ON THE SMOOTHNESS OF SOLUTIONS OF FULLY NONLINEAR SECOND
ORDER EQUATIONS IN THE PLANE

ALESSANDRO GOFFI

ABSTRACT. We study interior C2'® regularity estimates for solutions of fully nonlinear uniformly
elliptic equations of the general form F(D?u) = 0 in two independent variables and without
any geometric condition on F. By means of the theory of divergence form equations we prove
that C2 solutions of the previous equation are C2:@(X/A) in the interior of the domain, where
0 < A < A are the ellipticity constants. We finally exploit the theory of nondivergence equations
in the plane to obtain C%% regularity for an explicit exponent & = &(\/A) > A/A.

1. INTRODUCTION

In this paper we study maximal C®-regularity (i.e. C*® estimates) for solutions of second order
fully nonlinear uniformly elliptic equations, with ellipticity constants 0 < A < A, of the form

(1) F(D?*u) =0 in R"

in the special case n = 2, without any geometric requirement. We are interested in the regularizing
effect of Evans-Krylov type

C? = C*,
Our main goal is to exhibit the explicit dependence of the universal exponent a € (0,1) with
respect to the ellipticity constants. The following results are well-known:

e If n = 2, F is continuous and uniformly elliptic, a result by L. Nirenberg [Nir53] shows
that u € C%? for some small universal a € (0,1) depending on A/A, see also [CY00,
Remark 2] and [FRRO22| Chapter 4]. If F' € C*°, then u € C*™°.

e If n > 5 there are counterexamples to the C*! regularity [NTV14], and the best regularity
is C1 by fundamental results proved by L. Caffarelli [Caf89] [CC95] and N. Trudinger
[Tru88]. The cases n = 3,4 remain at this stage the big open problems in the theory:
solutions are known to be C1® under the sole uniform ellipticity, but we do not know
whether they satisfy better regularity, cf. [NTVT4].

e If F is convex or concave (i.e. Bellman equations), solutions are known to be C%%
a € (0,1) small, by a result of L.C. Evans [Eva82] and N.V. Krylov [Kry82]. This was
earlier proved through the theory of variational inequalities by H. Brézis and L.C. Evans
[BE79] for the maximum of two operators. If F' is only continuous the best regularity of
Bellman equations is one of the major open problems. When n = 2 this was solved in
the case F(D?*u) = min{Lqu, Lou} with Lq, Ly having constant coefficients, and solutions
of these special Bellman PDEs are C%!, as proved by L. Caffarelli-D. De Silva-O. Savin
[CDSS18]. Higher smoothness than C% (o implicit) remains open when n > 3.

e Other C? results are known under smallness conditions. O. Savin [Sav(7] proved it in the
case of flat solutions, while earlier results by L.C. Evans and P.L. Lions [EL81] provided
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smoothness of solutions when the equation has a large zero-th order coefficient. More
recent advances are known under Cordes-type conditions [Hual9).

e X. Cabré and L. Caffarelli raised the question about C*® smoothness when F is weaker
than concave/convex. There are few results in this direction, see e.g. [CY00,[CC03} [Hual9,
CPWI17, Kryl8| [Gof24] and references therein. All these results are known for a small a.

H. Brézis [Bré78, Comments and open questions- (2)] and H. Brézis-L.C. Evans [BE79, Remark
4.2] asked whether one can expect better regularity than O for o small or W?? for some p. The
Holder exponent is implicit since one usually applies the De Giorgi-Nash-Moser or Krylov-Safonov
theory to the equation satisfied by the second derivatives. C%® smoothness is false when n > 5 by
the counterexamples in [NTV14], but it remains an interesting question in the lower dimensional
cases n < 4, starting from the plane R2, and for convex equations. We are only aware of a result
by Q. Huang [Hua02] showing that if F is uniformly elliptic, then u € C% for any a € (0,1)
and any n > 2, with estimates depending on the first derivatives of F', whenever the equation has
a polynomial Liouville property. In the special case F(D?*u) = min{Lu, Lou} an optimal C**
estimate is given in [CDSS18S].

