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Introduction

The aim of this thesis is to study the following three equations:
Ordinary Differential Equation (ODE)

(1) γ̇(t) = b(t, γ(t))

Continuity Equation
(2) ∂tu+ ∇ · (bu) = 0

Transport Equation
(3) ∂tu+ b · ∇u = 0

Here, b : [0, T ] ×Rd → Rd is a vector field and ∇· is the divergence operator. Depending on
the regularity of the vector field b, we will give a precise meaning to these equations (either clas-
sical or in the distributional sense) and study the main properties of their solutions: existence,
uniqueness, and regularity.

In Chapter 1, we will present classical results when the vector field is sufficiently smooth,
meaning at least locally Lipschitz.

In Chapter 2, we will introduce the key ideas developed by DiPerna and Lions in their
seminal work [DL89]. Specifically, we will prove that, in a certain sense, existence and unique-
ness hold for the continuity equation by introducing the key notion of renormalized solutions.
In the second part of this chapter, we will build on these ideas, using the superposition principle
and the methods introduced by Ambrosio in [Amb04], to extend these results to the ODE in
a low-regularity setting.

In Chapter 3, we will explore a different approach to this problem, focusing on deriving a
priori estimates directly at the PDE level. This method was first introduced by Crippa and De
Lellis in [CL08]. Additionally, this chapter will include a discussion on the optimal regularity
of solutions to the continuity equation, following the work of Brue and Nguyen in [BN21].

In Chapter 4, we generalize the results of the previous two chapters under weaker assump-
tions. We consider functions that, in a certain sense, have slightly less than one derivative
in Lp, where this notion is determined by an Osgood function. In the first part, we show that
under these assumptions a Regular Lagrangian Flow always exists. In the second part, we prove
that, in a certain regime defined by the Osgood function, solutions of the transport equation
are renormalized. This result extends the renormalization property of solutions beyond the
classical Sobolev threshold. The key idea is to use the Littlewood–Paley decomposition to first
prove a regularity result for the solutions of the transport equation, and then combine this reg-
ularity with that of the vector field to establish the renormalization property via a commutator
estimate. This latter result is joint work with Guido De Philippis.
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CHAPTER 1

Classical Theory in the Smooth Framework

1. ODE in the smooth framework

In this section, we study the ordinary differential equation (1) in the case where the vector
field is regular enough. We begin by specifying what we mean by a solution in this context.

Let b : Ω ⊂ R×Rd → Rd be a continuous vector field, defined on an open set Ω. A (classical)
solution of the ordinary differential equation

(4) γ̇(t) = b(t, γ(t))

is a function γ ∈ C1([t1, t2];Rd), defined on an interval [t1, t2] ⊂ R, such that (t, γ(t)) ∈ Ω for
every t ∈ [t1, t2] and such that the equation (4) holds pointwise. In this case, we also refer to γ
as an integral curve or a characteristic curve of the vector field b.

Given an initial point (t0, x0) ∈ Ω, we consider the Cauchy problem:

(5)
{
γ̇(t) = b(t, γ(t))
γ(t0) = x0.

A solution to this problem is a function γ ∈ C1([t1, t2];Rd) that satisfies the differential equation
(4) and the initial condition γ(t0) = x0, with t0 ∈ [t1, t2] and (t, γ(t)) ∈ Ω for all t in the interval.

In this setting, the equation can be reformulated as the problem of finding a function γ such
that, for every t ∈ [t1, t2], the following integral equation holds:

(6) γ(t) = x0 +
ˆ t

t0

b(s, γ(s)) ds.

This equation can be further reformulated as the problem of finding a fixed point of the operator

T : C0 → C0, T (f)(t) := x0 +
ˆ t

t0

b(s, f(s)) ds.

This formulation allows us to prove our first existence result: Peano’s Theorem.
Theorem 1.1 (Peano) Let b : R × Rd → Rd be a continuous function. Then, for any initial
condition (t0, x0) ∈ R × Rd the ordinary differential equation{

γ̇(t) = b(t, γ(t))
γ(t0) = x0

admits at least one solution γ ∈ C1([t0 − δ, t0 + δ],Rd) for some fixed δ that depends on b, t0
and x0.

Proof. We want to apply the Schauder fixed-point theorem, and we will work using the
supremum norm. Let α, β > 0 be fixed, and consider the set

X := {(t, x) ∈ R × Rd : |t− t0| ≤ α, |x− x0| ≤ β}.

Let M denote the maximum of b on X; we will show that any δ < min
{
α, βM

}
works.

First, note that for a solution of (5), we have

|γ(t) − x0| =
∣∣∣∣∣
ˆ t

0
b(s, γ(s)) ds

∣∣∣∣∣ ≤ |t|M ≤ |δ|M ≤ β.

1



1. ODE IN THE SMOOTH FRAMEWORK 2

Thus, it is natural to consider the space of continuous functions Y , defined as follows:

Y :=
{
γ ∈ C0([t0 − δ, t0 + δ],Rd) : γ(t0) = x0, ∀t ∈ [t0 − δ, t0 + δ], |γ(t) − x0| ≤ β

}
.

From the previous calculation, it is clear that T (Y ) ⊂ Y . Since Y is closed and convex and
T : Y → Y is continuous (because b is uniformly continuous on X, as X is compact), it suffices
to show that T is a compact operator in order to apply the Schauder fixed-point theorem.

Finally, we observe that

|T (γ)(t1) − T (γ)(t2)| =
∣∣∣∣∣
ˆ t1

t0

b(s, γ(s)) ds
∣∣∣∣∣ ≤ M |t1 − t2|.

Thus, by the Ascoli-Arzelà theorem, T sends a bounded family of functions to a precompact
family, as it is equibounded and equicontinuous.

□

Remark 1.2. As with other proofs in this thesis, the condition that b is continuous on all of
R×Rd can be relaxed to continuity on the compact set X; we have presented it in this way for
the sake of clarity.

Note that the majority of the results in this section are local, i.e., they depend only on the
behaviour of the vector field near the relevant time and space points.

As we will see later, existence is generally easier to prove and holds under mild assumptions;
by contrast, the question of uniqueness is more delicate.

We now perform a computation that will have several important consequences. Let γ1, γ2 ∈
C1([t1, t2];Rd) be two solutions of (4), with initial conditions γ1(t0) = x1 and γ2(t0) = x2.
Suppose there exists L > 0 such that for every t ∈ [t1, t2] and for all x, y ∈ Rd, the vector field
satisfies the Lipschitz condition

|b(t, x) − b(t, y)| ≤ L|x− y|.
Under this assumption, we can estimate how the difference between the two solutions evolves
over time. In particular, we have:

|γ1(t) − γ2(t)| =
∣∣∣∣∣x1 − x2 +

ˆ t

t0

(
b(s, γ1(s)) − b(s, γ2(s))

)
ds

∣∣∣∣∣
≤ |x1 − x2| +

ˆ t

t0

|b(s, γ1(s)) − b(s, γ2(s))| ds

≤ |x1 − x2| + L

ˆ t

t0

|γ1(s) − γ2(s)| ds.

Applying Grönwall’s lemma, we conclude that

(7) |γ1(t) − γ2(t)| ≤ |x1 − x2| eL|t−t0|.

In particular, if x1 = x2, this estimate implies that γ1(t) = γ2(t) for all t ∈ [t1, t2], and thus
uniqueness of the solution. This computation proves the so-called Cauchy–Lipschitz theorem.

Uniqueness, however, is not guaranteed even if the vector field is continuous and C∞ except
at a single point, as the following classical example shows.

Example 1.3. Let b(t, x) =
√

|x| then the ODE with initial value γ(0) = 0 has at least two
solutions and both of them are defined over all R. In particular there is the following family of
solutions depending on a parameter c ∈ [0,+∞]:

γc(t) =
{

0 if t ≤ c,
1
4(t− c)2 if t ≥ c.

Analogously, for b(t, x) = |x|α with 0 < α < 1, uniqueness of solutions fails. Therefore, for
α < 1, α-Hölder continuity is not sufficient to ensure uniqueness of solutions, whereas for α = 1,
the Cauchy–Lipschitz theorem guarantees it.
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A natural question is whether (local) Lipschitz continuity is necessary for uniqueness of
solutions, or if a slightly weaker regularity condition suffices. It turns out that the latter is true:
uniqueness holds for functions with an Osgood modulus of continuity.

Definition 1.4. A positive (except at zero) function ω : R≥0 → R is said to be Osgood if it is
continuous, increasing, satisfies ω(0) = 0, and the following Osgood condition holds:

(8)
ˆ 1

0

ds

ω(s) = +∞.

We define the function W : (0, 1] → [0,+∞) as

(9) W (x) :=
ˆ 1

x

ds

ω(s) .

Notice that W is decreasing, and by the Osgood condition (8) we have

lim
x→0

W (x) = +∞.

Theorem 1.5 Let b be a continuous vector field. Assume that for every open set Ω ⊂ Rd,
there exist a locally integrable function ψ(t) and an Osgood modulus of continuity ω such that

(10) |b(t, x) − b(t, y)| ≤ ψ(t)ω(|x− y|)

for all (t, x), (t, y) ∈ R×Ω. Then the Cauchy problem associated with b has at most one solution.

Proof. This proof is a generalization of the argument used to prove (7).
Suppose by contradiction that there exist two distinct solutions γ1, γ2 ∈ C1([t0−δ, t0+δ],Rd)

of (5). Define f(t) := |γ1(t)−γ2(t)|. Since the solutions are different, there exists a point z > t0
such that f(z) > 0. Without loss of generality, we can assume that f(t) ≤ 1 for all t ∈ [t0, z],
so that ω(f(t)) > 0 on this interval.

We now compute the derivative of W (f(t)). Using the chain rule and the hypothesis (10),
we obtain:

d

dt
W (f(t)) = − f ′(t)

ω(f(t)) ≥ −ψ(t).

Integrating over the interval [a, z] ⊂ [t0, z], where f(a) > 0, we find:

W (f(z)) −W (f(a)) ≤
ˆ z

a
ψ(t) dt.

Taking the limit as a → t+0 , we obtain W (f(z)) − lima→t+0
W (f(a)) ≤

´ z
t0
ψ(t) dt < +∞.

However, by the Osgood condition, limx→0+ W (x) = +∞, and since f(t0) = 0, we have
lima→t+0

W (f(a)) = +∞, leading to a contradiction.
Therefore, f(z) = 0 for all z, and the two solutions must coincide. □

Remark 1.6. A typical example of an Osgood modulus of continuity is

ω(x) :=


0 if x = 0,
x log

(
1
x

)
if 0 < x < 1

1000 ,
1

1000 log(1000) if x ≥ 1
1000 .

It is easy to check that this function is continuous, increasing, satisfies ω(0) = 0, and fulfills the
Osgood condition (8).

Note that what matters in the proof of Theorem 1.5 is the behavior of the function near
zero, where the integral

´ 1
0

ds
ω(s) diverges. The values of ω away from zero can be modified freely

without affecting the validity of the argument.

Remark 1.7. Notice that when ω(x) = x, we recover the classical Cauchy-Lipschitz theorem
in full generality. In other words, if the vector field b belongs to L1

loc(R;W 1,∞(Rd;Rd)), then
local existence and uniqueness of the solutions hold.
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Remark 1.8. From now on, we also impose the condition that ω is concave. This assumption
is not very restrictive and is natural for a modulus of continuity. It is not difficult to see that
if ω is concave and ω(0) = 0, then, for each y ≤ 1, we have

ω(x)y ≤ ω(xy).

This inequality, which will be used several times in Chapter 4, follows from the fact that the
graph of ω at the point xy lies above the line segment connecting the points where the function
is evaluated at 0 and x.

2. Flow of the Vector Field

Thanks to the results of the previous section, we know that under suitable assumptions, for
each initial point x0, there exists a unique solution to the ODE (5), at least in a neighborhood
of t0. Moreover, one can show that this unique solution can be extended to a maximal interval
of existence (a, b), which may be unbounded, i.e., a = −∞ and/or b = +∞.

However, in this thesis, we are not concerned with the technical aspects of extendability or
blow-up. Instead, we will focus on vector fields that guarantee the existence of solutions for all
times t ∈ R.

For instance, by examining the proof of Peano’s theorem more closely, one can see that
if the vector field is continuous and bounded, then for every initial point, it is possible to
construct solutions defined on arbitrarily large time intervals. However, since uniqueness is not
guaranteed in general, this is not sufficient to ensure the existence of a unique global solution.
If, in addition, the vector field satisfies one of the conditions discussed earlier that guarantee
uniqueness, such as being in L1

loc(R;W 1,∞(Rd;Rd)), then for each initial point, there exists a
unique global solution to (5), defined on the entire real line.

Under these assumptions, we define the flow of the vector field.

Definition 1.9. Given a bounded and continuous vector field in L1
loc(R;W 1,∞(Rd;Rd)) we

define the flow X(t, x) : R × Rd → Rd to be the (unique) function such that{
∂tX(t, x) = b(t,X(t, x))
X(0, x) = x

As a consequence of uniqueness, the following property, known as the semigroup property
of the flow, holds:

(11) X(s,X(t, x)) = X(t+ s, x).

In particular, if we fix the time and define Xt := X(t, ·) : Rd → Rd, the semigroup property can
be rewritten as

Xt ◦Xs = Xt+s.

Moreover, since X0 = Id, we see that X−t is the inverse function of Xt. A similar computation to
that of (7) shows that in the case where b ∈ L1

loc(R;W 1,∞(Rd;Rd)), the flow is locally Lipschitz
continuous in x. In the Osgood case, however, the flow is no longer Lipschitz, but still enjoys a
weaker form of continuity.
Moreover, if the vector field b is smooth in the time variable (i.e., C∞), then the flow is smooth
with respect to time. This follows from the observation that in (4), if b is C1, then the right-
hand side is C1 as a function of time. This implies that the time derivative of the flow is C1,
and therefore the solution is C2, and so on.

We conclude by stating a theorem which shows that additional spatial regularity of the
vector field yields additional spatial regularity of the flow. A proof can be found in Section 1.3
of [Cri07].
Theorem 1.10 Let b : R × Rd → Rd be a bounded and smooth vector field. Then the
associated flow X(t, x) is smooth in both time and space. Moreover, for each fixed t ∈ R, the
map

Xt : Rd → Rd
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is a diffeomorphism. More generally, if b is bounded and of class C1, then the flow is at least of
class C1 in both time and space.

3. Continuity equation in the smooth framework

The continuity equation is a differential equation typically used to describe how a mass
distribution evolves over time under a vector field b. In this context, it is natural to consider
not only functions as initial data but also measures, which requires giving a distributional
meaning to the equation.

Definition 1.11. A family of locally finite signed measures µt for t ∈ [0, T ] is said to solve the
continuity equation
(12) ∂tµt + ∇ · (bµt) = 0
if, for every test function φ ∈ C∞

c ([0, T ) × Rd), the following identity holds:

(13)
ˆ T

0

ˆ
Rd

(∂tφ(t, x) + b(t, x) · ∇φ(t, x)) dµt(x) dt+
ˆ
Rd

φ(0, x) dµ0(x) = 0.

Remark 1.12. Note that, in order for (13) to be well-defined, it is sufficient to require

(14)
ˆ T

0

ˆ
K

|b(t, x)| d|µt|(x) dt < +∞ ∀K ⊂ Rd,

for each compact subset K, without the need for additional regularity assumptions.

Remark 1.13. Under assumption (14), for every test function φ ∈ C∞
c (Rd), the map

t 7→
ˆ
Rd

φ(x) dµt(x) =: ⟨µt, φ⟩

is absolutely continuous on [0, T ], with derivative
d

dt

ˆ
Rd

φ(x) dµt(x) =
ˆ
Rd

b(t, x) · ∇φ(x) dµt(x),

which belongs to L1([0, T ]). This implies that, for every fixed φ, the map t 7→ ⟨µt, φ⟩ admits a
unique uniformly continuous representative on [0, T ].

Using a density argument, one can then find a unique family (µ̃t)t∈[0,T ] of measures such
that ⟨µ̃t, φ⟩ = ⟨µt, φ⟩ almost everywhere in t and the map t 7→ ⟨µ̃t, φ⟩ is uniformly continuous
for all φ ∈ C∞

c (Rd). We will always work with this representative, which allows us to evaluate
µt at every time, including the endpoints t = 0 and t = T .

Thanks to the previous remarks and definition 13, the Cauchy problem for the continuity
equation is well-posed:

(15)
{
∂tµt + ∇ · (bµt) = 0
µ0 = µ̄.

We will now show that, in the smooth case, there is a unique solution to (15) and provide a
precise representation formula for it.

To provide the latter, we first recall the definition of the pushforward of a measure.

Definition 1.14. Given measurable spaces (X,A) and (Y,B), a measurable function T : X →
Y , and a measure µ on X, the pushforward of µ, denoted by T#µ, is a measure on Y defined
as follows:

T#µ(B) = µ(T−1(B)) for all B ∈ B.
Using a standard approximation argument, one can show that this condition is equivalent to
the following:

(16)
ˆ
Y
f(y)T#µ(dy) =

ˆ
X
f(T (x)) dµ(x)

for all measurable functions f : Y → R.
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The following proposition provides a solution to (15) and shows that the flow of b transports
the initial distribution over time.
Proposition 1.15 If the vector field b belongs to L1

loc(R;W 1,∞(Rd;Rd)), is continuous, and
bounded, then the family of measures
(17) µt = (Xt)#µ̄

solves the continuity equation (15).

Proof. Since the class C∞
c ([0, T ))⊗C∞

c (Rd) is dense in C∞
c ([0, T )×Rd) in the C1 topology,

it suffices to check the distributional identity (13) on test functions of the form ψ(t)φ(x), with
ψ ∈ C∞

c ([0, T )) and φ ∈ C∞
c (Rd), that is,ˆ T

0
ψ′(t)

ˆ
Rd

φ(x) dµt(x) dt+
ˆ T

0
ψ(t)

ˆ
Rd

b(t, x) · ∇φ(x) dµt(x) dt+ ψ(0)
ˆ
Rd

φ(x) dµ0(x) = 0.

Notice that the map
t 7→

ˆ
Rd

φ(x) dµt(x) =
ˆ
Rd

φ(X(t, x)) dµ̄(x)

is in C1([0, T ]), since the flow X is C1 with respect to the time variable. To check the equation
above, we need to show that the distributional derivative of this map isˆ

Rd

b(t, x) · ∇φ(x) dµt(x).

Due to the C1 regularity, we only need to compute the pointwise derivative. Since the flow
satisfies

∂X

∂t
(t, x) = b(t,X(t, x)),

for every t and x, we can apply the chain rule to obtain
d

dt

ˆ
Rd

φ(X(t, x)) dµ̄(x) =
ˆ
Rd

∇φ(X(t, x)) · b(t,X(t, x)) dµ̄(x) =
ˆ
Rd

b(t, x) · ∇φ(x) dµt(x).

Hence, we have shown the desired result. □

Remark 1.16. If µ̄ = ρ̄L d, where ρ̄ ∈ L1
loc(Rd), and µt = (Xt)#µ̄, then µt is absolutely

continuous with respect to the Lebesgue measure, and we can write
µt = ρt L

d,

where the density ρt is given by the formula
(18) ρt(x) = ρ̄(X(−t, x)) · |det ∇X(−t, x)| .
A detailed proof can be found in Section 2 of [AC14]; the formula is derived using the push-
forward definition and the area formula.

Finally we prove that (17) is the unique solution when the vector field is smooth enough.
Proposition 1.17 The representation formula (17) gives the unique solution of (15) when
the vector field is bounded and C1.

Proof. Let µt be a solution to the continuity equation. We will show that µt = (Xt)#µ̄.
Notice that µt = (Xt)#µ̄ if and only if (X−t)#µt = µ̄. Thus, it is natural to define µ̃t :=
(X−t)#µt and prove that it coincides with µ̄. Since µ̃0 = µ̄, it suffices to show that the
distributional derivative is zero, i.e.,ˆ T

0
ψ′(t)

ˆ
Rd

φ(x) dµ̃t(x) dt = −
ˆ
Rd

ψ(0)φ(x)dµ̄

for all φ ∈ C∞
c (Rd) and ψ ∈ C∞

c ([0, T )). Rewriting the inner integral using the definition of
pushforward, we have ˆ

Rd

φ(x) dµ̃t(x) =
ˆ
Rd

φ(X(−t, x)) dµt(x).
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To proceed, we apply the hypothesis that µt is a solution to the continuity equation with the
test function P (t, x) = ψ(t)φ(X(−t, x)), which gives

(19)
ˆ T

0

ˆ
Rd

(∂tP (t, x) + b(t, x) · ∇P (t, x)) dµt(x) dt = −
ˆ
Rd

ψ(0)φ(x)dµ̄.

Note that
∂tP (t, x) = ψ′(t)φ(X(−t, x)) − ψ(t)∇φ(X(−t, x)) · b(−t,X(−t, x))

and
∇P (t, x) = ψ(t)∇φ(X(−t, x)) · ∇X(−t, x).

Substituting these expressions into (19), we get that the thesis is equivalent to provingˆ
Rd

−∇φ(X(−t, x)) · b(−t,X(−t, x)) + b(t, x)∇φ(X(−t, x)) · ∇X(−t, x) dµt(x) = 0.

To conclude the proof, it suffices to show that
(20) b(t, x)∇X(−t, x) = b(−t,X(−t, x)).
This follows by differentiating the semigroup law

X(t,X(−t, x)) = x

with respect to t. Using the chain rule, we have
d

dt
X(t,X(−t, x)) = ∂tX(t,X(−t, x)) + ∇X(t,X(−t, x)) d

dt
X(−t, x) = 0.

By the properties of the flow (i.e., the semigroup law), we can rewrite this expression as
b(t, x) = ∇X(t,X(−t, x))b(−t,X(−t, x)).

Finally, we conclude by noting that

∇X(t,X(−t, x)) =
(
∇X(−t, x)

)−1

since X(t, ·) and X(−t, ·) are inverses. □

4. Transport Equation in the Smooth Framework

In contrast to the continuity equation, the transport equation transports a scalar quantity
through the flow. Thus, we consider functions rather than measures. In the smooth case, we
will deal with the Cauchy problem in the classical sense.

(21)
{
∂tu+ b · ∇u = 0
u(0, x) = ū(x)

u : [0, T ] × Rd → R,

A crucial observation is as follows: let u be a solution of (21), and consider the composition
u(t,X(t, x)). Differentiating it with respect to time, we obtain

d

dt
u(t,X(t, x)) = ∂tu(t,X(t, x)) + b(t,X(t, x)) · ∇u(t,X(t, x)) = 0,

where we applied the chain rule and used the fact that u is a solution of (21). This computation,
typical of the theory of characteristics, shows that u is constant along the characteristic curves
of the vector field. In particular, we have

u(t,X(t, x)) = u(0, X(0, x)) = u(0, x) = ū(x),
which implies, using the inverse flow,
(22) u(t, x) = ū(X(−t, x)).
This equation shows that, under the hypothesis that ū ∈ C1 and the vector field b is bounded,
continuous, and locally Lipschitz, there is at most a unique solution to (21), and it is given
by (22). We now prove that this is indeed a solution to (21). First, by construction, we have
u(0, x) = ū(x). For the other equation, we compute

∂tu+ b · ∇u = ∇ū(X(−t, x)) · (−b(t,X(−t, x))) + b(t, x)∇ū(X(−t, x))∇X(−t, x) = 0,
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where the last equality follows from (20), which was proven in the previous proof.
We have thus proved the following proposition.

Proposition 1.18 (Existence, Uniqueness, and Representation Formula for the Transport
Equation) Let ū ∈ C1(Rd), and let b : [0, T ] × Rd → Rd be a bounded, C1 vector field.
Then the Cauchy problem (21) admits the following properties:

(1) There exists a unique classical solution u ∈ C1([0, T ] × Rd).
(2) The solution is given by the representation formula

u(t, x) = ū(X(−t, x)),
where X(t, x) denotes the flow of the vector field b, i.e., the unique solution to

d

dt
X(t, x) = b(t,X(t, x)), X(0, x) = x.

(3) The solution u is constant along the flow lines of b, in the sense that
d

dt
u(t,X(t, x)) = 0.

5. Divergence-Free Vector Fields

In the last section of the chapter, we add the assumption that the vector field has zero
divergence (with respect to the spatial variables). This condition will lead to several important
consequences and will be assumed throughout the remainder of the thesis.

First, observe that for divergence-free vector fields, and assuming sufficient regularity of
both the vector field b and the function f , we have

∇ · (bf) = (∇ · b)f + b · ∇f = b · ∇f.
As a result, the continuity equation (2) and the transport equation (3) become the same equa-
tion. In this section, we will use the representation formulas to prove that the vector field is
incompressible.
Proposition 1.19 If b is a divergence-free vector field, bounded and C1, then the flow
preserves the measure. That is, for all t ∈ [0, T ], we have

(Xt)#L d = L d.

Proof. We compute µt, the solution of the equation, in two different ways, starting from
µ0 = dx, where dx is the Lebesgue measure. By adapting the representation formula for the
transport equation (22) to this case, we deduce that µt = dx for all t ∈ [0, T ].

On the other hand, from (18), we know that
1 = |det ∇X(−t, x)| .

Therefore, for all t ∈ [0, T ] and x ∈ Rd, we have | det ∇X(t, x)| = 1.
By changing variables in the Lebesgue integral, we have, for every measurable function f ,ˆ

Rd

f(x) dx =
ˆ
Rd

f(X(t, x))| det ∇X(t, x)| dx =
ˆ
Rd

f(X(t, x)) dx.

By the definition of pushforward, this last equation gives
(Xt)#L d = L d.

as desired. □



CHAPTER 2

DiPerna–Lions Classical Theory in the Sobolev Case

1. Introduction

In the first part of this chapter, we introduce the framework in which we revisit the results
and questions from Chapter 1, now under weaker regularity assumptions on the vector field.
The central questions are whether one can still establish existence and uniqueness of solutions,
and in what sense these notions should be understood.

A major breakthrough on these questions was provided by DiPerna and Lions in their
seminal paper [DL89], where they developed a well-posedness theory for the transport and
continuity equations associated with Sobolev vector fields. These PDEs also played a crucial
role in establishing existence and uniqueness results for ordinary differential equations driven
by non-smooth vector fields.

From the previous chapter, two important observations can be made. First, as illustrated
by Example 1.3, uniqueness is lost when the regularity of the vector field drops below the
Osgood/Lipschitz threshold. Therefore, in order to construct a meaningful analogue of the
classical flow of a vector field, one must go beyond simply verifying that it solves the equation
in a weak sense. Second, this issue is also closely tied to the continuity equation, since there
is still hope that a representation formula similar to (17) might hold, even in settings of lower
regularity.

