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POINCARÉ-SOBOLEV INEQUALITIES:
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Abstract. We consider periodically perforated unbounded open sets and prove existence of

extremals for the relevant sharp Poincaré-Sobolev embedding constant. The existence result
holds no matter the shape or the regularity of the hole: it is sufficient that the latter is a compact

set with positive capacity. We also show how to apply the main result in order to get a similar
existence statement, for sets which are periodic in some directions and bounded in all the others.
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1. Introduction

1.1. A bestiary of open sets. In this paper, we wish to pursue a classification of families of open
sets Ω ⊆ RN for which the embedding

(1.1) D1,p
0 (Ω) ↪→ Lq(Ω),

has the following properties:

(E1) it is continuous;
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(E2) it may fail to be compact;

(E3) nevertheless, the sharp embedding constant

λp,q(Ω) := inf
ϕ∈C∞0 (Ω)

{ˆ
Ω

|∇ϕ|p dx : ‖ϕ‖Lq(Ω) = 1

}
,

is attained in D1,p
0 (Ω), the latter being the homogeneous Sobolev space obtained as the

completion of C∞0 (Ω) with respect to the norm

ϕ 7→ ‖∇ϕ‖Lp(Ω), for every ϕ ∈ C∞0 (Ω).

The exponent q of the target space in (1.1) will be subcritical in the sense of Sobolev embeddings,
that is

(1.2) q

 < p∗, if p < N,
<∞, if p = N,
≤ ∞, if p > N,

where p∗ =
N p

N − p
.

Moreover, we will limit ourselves to the super-homogeneous case q > p. The reason for this last
restriction is readily explained: in the case q < p, a (maybe not so) well-known result by Maz’ya
asserts that (1.1) is continuous if and only if it is compact (see [24, Theorem 15.6.2]). Thus, it is
not possible to find open sets having the aforementioned interesting features.

The borderline case q = p would be interesting, but it will not be treated here, for a reason which
we will explain in a while. For the moment, we just fix the distinguished notation

λp(Ω) := inf
ϕ∈C∞0 (Ω)

{ˆ
Ω

|∇ϕ|p dx : ‖ϕ‖Lp(Ω) = 1

}
,

for this case.

Before explaining in details our scopes, a couple of disclaimers are in order. Firstly, in this paper
we will use the term extremals to denote the minimizers for the quantity λp,q(Ω) defined above or,

more generally, any function u ∈ D1,p
0 (Ω) \ {0} such that

ˆ
Ω

|∇u|p dx = λp,q(Ω)

(ˆ
Ω

|u|q dx
) p
q

.

Secondly, concerning the space D1,p
0 (Ω), we recall that

(1.3) λp(Ω) > 0 ⇐⇒ λp,q(Ω) > 0,

for q as above (see for example [24, Theorem 15.4.1]). Thus, for the sets we are interested in, the
following two norms on C∞0 (Ω)

‖∇ϕ‖Lp(Ω) and ‖ϕ‖W 1,p(Ω) = ‖ϕ‖Lp(Ω) + ‖∇ϕ‖Lp(Ω),

are equivalent. Accordingly, the homogeneous space D1,p
0 (Ω) coincides with the more familiar space

W 1,p
0 (Ω), i.e. the closure of C∞0 (Ω) in the standard (non-homogeneous) Sobolev space W 1,p(Ω).

For this reason, from now on we will work directly with the space W 1,p
0 (Ω).

We can now get closer to the scopes of the manuscript. In our recent paper [7], we have shown
that Steiner symmetric open sets (not coinciding with the whole RN ) fall within the class of open
sets having properties (E1)–(E3). Thus, for instance, we have existence of extremals for a slab, i.e.
an open set of the form Ω = RN−1 × (−1, 1) (for p = N = 2 this result was originally contained
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in [1, 2]). For this set the embedding (1.1) clearly fails to be compact, because of the translation
invariance along the first N − 1 coordinate directions.

In this paper, we wish to consider periodically perforated open sets, i.e. open sets obtained by
removing from RN a periodic array of translated copies of a fixed “hole” K. We refer to the next
subsection for the precise definition (see Definition 1.2 below), but the reader could keep in mind
the basic example

(1.4) Ω = RN \

( ⋃
i∈ZN

Br(i)

)
, for some 0 < r <

1

2
,

just to fix ideas. We will see in a moment that we can treat much more general situations, where
spherical holes are replaced by arbitrary shapes. The only requirement will be that the “hole” K
must be non-negligible, in the sense of p−capacity.

Remark 1.1. It is not difficult to see that the Poincaré constant λp(Ω) can not be attained for
a set like (1.4). For this reason, we do not consider the case q = p. Indeed, it is well-known that
extremals would be “unique” in this case, in the sense that they form a one-dimensional vector space
(see for example [19, Theorem 1.3]). This uniqueness property, in conjunction with the periodicity
of the set, would in turn imply that extremals should be periodic, thus violating the membership
to W 1,p

0 (Ω).

1.2. Main results. We now introduce the class of open sets we wish to consider in this paper. We
fix at first some further notation. We set

Q1/2 =

(
−1

2
,

1

2

)
× · · · ×

(
−1

2
,

1

2

)
=

(
−1

2
,

1

2

)N
.

For every given vector t = (t1, . . . , tN ) with ti > 0, we define the following anisotropic dilation
operator

Dt : RN → RN
x 7→ Dt(x) = (t1 x1, . . . , tN xN ).

Accordingly, for every t = (t1, . . . , tN ) with ti > 0, we have

Dt(Q1/2) =

(
− t1

2
,
t1
2

)
× · · · ×

(
− tN

2
,
tN
2

)
.

Definition 1.2. Let t = (t1, . . . , tN ) ∈ RN be such that ti > 0, for every i ∈ {1, . . . , N}. We also
take a nonempty compact set K ( Q1/2. We say that Ω ⊆ RN is t−periodically perforated open set
generated by K, if it has the following form

Ω = RN \

( ⋃
i∈ZN

Dt(i +K)

)
,

see Figures 1 and 2.

Remark 1.3. Observe that, by construction, the t−periodically perforated open set generated by
K is ti−periodic in direction ei, for every i ∈ {1, . . . , N}. In other words, we have

Ω = Ω + k ti ei, for every k ∈ Z, i ∈ {1, . . . , N}.

With the previous definition at hand, we can state the main existence result of this paper.



4 BRASCO, BRIANI, AND PRINARI

-1,25 -1 -0,75 -0,5 -0,25 0 0,25 0,5 0,75 1 1,25

-0,75

-0,5

-0,25

0,25

0,5

0,75

Figure 1. The basic cube Q1/2 containing a compact set K (in bold line).

Figure 2. A periodically perforated open set Ω ⊆ R2, generated by K. Here we
took t1 = 2, t2 = 1/2, i.e. the set is obtained by gluing together translated copies
of the cube in Figure 1, which has been stretched horizontally by a factor 2 and
compressed vertically by a factor 1/2.

Main Theorem. Let 1 < p <∞ and assume that q > p satisfies (1.2). Let t = (t1, . . . , tN ) ∈ RN
be such that ti > 0, for every i ∈ {1, . . . , N} and let K ( Q1/2 be a compact set such that

capp(K;Q1) > 0.

Let Ω ⊆ RN be the t−periodically perforated open set generated by K. Then, there exists a positive
extremal u ∈W 1,p

0 (Ω) ∩ L∞(Ω).

Remark 1.4. The capacitary assumption on K is sharp, i.e. if the condition is not satisfied then
we can not have existence of extremals. Indeed, in this case we would have λp(Ω) = 0 (see Lemma
2.5 below) and thus, on account of (1.3), it would result λp,q(Ω) = 0, as well. We also recall that
our extremals have exponential decay at infinity, on account of [7, Theorem 7.3].

The reader will find the proof of the previous result in Section 6: for ease of readability, we found
it useful to treat separately the case q <∞ (Theorem 6.1) and the extremal case q =∞ (Theorem
6.2).

We refer to the next subsection for some comments on the proof and a comparison with existing
related results. Here, we rather want to anticipate a possible reader’s objection: at a first glance,
the class of open sets considered by our Main Theorem may seem very specific. On the one hand,
once proved this result, we will show how to apply it in order to deduce (with a minimal effort)
the existence of extremals for a much wider class of open sets: these are periodic only in the first k
coordinate directions e1, . . . , ek and bounded in the others ek+1, . . . , eN . As a particular case, we
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can retrieve (with a different proof) the existence result given by Esteban in [15, Theorems 1 and
6], in the case of a power-type nonlinearity. We refer the reader to Theorem 7.1 and Corollary 7.4
for the precise statements, as well as for the proofs.

On the other hand, we will give a couple of examples, obtained by slightly perturbing the “model”
set (1.4), which show that, in general, breaking the periodicity structure will lead to a non-existence
result. More precisely, by enlarging one single hole in (1.4), one can easily prove that existence of
extremals is lost (see Section 8.1). A curious phenomenon appears if, on the contrary, we shrink a

little bit a single hole in (1.4): in this case, we still have existence of extremals for the new set Ω̃
(see Section 8.2). This is due to the following subtle fact, which deserves a comment: one can show
that

λp,q(Ω̃) � lim
R→+∞

λp,q(Ω̃ \BR).

Since the global Poincaré-Sobolev constant is strictly less than that “at infinity”, we get that
minimizing sequences have the interest to stay “confined” and not to escape at infinity. This fact
implies a gain of compactness and thus existence of extremals holds.

This situation is however much simpler than that of our Main Theorem, where the previous
argument does not apply: indeed, because of the periodicity, in general we have that the two
Poincaré-Sobolev constants above do coincide in the case of our sets.

1.3. Comments on the proof. It is fair to declare that our main result is not a complete novelty.
In order to put it in the right context, we first recall that an extremal u for λp,q(Ω) is a weak
minimal energy solution of the Lane-Emden equation

(1.5) −∆pv = |v|q−2 v, in Ω, v = 0, on ∂Ω,

up to a suitable “vertical” scaling (i.e. by multiplying the solution by a suitable constant). More
precisely, if u is an extremal with unit Lq(Ω) norm and we set

v =
(
λp,q(Ω)

) 1
q−p

u,

then v solves (1.5). Moreover, it minimizes the free energy functional

Fp,q(ϕ) =
1

p

ˆ
Ω

|∇ϕ|p dx− 1

q

ˆ
Ω

|ϕ|q dx, for every ϕ ∈W 1,p
0 (Ω),

among all the nontrivial critical points of Fp,q.

With these clarifications in mind, the existence of solutions of minimal energy for the following
slightly modified equation (here λ > 0)

−∆pv + λ |v|p−2 v = |v|q−2 v, in Ω,

in the case of periodic open sets has been obtained in [23] and [13] for p = 2, then generalized
in [17] to the case 1 < p < N . The result [23, Theorem 4.8] is obtained through a Struwe–type
global compactness result, giving a precise description of Palais-Smale sequences for the free energy
functional

F2,q,λ(ϕ) =
1

2

ˆ
Ω

|∇ϕ|2 dx+
λ

2

ˆ
Ω

|ϕ|2 dx− 1

q

ˆ
Ω

|ϕ|q dx,

naturally associated to the modified equation. We refer to [28] for the original result by Struwe,
dealing with the critical case q = 2∗.
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This same existence result has then been reproved by Chabrowski in [13, Corollary 1], by using
a concentration-compactness principle “at infinity”, in order to prove existence of solutions for the
minimization problem

inf
ϕ∈W 1,2

0 (Ω)

{ˆ
Ω

|∇ϕ|2 dx+ λ

ˆ
Ω

|ϕ|2 dx : ‖ϕ‖Lq(Ω) = 1

}
.

The extension to the case 1 < p < N (see [17, Theorem 4]) relies on the same arguments by
Chabrowski, see also Smets’ paper [27] for a similar extension. We point out that, in all these
results, the assumption λ > 0 can not be removed1.

In order to highlight the main differences with these results, we first point out that we cover the
whole range 1 < p < ∞ and q > p verifying (1.2), at the same time. Thus, for example, we can
explicitly treat the Morrey–type “endpoint” case of λp,∞, occurring for p > N . In the case of open
bounded sets, some interesting studies on this constant have been pursued in [14, 18].