As far as W3P estimates are concerned, these are known for solutions of in any dimension
for an implicit p < 1 depending on n and A/A, as a consequence of [Le20, Theorem 1.4] or
[ASS12]. It is enough to apply the W?2<-estimate of [EvaS85, [CC95, [Lin&6] to the equation solved
by the directional derivative 0.u, for which estimates of the decay of the integrability are available
[ASST2] [Le20, Mool9, INT23]. The authors in [ASS12] observed that ¢ = AQ—Ji‘)\ is the universal
upper bound in the two-dimensional case for solutions of Mj\“ A(D?u) > 0. However, this exponent
can be improved when A = A, where € = 1.

Our paper gives some results in the first direction, proving some C*® estimates and providing
an explicit Holder exponent depending on A/A. We use the linear theory of equations in divergence
and nondivergence form and exploit some known regularity results that depend only on the bounds
of the coefficients, but not on their regularity properties. To our knowledge these results have not
appeared in print anywhere. We first prove that, in the general case, C? solutions of when
n = 2 are more regular and satisfy

u € C%°,

with & depending on A and A. These results use that the second derivatives solve a suitable equa-
tion in divergence form. We then improve this bound via the theory of equations in nondivergence
form, proving

u € C?e
where

_ A

o > X
The results apply to general uniformly elliptic Bellman-Isaacs equations and even to Bellman
equations given by the minimum/maximum of a family of linear operators, for which a general
result is not known, except for [CDSS18] where F' is the minimum of two operators in the plane.
It is worth mentioning that there is a counterpart of these results for nonlinear equations in
divegence form, whose main model is the p-Laplacian. An explicit Holder exponent, depending

on p, for the regularity of the gradient was proved in [IM89]: solutions of p-harmonic functions in

the plane are C'1® with
Lip g 1
a=—-[—— _—t .
6\p—1 p—1 (p—1)

Outline. In Section [2[ we recall the notion of uniform ellipticity for . Section [3| provides a
short survey of regularity properties of solutions to equations in divergence and nondivergence
form in the plane. Section [4] exploits the result for equations in divergence form to prove C>“ and
W3P estimates for fully nonlinear equations, while Section [5| uses the nonvariational regularity
theory in the plane to prove C? estimates for a different value of a.




2. PRELIMINARIES ON FULLY NONLINEAR EQUATIONS

We will consider equations of the form where F': Sym,, — R, where Sym,, is the space of
nxn symmetric matrices. We will assume that F' is continuous and uniformly elliptic, as described
by the next definition.

Definition 2.1. F' is uniformly elliptic with ellipticity constants 0 < A < A if for every symmetric
matrices M, N € Sym,, N > 0, we have

ATr(N) < F(M + N) — F(M) < ATr(N).

Extending F' as a function F' : R"*™ — R it is possible to define

oF
= M).
el

Fii(M)

This holds even if F is not C?, since the uniform ellipticity implies the Lipschitz continuity in the
matrix entry: in this case the derivatives must be understood almost everywhere. If F' is uniformly
elliptic according to the previous definition, then the linearization of F' is uniformly elliptic with
the same ellipticity constants, namely for all M

A, < Fp (M) < AL,
8m¢j

M € Sym,, the function G(t) = F(M + tN), t > 0, and taking N = £ ® £, £ € R", which is
nonnegative semidefinite.

where Fpy (M) = ( OF_(£f )) . This can be checked via the previous definition considering, for
ij

3. RESULTS FOR LINEAR EQUATIONS WITH BOUNDED AND MEASURABLE COEFFICIENTS: A
BRIEF SURVEY

3.1. Divergence form equations. We first recall the following important result due to De
Giorgi-Nash-Moser about the Holder regularity of solutions of divergence form equations with
bounded and measurable coefficients.