We will focus on bounded, divergence-free vector fields in L1
loc(R,W

1,p
loc (Rd,Rd)), where p ≥ 1

is fixed. Moreover, we will primarily consider the Cauchy problem with initial data given by
functions (rather than measures), interpreting the equation in the distributional sense. The
following definition is (13) specialized to functions (i.e take µt = u(t, ·)L d). From a conceptual
point of view, even though in the divergence-free case the continuity equation coincides with
the transport equation, we refer to it as the continuity equation when the initial datum is a
measure, whereas the term transport equation is more appropriate when the initial datum is a
scalar function.

Definition 2.1. We say that a locally summable function u(t, x) : [0, T ] ×Rd → R is a solution
of the Cauchy problem for the transport equation with initial datum ū ∈ L∞

loc(Rd) if it satisfies
the system in the distributional sense:

(23)
{
∂tu+ ∇ · (bu) = 0,
u(0, ·) = ū,

that is, if for every test function φ ∈ C∞
c ([0, T ) × Rd), the following identity holds:

(24)
ˆ T

0

ˆ
Rd

u [∂tφ+ b · ∇φ] dx dt = −
ˆ
Rd

ū(x)φ(0, x) dx.

Remark 2.2. In analogy with Remark 1.13, any weak solution u ∈ L∞([0, T ] × Rd) admits a
representative that is weakly-* continuous in time with values in L∞(Rd). More precisely, for
every φ ∈ L1(Rd), the map

t 7→
ˆ
Rd

u(t, x)φ(x) dx

is continuous on [0, T ], which uniquely identifies the values of u(t, ·) in the weak-* topology for
all t ∈ [0, T ].

9
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For the ODE, on the other hand, one would be satisfied if it can be shown that there exists
a substitute for the flow, as follows.

Definition 2.3. A regular Lagrangian flow is a map X(t, x) : [0, T ] × Rd → Rd satisfying the
following conditions:

1) For almost every x, the map t 7→ X(t, x) is absolutely continuous;
2) X(0, x) = x, and for almost every x, the map t 7→ X(t, x) satisfies d

dtX(t, x) =
b(t,X(t, x)) for almost every t ∈ [0, T ];

3) For every t ∈ [0, T ], we have X(t, ·)#L d = L d.

Remark 2.4. This definition is particularly natural in the divergence-free case, as discussed
in Section 5 of Chapter 1. In the classical Lipschitz setting, the flow indeed satisfies the third
property as shown in Proposition 1.19. Requiring preservation of the Lebesgue measure is
crucial, as it ensures that trajectories do not concentrate or collapse onto sets of measure zero.
This phenomenon may occur, for instance, when b(t, x) =

√
|x|, where the flow could collapse

mass at the origin. The other conditions are appropriate for the low-regularity regime, where
one cannot expect the ODE to hold pointwise everywhere.

Remark 2.5. Notice that the third condition is also important because it ensures that the
notion of solution is invariant under modifications of b on sets of negligible measure. Specifically,
if

b(t, x) = b̃(t, x) for L d+1-a.e. (t, x) ∈ [0, T ] × Rd,
then it is straightforward to verify that X is a regular Lagrangian flow with respect to b if and
only if it is a regular Lagrangian flow with respect to b̃.

Remark 2.6. In the general case of vector fields with non-zero divergence, the third condition
is typically weakened: we require the existence of a constant L > 0 such that

X(t, ·)#L d ≤ LL d

in the sense of measures, for every t ∈ [0, T ]. This accounts for the possible compression or
expansion induced by the divergence of the field.

In Section 2, we will show how DiPerna and Lions proved uniqueness for the PDE. In
Section 3, we will explain how their results can be used to deduce the existence and uniqueness
of a regular Lagrangian flow.

2. Renormalized solutions

The main idea for dealing with the PDE in the low-regularity setting is to regularize both
the vector field and the solutions, and then examine how the properties they possess when
smoothed can be passed to the limit.
First, we will show that the existence of solutions to (24) holds under mild assumptions on the
vector field and the initial datum.
Proposition 2.7 Let b be a bounded, divergence-free vector field in L1

loc([0, T ], L1
loc(Rd,Rd)),

and let ū ∈ L∞. Then, there exists a solution to (24).

Proof. We begin by mollifying both the vector field and the initial datum. Let ρε and
χε be two families of mollifiers on Rd and R × Rd, respectively. We define the regularizations
ūε = ū ∗ ρε and bε = b ∗ χε. Consider the equation with the regularized vector field and initial
datum, and let uε be its unique smooth solution:{

∂tuε + ∇ · (bεuε) = 0,
uε(0, ·) = ūε.

Two observations are crucial. First, since ū ∈ L∞, the mollified initial datum ūε is uniformly
bounded. Second, in the smooth setting, solutions to the transport equation are uniformly
bounded by the L∞-norm of the initial datum (see, for instance, the representation formula
(22)). Therefore, ∥uε∥L∞ remains uniformly bounded. It follows that there exists a subsequence
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(not relabeled) that converges weak-* in L∞([0, T ] × Rd) to some function u. Now, fix a test
function φ ∈ C∞

c ([0, T ) × Rd). Since the uε are smooth solutions, integration by parts gives
ˆ T

0

ˆ
Rd

uε (∂tφ+ bε · ∇φ) dx dt = −
ˆ
Rd

ūε(x)φ(0, x) dx.

Finally, using the strong convergence of ūε → ū and bε → b, together with the weak-* conver-
gence of uε → u, we can pass to the limit in the above identity and obtain

ˆ T

0

ˆ
Rd

u (∂tφ+ b · ∇φ) dx dt = −
ˆ
Rd

ū(x)φ(0, x) dx,

which shows that u is a distributional solution. □

In the direction of proving uniqueness, a crucial definition arises from the following obser-
vation. By (22), the unique solution of the transport equation in the smooth setting is given
by

u(t, x) = ū(X(−t, x)).
Notice that if we have a C1 function f , and if one is interested in finding the solution v(t, x)
starting from f(ū), then, by the representation formula, it is simply

v(t, x) = f(u(t, x)).

Mimicking this simple observation in the non-smooth setting will be crucial for proving unique-
ness.

Definition 2.8. Let b be a bounded, divergence-free vector field in L1
loc([0, T ], L1

loc(Rd,Rd)).
We say that a bounded distributional solution u of the transport equation is renormalized if,
for every β ∈ C1(R), β(u) is a distributional solution of{

∂t(β(u)) + ∇ · (bβ(u)) = 0,
u(0, ·) = β(ū).

Furthermore, if every bounded distributional solution is renormalized, the vector field b is said
to have the renormalization property.

If a vector field has the renormalization property, under mild assumptions, it suffices to prove
uniqueness in a certain class of functions. Heuristically, one would like to prove an identity of
the form ˆ

Rd

u(t, x)2 dx = 0,

which would immediately imply u = 0. This is motivated by the formal computation
d

dt

ˆ
Rd

u(t, x)2 dx = 2
ˆ
Rd

∂tu(t, x)u(t, x) dx = −2
ˆ
Rd

u(t, x) b(t, x) · ∇u(t, x) dx = 0,

where the last equality follows from the fact that the vector field b is divergence-free, and from
the identity

−2u(t, x) ∇u(t, x) = −∇
(
u(t, x)2).

The proof consists of making this computation rigorous within the distributional framework.
We will use the following distributional version of Gronwall’s lemma.
Lemma 2.9 Let f ∈ C0([0, T ]) be a continuous function such that f(0) = 0, and assume
that for every non-negative test function ψ ∈ C∞

c ((0, T )) the following inequality holds:
ˆ T

0
f(s)ψ′(s) ds ≥ 0.

Then f(t) ≤ 0 for all t ∈ [0, T ].
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Proof. Let x, y ∈ (0, T ) with x < y. We will show that f(x) ≥ f(y), and since f(0) = 0,
this will imply that f(t) ≤ 0 for all t ∈ [0, T ].

Let ε > 0 be small enough such that x− ε > 0 and y + ε < T . Define a Lipschitz function
ψ supported in (0, T ) as follows:

ψ(t) =



0 if t ≤ x− ε,
t−(x−ε)

ε if t ∈ (x− ε, x),
1 if t ∈ (x, y),
(y+ε)−t

ε if t ∈ (y, y + ε),
0 if t ≥ y + ε.

This function can be approximated in C∞
c ((0, T )) by smooth non-negative functions, so the

inequality ˆ T

0
f(s)ψ′(s) ds ≥ 0

also holds for ψ. Computing the integral, we getˆ T

0
f(s)ψ′(s) ds = 1

ε

ˆ x

x−ε
f(s) ds− 1

ε

ˆ y+ε

y
f(s) ds.

Hence,
1
ε

ˆ x

x−ε
f(s) ds ≥ 1

ε

ˆ y+ε

y
f(s) ds.

Since f is continuous, we may let ε → 0 and obtain
f(x) ≥ f(y).

Since this holds for all x < y in (0, T ), and f(0) = 0, we conclude that f(t) ≤ 0 for all
t ∈ [0, T ]. □

Proposition 2.10 If b is bounded and divergence-free, and it has the renormalization prop-
erty, then uniqueness holds in the class of bounded solutions.

Proof. Suppose we have two bounded solutions v and w corresponding to the same initial
datum. Since the equation is linear, we can consider their difference u = v − w, which is also
a bounded solution with zero initial datum. Therefore, it suffices to prove uniqueness in the
case where the initial datum is zero; that is, any bounded solution with zero initial datum must
be identically zero. Let u be such a solution, and consider the function β(x) = x2. By the
renormalization property, it follows that for every test function φ1 ∈ C∞

c ([0, T ) × Rd), we have

(25)
ˆ T

0

ˆ
Rd

u2 (∂tφ1 + b · ∇φ1) dx dt = 0.

Now, fix ψ(t) ∈ C∞
c ((0, T )), φ(t, x) ∈ C∞

c ([0, T ) × Rd) such that ψ(t) ≥ 0 and

∂tφ(t, x) ≤ −∥b∥∞|∇φ(t, x)| on [0, T ] × Rd.
Test (25) with ψ(t)φ(t, x), and let f(t) :=

´
Rd u(t, x)2φ(t, x) dx. The equation can be rewritten

as
−
ˆ T

0
f(t)ψ′(t) dt =

ˆ T

0

ˆ
Rd

u(t, x)2ψ(t) (∂tφ(t, x) + b(t, x) · ∇φ(t, x)) dx dt.

By the choice of φ and ψ, the second term is non-negative, so we obtainˆ T

0
f(t)ψ′(t) dt ≥ 0.

Notice that f is continuous since u2 is also a solution of the transport equation, and every
solution in L∞ is weak-* continuous in time. In particular, for any fixed test function φ(t, x),
the map t 7→ f(t) =

´
Rd u(t, x)2φ(t, x) dx is continuous. Moreover, f(0) = 0, so by Lemma 2.9,

we conclude that f(t) ≤ 0 for all t ∈ [0, T ].
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Suppose, in addition, that φ satisfies the following properties for some fixed t1 ∈ (0, T ) and
R > 0:

• φ(t1, x) ≥ 0 for all x ∈ Rd,
• φ(t1, x) = 1 on BR(0), the ball of radius R centered at the origin.

Given these assumptions, we can proceed as follows: Since f(t1) ≤ 0, we obtain:ˆ
BR(0)

u(t1, x)2 dx ≤ 0,

and by the arbitrariness of t1 and R, this implies that u = 0 almost everywhere, as desired. We
will now proceed to construct the desired function φ in the next lemma. □

With the proof of the following lemma, the proof of Proposition 2.10 is complete.
Lemma 2.11 Fix t1 ∈ (0, T ) and R > 0. Then, there exists φ ∈ C∞

c ([0, T ) × Rd) such that:
• ∂tφ(t, x) ≤ −∥b∥∞|∇φ(t, x)| on [0, T ] × Rd,
• φ(t1, x) ≥ 0 for all x ∈ Rd,
• φ(t1, x) = 1 on BR(0), the ball of radius R centered at the origin.

Proof. Let δ > 0 be a small parameter and define the smooth function

ρ(x) =
√

|x|2 + δ2,

which is smooth on Rd and closely approximates |x| for large |x|.
Next, let ψ ∈ C∞(R) be a smooth function that satisfies:

• ψ(s) = 1 for s ≤ R,
• ψ(s) = 0 for s ≥ R+ 1,
• ψ′(s) ≤ 0 for all s ∈ R (i.e. a decreasing function).

We now define the function φ(t, x) as follows:
φ(t, x) = ψ (ρ(x) − ∥b∥∞K(t1 − t)) ,

for (t, x) ∈ [0, T ) × Rd, where K is a large constant to be chosen later.
Since ρ is smooth, clearly φ is smooth. In addition, by choosing K large enough (it suffices

that ∥b∥∞K(T − t1) > R+ 1), the function is also compactly supported.
Next, we verify that φ(t, x) satisfies the three required conditions. We need to show that

∂tφ(t, x) ≤ −∥b∥∞|∇φ(t, x)|.
First, compute the time derivative of φ(t, x):

∂tφ(t, x) = K∥b∥∞ψ
′ (ρ(x) − ∥b∥∞K(t1 − t)) .

Next, we compute the spatial gradient of φ(t, x) as follows:
∇φ(t, x) = ψ′ (ρ(x) −K∥b∥∞(t1 − t)) ∇ρ(x).

Thus, we have
|∇φ(t, x)| =

∣∣ψ′ (ρ(x) −K∥b∥∞(t1 − t))
∣∣ |∇ρ(x)| ≤

∣∣ψ′ (ρ(x) −K∥b∥∞(t1 − t))
∣∣ .

Finally, since ψ′(s) ≤ 0, we have
ψ′ (ρ(x) −K∥b∥∞(t1 − t)) = −

∣∣ψ′ (ρ(x) −K∥b∥∞(t1 − t))
∣∣ .

Thus, we obtain
∂tφ(t, x) = −K∥b∥∞

∣∣ψ′ (ρ(x) −K∥b∥∞(t1 − t))
∣∣ = −K∥b∥∞|∇φ(t, x)|,

which gives us the desired inequality.
Finally, we prove the last two conditions. At t = t1, we have

φ(t1, x) = ψ (ρ(x) −K∥b∥∞(t1 − t1)) = ψ(ρ(x)).
Since ψ(s) ≥ 0 for all s, we conclude that

φ(t1, x) ≥ 0 for all x ∈ Rd.
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For the last condition, notice that for x ∈ BR(0), we have |x| ≤ R, and hence

ρ(x) =
√

|x|2 + δ2 ≤
√
R2 + δ2.

By choosing δ > 0 sufficiently small, we can ensure that ρ(x) ≤ R + 1 for all x ∈ BR(0), and
thus

φ(t1, x) = ψ(ρ(x)) = 1 for all x ∈ BR(0),

as wanted.
□

In [DL89], DiPerna and Lions introduced the notion of renormalized solutions and proved
the following crucial theorem:
Theorem 2.12 (DiPerna–Lions) If b is a vector field that belongs to L1

loc(R,W
1,p
loc (Rd,Rd)),

is bounded, and is divergence-free, then it has the renormalization property.
We will prove this theorem by combining several key steps.
The main idea is to regularize the solution and analyze the error term that arises when the

regularized function is treated as a solution to the equation. Let u be a bounded solution of
the transport equation, and let ρε be a mollifier on Rd with ρ supported on the unit ball and
radial. Throughout this section, all convolutions are taken with respect to the spatial variables
only. We denote the mollified function u ∗ ρε by uε. We define the error term rε(t, x) as the
function satisfying

(26) ∂tuε + b · ∇uε = rε,

in the sense of distributions. Our goal now is to better understand its structure.
The following proposition is motivated by this formal computation:

∂tuε + b · ∇uε = ∂t(u ∗ ρε) + b · ∇uε = (−b · ∇u) ∗ ρε + b · ∇uε = b · ∇uε − (b · ∇u)ε.

Proposition 2.13 In the sense of distributions, in the divergence free vector field case, we
have the identity

(27) rε = b · ∇uε − (b · ∇u)ε.

We refer to rε as the (DiPerna–Lions) commutator, as it measures the discrepancy between ap-
plying the gradient before or after convolution. Furthermore, the commutator can be rewritten
as

(28) rε(t, x) =
ˆ
Rd

u(t, x+ εh) b(t, x+ εh) − b(t, x)
ε

· ∇ρ(h) dh,

where the equality holds pointwise almost everywhere.

Proof. Let, as usual, φ ∈ C∞
c ([0, T ) × Rd) be a test function. By definition, we have

(29)
ˆ T

0

ˆ
Rd

uε ∂tφ+ uε b · ∇φdx dt+
ˆ
Rd

uε(0, x)φ(0, x) dx = −
ˆ T

0

ˆ
Rd

rε φdx dt.

On the other hand, since u is a solution, we have a similar identity. We test it against
φ ∗ ρε, which is an admissible test function because ρ has compact support, and therefore φ ∗ ρε
remains compactly supported. We then obtain:

(30)
ˆ T

0

ˆ
Rd

u ∂t(φ ∗ ρε) + u b · ∇(φ ∗ ρε) dx dt+
ˆ
Rd

u(0, x) (φ ∗ ρε)(0, x) dx = 0.

We want to rewrite the second equation and substitute it into the first. First, by exploiting
the definition of convolution, Fubini’s theorem, and the fact that ρ is radial, we compute:
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ˆ
Rd

u ∂t(φ ∗ ρε) dx =
ˆ
Rd

u (∂tφ ∗ ρε) dx

=
ˆ
Rd

ˆ
Rd

u(t, x) ∂tφ(t, x− y) ρε(y) dy dx

=
ˆ
Rd

ˆ
Rd

u(t, x) ∂tφ(t, x− y) ρε(−y) dy dx.

Now we perform the change of variables x = z + y, so that dx = dz, and obtain:ˆ
Rd

u ∂t(φ ∗ ρε) dx =
ˆ
Rd

ˆ
Rd

u(t, z + y) ∂tφ(t, z) ρε(−y) dz dy

=
ˆ
Rd

uε(t, z) ∂tφ(t, z) dz.

We can now use this last equality to combine (29) and (30), yielding:

−
ˆ T

0

ˆ
Rd

rε φdx dt =
ˆ T

0

ˆ
Rd

uε b · ∇φ− u b · ∇(φ ∗ ρε) dx dt

+
ˆ
Rd

uε(0, x)φ(0, x) − u(0, x) (φ ∗ ρε)(0, x) dx.

Finally, observe that ˆ
Rd

uε(0, x)φ(0, x) dx =
ˆ
Rd

u(0, x) (φ ∗ ρε)(0, x) dx

by the same computation as above. We now want to make use of the fact that uε is smooth
and that the vector field b is divergence-free. By integration by parts, we have:

(31)
ˆ
Rd

uε b · ∇φdx = −
ˆ
Rd

φ b · ∇uε dx,

where we used that ∇ · b = 0 and that φ has compact support.
Since we are in the divergence-free case, it is important to underline that distributionally,

(b · ∇u)ε tested by φ is equal to: ˆ T

0

ˆ
Rd

((bu) ∗ ρε) · ∇φdx dt,

as can be seen by formally applying integration by parts and observing how differentiation and
convolution interact. Therefore, to prove (27), it suffices to show thatˆ T

0

ˆ
Rd

((bu) ∗ ρε) · ∇φdx dt =
ˆ T

0

ˆ
Rd

u b · ∇(φ ∗ ρε) dx dt,

which can be proved in the same way as an analogous equality was proved for the time derivative.
Finally, we show (28). Until now, we have shown thatˆ T

0

ˆ
Rd

rε φdx dt =
ˆ T

0

ˆ
Rd

φ b · ∇uε dx dt+
ˆ T

0

ˆ
Rd

((bu) ∗ ρε) · ∇φdx dt.

We want to obtain cancellations on the right-hand side, and the next steps will be motivated
by this goal. Using (31), we haveˆ T

0

ˆ
Rd

(((bu) ∗ ρε) − b(u ∗ ρε)) · ∇φdx dt

=
ˆ T

0

ˆ
Rd

ˆ
Rd

∇φ(t, x) ρε(x− y)u(t, y) (b(t, x) − b(t, y)) dx dy dt

=
ˆ T

0

ˆ
Rd

ˆ
Rd

φ(t, x) ∇ρε(x− y)u(t, y) (b(t, x) − b(t, y)) dx dy dt.
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where in the last line we used that b is divergence-free and applied integration by parts. By
the arbitrariness of φ, we can conclude, by the fundamental lemma of the calculus of variations,
that for almost every (t, x) we have:

rε(t, x) =
ˆ
Rd

∇ρε(x− y)u(t, y) (b(t, x) − b(t, y)) dy.

Finally, by changing variables according to h = y−x
ε , and using the fact that ρ is radial, we

obtain (28). □

Before proving Theorem 2.12, we need one last crucial proposition: namely, that as ε → 0,
the commutator vanishes in L1

loc.
Proposition 2.14 If b is a vector field that belongs to L1

loc(R,W
1,p
loc (Rd,Rd)), is bounded,

and it is divergence-free, then
rε −→ 0 in L1

loc([0, T ) × Rd) as ε → 0.

Proof. By applying (28), the dominated convergence theorem, and the fact that

(32) b(t, x+ εh) − b(t, x)
ε

−→ ∇b(t, x)h in L1
loc as ε → 0

for a Sobolev vector field, it suffices to show thatˆ
Rd

u(t, x) (∇b(t, x)h) · ∇ρ(h) dh = 0.

Finally, by noticing that, through integration by parts, we haveˆ
Rd

zi
∂ρ(z)
∂zj

dz = −δij ,

where δij is the Kronecker delta, the desired integral is zero because the divergence of b is
zero. □

We finally prove Theorem 2.12. One can see that the crucial fact is the convergence of the
commutator to zero in the strong sense (L1), and it is the only part of the the proof where
Sobolev regularity is used. If, in another context, one is able to prove that the commutator goes
to zero, then this scheme allows one to prove that bounded solutions are renormalized (under
very mild integrability assumptions that are needed in order to make sense of the equations).

Proof of Thm 2.12. From (29) and the integrability properties of the commutator that
we have proved, it follows that uε is Sobolev in time. We can thus make sense of (26) in the
almost everywhere sense. Moreover, we can use the chain rule for Sobolev functions (see, for
instance, Section 4.2.2 of [EG92]). Thus, we have

∂tβ(uε) + b · ∇β(uε) = β′(uε) (∂tuε + b · ∇uε) = β′(uε)rε.
We now want to take the limit and recover the distributional formulation. Let us fix φ ∈
C∞
c ([0, T ) × Rd), multiply the equation by φ, and integrate. This givesˆ T

0

ˆ
Rd

[∂tβ(uε) + b · ∇β(uε)]φdx dt =
ˆ T

0

ˆ
Rd

β′(uε) rε φdx dt.

We now integrate by parts on the left-hand side:

−
ˆ T

0

ˆ
Rd

β(uε) (∂tφ+ b · ∇φ) dx dt−
ˆ
Rd

β(uε(0, x))φ(0, x) dx =
ˆ T

0

ˆ
Rd

β′(uε) rε φdx dt,

where we used that b is divergence-free.
Finally, by letting ε → 0 and using the fact that the commutator rε converges strongly to

zero in L1
loc, we obtain (up to passing to subsequences) the following equation:

−
ˆ T

0

ˆ
Rd

β(u) (∂tφ+ b · ∇φ) dx dt−
ˆ
Rd

β(u(0, x))φ(0, x) dx = 0,

which implies that β(u) is a distributional solution.
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□

3. Connection between PDE and ODE

In this final section, we show how the results on the transport equation are related to the
existence and uniqueness of the Regular Lagrangian Flow. The way we present this is based
on Ambrosio’s breakthrough paper [Amb04], where he proved that even BV vector fields have
the property that bounded solutions are renormalized . We work with the continuity equation
in its general form, i.e., (12).

3.1. Superposition solutions and Superposition Principle. We begin by discussing
a fundamental result, the Ambrosio Superposition Principle, which provides a way to describe
every solution of the continuity equation, even when a flow may not exist, and under mild
assumptions. We will denote ΓT the space C([0, T ];Rd) of continuous curves in Rd. For every
x ∈ Rd we consider a probability measure ηx ∈ P(ΓT ) supported on the trajectories γ(t) that
starts from x at time t = 0, i.e γ(0) = x and are absolutely continuous solutions of the ODE.
On the technical point of view, all families {ηx}x∈Rd considered in the following discussions are
weakly measurable. That is, for every function Φ ∈ Cb(ΓT ), the map

x 7→ ⟨ηx,Φ⟩ =
ˆ

ΓT

Φ(γ) dηx(γ)

is measurable.

Definition 2.15 (Superposition solution). Let µ̄ ∈ M(Rd) be an initial measure, representing
the distribution of mass at t = 0. The superposition solution induced by the family {ηx}x∈Rd is
the family of measures µηx

t ∈ M(Rd), for t ∈ [0, T ], defined as follows:

(33) ⟨µηx
t , φ⟩ =

ˆ
Rd

(ˆ
ΓT

φ(γ(t)) dηx(γ)
)
dµ̄(x) ∀φ ∈ Cc(Rd).

To better understand what is happening, note the following. If the associated vector field
has, for each x ∈ Rd, only one solution to the ODE (5), as discussed, for example, in the previous
chapter, then the only possibility for ηx is for it to be δX(·,x). In this case, the superposition
solution becomes:

⟨µδX(·,x)
t , φ⟩ =

ˆ
Rd

(ˆ
ΓT

φ(γ(t)) dδX(·,x)(γ)
)
dµ̄(x) =

ˆ
Rd

φ(X(t, x)) dµ̄(x),

which is equation (17).
Superposition solutions can thus be interpreted as the average of the pushforwards over all
possible trajectories. We now prove that (33) always gives a solution of the continuity equation
(15). Since the measure ηx is concentrated on solutions of the ODE starting from x ∈ Rd for
L d-a.e. x ∈ Rd, using Fubini’s theorem, we deduce that

γ̇(t) = b(t, γ(t)) for L d ⊗ ηx-a.e. (x, γ) ∈ Rd × ΓT

for L 1-a.e. t ∈ [0, T ]. Furthermore notice that for any φ ∈ C∞
c (Rd), the map t 7→ ⟨µηx

t , φ⟩ is
Lipschitz. Indeed, we can estimate

|φ(γ(t)) − φ(γ(s))| ≤ ∥∇φ∥∞∥γ(t) − γ(s)∥ ≤ ∥∇φ∥∞∥b∥∞|t− s|,

and this implies

|⟨µηx
t , φ⟩ − ⟨µηx

s , φ⟩| =
∣∣∣∣∣
ˆ
Rd

ˆ
ΓT

(φ(γ(t)) − φ(γ(s))) dηx(γ) dµ̄(x)
∣∣∣∣∣

≤ ∥∇φ∥∞∥b∥∞|t− s|µ̄
(
supp(φ) +BT∥b∥∞(0)

)
.
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Hence the distributional derivative of the map t 7→ ⟨µηx
t , φ⟩ coincides with the pointwise one.