More interestingly, our existence proof is elementary and relies neither on concentration-compactness
arguments, nor on Struwe’s technique. As in our previous paper [7], we will rather adapt to our
problem a technique used by Lieb in [21], in order to show existence of extremals for the Hardy-
Littlewood-Sobolev inequality. The crucial step is to obtain a result in the vein of [21, Lemma 2.7].
In a nutshell, the program goes as follows: if we can construct a minimizing sequence {un}n∈N for
λp,q(Ω) such that:

(i) {un}n∈N converges almost everywhere to u;

(ii) {∇un}n∈N converges almost everywhere to ∇u;

(iii) the limit u is not trivial;

then we can infer existence of an extremal. We remark that the subadditivity of the function t 7→ tp/q

enters as a crucial ingredient of the proof of this implication (here our standing assumption q > p
is important).

It is well-known that the almost everywhere convergence of un can be easily inferred: it is suffi-
cient to use the compactness of the local Sobolev embeddings, together with a diagonal argument.
On the contrary, property (ii) can not be expected to hold in general, for a minimizing sequence.
We circumvent this problem by employing the same trick successfully exploited in [7] i.e. we will
apply this reasoning not to any minimizing sequence, but to a particular one, which comes from
a minimization problem containing an additional confining term. Thus, the relevant optimality
condition assures the required convergence, as the small confinement parameter goes to 0.

However, the most delicate point is to get property (iii): here, we will once more take advantage
of the fact that q is super-homogeneous and adapt to our setting the classical “weak compactness
up to translations” result, again proved by Lieb in the case of the whole RN (see [20, Lemma 6]).
In proving this kind of result for our periodically perforated sets, we will give a different proof of
the celebrated result [20, Corollary 4], yet again due to Lieb, asserting that:

1This can be easily seen by observing that these results are stated to hold for Ω = RN , as well, where obviously

λp,q is zero and can not be attained. In [13] the importance of the assumption λ > 0 can be detected in the proof of

Theorem 2 there, at beginning of page 506, in the argument used to exclude that the limit of a minimizing sequence
identically vanishes. Indeed, the author applies a Poincaré-Sobolev inequality of the type

‖ϕ‖2Lq(E) . ‖∇ϕ‖L2(E) + λ ‖ϕ‖L2(E),

for bounded regular open sets E ⊆ RN and functions not necessarily vanishing at the boundary. For λ = 0 this
inequality can not hold. The same argument is at the bottom of [17, page 69], for the case 1 < p < N .
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if Ω ⊆ RN has a “small” Poincaré constant, then it contains a “big” portion of a “large” ball.

The proof will rely on some capacitary–type techniques pioneered by Maz’ya: we think that this
part of the paper (contained in Section 3) is interesting in itself.

1.4. Plan of the paper. In Section 2 we introduce the basic notation needed in the paper and
show a few preliminary results. We also discuss some properties of a periodically perforated open
set Ω as in Definition 1.2. In particular, we prove that, for such a set, the condition capp(K;Q1) > 0
is equivalent to having λp(Ω) > 0. As announced above, Section 3 contains a novel proof of [20,
Corollary 4], which exploits the concept of capacitary inradius, introduced by Maz’ya.

Then, Section 4 deals with a general compactness result which is suitable to our periodic setting.
This is analogous to [20, Lemma 6], the latter dealing with the case W 1,p(RN ). The last ingredient
to apply the aforementioned Lieb’s scheme is discussed in Section 5: there, we construct an ad hoc
minimizing sequence, whose elements are minimizers of suitably penalized problems.

The main results of this paper are given in Section 6 and in Section 7. In Section 8, we discuss the
different behavior, in terms of existence of extremals, of the periodic open set (1.4) when we change
the radius of a single hole. A technical fact concerning Poincaré-Sobolev constants “at infinity” is
the content of Appendix A, which closes the paper.

Acknowledgments. We thank Francesco Bozzola for some conversations on the contents of Section
3. L. Briani and F. Prinari are both members of the Gruppo Nazionale per l’Analisi Matematica,
la Probabilità e le loro Applicazioni (GNAMPA) of the Istituto Nazionale di Alta Matematica
(INdAM).

L. Brasco has been financially supported by the Fondo di Ateneo per la Ricerca FAR 2024 and
the Fondo per l’Incentivazione alla Ricerca Dipartimentale FIRD 2024 of the University of Ferrara.

The research of L. Briani was supported by the DFG through the Emmy Noether Programme
(project number 509436910).

F. Prinari gratefully acknowledges the financial support of the project GNAMPA 2025 “Ottimiz-
zazione Spettrale, Geometrica e Funzionale” (CUP E5324001950001).

2. Preliminaries

2.1. Notation. In this paper, we will always assume that the dimension N of the ambient space
is N ≥ 2. For x0 ∈ RN and r > 0, we will set

Br(x0) =
{
x ∈ RN : |x− x0| < r

}
.

When the ball is centered at the origin, we will omit to indicate the center and simply write Br.
Analogously, we set

Qr = (−r, r)× · · · × (−r, r) = (−r, r)N ,
and

Qr(x0) = Qr + x0 =

N∏
i=1

(xi0 − r, xi0 + r), for x0 = (x1
0, . . . , x

N
0 ) ∈ RN .

We recall that, fixed 1 ≤ p <∞, an open set E ⊆ RN and a compact subset K ⊆ E, the p−capacity
of K relative to E is defined as

capp(K;E) = inf
u∈C∞0 (E)

{ˆ
E

|∇u|p dx : u ≥ 1 on K

}
.

We refer to [24, Chapter 2, Section 2] and [24, Chapter 13] for the properties of p−capacity.
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2.2. Two technical results. We start with the following simple result, which gives a rough esti-
mate of how Poincaré-Sobolev constants are affected by an affine transformation.

Lemma 2.1. Let E ⊆ RN be an open set. Let T : RN → RN be an invertible affine map, i.e. there
exist an invertible matrix A ∈MN (R) and a vector b ∈ RN such that

T (x) = A · x+ b, for every x ∈ RN .
Then, for every 1 ≤ p <∞ and q ≥ 1 satisfying (1.2), we have2

|detA|
q−p
q

`
p
2

λp,q(E) ≥ λp,q(T (E)) ≥ |detA|
q−p
q

L
p
2

λp,q(E),

where L ≥ ` > 0 are the maximal and minimal eigenvalues of the symmetric positive definite matrix
AT ·A.

Proof. The proof simply follows by using a change of variable and the following facts:

|A · z|2 = 〈A · z,A · z〉 = 〈AT ·A · z, z〉 ≥ ` |z|2, for every z ∈ RN

and

|A−1 · z|2 = 〈A−1 · z,A−1 · z〉 = 〈(A−1)TA−1 · z, z〉 ≥ 1

L
|z|2, for every z ∈ RN .

The details are left to the reader. �

The next result is specific of the case q > p. It concerns the Poincaré-Sobolev constants of
disjoint sets and can be seen as a refinement of [8, Proposition 2.6].

Lemma 2.2. Let 1 < p < ∞ and assume that q > p satisfies (1.2). Let {Ωi}i∈N be a family of
open subsets of RN such that Ωi ∩ Ωj = ∅, for every i 6= j. We set

Ω =
⋃
i∈N

Ωi,

and suppose that there exists an extremal u ∈ W 1,p
0 (Ω) for λp,q(Ω), with ‖u‖Lq(Ω) = 1. Then there

exists i0 ∈ N such that

‖u‖Lq(Ωi0 ) = 1 and ‖u‖Lq(Ωi) = 0, for i 6= i0.

Proof. Since λp,q(Ω) is attained, we have in particular that λp,q(Ω) > 0. Moreover, by monotonicity
we have

(2.1) 0 < λp,q(Ω) ≤ λp,q(Ωi), for every i ∈ N.
We now distinguish two cases: either q <∞ or q =∞.

Case q <∞. Since u 6≡ 0 we have that ˆ
Ωi0

|u|q dx > 0,

for some i0 ∈ N. It is enough to prove that ‖u‖Lq(Ωi0 ) = 1. We argue by contradiction and suppose
that the latter does not hold true. This means that

(2.2)

ˆ
Ωi0

|u|q dx > 0 and
∑
j 6=i0

ˆ
Ωj

|u|q dx > 0.

2When q =∞, we agree that (q − p)/q = 1.
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By using the definition of λp,q(Ωi) and (2.1), we get for every i ∈ N
ˆ

Ωi

|∇u|p dx ≥ λp,q(Ωi)
(ˆ

Ωi

|u|q dx
) p
q

≥ λp,q(Ω)

(ˆ
Ωi

|u|q dx
) p
q

.

In particular, by summing over i ∈ N, we obtain

(2.3) λp,q(Ω) =

ˆ
Ω

|∇u|p dx ≥ λp,q(Ω)
∑
i∈N

(ˆ
Ωi

|u|q dx
) p
q

.

In order to get a contradiction, we observe that by strict subadditivity of the map τ 7→ τp/q (recall
that q > p), we have the following inequality

1 =

(ˆ
Ω

|u|q dx
) p
q

=

∑
j 6=i0

ˆ
Ωj

|u|q dx+

ˆ
Ωi0

|u|q dx


p
q

<

∑
j 6=i0

ˆ
Ωj

|u|q dx


p
q

+

(ˆ
Ωi0

|u|q dx

) p
q

≤
∑
i∈N

(ˆ
Ωi

|u|q dx
) p
q

.

The strict inequality holds thanks to (2.2). In particular, we thus have obtained that

1 <
∑
i∈N

(ˆ
Ωj

|u|q dx

) p
q

.

By using this fact in (2.3), we get a contradiction and the result is proved when q <∞.

Case q = ∞. This case can occur only for p > N . Thanks to [7, Lemma A.1], there exists
x0 ∈ Ω such that |u(x0)| = ‖u‖L∞(Ω) = 1. In particular, there exists i0 ∈ N such that x0 ∈ Ωi0 .
Accordingly, we get

‖u‖L∞(Ωi0 ) = 1.

Let us assume that there exists j0 6= i0 such that ‖u‖L∞(Ωj0 ) > 0. Thus, we get

λp,∞(Ω) =
∑
i∈N

ˆ
Ωi

|∇u|p dx ≥
ˆ

Ωi0

|∇u|p dx+

ˆ
Ωj0

|∇u|p dx

≥ λp,∞(Ωi0) ‖u‖pL∞(Ωi0 ) + λp,∞(Ωj0) ‖u‖pL∞(Ωj0 )

> λp,∞(Ωi0).

As in the previous case, we get a contradiction with the fact (2.1). Thus, we can conclude that
‖u‖L∞(Ωj) = 0 for every j 6= i0. �

2.3. Periodically perforated sets. We list some properties of the sets introduced in Definition
1.2. In what follows, for an open set Ω ⊆ RN , we will indicate by rΩ its inradius, defined by

rΩ = sup{r > 0 : ∃ Br(x0) ⊆ Ω}.

Lemma 2.3. Let Ω ⊆ RN be the t−periodically perforated open set generated by K. Then, we have

rΩ ≤ max{t1, t2, · · · , tN}
√
N

2
.
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Proof. By definition, we see that the inradius is monotone non-decreasing with respect to the set
inclusion. In other words, if E1 ⊆ E2 are two open sets, then we have rE1 ≤ rE2 . Moreover, the
inradius is clearly invariant by translations, i.e. for every x0 ∈ RN we have rE+x0

= rE .
We thus fix x0 ∈ K, then by construction we have

Ω ⊆ RN \

( ⋃
i∈ZN

Dt(i + x0)

)
=

(
RN \

( ⋃
i∈ZN

Dt(i)

))
+Dt(x0) =: Ω̃ +Dt(x0).

From the two aforementioned properties, we then get rΩ ≤ rΩ̃. It is now not difficult to see that

rΩ̃ ≤ max{t1, t2, · · · , tN}
√
N

2
,

thus concluding. �

Remark 2.4. Observe that the previous upper bound is independent of the generating set K and
optimal. Indeed, it becomes an identity if we take

Ω = RN \ ZN ,
which corresponds to the choices t = (1, . . . , 1) and K = {0}.

On the contrary, it is not possible to give a lower bound of the same type. Indeed, for every
0 < ε < 1/2, let us take t = (1, . . . , 1) and K = Q1/2−ε. Accordingly, the corresponding periodically
perforated open set is given by

Ωε = RN \

( ⋃
i∈ZN

Q1/2−ε(i)

)
.

We have that rΩε = ε
√
N , which clearly vanishes in the limit as ε goes to zero.