Theorem 3.1 (De Giorgi-Nash-Moser). Let u € H*(By) be a solution of div(A(x)Du) = 0 in
B1 € R™ with A measurable and such that \I,, < A < All,, 0 < A < A. Then there exist constants
a € (0,1) and C > 1 universal such that

HU’HCO""(B%) < CHu||L2(Bl)'

This result can be improved for equations posed on R?2. When A is symmetric, an explicit

exponent o = ﬁ was found by C. Morrey [Mor43], while [Wid69] provides the exponent a = & %

The sharp result is contained in the following

Theorem 3.2 (Piccinini-Spagnolo). Let u € H'(By) be a solution of div(A(z)Du) = 0 in B; C R?
with A € Sym, measurable and such that A\ly < A < Alls, 0 < A < A. Then there exists a constant
C > 1 universal such that

HUHCO"/*/A(BL) < OHUHL2(B1)'
2
We also have the following generalization valid for certain non-symmetric matrices

Theorem 3.3 (Treskunov). Let u € H'(By) be a solution of div(A(z)Du) = 0 in By C R? with

o a@  ba)+d()
A‘(mm—am (z) )

where a,b, c,d are bounded and measurable, |d| < n and for all £ € R?

VIE)? < a? + 266160+ €2 <€)7, v < 1.
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2 N2
Then u € C’O’"ﬁaman( K )(B%)- When n =0 (hence d = 0), we have u € C’O’W(B%), which is
the exponent found in Theorem (after normalization of the ellipticity constants), and

2
—+/varctan (ﬁ> < /.
m n

The Holder exponents found in [PS72] and [Tre85] are optimal.

A well-known result of N. Meyers provides L?*¢ integrability of the gradient of H! solutions of
equations in divergence form with bounded and measurable coefficients in any dimension. In the
case n = 2 and the matrix is symmetric the exponent is explicit, and we have the following [LN97]

Theorem 3.4 (Astala-Leonetti-Nesi). Let u € H'(Bi) be a solution of div(A(z)Du) = 0 in By C

2K

R2with A € Sym,, measurable and such that %Hg <A<KIy, K>1. Thenuec L 1’Oo(Bl), the

loc
Marcinkiewicz space of order I?—Ifl This implies that u € I/Vli’f, p < I?—[fl

For divergence equations driven by diagonal matrices A(x) = o(z)l; we have the following
improvement of Theorem 3.2

Theorem 3.5 (Piccinini-Spagnolo). Let u € H'(By) be a solution of Z?:l Oi(o(x)0u) = 0 in
B; C R? with o measurable and such that \ < o(x) <A for allxz € By, 0 < A < A. Then there
exists a universal constant C > 1 such that

<C .
bl /), < 081
We refer also to [AIv08|, [Tre74] for similar results concerning nonhomogeneous equations.

3.2. Nondivergence form equations. In the case of nondivergence equations the following
important result is due to Krylov-Safonov

Theorem 3.6 (Krylov-Safonov). Let u be a strong solution of Tr(A(z)D?*u) = 0 in R™ with A
measurable and such that NI, < A < Al,, 0 < A < A. Then there exist constants o € (0,1) and
C > 1 universal such that

lullcoasy) < Cllullz=(s)-

This implies the Holder regularity of gradients of solutions to in any dimension, since any
directional derivative (or the incremental quotient) solves an equation in nondivergence form.
In the case of nondivergence equations in two variables the first results date back to [Mor38| [Nir53].
L. Nirenberg [Nir53| proved the Holder continuity of gradients of linear equations with an exponent
a < 47%/&. An improved explicit Hélder exponent for the regularity of gradients appeared later in
[Tal66], see also [GT83, Theorem 12.4 and comments at p. 317] and [AEFS08|:
Theorem 3.7 (Talenti). Let u € W2 be a strong solution of Tr(A(z)D*u) = 0 in R? with A
measurable and such that AXlp < A < All,, 0 < A < A. Thenu € C, o < %, and there exists a
ungversal C > 1 such that