We finally compute the pointwise derivative

d

dt
⟨µηx
t , φ⟩ = d

dt

ˆ
Rd

(ˆ
ΓT

φ(γ(t)) dηx(γ)
)
dµ̄(x)

=
ˆ
Rd

ˆ
ΓT

∇φ(γ(t)) · b(t, γ(t)) dηx(γ) dx

=
ˆ
Rd

b(t, x) · ∇φ(x) dµt(x).

where in the last equality we have used the definition of µt. This last equality proves that (33)
gives a solution of the (15).

As a corollary of what we have proved, by choosing ηx = δX(·,x), we obtain the following
solution to the continuity equation, when there exists a regular Lagrangian flow.
Proposition 2.16 Let b be a bounded and divergence free vector field, and let X(t, x) be a
regular Lagrangian flow associated with it. Then, the Cauchy problem{

∂tµt + ∇ · (bµt) = 0,
µ0 = µ̄

has the solution

(34) µt = (Xt)#µ̄.

Note that it is the generalization of (17) in the low regularity setting.
The so-called Ambrosio Superposition Principle essentially states that, under certain as-

sumptions, the construction in (33) can be reversed—i.e., any solution of the continuity equation
can be represented in this form.
Theorem 2.17 (Superposition principle) Let b : [0, T ] ×Rd → Rd be a bounded vector field,
and let µt ∈ M+(Rd) be a positive, locally finite, measure-valued solution of the continuity
equation. Then µt is a superposition solution, i.e., there exists a family {ηx}x∈Rd ⊂ P(ΓT ),
with each ηx concentrated on absolutely continuous integral curves of the ODE starting from
x, for µ̄-almost every x ∈ Rd, such that µt = µηx

t for every t ∈ [0, T ].
This theorem will be proved in the third subsection.

3.2. Existence and uniqueness of the Regular Lagrangian Flow. We will use the
superposition principle to prove the existence of the regular Lagrangian flow under suitable
assumptions. Throughout, we assume that the vector field is bounded, divergence-free, and
belongs to L1

loc(R,W
1,p
loc (Rd,Rd)). Under these assumptions, we have shown that there exists a

unique solution, starting from any initial datum ū ∈ L∞, that remains bounded. We will use
the notation µt ∈ L∞([0, T ] ×Rd) for measures that are absolutely continuous whose density is
essentially uniformly bounded. We will need a preparatory proposition that will be proved in
the third subsection.
Proposition 2.18 Let b : [0, T ] × Rd → Rd be a bounded vector field. Assume that the
continuity equation (12) has the uniqueness property in L∞([0, T ] × Rd). Consider a family
{ηx}x∈Rd ⊂ P (ΓT ) such that ηx is concentrated on absolutely continuous integral solutions of
the ordinary differential equation starting from x, for L d-a.e. x ∈ Rd. Assume that the superpo-
sition solution of the continuity equation µηx

t induced by this family belongs to L∞([0, T ]×Rd).
Then ηx is a Dirac mass for L d-a.e. x ∈ Rd.

Assume now by contradiction there exists two different Regular Lagrangian Flows X(t, x),
Y (t, x) we will construct a counterexample to proposition 2.18. Consider for a.e x ∈ Rd ηx =
1
2(δX(·,x) + δY (·,x)). One can see that first, by hypotheses ηx is not a dirac mass. Second, again
by hypotheses, since X,Y are regular lagrangian flows, that the measure is concentrated on
absolutely continuous integral curves. We finally proves that the induced superposition solution



3. CONNECTION BETWEEN PDE AND ODE 19

belongs to L∞([0, T ] × Rd). Let φ ∈ C∞
c (Rd),

⟨µηx
t , φ⟩ =

ˆ
Rd

ˆ
ΓT

φ(γ(t)) dηx(γ) dx

=
ˆ
Rd

ˆ
ΓT

φ(γ(t)) d
(

1
2δX(·,x) + 1

2δY (·,x)
)
dx

=
ˆ
Rd

1
2 (φ(X(t, x)) + φ(Y (t, x))) dx

= 1
2

ˆ
Rd

φ(y) d
(
(X(t, ·))#L d

)
(y) + 1

2

ˆ
Rd

φ(y) d
(
(Y (t, ·))#L d

)
(y).

This means that
µηx
t = 1

2

(
(X(t, ·))#L d + (Y (t, ·))#L d

)
.

That is a bounded solution since the vector field is bounded and this gives a contradiction. We
have thus proved uniqueness of the Regular Lagrangian Flow under our assumptions. Finally
we prove that one regular Lagrangian flow always exists. Note that in our setting, since the
flow is divergence free, there is the non-negative, constant (and bounded) solution u(t, x) = 1
or equivalently µt = L d. By applying Theorem 2.17, we obtain that µt = µηx

t for some family
{ηx}x∈Rd , with ηx concentrated on absolutely continuous integral solutions of the ODE starting
from x, for L d-a.e. x ∈ Rd. But again, by proposition 2.18, ηx is a Dirac mass for L d-a.e.
x ∈ Rd. We denote X(·, x) for the element in which ηx is concentrated. Clearly the map X(t, x)
satisfies the first two properties of Regular Lagrangian Flows, since ηx is supported on integral
curves of the vector fields. The last property follows from how ηx was built. In particular for
every φ ∈ C∞

c (Rd),

⟨µηx
t , φ⟩ =

ˆ
Rd

ˆ
ΓT

φ(γ(t)) dηx(γ) dx

=
ˆ
Rd

φ(X(t, x)dx.

But on the other hand,
⟨µηx
t , φ⟩ =

ˆ
Rd

φ(x) dx,

so for every t ∈ [0, T ], we have ˆ
Rd

φ(X(t, x)) dx =
ˆ
Rd

φ(x) dx,

which is precisely the last required condition for a Regular Lagrangian Flow.

3.3. Technical proofs. In this subsection, we will prove Theorem 2.17 and Proposition
2.18. We then conclude with a theorem that links uniqueness for the ODE and for the PDE.
We begin with the proof of the first result, where the strategy—as is often the case in this
thesis—is to regularize the vector field and then pass to the limit to obtain the desired result.
For the reader’s convenience, we recall the statement of the theorem below. The proof here will
substantially follow Theorem 6.22 in [Cri07].
Theorem 2.19 Let b : [0, T ] × Rd → Rd be a bounded vector field, and let µt ∈ M+(Rd)
be a positive, locally finite, measure-valued solution of the continuity equation. Then µt is a
superposition solution, i.e., there exists a family {ηx}x∈Rd ⊂ P(ΓT ), with each ηx concentrated
on absolutely continuous integral curves of the ODE starting from x, for µ̄-almost every x ∈ Rd,
such that µt = µηx

t for every t ∈ [0, T ].

Proof. The proof will consist of several steps. Through all the proof we will need to change
variables, so we must first understand how the domain of integration changes. Notice that if
x ∈ BR, and since

∣∣∣ ddtX(t, ·)
∣∣∣ ≤ ∥b∥∞, then X(t, x) ∈ BR+T∥b∥∞ .

Step 1: Uniform control of the local masses.
The measures µt are just locally finite; however, due to the finite speed of propagation of the
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transport equation (by the assumption that the vector field b is uniformly bounded), it is easy
to show the existence of a constant mR, independent of time, such that

(35) µt(BR(0)) ≤ mR for every t ∈ [0, T ].

This can be proved by integrating over suitable space-time cones; see, for instance, Lemma 2.12
in [ABL04]. The argument presented there for bounded solutions carries over without any
essential change to the case of measure-valued solutions.
Step 2: Construction of an adapted convolution kernel.
We want to construct a positive convolution kernel ρ ∈ Ck(Rd), with the following properties:

• spt ρ = Rd,
•
ˆ
Rd

ρ(x) dx = 1,

in such a way that, for some function m̃R, we have

(36) µεt (BR(0)) ≤ m̃R for every t ∈ [0, T ] and every ε ∈ (0, 1),

where µεt := µt ∗ ρε, and ρε(x) := ε−dρ(x/ε). This can be achieved as follows. We define ρ as a
weighted sum of standard, non negative, convolution kernels ρj supported on Bj(0):

ρ(x) =
∞∑
j=1

cjρj(x)

with weight cj to be chosen. First, in order to have a positive kernel with integral 1, it suffices
to require cj > 0 and

∞∑
j=1

cj = 1.

Moreover, in order to have a Ck function, it suffices to require
∞∑
j=1

cj∥ρj∥Ck < ∞

which is satisfied for each k > 0, provided the sequence goes to zero sufficiently fast. We now
focus on (36):

µϵt(BR(0)) =
ˆ
BR(0)

µϵt(x) dx

=
ˆ
BR(0)

ˆ
Rd

ρϵ(x− y) dµt(y) dx

=
ˆ
BR(0)

ˆ
Rd

∞∑
j=1

cjρ
ϵ
j(x− y) dµt(y) dx

=
∞∑
j=1

cj

ˆ
BR(0)

ˆ
Rd

ρϵj(x− y) dµt(y) dx

=
∞∑
j=1

cj

ˆ
Rd

ˆ
BR(0)

ρϵj(x− y) dx dµt(y)

=
∞∑
j=1

cj

ˆ
BR+j(0)

ˆ
BR(0)

ρϵj(x− y) dx dµt(y)

≤
∞∑
j=1

cj

ˆ
BR+j(0)

dµt(y)

≤
∞∑
j=1

cjmR+j .
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We thus define

(37) m̃R =
∞∑
j=1

cjmR+j

and we want it to be finite. To end this, it suffices to choose cj such that

cjmj , cjmj+1, . . . , cjm2j ≤ 1
2j .

Indeed, with this choice, we can estimate

m̃R =
∞∑
j=1

cjmR+j =
R−1∑
j=1

cjmR+j +
∞∑
j=R

cjmR+j ≤
R−1∑
j=1

cjmR+j +
∞∑
j=R

1
2j < ∞.

Finally, note that if a sequence satisfies (37), then a sequence with lower terms (by comparing
term by term ) also satisfies it. Therefore, we can construct a sequence that satisfies all the
conditions.
Step 3: Smoothing.
We now use the kernel ρ constructed in the previous step, and we consider:

µϵt(x) = (µt ∗ ρϵ)(x) and bϵ(t, x) = (b(t, ·)µt) ∗ ρϵ(x)
µϵt(x)

where we use in a crucial way that µt and ρ are positive. One can see that bϵ is bounded by
the bound on b:

|bϵ(t, x)| = |(b(t, ·)µt) ∗ ρϵ(x)|
µϵt(x) ≤

´
Rd |b(t, y)ρϵ(x− y)|dµt(y)

µϵt(x) ≤ ∥b∥L∞µϵt(x)
µϵt(x) ≤ ∥b∥L∞ .

Moreover, µϵt is a solution of the continuity equation with vector field bϵ:
∂tµ

ϵ
t + div(bϵµϵt) = ∂tµt ∗ ρϵ + div(b(t, ·)µt) ∗ ρϵ = 0

Since bϵ is bounded and smooth in space, there exists a unique flow Xϵ(t, x) associated with bϵ,
which is globally defined for t ∈ [0, T ]. Moreover, by the representation formula (17) we have

µϵt = Xϵ(t, ·)#µ
ϵ
0.

We thus define
ηϵx = δXϵ(·,x) ∈ P(ΓT ) and ηϵ = µϵ0 ⊗ ηϵx ∈ M+(Rd × ΓT ),

where the tensor product satisfies

⟨ηϵ,Φ(x, γ)⟩ =
ˆ
Rd

ˆ
ΓT

Φ(x, γ) dηϵx(γ) dµϵ0(x)

for every function Φ ∈ Cb(Rd × ΓT ) whose support has a compact projection over Rd.
Step 4: Tightness.
In this section we want to find a limit for ηϵ by using a compactness argument. We consider
the functional

Ψ : Rd × ΓT → [0,+∞], Ψ(x, γ) =
ˆ T

0
|γ̇(t)|2 dt,

which takes the value +∞ for all curves γ ∈ ΓT not belonging to AC2([0, T ];Rd), the space of
absolutely continuous maps with square-integrable derivative.

For every R > 0, we define the set
ΓT,R := {γ ∈ ΓT : γ(0) ∈ BR(0)},

and the localized functional

ΨR(x, γ) =
{

Ψ(x, γ) if (x, γ) ∈ BR(0) × ΓT,R,
+∞ otherwise.

We will now show that ΨR is coercive for every R > 0, in particular we will show that every
sub-level set is relatively compact. For every finite λ > 0, let (x, γ) ∈ {ΨR ≤ λ}. Since λ is
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finite, we deduce x ∈ BR(0) and γ(0) ∈ BR(0). For every s, t ∈ [0, T ], we can compute the
distance between γ(t) and γ(s) as

|γ(t) − γ(s)| =
∣∣∣∣∣
ˆ t

s
γ′(τ) dτ

∣∣∣∣∣ .
By applying the Cauchy-Schwarz inequality, we get

|γ(t) − γ(s)| ≤
(ˆ t

s
|γ′(τ)|2 dτ

)1/2

|t− s|1/2

Now, since ΨR(x, γ) ≤ λ, we have

|γ(t) − γ(s)| ≤ λ1/2|t− s|1/2.

Finally, by applying the Ascoli-Arzelà theorem, since the functions are equibounded and equicon-
tinuous, we deduce that each sub-level set is relatively compact in Rd × ΓT . We define also the
truncated measure ηϵ,R as

ηϵ,R = ηϵ⌞(BR(0) × ΓT,R) ∈ M+(Rd × ΓT ),

which is in fact a finite measure. Now, we want to evaluate the value of the truncated measure
ηϵ,R on the localized functional ΨR. Using the definition of ηϵ, the fact that µϵ is a solution of
the continuity equation, and the uniform bound on bϵ, we can estimate

⟨ηϵ,R,Ψ⟩ =
ˆ
Rd×ΓT

Ψ(x, γ) dηϵ,R(x, γ)

=
ˆ
BR(0)

ˆ
ΓT,R

Ψ(x, γ) dηϵx(γ) dµϵ0(x)

=
ˆ
BR(0)

ˆ T

0

∣∣∣∣∂Xϵ

∂t
(t, x)

∣∣∣∣2 dt dµϵ0(x)

=
ˆ T

0

ˆ
BR(0)

|bϵ(t,Xϵ(t, x))|2 dµϵ0(x) dt

=
ˆ T

0

ˆ
Xϵ(t,BR(0))

|bϵ(t, x)|2 dµϵt(x) dt

≤
ˆ T

0

ˆ
BR+T ∥b∥∞ (0)

|b(t, x)|2 dµϵt(x) dt

≤ ∥b∥2
L∞

ˆ T

0

ˆ
BR+T ∥b∥∞ (0)

dµϵt(x) dt

≤ T∥b∥2
L∞m̃R+T∥b∥L∞ .

Together with the coercivity of ΨR, this gives that, for every fixed R, the family

{ηϵ,R}ϵ ⊂ M+(Rd × ΓT )

is tight (see Theorem A.23). Noticing that this family is also equi-bounded by the simple
estimate

ηϵ,R(Rd × ΓT ) = µϵ0(BR(0)) ≤ m̃R,

we can apply the Prokhorov theorem (see Theorem A.21) and deduce that it is relatively sequen-
tially narrowly compact. Finally, with a standard diagonal argument, it is possible to construct
a sequence {ηϵi}i ⊂ M+(Rd × ΓT ) and a measure η ∈ M+(Rd × ΓT ) such that

ηϵi,R → ηR narrowly in M+(Rd × ΓT ) for every R.

Step 5: Disintegration of the measure.
Up to now, we have constructed a measure η ∈ M+(Rd × ΓT ). It is clear that the marginal of
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η on Rd is µ̄. Indeed, for every ϵ ∈ (0, 1), we have
(πRd)#η

ϵ = µϵ0,

and the truncated narrow convergence is inherited by the marginal. This, combined with the
fact that µϵ0 ⇀ µ̄ weakly in Rd, implies that

(πRd)#η = µ̄.

This allows us to apply the disintegration theorem (see Theorem A.24) , obtaining
η = µ̄⊗ ηx,

with ηx ∈ P(ΓT ) for µ̄-a.e. x ∈ Rd. We now verify that µηx
t = µt. Indeed, for every ϵ ∈ (0, 1),

applying the definition of ηϵx and using the fact that µϵt = Xϵ(t, ·)#µ
ϵ
0, we obtain:

⟨µη
ϵ
x
t , φ⟩ =

ˆ
Rd

φ(Xϵ(t, x)) dµϵ0(x) =
ˆ
Rd

φ(x) dµϵt(x) = ⟨µϵt, φ⟩

for every φ ∈ Cc(Rd). Moreover we observe that

(38)
ˆ
Rd

φ(x) dµϵt(x) −→
ˆ
Rd

φ(x) dµt(x) = ⟨µt, φ⟩,

by the truncated narrow convergence of µϵt → µt. On the other hand, we haveˆ
Rd

φ(Xϵ(t, x)) dµϵ0(x) =
ˆ
Rd×ΓT

φ(γ(t)) dηϵ(x, γ)(39)

−→
ˆ
Rd×ΓT

φ(γ(t)) dη(x, γ)

=
ˆ
Rd

ˆ
ΓT

φ(γ(t)) dηx(γ) dµ̄(x) = ⟨µηx
t , φ⟩,

by the truncated narrow convergence ηϵ → η along the chosen subsequence.
Combining (38) and (39), and recalling from earlier thatˆ

Rd

φ(Xϵ(t, x)) dµϵ0(x) =
ˆ
Rd

φ(x) dµϵt(x),

we finally deduce that:
µηx
t = µt,

as wanted.
Step 6: η is concentrated on solutions of the ODE.
To conclude the proof, we now aim to show that ηx is concentrated on solutions of the ODE
for µ̄-almost every x ∈ Rd. For clarity, we assume that b has essentially bounded support. The
argument can be easily adapted to the general case, as all estimates involved are local in nature.
It suffices to show that, for every t ∈ [0, T ] and every integer R > 0,

(40)
ˆ
BR(0)×ΓT

∣∣∣∣∣γ(t) − x−
ˆ t

0
b(s, γ(s)) ds

∣∣∣∣∣ dη(x, γ) = 0.

Indeed, for every t ∈ [0, T ] and every R ∈ Z+, this yields a µ̄-negligible set Nt,R ⊂ BR(0) such
that the identity

(41) γ(t) = x+
ˆ t

0
b(s, γ(s)) ds

holds for every x ∈ BR(0) \Nt,R, for ηx-almost every γ ∈ ΓT . Letting

N =
⋃

t∈[0,T ]∩Q

⋃
R∈Z+

Nt,R,

which is clearly Ld-negligible, and using the continuity of each trajectory γ, we deduce that (41)
holds for every t ∈ [0, T ], for every x ∈ Rd \ N , and for ηx-almost every γ ∈ ΓT . We end the
proof by proving (41) for every t ∈ [0, T ] and every positive integer R. One major issue arises
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from the fact that the function appearing in (41) is not even continuous, and therefore cannot
be used as a test function. Let a be a continuous vector field. We show that

ˆ
BR(0)×ΓT

∣∣∣∣∣γ(t) − x−
ˆ t

0
a(s, γ(s)) ds

∣∣∣∣∣ dη(x, γ) ≤
ˆ T

0

ˆ
Rd

|b(s, x) − a(s, x)| dµs(x) ds

For every ϵ ∈ (0, 1)
ˆ
BR(0)×ΓT

∣∣∣∣∣γ(t) − x−
ˆ t

0
a(s, γ(s)) ds

∣∣∣∣∣ dηϵ(x, γ)

=
ˆ
BR(0)

∣∣∣∣∣Xϵ(t, x) − x−
ˆ t

0
a(s,Xϵ(s, x)) ds

∣∣∣∣∣ dµϵ0(x)

≤
ˆ t

0

ˆ
BR(0)

|(bϵ − a)(s,Xϵ(s, x))| dµϵ0(x) ds

≤
ˆ t

0

ˆ
BR(0)

(|bϵ − aϵ|(s,Xϵ(s, x)) + |aϵ − a|(s,Xϵ(s, x))) dµϵ0(x) ds

≤
ˆ t

0

ˆ
BR+T ∥b∥∞ (0)

(|bϵ − aϵ|(s, x) + |aϵ − a|(s, x)) dµϵs(x) ds,

where we have used the definition of ηϵ, the identity µϵt = Xϵ(t, ·)#µ
ϵ
0, and we have introduced

the regularization

aϵ(t, x) := (a(t, ·)µt) ∗ ρϵ(x)
µϵt(x) ,

which corresponds to the standard mollification of the vector field a with respect to the measure
µt. We estimate the first integral. Setting d = b− a, we notice that

|bϵ − aϵ| = |dϵ| =
∣∣∣∣(d(t, ·)µt) ∗ ρϵ

µϵt

∣∣∣∣ ,
henceˆ t

0

ˆ
BR+T ∥b∥∞ (0)

|dϵ(s, x)| dµϵs(x) ds =
ˆ t

0

ˆ
BR+T ∥b∥∞ (0)

∣∣∣∣(d(s, ·)µs) ∗ ρϵ(x)
µϵs(x)

∣∣∣∣µϵs(x) dx ds

=
ˆ t

0

ˆ
BR+T ∥b∥∞ (0)

|(d(s, ·)µs) ∗ ρϵ(x)| dx ds

≤
ˆ t

0

ˆ
Rd

ˆ
BR+T ∥b∥∞ (0)

ρϵ(x− y) dx |d(s, y)| dµs(y) ds

≤
ˆ T

0

ˆ
Rd

|d(s, y)| dµs(y) ds.

Since a is continuous, we have that aϵ → a locally uniformly, hence the second integral vanishes
as ϵ → 0. Passing to the limit in the inequalities above (along the subsequence for which we
have truncated narrow convergence of ηϵ to η), we obtain the desired equality for a, i.e.,

ˆ
BR(0)×ΓT

∣∣∣∣∣γ(t) − x−
ˆ t

0
a(s, γ(s)) ds

∣∣∣∣∣ dη(x, γ) ≤
ˆ T

0

ˆ
Rd

|b(s, x) − a(s, x)| dµs(x) ds.

We now see how to derive (40) from this last equation. By approximation, we chose a sequence
{ak} of continuous vector fields such that

ˆ T

0

ˆ
Rd

|b(s, x) − ak(s, x)| dµs(x) ds → 0 as k → ∞.
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We can then finally estimate by using the previous two equations and the fact that µt = µηx
t to

get that ˆ
BR(0)×ΓT

∣∣∣∣∣γ(t) − x−
ˆ t

0
b(s, γ(s)) ds

∣∣∣∣∣ dη(x, γ)

≤
ˆ
BR(0)×ΓT

∣∣∣∣∣γ(t) − x−
ˆ t

0
ak(s, γ(s)) ds

∣∣∣∣∣ dη(x, γ)

+
ˆ
BR(0)×ΓT

∣∣∣∣∣
ˆ t

0
b(s, γ(s)) − ak(s, γ(s)) ds

∣∣∣∣∣ dη(x, γ)

≤ 2
ˆ T

0

ˆ
Rd

|b(s, x) − ak(s, x)| dµs(x) ds,

and this last term as k → ∞ tends to zero as wanted. Hence, we have proved (40) and we have
concluded the proof of the whole theorem. □

Before proving Proposition 2.18 we need the following lemma.
Lemma 2.20 Let {ηx}x∈Rd ⊂ P(ΓT ) be a family of probability measures such that for every
t ∈ [0, T ] and every pair of disjoint Borel sets E1, E2 ⊂ Rd, one has

ηx ({γ : γ(t) ∈ E1}) · ηx ({γ : γ(t) ∈ E2}) = 0 for Ld-a.e. x ∈ Rd.

Then ηx is a Dirac mass for L d-a.e. x ∈ Rd.

Proof. For each t ∈ [0, T ], and for each x ∈ Rd, we define the pushforward measure νtx :=
(et)#ηx ∈ P(Rd), where et : ΓT → Rd is the evaluation map at time t, given by et(γ) := γ(t).

By assumption, for every pair of disjoint Borel sets E1, E2 ⊂ Rd, we have
νtx(E1) · νtx(E2) = ηx ({γ : γ(t) ∈ E1}) · ηx ({γ : γ(t) ∈ E2}) = 0 for L d-a.e. x.

This implies that for L d-almost every x, the measure νtx is a Dirac mass: indeed, if νtx were
not a Dirac mass, we could find two disjoint Borel sets E1, E2 with νtx(E1), νtx(E2) > 0, which
would contradict the assumption.

Since for almost every x ∈ Rd, the measure νtx is a Dirac mass, there exists a measurable
function yt : Rd → Rd such that νtx = δyt(x).

Thus, for L d-almost every x, the measure ηx is supported on the set
{γ ∈ ΓT : γ(t) = yt(x)} .

This property holds for all t ∈ [0, T ], and in particular for every rational time t ∈ [0, T ] ∩ Q.
We now define the set

Γx :=
⋂

t∈[0,T ]∩Q
{γ ∈ ΓT : γ(t) = yt(x)} .

Since ηx(Γx) = 1, and given that the trajectories γ ∈ ΓT are continuous, the values of γ at
rational times uniquely determine the entire curve. Thus, Γx consists of a single curve, denoted
γx, and we conclude that ηx = δγx .

This shows that for L d-almost every x ∈ Rd, ηx is a Dirac mass. □

From the previous lemma, Proposition 2.18 follows naturally: we will construct two bounded
solutions of the continuity equation with the same initial datum but different evolutions at a
later time, which contradicts uniqueness. For the reader’s convenience, we recall the statement
of the proposition below.
Proposition 2.21 Let b : [0, T ] × Rd → Rd be a bounded vector field. Assume that the
continuity equation (12) has the uniqueness property in L∞([0, T ] × Rd). Consider a family
{ηx}x∈Rd ⊂ P (ΓT ) such that ηx is concentrated on absolutely continuous integral solutions of
the ordinary differential equation starting from x, for L d-a.e. x ∈ Rd. Assume that the superpo-
sition solution of the continuity equation µηx

t induced by this family belongs to L∞([0, T ]×Rd).
Then ηx is a Dirac mass for L d-a.e. x ∈ Rd.
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Proof. We argue by contradiction, using Lemma 2.20. In particular there exist a time
t1 ∈ (0, T ], a Borel set C ⊂ Rd of positive measure, and two disjoint Borel sets E1, E2 ⊂ Rd
such that

ηx {γ : γ(t1) ∈ E1} · ηx {γ : γ(t1) ∈ E2} ≠ 0 for every x ∈ C.

