2, A is equal to
a finite union of lines, and thus has Lebesgue measure zero. Notice that if x € X\ A and L
is a line containing x then H°(L N Spt u) < 1. Let y = Ty, (z) € X (to)\ Ty, (A). For t < to,
define z; = %ﬂx) We aim to show that T3(z;) = y, which would imply the second claim.
Note that T'(z;) is well-defined since d(x,dX) > to(1 + 2R) and

to —t

d(z,x) = 1%

|z —T(z)| < 2Rt

so that z; € X.

By definition z; lies between x and T'(z). Recall that transport rays are one-dimensional
segments covering our entire domain, and that =, T'(z) always lie on the same transport ray.
It is well-known [34, Corollary 3.8] that transport rays only intersect at their endpoints,
so the only transport ray that z; belongs to is the one containing z,7T'(x). Since z, T'(2¢)
also lie on the same transport ray, we conclude that x, T'(x), T(z;) are all on the same line
L. However since z € X\A and T'(z),T(z) € L N Sptp, we must have T(z) = T(x).
Therefore,

Ti(z) =tT(z) + (1 = t)zy = tT(z) + (y — tT(x)) = y.

This concludes the proof of (4.11). We estimate now the size of X (¢p) in relation to X
Since the map T; is essentially injective and (1 — t)-contractive, we see that

|X (o) = (1 — t0)"| Xy 2r41)| = (1 — nto) | Xeg2r1 1)
Therefore, the size of the set X'\ X (ty) can be bounded as

[X\X (to)| < |X] = (1 = nto)[ Xy 2rr1)| = [X] — [ Xy 2r41) | + b0l X 2r41) |
<[ X\Xy 2m41)| + 12l X [to-

Notice that this estimate trivially holds if X} (2p41) = . We now prove that the integral
of 078 converges, as long as 3 < 1/2. To simplify notation, we denote o/ = o/m. By
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(4.11), for almost all y and s > 0, if o’(y) < s then y & X (s'/2). Therefore,

/ (") Pda = /OO ‘{y 2o (y) < 8_1/6}’ ds
X 0
< /Ooo ‘X\X (5_1/26)’ds
< /01 X |ds + /100 ‘X\XS_I/M(QRH)\ ds + /loon|X|s_1/26ds

- <1 3ﬁ26n+ 1) 1]+ /loo {0+ d(,00)72 . 2R+ 12 > s} ds

2
< (1 T+ 1) X + (2R +1)% (),

which is indeed finite if 8 < 1/2 by (4.3) of Lemma 4.2. Let now § = a«—1 so that § < 1/2
provided a < 3/2, and then ¢; = 122/371 +1,c0 = (2R 4 1)?5. We can compute the Rényi
divergence of A, o to be

Da(Alo) = ! n</ <Zi>aldx>

1
<= — Mo‘dx
L .
< 5 (CI|X|+C21%(X))M m ﬁ)
1
:B 01]X|+02125(X))+%1anlnm<oo.

Let now p be arbitrary. We will approximate p using discrete measures, and we need to
show that the transport density will also be approximated. For this, we use the following
lemma.

Lemma 4.4. Let A\, ug, it be bounded measures, with i weakly converging to p, and let
ok, 0 be the transport densities associated with A and uy, u, respectively. Then oy weakly
converges to o.

To see how the lemma implies our claim, approximate p with discrete measures uy,
and let o be the transport density associated with A, ux. Then by the lemma, up to a
subsequence, o converges weakly to o. Since the Rényi divergence is lower semicontinuous
in the weak topology [35, Theorem 19], we get that

Do(M|o) < liminf Da(M|ow) < Crar + ——In M — Inm.
k—o0 o a—1
This concludes the proof when n > 2.
Finally, for n = 1, let £ be the Lebesgue measure on [0, 1], and let ' = AQ L, 1/ = p® L,
and ¢/ = 0 ® L. Then it is not hard to see that ¢’ is the transport density associated with
N, 1/, and that Dy (N||o") = Du(A||o), which proves Lemma 4.3 in that case. O

To finish the proof of Lemma 4.3, we need to prove Lemma 4.4.