For our open sets, the sharp condition for the validity of the Poincaré inequality is simply
expressed in terms of a suitable capacitary requirement on the generating set K. This is the
content of the following lemma. Even if not needed in this paper, we also include the case p = 1,
for completeness.

Lemma 2.5. Let 1 ≤ p < ∞ and let Ω ⊆ RN be the t−periodically perforated open set generated
by K. We have that

λp(Ω) > 0 ⇐⇒ capp(K;Q1) > 0.

Moreover, there holds

(2.4) λp(Ω) ≥ cN,p
(

1

max{t1, . . . , tN}

)p
capp(K;Q1).

Proof. We prove at first the estimate (2.4). This would establish the validity of the implication

capp(K;Q1) > 0 =⇒ λp(Ω) > 0.

We use Lemma 2.1 with T = Dt and

(2.5) E = RN \

( ⋃
i∈ZN

(i +K)

)
.

Since Dt(E) = Ω, this gives immediately

λp(Ω) = λp(Dt(E)) ≥
(

1

max{t1, . . . , tN}

)p
λp(E).
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It is now not difficult to see that for every ϕ ∈ C∞0 (E), we haveˆ
E

|∇ϕ|p dx =
∑
i∈ZN

ˆ
i+Q1/2

|∇ϕ|p dx ≥ cN,p capp(K;Q1)
∑
i∈ZN

ˆ
i+Q1/2

|ϕ|p dx,

thanks to the Maz’ya-Poincaré inequality of [24, Chapter 14, Theorem 14.1.2]. By arbitrariness of
ϕ ∈ C∞0 (E), this gives

λp(E) ≥ cN,p capp(K;Q1),

and thus the desired conclusion follows.

We now suppose that λp(Ω) > 0. We argue by contradiction and assume that capp(K;Q1) = 0.
We first observe that if p > N , then we would get the contradiction K = ∅, since every non-empty
compact set has positive p−capacity in this case.

We can thus assume that 1 < p ≤ N . As above, we consider the set E defined by (2.5) and
T = Dt. By Lemma 2.1, we get that λp(E) > 0, as well. Thanks to the assumption on K and the
monotonicity of the relative p−capacity (see [24, page 142]), we have

capp(K;QM ) = 0, for every M ≥ 1,

as well. We choose k ∈ N \ {0} and use this fact with M = k + 1. We also set

(2.6) ZNk =
{

i = (i1, . . . , iN ) ∈ ZN : |i|`∞ := max
m=1,...,N

|im| ≤ k
}
,

and define
Kk =

⋃
i∈ZNk

(i +K).

Observe that for every i ∈ ZNk , we have that i +K is a compact subset of i +Q1 = Q1(i), thus by
translation invariance of the p−capacity we still have

capp(i +K;Q1(i)) = capp(K;Q1) = 0.

By observing that Q1(i) ⊆ Qk+1 for every i ∈ ZNk , we get as before

capp(i +K;Qk+1) = 0.

By the subadditivity of the relative p−capacity (see [24, page 143]), this in turn implies that

capp(Kk;Qk+1) = 0,

as well. Thus, for every ε > 0 there exists ϕε ∈ C∞0 (Qk+1) such thatˆ
Qk+1

|∇ϕε|p dx < ε, 0 ≤ ϕε ≤ 1, ϕε ≡ 1 on Kk.

We consider ϕε to be extended by 0, outside Qk+1. Observe that by the Markov-Chebychev and
Poincaré inequalities, we have∣∣∣∣{x ∈ Qk−1/2 : ϕε(x) >

1

2

}∣∣∣∣ ≤ 2p
ˆ
Qk−1/2

|ϕε|p dx

≤ 2p
ˆ
Qk+1

|ϕε|p dx ≤
2p

λp(Qk+1)

ˆ
Qk+1

|∇ϕε|p dx <
2p ε

λp(Qk+1)
.

Thus, by choosing

εk :=
|Qk−1/2|

2p+1
λp(Qk+1) =

(2 k − 1)
N

2p+1

λp(Q1)

(k + 1)p
,
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we get that ˆ
Q
k− 1

2

|1− ϕε|p dx ≥
1

2p

∣∣∣∣{x ∈ Qk−1/2 : 0 ≤ ϕε(x) ≤ 1

2

}∣∣∣∣
≥
|Qk−1/2|

2p+1
, for every 0 < ε ≤ εk.

(2.7)

We now take a cut-off function ηk ∈ C∞0 (Qk+1/2) such that

ηk ≡ 1 on Qk− 1
2
, 0 ≤ ηk ≤ 1, |∇ηk| ≤ C,

for a universal constant C > 0. Finally, we define

Uε,k(x) = ηk(x) (1− ϕε(x)), for 0 < ε ≤ εk,

which belongs to W 1,p
0 (E). Indeed, this is a smooth function with finite W 1,p norm, vanishing at

the boundary ∂E. Then it is sufficient to appeal to [11, Theorem 9.17, Remark 1]. Thus, we get

λp(E) ≤

ˆ
Qk+1/2

|∇Uε,k|p dx
ˆ
Qk+1/2

|Uε,k|p dx

≤ 2p−1

ˆ
Qk+1/2

|∇ϕε|p dx
ˆ
Qk−1/2

|1− ϕε|p dx
+ 2p−1

ˆ
Qk+1/2\Qk−1/2

|∇ηk|p |1− ϕε|p dx
ˆ
Qk−1/2

|1− ϕε|p dx
.

We can estimate the denominator thanks to (2.7), while in the second term we use that |1−ϕε| ≤ 1.
By recalling the estimate on the p−Dirichlet integral of ϕε, we obtain

λp(E) ≤ 4p ε

|Qk−1/2|
+

4p Cp |Qk+1/2 \Qk−1/2|
|Qk−1/2|

.

Observe that, by its definition, we have that εk stays uniformly bounded from below, as k goes to
∞ (recall that N ≥ p). Thus, for k large enough, we can use the previous estimate with a fixed
ε > 0, independent of k. By taking the limit as k goes to ∞ and observing that

lim
k→∞

|Qk+1/2 \Qk−1/2|
|Qk−1/2|

= lim
k→∞

(2 k + 1)N − (2 k − 1)N

(2 k − 1)N
= 0,

we reach the desired contradiction λp(E) = 0. This concludes the proof. �

Remark 2.6. Without further assumptions on the generating set K, it is not possible to revert
the estimate (2.4). Indeed, take for example

Kε = Q1/2 \Bε, for 0 < ε <
1

2
.

Accordingly, the periodically perforated set generated by Kε is simply given by

Ωε =
⋃

i∈ZN
Bε(i),
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i.e. this is a disjoint union of open balls, each one having radius ε. Thanks to the properties of λp,
we thus get

λp(Ωε) = λp(Bε) = ε−p λp(B1),

which blows-up, as ε goes to 0. On the other hand, we clearly have

capp(Kε;Q1) ≤ capp(Q1/2;Q1),

thus the relative p−capacity of Kε stays uniformly bounded from above.
The reader may be unsatisfied with this example, as each open set Ωε has infinitely many con-

nected components. In this sense, a more interesting counterexample is provided by the connected
sets

Ωε = RN \

( ⋃
i∈ZN

Q1/2−ε(i)

)
,

considered in Remark 2.4. Here as well, we have

lim
ε↘0

λp(Ωε) = +∞ and sup
0<ε<1/2

capp(Kε;Q1) < +∞, where Kε := Q1/2−ε.

In this case, in order to show that λp(Ωε) blows up as ε approaches 0, we have to appeal to a more
sophisticated estimate. For instance, we can use the results contained in [3, Section 5]. Indeed,
with the terminology of that paper, it is easy to see that the family of sets Ωε has a measure density
index uniformly bounded from below. Thus, by3 [3, Corollary 5.6] this implies that

cN,p

(
1

rΩε

)p
≤ λp(Ωε).

3. A Maz’ya-Lieb–type estimate

In this section we will give a different proof of the following fact, due to Lieb (see [20, Corollary
4]): if an open set Ω has a “small” Poincaré constant, then it should contain a “big” portion of a
“large” ball. This will be useful in order to get a compactness lemma à la Lieb. Throughout this
section, for completeness we will include the limit case p = 1, as well.

We need at first the concept of negligible set in the sense of Molchanov, see [24, Chapters 14 & 18].
This permits to introduce a suitable capacitary variant of the inradius, as in [3, 4, 25].

Definition 3.1. Let 1 ≤ p < ∞ and 0 < γ < 1, we say that a compact set Σ ⊆ Br(x0) is
(p, γ)−negligible if

capp(Σ;B2r(x0)) ≤ γ capp

(
Br(x0);B2r(x0)

)
.

Accordingly, we consider the capacitary inradius of Ω, defined as follows

Rp,γ(Ω) := sup
{
r > 0 : ∃x0 ∈ RN such that Br(x0) \ Ω is (p, γ)−negligible

}
.

From its definition, we can see that

rΩ ≤ Rp,γ(Ω), for every 0 < γ < 1, and γ 7→ Rp,γ(Ω) is monotone non-decreasing.

3More precisely, we can apply [3, Corollary 5.6] by choosing p = q, r0 = ε, θ = 2−N and t0 = 0.
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Lemma 3.2. Let 1 ≤ p ≤ N and 0 < γ < 1. Let Ω ⊆ RN be an open set. If the set Br(x0) \ Ω is
(p, γ)−negligible, then

|Br(x0) ∩ Ω| ≥ (1− ΓN,p γ) |Br(x0)|,
where the constant ΓN,p ≥ 1 is given by

ΓN,p =
capp

(
B1;B2

)
|B1|λp(B2)

.

Proof. We estimate the relative p−capacity of Br(x0) \ Ω by [24, Corollary 2.3.4]. This gives

capp

(
Br(x0) \ Ω;B2r(x0)

)
≥ λp(B2r(x0))

∣∣∣Br(x0) \ Ω
∣∣∣ .

On the other hand, by assumption of (p, γ)−negligibility we have

capp

(
Br(x0) \ Ω;B2r(x0)

)
≤ γ capp

(
Br(x0);B2r(x0)

)
= γ rN−p capp

(
B1;B2

)
.

By joining the last two equations in display and simplifying the common terms, we thus obtain

λp(B2)
∣∣∣Br(x0) \ Ω

∣∣∣ ≤ γ rN capp
(
B1;B2

)
.

We used the scaling properties of λp to deduce that λp(B2r(x0)) = r−p λp(B2). With simple
manipulations, we see that this is equivalent to∣∣∣Br(x0) \ Ω

∣∣∣ ≤ 1

λp(B2)

capp
(
B1;B2

)
|B1|

γ |Br(x0)| =: ΓN,p γ |Br(x0)|.

We observe that
|B1|λp(B2) ≤ capp(B1;B2),

again by [24, Corollary 2.3.4], thus in particular we have that ΓN,p ≥ 1. This is enough to conclude:
indeed, we can now infer∣∣∣Br(x0) ∩ Ω

∣∣∣ = |Br(x0)| −
∣∣∣Br(x0) \ Ω

∣∣∣ ≥ |Br(x0)| − ΓN,p γ |Br(x0)|

= (1− ΓN,p γ) |Br(x0)|,
as desired. �

The next one is the main result of this section. This provides a different proof of [20, Corollary
4] by Lieb: in the proof, we will use an idea of Maz’ya and Shubin (see [25, Section 5]), combined
with the recent result [4, Main Theorem] by Bozzola and the first author.

Theorem 3.3. Let Ω ⊆ RN be an open set such that λp(Ω) > 0.

• Let 1 ≤ p ≤ N . Then for every 0 < β < 1 there exists a constant αN,p,β > 0 and a ball
Br(x0) with radius

r ≥ αN,p,β(
λp(Ω)

) 1
p

,

such that
|Br(x0) ∩ Ω| ≥ β |Br(x0)|.

The constant αN,p,β is such that:

αN,p,β ∼ (1− β)
1
p , as β ↗ 1.
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• Let p > N . Then there exists a constant αN,p > 0 and a ball Br(x0) with radius

r ≥ αN,p(
λp(Ω)

) 1
p

,

such that Br(x0) ⊆ Ω.

Proof. We distinguish the two cases, either 1 ≤ p ≤ N or p > N .

Case 1 ≤ p ≤ N . By [4, Main Theorem], we know that there exists a constant σN,p > 0 such that,
for every 0 < γ < 1, it holds

γ σN,p

(
1

Rp,γ(Ω)

)p
≤ λp(Ω).