Moreover,by passing to a smaller set C still having strictly positive Lebesgue measure, we can
assume that
(42) 0 < ηx {γ : γ(t1) ∈ E1} ≤ Mηx {γ : γ(t1) ∈ E2} for every x ∈ C,

for some constant M > 0. We now focus on the integral curves that start in C and arrive in E1
and E2 at time t1. In particular we define Define the measures

η1
x := χC(x) · ηx⌞{γ : γ(t1) ∈ E1} and η2

x := M · χC(x) · ηx⌞{γ : γ(t1) ∈ E2} ,
together with µ1, µ2 superposition solutions of the continuity equation induced by η1

x and η2
x

respectively. Notice moreover that the superposition solutions are well-defined even if η1
x and η2

x

are not probability measures, but merely positive measures with finite mass for L d-a.e. x ∈ Rd.
Fix now φ ∈ C∞

c (Rd), we compute

⟨µ1
0, φ⟩ =

ˆ
Rd

ˆ
ΓT

φ(γ(0)) d (1C(x) · ηx⌞{γ : γ(t1) ∈ E1}) (γ) dx

=
ˆ
C

ˆ
{γ:γ(t1)∈E1}

φ(γ(0)) dηx(γ) dx

=
ˆ
C
φ(x) · ηx {γ : γ(t1) ∈ E1} dx

from which we deduce
µ1

0 = ηx {γ : γ(t1) ∈ E1} L d⌞C.

An analogous computation gives
µ2

0 = M · ηx {γ : γ(t1) ∈ E2} L d⌞C.

By (42) we have that
µ1

0 ≤ µ2
0 as measures on Rd.

Thus µ1
0 is absolutely continuous with respect to µ2

0, hence there exists f such that µ1
0 = fµ2

0.
Set

η̃2
x = f(x)M · 1C(x) · ηx⌞{γ : γ(t1) ∈ E2}

and let µ̃2
t the superposition solution ( until time t1) induced by η̃. By construction µ1

0 = µ̃2
0,

moreover one can see

⟨µ1
t1 , φ⟩ =

ˆ
C

ˆ
{γ:γ(t1)∈E1}

φ(γ(t0)) dηx(γ) dx.

and
⟨µ̃2
t1 , φ⟩ =

ˆ
C
f(x)M

ˆ
{γ:γ(t1)∈E2}

φ(γ(t1)) dηx(γ) dx.

From the last two equations, we can see that µ1
t1 is supported on E1, while µ̃2

t1 is supported on
E2. In particular, µ1

t and µ̃2
t are two solutions in L∞([0, t1] × Rd) of the continuity equation

with the same initial datum, but they are different at time t = t1, violating the uniqueness
assumption.

□

We conclude this chapter with the following theorem, which highlights a criterion for the
uniqueness of solutions to the ODE.
Theorem 2.22 Let A ⊂ Rd be a Borel set. The following two properties are equivalent for
a bounded vector field b:

(a) Solutions of the ODE are unique for any x ∈ A.
(b) Positive measure-valued solutions of the PDE are unique for any µ̄ concentrated in A,

i.e., such that µ̄(Rd \A) = 0.
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Proof. (a) =⇒ (b) Let µt be a positive measure-valued solution of the continuity
equation with initial data µ̄. Applying Theorem 2.17, we deduce that µt = µηx

t , with ηx ∈ P (ΓT )
concentrated on the absolutely continuous integral solutions of the ODE starting from x, for
every point x ∈ A. But assumption (a) precisely means that, for every x ∈ A, the solution
is unique. Hence, for every x ∈ A, the measure ηx is a Dirac mass supported on the unique
trajectory starting from x, and eventually this gives an explicit formula for the solution µt,
which is therefore unique.
(b) =⇒ (a) Assume by contradiction that for some x ∈ A there exist two different solutions
γ(t) and γ̃(t) of the ODE starting from x. Then consider µt = δγ(t) and µ̃t = δγ̃(t). We clearly
have µ0 = µ̃0 = δx. It is to verify that µt and µ̃t are solutions of the continuity equation, but
since they are different, we are violating assumption (b). □

The applicability of this theorem is limited by the fact that, on the one hand, pointwise
uniqueness properties for the ODE are known only in special cases, such as when there is a
Lipschitz or Osgood condition on b. On the other hand, uniqueness for general measure-valued
solutions is also known only in special situations.



CHAPTER 3

Quantitative estimates for the Regular Lagrangian Flow

1. Introduction

In this chapter, we illustrate several ideas related to ODEs in the Sobolev setting. Rather
than relying on the transport equation, this approach focuses on establishing a priori estimates
for the Regular Lagrangian Flow itself, which are then used to prove existence, uniqueness,
and to investigate its regularity. These ideas originated in the 2008 paper by Crippa and De
Lellis [CL08], and have since been further developed in several works, including [BN20, BN21],
where the authors establish sharp regularity results for the Regular Lagrangian Flow.

Another natural problem is the following: if a sequence of vector fields converges to some
limit (in a suitable sense), what can be said about the convergence of their associated Regular
Lagrangian Flows?

We conclude this section by recalling a key inequality: if a function f ∈ W 1,p(Rd), then for
every x, y ∈ Rd, the following estimate holds:

(43) |f(x) − f(y)| ≤ Cd|x− y| (M |∇f |(x) +M |∇f |(y)) ,

where M |∇f | denotes the Hardy–Littlewood maximal function of the gradient of f , and Cd is
a constant depending only on the dimension. This inequality will play a crucial role in all our
estimates. For a proof see proposition A.29.

Moreover, we recall a basic fact from harmonic analysis: if g ∈ Lp for some p > 1, then
Mg ∈ Lp as well. This property fails when p = 1, in which case the maximal function belongs
to a weaker space. For further details, see the appendix on harmonic analysis tools. From now
on, we adopt the notation A ≲ B to indicate the existence of a constant C > 0 such that

A ≤ CB,

where C may depend on fixed parameters, such as the dimension of the space. Whenever this
dependence is not clear or important, it will be explicitly indicated.

2. Fundamental a priori estimate for p > 1

2.1. Setup. In this section, we derive a fundamental a priori estimate for the Regular
Lagrangian Flow. The setting is the following: b1 and b2 are two bounded, divergence-free
vector fields in L1

loc(R,W 1,p(Rd,Rd)) for some p > 1, and X1 and X2 are the corresponding
Regular Lagrangian Flows.

Fix R > 0 and δ > 0. We denote by Br the ball centered at 0 with radius r. Our goal is to
give an upper bound for the quantity

Φδ(t) :=
ˆ
BR

log
(

1 + |X1(t, x) −X2(t, x)|
δ

)
dx,

where t ranges over a fixed interval [0, T ].
The motivation for considering this quantity comes from the formal computation

d

dt
log(|∇X|) ≤

∣∣∣ ddt∇X∣∣∣
|∇X|

≤ |∇b|(X),

which suggests that a bound on the vector field yields some control over the flow. For instance,
if the gradient is bounded (as in the Lipschitz case), then the flow is also Lipschitz.

28
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Moreover, any upper bound on Φδ provides information about |X1 − X2|. Indeed, fixing
γ > 0, we have

(44) Φδ(t) ≥
ˆ
BR∩{|X1−X2|≥γ}

log
(

1 + γ

δ

)
= log

(
1 + γ

δ

)
L d (BR ∩ {|X1 −X2| ≥ γ}) .

We use the notation bt(x) := b(t, x), and for simplicity, write X1 for X1(t, x). To proceed, we
compute the derivative of Φδ.

Φ′
δ(t) ≤

ˆ
BR

∣∣∣ ddtX1 − d
dtX2

∣∣∣
δ + |X1 −X2|

dx

=
ˆ
BR

|bt1(X1) − bt2(X2)|
δ + |X1 −X2|

dx

≤
ˆ
BR

|bt1(X1) − bt1(X2) + bt1(X2) − bt2(X2)|
δ + |X1 −X2|

dx

≤
ˆ
BR

|bt1(X1) − bt1(X2)|
δ + |X1 −X2|

dx+
ˆ
BR

|bt1(X2) − bt2(X2)|
δ + |X1 −X2|

dx

=: (I) + (II).

We estimate the two terms differently. We will need to change variables, so we must first
understand how the domain of integration changes. Notice that if x ∈ BR, and since

∣∣∣ ddtX(t, ·)
∣∣∣ ≤

∥b∥∞, then X(t, x) ∈ BR+T∥b∥∞ . For the first term we use (43):

(I) ≤
ˆ
BR

|X1 −X2|
(
M |∇bt1|(X1) +M |∇bt1|(X2)

)
δ + |X1 −X2|

dx

≤
ˆ
BR

(
M |∇bt1|(X1) +M |∇bt1|(X2)

)
dx

≤
ˆ
BR+T ∥b1∥∞

M |∇bt1|(y) dy +
ˆ
BR+T ∥b2∥∞

M |∇bt1|(y) dy

≤ C1||∇bt1||Lp

where the constant C1 depends on R, ∥b1∥∞, ∥b2∥∞, d, T .
We have used the fact that the flow preserves the Lebesgue measure, Hölder’s inequality,

and the boundedness of the maximal function from Lp to itself (for p > 1).
Now we estimate the other term:

(II) ≤
ˆ
BR

|bt1(X2) − bt2(X2)|
δ

dx ≤ 1
δ

∥bt1 − bt2∥L1(BR+T ∥b2∥∞ ).

Putting everything together and integrating in time (and noticing that Φδ(0) = 0), we obtain:

(45) Φδ(t) ≤ 1
δ

∥b1 − b2∥L1
t (L1(BR+T ∥b2∥∞ )) + C1∥∇b1∥L1

t (Lp
x).

2.2. Uniqueness. Combining (44) and (45) in the case b = b1 = b2, we obtain

log
(

1 + γ

δ

)
L d (BR ∩ {|X1 −X2| ≥ γ}) ≤ C1 ∥∇b∥L1

t (Lp
x) .

Therefore,

L d (BR ∩ {|X1 −X2| ≥ γ}) ≤
C1 ∥∇b∥L1

t (Lp
x)

log
(
1 + γ

δ

) .

Letting δ → 0, we conclude uniqueness of the flow, due to the arbitrariness of R and γ.
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2.3. Stability and compactness. It is natural to ask whether the definition of Regular
Lagrangian Flow is stable under convergence, and whether a suitable compactness property
holds for the flows. In this subsection, we prove both of these results.

Let b ∈ L1
loc(R,W 1,p(Rd,Rd)) be a bounded, divergence-free vector field. Suppose there

exists a sequence of divergence-free vector fields (bn), with associated Regular Lagrangian Flows
(Xn), such that

bn → b in L1
loc(R × Rd),

and the sequence (bn) is uniformly bounded in L∞(R × Rd). We apply estimates (44) and (45)
with b1 = b, b2 = bn, and obtain:

L d (BR ∩ {|Xn −X| ≥ γ}) ≤ 1
δ log

(
1 + γ

δ

)∥bn − b∥L1
t (L1(BR+T ∥bn∥∞ ))

+ C1
log

(
1 + γ

δ

)∥∇b∥L1
t (Lp

x) =: I + II.

Given γ, η > 0, we choose δ > 0 sufficiently small so that II ≤ η/2. Since bn → b in L1
loc, we

can then find n̄ ∈ N such that I ≤ η/2 for all n ≥ n̄.
These choices imply that for any γ > 0 and R > 0, and for every η > 0, there exists n̄ ∈ N

such that
L d (BR ∩ {|Xn(t, ·) −X(t, ·)| > γ}) ≤ η for all n ≥ n̄.

In particular, this condition implies that Xn converges locally in measure to X. Moreover, since∣∣∣ ddtX(t, ·)
∣∣∣ ≤ ∥b∥∞, we have that if x ∈ BR, then

X(t, x) ∈ BR+T∥b∥∞ .

Therefore, the flows Xn and X are locally uniformly bounded, since the vector fields are uni-
formly bounded. Thanks to this local uniform boundedness, convergence in measure on bounded
sets implies convergence in L1

loc. That is, given R > 0 and η > 0, there exists n̄ ∈ N such that
ˆ
BR

|Xn(t, x) −X(t, x)| dx ≤ η for all n ≥ n̄.

In particular this proves that the flows are stable under L1
loc convergence.

Proving compactness follows a similar strategy. Let (bn) be a sequence of divergence-free vector
fields, equibounded in L∞ and in L1

t (W 1,p
x ), and assume bn → b in L1

loc. Applying (44) and (45)
with b1 = bn, b2 = bm, we obtain

L d (BR ∩ {|Xn −Xm| ≥ γ}) ≤ 1
δ log

(
1 + γ

δ

)∥bn − bm∥L1
t (L1(BR+T ∥bn∥∞ ))

+ C1
log

(
1 + γ

δ

)∥∇bn∥L1
t (Lp

x) =: I + II.

Given γ, η > 0, we first choose δ > 0 small enough so that II ≤ η/2, using the uniform bound
on ∥∇bn∥L1

t (Lp
x). Then, by the strong convergence bn → b in L1

loc, we find n̄ ∈ N such that for
all n,m ≥ n̄, we have I ≤ η/2. This implies

L d (BR ∩ {|Xn −Xm| ≥ γ}) ≤ η.

As before, since the flows Xn and X are locally uniformly bounded, being a Cauchy sequence
with respect to (local) convergence in measure implies that they also form a Cauchy sequence
in L1

loc. In particular, given R > 0 and η > 0, there exists n̄ ∈ N such that

(46)
ˆ
BR

|Xn(t, x) −Xm(t, x)| dx ≤ η for all n,m ≥ n̄.
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2.4. Existence. We now show another proof of the existence of the flow via a smoothing
argument using compactness. Fix a spatial mollifier ρε and define the regularized vector field
bε := b ∗ ρε. It is easy to check that

∥bε∥L∞ ≤ ∥b∥L∞ ,

and that bε → b in L1
loc(R × Rd) and it is equibounded in

L1
loc(R,W

1,p
loc (Rd,Rd)).

Moreover, it is easy to see that
div(bε) = (div b) ∗ ρε,

so the vector fields bε are divergence-free, since div b = 0 and convolution preserves this property.
We are now in a position to apply the compactness result established in the previous subsection
to the flows associated to bε. In particular, from (46), we have that the sequence of flows
converges, up to a subsequence, to a flow X in L1

loc. Finally, it is easy to see that this limit X
is indeed a Regular Lagrangian flow for b.

3. Theory for p = 1

In this section, we modify the proof from the previous section to handle the case where
b ∈ W 1,1

loc (Rd,Rd). The proof we present is a slight improvement on the one in [BC13], where
the authors address this case, as well as other cases not included in the p > 1 theory. The key
idea is that some of the estimates in the fundamental estimate can be improved via interpolation.
Specifically, at certain points, we bound a denominator consisting of the sum of two terms by
just one of the terms (for example, 1

δ+|X1−X2| ≤ 1
|X1−X2|).

We now recall the definition of the weak Lebesgue space:

∥f∥L1,∞ := sup
λ>0

λL d
(
{x ∈ Rd : |f(x)| > λ}

)
.

It is known that the maximal function is not an operator from L1 to L1, but rather from L1 to
L1,∞. This means that

∥Mf∥L1,∞ ≲ ∥f∥L1

that can be rewritten as

L d
(
{x ∈ Rd : |f(x)| > λ}

)
≲

∥f∥L1

λ
.

We will need the following interpolation inequality, which shows that if f is bounded and belongs
to the weak space L1,∞, then f also belongs to L1, provided it has compact support:

(47) ∥f∥L1 ≤ ∥f∥L1,∞

(
1 + log

(
C∥f∥L∞

∥f∥L1,∞

))
,

where C = L d(supp f) denotes the Lebesgue measure of the support of f . For a proof of this
inequality see proposition A.28.
We start as in the fundamental estimate, using the same setup and the same decomposition
into (I) and (II), namely:

Φ′
δ(t) ≤

ˆ
BR

∣∣∣ ddtX1 − d
dtX2

∣∣∣
δ + |X1 −X2|

dx

=
ˆ
BR

|bt1(X1) − bt2(X2)|
δ + |X1 −X2|

dx

≤
ˆ
BR

|bt1(X1) − bt1(X2) + bt1(X2) − bt2(X2)|
δ + |X1 −X2|

dx

≤
ˆ
BR

|bt1(X1) − bt1(X2)|
δ + |X1 −X2|

dx+
ˆ
BR

|bt1(X2) − bt2(X2)|
δ + |X1 −X2|

dx

=: (I) + (II).
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We estimate (II) as before:

(II) ≤
ˆ
BR

|bt1(X2) − bt2(X2)|
δ

dx ≤ 1
δ

∥bt1 − bt2∥L1(BR+T ∥b2∥∞ ).

To estimate (I), we proceed similarly to the previous proof, but we now use the factor δ in
the denominator to compensate for the fact that the maximal function belongs only to a weak
space. In a similar way to the proof of the p > 1 case, we get that

Φ′
δ(t) ≲

ˆ
BR

min
(2∥b1∥∞

δ
,
(
M |∇bt1|(X1) +M |∇bt1|(X2)

))
dx

≲
ˆ
BR+T ∥b1∥∞

min
(∥b1∥∞

δ
, M |∇bt1|

)
dx.

By integrating in time we get that

(48) Φδ(t) ≲
1
δ

∥b1 − b2∥L1
t (L1(BR+T ∥b2∥∞ )) +

ˆ T

0

ˆ
BR+T ∥b1∥∞

min
(∥b1∥∞

δ
, M |∇bt1|

)
dx dt.

We focus on the second term. In particular, we define

(49) ϕ(s, x) := min
(∥b1∥∞

δ
, M |∇bs1|(x)

)
χBR+∥b1∥∞T

(x),

where χBR+∥b1∥∞T
denotes the characteristic function of the ball BR+∥b1∥∞T .

At this point, it is important to notice that we are not using the distinction between W 1,1

and BV functions. Fix ε > 0, we will decompose ∇b1 in the following way:
∇b1 = gε + hε

With
∥gε∥L1

t (L1
x) ≤ ε,

and
∥hε∥L1

t (L2
x) ≤ Cε

where Cε blows up as ε → 0 and depends on the integrability of ∇b1. One can see that by
choosing λ in an appropriate way, gε = ∇b1 · χ{∇b>λ} and hε = ∇b1 · χ{∇b≤λ} satisfy the
hypotheses.

With this decomposition we have

ϕ(s, x) = min
(∥b1∥∞

δ
, M |∇bs1|(x)

)
χBR+∥b1∥∞T

(x)

= min
(∥b1∥∞

δ
, M (|gsε| + |hsε|) (x)

)
χBR+∥b1∥∞T

(x)

≤ min
(∥b1∥∞

δ
, M |gsε|(x)

)
χBR+∥b1∥∞T

(x) + min
(∥b1∥∞

δ
, M |hsε|(x)

)
χBR+∥b1∥∞T

(x)

=: ϕ1(s, x) + ϕ2(s, x).
We now want to deal with ϕ1 using interpolation and with ϕ2 as in the p > 1 case.

Note that ϕ1(s, x) have compact support contained in [0, T ]×BR+∥b1∥∞T , therefore we want
to apply (47). Note that

∥ϕ1∥L∞
t,x

≤ ∥b1∥∞
δ

,

and

∥ϕ1∥
L1,∞

t,x
≤ ∥Mgε∥L1,∞

t,x
≲
ˆ T

0
∥Mgtε∥L1,∞

x
dt ≲

ˆ T

0
∥gtε∥L1

x
dt = ∥gε∥L1

t (L1
x) ≲ ε.

On the other hand, for ϕ2, we have, by using the Hardy-Littlewood Maximal inequality for
p = 2,
(50) ∥ϕ2∥L1

t (L2
x) ≤ ∥Mhε∥L1

t (L2
x) ≲ ∥hε∥L1

t (L2
x) ≲ Cε.
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We now estimate the integral involving ϕ. We will use (47) for ϕ1 and (50) for ϕ2. The second
term is easy; as in the proof for p > 1, we use Hölder’s inequality and obtainˆ T

0

ˆ
BR+T ∥b1∥∞

ϕ2(t, x) dx dt ≲ Cε.

On the other term, we apply (47) to ϕ1. Notice a couple of things: the measure of the support
of ϕ1 is controlled by a quantity that depends on T,R, ∥b1∥L∞ , which we will call C. Moreover,
notice that z 7→ log z is increasing, and that the function

z 7→ z

(
1 + log

(
c

δz

))
is also increasing for z ≤ c

δ . Putting all this information together, we get that
ˆ T

0

ˆ
BR+T ∥b1∥∞

ϕ1(t, x) dx dt ≲ ε

(
1 + log

(
C∥b1∥L∞

δε

))
.

Finally, we see that all these inequalities give

(51) Φδ(t) ≲
1
δ

∥b1 − b2∥L1
t (L1(BR+T ∥b2∥∞ )) + Cε + ε

(
1 + log

(
C∥b1∥L∞

δε

))
,

where ≲ and C depend on R, ∥b1∥L∞ , T .
As in the case p > 1, we derive from (51) the analogous version of (44), i.e.

L d (BR ∩ {|X1 −X2| > γ}) ≲ 1
δ log

(
1 + γ

δ

)∥b1 − b2∥L1
t (L1(BR+T ∥b2∥∞ ))

+
Cε + ε

(
1 + log

(
C∥b1∥L∞

δε

))
log

(
1 + γ

δ

) .

By choosing first ε and then δ, one can prove existence, uniqueness, stability, and compactness
as in the p > 1 case.

4. Sharp regularity of the solutions

In this final section, we will determine the sharp regularity of the solution to the continuity
equation in our setting by deriving it from a suitable regularity property of the Regular La-
grangian Flow. This result was established by Brue and Nguyen in [BN21]. We will measure
the regularity of the solution via a logarithmic version of the Gagliardo seminorm, which defines
a scale of log-Sobolev functionals. For p ≥ 0, the functional is given by

(52)
(ˆ

Rd

ˆ
B1/3

|f(x+ h) − f(x)|2

|h|d log(1/|h|)1−p dh dx

)1/2

.

This is inspired by the classical Gagliardo seminorm used in the theory of fractional Sobolev
spaces, defined for s ∈ (0, 1) by

(53)
(ˆ

Rd

ˆ
Rd

|f(x+ h) − f(x)|2

|h|d+2s dh dx

)1/2

,

which provides a measure of the L2-norm of the derivative of order s of the function f . We will
prove the positive part of following theorem.
Theorem 3.1 Let p > 1 be fixed, and let b ∈ L1([0, T ];W 1,p(Rd;Rd)) be a bounded
divergence-free vector field. Then, for every initial datum u0 ∈ L∞(Rd) ∩ W 1,1(Rd) with
∥u0∥L∞ ≤ 1, the solution u ∈ L∞([0, T ] × Rd) to the continuity equation (23) satisfiesˆ

B1/3

ˆ
Rd

|ut(x+ h) − ut(x)|2

|h|d log(1/|h|)1−p dx dh ≤
ˆ t

0
∥∇bs∥pLp ds+ ∥u0∥pW 1,1 + ∥u0∥L1 .
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Moreover, there exists a divergence-free vector field b ∈ L∞([0,+∞);W 1,p(Rd)) and an initial
datum u0 ∈ L∞(Rd) ∩ W 1,d(Rd), such that the solution u ∈ L∞([0,+∞) × Rd) of the Cauchy
problem (23) satisfies

ˆ
B1/2

ˆ
Rd

|ut(x+ h) − ut(x)|2

|h|d log(1/|h|)γ dx dh = ∞, for any t > 0, for any γ < 1 − p.

We start with a proposition concerning the (unique) Regular Lagrangian Flow.
Proposition 3.2 Under the assumptions of Theorem 3.1, there exists a measurable function
g(t, x) : [0, T ] × Rd → R ∪ +∞ such that

(54) e−gt(x)−gt(y) ≤ |Xt(x) −Xt(y)|
|x− y|

≤ egt(x)+gt(y) for any x, y ∈ Rd and t ∈ [0, T ]

and

(55) ∥gt∥Lp ≲p,d

ˆ t

0
∥∇bs∥Lp ds ∀t ∈ [0, T ].

Proof. We define all functions pointwise, as in the proof of Proposition A.29. Let ε > 0;
then, for almost every x, y ∈ Rd, we consider the quantity:∣∣∣∣log

(
ε+ |Xt(x) −Xt(y)|

ε+ |x− y|

)∣∣∣∣ =
∣∣∣∣∣
ˆ t

0

d

ds
log (ε+ |Xs(x) −Xs(y)|) ds

∣∣∣∣∣ .
Now, using the chain rule and the fact that

d

ds
|Xs(x) −Xs(y)| = Xs(x) −Xs(y)

|Xs(x) −Xs(y)| ·
(
Ẋs(x) − Ẋs(y)

)
,

we obtain the estimate:
d

ds
log (ε+ |Xs(x) −Xs(y)|) ≤ |bs(Xs(x)) − bs(Xs(y))|

ε+ |Xs(x) −Xs(y)| .

Hence, ∣∣∣∣log
(
ε+ |Xt(x) −Xt(y)|

ε+ |x− y|

)∣∣∣∣ ≤
ˆ t

0

|bs(Xs(x)) − bs(Xs(y))|
|Xs(x) −Xs(y)| ds.

By using inequality (43) and letting ε → 0, we obtain∣∣∣∣log
( |Xt(x) −Xt(y)|

|x− y|

)∣∣∣∣ ≤ Cd

ˆ t

0
[M(|∇bs|)(Xs(x)) +M(|∇bs|)(Xs(y))] ds.

Define the function gt : Rd → [0,+∞] by

gt(x) := Cd

ˆ t

0
M(|∇bs|)(Xs(x)) ds for x ∈ Rd \N,

and set gt(x) := +∞ for x ∈ N , where N is a set of measure zero on which the Regular
Lagrangian Flow does not solve the ODE. Finally, the integrability condition on g, (55), follows
easily from the boundedness of the maximal function in Lp, together with the Minkowski integral
inequality. □

Note that (54) shows that, if we restrict ourselves to a sub-level set of gt, then the flow is
Lipschitz. In this sense, the previous proposition implies that, by removing a set of suitably
small measure, the flow becomes Lipschitz on its complement. This property is known as the
Lusin–Lipschitz property, in analogy with Lusin’s Theorem.