Proof of Lemma 4.4. We proceed by contradiction and assume that convergence does not
hold. By Prokhorov’s theorem, we can extract a subsequence of o weakly converging to
some measure o’ # o. To simplify notation, we keep denoting this subsequence 0. Let 7
be optimal transport plans from A to ug; taking a subsequence again, we can assume 7
weakly converges to some transport plan m between A and p, which is optimal, according
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to [34, Theorem 1.50]. The transport density can be described as a functional acting on a
compactly supported continuous function ¢, with value equal to

1
(o), ) = / / |z — ylo(ty + (1 — t)z)dtdny.
R xR Jo

Note that the integrated function is clearly continuous and bounded, so we can simply
compute:

1
(o', ) = lim /IR . /0 |z — ylo(ty + (1 — t)z)dtdny
nx n

k—o0

1
= / / |z —ylp(ty + (1 — t)z)dtdr = (0, ),
R xR"™ JO

which proves that o = ¢’. This gives the desired contradiction. O

Remark 4.5. Let us illustrate the difficulty of considering measures A and p such that
A L pbut SptANSptu # (). Take A = X(0,1)x(0,1) and g = 7 2*’“5% where y;, are
dense in (0,1) x (0,1). In this case it would be natural to consider in the proof above,
X =(0,1) x (0,1)\Spt u however X\ X, = X for every r > 0 so that no estimate like (4.6)
can hold.

Using the upper bound on D (\||o), we can transfer the bound (4.1) involving integra-
tion with respect to o to a bound involving integration with respect to A.

Lemma 4.6. Under the assumptions of Theorem 1.9, for every p > 3 there exists a
constant C = C(R,p) > 0 such that for every f € L'()\),

M
ml/p

1—-1
1oy < € (1] + Toyp-1y (X)) 77— |1 f Il oo

Proof. Let p > 3 and p’ be the Holder conjugate of p, so that 1/p + 1/p’ = 1. Notice in
particular that p’ < 3/2. By Holder inequality, we see that

dA d\
1 fllzrn = Hf g ‘

do

) < | fllzr(o)

Li(o LY (o)

A\ P 1 1/p' b Uy
= £l zr(o) /X<da> dX — 1Fll (o) (e@—) M ||a))

(4.7) 1-1 M
Sep (X + Lyp-1) (X)) v —r

1fllzr (o)

Theorem 1.9 is now a simple corollary of the lemma.

Proof of Theorem 1.9. For a > 3 we apply Lemma 4.6 to f = |[Vi) —V¢| <2 and p = «
to get that

IV = Vol < ClIVY = V8l 1oo) < ClIVE - Vol 74,
(4.1) 1/p
<o w-odu-n)
]Rn

for a constant C' > 0 depending on «, R, X, m and M. O

Remark 4.7. Let n = 1. Set A = X(01), # = X(1,2) and ¥(x) = x which is an optimal
Kantorovich potential for Wi (A, p). For e < 1 set

¢($):{—x ifx<e

z—2 ifx>e.
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We then have
2 €
" = @'y = 2¢ and Wl()\,u)—/ dd(p — N) :252—2/ xdr = €°.
0 0

Therefore (1.7) cannot hold with o > 1/2. This example may easily be extended to
arbitrary space dimension.

We now prove that as in [28] for the case p = 1, stability still holds for some measures
which may not be bounded from below or have unbounded support. This comes however
with a worse stability exponent. For A absolutely continuous and R > 0 we introduce the
following conditions:

(H1) X = Spt A C Bgr and A is log-concave;

(H2) A is k-uniformly log-concave;

(H3) X = Spt A C Bg, 0X is C? and there exist constants 0 < m, M < oo, and § > 0
such that md(z,0X)° <A< M on X.