Hu||c1,a(3%) < Cllullwir(s,), p> 2.
The Holder exponent was later improved by Baernstein-Kovalev:

Theorem 3.8 (Baernstein-Kovalev). Let u € W22 be a strong solution of Tr(A(z)D?u) = 0 in

loc

R2 with A measurable and such that 1/\/?]12 <AL \/I?]Ig, K >1. Thenu € CH% where

loc

1
N —1 -2 _ _ -1
&= o7 +1)(\/33+30K + K 3-K )



4. CQ’Q ESTIMATES VIA THE VARIATIONAL REGULARITY THEORY
We have the following regularity estimate:

Theorem 4.1. Let u € C?(By) be a solution of F(D?u) = 0 in By. Then u satisfies the regularity
estimate

lulezacmyy < OO Al a,)

3
) A% 22
a=--—A"_arctan (1 A ) .

for an exponent & given by

T14 2 -2

Proof. We start with the a priori bound, assuming u € C*(B;). Consider
(2) F(D*u) =0 in B; C R?
with F uniformly elliptic, namely for all £ € R?
Al < Fy(M)&g; < Al
Set v = J.u, where e € R™ such that |e| = 1. Then v solves

2
> Fij(D*u)dijv =0,
ij=1

namely setting a;; = v solves the PDE

179
a11(2)011v + 2a12(x)0120 + aze(x)dasv = 0

Since A[€]* < A€ - & < AJ¢]?, where A(z) = (le Zl2>, the eigenvalues A\ < A of A satisfy
12 a

ASAlelgllir}Af-ngel~elza11glrglla)iAf-f:)\?gA.

This implies that
Aapp < MY = det(A) = ay1a90 — a’s.
Since a;1 > A, we have det(A) > A2, Since ass > A > 0 we can write
a11($) 2a12(11?)

agg(a)‘) 1 GQQ(CL‘)

(9121) + (922’11 =0.

We set
a(x) = an (@) and ZN)(x) = M.
as9 (x) a9 (l‘)
We differentiate with respect to x1 and find for w = v
(3) 01 (&(Cc)alw + 5(:6)6210) + da2w = 0.

This PDE can be written in divergence form as div(A(x)Dw) = 0 with
i — (@) b(x)
Ax) = ( 0 1)
Since A < a11 < A and X < age < A we have for all £ € R?
A ~ A
X|§|2 < A& < X|§|2'
We can write the previous matrix as

e e R ) R (P (o R
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This matrix is of the same form as the one in Theorem by taking a(z) = a(x), d(z) = b(x)/2,
b(x) = b(x)/2, b(x) + d(x) = b(x), b(z) — d(x) =0, ¢(x) = 1. Note that

Ao a(r) < A
AT A
and a
d(z) = =2,
(z) -
Since
A
laiz| < ;
and as2 > A, we have the inequality
A=A
<=2 _.5
ld(@)] < —5— =21
First, note that Tr(A%) > 0 and det(A%) = deatiz(A) > 0, so it is positive definite. Moreover, A
22
satisfies 3
oI, < A° < Ol
with . 2 )
A A(A+ A
0 Sy and © := e .
In fact -
B, _ (A0) =0 b2
bz)/2 1-6
is positive semidefinite. We have
72
A
aet(B1) = ) — 46— (aa) + 16 = U g2 (atw) + 1
32

JCEDV WY
B, — a(z) — © b(x)/2
T \b@)y)2 1-0
is negative semidefinite, since Tr(B3) <0 (a — 06 < % — ’;—2 (1 + %) andl1 -0 =1— ‘)\\—2 (1 + %))
det(A) 5 A2 AZ(A+ )2 (A2
det(Bg) = a§2 + @ — (a(x) + 1)@ Z p + T F — 1 2 0
After normalizing the coefficient matrix A and applying Theorem with
6
A 7
v=—=—>"——<landn= <
A2 ’
© (1+3) ©

we conclude that w € C%%(B1) by [Tre74l [Tre85] with

1
2

3
2 2 23 22
a = —y/varctan (ﬁ> =2 A arctan A)\ )
s 1 X

n 7r1+%

and obtain the estimates

lwllea(sy) < COY Mllwllzz(sy)-
Moreover, we have .