Thanks to the previous proposition we can deduce something similar for the solution of the
continuity equation
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Proposition 3.3 Let b ∈ L1([0, T ];W 1,p(Rd;Rd)) be a bounded, divergence-free vector field
with p > 1. Then, there exists a measurable function g̃t(x) = g̃(t, x) : [0, T ] × Rd → R ∪ {+∞}
such that, for every initial datum ū ∈ W 1,1(Rd) ∩ L∞(Rd), there exists a representative u :
[0, T ] × Rd → R of the (unique) solution in L∞([0, T ] × Rd) to the continuity equation (CE),
satisfying
(56) |ut(x) − ut(y)| ≤ |x− y|eg̃t(x)+g̃t(y), ∀x, y ∈ Rd, ∀t ∈ [0, T ],
and

∥g̃t∥Lp(Rd) ≤ Cp,d

(ˆ t

0
∥∇bs∥Lp(Rd) ds+ ∥ū∥W 1,1(Rd)

)
, ∀t ∈ [0, T ],

for a constant Cp,d > 0 depending only on p and d.

Proof. Let X be the (unique) Regular Lagrangian Flow associated to the vector field b. It
can be proved (see Theorem 6.2 in [Amb04]) that the map x 7→ X(t, x) is essentially invertible,
i.e., there exists a measurable map

Y : [0, T ] × Rd → Rd

such that
(57) X(t, Y (t, x)) = Y (t,X(t, x)) = x for L d-a.e. x ∈ Rd.
It is easy to see that Yt satisfies (54) with ḡt(x) := gt(Yt(x)) when x satisfies (57), and ḡt(x) :=
+∞ otherwise. By using that also Yt preserves the Lebesgue measure we have from (55) that

∥ḡt∥Lp(Rd) ≲p,d

ˆ t

0
∥∇bs∥Lp(Rd) ds, ∀t ∈ [0, T ].

We now use the fact that ut = ū(Yt) for almost every x ∈ Rd (this corresponds to (22) in the
low regularity setting), together with (43) and (54) for Yt, to obtain the following estimate:

|ut(x) − ut(y)|
|x− y|

= |ū(Yt(x)) − ū(Yt(y))|
|Yt(x) − Yt(y)| · |Yt(x) − Yt(y)|

|x− y|

≤ Cd [M(|∇ū|)(Yt(x)) +M(|∇ū|)(Yt(y))] · |Yt(x) − Yt(y)|
|x− y|

≤ Cd [M(|∇ū|)(Yt(x)) +M(|∇ū|)(Yt(y))] eḡt(x)+ḡt(y).

Moreover notice that by defining g̃t(x) = 2ḡt(x) + 2 log (max {CdM(|∇ū|)(Yt(x)), 1}). we have
that, for x, y ∈ Rd and t ∈ [0, T ], one has

Cd (M |∇ū|(Yt(x)) +M |∇ū|(Yt(y))) eḡt(x)+ḡt(y) ≤ eg̃t(x)+g̃t(y).

By combining it with the previous inequality, we have exactly
|ut(x) − ut(y)| ≤ |x− y|eg̃t(x)+g̃t(y), ∀x, y ∈ Rd, ∀t ∈ [0, T ],

as wanted. Finally, the inequality for ∥g̃∥Lp follows directly from the corresponding bound for
ḡ and the definition of g̃. □

Thanks to the previous proposition, we are led to study the regularity of functions f satis-
fying

|f(x) − f(y)| ≤ |x− y|eg(x)+g(y)

for some g ∈ Lp. The following proposition provides a characterization of their regularity.
Recall that a ∧ b = min(a, b).

Proposition 3.4 Let p ≥ 1 be fixed. For any f ∈ L1(Rd) satisfying the exponential
Lusin–Lipschitz estimate
(58) |f(x) − f(y)| ≤ |x− y| exp{g(x) + g(y)} ∀x, y ∈ Rd,
for some g ∈ Lp(Rd), it holds that

(59)
ˆ
B1/3

ˆ
Rd

1 ∧ |f(x+ h) − f(x)|2

|h|d log(1/|h|)1−p dx dh ≲p,d ∥g∥pLp + ∥f∥L1 .
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Proof. We will first prove that for every h ∈ Rd with |h| ≤ 1/e, it holds that

(60)
ˆ
Rd

1 ∧ |f(x+ h) − f(x)|2 dx ≲d |h|2
ˆ log(1/|h|)

1
e2λ|{2g > λ}| dλ+ |h|∥f∥L1 .

By using the layer cake formula and (58), we have
ˆ
Rd

1 ∧ |f(x+ h) − f(x)|2 dx = 2
ˆ e|h|

0
t |{x : |f(x+ h) − f(x)| > t}| dt

+ 2
ˆ 1

e|h|
t |{x : |f(x+ h) − f(x)| > t}| dt

≲ |h|∥f∥L1 +
ˆ 1

e|h|
t |{x : |f(x+ h) − f(x)| > t}| dt

+
ˆ 1

e|h|
t |{x : g(x) + g(x+ h) > log

(
t

|h|

)
}| dt.

Now, estimatingˆ 1

e|h|
t |{x : g(x) + g(x+ h) > log

(
t

|h|

)
}| dt ≤ 2

ˆ 1

e|h|
t |{x : 2g(x) > log

(
t

|h|

)
}| dt.

Finally, setting λ = log
(
t

|h|

)
and changing variables in the integral above, we conclude the

proof of (60). We now use this inequality to prove the proposition, to simplify the notation we
use µ(λ) := |{2g > λ}| dλ. By using (60) we have

ˆ
B1/e

ˆ
Rd

1 ∧ |f(x+ h) − f(x)|2

|h|d log(1/|h|)1−p dx dh

≲
ˆ
B1/e

log(1/|h|)p−1

|h|d

ˆ log(1/|h|)

1
e2λ dµ(λ) dh+

ˆ
B1/e

|h|∥f∥L1 dh.

We first change variables in spherical coordinates with radius |h| = r and then according to
log(1/r) = t to get

ˆ
B1/e

log(1/|h|)p−1

|h|d

ˆ log(1/|h|)

1
e2λ dµ(λ) dh

≲
ˆ 1/e

0

ˆ
Sd−1

log(1/r)p−1

rd

ˆ log(1/r)

1
e2λ dµ(λ) rd−1 dω dr

≲
ˆ 1/e

0

log(1/r)p−1

r

ˆ log(1/r)

1
e2λ dµ(λ) dr

≲
ˆ ∞

1
e−2ttp−1

(ˆ t

1
e2λ dµ(λ)

)
dt.

We now apply Tonelli theorem to getˆ ∞

1
e−2ttp−1

ˆ t

1
e2λ dµ(λ) dt =

ˆ ∞

1
e2λ

ˆ ∞

λ
e−2ttp−1 dt dµ(λ).

It is easy to see that by integration by parts ( and λ ≥ 1) that

e2λ
ˆ ∞

λ
e−2ttp−1 dt ≲ λp−1.

Thus by doing layer cake formula in the other way we haveˆ ∞

1
e−2ttp−1

ˆ t

1
e2λ dµ(λ) dt ≲

ˆ ∞

1
λp−1dµ(λ) ≲ ∥g∥pLp .
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Finally, by putting all together we haveˆ
B1/e

ˆ
Rd

1 ∧ |f(x+ h) − f(x)|2

|h|d log(1/|h|)1−p dx dh ≲ ∥g∥pLp + ∥f∥L1

which completed the proof. □

We conclude the proof of Theorem 3.1 by combining the results established in the previous
propositions. Specifically, we apply Proposition 3.3 in conjunction with Proposition 3.4, and we
observe that the L1-norm of ut remains constant over time, which is equal to that of ū. This
property arises from the fact that bounded solutions of the continuity equation are renormalized.



CHAPTER 4

Osgood meets DiPerna-Lions

1. Introduction

In the first part of this chapter, we define what we mean by functions with slightly less than
a derivative in Lp. We recall the following fact, which provides a characterization of Sobolev
functions:
Proposition 4.1 Let f : Rd → R be a function in Lp. Then f ∈ W 1,p(Rd) for p > 1 if and
only if there exists a function g ∈ Lp(Rd) such that for almost every pair x, y ∈ Rd, we have

(61) |f(x) − f(y)| ≤ |x− y|
(
g(x) + g(y)

)
.

Proof. The "only if" part follows easily from (A.29) and Theorem A.27. For the converse,
we follow an argument of Hajłasz [Ha96]. By using the Riesz Representation Theorem, it
suffices to show that there exists h ∈ Lp(Rd) such that for all φ ∈ C∞

c (Rd), we have∣∣∣∣ˆ
Rd

f
∂φ

∂x1

∣∣∣∣ ≤
ˆ
Rd

|h|φ.

We now fix ε > 0, and we integrate in mean both sides of (61) first with respect to y and then
with respect to x, over the ball B := Bz(ε). This yields

(62)
 
B

∣∣∣∣f −
 
B
f

∣∣∣∣ ≲ ε

 
B
g.

To conclude the proof, we use a standard approximation of identity argument. Let ψ be a
smooth function supported in the unit ball and satisfying

´
Rd ψ = 1. As usual, we define the

rescaled mollifier
ψε(x) := 1

εd
ψ

(
x

ε

)
.

By standard properties of mollifiers, we haveˆ
Rd

f
∂φ

∂x1
= lim

ε→0

ˆ
Rd

(f ∗ ψε)
∂φ

∂x1
= − lim

ε→0

ˆ
Rd

φ

(
∂ψε
∂x1

∗ f
)
.

Now observe that
´
Rd

∂ψε

∂x1
= 0, so(
∂ψε
∂x1

∗ f
)

(x) =
(
∂ψε
∂x1

∗
(
f −

 
Bx(ε)

f

))
(x).

Using the estimate (62) we have∣∣∣∣(∂ψε∂x1
∗ f
)

(x)
∣∣∣∣ ≲ ˆ

Bx(ε)
|f(y) −

 
Bx(ε)

f | 1
εd+1 dy ≲

 
Bx(ε)

g ≤ Mg(x).

Since Mg ∈ Lp(Rd), it follows that ∣∣∣∣ˆ
Rd

f
∂φ

∂x1

∣∣∣∣ ≲ ˆ
Rd

φMg.

This completes the proof.
□

Inspired by the previous proposition it is natural to consider the following class of functions.
38
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Definition 4.2. Let ω be an Osgood modulus of continuity and p ≥ 1. We say that a function
f ∈ Lp(Rd,Rd) belongs to Wω,p(Rd,Rd) if there exists a function g ∈ Lp(Rd) such that for
almost every pair of points x, y ∈ Rd, we have

(63) |f(x) − f(y)| ≤ ω(|x− y|)(g(x) + g(y)).

Remark 4.3. Note that ω(x) = x is the Sobolev space case.

In a natural way we extend this definition to define vector field in L1
t (Wω,p

x ).

Definition 4.4. We say that a vector field b : [0, T ] × Rd → Rd belongs to L1
t (Wω,p

x ) if for
almost every t ∈ [0, T ], there exists a function gt ∈ Lp(Rd) such that

|b(t, x) − b(t, y)| ≤ ω(|x− y|)
(
gt(x) + gt(y)

)
for a.e. x, y ∈ Rd,

and ˆ T

0
∥gt∥Lp dt < +∞.

There are several motivations for studying this case of vector fields. First, as in the classical
setting, one would like to understand whether it is possible to improve upon a classical threshold
that appears to be almost necessary — such as the local Lipschitz condition discussed in Chapter
1. Here, we aim to refine the breakthrough result of DiPerna and Lions on Sobolev vector fields.
Another interesting motivation arises from the following computation. Let f ∈ W 1,p. One can
prove, by mimicking the same proof of (43), that

|f(x) − f(y)| ≤ ω(|x− y|)
(
Mω(∇f)(x) +Mω(∇f)(y)

)
where

Mω(g)(x) := sup
R>0

R

ω(R)

 
BR(x)

|g(y)| dy.

By using that ω is concave, and fixing K, one can perform an interpolation argument:

sup
K≥R>0

R

ω(R)

 
BR(x)

|g(y)| dy ≤ K

ω(K)M(g)(x).

In addition,

sup
R>K

R

ω(R)

 
BR(x)

|g(y)| dy ≲
K

ω(K)
∥f∥L1

Kd
.

Assuming ∥f∥L1 = 1 and optimizing in K, we obtain

Mω(g)(x) ≲ [M(g)(x)]1− 1
d

ω
(
[M(g)(x)]−

1
d
) .

In particular, if we define the (increasing) function

φ(t) := t1− 1
d

ω(t−
1
d )

≤ t

and its inverse ψ(t) ≥ t, we have

ψ
(
Mω(g)(x)

)
≲M(g)(x).

Thus we are “giving away” a part of the derivative to gain better integrability. One motivation
for introducing this type of vector field was to obtain better estimates in the borderline case
p = 1. Unfortunately, this trade-off between derivative and integrability is not sufficient to
compensate for the gap between L1,∞ and L1.
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2. Regular Lagrangian Flow

In this section, we generalize some of the results from Chapter 3 by proving that, for
vector fields as described in the introduction to this chapter (i.e., in L1

t (Wω,p
x ), bounded, and

divergence-free), there exists a unique Regular Lagrangian Flow. The following proof is a
natural extension of [CL08]. While working on this thesis, the author independently arrived
at the result presented in this section, which was later discovered to have already been proved
in [LL15].

To mimic the function log
(
1 + x

δ

)
used in the proof by Crippa and De Lellis, it is natural

to introduce the following function for each Osgood modulus of continuity:

(64) Qδ(x) :=
ˆ x

0

ds

ω(s) + δ
.

In particular, when ω(s) = s, this function coincides with log
(
1 + x

δ

)
.

After this natural modification, the proof proceeds essentially as in the original case. In
particular, we aim to estimate the following quantity, for a fixed R > 0 and for X1, X2 regular
Lagrangian flows associated to the vector fields b1 and b2 with b1 satisfying the Osgood derivative
condition:

Φδ(t) :=
ˆ
BR

Qδ (|X1(t, x) −X2(t, x)|) dx.

As before, we differentiate Φδ(t) and proceed with similar estimates. However, in the step
where we previously used the maximal function estimate, we now exploit the assumption that
the vector field has a Lp modulus of continuity given by an Osgood function ω. This yields:

Φ′
δ(t) ≤

ˆ
BR

∣∣∣ ddtX1 − d
dtX2

∣∣∣
δ + ω(|X1 −X2|) dx

=
ˆ
BR

|bt1(X1) − bt2(X2)|
δ + ω(|X1 −X2|) dx

≤
ˆ
BR

|bt1(X1) − bt1(X2) + bt1(X2) − bt2(X2)|
δ + ω(|X1 −X2|) dx

≤
ˆ
BR

|bt1(X1) − bt1(X2)|
δ + ω(|X1 −X2|) dx+

ˆ
BR

|bt1(X2) − bt2(X2)|
δ + ω(|X1 −X2|) dx

=: (I) + (II).

We start from (I)
ˆ
BR

|bt1(X1) − bt1(X2)|
δ + ω(|X1 −X2|) dx ≤

ˆ
BR

(
gt(X1) + gt(X2)

)
dx

≤
ˆ
BR+T ∥b1∥∞

gt(y) dy +
ˆ
BR+T ∥b2∥∞

gt(y) dy

≤ C1∥gt∥Lp ,

where the constant C1 depends on R, ∥b1∥∞, ∥b2∥∞, d, T .
We have used the fact that the flow preserves the Lebesgue measure, Hölder’s inequality

and the property imposed on b1.
Now we estimate the other term:

(II) ≤
ˆ
BR

|bt1(X2) − bt2(X2)|
δ

dx ≤ 1
δ

∥bt1 − bt2∥L1(BR+T ∥b2∥∞ ).

Putting everything together and integrating in time (and noticing that Φδ(0) = 0), we obtain:

(65) Φδ(t) ≤ 1
δ

∥b1 − b2∥L1
t (L1(BR+T ∥b2∥∞ )) + C1∥g∥L1

t (Lp
x).
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At this point we use the same idea as the other time i.e (44):

(66) Φδ(t) ≥
ˆ
BR∩{|X1−X2|≥γ}

Qδ(γ) dx = Qδ(γ) L d (BR ∩ {|X1 −X2| ≥ γ}) .

By combining (65) and (66), the proofs of existence, uniqueness, and compactness follow exactly
as in Chapter 3, with the additional use of the Osgood condition, namely

lim
δ→0

Qδ(x) = +∞ for each x > 0.

Note that, after we have proved existence and uniqueness for the Regular Lagrangian Flows,
Theorem 2.17 guarantees that positive solutions of the continuity equation are unique within
the class of positive solutions.

3. Renormalized solution

In this section, we prove that, under a suitable regime induced by the Osgood modulus
of continuity ω, bounded solutions are renormalized as in the classical theory of DiPerna and
Lions. This is joint work with Guido De Philippis. The scheme of the proof is as follows:
using the Littlewood–Paley decomposition, we show that solutions transported by a vector field
whose "derivative" satisfies an Osgood condition possess a certain regularity. We then exploit
this regularity to control the commutator, proving that it vanishes in the limit in the L1

loc
sense. This allows us to apply the DiPerna–Lions framework and conclude that solutions of
the continuity are renormalized even in this setting of vector fields. For clarity, we work on the
periodic torus; however, the proof can be adapted to work locally in Rd.

3.1. Littlewood-Paley Decomposition. In this subsection, we introduce the Little-
wood–Paley decomposition, a useful way to decompose a function into pieces that are well
localized in the frequency space. For further details and proofs one can see the Appendix. An
easy example that illustrates the type of result we aim to obtain is the following. Let fk be a
sequence of functions indexed by k ∈ Z+, each with Fourier support contained in the annulus
2k < |ξ| < 2k+1. Then, by Parseval’s formula and the fact that the Fourier supports of the fk
are disjoint, we obtain ∥∥∥∥∥∑

k

fk

∥∥∥∥∥
2

L2

=
∑
k

∥fk∥2
L2 .

Unfortunately, one can see that for p ̸= 2, equalities of this type no longer hold. This questions
are related to a central theme in modern harmonic analysis that is the study of inequalities of
the form ∥∥∥∥∥∑

k

fk

∥∥∥∥∥
Lp

≲

(∑
k

∥fk∥2
Lp

)1/2

, 1 < p < ∞,

under suitable assumptions on the functions fk. These are commonly referred to as decoupling
estimates. For a more broad overview of this topic, see [Gut22]. The Fourier transform of a
function θ on Td = Rd/(Zd) and its Fourier representation are defined as

θ̂(η) =
ˆ
Td

e−2πiη·xθ(x) dx, θ(x) =
∑
η∈Zd

e2πiη·xθ̂(η),

for any wave number η ∈ Zd and any x ∈ Td.
The Fourier transform of a function φ on Rd and its Fourier representation are defined as

φ̂(ξ) =
ˆ
Rd

e−2πiξ·xφ(x) dx, φ(x) =
ˆ
Rd

e2πiξ·xφ̂(ξ) dξ,

for any frequency ξ ∈ Rd and any x ∈ Rd.
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Convolutions will always be understood on Rd, which occasionally makes it necessary to
extend functions periodically from Td to Rd. The convolution of θ and φ, as defined above, is
the function

(67) (φ ∗ θ)(x) =
ˆ
Rd

φ(x− y)θ(y) dy =
ˆ
Td

∑
η∈Zd

φ(x− z − η)

 θ(z) dz,
which is periodic in x, and is thus interpreted as a function on Td. Its Fourier transform then
satisfies the product rule:

(68) (̂φ ∗ θ)(η) = φ̂(η) θ̂(η),

for any η ∈ Zd.
Similarly, the product of two functions transforms into a discrete convolution when passing

to the Fourier transform:
(69) (̂θϕ)(η) =

∑
ζ∈Zd

θ̂(ζ) ϕ̂(η − ζ), for each η ∈ Zd.

Moreover, we have the Parseval’s identity:

(70)
ˆ
Td

θ(x)ϕ(x) dx =
∑
η∈Zd

θ̂(η)ϕ̂(η).

We now define the Littlewood–Paley decomposition by first considering a radial Schwartz func-
tion φ whose Fourier transform φ̂ is supported in the unit ball B1(0). Moreover, φ̂ satisfies

0 ≤ φ̂(ξ) ≤ 1 for all ξ,

and equals 1 on the closed ball B 1
2
(0). This function will be used to construct a dyadic partition

of unity in frequency space.
For each k ∈ Z, we define

(71) φk(x) := 2kdφ(2kx) − 2(k−1)dφ(2k−1x),
so that the Fourier transform φ̂k is supported in a dyadic annulus:

(72) spt φ̂k ⊂ B2k(0) \B2k−2(0).
As a result, each φk overlaps in frequency only with its immediate neighbors. Notice that (71)
is defined in such a way that

(73) φ̂k(ξ) = φ̂( ξ2k ) − φ̂( ξ

2k−1 ).

From this last equation and the definition of φ we deduce that
φ̂k(ξ) = φ̂k(ξ)(φ̂k−1(ξ) + φ̂k(ξ) + φ̂k+1(ξ))

since φ̂k−1(ξ) + φ̂k(ξ) + φ̂k+1(ξ) = 1 on the support of φ̂k(ξ). By applying the inverse Fourier
transform, we obtain
(74) φk = φk ∗ (φk−1 + φk + φk+1).
Notice also that the family {φk}k∈Z is constructed to form a partition of unity in frequency
space, i.e., ∑

k∈Z
φ̂k(ξ) = 1 for all ξ ∈ Rd \ {0}.

From now on, every function u on the torus will be assumed to be mean-free; that is,ˆ
Td

u(x) dx = 0.

For a mean-free function on the torus, we define the k-th Littlewood–Paley block fk as
fk := f ∗ φk.
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In addition to the Littlewood–Paley blocks, we consider the low-pass filters

ψk(x) := φ(x) +
k∑
j=1

φj(x),

and define the high-frequency parts as

f≥
k := f − f ∗ ψk−1.

Similarly, we define
f≤
k := f ∗ ψk,

so that
f = f≤

k + f≥
k+1.

Moreover, one can see that for 1 < p < +∞, if f is mean-free and in Lp, then

f =
∞∑
k=1

fk in Lp(Td)

and

f≥
m =

∞∑
k=m

fk in Lp(Td).

We will make use of this property several times in the context of regularity estimates.
One of the most important properties of the Littlewood Paley decomposition is that, for all

integrability exponents q ∈ (1,∞),

(75)

∥∥∥∥∥∥
(∑

k

u2
k

)1/2
∥∥∥∥∥∥
Lq

∼ ∥u∥Lq .

For a proof, see Theorem 6.1.2 in [Gra14].
Later, we will use only the upper bound, which holds for more general L1-dilations φ̃k =

2kdφ̃0(2k·), provided that φ̃0 is a mean-zero Schwartz function:

(76)

∥∥∥∥∥∥
(∑

k

(u ∗ φ̃k)2
)1/2

∥∥∥∥∥∥
Lq

≲ ∥u∥Lq .

For a proof, see Theorem 6.1.2 in [Gra14].
The next lemma will be very useful several times.
Lemma 4.5 Let K be a Schwartz function, then for every N > 0 we have that

(77) Nd

ˆ
Rd

K(N(x− y))f(y)dy ≲K Mf(x)

Proof. Without loss of generality we can assume K, f ≥ 0. We decompose the integral in
several annuli defined by a dyadic partition.

Nd

ˆ
Rd

K(N(x− y))f(y) dy = Nd

ˆ
N |x−y|≤1

K(N(x− y))f(y) dy

+
∞∑
k=0

Nd

ˆ
2k≤N |x−y|≤2k+1

K(N(x− y))f(y) dy

We now use the definition of a Schwartz function, i.e., there exists C > 0 such that

K(x) ≤ C

1 + |x|d+1 for all x ∈ Rd.

In particular, we have the following estimate:

Nd

ˆ
N |x−y|≤1

K(N(x− y))f(y) dy ≤ CNd

ˆ
N |x−y|≤1

f(y) dy ≲Mf(x).
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On the other hand, for the other integrals we have

Nd

ˆ
2k≤N |x−y|≤2k+1

K(N(x− y))f(y) dy

≤ CNd

ˆ
2k≤N |x−y|≤2k+1

f(y) dy

Nd+1|x− y|d+1

≲ Nd

ˆ
2k≤N |x−y|≤2k+1

f(y) dy

2(k+1)(d+1)

≲ Nd

ˆ
N |x−y|≤2k+1

f(y) dy

2(k+1)(d+1)

≲
Mf(x)
2k+1 .

Finally, by summing over k, we get that

Nd

ˆ
Rd

K(N(x− y))f(y) dy ≲K Mf(x) +Mf(x) ≲K Mf(x),

which concludes the proof of the lemma. □

Remark 4.6. Note that applying this to K = φk, ψk yields

(78) |fk(x)| + |f≤
k (x)| ≲Mf(x),

where the implicit constant is independent of k and f .

In addition to the square function relation (75), there are similar estimates that relate the
norm of derivatives, known as the Bernstein inequalities.
Proposition 4.7 For 1 ≤ p ≤ ∞ and s ∈ R, we have

∥|∇|sfk∥Lp ∼ 2ks∥fk∥Lp .

Moreover, for s > 0, the following inequalities hold:

∥|∇|sf≤
k ∥Lp ≲ 2ks∥f∥Lp ,

∥f≤
k ∥Lp ≲ 2−ks∥|∇|sf∥Lp .

Finally, for every s ∈ R and 1 < p < ∞, the following equivalences hold:

∥|∇|sf∥Lp ∼s,p

∥∥∥∥∥∥
(∑

k

22ks|fk(x)|2
) 1

2
∥∥∥∥∥∥
Lp

,

and for s > 0

∥|∇|sf∥Lp ∼s,p

∥∥∥∥∥∥
(∑

k

22ks|f≥
k (x)|2

) 1
2
∥∥∥∥∥∥
Lp

.

3.2. Regularity: Preparatory Propositions. In this subsection, we prove that solu-
tions to the continuity equation exhibit a certain regularity. This argument is inspired by
[MS24], where the authors employed the Littlewood–Paley decomposition to re-establish the
sharp regularity results for the continuity equation originally proved in [BN21]. Before defining
the notion of regularity that we aim to establish, we introduce the function G, analogous to the
function W defined in (9):

G(k) := W (2−k) =
ˆ 1

2−k

ds

ω(s) .

Note that G(k) = k when ω(s) = s. We extend G to real values by setting

G(x) :=
ˆ 1

2−x

ds

ω(s) for x > 0,
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and defining G(x) := 0 for x ≤ 0. Given a function u, we define the norm ∥u∥Bω,a by

(79) ∥u∥Bω,a :=
( ∞∑
k=1

G(k)2a∥uk∥2
L2

)1/2

,

where uk denotes the k-th Littlewood–Paley block of u.