Under assumptions (H1) or (H2), we write A = exp(—V') for some convex function V'
and assume without loss of generality that the minimum of V is attained at x = 0. We
then fix ro > 0 such that Bs,, C X, set mg = infp, A and M = exp(—V(0)) = maxxy A.

Theorem 4.8. Assume that X\, u are probability measures with disjoint supports, that there
exists R > 0 such that Spt u C Bg and that moreover one of the conditions (H1), (H2) or
(H3) holds. Then, for every a > 4 for (H1) and (H2) or o > 3+ § for (H3), there exists
a constant C' > 0 with the following property. If ¢ is an optimal Kantorovich potential
associated with W1(\, p), and ¢ is any 1-Lipschitz function, then

IV = Voliy <C | (0= d)d(u—A). (4.12)
The constant C' depends on R, mg, M and « for (H1) and (H2) as well as k for (H2) and
on R, X, m, M, § and « for (H3).

Remark 4.9. Arguing as in [18] it is likely that stability may also be obtained for measures
© with unbounded support provided we assume finiteness of high enough moments.

Our method of proving these theorems will involve restricting the source measure A to
“nicer” domains, on which Theorem 1.9 holds. We first prove the following lemma.

Lemma 4.10. Let A\, u be two probability measures, with A absolutely continuous. Let T
be an optimal transport map from X\ to p, and let o be the transport density associated with
Wi\ p). For ACR", let A\g = N_A,ua = TH#Aa, and let 04 be the transport density
associated with W1(Aa, pa). Then we have 04 < 0.

Proof. Notice that T is also an optimal transport map from A4 to p4. With obvious
notation (recall (2.2)) we have for every non-negative test function ¢, and every ¢ € [0, 1],

[ carl = [ ey —siina< [ o -six= [ cdl
R’VL RTL RTL R7l
By (2.10) this concludes the proof. O

Proof of Theorem /.5. We will prove results similar to Lemma 4.6, which will then imply
the statements thanks to (4.1). In this proof we write for compactness a S¢ b to indicate
an estimate which holds up to a constant which depends on the same parameters as the
constant C' from (4.12) i.e. R, mg, M and « for (H1) etc... We start by observing that
since

IV = Vol <2,
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we may assume without loss of generality that the right-hand side of (4.12) is small. By
(4.1) this means that we can assume that (here as usual o denotes the transport density
associated to Wy (A, p))

IV — V¢|\%2(o) <c 1. (4.13)

Step 1. We first argue for (H1) and (H2) which we treat simultaneously.

Let T be an optimal transport map for Wi(X, ). For r > ro,m < myg, let By, =
{z € B, : \(z) > m}. Note that since A is log-concave, B, ,, is a convex set. We also
let A\ = A By /AN(Brm), ttrm = T#Mrm, and finally o, ., be the transport density
associated to Wi(Arm, tir,m). Notice that since r > r¢g and m < my, we have B, C B,
and thus

A(Brm) 2 A(Bry) = mo|Bro| 2 1. (4.14)

Let p = a —1 > 3. We claim that for every f € L*()), such that ||f| < 2 and
”f”Lp(o-) <c 1, we have

£y S IFIEED. (4.15)

To this aim, we write

Ifllzr oy = I lr o) T 1 l2r BB ) + 1 f L0 R\ B,)- (4.16)

We estimate the three terms separately. For the first term, we use Lemmas 4.6 and 4.10
as well as (4.14) to get

_1 _
1A 2ty < Ity S (1Brml + Lojp-1y(Brm)' " Pm 1/p||f||Lp<arm>

SC (Tn + I2/(p—1)(Br,m)) o _l/pr”LP
Since By, C B, and By, is convex, we have by (4.5) that for r > rg,
Lyyp—1)(Bran) Sp "~ < gt Sor™
Therefore, we get
1108y Sem P 1l po(o)- (4.17)
For the second term in (4.16), we simply observe that since B, ,,, C B,
11210 BABrm) S ™ (4.18)

We finally turn to the last term in (4.16). If we work under hypothesis (H1) we simply
choose r = R > r¢, for which this term drops. If instead we assume (H2), we observe that
since V' is minimal at 0 and uniformly x—convex, we have