||w||C5‘(B%) <O\ A)|lwl Lo sy

for a different constant C' > 0. Since we can exchange the roles of 21 and z» and the unitary
direction e is arbitrary, we can conclude that v € C?%% in the interior of the domain. The
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dependence on ||ul/p~ follows by interpolation inequalities [GT83l Lemma 6.35], since for each
€ > 0 there exists C.; > 0 such that

lullerisy) < ellullezacs) + Cellull L= s,).

The estimate now follows applying the abstract result in [FRRO22, Lemma 2.27].

We now discuss the regularity estimate, starting from C? solutions. Note that v(z) = w €

C?(By_p) for a small h. Since F is translation invariant, we have that F(D?*u(z + h)) = 0 in
Bi_ ) by [CC95, Section 5.3]. This implies that v solves

Tr(A(x)D?v) = /01 Fij(0D*u(x + ) + (1 — ) D*u(z)) d0d;;v = 0 in Bi_jn-

Since F' is uniformly elliptic, it is Lipschitz continuous in the matrix variable [CC95|, and A is
uniformly elliptic with the same ellipticity constants A\, A. Arguing as in [FRRO22, Theorem 4.9],
we see that ;v solves in weak sense an equation in divergence form with bounded and measurable
coefficients given by the matrix A. O

Remark 4.2. One can also reach an explicit Hélder exponent for divergence form equations via
the Widman hole-filling technique, by taking care of the constants in the estimates.

Remark 4.3. The idea that second derivatives of fully nonlinear equations solve linear elliptic
PDEs without lower order terms is not new. See in particular [Moo24, [FRRO22| [GT83] for a
similar approach via equations in divergence form, [LS23| Lemma 2.3], where the authors proved
that mixed second derivatives solve a linear equation in nondivergence form, and [CY00, Remark
2].

It is worth remarking that the previous proof gives some new Bernstein-type classification
results since the equation of second derivatives appears in divergence form. To deduce these
weaker properties it is enough that the symmetric part of the matrix Ais uniformly elliptic, see
[Moo24]. For instance, one can prove that if w is one-side bounded and solves div(A(z)Dw) > 0
in R? with A having bounded coefficients and uniformly elliptic, then w must be a constant.
This result is known via Caccioppoli-type estimates using the test function (k — u)™n? with n
cut-off of logarithmic type, cf. [Mo024]. Another proof is the following: consider the vector field
Z = ¥ A(z)Dw (in the case of supersolutions bounded from below take Z = e~*(—A(z)Dw)).
We have

/ div(Z)dx:/ ewfl(x)Dw-Dwdx—i-/ ewdiv(fl(x)Dw)de% e | Dwl|? d.
[ 8 r B,

>0

On the other hand, since A € L*°, we have by the divergence theorem

/ div(Z) de < 2 </ ewa|2dS>2 (/ ewdS>2.
A 0B, 9B,

After defining H(r) = [, e”|Dw|*dz and noting that H'(r) = [, e”|Dw|*dS, we get the
inequality
H'(r) S L)\;" 1
H2(r) = C? A4 faB,‘ ewdS’
Integrating in [R, 7] and using that w < K we get
1 1 At
S A
H(R) — C? A4

e X (logr —log R),

which gives the statement after sending r — 400, since Dw = 0 and w is constant in R2. If
F € C1, this implies by a result of [Hua02] that u € C% for any a < 1, with estimates depending
on F' and the modulus of continuity of DF. As pointed out in [Moo024], we also note that the
previous argument provides a Liouville property for equations in nondivergence form: C? solutions
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of Tr(A(z)D?u) = 0 with bounded gradient in the plane are linear functions. The previous
computations give a new proof of this result.