Remark 4.8. Note that when ω(s) = s, the norm reduces to

∥u∥Blog,a :=
( ∞∑
k=1

k2a∥uk∥2
L2

)1/2

,

which is the norm used to characterize sharp regularity in the Sobolev case, as established in
the two previously cited papers.

Before proving some preparatory propositions for the regularity estimates, we first estab-
lish some properties of G(k). Recall that our Osgood modulus of continuity ω is continuous,
increasing, and concave. The Osgood condition implies that

lim
k→∞

G(k) = +∞.

Lemma 4.9 For each positive integer k, we have

G(k) ≤ G(k + 1) ≤ G(k) +G (1) .

Proof. The first inequality follows immediately since ω is positive on (0, 1). For the second
inequality, we use the concavity of ω, which implies that for any y < 1,

ω(x)y ≤ ω(xy).

We then compute:

G(k + 1) =
ˆ 1

2−(k+1)

ds

ω(s) =
ˆ 1

2−k

ds

ω(s) +
ˆ 2−k

2−(k+1)

ds

ω(s) = G(k) +
ˆ 2−k

2−(k+1)

ds

ω(s) .

Using the change of variables s = x
2k , the last integral becomes
ˆ 1

1
2

2−kdx

ω
(
x
2k

) =
ˆ 1

1
2

dx

2kω
(
x
2k

) .
By the concavity property above, this is bounded byˆ 1

1
2

dx

ω(x) = G (1) .

Putting it all together, we get

G(k + 1) ≤ G(k) +G (1) ,

which completes the proof. □

This lemma shows that the function G(k) tends to infinity as k → ∞, but its growth is at
most sublinear. Moreover, it is straightforward to see that G(k) and G(k + 1) are comparable,
in the sense that their ratio converges to 1 as k → ∞. Next, we require another lemma, which
is in the spirit of estimating an integral by the corresponding series.
Lemma 4.10 Let a ≥ 1 and ω be as before. Then, for all integers k ≥ 1, we have

(80) G(k)2a ≲
k∑
j=1

G(j)2a−1 2−j

ω(2−j) ≲
k+1∑
j=1

G(j)2a−1 2−j

ω(2−j) ≲ G(k)2a,

where the implicit constants depend only on ω and a, but not on k.
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Proof. First, notice that, by what was said earlier, the two sums in the middle are com-
parable. The idea is that, after a change of variables, we will use the fact that—under suitable
assumptions (which are satisfied in our case, essentially by what was said earlier) the sum and
the integral of a function f are comparable:

k∑
j=1

f(j) ∼
ˆ k

0
f(x) dx.

We now compute the derivative of G(x)2a with respect to the variable x. One can see that
d

dx

(
G(x)2a

)
= 2aG(x)2a−1G′(x) = 2a ln 2G(x)2a−1 2−x

ω(2−x) .

We choose this expression as our function f(x) in the comparison between the sum and the
integral, and the result follows. □

Sometimes we will not work with exactly the norm defined in (79), instead we will work
with the equivalent norm

(81) ∥u∥Bω,a :=
( ∞∑
k=1

G(k)2a−1 2−k

ω(2−k)

∥∥∥u≥
k

∥∥∥2

L2

)1/2

We now prove this two norms are equivalent
Proposition 4.11 The norms ∥u∥Bω,a and ∥u∥Bω,a are equivalent.

Proof. In order to prove the proposition, we need some inequalities between the Little-
wood–Paley blocks. By (72), the Littlewood–Paley terms are orthogonal in L2 unless the indices
differ by less than one. We can therefore write∥∥∥∥∥∥

∑
k≥j

uk

∥∥∥∥∥∥
2

L2

=
∑
k≥j

k+1∑
ℓ=k−1

ˆ
Td

ukuℓ dx ≲
∑

k≥j−1
∥uk∥2

L2 .

where in the last line we have used that ab ≲ a2 + b2.
Let now k ≥ j, again by (72), we have that

∥uk∥2
L2 =

∥∥∥∥∥∥
∑

m≥j−1
uk ∗ φm

∥∥∥∥∥∥
2

L2

,

and summing over k gives

∑
k≥j

∥uk∥2
L2 =

∑
k≥j

∥∥∥∥∥∥
∑

m≥j−1
uk ∗ φm

∥∥∥∥∥∥
2

L2

≤
∑
k≥1

∥∥∥∥∥∥
 ∑
m≥j−1

um

 ∗ φk

∥∥∥∥∥∥
2

L2

≲

∥∥∥∥∥∥
∑

m≥j−1
um

∥∥∥∥∥∥
2

L2

,

where in the last inequality (75) with q = 2 was used. We are now ready to conclude the proof
by using (80) together with the previous inequality concerning the Littlewood–Paley pieces.
Note that we also use the fact that the function is mean-free. In particular we have that

∥u∥2
Bω,a =

∞∑
k=1

G(k)2a−1 2−k

ω(2−k)∥u≥
k ∥2

L2

≲
∞∑
k=1

G(k)2a−1 2−k

ω(2−k)
∑

m≥k−1
∥um∥2

L2

=
∞∑
m=1

(
m+1∑
k=1

G(k)2a−1 2−k

ω(2−k)

)
∥um∥2

L2

≲
∞∑
m=1

G(m)2a∥um∥2
L2 = ∥u∥2

Bω,a .

The reverse inequality follows by a similar argument. □
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We conclude this subsection with some interpolation inequalities that will be used through-
out the main proof of the regularity estimate.
Proposition 4.12 Let b, a ≥ 0 and r ≥ 2 be given, and let u ∈ L∞(Td) ∩ Bω,a. Let
ηk = 2kdη(2k·) be a family of mean-free Schwartz functions for which η̂1 is compactly supported.

a) If 2a = br, then it holds

(82) ∥ sup
k≥0

G(k)b|u≥
k |∥Lr ≲ ∥u∥1− b

a
L∞ ∥u∥

b
a
Bω,a .

b) If 2a = br, then it holds

(83) ∥ sup
k≥0

G(k)b|uk|∥Lr ≲ ∥u∥1− b
a

L∞ ∥u∥
b
a
Bω,a .

c) If b < 2a
r , then

(84)

∥∥∥∥∥∥∥
∑
k≥1

G(k)2b|u ∗ ηk|2
 1

2
∥∥∥∥∥∥∥
Lr

≲η1 ∥u∥1− b
a

L∞ ∥u∥
b
a
Bω,a .

Proof. We first prove (a). By (80), we obtain

G(k)br ≲
k∑
j=1

G(j)br−1 2−j

ω(2−j) ,

and therefore ∥∥∥∥∥sup
k≥0

G(k)b|u≥
k |
∥∥∥∥∥
r

Lr

=
∥∥∥∥∥sup
k≥0

G(k)br|u≥
k |r
∥∥∥∥∥
L1

≲

∥∥∥∥∥∥sup
k≥0

k∑
j=1

G(j)br−1 2−j

ω(2−j) |u≥
k |r
∥∥∥∥∥∥
L1

≤

∥∥∥∥∥∥
∑
j≥1

G(j)br−1 2−j

ω(2−j) sup
k≥j

|u≥
k |r
∥∥∥∥∥∥
L1

,

where in the last line we moved the supremum inside the sum.
We now proceed by moving the norm inside, using the triangle inequality in L1:∥∥∥∥∥∥

k∑
j=1

G(j)br−1 2−j

ω(2−j) sup
k≥j

|u≥
k |r
∥∥∥∥∥∥
L1

≤
∑
j≥1

G(j)br−1 2−j

ω(2−j)

∥∥∥∥∥sup
k≥j

|u≥
k |r
∥∥∥∥∥
L1

.

We are now interested in estimating ∥ supk≥j |u≥
k |∥Lr . To clarify the structure of the argument,

we consider the sub-problem of estimating∥∥∥∥∥sup
k≥j

|f≥
k |
∥∥∥∥∥
Lr

for a mean-free function f ∈ Lr.
In particular, we have that∥∥∥∥∥sup

k≥j
|f≥
k |
∥∥∥∥∥
Lr

=
∥∥∥∥∥sup
k≥j

|f − f≤
k−1|

∥∥∥∥∥
Lr

≤ ∥f∥Lr +
∥∥∥∥∥ sup
k≥j−1

|f≤
k |
∥∥∥∥∥
Lr

≲ ∥f∥Lr ,

where we have used the pointwise estimate (78)

|f≤
k (x)| ≤ Mf(x),

and the fact that
∥Mf∥Lr ≲ ∥f∥Lr ,

i.e the boundedness of the Hardy–Littlewood maximal operator on Lr.
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By applying the previous estimate to f = u≥
j−2 and using the properties of the Littlewood

Paley decomposition we can thus estimate∥∥∥∥∥sup
k≥j

G(k)b|u≥
k |
∥∥∥∥∥
r

Lr

≲
∑
j≥1

G(j)br−1 2−j

ω(2−j)

∥∥∥u≥
j−2

∥∥∥r
Lr
.

Finally, by applying the standard interpolation inequality for the Lr norm between L2 and L∞,
we obtain: ∑

j≥1
G(j)br−1 2−j

ω(2−j)

∥∥∥u≥
j−2

∥∥∥r
Lr

≲
∑
j≥1

G(j)br−1 2−j

ω(2−j)

∥∥∥u≥
j−2

∥∥∥2

L2

∥∥∥u≥
j−2

∥∥∥r−2

L∞

≲ ∥u∥r−2
L∞

∑
j≥1

G(j)br−1 2−j

ω(2−j)

∥∥∥u≥
j

∥∥∥2

L2

= ∥u∥r−2
L∞ ∥u∥2

Bω,a ,

which is the desired inequality raised to the r-th power. Note that the above proof works also
for b) where the only small difference is that we use (78) to fk instead of f≤

k and then we chose
the same f to get the same estimate as in a). We finally prove c). We start by applying Holder’s
inequality, first to the sum and then to the integral:∥∥∥∥∥∥∥

∑
k≥1

G(k)2b|u ∗ ηk|2
 1

2
∥∥∥∥∥∥∥
Lr

≤

∥∥∥∥∥∥∥
∑
k≥1

G(k)2a|u ∗ ηk|2
 b

2a
∑
k≥1

|u ∗ ηk|2


a−b
2a

∥∥∥∥∥∥∥
Lr

≤

∥∥∥∥∥∥∥
∑
k≥1

G(k)2a|u ∗ ηk|2
 1

2
∥∥∥∥∥∥∥

b
a

L2

∥∥∥∥∥∥∥
∑
k≥1

|u ∗ ηk|2
 1

2
∥∥∥∥∥∥∥

a−b
a

Ls

,

where s = 2(a− b)r
2a− br

is finite under the assumption b < 2a
r

, which also implies a > b since r ≥ 2
by assumption. Using the Littlewood–Paley theorem (76), we obtain the following bound for
the second factor: ∥∥∥∥∥∥∥

∑
k≥1

|u ∗ ηk|2
 1

2
∥∥∥∥∥∥∥
Ls

≲ ∥u∥Ls ≤ ∥u∥L∞ .

We now use the L2 almost-orthogonality of the Littlewood–Paley blocks, together with Parse-
val’s identity, to estimate the remaining term∥∥∥∥∥∥∥

∑
k≥1

G(k)2a|u ∗ ηk|2
 1

2
∥∥∥∥∥∥∥

2

L2

=
ˆ
Td

∑
k≥1

G(k)2a|u ∗ ηk|2

≤
∑
j≥1

ˆ
Td

∑
k≥1

G(k)2a|uj ∗ ηk|2

=
∑
j≥1

∑
k≥1

G(k)2a
ˆ
Td

|uj ∗ ηk|2

≲
∑
j≥1

∑
k≥1

G(k)2a ∑
η∈Zd

|ûj(η)|2|η̂k(η)|2

≤
∑
j≥1

∥uj∥2
L2

∑
k≥1

G(k)2a sup
η∈B2j (0)\B2j−2 (0)

|η̂k(η)|2.

Let now R > 0 be such that the support of η̂1 is contained in the ball BR(0). Note that, in
order for the supremum above to be non-zero, it is necessary that 2kR ≥ 2j−2; otherwise, the
support of η̂k does not intersect the annulus. We now use the fact that ηk has zero mean, i.e.,
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η̂k(0) = 0. By applying the multivariable Mean Value Theorem, we can estimate the supremum
as follows:

sup
η∈B2j (0)\B2j−2 (0)

|η̂k(η)|2 ≤ 2j sup
ξ∈B2j (0)

|∇η̂k(ξ)|

= 2j sup
ξ∈B2j (0)

∣∣∣∣∇η̂1

(
ξ

2k
)∣∣∣∣ · 1

2k

= 2j−k sup
ξ∈B2j (0)

∣∣∣∣∇η̂1

(
ξ

2k
)∣∣∣∣

≲ 2j−k∥∇η̂1∥L∞ ≲ 2j−k.
Thanks to the previous computation, we are now interested in estimating the sum∑

k≥⌊j−2−log2 R⌋
G(k)2a2j−k.

In particular, it is not hard to see that this sum is bounded by a constant depending on R times
G(j)2a, thanks to the sublinear growth of G. With this observation, we are done since putting
everything together we obtain∥∥∥∥∥∥∥

∑
k≥1

G(k)2a|u ∗ ηk|2
 1

2
∥∥∥∥∥∥∥
L2

≲ ∥u∥Bω,a ,

which implies the desired inequality, together with the fact that∥∥∥∥∥∥∥
∑
k≥1

|u ∗ ηk|2
 1

2
∥∥∥∥∥∥∥
Ls

≲ ∥u∥L∞ .

□

For the commutator estimate we will need a pointwise condition implied by the finiteness
of (79).
Proposition 4.13 Let f ∈ L∞(Td) be such that

∞∑
k=1

G(k)2a∥fk∥2
L2 < ∞.

Then there exists a function g ∈ L2(Td) such that for almost every x, y ∈ Td, we have
|f(x) − f(y)|G (− log2 |x− y|)a ≤ g(x) + g(y).

Proof. It suffices to consider the case |x− y| < 1; otherwise, G is zero, and we can simply
estimate g by setting g = f and then taking the maximum with the function g constructed in
the case |x− y| < 1. Fix k such that 2−k ≤ |x− y| < 2−k+1. Then, for almost every x, y ∈ Td,
we have

|f(x) − f(y)| ≤ |f≤
k (x) − f≤

k (y)| + |f≥
k+1(x) − f≥

k+1(y)|.
Moreover, by the same argument as in Lemma 4.9, we have that G(x) ≤ G(2x) ≤ 2G(x).
Therefore, it suffices to construct a function g such that

G(k)a
(
|f≤
k (x) − f≤

k (y)| + |f≥
k+1(x) − f≥

k+1(y)|
)

≤ g(x) + g(y).

We first deal with the high-frequency component, using the triangle inequality:

G(k)a|f≥
k+1(x) − f≥

k+1(y)| ≤ G(k)a
(
|f≥
k+1(x)| + |f≥

k+1(y)|
)
.

Therefore, it suffices to show that the quantity
sup
k
G(k)a|f≥

k+1(x)|

is bounded in L2(Td); but this is precisely what is established in (82).
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We now turn to the remaining part. By (43), we have

|f≤
k (x) − f≤

k (y)| ≲ 2−k
(
M(|∇f≤

k |)(x) +M(|∇f≤
k |)(y)

)
.

By the properties of the maximal function, it suffices to show that

sup
k

2−kG(k)a|∇f≤
k (x)|

is bounded in L2(Td).
We observe that the square function( ∞∑

k=1

(
2−kG(k)a|∇f≤

k (x)|
)2
)1/2

is an upper bound for the supremum, so it remains to show that this function belongs to L2(Td).
In this final computation, we will use the fact that the L2 norms of the gradients of the blocks
are controlled by the L2 norms of the blocks themselves up to a factor 2k. We have the chain
of equalities ∥∥∥∥∥∥

( ∞∑
k=1

(
2−kG(k)a|∇f≤

k (x)|
)2
)1/2

∥∥∥∥∥∥
2

L2

=
∞∑
k=1

(
2−kG(k)a∥∇f≤

k ∥L2

)2

≲
∑
k≥1

∑
1≤j≤k

2−2kG(k)2a∥∇fj∥2
L2

≲
∞∑
j=1

∥fj∥2
L2

∑
n≥j

G(n)2a 2−2n

2−2j

=
∞∑
j=1

∥fj∥2
L2

∑
n≥j

G(n)2a 22j

22n .

To end the proof, it suffices to show that∑
n≥j

G(n)2a · 22j

22n ≲ G(j)2a.

We aim to provide a uniform finite upper bound for the sum on the left-hand side divided by
G(j)2a. Using the fact that G(2x) ≤ 2G(x), we split the sum into dyadic intervals:∑

n≥j

G(n)2a

G(j)2a · 22j

22n =
∑

j≤n<2j

G(n)2a

G(j)2a · 22j

22n +
∑

2j≤n<4j

G(n)2a

G(j)2a · 22j

22n +
∑

4j≤n<8j
· · ·

=
∞∑
s=0

∑
n∈[2sj,2s+1j)

G(n)2a

G(j)2a · 22j

22n .

We now focus on a fixed dyadic block. In particular, for each s ≥ 0, we estimate:∑
2sj≤n<2s+1j

G(n)2a

G(j)2a · 22j

22n ≤ 2(s+1)2a · 22j−2s+1j = 2(s+1)2a · 2(1−2s+1)j .

Since j ≥ 1, we have 2(1−2s+1)j ≤ 21−2s+1 , and therefore:∑
2sj≤n<2s+1j

G(n)2a

G(j)2a · 22j

22n ≤ 2(s+1)2a · 21−2s+1
.

Finally, summing over s ≥ 0, we obtain:∑
n≥j

G(n)2a

G(j)2a · 22j

22n ≲
∞∑
s=0

2(s+1)2a · 21−2s+1
< ∞,

which proves the desired estimate. The sum is independent of j and clearly finite. □
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Remark 4.14. Note that the previous proposition shows that, for a certain weight, a Little-
wood–Paley integrability condition implies a pointwise condition like the one in (63). It was
crucial in this proof that the growth of the weight G(k) is sublinear, since the function G is
close to a logarithm when ω is close to the identity.

The last part of this subsection will be related to discuss a similar question related to the
condition (63). Note that when ω(x) = x, the following three conditions are equivalent:

a) f ∈ W 1,p,
b) for almost every x, y ∈ Rd, it holds that

|f(x) − f(y)| ≤ |x− y|
(
g(x) + g(y)

)
for some g ∈ Lp,

c) (∑
k

|fk(x) 2k|2
)1/2

∈ Lp.

One would like to understand how the previous conditions relate to their analogues when the
modulus of continuity ω is of Osgood type. Note that, for our applications to PDE theory, it is
not restrictive to assume that ω(x) ≥ x. Moreover, since ω is Osgood, it should not grow too
fast — heuristically, it must be smaller than x log(1/x)2 as x → 0, since this latter function is
not an Osgood modulus. The question, therefore, is how the equivalence between the previous
conditions behaves when ω is close to the identity.

In proving the previous equivalences, it was crucial several times that, at least in a weak
sense, a gradient was available. In the present case, however, we can only define analogues
of conditions b) and c), or consider weighted quantities involving the gradient of the Little-
wood–Paley blocks, in order to obtain quantities related to those previously considered in the
ω-setting.

The natural replacement for the square function is clearly

(85)
(∑

k

∣∣∣∣ fk(x)
ω(2−k)

∣∣∣∣2
)1/2

∈ Lp,

while the analogue of condition b) is clearly given by (63). It is not difficult to see that if
ω(x) behaves like xs for some s ∈ (0, 1), then the square function condition in Lp implies the
pointwise condition, but not vice versa. However, in our setting, the situation is more delicate.
It is likely that the square function definition still implies the pointwise one, but when ω is close
to ω(x) = x, the converse might also hold. Under our assumptions on the vector field, we require
both conditions to hold. In future work, we intend to investigate the relationship between these
two conditions. We end this part with a proposition that bounds the supremum of a quantity
involving the gradient of certain blocks. If one were able to prove that this supremum belongs
to Lp under the square function definition instead of the pointwise one, by using the proof of
Proposition 4.13 and some ideas from the appendix, it would follow that the square function
definition implies the pointwise one.
Proposition 4.15 Let p > 1 and let f ∈ Lp(Rd), and suppose there exists g ∈ Lp(Td) such
that
(86) |f(x) − f(y)| ≤ ω(|x− y|)

(
g(x) + g(y)

)
for almost every x, y ∈ Td.

Then,

sup
k

2−k|∇f≤
k (x)|

ω(2−k) ∈ Lp(Td).

Proof. The idea is in the spirit of Lemma 4.5. We prove a uniform bound in k on 2−k|∇f≤
k

(x)|
ω(2−k)

depending on g and f . By using the definition of convolution, how convolution interacts with
integrals, and the fact that the gradient of a function has integral zero, we get

2−k|∇f≤
k (x)|

ω(2−k) =
ˆ
Rd

2kd

ω(2−k)
(
f(y) − f(x)

)
∗ ∇ψ(2k|y − x|) dy.



3. RENORMALIZED SOLUTION 52

We now divide the integral into dyadic annuli, starting from the ball of radius 2−k centered at
x. Inside the ball, by using (86), one can see thatˆ

B2−k (x)

2kd

ω(2−k)
(
f(y) − f(x)

)
∗ ∇ψ(2k|y − x|) dy ≲ 2kd

ˆ
B2−k (x)

(
g(x) + g(y)

)
dy ≤ 2Mg(x).

Fix now n ≥ 1 and consider the dyadic annulus B2n−k \ B2n−k−1 , which we will denote by An
for simplicity. By using (86) first, and then the fact that ω is concave, we getˆ

An

2kd

ω(2−k)
(
f(y) − f(x)

)
∗ ∇ψ

(
2k|y − x|

)
dy

≤
ˆ
An

2kd

ω(2−k)
(
g(x) + g(y)

)
ω(2n−k)

∣∣∇ψ(2k|y − x|
)∣∣ dy

≤
ˆ
An

2kd · 2n ·
(
g(x) + g(y)

) ∣∣∇ψ(2k|y − x|
)∣∣ dy.

We now use the fact that ψ is a Schwartz function to obtainˆ
An

2kd · 2n ·
(
g(x) + g(y)

) ∣∣∇ψ(2k|y − x|
)∣∣ dy

≲
ˆ
An

2kd+n(g(x) + g(y)
) 1

(2k2n−k)d+50 dy

=
ˆ
An

(
g(x) + g(y)

) 1
2n·50 dy

≲
1
2n

 
B2k−n (x)

(
g(x) + g(y)

)
dy

≲
Mg(x)

2n .

This concludes the proof by summing over all scales n ≥ 1. □

3.3. Main Regularity Estimate. In this section, we prove the main regularity estimate
for solutions of the transport equation. From now on, the modulus of continuity ω is assumed
to satisfy the following technical condition:

(87)
∞∑
n=1

sup
k≥1

∣∣∣∣∣∣
ω
(
2−(k+n)

)
ω (2−k)

∣∣∣∣∣∣ < ∞.

Remark 4.16. This condition is quite natural and is satisfied by all standard examples of
moduli of continuity, such as x log( 1

x)β.

As said in the previous subsection, we will assume both the square function definition and
the pointwise one. More precisely, we require that for almost every t ∈ [0, T ] we have

st =

√√√√ ∞∑
k=1

∣∣∣∣ bk(t, ·)ω(2−k)

∣∣∣∣2 ∈ Lp,

and ˆ T

0
∥st∥Lp dt < ∞,

and moreover b ∈ L1([0, T ];Wω,p(Td)).
Furthermore, we define

g̃t = max{st, gt}
and we note that ˆ T

0
∥g̃t∥Lp dt ≲

ˆ T

0

(
∥gt∥Lp + ∥st∥Lp

)
dt.

We will prove the following theorem.
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Theorem 4.17 Let p ∈ (1,∞) be given and let be a divergence-free vector field satisfying
the pointwise and square function conditions. Let u ∈ L∞([0, T ] × Td) be a mean-free solution
to the transport equation. If u0 ∈ Bω,a(Td) for some 1

2 ≤ a < p
2 , then

u ∈ L∞
loc([0, T ];Bω,a(Td)),

and there exists a constant C, depending on d, p, and a, such that

∥u(t)∥Bω,a ≤ C

(ˆ t

0
∥g̃s∥Lp ds

)a
∥u∥L∞ + C∥u0∥Bω,a ,

for any t ∈ [0, T ].

Remark 4.18. Note that requiring the solution to be mean-free is natural, since the mean is
preserved in time when the flow is divergence-free. Indeed, testing the equation with a function
of the form φ(t, x) = ψ(t), where ψ ∈ C∞

c ([0, T )), yields that the distributional time derivative
of the function

t 7→
ˆ
Td

u(t, x) dx

is zero. Hence, the mean value of u is constant in time.

Thanks to the previous theorem, we will be able to prove in the final subsection the following
result on the renormalization property of solutions to the transport equation.
Theorem 4.19 Let b be a bounded and divergence-free vector field that satisfies the inte-
grability hypotheses associated with the Osgood modulus of continuity ω, which satisfies (87).
Then, bounded solutions of the transport equation with initial datum in L∞ ∩ Bω,a are renor-
malized if p ≥ 2 and

(88) ω(δ)
δ
(´ 1

δ
ds
ω(s)

)a → 0

for some a < p
2 as δ → 0.

Remark 4.20. Note that, for example, ω(x) = x
√

log 1
x satisfies (93) whenever p > 2.

The rest of this subsection is devoted to the proof of the theorem. We aim to derive a
transport equation for each component uk, where the right-hand side will contain a commutator
term to account for the fact that only the full function u satisfies the transport equation. We
will then use this equation to estimate the time derivative of the L2 norm at a given time by
testing the distributional equation against a suitable Littlewood–Paley block. From now on,
the time variable t will be left implicit in all expressions, as it will not play a significant role in
the argument.

As in the computations from Chapter 2, namely (26) and (27), we observe that (since the
Littlewood–Paley blocks are defined via convolution) the function u≥

k satisfies the equation

∂tu
≥
k + b · ∇u≥

k = rk,

where rk is a commutator term. By performing the same computation as before, and using the
fact that u is a solution, we find, as in the proof of (28), that

rk =
ˆ
Rd

u(x− y)
(
b(x) − b(x− y)

)
· ∇ψk−1(y) dy.

We now test the equation with uj for j ≥ k. Since the commutator is bounded in the L∞ norm,
we can sum the equations over j ≥ k, and using the fact that f≥

k =
∑
j≥k fj in Lp, we deduce

1
2
d

dt

ˆ
Td

|u≥
k |2 =

ˆ
Td

u≥
k rk.