V() 2 V(0) + 5 |af
and thus .
< ——|z?).
Az) < M exp ( 5 || )
Therefore .
1l 5,y S ARNB,) S rexp (—572). (4.19)

Combining (4.17), (4.18) and (4.19) together with (4.16) we find (recall that under (H1)
the third term drops) for r > r¢g and m < my,

TanHLp(O-) —92 K 9
<, M/ 1LP(e) no, .n _
Il Sc ( v +mr"® +r exp( 5" ))

We now conclude the proof of (4.15) under hypothesis (H2) since the argument for (H1)
is simpler. We first optimize in m by choosing m = || f ||%(sz 1) Notice that thanks to the
hypothesis || f[|1r(;) < 1 we have m < mg. We get

71z Se (RIS + 2 e (=507)).
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We then optimize in r by setting r = (2k7!|log £l zr (o) )1/2n. Again r > rq thanks to the
hypothesis || f||zr(;) < 1. We finally get

1 n
1Ny S IAIEES D og |1 £l oo "2

Up to changing slightly the value of p, this concludes the proof of (4.15).
Finally, using (4.15) with f = V¢ — V¢ which satisfies || f||1r(o) < 1 by (4.13), in com-
bination with (4.1) concludes the proof of (4.12) under hypothesis (H1) or (H2) since we
get
1)
11210y S ILFI2AY

S ALY

) e
([ w-atu-)
and p+1=aq.

Step 2. We now assume (H3). We now set p = @ — 0 > 3 and claim that for every
f € L®(\) with [ fllc <2 and ||f||zr(e) < 1, we have

Il Se HfoZ‘i,) (4.20)

For this we recall the definition (4.2) of A, and decompose for r > 0
1oy = 1oy + I Lo onan -

Since A > mr~% on &,, if r is small enough so that A\(X,) > 1, we have arguing as in Step
1 by combining Lemma 4.10 and Lemma 4.6,

(4.4)
£l iy Se (] + L1y (X)) Y272 Fll ooy So 7P fll Loo)-

Since
(4.6)

1fllo o) Sc lX\X] Se

we find for r small enough,

£l Se Pl f vy + -

Optimizing in r by choosing r = ||f||§ga) < 1 by the hypothesis || f|l1r;) < 1, we get
(4.20). The proof of (4.12) is then concluded as above by combining this with (4.1).

O

5. CONVOLUTION INEQUALITY

In this section we turn to the study of (1.1). We recall the definition (1.2) of §-(\, u).
Also recall that for a measure p and z € R”, we define the translated measure u? by
W (A) = p(A — z) for A C R™. In particular, we have

Ne:/ prdpe(z).

Proof of Theorem 1.1. As a warm-up we first prove (1.1) in full generality, i.e. without
any assumptions on A (in particular it does not need to be absolutely continuous) and p
or p. Although it is well-known, we provide a proof based on the dual problem since it
will be the starting point of both the rigidity statement from Theorem 1.1 as well as its
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quantitative counterparts.
Since W[ (N\?, u*) = WJ(A, n) for every 2 € R™, we have for every ¢

wpow = [ e uidpo) = [ | [ oavs [ oar] doto

:/ ¢CdN: + Odie.
n Rn

Taking the supremum over ¢ concludes the proof of (1.1).

Assume now that A is absolutely continuous, and that either Spt p = R", or X’ is connected
and moreover that there exist optimal Kantorovich potentials ¢ for W),(\, 1) and . for
Wy(Ae, tte). In particular we have

/ dedde + [ dbedpe = WO, o).
R™ R”

To prove Theorem 1.1, we focus on the only if part, since the if part is immediate by a
direct coupling argument. If §.(\, ) = 0, then we have equality in the above inequality
for the choice ¢ = 1), and thus 9. is an optimal Kantorovich potential for W,(\*, u*) for
every z € Sptp.. If ¢ is an optimal Kantorovich potential for Wy(, 1), we claim that
V¢ is constant in X'. To prove this claim we notice that for every z € R™, 7 is also
optimal for W} (A, u*). We thus have for a.e. z € Spt A\* (for p = 1 the equality holds for
x € Spt o® but Spt A* C Spto® by Lemma 2.1),

Ve(z) = V(7)) (z) = Vii(z - 2).