In particular, by choosing

γ = γβ :=
1− β
ΓN,p

,

where ΓN,p is the same constant as in Lemma 3.2, we get

Rp,γβ (Ω) ≥
(
σN,p γβ
λp(Ω)

) 1
p

=:
2αN,p,β(
λp(Ω)

) 1
p

.

By definition of capacitary inradius, there exists a ball Br(x0) with

Rp,γβ (Ω)

2
< r < Rp,γβ (Ω),

such that the set Br(x0) \ Ω is (p, γβ)−negligible. By using Lemma 3.2 and the choice of γ, we
conclude.

Case p > N . This case is simpler. Indeed, we know that for p > N there holds

CN,p
rpΩ
≤ λp(Ω),

see, for example, [26, Theorem 1.4.1], [29, Theorem 1.1] and, more recently, [5, Theorem 1.3] and
[9, Corollary 5.9]. Moreover, by definition of inradius, there exists a ball Br(x0) with

rΩ

2
< r < rΩ,

such that Br(x0) ⊆ Ω. By choosing this time

αN,p =
1

2
(CN,p)

1
p ,

we conclude. �

4. A compactness result

We will use Theorem 3.3 to deduce a weak compactness result for certain sequences of functions
in W 1,p

0 (Ω), when Ω is a periodically perforated set. The main point is obtaining that the limit
function is not trivial. We adapt the idea of [20, Lemma 6]: the latter is concerned with functions

in W 1,p(RN ), now we have to take care of the fact that we work in W 1,p
0 (Ω).
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Lemma 4.1. Let 1 < p < ∞ and let Ω ⊆ RN be the t−periodically perforated open set generated
by K. Let us suppose that

capp(K;Q1) > 0.

Let {un}n∈N ⊆W 1,p
0 (Ω) be a sequence of non-negative functions such that

‖∇un‖pLp(Ω) ≤ C and | {x ∈ Ω : un(x) > ε} | > δ, for all n ∈ N,

for some C, ε, δ > 0 independent of n.
Then, there exists a sequence of vectors {in}n∈N ⊆ ZN such that, up to a subsequence, the

translated sequence {un(Dt(in) + ·)}n∈N converges weakly in W 1,p(Ω) to a function u ∈ W 1,p
0 (Ω) \

{0}.

Proof. We divide the proof into two parts: we first prove the result under the further restriction
that each un belongs to C∞0 (Ω). Then, in the second part we show how to remove this assumption.

Part 1: regular functions. We define at first the following sets

An = {x ∈ Ω : un(x) > ε/4} , for every n ∈ N.

Observe that these are open sets, since we are assuming that each un is smooth. We also have
λp(An) > 0, by using that each un is compactly supported in Ω and thus An is bounded. According
to Theorem 3.3 (applied with β = 1/2, in the case p ≤ N), for every n ∈ N there exists a radius

(4.1) rn ≥
αN,p(

λp(An)
) 1
p

,

and a point xn ∈ RN such that

(4.2) |Brn(xn) ∩An| ≥
1

2
|Brn(xn)|.

We claim that there exist 0 < c1 < c2 such that

(4.3) c1 ≤ rn ≤ c2, for every n ∈ N.

We start with the upper bound: by the Markov-Chebyshev inequality, we have

|An| ≤
(

4

ε

)p ˆ
Ω

|un|p dx ≤
(

4

ε

)p
1

λp(Ω)

ˆ
Ω

|∇un|p dx ≤
(

4

ε

)p
C

λp(Ω)
.

Observe that λp(Ω) > 0, thanks to Lemma 2.5 and the capacitary assumption on K. Thus, from
(4.2), we get in particular

ωN
2
rNn ≤ |An| ≤

(
4

ε

)p
C

λp(Ω)
, for every n ∈ N.

In order to bound rn uniformly from below, in view of (4.1), it is sufficient to prove that λp(An) is
uniformly bounded from above, in terms of the data C, ε, δ and p, only. To this aim, we introduce
the set

En = {x ∈ Ω : un(x) > ε} ⊆ An, for every n ∈ N.
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We also define gn = (un − ε/2)+. We notice that gn ∈ W 1,p
0 (An): indeed, by construction, gn is a

Lipschitz function, with compact support contained in An. By using gn as a trial function, we get

λp(An) ≤

ˆ
An

|∇gn|p dx
ˆ
An

|gn|p dx
≤

ˆ
An

|∇gn|p dx
ˆ
En

|gn|p dx
≤
(

2

ε

)p
C

δ
.

This implies that

rn ≥
αN,p(

λp(An)
) 1
p

≥ ε

2

(
δ

C

) 1
p

αN,p, for every n ∈ N.

We thus have proven (4.3).
We now observe that the family of hyper-rectangles {Dt(i + Q1/2)}i∈ZN tile the whole space.

Accordingly, for every n ∈ N, there exists at least a point in ∈ ZN such that

xn ∈ Dt(in +Q1/2).

Observe that by construction we have

Brn(xn) ⊆ BRn(Dt(in)), where Rn = rn +

√
N

2
max{t1, . . . , tN}.

From (4.2) and (4.3), we get the uniform lower bound

|BRn(Dt(in)) ∩An| ≥
ωN c

N
1

2
, for every n ∈ N.

Thanks to the uniform bounds (4.3) on {rn}n∈N, we can extract a subsequence (not relabelled)
such that

lim
n→∞

rn = r > 0.

Thus, if we set R = r + max{t1, . . . , tN}
√
N/2, we easily get

(4.4) lim
n→∞

‖1BRn − 1BR‖Lp′ (RN ) = 0.

We now observe that the translated sequence {un(Dt(in) + ·)}n∈N still belongs to W 1,p
0 (Ω), thanks

to the assumption on Ω. Moreover, by recalling that λp(Ω) > 0, we have that the sequence
{un(Dt(in) + ·)}n∈N is bounded in W 1,p(Ω). Hence, it weakly converges in W 1,p(Ω) to a function

u ∈ W 1,p
0 (Ω), up to a subsequence. In particular, by testing the weak convergence in Lp against

the characteristic function of BR and using (4.4), we thus haveˆ
BR

u(x) dx = lim
n→∞

ˆ
BR

un(Dt(in) + x) dx = lim
n→∞

ˆ
BRn

un(Dt(in) + x) dx

= lim
n→∞

ˆ
BRn (Dt(in))

un(y) dy

≥ lim inf
n→∞

ˆ
BRn (Dt(in))∩An

un(y) dy

≥ ε

4
lim inf
n→∞

|BRn(Dt(in)) ∩An|.
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In the last inequality we used that un > ε/4 on An, by construction. In light of the previous
uniform lower bound on the measure of BRn(Dt(in)) ∩An, this is enough to infer that u 6≡ 0.

Part 2: general case. We now suppose that {un}n∈N ⊆ W 1,p
0 (Ω). By definition, for every n ∈ N

there exists a sequence of functions {uk,n}k∈N ⊆ C∞0 (Ω) such that

lim
k→∞

‖uk,n − un‖Lp(Ω) = lim
k→∞

‖∇uk,n −∇un‖Lp(Ω) = 0.

Since each un is non-negative, we can construct {uk,n}n∈N with the same property. Moreover, being

{un}n∈N bounded in W 1,p
0 (Ω), we can further assume that

‖uk,n‖pLp(Ω) + ‖∇uk,n‖pLp(Ω) ≤ C, for every n, k ∈ N.

Thus, each sequence {uk,n}k∈N is bounded in W 1,p(Ω), uniformly in n. Thanks to the convergence
in Lp(Ω), for every n ∈ N we choose kn ∈ N such that

(4.5) ‖uk,n − un‖Lp(Ω) ≤
1

n+ 1
, for every k ≥ kn.

Without loss of generality, we can choose {kn}n∈N to be increasing.
We take ε, δ > 0 as in the statement. By the Markov-Chebyshev inequality, for every n ∈ N and

k ≥ kn we have∣∣∣{x ∈ Ω : |uk,n(x)− un(x)| > ε/2
}∣∣∣ ≤ (2

ε

)p
‖uk,n − un‖pLp(Ω) ≤

(
2

ε

)p
1

(n+ 1)p
.

We choose n0 = n0(p, ε, δ) > 0 such that(
2

ε

)p
1

(n0 + 1)p
<
δ

2
.

Then, for every n ≥ n0 we have∣∣∣{x ∈ Ω : |uk,n(x)− un(x)| > ε/2
}∣∣∣ < δ

2
, for every k ≥ kn.

Observe that{
x ∈ Ω : un(x) > ε

}
⊆
{
x ∈ Ω : |uk,n(x)− un(x)| > ε/2

}
∪
{
x ∈ Ω : uk,n(x) > ε/2

}
.

Accordingly, we get that for every n ≥ n0 the function Un := ukn,n is such that∣∣∣{x ∈ Ω : Un(x) > ε/2
}∣∣∣ ≥ ∣∣∣{x ∈ Ω : un(x) > ε

}∣∣∣− ∣∣∣{x ∈ Ω : |Un(x)− un(x)| > ε/2
}∣∣∣ ≥ δ

2
.

We can thus apply the first part of the proof to the sequence {Un}n∈N and we can infer that there

exists a sequence of vectors {in}n∈N ⊆ ZN and a function u ∈W 1,p
0 (Ω) \ {0} such that

lim
n→∞

ˆ
Ω

(u− Un(Dt(in) + ·))ϕdx = 0, for every ϕ ∈ Lp
′
(Ω),

up to a subsequence. In particular, thanks to the periodicity of Ω, we also get

lim
n→∞

∣∣∣∣ˆ
Ω

(u− un(Dt(in) + ·))ϕdx
∣∣∣∣ ≤ lim

n→∞

∣∣∣∣ˆ
Ω

(u− Un(Dt(in) + ·)))ϕdx
∣∣∣∣

+ lim
n→∞

‖Un − un‖Lp(Ω) ‖ϕ‖Lp′ (Ω) = 0.
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In the last passage we have also used (4.5) and the fact that Un = ukn,n. Taking into account

that the sequence {un(Dt(in) + ·)}n∈N ⊆ W 1,p
0 (Ω) is bounded, the last inequality implies that

{un(Dt(in) + ·)}n∈N converges weakly in W 1,p
0 (Ω) to the function u 6≡ 0, as desired. �

5. A well-prepared minimizing sequence

As in [7], we will construct a suitable minimizing sequence for our original problem by adding a
“vanishing confinement” term. In other words, we will use the following simple result, which is the
same as [7, Lemma 4.1]. We use the following notation

W 1,p
0 (Ω; |x|) :=

{
u ∈W 1,p

0 (Ω) :

ˆ
Ω

|x| |u|p dx < +∞
}
.

Lemma 5.1. Let 1 < p < ∞ and q ≥ p satisfying (1.2). Let Ω ⊆ RN be an open set such that
λp(Ω) > 0. For every n ∈ N, we define

λp,q(Ω;Vn) := inf
u∈W 1,p

0 (Ω;|x|)

{
Gp,n(u) : ‖u‖Lq(Ω) = 1

}
,

where

Gp,n(u) =

ˆ
Ω

|∇u|p dx+

ˆ
Ω

Vn |u|p dx and Vn(x) =
|x|
n+ 1

.

Then, we have

(5.1) lim
n→∞

λp,q(Ω;Vn) = λp,q(Ω).

Moreover, the value λp,q(Ω;Vn) is attained by some non-negative function un ∈ W 1,p
0 (Ω; |x|) with

‖un‖Lq(Ω) = 1 and we have

(5.2) lim
n→∞

ˆ
Ω

|∇un|p dx = λp,q(Ω).

Remark 5.2. The fact that un can be chosen to be non-negative is standard: indeed, |un| is
still admissible, while both the functional and the constraint are invariant by the change u 7→ |u|.
Moreover, by comparing (5.1) and (5.2), we easily get the following useful information

(5.3) lim
n→∞

ˆ
Ω

Vn |un|p dx = 0.

Finally, we remark that each un is a weak solution of the following Euler-Lagrange equation

(5.4) −∆pun + Vn u
p−1
n = λp,q(Ω;Vn)uq−1

n , in Ω.

As in [7], a precision on the validity of this equation is in order. Indeed, by minimality we have
that ˆ

Ω

〈|∇un|p−2∇un,∇ϕ〉 dx+

ˆ
Ω

Vn u
p−1
n ϕdx = λp,q(Ω;Vn)

ˆ
Ω

uq−1
n ϕdx,

for every ϕ ∈ C∞0 (Ω). Since Vn is locally bounded in RN , by a density argument we see that we

can also admit test functions ϕ ∈W 1,p
0 (Ω′), with Ω′ open bounded subset of Ω.