This last expression can be rewritten as
d

dt

ˆ
Td

|u≥
k |2 dx =

ˆ
Td

ˆ
Rd

u≥
k (x)u(x− y) (b(x) − b(x− y)) · ∇ψk−1(y) dy dx
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We now aim to rewrite the right-hand side of the inequality more clearly by identifying which
Littlewood–Paley blocks interact. We start from the identityˆ

Td

ˆ
Rd

u≥
k (x)u(x− y) b(x) · ∇ψk−1(y) dy dx =

ˆ
Td

u≥
k (x) b(x) ·

(
u ∗ ∇ψk−1

)
(x) dx.

We now decompose u and b using their Littlewood–Paley decompositions. In particular, we
want to understand, for fixed m,n ≥ 1, the contribution of the termˆ

Td

u≥
k (x) bm(x) ·

(
un ∗ ∇ψk−1

)
(x) dx.

By using Parseval’s identity and the way convolution and products behave under the Fourier
transform, we obtainˆ

Td

u≥
k (x) bm(x) · (un ∗ ∇ψk−1)(x) dx =

∑
η′∈Zd

û≥
k bm(−η′) · ûn(η′) ∇̂ψk−1(η′).

Using the identity

û≥
k bm(−η′) =

∑
η∈Zd

û≥
k (−η) b̂m(η − η′),

we rewrite the sum as ∑
η,η′∈Zd

û≥
k (−η) b̂m(η − η′) · ûn(η′) ∇̂ψk−1(η′).

We now want to understand, for a fixed k, for which indices n,m the above sum is zero. We
observe that, in order for the sum to be nonzero, we must have k − 2 < n ≤ k; otherwise,
∇̂ψk−1(η′) and ûn(η′) have disjoint supports.

Similarly, for a nonzero contribution to the sum, we must have |η|2k−2 and 2n−2 < |η′| ≤ 2n.
Moreover, since we need 2m−2 ≤ |η − η′| ≤ 2m, we deduce that

2k−2 ≤ |η| ≤ |η′| + |η − η′| ≤ 2n + 2m.

We now turn to the second part of the integral, i.e.,

−
ˆ
Td

ˆ
Rd

u≥
k (x)u(x− y)b(x− y) · ∇ψk−1(y) dy dx.

We proceed as above, i.e., we expand in Littlewood-Paley blocks. Thus, we are interested, as
before, in determining for which indices n,m the integral is nonzero. By a similar computation,
passing to the Fourier transform, we haveˆ

Td

ˆ
Rd

u≥
k (x)un(x− y)bm(x− y) · ∇ψk−1(y) dy dx

=
ˆ
Td

u≥
k (x)

(
∇ψk−1 ∗ (bmun)

)
(x) dx

=
∑
η∈Zd

û≥
k (−η) ̂∇ψk−1 ∗

(
bmun

)
(η)

=
∑

η,η′∈Zd

û≥
k (−η) ∇̂ψk−1(η) · b̂m(η′)ûn(η − η′).

We now argue as before and observe that we must have

2k−2 ≤ |η| ≤ 2k−1, 2m−2 ≤ |η′| ≤ 2m, and 2n−2 ≤ |η − η′| ≤ |η| + |η′| ≤ 2k−1 + 2m.

By inspecting the conditions, we notice that both contributions vanish if

n > k + 4 and m < k + 3.
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Thus, recalling the definition of the norm and the equation given before, we have that

1
2

d
dt ∥u∥2

Bω,a =
∑
k≥1

G(k)2a−1 2−k

ω(2−k)

ˆ
Td

ˆ
Rd

u≥
k (x)u(x− y) b≥

k+3(x) · ∇ψk−1(y) dy dx

−
∑
k≥1

G(k)2a−1 2−k

ω(2−k)

ˆ
Td

ˆ
Rd

u≥
k (x)u(x− y) b≥

k+3(x− y) · ∇ψk−1(y) dy dx

+
∑
k≥1

G(k)2a−1 2−k

ω(2−k)

ˆ
Td

ˆ
Rd

u≥
k (x)u≤

k+4(x− y)
(
b≤
k+2(x) − b≤

k+2(x− y)
)

· ∇ψk−1(y) dy dx

=: I − II + III.
From now on, we will often write α instead of 2a − 1. We are going to show that I, II and III
can all be estimated by

(89) |I| + |II| + |III| ≲ ∥u∥
1
a
L∞ ∥u∥

2a−1
a

Bω,a ∥g̃∥Lp .

This last estimate yields the desired inequality in the thesis, since it implies that

a
d

dt
∥u∥1/a

Bω,a ≲ ∥g̃∥Lp∥u∥1/a
L∞ ,

which, once integrated in time, gives exactly the desired bound. We start by estimating I. We
will divide α = α1 + α2 for α1, α2 to be chosen later. Similarly, let q, s satisfy

1
p

+ 1
q

+ 1
s

= 1.

Splitting b≥
k+3 into phase blocks, we may write

I =
∞∑
n≥3

∞∑
k≥1

ω(2−(k+n))
ω(2−k)

ˆ
Td

G(k)αu≥
k

( 1
ω(2−(k+n))

bk+n

)
·
(
u ∗ (2−k∇ψk−1)

)
dx.(90)

Using the convergence property of the series in ω, i.e.(87), it suffices to estimate the sum over
k uniformly in n. Invoking the Cauchy–Schwarz inequality for the sums and subsequently the
Hölder inequality for the integrals, we find that

|I| ≤
ˆ
Td

(
sup
k≥1

G(k)α1 |u≥
k |
)(∑

k≥1

∣∣∣ 1
ω(2−(k+n))

bk+n
∣∣∣2)

1
2
(∑
k≥1

G(k)2α2
∣∣u ∗ (2−k∇ψk−1)

∣∣2) 1
2

dx

≤
∥∥∥∥sup

k
G(k)α1 |u≥

k |
∥∥∥∥
Lq

∥∥∥∥∥∥∥
(∑
k≥1

∣∣∣ 1
ω(2−(k+n))

bk+n
∣∣∣2)

1
2

∥∥∥∥∥∥∥
Lp

∥∥∥∥∥∥∥
(∑
k≥1

G(k)2α2
∣∣u ∗ (2−k∇ψk−1)

∣∣2) 1
2

∥∥∥∥∥∥∥
Ls

.

To conclude the estimate in this case, we use (82), (84) and estimate the second term with the
whole square function related to the vector field. More precisely, we apply (82) with b = α1 = α

2
and r = q = 2p

p−1 to the first term, and (84) with r = s = 2p
p−1 and b = α2 = α

2 to the third term.
These choices are admissible provided that

αp

p− 1 < 2a,

which is equivalent to the condition a < p
2 . In particular, we obtain an estimate of the form

(89).
We now turn to proving a similar bound for the term II. We start with the expression∑

k≥1
G(k)2a−1 2−k

ω(2−k)

ˆ
Td

ˆ
Rd

u≥
k (x)u(x− y) b≥

k+3(x− y) · ∇ψk−1(y) dy dx.

We now perform the change of variables z = x− ythat givesˆ
Td

ˆ
Rd

u≥
k (z + y)u(z) b≥

k+3(z) · ∇ψk−1(y) dy dz.
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This can be rewritten as ˆ
Td

u(z) b≥
k+3(z) ·

(
u≥
k ∗ ∇ψk−1

)
(z) dz

since ∇ψk−1 is odd( Littlewood-Paley use radial kernels).
Plugging this back into the sum gives the identity:∑

k≥1
G(k)2a−1 2−k

ω(2−k)

ˆ
Td

ˆ
Rd

u≥
k (x)u(x− y) b≥

k+3(x− y) · ∇ψk−1(y) dy dx

= −
∑
k≥1

G(k)2a−1 2−k

ω(2−k)

ˆ
Td

u b≥
k+3 ·

(
u≥
k ∗ ∇ψk−1

)
dx.

Note now that, by construction, we have(
u≥
k ∗ ∇ψk−1

)
= (uk ∗ ∇ψk−1) ,

since the support of ∇ψk−1 is concentrated at frequencies ≤ 2k−1, which do not interact with
the high-frequency part of u≥

k . Moreover, by a similar argument (namely, applying Parseval’s
identity and observing that the Fourier supports are disjoint), one can see that the low-frequency
part u≤

k of u does not contribute. This is because the Fourier transform of b≥
k+3 vanishes inside

the ball of radius 2k+1 centered at the origin, where the Fourier transform of u≤
k is supported.

As a result, ˆ
Td

u b≥
k+3 ·

(
u≥
k ∗ ∇ψk−1

)
dx =

ˆ
Td

u≥
k+1 b

≥
k+3 ·

(
u≥
k ∗ ∇ψk−1

)
dx,

since we can replace u with u≥
k+1 in the integral without changing its value. Thus, we obtain

II = −
∑
k≥1

G(k)α 2−k

ω(2−k)

ˆ
Td

u≥
k+1 b

≥
k+3 ·

(
u≥
k ∗ ∇ψk−1

)
dx.

This last expression is essentially the same as I and can be handled in exactly the same way.
Finally we prove the estimate for III. By using the fundamental theorem of calculus we rewrite
this term aŝ

Rd

u≤
k+4(x− y)

(
b≤
k+2(x) − b≤

k+2(x− y)
)
∇ψk−1(y) dy

=
ˆ 1

0

ˆ
Rd

u≤
k+4(x− y) ∇b≤

k+2(x− sy) : ∇ψk−1(y) ⊗ y dy ds

=
ˆ 1

0

ˆ
Rd

u≤
k+4(x− y)

(
∇b≤

k+2(x− sy) − ∇b≤
k+2(x)

)
: ∇ψk−1(y) ⊗ y dy ds

+ ∇b≤
k+2(x) :

ˆ
Rd

u≤
k+4(x− y) ∇ψk−1(y) ⊗ y dy

=: hk(x) + pk(x)
where ⊗ denotes the tensor product, defined by

(a⊗ b)ij = aibj for a, b ∈ Rd,
and : denotes the Frobenius inner product (also called double contraction), given by

A : B =
d∑

i,j=1
AijBij = Tr(ATB) for A,B ∈ Rd×d.

We will deal with hk and pk separately. We start from hk, where after noticing thatˆ
Rd

(
∇b≤

k+2(x− sy) − ∇b≤
k+2(x)

)
: ∇ψk−1(y) ⊗ y dy ds

=
ˆ
Rd

ψk−1 divy
(
y · ∇b≤

k+2(x− sy)
)

−
〈
divy b≤

k+2(x− sy),∇ψk−1(y)
〉
dy ds = 0,
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we insert an extra factor u≤
k+4(x) in hk and write

hk(x) =
ˆ 1

0

ˆ
Rd

(
u≤
k+4(x− y) − u≤

k+4(x)
)

×
(
∇b≤

k+2(x− sy) − ∇b≤
k+2(x)

)
: ∇ψk−1(y) ⊗ y dy ds.

We can further manipulate this by expressing the differences in terms of mean values:

hk(x) =
ˆ 1

0

ˆ 1

0

ˆ 1

0

ˆ
Rd

y · ∇u≤
k+4(x− ry)∇2b≤

k+2(x− sty) : ∇ψk−1(y) ⊗ y ⊗ y dy dr ds dt.

Splitting u and b into phase blocks, and using the convention that uℓ = 0 and bm = 0 for
ℓ,m ≤ 0, the latter is furthermore controlled by

|hk(x)| ≤
∑
j≥−4

∑
n≥−2

ˆ 1

0

ˆ 1

0

ˆ 1

0

ˆ
Rd

|∇uk−j(x− ry)|

× |∇2bk−n(x− sty)| |∇ψk−1(y)| |y|3 dy dr ds dt

=
∑
j≥−4

2−j ∑
n≥−2

ˆ 1

0

ˆ 1

0

ˆ 1

0

ˆ
Rd

2j−k|∇uk−j(x− ry)|

× 2−kω(2n−k)22(k−n)

ω(2n−k)22(k−n) |∇2bk−n(x− sty)| ρk(y) dy dr ds dt,

where we have introduced
ρk(y) := 4k|y|3|∇ψk−1(y)|

for notational convenience.
We want to argue in a similar way as in I. In particular, fixing n, we want to estimate the
quantity

2−k

ω(2−k) · 2−k · ω(2n−k) · 22(n−k).

Using the fact that for y ≤ 1 we have, by the fact that ω is concave, that ω(x)y ≤ ω(xy), we
conclude that the whole expression is bounded by 2−n. Multiplying by G(k)α2 2−k

ω(2−k) , summing
over k, and using Holder inequality, we obtain

∑
k≥1

G(k)α2 2−k

ω(2−k) |hk(x)| ≤
∑
j≥−4

2−j ∑
n≥−2

2−n
ˆ 1

0

ˆ 1

0

ˆ 1

0

ˆ
Rd

∑
k≥1

G(k)2α222(j−k)|∇uk−j(x− ry)|2
 1

2

×

∑
k≥1

24(n−k)

ω(2n−k)2 |∇2bk−n(x− sty)|2
 1

2

ρk(y) dy dr ds dt.

Therefore, integrating against G(k)α1u≥
k and applying Hölder’s inequality inside the integrals,

we deduce that∑
k≥1

G(k)α 2−k

ω(2−k)

ˆ
Td

|u≥
k (x)||hk(x)| dx ≤

∑
j≥−4

2−j ∑
n≥−2

2−n
ˆ 1

0

ˆ 1

0

ˆ 1

0

ˆ
Rd

∥∥∥∥∥sup
k≥1

G(k)α1 |u≥
k |
∥∥∥∥∥
Lq

×

∥∥∥∥∥∥∥
∑
k≥1

G(k)2α222(j−k)|∇uk−j(· − ry)|2
 1

2
∥∥∥∥∥∥∥
Ls

·

∥∥∥∥∥∥∥
∑
k≥1

24(n−k)

ω(2n−k)2 |∇2bk−n(· − sty)|2
 1

2
∥∥∥∥∥∥∥
Lp

ρk(y) dy dr ds dt.
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We now make use of the periodicity of the problem and the convergence of geometric series to
deduce

∑
k≥1

G(k)α
ˆ
Td

|u≥
k (x)||hk(x)| dx ≤

∥∥∥∥∥sup
k≥1

G(k)α1 |u≥
k |
∥∥∥∥∥
Lq

∥∥∥∥∥∥∥
∑
ℓ≥1

G(ℓ)2α22−2ℓ|∇uℓ|2
 1

2
∥∥∥∥∥∥∥
Ls

×

∥∥∥∥∥∥∥
∑
m≥1

2−4m

ω(2−m)2 |∇2bm|2
 1

2
∥∥∥∥∥∥∥
Lp

∥ρk∥L1 .

In order to obtain an estimate as in (89), we conclude with a few observations. The first two
terms are handled using the usual interpolation inequalities from the lemma, after noting that
2−ℓ∇uℓ = u ∗ ηℓ, where ηℓ = 2−ℓ∇φℓ satisfies the assumptions of (84). The third term follows
directly from (99), while the fourth term is bounded by observing that ∥ρk∥L1 ∼ ∥ρ1∥L1 ∼ 1,
due to scaling.

We finally deal with the term pk. We decompose
(91) ∇ψk−1 ⊗ y = Φk − Iψk−1, where Φk := ∇(yψk−1),

and observe that ∇b≤
k+2 : I = div b≤

k+2 = 0 by the incompressibility assumption on b. Moreover,
Φk is an even function. It follows that we may rewrite

pk(x) = ∇b≤
k+2(x) : (u≤

k+4 ∗ Φk)(x).

Thanks to the fact that the Fourier transform of Φk is supported in the annulus B2k−1(0) \
B2k−2(0), we have

θ ∗ Φk = (θk + θk−1) ∗ Φk.

Inserting this identity into the full integral, we obtain∑
k≥1

G(k)α
ˆ
Td

2−k

ω(2−k)θ
≥
k g

2
k dx =

∑
k≥1

G(k)α
ˆ
Td

2−k

ω(2−k)u
≥
k ∇b≤

k+2 :
(
u ∗ η1

k−1 ∗ Φk

)
dx,(92)

where we have introduced the mollifiers ηjk := ϕk + · · · + ϕk+j . We may now apply Parseval’s
identity in a similar manner as before, and observe that only the frequencies of u≥

k smaller than
2k+3 contribute to the integral. Hence, we may replace u≥

k by u ∗ η4
k. We thus arrive at∑

k≥1
G(k)α

ˆ
Td

2−k

ω(2−k)u
≥
k pk dx =

∑
k≥1

G(k)α
ˆ
Td

2−k

ω(2−k)
(
u ∗ η4

k

)
∇b≤

k+2 :
(
u ∗ η1

k−1 ∗ Φk

)
dx.

We want to bound the supremum over k of the quantity
2−k

ω(2−k) |∇b≤
k+2(x)|

by an Lp-function s(x) which we can control and this is done by proposition 4.15.
We conclude as follows. Applying the Cauchy–Schwarz inequality to the sum, followed by

Hölder’s inequality in the integral, we estimate the first term by
ˆ
Td

|s(x)|

∑
k≥1

G(k)α|u ∗ η4
k|2
 1

2
∑
k≥1

G(k)α|u ∗ η1
k−1 ∗ Φk|2

 1
2

dx.

This is bounded by

∥s∥Lp

∥∥∥∥∥∥∥
∑
k≥1

G(k)α|u ∗ η4
k|2
 1

2
∥∥∥∥∥∥∥
Lq

∥∥∥∥∥∥∥
∑
k≥1

G(k)α|u ∗ η1
k−1 ∗ Φk|2

 1
2
∥∥∥∥∥∥∥
Ls

which is bounded by the bound in (89) by using the usual interpolation inequality (84) and the
fact that ∥s∥Lp ≲ ∥g̃∥Lp .
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3.4. Commutator estimate. In this last subsection, we use the previously established
regularity to prove the renormalization property for solutions of the transport equation. We
assume the hypotheses of the regularity theorem hold. In particular, we have that there exist
g1 ∈ L2, g2 ∈ Lp

|u(x) − u(y)| ≲ g1(x) + g1(y)
G(− log2 |x− y|)a

for almost every x, y ∈ Td, and
|b(x) − b(y)| ≲ ω(|x− y|)

(
g2(x) + g2(y)

)
for almost every x, y ∈ Td. We remember, as seen in Chapter 2, that in order to have the
renormalization property it suffices to show that the commutator goes to zero in L1

loc. The
commutator is given by (since ρ has support in the unit ball)

rδ(u, b)(x) =
ˆ

|h|≤1

(
u(x) − u(x− δh)

)b(x) − b(x− δh)
δ

· ∇ρ(h) dh,

where the extra term compared to (28) arises from the fact that b is divergence-free. Since we
want to take the limit δ → 0, we consider δ very small.

Using the two pointwise bounds and bounding the mollifier, we obtain

|rδ(u, b)(x)| ≲
ˆ

|h|≤1

ω(δ|h|)
δ
( ´ 1

δ|h|
ds
ω(s)

)a (p(x) + p(x− δh)
)(
g(x) + g(x− δh)

)
dh.

Moreover, since |h| ≤ 1, we have
ω(δ|h|)

δ
( ´ 1

δ|h|
ds
ω(s)

)a ≤ ω(δ)
δ
( ´ 1

δ
ds
ω(s)

)a .
We now consider ˆ

|h|≤1

ˆ
Td

(p(x) + p(x− δh))(g(x) + g(x− δh)) dx dh.

By applying the Cauchy–Schwarz inequality with respect to the integration over the torus and
using the fact that the torus has finite measure, it is easy to see that the integral is bounded
uniformly in δ, provided that

1
2 + 1

p
≤ 1.

In particular, if p ≥ 2 and

(93) ω(δ)
δ
(´ 1

δ
ds
ω(s)

)a → 0

for some a < p
2 , as δ → 0, then every bounded solution of the equation (satisfying a mild

regularity condition) is renormalized.



Appendix

A.1. Real analysis tools

This section gathers several results used mainly in the proof of the Ambrosio Superposition
Principle (Theorem 2.17).

Let M+(X) denote the set of all nonnegative locally finite Borel measures on X.
A family F ⊂ M+(X) is said to be bounded if there exists a constant C > 0 such that

∥µ∥M(X) ≤ C for every µ ∈ F .

We say that a bounded sequence {µh} ⊂ M+(X) converges narrowly to µ ∈ M+(X) as h → ∞
if

lim
h→∞

ˆ
X
f(x) dµh(x) =

ˆ
X
f(x) dµ(x)

for every f ∈ Cb(X), the space of continuous and bounded real-valued functions on X.
A bounded family F ⊂ M+(X) is said to be tight if for every ε > 0 there exists a compact

set Kε ⊂ X such that
µ(X \Kε) ≤ ε for every µ ∈ F .

The following theorem relates tightness to compactness. For a more general discussion, see
[Bil99], which provides a comprehensive treatment of the convergence of probability measures.
The arguments can be adapted to the case of finite measures.
Theorem A.21 (Prokhorov) Assume that X is a complete metric space. Then a bounded
family F ⊂ M+(X) is relatively compact with respect to narrow convergence if and only if it
is tight.

Coercive functionals are closely related to the Prokhorov theorem, since they provide a
useful criterion to ensure tightness.

Definition A.22. Assume that X is a complete metric space. A (lower semi-continuous)
functional

Ψ : X → [0,∞]
is said to be coercive if all its sub-level sets {x ∈ X : Ψ(x) ≤ c}, for c ∈ R, are compact.

In this setting, the following criterion holds.
Theorem A.23 (Tightness via coercive integrands) Let X be a complete metric space and
let F ⊂ P(X) be a family of probability measures. Then the family F is tight if and only if
there exists a (lower semi-continuous) coercive function Ψ : X → [0,∞] such that

sup
µ∈F

ˆ
X

Ψ(x) dµ(x) < ∞.

We conclude with a basic fact about tightness. A bounded family F ⊂ M+(X ×Y ) is tight
if and only if the families of its marginals

πX(F ) ⊂ M+(X) and πY (F ) ⊂ M+(Y )

are tight.
We conclude this section by stating a special case of the Disintegration Theorem, which

suffices for our purposes. For a proof and a more general treatment, see Section 2.5 of [AFP00].
60
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Theorem A.24 Let µ ∈ M+(X × Y ), and define ν = (πX)#µ, assuming that ν ∈ M+(X).
Then there exists a Borel family {µx}x∈X ⊂ M+(Y ), uniquely determined ν-almost everywhere,
such that

µ =
ˆ
X
µx dν(x).

A.2. Standard Harmonic analysis tools

We write A ≲ B to mean that A ≤ CB for some constant C, often depending only on the
dimension of the space. If the constant depends on other parameters, this will either be clear
from the context or explicitly stated. Moreover, we sometimes use |X| to denote L d(X).

In this section, we introduce the Hardy–Littlewood maximal function and we present some
properties.

Definition A.25. Given a measurable function f , the Hardy-Littlewood maximal function is
defined as

(94) M(f)(x) = sup
r>0

1
|B(x, r)|

ˆ
B(x,r)

|f(y)| dy,

where the supremum is taken over all balls B(x, r) centered at x with radius r.
In other contexts, the Hardy-Littlewood maximal function is defined differently, by taking

the supremum over all balls containing x, rather than those centered at x. However, one can
easily see that the two functions in the definitions are comparable.

In a natural way, the Hardy Littlewood maximal function can be defined for a measure µ
in the following way:

(95) M(µ)(x) = sup
r>0

1
|B(x, r)|

ˆ
B(x,r)

dµ(y),

where µ is a measure on Rd and B(x, r) is a ball centered at x with radius r.

Remark A.26. Sometimes one works with a truncated maximal function, where the supremum
in (94) is taken only over balls of radius at most R. In that setting, essentially all of the results
continue to hold, and the proofs carry over with only minor adjustments.

Maximal functions arise in several contexts, and it is crucial to understand their properties
and the spaces in which they act as bounded operators. In particular, we have the following
theorem, whose proof can be found in Chapter 1 of [Ste93].
Theorem A.27 The Hardy-Littlewood maximal function M is bounded from Lp(Rd) to
Lp(Rd) for 1 < p ≤ ∞, and satisfies the weak-type inequality for L1(Rd).

In particular, there exists a constant Cp such that, for any f ∈ Lp(Rd), with 1 < p ≤ ∞,

∥M(f)∥Lp ≤ Cp∥f∥Lp .

Additionally, the Hardy-Littlewood maximal function satisfies the weak-type inequality:

L d
({
x ∈ Rd : M(f)(x) > λ

})
≤ C1

λ
∥f∥L1 ,

for any f ∈ L1(Rd) and for λ > 0, where C1 is a constant.
Sometimes we will need interpolation inequalities in order to compensate for the lack of a

strong type inequality for p = 1. We define the weak Lebesgue space as follows:

(96) ∥f∥L1,∞ := sup
λ>0

λL d
(
{x ∈ Rd : |f(x)| > λ}

)
.

One can see that the maximal function is an operator that sends L1 into L1,∞. If the function
has further properties, being in that space can be improved to stay in L1.
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Proposition A.28 Let f be a function with compact support such that f ∈ L∞ ∩ L1,∞.
Then f ∈ L1, and the following estimate holds:

∥f∥L1 ≤ ∥f∥L1,∞

(
1 + log

(
C∥f∥L∞

∥f∥L1,∞

))
,

where C = L d(supp f).

Proof. Let A := ∥f∥L∞ and B := ∥f∥L1,∞ for clarity. By the layer cake representation
formula, we have

∥f∥L1 =
ˆ ∞

0
L d

({
x ∈ Rd : |f(x)| ≥ λ

})
dλ =

ˆ A

0
L d

({
x ∈ Rd : |f(x)| ≥ λ

})
dλ.

Fix now k a parameter to be chosen later, we can thus rewrite We estimate the integral as
follows: ˆ A

0
L d

({
x ∈ Rd : |f(x)| ≥ λ

})
dλ =

ˆ k

0
L d

({
x ∈ Rd : |f(x)| ≥ λ

})
dλ

+
ˆ A

k
L d

({
x ∈ Rd : |f(x)| ≥ λ

})
dλ

≤ kC +
ˆ A

k

B

λ
dλ

= kC +B log
(
A

k

)
,

Finally we optimize in k, by choosing k = B
C to get

∥f∥L1 ≤ ∥f∥L1,∞

(
1 + log

(
C∥f∥L∞

∥f∥L1,∞

))
,

as wanted. □

For convenience, given a Sobolev function f , we adopt the following convention: the function
is defined pointwise by the value

lim
r→0

1
ωdrd

ˆ
Br(x)

f(y) dy

when x ∈ Rd is a Lebesgue point for f , and zero otherwise.
We now prove the following crucial inequality in the context of Sobolev spaces.

Proposition A.29 Let f ∈ W 1,p(Rd) for some 1 ≤ p ≤ ∞. Then, for almost every x, y ∈ Rd,
it holds that

|f(x) − f(y)| ≲ |x− y| (M(|∇f |)(x) +M(|∇f |)(y)) .