Making the change of variable y = x — z, this is equivalent to

VYe(y) = VYi(y + 2),

for y € Spt A and z € Spt p.. If Spt p. = R™ this concludes the proof of the claim. Assume
now that X" is connected. Letting f(z) = Vi¢(x) and {(y) = V¢°(y), since infp, p > 0,
we have for a.e. x € R",

&= f(x) a.e. in B.(z) N AX.
If z, 2" are Lebesgue points of f such that |B.(z) N B:(z') N X| > 0 we thus have
f2')=¢= f(x) a.e. in Be(z) N B:(2") N X,

so that f(z) = f(z'). We conclude that £ is constant in (B.(z) U B:(z')) N X. Taking for
Y,y € X a chain of consecutively overlapping balls of radius € joining y to 3’ we get that
¢ is constant on X as claimed.

We now argue separately in the cases p > 1 and p = 1. In the first case, since V° is
constant in X’ also (recall the definition (2.7) of ®,,)

y—T(y) = 2(V(y)),

is constant. Letting —z be this constant we have T#\ = \* which concludes the proof in
this case.

If instead p = 1, from the fact that Vy¢ = —V1 is constant we deduce that up to an
additive constant, 1)(z) = (z,e) for some e € S*~!. Let ¢ be monotone in the direction e.
We then have

[ e[ wir=[ o) - p@ir=o,

where we used that T'(z) — z = |T'(x) — z|e and thus ¢(T'(x)) — ¢(z) > 0 by monotonicity
of . O
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We now turn to the quantitative version of (1.1). Let us first connect it with the
quantity Ac(&, f) (recall (1.5)) from Section 3. In order to have a unified presentation for

p>1and p=1let us set
. D if 1
(I)p(Z) — p(Z) 1 p>
z if p=1.

Recall the definition (2.3) of F) ,. Letting 1, respectively 1., be a maximizer for F) ,,
respectively F)_ . ; setting ¢ = ¢° and ¢. = ¢, we make the following assumption:

Hypothesis 5.1. There exists C > 0 and o > 1 such that for every z € Spt pe,

Fye 2 (%) = Fye s (92) > C ( /R [@,(Vo™) — <i>p<ws>|pdv) : (5.1)
Proposition 5.2. If Hypothesis 5.1 holds then
> 1 < e\ & c
08 (A, ) = Co A (Pp (V) @p (V). (5.2)
Proof. We start by observing that if 1 is optimal for F), ,, then for z € Spt p. and x € Spt \*
we have
() (2) = (¥7)(). (5.3)

Indeed, writing that x = z + & for some & € Spt A, we have
S TN
() (2) = 9z — 2) = ¥*(#) = inf ;3"75 —yl" —4(y)
. 1 A zZ\C
:lgfzglirz—y!p—w(y—Z) = (¥*)().

We write

500 ) = WO ) — WP (e, ic) = [ /R g+ /R nw%} - [ [+ / M].

Since for every z € Spt p.,
Ydp + / YedA =
R" R"

using (5.3) and [, dp:(2z) = 1 we get

/ i+ / = / ) [ [ v+ /R n(zﬁ)%w} dp.(z) = /R P (07)dpe(2).