Remark 5.3 (Uniform L∞ bound). By using that the sequence n 7→ λp,q(Ω;Vn) is non-increasing,
we get that each un is a weak subsolution of

−∆pun ≤ λp,q(Ω;Vn)uq−1
n ≤ λp,q(Ω;V1)uq−1

n , in Ω.
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Thus, by appealing to [7, Lemma 2.3], we get that un ∈ L∞(Ω) together with the following uniform
estimate

(5.5) ‖un‖L∞(Ω) ≤ CN,p,q
(
λp,q(Ω;V1)

) N
p q−(q−p)N

=: M.

Observe that we also used that un has unit Lq(Ω) norm.

Actually, the property (5.3) can be improved. This is the content of the next simple result, which
will be crucially exploited. The proof is a bit lengthy, though elementary.

Lemma 5.4. With the notation of the previous result, we have

lim
n→∞

ˆ
Ω

V kn |∇un|p dx = lim
n→∞

ˆ
Ω

V kn |un|p dx = 0, for every k ∈ N \ {0}.

Proof. We fix R > 0 and take η ∈ C∞0 (BR+1) a cut-off function such that

0 ≤ η ≤ 1, η ≡ 1 on BR, ‖∇η‖L∞ ≤ C,

for a universal constant C > 0. We test the weak formulation of (5.4) with the choice

ϕ = V kn un η
p.

In light of Remark 5.2, this is feasible. We then obtainˆ
Ω

|∇un|p V kn ηp dx+ p

ˆ
Ω

〈|∇un|p−2∇un,∇η〉 ηp−1 un V
k
n dx

+

ˆ
Ω

〈|∇un|p−2∇un,∇V kn 〉un ηp dx

+

ˆ
Ω

V k+1
n upn η

p dx = λp,q(Ω;Vn)

ˆ
Ω

uqn V
k
n η

p dx.

(5.6)

By using Cauchy-Schwarz and Young inequalities, we can estimate

p

ˆ
Ω

〈|∇un|p−2∇un,∇η〉 ηp−1 un V
k
n dx ≥ −p

ˆ
Ω

|∇un|p−1 |∇η| ηp−1 un V
k
n dx

≥ −δ (p− 1)

ˆ
Ω

|∇un|p ηp V kn dx

− δ1−p
ˆ

Ω

V kn u
p
n |∇η|p dx,

for every δ > 0. Thus, from (5.6) we get

(1− (p− 1) δ)

ˆ
Ω

|∇un|p V kn ηp dx+

ˆ
Ω

〈|∇un|p−2∇un,∇V kn 〉un ηp dx

+

ˆ
Ω

V k+1
n upn η

p dx

≤ λp,q(Ω;Vn)

ˆ
Ω

uqn V
k
n η

p dx

+ δ1−p
ˆ

Ω

V kn u
p
n |∇η|p dx.

(5.7)
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Analogously, by taking into account that |∇Vn| = 1/(n+ 1), we have

ˆ
Ω

〈|∇un|p−2∇un,∇V kn 〉un ηp dx ≥ −
k

n+ 1

ˆ
Ω

|∇un|p−1 un V
k−1
n ηp dx

≥ − k

n+ 1

p− 1

p

ˆ
Ω

|∇un|p V k−1
n ηp dx

− k

n+ 1

1

p

ˆ
Ω

upn V
k−1
n ηp dx.

By using this estimate in (5.7), we obtain

(1− (p− 1) δ)

ˆ
Ω

|∇un|p V kn ηp dx+

ˆ
Ω

V k+1
n upn η

p dx

≤ λp,q(Ω;Vn)

ˆ
Ω

uqn V
k
n η

p dx

+ δ1−p
ˆ

Ω

V kn u
p
n |∇η|p dx

+
k

n+ 1

p− 1

p

ˆ
Ω

|∇un|p V k−1
n ηp dx

+
k

n+ 1

1

p

ˆ
Ω

upn V
k−1
n ηp dx.

This is valid for every δ > 0: we choose δ = 1/(2 (p − 1)) and use the properties of the cut-off
function η, to obtain

1

2

ˆ
Ω∩BR

|∇un|p V kn dx+

ˆ
Ω∩BR

V k+1
n upn dx ≤ λp,q(Ω;Vn)

ˆ
Ω∩BR+1

uqn V
k
n dx

+ C (2 (p− 1))p−1

ˆ
Ω∩BR+1

V kn u
p
n dx

+
k

n+ 1

p− 1

p

ˆ
Ω∩BR+1

|∇un|p V k−1
n dx

+
k

n+ 1

1

p

ˆ
Ω∩BR+1

V k−1
n upn dx.

On the right-hand side, we can further use that

λp,q(Ω;Vn) ≤ λp,q(Ω;V1),

and ˆ
Ω∩BR+1

uqn V
k
n dx ≤ ‖un‖

q−p
L∞(Ω)

ˆ
Ω∩BR+1

upn V
k
n dx ≤Mq−p

ˆ
Ω∩BR+1

upn V
k
n dx,

also thanks to (5.5). We also observe that

1

n+ 1
V k−1
n =

|x|k−1

(n+ 1)k
≤ |x|k

(n+ 1)k
+

1

(n+ 1)k
= V kn +

1

(n+ 1)k
.
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With simple manipulations, we can thus obtain

ˆ
Ω∩BR

|∇un|p V kn dx+

ˆ
Ω∩BR

V k+1
n upn dx ≤

(
C +

2

p
k

) ˆ
Ω∩BR+1

upn V
k
n dx

+
2 k

n+ 1

(p− 1)

p

ˆ
Ω∩BR+1

|∇un|p V k−1
n dx

+
2 k

(n+ 1)k
1

p

ˆ
Ω∩BR+1

upn dx,

for a constant C = C(N, p, q,Ω) > 0. Finally, we estimate the last Lp norm as follows

ˆ
Ω∩BR+1

upn dx ≤
ˆ

Ω

upn dx ≤
1

λp(Ω)

ˆ
Ω

|∇un|p dx ≤
λp,q(Ω;Vn)

λp(Ω)
≤ λp,q(Ω;V1)

λp(Ω)
.

If we set for simplicity

In,k(R) =

ˆ
Ω∩BR

upn V
k
n dx and Jn,k(R) =

ˆ
Ω∩BR

|∇un|p V k−1
n dx, n ∈ N, k ∈ N \ {0},

we finally obtain the interlaced recursive estimate

(5.8) In,k+1(R) + Jn,k+1(R) ≤
(
C +

2

p
k

)
In,k(R+ 1) +

C k

n+ 1
Jn,k(R+ 1) +

C k

(n+ 1)k
,

possibly for a different constant C = C(N, p, q,Ω) > 0. By proceeding inductively on k ∈ N \ {0},
we can obtain at first that

In,k :=

ˆ
Ω

V kn u
p
n dx < +∞ and Jn,k :=

ˆ
Ω

V k−1
n |∇un|p dx < +∞.

Indeed, this is true for k = 1 by construction. Moreover, if In,k < +∞ and Jn,k < +∞ for a
certain k ≥ 1, by taking the limit as R goes to +∞ in (5.8) and using the Monotone Convergence
Theorem, we get that In,k+1 < +∞ and Jn,k+1 < +∞, as well. In particular, from (5.8) we get

(5.9) In,k+1 + Jn,k+1 ≤
(
C +

2

p
k

)
In,k +

k C

n+ 1
Jn,k +

C k

(n+ 1)k
,

for a constant C = C(N, p, q,Ω) > 0. The claim can now be easily obtained from (5.9) by an
induction argument over k. It is sufficient to observe that for k = 1 we have

lim
n→∞

In,1 = lim
n→∞

ˆ
Ω

Vn u
p
n dx = 0,

by (5.3), while obviously

lim
n→∞

1

n+ 1
Jn,1 = lim

n→∞

1

n+ 1

ˆ
Ω

|∇un|p dx = 0,

thanks to (5.2). This concludes the proof. �
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6. Existence of extremals: periodic sets

We are now ready for the main result of the paper.

Theorem 6.1 (Case q < ∞). Let 1 < p < ∞ and assume that q > p satisfies (1.2), with q < ∞.
Let t = (t1, . . . , tN ) ∈ RN be such that ti > 0, for every i ∈ {1, . . . , N} and let K ( Q1/2 be a
compact set such that

capp(K;Q1) > 0.

Let Ω ⊆ RN be the t−periodically perforated open set generated by K (recall Definition 1.2). Then,

the infimum defining λp,q(Ω) is attained by some non-negative function u ∈ W 1,p
0 (Ω) \ {0}, such

that

u ∈ L∞(Ω) and ‖u‖L∞(Dt(Q1/2\K)) = ‖u‖L∞(Ω).

Proof. We first observe that λp(Ω) > 0, thanks to Lemma 2.5. By (1.3), this in turn implies that
λp,q(Ω) > 0, as well.

We take {un}n∈N to be the minimizing sequence for λp,q(Ω) constructed in Lemma 5.1. There
is no loss of generality in assuming that

(6.1) ‖∇un‖pLp(Ω) ≤ 2λp,q(Ω), for every n ∈ N.

Moreover, we notice that it holds

(6.2) ‖un‖Lq(Ω) = 1, ‖un‖Lp(Ω) ≤
(

2λp,q(Ω)

λp(Ω)

) 1
p

,

and, by the Gagliardo-Nirenberg interpolation inequality, we have

(6.3) ‖un‖Lr(Ω) ≤ GN,p,r‖∇un‖θLp(Ω) ‖un‖
1−θ
Lp(Ω) ≤ (2λp,q(Ω))

1
p

(
λp(Ω)

) θ−1
p

,

for every q < r < p∗ when p < N , and for every q < r <∞ when p ≥ N . Here θ = θ(N, p, r) ∈ (0, 1)
is an exponent dictated by scale invariance, its precise value has no bearing.

In particular, (6.2) and (6.3) ensure the applicability of the so-called pqr−Lemma, originally
devised in [16, Lemma 2.1], to the sequence {un}n∈N. Accordingly, we can find uniform constants
ε, δ > 0 such that

(6.4)
∣∣∣{x ∈ Ω : un(x) > ε

}∣∣∣ > δ, for all n ∈ N.

Thanks to (6.1) and (6.4) we can apply Lemma 4.1: let {in}n∈N ⊆ ZN be the corresponding
sequence of vectors. In order to simplify the notation, we set

ũn(x) := un(Dt(in) + x).

Thus, the sequence {ũn}n∈N weakly converges in W 1,p(Ω) to some non-negative ũ ∈W 1,p
0 (Ω) \ {0}.

Thanks to the periodicity of Ω, we have that {ũn}n∈N is still a minimizing sequence for λp,q(Ω).
Indeed, we have

‖ũn‖Lq(Ω) = ‖un‖Lq(Ω) = 1, lim
n→∞

ˆ
Ω

|∇ũn|p dx = lim
n→∞

ˆ
Ω

|∇un|p dx = λp,q(Ω).

By virtue of the weak lower semi-continuity of the Lp norm with respect to the weak convergence,
in order to prove the theorem we only need to show that

(6.5) ‖ũ‖Lq(Ω) = 1.
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To this aim, the key step consists in proving that both the sequence of functions {ũn}n∈N and
the sequence of gradients {∇ũn}n∈N converge almost everywhere in Ω. With this property at our
disposal, we will get (6.5) by applying the same argument as in [21, Lemma 2.7].

The almost everywhere convergence for the sequence of functions is easily inferred. Indeed,
we can consider {ũn}n∈N and ũ as defined on the whole RN , by extending them to be 0 on the
complement of Ω. The extended functions belong to W 1,p(RN ) (see for example [6, Lemma 3.7.9])
and we still have weak convergence in this space. In particular, we have {ũn}n∈N ⊆W 1,p(BR), for
every R > 0. Hence, by exploiting the compactness of the embedding W 1,p(BR) ↪→ Lp(BR), the

weak convergence in W 1,p
0 (Ω) exposed above and a standard argument (see for example [6, Lemma

3.8.7 & Remark 3.9.5]) we obtain

(6.6) lim
n→∞

‖ũn − ũ‖Lp(BR) = lim
n→∞

‖ũn − ũ‖Lp(Ω∩BR) = 0, for every R > 0.