Remark 4.4. The Holder regularity exponent can be improved if we consider equations of the form
f(Au) = g(x) with g regular enough (e.g. Ag € LY, ¢ sufficiently large) and A < f/(¢) < A. In
fact, z = Au solves

2
> 0i(f(Au)d;z) = Ag € L.
=1

By the results for nonhomogeneous equations in divergence form with symmetric matrices one can
prove that u € C%® with a = % or o = %arctan (\/§>, see e.g. [Alv08| [PST2] TreT4]. One can

also prove W3P estimates for such equations via the results in [LN97]. One can also proceed in a
similar manner for the general higher dimensional case: in this setting there are known estimates
of the Harnack constant and the Holder exponent found in [BG72].

5. C%® ESTIMATES VIA THE NONVARIATIONAL REGULARITY THEORY

We prove now better C>® estimates using the theory of nondivergence form equations in the
plane.

Theorem 5.1. Let u € C?(By) be a solution of F(D?*u) =0 in By. Then u satisfies the estimate
lullozazy) < € MllullLe(z),

where

- A A A2 A

Proof. We assume u € C3, the case when u € C? can be addressed using incremental quotients as
discussed at the end of the proof of Theorem Consider

F(D?u) =0in By C R?,
with F uniformly elliptic with the same ellipticity constants, namely for ¢ € R?
LS < Fi(M)gig; < AJEP*.
Set v = O.u, e € R™ such that |e] = 1. Then v solves
> Fij(D*u)d;;v =0,
0,J
that is, setting a;; = Fj;, v solves the PDE in nondivergence form

au(ib)au’l} + 20,12(1‘)812’() + agg(x)agg’l} =0

If we apply [Tal66] we get v € C13, which implies u € C>*A. If, instead, we normalize the
coefficients and apply [BK05, Theorem 1.1] we find

veCchd,
where
- A A A2 A
Therefore

||U||clv&(3%) < Cllullw22(B,)-

This gives the statement by interpolation inequalities and since the direction e is arbitrary, ob-
taining u € C*%(By). O



Remark 5.2. Note that

A

Y DS A\
S S (Y PP TAAR S Y
2 (1+2) 0T N

65:

Therefore the previous result improves the exponent found via the theory of equations in diver-
gence form in Theorem It is worth remarking that G. Talenti proved a C1'® estimate for
nondivergence inhomogeneous equations in the plane of the form

Tr(A(z)D?*u) = g in B; C R?

with g € LY(By), ¢ > 2, and o < min{A/A, 1—2/q}. We can thus apply [Tal66] to a inhomogeneous
equation solved by the directional derivative v = d.u to find a C*%, o < min{\/A,1 — 2/q},
regularity result for the equation

F(D*u)=ge Wh1, ¢>2.

Other results for nondivergence equations appeared in [Trel3], where the author proved that the
derivatives of solutions to homogeneous nondivergence equations in the plane satisfy the Holder

condition with
V33-3 %

&= :
2 A+l

When 2 — 0 this exhibits the same behavior of the exponent found in [BK05], since

. V33=3X _ A
G~ s T
2 AT A
However, when % — 1 we have & — @ < 1, while & — 1.

Remark 5.3. The paper [AFS08|, cf. Theorem 1.5 therein, provided a W2 regularity result for
nondivergence form equations Tr(A(z)D?u) = 0 when ¢ < ¢(\,A) under the assumption that
det(A(x)) = 1. This would imply a W?3P? estimate for solutions of when p < AQ—i\)\

Remark 5.4. The approach of Theorem does not work in dimension n > 3. In fact, C1:®
estimates for linear nondivergence equations are false, cf. [Mo022, Remark 3.6] and [Saf88].
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