Combining this with

/ bedpic + / yedx. = /R H[Rnwduu /R andAﬂ dp.(2) = /R g (e)dpe(2),

we find

deMZ_i_/n(,(/}C)ZdAZ,

Rn

i) = [ [Py (67) = (0] dpa(2)

Using (5.1) and Jensen’s inequality we obtain

56%10_ / ( / &,(Ve?) — p<v¢e>\pdv>adpa<z>

(/n /n |8, (V7) — p(we)\pdvdps(z))a
w—z=y (/n /n 1B,(Vo(y)) — Pp(Ve(x))[PdN(y)dpe (z — Z)>a
— (Vo)™
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This concludes the proof of (5.2). O

From (5.2) we see that we can obtain quantitative versions of Theorem 1.1, provided
we can check Hypothesis 5.1 and we have a lower bound on A, (®,(V4©), ®,(VE)). Com-
bining Theorem 1.8 and Proposition 5.2 we get the following conditional result.

Theorem 5.3. Assume that Hypothesis 3.1 and Hypothesis 5.1 hold (with r = € for
Hypothesis 3.1). Setting

z= / D, (Vp©)dA,
we have "
[ 185(V07) 270X S Mole) (€152 O ). (5.4)
Here the implicit constint depends on C and « from Hypothesis 5.1.

Remark 5.4. For p > 1, since x — é)p(Vﬂ)C) 4+ z =T + z is a transport map between A
and g, (5.4) implies

1
Wg()\v MZ) SJ My (5)7_17,)\<€)56a ()‘7 M)
If instead p = 1, (5.4) reads

/ IV + 2\ < Mo(e)7a(2)52 (A, ).
Rn

Notice that while a priori |z| # 1, since |V¢| =1 a.e. on X = Spt A,
Vi) + 2| > min |z —e]
eeSn—1

which after integration yields

1
min, e+ < [ V04 21dA S Mo(e)ma(€)6F (o)
R'n

ecSn—

Thus if e reaches the minimum on the right-hand side, by triangle inequality we have for
some e € S*1,

1
a

/]Rn (V) — eld\ < My(e)mia(€)08 (A, ). (5.5)

We now provide non-conditional results. At the moment we can obtain them only in
the case p =2 or p = 1, for which ®,(z) = z.

5.1. Quantitative convolution inequality for p = 2. We start with the quadratic
case p = 2. In this case we report the following result from [17, Corollary 1.31] (under the
hypothesis that X is convex) and its extension to John domains in [19, Theorem 2.8], see
also the proof of [17, Corollary 5.6]. The proof is very similar to the proof in [18] with a
slightly different presentation. To obtain the conclusion in this form we used that both
and 1), satisfy (2.5).

Proposition 5.5. Let p = 2, and assume that X = Spt A is bounded Lipschitz and
connected. Assume in addition that there exist constants 0 < m < M such that m <
A< M on X, and there exists R > 0 such that Spt AU Sptu C Br. Then there exists
C = C(R,m, M, X) such that for every mazimizer 1 of F\ , and every c—concave function

¢ € (7(13R)’ :
Fuu) = Bo@) 2 € [ 90— votar)

Proof of Theorem 1.5. Let R > 0 be such that Spt Ac USpt . C Bg. For every z € Spt p.
we may apply Proposition 5.5 to ¢ = 177 to obtain that Hypothesis 5.1 holds with
a = 3. Now since X is Lipschitz, we may apply Lemma 3.2 to get 7\ Sx e~ (1) and
My(e) Sx M. Combining this with (5.4) concludes the proof. O
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We now investigate the case when A is a Gaussian. To guarantee that Hypothesis 5.1
holds we will rely on the following result from [17, Proposition 1.20], see also [20, 26, 29, 6].

Proposition 5.6. Assume that the optimal Kantorovich potential ¢ for Wa(\, p) is in
CL(R™). Then for every c—concave function ¢ € C*(R™) such that x—V¢¢ is K — Lipschitz,
we have

Pusl) = Fa9) 2 2K [ |93 = VoPan.

Remark 5.7. Notice that a limiting aspect of this statement is that here we need to
require not that V¢ is Lipschitz (which is a statement about the optimal transport map
from A to p) but that the competitor V€ is Lipschitz. This reduces a lot the applicability
of this result. This restriction of the method of proof has been already pointed out, see e.g.
[6, p.8 & p. 11]. Notice that in the framework of [6], the problem is somewhat symmetric
in the roles of ¥ and ¢, so they could go around this issue and have a hypothesis only on
smoothness of 1, see in particular [6, Theorem 3] and [6, p.16].