Proof. Fix x, y ∈ Rd, and define r := |x − y|. Consider the set Ar := Br(x) ∩ Br(y). It
is easy to verify that L d(Ar) = KL d(Br(x)), for some constant K depending only on the
dimension d. We start from the identity

|f(x) − f(y)| = 1
|Ar|

ˆ
Ar

|f(x) − f(y)| dz.

Using the triangle inequality, we estimate

|f(x) − f(y)| ≤ 1
|Ar|

ˆ
Ar

|f(x) − f(z)| dz + 1
|Ar|

ˆ
Ar

|f(z) − f(y)| dz.

Remember that |x− z| ≤ r, so we can deduce that

|f(x) − f(y)| ≲ r

|Br(x)|

ˆ
Br(x)

|f(x) − f(z)|
|x− z|

dz + r

|Br(y)|

ˆ
Br(y)

|f(y) − f(z)|
|y − z|

dz.



A.3. RESULTS ABOUT THE LITTLEWOODPALEY DECOMPOSITION 63

We now use the fundamental theorem of calculus to estimate each term. In particular,
|f(x) − f(z)|

|x− z|
≤
ˆ 1

0
|∇f(x+ s(z − x))| ds,

and therefore ˆ
Br(x)

|f(x) − f(z)|
|x− z|

dz ≤
ˆ
Br(x)

ˆ 1

0
|∇f(x+ s(z − x))| ds dz.

Finally, we perform the change of variables z̃ = s(z − x), and apply Tonelli’s Theorem to
exchange the order of integration. We obtain:

1
|Br(x)|

ˆ
Br(x)

ˆ 1

0
|∇f(x+ s(z − x))| ds dz =

ˆ 1

0

(
1

|Br(x)|

ˆ
Bsr(0)

|∇f(x+ z̃)| · s−d dz̃

)
ds,

where we have used the fact that dz̃ = sd dz, and the set z̃ ∈ s(Br(x) − x) = Bsr(0). Thus:
1

|Br(x)|

ˆ
Br(x)

ˆ 1

0
|∇f(x+ s(z − x))| ds dz =

ˆ 1

0

1
|Br(x)| · 1

sd

ˆ
Bsr(x)

|∇f(w)| dw ds.

Finally, by using the definition of the maximal function, we obtain

r · 1
|Br(x)|

ˆ
Br(x)

ˆ 1

0
|∇f(x+ s(z − x))| ds dz ≤ rM(|∇f |)(x).

Applying the same argument at the point y, and recalling that r = |x− y|, we conclude:
|f(x) − f(y)| ≲ |x− y| (M(|∇f |)(x) +M(|∇f |)(y)) .

□

Remark A.30. We emphasize that the proof is local in nature, so the statement of the propo-
sition still holds if f belongs to a local Sobolev space, i.e., f ∈ W 1,p

loc (Rd).

A.3. Results about the Littlewood–Paley Decomposition

In this appendix, we prove several results about the Littlewood–Paley decomposition that
are used and referenced in Chapter 4. For the sake of exposition, we work with the Littlewood–
Paley decomposition of a function on Rd, rather than that of a mean-free function on Td.
The only difference in the proofs lies in the treatment of low frequencies: in the mean-free
case, only Littlewood–Paley components with k ≥ 1 appear, whereas in the general case, the
decomposition also includes blocks with indices k < 0. As in Chapter 4, we start with a radial
Schwartz function φ whose Fourier transform φ̂ is supported in the unit ball B1(0). Moreover,
φ̂ satisfies

0 ≤ φ̂(ξ) ≤ 1 for all ξ,
and equals 1 on the closed ball B 1

2
(0). This function will be used to construct a dyadic partition

of unity in frequency space. For each k ∈ Z, we define
φk(x) := 2kdφ(2kx) − 2(k−1)dφ(2k−1x),

so that the Fourier transform φ̂k is supported in a dyadic annulus:
spt φ̂k ⊂ B2k(0) \B2k−2(0).

As a result, each φk overlaps in frequency only with its immediate neighbors. Notice that is
defined in such a way that

φ̂k(ξ) = φ̂(2−kξ) − φ̂(2−(k−1)ξ).
From this last equation and the definition of φ we deduce that

φ̂k(ξ) = φ̂k(ξ)(φ̂k−1(ξ) + φ̂k(ξ) + φ̂k+1(ξ))
since φ̂k−1(ξ) + φ̂k(ξ) + φ̂k+1(ξ) = 1 on the support of φ̂k(ξ). By applying the inverse Fourier
transform, we obtain

φk = φk ∗ (φk−1 + φk + φk+1).
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Notice also that the family {φk}k∈Z is constructed to form a partition of unity in frequency
space, i.e., ∑

k∈Z
φ̂k(ξ) = 1 for all ξ ∈ Rd \ {0}.

Furthermore, for integers n ≤ m, we introduce

ψn≤m(x) :=
m∑
j=n

φj(x).

Finally, given a function f ∈ L1
loc, we define the Littlewood–Paley blocks fk as

fk := f ∗ φk.
We also define

fn≤m := f ∗ ψn≤m,

and
f≤
k := f ∗

(
2kdφ

( ·
2k
))

,

which corresponds, in fact, to the case n = −∞ in the previous definition.
Notice that by applying the Fourier transform, these definitions are equivalent to products

in frequency space. More precisely, we have
f̂k(ξ) = f̂(ξ) φ̂k(ξ),

while for the sum over blocks,

f̂n≤m(ξ) = f̂(ξ) ψ̂n≤m(ξ) = f̂(ξ)
m∑
j=n

φ̂j(ξ).

Finally, for the low-frequency cutoff,

f̂≤
k (ξ) = f̂(ξ) φ̂

(
ξ

2k
)
.

Sometimes, we will also use the high-frequency cutoff defined by
f≥
k := f − f≤

k−1.

By (78), both fk(x) and f≤
k (x) are bounded, up to a constant, by Mf(x). Hence, they belong

to Lp whenever f ∈ Lp with p > 1. We start by proving this proposition that gives a sense in
which f =

∑
fk holds.

Proposition A.31 For 1 < p < ∞ and f ∈ Lp, the sum
∑
k fk converges to f in Lp.

Proof. Note that fn≤m(x) = f≤
m(x) − f≤

n−1(x). Hence, it suffices to show that f≤
m → f in

Lp as m → +∞, and that f≤
n → 0 in Lp as n → −∞. We start by proving the first of the two

statements( that holds also for p = 1) by observing that

∥f − f≤
k ∥Lp =

(ˆ
Rd

∣∣∣∣ˆ
Rd

φ(y) [f(x) − f(x− y
2k )] dy

∣∣∣∣p dx)1/p
,

where we have used a change of variable to rewrite the convolution, and the fact that
´
φ = 1,

which follows from φ̂(0) = 1. By applying Minkowski’s inequality, we obtain

∥f − f≤
k ∥Lp ≤

ˆ
Rd

|φ(y)| · ∥f(· − y
2k ) − f(·)∥Lp dy.

Fix ε > 0. Since φ ∈ L1(Rd), we can choose R > 0 such thatˆ
BR(0)c

|φ(y)| dy ≤ ε

2∥f∥Lp
.

We split the integral:

∥f − f≤
k ∥Lp ≤

ˆ
BR(0)

|φ(y)| ∥f(· − y
2k ) − f(·)∥Lp dy +

ˆ
BR(0)c

|φ(y)| ∥f(· − y
2k ) − f(·)∥Lp dy.
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The second term is bounded by

2∥f∥Lp

ˆ
BR(0)c

|φ(y)| dy ≤ ε.

On the other hand, for y ∈ BR(0), the quantity ∥f(· − y
2k ) − f(·)∥Lp → 0 as k → ∞, and is

dominated by 2∥f∥Lp . So by dominated convergence,

lim
k→∞

ˆ
BR(0)

|φ(y)| ∥f(· − y
2k ) − f(·)∥Lp dy = 0.

Hence for k large enough, the first integral is also ≤ ε, and we conclude that

lim
k→∞

∥f − f≤
k ∥Lp = 0.

We now finish to prove the proposition by proving the second claim. Since |f≤
k |(x) ≲Mf(x) ∈

Lp, it suffices, thanks to dominated convergence theorem to show that f≤
k → 0 pointwise. By a

simple estimate, if f is a Schwartz function, we have

|f≤
k (x)| =

∣∣∣∣ˆ
Rd

f(x− y) 2kdφ
(
y

2k
)
dy

∣∣∣∣ ≤ 2kd∥f∥L1∥φ∥L∞ .

This shows that f≤
k (x) → 0 pointwise thus it follows that f≤

k → 0 in Lp by the previous cited
dominated convergence. To conclude the argument for general f ∈ Lp, notice that the map
f 7→ f≤

k is bounded from Lp to Lp uniformly in k, as shown earlier using the Hardy–Littlewood
maximal function. Since the Schwartz space is dense in Lp, the convergence result extends to
all f ∈ Lp. □

We now state a proposition that links the Lp norm of the frequency blocks with their
derivatives, commonly known as the Bernstein inequalities.
Proposition A.32 (Bernstein inequalities) Let 1 ≤ p ≤ ∞ and s ∈ R. Then the following
equivalence holds:

∥|∇|sfk∥Lp ∼ 2ks∥fk∥Lp .

Moreover, for all s > 0, the following one-sided estimates are valid:

∥|∇|sf≤
k ∥Lp ≲ 2ks∥f∥Lp ,

∥f≥
k ∥Lp ≲ 2−ks∥|∇|sf∥Lp .

We recall with a definition what we mean by |∇|s.

Definition A.33. For s ∈ R, the operator |∇|s is defined via the Fourier transform as

|∇|sf := F−1
(
|ξ|sf̂(ξ)

)
,

where f̂ denotes the Fourier transform of f , and F−1 its inverse.
In particular, when f is sufficiently regular (e.g., f ∈ S(Rd)), we have:

|∇|f(x) = |∇f(x)| =

 d∑
j=1

|∂jf(x)|2
1/2

, |∇|2f = −∆f.

Proof. It suffices to prove the estimates for fk, as the others follow from summation and
the triangle inequality in Lp. For example,

∥|∇|sf≤
k ∥Lp ≤

k∑
j=−∞

∥|∇|sfj∥Lp ≲
k∑

j=−∞
2js∥fj∥Lp ≲ 2ks∥f∥Lp ,

where we also used that the Lp-norm of each block is controlled by the Lp-norm of the function.
The estimate for f≥

k follows by a similar argument. We now turn to the proof of the main
estimate. It suffices to prove the inequality

∥|∇|sfk∥Lp ≲ 2ks∥fk∥Lp
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for every s ∈ R, since the reverse bound follows by applying the same inequality to |∇|−sfk.
We want to use Young’s convolution inequality. Observe that

|∇|sfk = [(2π|ξ|)sφ̂k(ξ)]∨ ∗ f = 2ks
[(

2π |ξ|
2k
)s
ψ̂1

(
ξ

2k
)]∨

∗ f.

Define

χ(ξ) := (2π|ξ|)sψ̂1(ξ) ∈ C∞
c (Rd \ {0}), and χk(ξ) := χ

(
ξ

2k
)
,

so that
|∇|sfk = 2ks [χk]∨ ∗ f = 2ks

[
2kdχ∨(2k·)

]
∗ f.

Thus, by Young’s inequality,

∥|∇|sfk∥Lp ≤ 2ks
∥∥∥2kdχ∨(2k·)

∥∥∥
L1

∥f∥Lp .

Now notice that ∥∥∥2kdχ∨(2k·)
∥∥∥
L1

= ∥χ∨∥L1 ,

since the scaling preserves the L1 norm. Hence,

∥|∇|sfk∥Lp ≲ 2ks∥f∥Lp .

To recover the fk on the right hand side, one can perform the following trick. Instead of using
the dyadic partition (in the frequency space) generated by φ̂1—with φ̂k(ξ) = φ̂1(ξ/2k)—one
considers as a projection family the one generated by φ̂0+φ̂1+φ̂2, and denotes the corresponding
projection by f̃k. By repeating the same argument as before, one proves that

∥|∇|sf̃k∥Lp ≲ 2ks∥f∥Lp ,

and then, by choosing fk as f , the proof is complete, since this estimate together with (74)
yields the desired result. □

We now focus on proving one of the most important properties of the Littlewood–Paley de-
composition. Given a decomposition fk of a function f , we define the square function associated
to f as

S(f) :=
(∑

k

|fk|2
)1/2

.

Theorem A.34 For every 1 < p < ∞, we have

∥S(f)∥Lp ∼ ∥f∥Lp .

Remark A.35. Note that our proof will also cover (76). One simply needs to follow the same
argument of the first part and using the fact that if a function has zero mean, then its Fourier
coefficient at frequency zero vanishes.

A crucial tool for making square-function like quantities is the so-called Khintchine inequal-
ity.
Proposition A.36 (Khintchine inequality) Let (Xn)n≥1 be a sequence of independent, iden-
tically distributed random variables on a probability space, where each Xn takes values ±1 with
equal probability. For any 0 < p < ∞, and for every sequence {cn} ∈ ℓ2,(

E
∣∣∣∣∣∑
n

cnXn

∣∣∣∣∣
p) 1

p

∼p

(∑
n

|cn|2
) 1

2

Proof. We can assume that cn ∈ R. We begin by showing that the two quantities coincide
when p = 2. In the following computation, we use that E[X] = 0, E[X2] = 1, and that the
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variables Xi are independent:

E

(∑
i

ciXi

)2
 = E

∑
i,j

cicjXiXj


=
∑
i,j

cicjE[XiXj ]

=
∑
i

c2
iE[X2

i ] +
∑
i ̸=j

cicjE[Xi]E[Xj ]

=
∑
i

c2
i .

We start now by establishing the ≲ inequality. We estimate the probability of a super-level set
using the exponential version of Tchebychev’s inequality:

P
(∑

n

cnXn > λ

)
≤ e−λt E

[
et
∑

n
cnXn

]
= e−λt∏

n

E
[
etcnXn

]
≤ e−λt∏

n

1
2
(
etcn + e−tcn

)
≤ e−λt∏

n

et
2c2

n/2

= e−λt · et
2
∑

n
c2

n/2

= exp
(

−λt+ t2

2
∑
n

c2
n

)
.

Choosing t = λ∑
n
c2

n
, we obtain

P
(∑

n

cnXn > λ

)
≤ exp

(
− λ2

2
∑
n c

2
n

)
.

By symmetry of the random variables Xn, we conclude

P
(∣∣∣∣∣∑

n

cnXn

∣∣∣∣∣ > λ

)
≤ 2 exp

(
− λ2

2
∑
n c

2
n

)
.

We proceed by using the layer cake formula:

(
E
∣∣∣∣∣∑
n

cnXn

∣∣∣∣∣
p)1/p

=
(ˆ ∞

0
pλp−1 P

(∣∣∣∣∣∑
n

cnXn

∣∣∣∣∣ > λ

)
dλ

)1/p

≤
(ˆ ∞

0
pλp−1 · 2 exp

(
− λ2

2
∑
n c

2
n

)
dλ

)1/p

.

After the change of variable

µ = λ√∑
n c

2
n

so that dλ =
√∑

n

c2
n dµ,



A.3. RESULTS ABOUT THE LITTLEWOODPALEY DECOMPOSITION 68

the estimate becomes(
E
∣∣∣∣∣∑
n

cnXn

∣∣∣∣∣
p)1/p

≤
(ˆ ∞

0
pλp−1 · 2 exp

(
− λ2

2
∑
n c

2
n

)
dλ

)1/p

=

ˆ ∞

0
p

µ√∑
n

c2
n

p−1

· 2 exp
(

−µ2

2

)
·
√∑

n

c2
n dµ


1/p

≲

(∑
n

c2
n

)1/2

where in the last step we used that the integral in µ was finite. We are left with proving the
≳ part of the inequality. We argue first for p > 1 by applying Holder’s inequality, the equality
already established for p = 2 and the ≲ estimate:

∑
n

c2
n = E

∣∣∣∣∣∑
n

cnXn

∣∣∣∣∣
2


≤
(
E
[∣∣∣∣∣∑

n

cnXn

∣∣∣∣∣
p])1/pE

∣∣∣∣∣∑
n

cnXn

∣∣∣∣∣
p′1/p′

≤
(
E
[∣∣∣∣∣∑

n

cnXn

∣∣∣∣∣
p])1/p(∑

n

c2
n

)1/2

.

This proves the Kintchine inequality for p > 1, finally we prove the estimate also for 0 < p ≤ 1.
The idea is to argue in a similar way

∑
n

c2
n = E

∣∣∣∣∣∑
n

cnXn

∣∣∣∣∣
2


= E

∣∣∣∣∣∑
n

cnXn

∣∣∣∣∣
2− p

2

·
∣∣∣∣∣∑
n

cnXn

∣∣∣∣∣
p
2


≤

E
∣∣∣∣∣∑

n

cnXn

∣∣∣∣∣
4−p
1/2(

E
[∣∣∣∣∣∑

n

cnXn

∣∣∣∣∣
p])1/2

≲ (
∑

c2
n)1−p/4

(
E
[∣∣∣∣∣∑

n

cnXn

∣∣∣∣∣
p])1/2

,

and this conclude the proof. □

With this proposition we now prove Theorem A.34.

Proof. Let (Xk)k∈Z be independent, identically distributed random variables with Xk =
±1 with equal probability. By Khintchine inequality, we have the equivalence

S(f)(x) ∼p

(
E
∣∣∣∣∣∑
k

Xkfk(x)
∣∣∣∣∣
p) 1

p

,

thus we have

∥S(f)∥Lp ∼p E
[ˆ ∣∣∣∣∣∑

k

Xkfk(x)
∣∣∣∣∣
p

dx

]
= E

∥∥∥∥∥∑
k

Xkfk

∥∥∥∥∥
p

Lp

 .
The crucial observation is that ∑

k

Xkfk = mX ∗ f,
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where the Fourier transform of mX is given by

m̂X =
∑
k

Xkφ̂k.

In order to prove that ∥S(f)∥Lp ≲ ∥f∥Lp , it suffices to show that m̂X is a Mihlin multiplier with
bounds independent of the values of the Xk. Then, the conclusion follows from the Hörman-
der–Mihlin multiplier theorem; for a detailed proof, see [Gra14, Theorem 6.2.7]. The Mihlin
condition is easy to verify since

|∂αξ m̂X(ξ)| =
∣∣∣∣∣∑
k

Xk2−k|α|∂αφ̂1

(
ξ

2k
)∣∣∣∣∣ ≲ |ξ|−|α|,

where the last inequality essentially follows from the fact that φ̂1 ∈ C∞
c (Rd \ {0}), thus only

finite terms contribute to the sum. To prove the other inequality, we will exploit the structure of
the dyadic partition. Recall from the previous argument the slightly different projection f̃k; to
make the notation more clear, we denote the corresponding operator by P̃k, while the classical
projection f 7→ fk will be denoted by Pk. By (74) one can see that P̃kPk = Pk. We use a
duality argument to show the desired estimate. Let f ∈ Lp, g ∈ Lp

′ . We expand them using
the Littlewood–Paley decomposition, thanks to (A.31):

⟨f, g⟩ =
ˆ
Rd

f(x) ḡ(x) dx =
ˆ
Rd

∑
k

fk(x)
∑
j

gj(x) dx.

By Parseval’s identity and the fact that P̃kPk = Pk, we see that

⟨f, g⟩ =
ˆ
Rd

∑
k

fk g̃k dx

≤
ˆ
Rd

(∑
k

|fk|2
)1/2(∑

k

|g̃k|2
)1/2

dx

≤ ∥S(f)∥Lp∥S̃(g)∥Lp′

≲ ∥S(f)∥Lp∥g∥Lp′ .

which, by the arbitrariness of g ∈ Lp
′ , gives

∥f∥Lp ≲ ∥S(f)∥Lp ,

as wanted. □

We now provide a square-function characterization with gradient blocks.
Proposition A.37 For every s ∈ R and 1 < p < ∞, the following equivalences hold:

∥|∇|sf∥Lp ∼s,p

∥∥∥∥∥∥
(∑

k

22ks|fk(x)|2
) 1

2
∥∥∥∥∥∥
Lp

,

and for s > 0

∥|∇|sf∥Lp ∼s,p

∥∥∥∥∥∥
(∑

k

22ks|f≥
k (x)|2

) 1
2
∥∥∥∥∥∥
Lp

.

Proof. By running the exact same argument as in the first part of the square function
estimate, one can prove that∥∥∥∥∥∥

(∑
k

22ks (Pk(|∇|−sg
))2)1/2

∥∥∥∥∥∥
Lp

≲ ∥g∥Lp .
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Choosing g = |∇|sf , the “≲” part of the first equivalence follows. As for the square function
estimate, we will prove the inequality ≳ by duality. By arguing similar to before, by using Par-
seval’s identity, proposition (A.31), the definition of |∇|s, Cauchy Schwartz, Holder inequality
and the previous estimate we have

⟨g, h⟩ =
ˆ
Rd

fh =
ˆ
Rd

2ks|∇|−sPNg · 2−2ks|∇|sP̃Nh dx

≤
ˆ
Rd

(∑
k

22sk|Pk|∇|−sg|2
) 1

2
(∑

k

2−2sk|P̃k|∇|sh|2
) 1

2

dx

≤

∥∥∥∥∥∥
(∑

k

22sk|Pk|∇|−sg|2
) 1

2
∥∥∥∥∥∥
Lp

∥∥∥∥∥∥
(∑

k

2−2sk|P̃k|∇|sh|2
) 1

2
∥∥∥∥∥∥
Lp′

≲

∥∥∥∥∥∥
(∑

k

22sk|Pk|∇|−sg|2
) 1

2
∥∥∥∥∥∥
Lp

∥h∥Lp′

that gives the other desired inequality by duality and by choosing g = |∇|sf . Finally, we prove
the second inequality by showing that its right-hand side is comparable to the right-hand side
of the first inequality in the proposition. It is easy to see, using the identity fk = f≥

k − f≥
k+1,

the inequality (a − b)2 ≤ 2(a2 + b2), and the monotonicity of the functions involved, that the
right-hand side of the second inequality is ≳ the right-hand side of the first, indeed, we have∑

k

22ksf2
k =

∑
k

22ks
(
f≥
k − f≥

k+1

)2
≤ 2

∑
k

22ks
(
(f≥
k )2 + (f≥

k+1)2
)
≲
∑
k

22ks(f≥
k )2.

We turn on the other part, since we are computing an Lp norm we can expand f in Littlewood-
Paley blocks, in particular notice that∑

k

2ks|f≥
k |2 ≤

∑
k

22ks ∑
n,m≥k

|fn||fm|

≤ 2
∑
k

22ks ∑
n≥m≥k

1
2ns+ms · 2ns|fn| · 2ms|fm|

= 2
∑
n≥m

∑
k≤m

22ks

2ns+ms · 2ns|fn| · 2ms|fm|

≲
∑
m≤n

2ms

2ns · 2ns|fn| · 2ms|fm|

≲
∑
k

22ksf2
k .

where in the last line we used Schur’s test; see Proposition A.38 below. □

Schur’s test is a tool used to handle sums of the form∑
k,ℓ

akℓxkyℓ

when x, y ∈ ℓ2. This fact can be generalized to ℓp but we will present just the version we need.
Proposition A.38 Let akℓ ≥ 0 be weights such that

sup
k

∑
ℓ

akℓ ≤ C and sup
ℓ

∑
k

akℓ ≤ C.

Then for any sequences x = (xk) ∈ ℓ2 and y = (yℓ) ∈ ℓ2, we have∑
k,ℓ

akℓxkyℓ ≤ C∥x∥ℓ2∥y∥ℓ2 .
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Proof. We can assume xi, yj all non-negative. With the use of Cauchy Schwartz two times
and some algebraic manipulations we have that∑

k,ℓ

akℓxkyℓ =
∑
ℓ

yℓ
∑
k

akℓxk ≤
∑
ℓ

yℓ

(∑
k

akℓx
2
k

)1/2(∑
k

akℓ

)1/2

≤
(∑

ℓ

y2
ℓ

)1/2(∑
ℓ

∑
k

akℓx
2
k ·
∑
k

akℓ

)1/2

=
(∑

ℓ

y2
ℓ

)1/2
∑

k

x2
k

∑
ℓ

akℓ
∑
j

ajℓ

1/2

≤ ∥y∥ℓ2

sup
ℓ

∑
j

ajℓ ·
∑
k

x2
k

∑
ℓ

akℓ

1/2

≤ ∥x∥ℓ2∥y∥ℓ2 ·
(

sup
k

∑
ℓ

akℓ · sup
ℓ

∑
k

akℓ

)1/2

≤ C∥x∥ℓ2∥y∥ℓ2 ,
as wanted. □

Remark A.39. In the sum ∑
m≤n

2ms

2ns · 2ns|fn| · 2ms|fm|,

the weights were given by am,n = 1m≤n
2ms

2ns , while the sequences are xn = 2ns|fn| and ym =
2ms|fm|.

Note also the following thing, by proposition A.37, we also have that

(97) ∥f∥Lp ∼

∥∥∥∥∥∥
(∑

k

2−2k|∇fk|2
)1/2

∥∥∥∥∥∥
Lp

.

We now want to prove a generalized square function estimate involving gradients, in the case
where we have a weighted square function(∑

k

∣∣∣∣ fk
ω(2−k)

∣∣∣∣2
)1/2

in Lp where ω is an Osgood modulus of continuity. Consider now the function

g =
∑
k

fk
ω(2−k) ,

and note that, by Theorem 75, it is bounded in Lp since its Littlewood–Paley blocks carry
weights comparable to ω(2−k). Hence, g is finite almost everywhere and belongs to Lp. By
applying (97) to g, we obtain

(98)

∥∥∥∥∥∥
(∑

k

∣∣∣∣ fk
ω(2−k)

∣∣∣∣2
)1/2

∥∥∥∥∥∥
Lp

∼

∥∥∥∥∥∥∥
∑

k

∣∣∣∣∣2−k∇fk
ω(2−k)

∣∣∣∣∣
2
1/2

∥∥∥∥∥∥∥
Lp

,

and by iterating the same reasoning, we also get

(99)

∥∥∥∥∥∥
(∑

k

∣∣∣∣ fk
ω(2−k)

∣∣∣∣2
)1/2

∥∥∥∥∥∥
Lp

∼

∥∥∥∥∥∥∥
∑

k

∣∣∣∣∣2−2k∇2fk
ω(2−k)

∣∣∣∣∣
2
1/2

∥∥∥∥∥∥∥
Lp

.
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