In order to treat the sequence of gradients, we first observe that, thanks to Lemma 5.4 and using
that

Ω−Dt(in) = Ω, for every n ∈ N,

we have

(6.7) lim
n→∞

ˆ
Ω

Ṽ k+1
n |ũn|p dx = 0, where Ṽn(x) := Vn(x+Dt(in)),

for every k ∈ N. Furthermore, it is elementary to verify that each ũn solves the following problem4

inf
ϕ∈W 1,p

0 (Ω;|x|)

{ˆ
Ω

|∇ϕ|p dx+

ˆ
Ω

Ṽn |ϕ|p dx : ‖ϕ‖Lq(Ω) = 1

}
,

and that this infimum still coincides with λp,q(Ω;Vn). Thus, ũn weakly solves the relevant Euler-
Lagrange equation

(6.8) −∆pũn + Ṽn ũ
p−1
n = λp,q(Ω;Vn) ũq−1

n , in Ω.

We now proceed as in the proof of [7, Theorem 5.1], but this time we have to pay attention to the
presence of the translations x 7→ x+Dt(in). Let R > 0 and η ∈ C∞0 (RN ) be a cut-off function such
that

0 ≤ η ≤ 1, η = 1 on BR, η = 0 on RN \B2R, ‖∇η‖∞ ≤
C

R
,

4Observe that for every given n ∈ N, we have

ˆ
Ω
Ṽn |u|p dx =

1

n+ 1

ˆ
Ω
|x+Dt(in)| |u|p dx < +∞, for every u ∈W 1,p

0 (Ω; |x|).

It is sufficient to observe that
ˆ

Ω
|x+Dt(in)| |u|p dx ≤

ˆ
Ω
|x| |u|p dx+ |Dt(in)|

ˆ
Ω
|u|p dx,

and use that both terms are finite, thanks to the assumption u ∈W 1,p
0 (Ω; |x|).
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for a universal constant C > 0. We insert in the weak formulation of (6.8) the test function

η (ũn − ũ) ∈W 1,p
0 (Ω ∩B2R), which is feasible by Remark 5.2. This yieldsˆ

Ω

〈|∇ũn|p−2∇ũn,∇ũn −∇ũ〉 η dx = λp,q(Ω;Vn)

ˆ
Ω

ũq−1
n (ũn − ũ) η dx

−
ˆ

Ω

Ṽn ũ
p−1
n (ũn − ũ) η dx

−
ˆ

Ω

〈|∇ũn|p−2∇ũn,∇η〉 (ũn − ũ) dx.

The first and third integrals in the right-hand side converge to 0, as n goes to ∞: this fact is quite
straightforward. Indeed, by exploiting the uniform upper bounds (5.5), (6.1) and the properties of
the cut-off function η, we have

λp,q(Ω;Vn)

∣∣∣∣ˆ
Ω

ũq−1
n (ũn − ũ) η dx

∣∣∣∣ ≤ λp,q(Ω;Vn)Mq−1 |B2R|
p−1
p ‖ũn − ũ‖Lp(B2R),

and ∣∣∣∣ˆ
Ω

〈|∇ũn|p−2∇ũn,∇η〉 (ũn − ũ) dx

∣∣∣∣ ≤ C

R
(2λp,q(Ω))

p−1
p ‖ũn − ũ‖Lp(B2R).

If we use (6.6), we get the claim. On the contrary, the second integral∣∣∣∣ˆ
Ω

Ṽn ũ
p−1
n (ũn − ũ) η dx

∣∣∣∣ ,
is more delicate, due to the presence of the translation vectors {in}n∈N, which are not necessarily
bounded. However, we can simply apply Hölder’s inequality and get∣∣∣∣ˆ

Ω

Ṽn ũ
p−1
n (ũn − ũ) η dx

∣∣∣∣ ≤ (ˆ
Ω

Ṽ
p
p−1
n ũpn dx

) p−1
p

‖ũn − ũ‖Lp(B2R).

Observe that the first term on the right-hand side is uniformly bounded, thanks to (6.7). Thus,
this term converges to 0, as well. We can finally take the limit as n goes to ∞, to infer

lim
n→∞

ˆ
Ω

〈|∇ũn|p−2∇ũn,∇ũn −∇ũ〉 η dx = 0.

On the other hand, by testing the previously inferred weak convergence of ∇ũn to ∇ũ against
|∇ũ|p−2∇ũ η ∈ Lp′(Ω), we obtain

lim
n→∞

ˆ
Ω

〈|∇ũ|p−2∇ũ,∇ũn −∇ũ〉 η dx = 0.

By subtracting the last two identities, we deduce that

lim
n→∞

ˆ
Ω

〈|∇ũn|p−2∇ũn − |∇ũ|p−2∇ũ,∇ũn −∇ũ〉 η dx = 0.

By exploiting the monotonicity properties of the p−Laplacian (see for example the proof of [10,
Lemma B.1]), this information is enough to obtain that

(6.9) lim
n→∞

‖∇ũn −∇ũ‖Lp(BR) = lim
n→∞

‖∇ũn −∇ũ‖Lp(Ω∩BR) = 0, for every R > 0,

as desired.
We are now in a position to repeat verbatim the last steps of the proof of [7, Theorem 5.1]. Let

us briefly recall them, for the reader’s convenience. The inferred convergences (6.6) and (6.9) allow
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to conclude that there exist a sub-sequence (not relabeled) {ũn}n∈N that converges to ũ almost
everywhere in Ω and such that also the sequence {∇ũn}n∈N converges to ∇ũ almost everywhere in
Ω. Hence, the Brezis-Lieb Lemma (see [12, Theorem 1]) applies to both the sequence of functions
and that of gradients. We get

(6.10) lim
n→∞

An := lim
n→∞

(ˆ
Ω

|ũn|q dx−
ˆ

Ω

|ũn − ũ|q dx
)

=

ˆ
Ω

|ũ|q dx,

and

(6.11) lim
n→∞

ˆ
Ω

|∇ũn −∇ũ|p dx = λp,q(Ω)−
ˆ

Ω

|∇ũ|p dx,

respectively, where in the second identity we used also that {ũn}n∈N is a minimizing sequence for
λp,q(Ω). Since ũ 6≡ 0, we deduce from (6.10) that there exists n0 ∈ N, such that An is uniformly
bounded from below by a positive constant, for every n > n0. Then, a simple quantified version
of the sub-additivity of the power function t 7→ tp/q (see for example [7, Lemma 2.1]) and the
definition of λp,q(Ω) give us

λp,q(Ω) = λp,q(Ω) ‖ũn‖pLq(Ω)

≤ λp,q(Ω)A
p
q
n + λp,q(Ω) ‖ũn − ũ‖pLq(Ω) − c λp,q(Ω) min

{
A
p
q
n , ‖ũn − ũ‖pLq(Ω)

}
≤ λp,q(Ω)A

p
q
n +

ˆ
Ω

|∇ũn −∇ũ|p dx− c λp,q(Ω) min
{
A
p
q
n , ‖ũn − ũ‖pLq(Ω)

}
,

for some c = c(p/q) > 0. By taking the limit as n goes to ∞ and applying (6.10) and (6.11), we
obtain ˆ

Ω

|∇ũ|p dx+ c λp,q(Ω) lim
n→∞

min
{
A
p
q
n , ‖ũn − ũ‖pLq(Ω)

}
≤ λp,q(Ω)

(ˆ
Ω

|ũ|q dx
) p
q

.

On the other hand, by definition of λp,q(Ω), we have
ˆ

Ω

|∇ũ|p dx ≥ λp,q(Ω)

(ˆ
Ω

|ũ|q dx
) p
q

.

By joining the last two inequalities, we get in particular that

lim
n→∞

min
{
A
p
q
n , ‖ũn − ũ‖pLq(Ω)

}
= 0.

By recalling that An is uniformly bounded from below by a positive constant, the latter implies
that {ũn}n∈N converges strongly in Lq(Ω) to ũ and hence (6.5) follows. This concludes the proof
of the existence.

The fact that ũ ∈ L∞(Ω) follows from [7, Lemma 2.3]. We now claim that, up to translating ũ,
we can guarantee that

‖ũ‖L∞(Dt(Q1/2\K)) = ‖ũ‖L∞(Ω).

Indeed, by [7, Theorem 7.3], we know that ũ (exponentially) decays to 0, at infinity. This shows
that there exists k ∈ N \ {0} such that

‖ũ‖L∞(Ω) = ‖ũ‖L∞(Ωk),

where

Ωk =
⋃

i∈ZNk

Dt(i + (Q1/2 \K))
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and ZNk is as in (2.6). Observe that Ωk is a finite union of perforated hyper-rectangles and we have

‖ũ‖L∞(Ω) = ‖ũ‖L∞(Ωk) = max
i∈ZNk

‖ũ‖L∞(Dt(i+(Q1/2\K)).

Thus, there exists i0 ∈ ZNk such that

‖ũ‖L∞(Ω) = ‖ũ‖L∞(Dt(i0+(Q1/2\K)).

By finally defining u(x) = ũ(x+Dt(i0)) and observing that the function ũ is non-negative, we get
that u is the claimed minimizer. �

As in [7], for p > N we can cover the endpoint case q =∞, by a limiting argument.

Theorem 6.2 (The case q = ∞). Let N < p < ∞ and let Ω ⊆ RN be an open set satisfying

the assumptions of Theorem 6.1. For every p < q < ∞, let uq ∈ W 1,p
0 (Ω) be the extremal for

λp,q(Ω) provided by Theorem 6.1. Then, the family {uq}q>p is precompact in W 1,p
0 (Ω) and every

accumulation point is an extremal of λp,∞(Ω).

Moreover, if for some diverging sequence {qn}n∈N and a function u∞ ∈W 1,p
0 (Ω), it holds

lim
n→∞

‖uqn − u∞‖W 1,p(Ω) = 0,

then we also have

uqn−1
qn

n→∞
⇀ δz∞ , in D ′(Ω).

Here z∞ is the (unique) maximum point of u∞.

Proof. The proof goes along the lines of [7, Theorem 5.2] with some suitable changes. As above, we
first observe that λp(Ω) > 0, thanks to Lemma 2.5. Again by (1.3), we obtain that λp,∞(Ω) > 0,
as well. On account of Lemma 2.3 we have rΩ < +∞: this guarantees that {uq}q>p is a bounded

family in W 1,p
0 (Ω), as in the proof of [7, Theorem 5.2]. Moreover, we recall that

(6.12) lim
q→∞

λp,q(Ω) = λp,∞(Ω).

see for instance [9, Corollary 6.2].
By repeating exactly the same arguments as in [7, Theorem 5.2], we get that the family {uq}q>p

is bounded in W 1,p
0 (Ω) and both equicontinuous and bounded in C0

b(Ω). The latter is the Banach

space of continuous and bounded functions over Ω, endowed with the sup norm. Thanks to the
properties of uq, we know that for every q > p

‖uq‖L∞(Dt(Q1/2\K)) = ‖uq‖L∞(Ω).

Observe thatˆ
Ω

|∇uq|p dx = λp,q(Ω)

ˆ
Ω

|uq|q dx ≤ λp,q(Ω) ‖uq‖q−pL∞(Ω)

ˆ
Ω

|uq|p dx, for every q > p.

Thus, by applying the Poincaré inequality on the left-hand side, we get in particular

(6.13) ‖uq‖L∞(Dt(Q1/2\K)) ≥
(
λp(Ω)

λp,q(Ω)

) 1
q−p

.

We show that {uq}q>p is precompact in W 1,p
0 (Ω), in the norm topology. Indeed, let {qn}n∈N ⊆

(p,+∞) be any sequence diverging to +∞. By applying the Ascoli-Arzelà Theorem and the reflex-

ivity of the space W 1,p
0 (Ω), we have that there exists a subsequence of {qn}n∈N (not relabelled) and
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a function u∞ ∈W 1,p
0 (Ω) ∩ C0(Dt(Q1/2)) such that {uqn}n∈N weakly converges to u∞ in W 1,p

0 (Ω)

and uniformly on Dt(Q1/2).

Thanks to (6.13), using the uniform convergence of {uqn}n∈N on Dt(Q1/2) and appealing to
(6.12), we get that

(6.14) ‖u∞‖L∞(Ω) ≥ ‖u∞‖L∞(Dt(Q1/2\K)) ≥ 1.