As in the proof of Theorem 1.5, our aim is to apply Proposition 5.6 to ¢ = ). where 1. is
an optimal Kantorovich potential for Wa (., e). Notice that if 77 is the optimal transport
map from A; to e we have T, = z — V)¢, recall (2.8). In order to find a framework where
we can guarantee that 7. is K —Lipschitz, we will assume that u is k' —log concave and
that p. = p sz is the heat kernel. This allows us to rely on Caffarelli’s contraction principle
[12], see also [23] for some of the most recent progress on this topic.

Theorem 5.8. Let A = exp(—V) and pu = exp(—W) be two probability densities on R™.
Assume that Spt A = R™, Spt v is convex with non empty interior, that both V and W are
C? in their domains and

V2V <2714, V2W > kd,
with ¥,k > 0. Then the optimal transport map T for Wa (A, n) is \/k/E— Lipschitz.
We report the following seemingly folklore consequence of the Prékopa-Leindler inequal-
ity.
Lemma 5.9. Let p be k' —log concave and p; be the heat kernel then for every t > 0,
pe* pis (k4 2t)"1—log concave.

Proof. The claim is a direct application of [10, Theorem 4.3]. We include the computations
for the reader’s convenience. We write

pulz) = thexp (-’Zf) and  u(z) = exp (-'i’; _ W(a;))

where W is convex. We then have

1 lz—yl> |y
pe* p(x) = Z /Rn exp< n o Wi(y) | dy.

2

Writing that

e S O e S e K
vl _ 1 _ .
At 2%  2r+2t  atk |V kot

we obtain

() 1 1 |z|? / K+ 2t K
x)=—exp|—= exp | — - x
pr=h Z P\ ok 2t) S P\ Tk YT ke

Applying now [10, Theorem 4.3] with

2
- W(y)> dy.

K
T
K+ 2t

K+ 2t
4tk

2
®(z,y) = exp (— ‘y - > and  F(z,y) = exp (=W (y))
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we obtain that (notice that with the notation of [10] we have D = 0)

/ K+ 2t K
ex — — X
. P kYT krat

is log concave and thus p; * p is (k + 2t) ! —log concave. O

- W(y)> dy

We then have

Theorem 5.10. Let \ be a standard Gaussian and p be k=1 —log concave. Assume that
pe = D,z is the heat kernel, then for every €2 < Kk and every B > 0,

min WH(\, %) Sp e 20:(A )", (5.6)
zeR™

Proof. To ease notation, let t. = /¢ and Eg = 1 + 2t.. Notice first that since the heat
kernel is a semi-group and since A = p;/, we have
Ae = Pi. ¥ DP1j2 = Proy1/2 = V5. = exp(=Vz),
with
AVEL VAR
Moreover, by Lemma 5.9 we get that p. is (x + 2t.) ' —log concave. We now apply a first

time Theorem 5.8 and obtain that the optimal transport map 7" = V¢ for Wy (A, ) is
/k—Lipschitz. Applying a second time Theorem 5.8 we also get that the optimal transport

map 1. = V¢ for Wa(Ae, pe) is v/ (k + 2t.) /X —Lipschitz. By Proposition 5.6, we see
that Hypothesis 5.1 holds with o = 1 and

C =2K =2\/(k+2t.)/2: = VK.
We may thus apply (5.2) and get
8=\ 1) 2 VEA(VYS, VYE) = VAT — 2, T. — x). (5.7)

By invariance under translation of quadratic optimal transport, we may assume without
loss of generality that 7'(0) = 0. Since T is y/k—Lipschitz, we get that £ = T — x satisfies

E@)] < |z + 1T ()] S 1+ Vr)l|.
Combining Proposition 3.6 and (5.7) we find that there exists z € R™ such that for any
8 e (0,1),
/ T — 2 — 2]2d\ <pe e 2017 P (N ).
This concludes the proof of (5.6). O

Remark 5.11. Assume that y = 7, is an isotropic and centered Gaussian density. Then
see e.g. [32, Remark 2.31]

WE(\, 1) = n|l — &)
In particular if p. = p;_ is the convolution with the heat kernel at time ¢, = /¢ we have
Ae = 7s. and pe = 7y, with

Y2 =1+2t, and K =K% 4 2t..