On the other hand, by using the definition of λp,∞(Ω) and the weak convergence in W 1,p(Ω) of the
sequence {uqn}n∈N, we get

(6.15) λp,∞(Ω) ‖u∞‖pL∞(Ω) ≤
ˆ

Ω

|∇u∞|p dx ≤ lim
n→∞

ˆ
Ω

|∇uqn |p dx = λp,∞(Ω),

where we have again used (6.12). By combining (6.14) and (6.15), we deduce

‖u∞‖L∞(Ω) = 1 and lim
n→∞

‖∇uqn‖
p
Lp(Ω) =

ˆ
Ω

|∇u∞|p dx = λp,∞(Ω).

Then u∞ is an extremal for λp,∞(Ω) and, thanks to the weak convergence of {∇uqn}n∈N to ∇u∞
in Lp(Ω) and the uniform convexity of Lp, we get

lim
n→∞

‖∇uqn −∇u∞‖Lp(Ω) = 0.

This ensures the claimed convergence in W 1,p
0 (Ω). Notice that, by repeating these arguments, it is

also easy to show that any accumulation point of {uq}q>p is in fact an extremal of λp,∞(Ω).
Finally, the last part of the theorem follows as in [7, Theorem 5.2]. We just recall that the

existence and uniqueness of the point z∞ follow from [7, Lemma A.1 & A.2]. �

Remark 6.3. We remark that, for p > N , we have

capp(K;Q1) > 0 ⇐⇒ K 6= ∅.

We can thus take K = {0}, for instance. Then, the previous results assure in particular that we
have existence of an extremal for the “pepper set” RN \ ZN , i.e.

λp,q(RN \ ZN ),

is attained in W 1,p
0 (RN \ ZN ), for every N < p < q ≤ ∞.

7. Existence of extremals: more general sets

In this section we show how to apply the main result of the paper, in order to get existence of
extremals for a more general class of sets: these are bounded in some directions and periodic in the
others.

Theorem 7.1. Let N ≥ 2 and k ∈ {1, . . . , N − 1}. Let Ω ⊆ RN be an open set with the following
properties:

(P) there exist t1, . . . , tk positive numbers such that

Ω + ti ei = Ω, for every i ∈ {1, . . . , k};
(B) there exists a > 0 such that

Ω ⊆ Rk ×
(
−a

2
,
a

2

)N−k
.

Then, for every 1 < p <∞ and q > p satisfying (1.2), there exists an extremal for λp,q(Ω).
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Figure 3. In bold line, an example of a two-dimensional open set which is periodic
in the first coordinate direction and bounded in the second one. We can extend
it periodically in the vertical direction, by adding translated copies of the original
set: the new set falls into the realm of Theorem 6.2. The rectangles in dashed line
represent the periodicity cells.

Proof. The strategy of the proof is quite simple, it is better to declare it from the very beginning,
in order to assist the reader:

• we periodically extend the original set Ω (see Figure 3);

• this new set Ω̃ is made of countably many disjoint sets Ωi and we can apply Theorems 6.1

and 6.2 to Ω̃;

• we finally appeal to Lemma 2.2 and to the fact that each component Ωi is just a translated
copy of Ω.

For every i ∈ ZN , we will use the notation i = (i′, i′′) ∈ Zk × ZN−k. We then define the new open
set

Ω̃ =
⋃

i′′∈ZN−k
Ωi′′ , where Ωi′′ = Ω +

N∑
j=k+1

2 a ij ej .

This is periodic in every direction {e1, . . . , eN}, by construction. More precisely, we have

Ω̃ + ti ei = Ω̃, for every i ∈ {1, . . . , k},

and

Ω̃ + 2 a ei = Ω̃, for every i ∈ {k + 1, . . . , N}.
Observe that the translated copies Ωi′′ have been taken in such a way to leave “enough space”

between each of them. We do this in order to be sure to have enough complement for Ω̃: we will
be more clear in a moment.

We are going to show that Ω̃ fits into the assumptions of Theorems 6.1 and 6.2: in light of what
we said above, this will be sufficient to conclude. To this aim, let us define

t = (t1, . . . , tN ) := (t1, . . . , tk, 2a, . . . , 2a),

and set

Rt =

N∏
i=1

[
− ti

2
,
ti
2

]
, K = D−1

t
(Rt \ Ω) .
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By construction, the set K is a compact subset of Q1/2. Moreover, we have

(7.1) capp(K;Q1) > 0.

This can be seen as follows: observe that

K ⊇ D−1
t

(
k∏
i=1

[
− ti

2
,
ti
2

]
×
[a

2
, a
]N−k)

=

[
−1

2
,

1

2

]k
×
[

1

4
,

1

2

]N−k
.

The latter obviously has positive N−dimensional Lebesgue measure, thus |K| > 0, as well. Then
(7.1) follows from the basic inequality

capp(K;Q1) ≥ λp(Q1) |K|,

see [24, Corollary 2.3.4].

We claim that Ω̃ is the t−periodically perforated set generated by the set K above: we need to
show that

(7.2) Ω̃ = RN \

( ⋃
i∈ZN

Dt(i +K)

)
.

By recalling the definition of K, we have

Dt(i +K) = Dt(i) + (Rt \ Ω).

We also observe that

RN =
⋃

i∈ZN
Dt

(
i +Q1/2

)
=
⋃

i∈ZN
(Dt(i) +Rt) .

Thus, by using Lemma 7.2 below, we can infer that

RN \

( ⋃
i∈ZN

Dt(i +K)

)
=
⋃

i∈ZN
(Dt(i) +Rt) \

⋃
i∈ZN

(Dt(i) +Rt \ Ω)

=
⋃

i∈ZN
(Dt(i) + (Ω ∩Rt))

=
⋃

i∈ZN
((Dt(i) + Ω) ∩ (Dt(i) +Rt)) .

We write the last union as follows⋃
i∈ZN

((Dt(i) + Ω) ∩ (Dt(i) +Rt)) =
⋃

i′′∈ZN−k

⋃
i′∈Zk

((Dt(i
′, i′′) + Ω) ∩ (Dt(i

′, i′′) +Rt)) .

Thanks to the periodicity assumption (P) and recalling the definition of t, for every (i′, i′′) ∈
Zk × ZN−k, we have

Dt(i
′, i′′) + Ω = Ω +

k∑
j=1

tj ij ej +

N∑
j=k+1

2 a ij ej = Ω +

N∑
j=k+1

2 a ij ej = Ωi′′ .
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We thus obtain

RN \

( ⋃
i∈ZN

Dt(i +K)

)
=

⋃
i′′∈ZN−k

⋃
i′∈Zk

(Ωi′′ ∩ (Dt(i
′, i′′) +Rt))

=
⋃

i′′∈ZN−k
Ωi′′ ∩

 ⋃
i′∈Zk

(Dt(i
′, i′′) +Rt)

 .

Observe that ⋃
i′∈Zk

(
Dt(i

′, i′′) +Rt

)
= Rk ×

N∏
j=k+1

[−a+ 2 a ij , a+ 2 a ij ]

=
(
Rk × [−a, a]N−k

)
+

N∑
j=k+1

2 a ij ej ,

and thus by assumption (B) we get

Ωi′′ ∩

 ⋃
i′∈Zk

(Dt(i
′, i′′) +Rt)

 = Ωi′′ .

In conclusion, we obtain

RN \

( ⋃
i∈ZN

Dt(i +K)

)
=

⋃
i′′∈ZN−k

Ωi′′ .

The latter is the definition of Ω̃, thus we established (7.2). The proof of the existence of an extremal
for λp,q(Ω) now follows the lines presented at the beginning. �

Lemma 7.2. With the previous notation, we have that⋃
i∈ZN

(Dt(i) +Rt) \
⋃

i∈ZN
(Dt(i) +Rt \ Ω) =

⋃
i∈ZN

(Dt(i) + (Ω ∩Rt)) .

Proof. The inclusion ⊆ is easier, it is sufficient to use the following general fact: for families of sets
{A′i}i∈N and {Ai}i∈N, we have ⋃

i∈N
Ai \

⋃
i∈N

A′i ⊆
⋃
i∈N

(Ai \A′i).

In order to prove the reverse inclusion ⊇, we take

y ∈ Dt(i) + (Ω ∩Rt) , for some i ∈ ZN ,
and we wish to prove that

y 6∈ Dt(j) + (Rt \ Ω), for every j ∈ ZN .
We argue by contradiction and suppose that there exists j ∈ ZN such that

y ∈ Dt(j) + (Rt \ Ω).

Of course, we have j 6= i. By observing that the interiors of the two hyper-rectangles Dt(i) + Rt

and Dt(j) +Rt are disjoint and only their boundaries can intersect, it must result that:

• |i− j|`∞ = 1, i.e. the two hyper-rectangles are adjacent;



32 BRASCO, BRIANI, AND PRINARI

• y ∈ (Dt(i) + ∂Rt) ∩ (Dt(j) + ∂Rt).

Then
Dt(i) + w = y = Dt(j) + z,

with w ∈ ∂Rt ∩ Ω and z ∈ ∂Rt \ Ω. In particular, we have

(7.3) z = w +

N∑
m=1

tm (im − jm) em.

We highlight another property of y: recall that Ω ⊆ Rk × (−a/2, a/2)N−k. This implies that

−a
2
< 〈w, en〉 <

a

2
, for every n ∈ {k + 1, . . . , N}.

By observing that (recall that tn = 2 a, for n ∈ {k + 1, . . . , N})
〈z, en〉 = 〈w, en〉+ 2 a (in − jn),

we then obtain

−a
2

+ 2 a (in − jn) < 〈z, en〉 <
a

2
+ 2 a (in − jn), for every n ∈ {k + 1, . . . , N}.

If for some n ∈ {k + 1, . . . , N} we had jn = in + 1, the previous upper bound would give

〈z, en〉 < −
3

2
a,

contradicting the fact that z ∈ Rt. Analogously, if we had jn = in− 1, the lower bound now would
give

〈z, en〉 >
3

2
a,

which is again not possible. This in turn implies that we must have in = jn for every n ∈
{k + 1, . . . , N}.

Then, by (7.3) we get

z = w +

k∑
m=1

tm (im − jm) em.

By recalling that w in particular belongs to Ω and using the periodicity of Ω in the first k coordinate
directions, we get that the right-hand side above gives a point belonging to Ω, as well. In other
words, we get z ∈ Ω, which is a contradiction. �

We present a simple example, in order to give a flavour of the range of applicability of the
previous result.

Example 7.3. For a given R > 0, let us consider Σ ⊆ R3 the image of the following three-
dimensional curve

γ(t) = (t, R cos t, R sin t), for t ∈ R.
We then define

Σr =
{
x ∈ R3 : dist(x,Σ) < r

}
,

for some r < R (see Figure 4). Observe that this set satisfies the assumption of Theorem 7.1 with
N = 3, k = 1 and t1 = 2π, i.e. we have

Σr + 2π e1 = Σr.

Accordingly, we get existence of an extremal for λp,q(Σr), for every 1 < p <∞ and every q satisfying
(1.2).
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Figure 4. The tubular neighborhood of a helical spring: by Theorem 7.1, for this
set we have existence of extremals for λp,q, with q > p.

As a particular case of the previous theorem, we can recover an existence result due to Esteban
(see [15, Theorems 1 and 6]), in the case of a power–type nonlinearity. This deals with cylindrical–
type sets, i.e. open sets of the form Rk × ω, with ω ⊆ RN−k open bounded set.

Corollary 7.4. Let N ≥ 2 and k ∈ {1, . . . , N − 1}. Let ω ⊆ RN−k be an open bounded set. Then,
for every 1 < p <∞ and every q > p satisfying (1.2), there exists an extremal for λp,q(Rk × ω).

8. Breaking the periodicity: examples

In this section, we fix 0 < r < 1/2 and consider the model open set

Ω = RN \

( ⋃
i∈ZN

Br(i)

)
.

This is the t−periodically perforated set generated by K, where

t = (1, . . . , 1) and K = Br.

By Theorems 6.1 and 6.2, we have existence of extremals for λp,q(Ω), for every 1 < p < q satisfying
(1.2). We will show in the next two subsections that a slight modification of Ω, which breaks the
periodicity, may or may not lead to a loss of existence of extremals.

8.1. Existence may be lost. We fix a second radius r < R < 1/2 and define

ΩR = RN \

 ⋃
i∈ZN\{0}

Br(i)

 ∪BR
 ,

see Figure 5. We note that the open set ΩR does not satisfy the assumptions of Theorems 6.1 and
6.2. We claim that λp,q(ΩR) is not attained in W 1,p

0 (ΩR), when p < q satisfy (1.2). To this aim,
we start by noticing that

(8.1) λp,q(ΩR) = λp,q(Ω).