6:

Therefore
2 2 DS —’ia\Q 2
Se( A i) = (|1 = K[7 — B — Ke”) = I_W W3 (A, ).
Let
1Ze — Kel? B (1+ k)2

f(g,H):1_ |1_"§;|2 =1 (Ee+/ﬁle)2.
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We notice first that if € is fixed and k tends to oo, then f — 0, so that we cannot hope
for a bound of the form (5.6) without dependence on k. On the other hand, if we assume
that x < R for some R > 0, we have

flem) > =2

> .
— R?24+2t,
We can thus guess that the optimal prefactor in (5.6) should be t-1 = £3.

5.2. Quantitative convolution inequality for p = 1. We recall that for e € S*1, we
set pe(z) =  — (x,¢) e to be the orthogonal projection on e. We order each set p,*(y)
by saying that x1 < xg if and only if (1 — z2,e) < 0.

Proof of Theorem 1.10. We write here a <S¢ b to indicate an estimate which holds up to
constant depending on «, X, m, M or R. By Theorem 1.9, Hypothesis 5.1 holds for any
a > 3. By Lemma 3.2 we have that also Hypothesis 3.1 holds with 71 y(¢) Sc ™" and

~

My(e) <c 1 so that by Theorem 5.3, see also (5.5), there exists e € S*~! such that for
a>3

1
|1V = e o 75 (. (5.8)
Bgr
We first prove (1.8). Let ¢ be 1-Lipschitz and monotone in the direction e. Let T be a

transport map from X to g, and let T(z) = x4 (T(z) — z,e) e. If |Vip(z) —e| < v/2, which
is equivalent to (Vi(x),e) > 0 then since

T(x) —x =n(z)Vi(z),

for n(z) = |T(z) — x| > 0, we have that T'(z) — z is a positive multiple of e, so o(T'(z)) >
¢(x). We may now estimate using |V (z)| = |e| =1,

| T(z) = T(x)| = |(T(x) - 2) = (T(2) = z,¢) | = n(x)|Ve(x) = (Ves(x),¢) |

= [T(x) - ml\/l — (Vi (2),¢)* < |T(x) — 2|\/2(1 = (Vi (2), €)
= |T(z) — z[|V(x) —el,

where we used that 1— (Vi(z), e)? = (1—(V(z), e))(1+ (Vip(x), e)) < 2(1— (Vip(z), e)).
Since x, T'(z) € Bp, this leads to the estimate

IT(2) — T(x)| < 2R|Vi(x) — €| if [Vi(z) — e < V2.
Since ¢ is 1-Lipschitz, we get when |V (z) — e < v/2,

p(T(x)) = o(T(x)) = 2R[V(z) — €| = p(z) = 2R[V(x) — €.

Let A be the set of = for which |V (z) — ¢| > v/2. By Markov’s inequality, we can bound
the size of A as

A(4) < (1/V2) /R V() — elax

On A since ¢ is 1—Lipschitz, we have ¢(z) — p(T(z)) < 2R. Therefore, using that
TH#HA = p,

/ pdr— | pdp = / (p(z) — (T (x)))dA

< 2RMA)+2R | |V —e|dA < R/ IV — e|dA
Ac Rn

(5.8) 1
S e o0& (A ).
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This proves (1.8).
We finally derive (1.9) from (1.8). For every 1—Lipschitz function ¢ not depending on
(x,e) we have

/L @d(pe#N) — /L pd(peti) = /n Pd\ — /n pdp (%8) £T10F (A, ).

€ (&

Taking the supremum with respect to such functions and recalling (2.6) we obtain (1.9).
O
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