Indeed, the fact that λp,q(Ω) ≤ λp,q(ΩR) simply follows by the inclusion ΩR ⊆ Ω and the mono-
tonicity of λp,q. On the other hand, for every ε > 0 there exists ϕε ∈ C∞0 (Ω) such that

λp,q(Ω) + ε ≥
ˆ

Ω

|∇ϕε|p dx and ‖ϕε‖Lq(Ω) = 1.
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Figure 5. The set ΩR of Example 8.1: we remove from RN a periodic array of
equal balls, except for a larger one, centered at the origin for example. For this set
λp,q fails to have extremals.

Since ϕε is compactly supported, there exists nε ∈ N such that its support is contained in the open
set Ω ∩ {x1 > −nε}. Therefore, thanks to the periodicity of Ω and to the translation invariance of
the sharp Poincaré-Sobolev constant, we have

λp,q(Ω) + ε ≥
ˆ

Ω

|∇ϕε|p dx

≥ λp,q(Ω ∩ {x1 > −nε}) = λp,q(Ω ∩ {x1 > 1}).
On the other hand, by observing that Ω ∩ {x1 > 1} = ΩR ∩ {x1 > 1} and using the monotonicity
of λp,q with respect to the set inclusion, we have

λp,q(Ω ∩ {x1 > 1}) = λp,q(ΩR ∩ {x1 > 1}) ≥ λp,q(ΩR).

We thus get
λp,q(Ω) + ε ≥ λp,q(ΩR)

and by the arbitrariness of ε > 0, we deduce that λp,q(Ω) ≥ λp,q(ΩR), as well.
Once we have (8.1) at our disposal, it is not difficult to show that λp,q(ΩR) does not admit an

extremal. Indeed, any positive extremal u for λp,q(ΩR) would be an extremal for λp,q(Ω), as well,
thanks to (8.1). In particular, u 6≡ 0 would be a positive p−superharmonic function in Ω, identically
vanishing on the set BR\Br, which has positive measure. This would violate the minimum principle.

8.2. Existence may persist. With the previous notation, we fix now a smaller radius 0 < ρ < r
and define

Ωρ = RN \

 ⋃
i∈ZN\{0}

Br(i)

 ∪Bρ
 .

In other words, we break the periodicity of Ω by digging this time a smaller hole at the origin.
We claim that λp,q(Ωρ) is now attained in W 1,p

0 (Ωρ), when p < q satisfy (1.2). We will focus for
simplicity on the case p = 2, for which we can appeal to an elementary argument. Let us set

E2,q(Ωρ) := sup
R>0

λ2,q

(
Ωρ \BR

)
,

then we observe that it is sufficient to prove that

(8.2) λ2,q(Ωρ) < E2,q(Ωρ),
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in order to get existence of extremals, thanks to Proposition A.2. We first observe that

E2,q(Ωρ) = λ2,q(Ω),

by Lemma 8.1 below. This in turn implies the desired property (8.2). Indeed, by monotonicity
with respect to the set inclusion, we have

λ2,q(Ωρ) ≤ λ2,q(Ω).

Moreover, since λ2,q(Ω) is attained by some positive function u ∈W 1,2
0 (Ω), thanks to Theorem 6.1,

we can not have equality. Otherwise, the function u would be an extremal for Ωρ, as well, thus
violating again the minimum principle (i.e. it would vanish on the set Br \Bρ).

Lemma 8.1. With the notation above, we have

(8.3) E2,q(Ωρ) = E2,q(Ω) = λ2,q(Ω).

Proof. We notice that

λ2,q

(
Ωρ \BR) = λ2,q

(
Ω \BR), for every R > r,

thus we get E2,q(Ωρ) = E2,q(Ω). Accordingly, proving (8.3) boils down to showing that

λ2,q(Ω) = E2,q(Ω).

We clearly have that λ2,q(Ω) ≤ E2,q(Ω), thanks to the domain monotonicity (just observe that

Ω \BR ⊆ Ω, for every R > 0). For the converse inequality, let ε > 0 and let mε ∈ N be such that

(8.4) E2,q(Ω) ≤ λ2,q

(
Ω \Bmε) + ε.

We also take ϕε ∈ C∞0 (Ω) such that

λ2,q(Ω) + ε ≥
ˆ

Ω

|∇ϕε|2 dx and ‖ϕε‖Lq(Ω) = 1.

As in the previous subsection, since ϕε is compactly supported, we have that its support is contained
in the open set Ω ∩ {x1 > −nε}, for some nε ∈ N large enough. Therefore, we get

λ2,q(Ω) + ε ≥
ˆ

Ω

|∇ϕε|2 dx ≥ λ2,q(Ω ∩ {x1 > −nε}) = λ2,q(Ω ∩ {x1 > mε}).

The last equality follows from the periodicity of Ω and the translation invariance of the sharp
Poincaré-Sobolev constant. If we now observe that Ω ∩ {x1 > mε} ⊆ Ω \ Bmε , from the previous
estimate we get

λ2,q(Ω) + ε ≥ λ2,q

(
Ω \Bmε) ≥ E2,q(Ω)− ε,

where we also used (8.4). By the arbitrariness of ε > 0, we deduce that λ2,q(Ω) ≥ E2,q(Ω), as
well. �

Appendix A. Embedding constants at infinity

In what follows, for an open set Ω ⊆ RN we define its Poincaré-Sobolev constant at infinity

Ep,q(Ω) := sup
R>0

λp,q
(
Ω \BR

)
.

The next result asserts that, for sequences of normalized functions whose p−Dirichlet energy is
below the threshold “at infinity” Ep,q(Ω), compactness in Lq can not be completely lost. More
precisely:
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Lemma A.1. Let 1 < p <∞ and let q ≥ p be a finite exponent verifying (1.2). Let Ω ⊆ RN be an

open unbounded set such that Ep,q(Ω) > 0. Let {un}n∈N ⊆W 1,p
0 (Ω) be a sequence with the following

properties:

• ‖un‖Lq(Ω) = 1 for every n ∈ N;

• {un}n∈N weakly converges in W 1,p(Ω) to some function u ∈W 1,p
0 (Ω);

• there exist M < Ep,q(Ω) and n0 ∈ N such that

ˆ
Ω

|∇un|p dx ≤M, for every n ≥ n0.

Then, there exists 0 < d = d(M/Ep,q(Ω)) < 1 such that ‖u‖Lq(Ω) ≥ d. Moreover, the constant d is
such that we have

lim
Ep,q(Ω)→+∞

d = 1.

Proof. Let us suppose at first that Ep,q(Ω) < +∞. We set

θ0 =
M

Ep,q(Ω)
< 1,

and choose R0 > 0 such that

M

λp,q(Ω \BR)
≤
√
θ0 =: θ1, for every R ≥ R0.

Observe that θ0 < θ1 < 1. Such a radius R0 exists thanks to the assumption and the definition of
Ep,q(Ω). We also take R1 > 0 such that

ˆ
Ω\BR1

|∇u|p dx ≤M θ2, where θ2 = θp0

 1

θ
1
p

1

− 1

p

,

a choice which is feasible, since ∇u ∈ Lp(Ω;RN ). We set R∗ = max{R0, R1}. For every r > 0, we
take a cut-off Lipschitz function η such that

0 ≤ η ≤ 1, η ≡ 0 on BR∗ , η ≡ 1 on RN \BR∗+1, ‖∇η‖L∞ = 1.

We then have, thanks to the properties of η(ˆ
Ω\BR∗+1

|un − u|q dx

) 1
q

≤

(ˆ
Ω\BR∗

|(un − u) η|q dx

) 1
q

≤
(

1

λp,q(Ω \BR∗)

) 1
p

(ˆ
Ω\BR∗

|∇un −∇u|p dx

) 1
p

+

(
1

λp,q(Ω \BR∗)

) 1
p

(ˆ
BR∗+1\BR∗

|un − u|p dx

) 1
p

.
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In particular, by using that(ˆ
Ω\BR∗

|∇un −∇u|p dx

) 1
p

≤

(ˆ
Ω\BR∗

|∇un|p dx

) 1
p

+

(ˆ
Ω\BR∗

|∇u|p dx

) 1
p

≤M
1
p +M

1
p θ

1
p

2 ,

we get (ˆ
Ω\BR∗+1

|un − u|q dx

) 1
q

≤ θ
1
p

1

(
1 + θ

1
p

2

)

+

(
|BR∗+1 \BR∗ |

q−p
q

λp,q(Ω \BR∗)

) 1
p
(ˆ

BR∗+1\BR∗
|un − u|q dx

) 1
q

.

(A.1)

Observe that we also used Hölder’s inequality on the last term. By using the compact embedding
W 1,p(BR∗+1) ↪→ Lq(BR∗+1), we have

lim
n→∞

‖un − u‖Lq(BR∗+1) = 0.

Thus, for every ε > 0, there exists nε such that

‖un − u‖Lq(BR∗+1) < ε, for every n ≥ nε.

From (A.1), for every n ≥ nε we have(ˆ
Ω\BR∗+1

|un − u|q dx

) 1
q

≤ θ
1
p

1

(
1 + θ

1
p

2

)
+ ε

(
|BR∗+1 \BR∗ |

q−p
q

λp,q(Ω \BR∗)

) 1
p

.

This in turn gives for every n ≥ nε

‖un − u‖Lq(Ω) ≤ ε+ θ
1
p

1

(
1 + θ

1
p

2

)
+ ε

(
|BR∗+1 \BR∗ |

q−p
q

λp,q(Ω \BR∗)

) 1
p

.

By Minkowski’s inequality, we get

‖u‖Lq(Ω) ≥ ‖un‖Lq(Ω) − ‖un − u‖Lq(Ω)

≥
[
1− θ

1
p

1

(
1 + θ

1
p

2

)]
− ε

1 +

(
|BR∗+1 \BR∗ |

q−p
q

λp,q(Ω \BR∗)

) 1
p

 .
This lower bound holds for every ε > 0. By taking the limit as ε goes to 0, we get

‖u‖Lq(Ω) ≥ 1− θ
1
p

1

(
1 + θ

1
p

2

)
=: d.

By recalling the definition of θ1 and θ2, this is the same as

d = 1− θ
1
2 p

0 (1− θ0)− θ0 = (1− θ0)

(
1− θ

1
2 p

0

)
,

which is positive, since θ0 < 1. The last statement, easily follows by observing that

lim
Ep,q(Ω)→+∞

θ0 = 0.
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At last, the case when Ep,q(Ω) = +∞ can be treated with the same argument, by choosing first
any 0 < θ0 < 1 and then by letting θ0 go to 0. Accordingly, we can show that in this case we have
‖u‖Lq(Ω) ≥ 1, as expected. We leave the details to the reader. �

Thanks to Lemma A.1, we get an easy condition to have existence of extremals for λp,q, in some
cases: this is the content of the next result. We point out that it does not apply to periodically
perforated sets (see Remark A.3 below). For this reason, we will focus on the case p = 2 only: the
general case will be treated in a forthcoming paper.

Proposition A.2. Let p = 2 and q > 2 be an exponent satisfying (1.2). Let Ω ⊆ RN be an open
set such that

(A.2) λ2,q(Ω) < E2,q(Ω).

Then there exists an extremal for λ2,q(Ω).

Proof. Let {un}n∈N ⊆W 1,2
0 (Ω) be a minimizing sequence for λ2,q(Ω), such that

‖un‖Lq(Ω) = 1 and

ˆ
Ω

|∇un|2 dx ≤ λ2,q(Ω) +
1

n+ 1
, for every n ∈ N.

Up to passing to a subsequence, we can suppose that there exists u ∈ W 1,2
0 (Ω) such that {un}n∈N

converges weakly in W 1,2(Ω) to u. We can also suppose that the sequence converges almost every-
where in Ω to u (see, for example, [22, Theorem 8.6]). Thanks to the assumption (A.2), we have
that {un}n∈N satisfies the hypotheses of Lemma A.1. This in particular gives that u 6≡ 0. We are
going to show that u is the desired extremal. Indeed, observe that we haveˆ

Ω

|∇un|2 dx =

ˆ
Ω

|∇u|2 dx+

ˆ
Ω

|∇un −∇u|2 dx+ 2

ˆ
Ω

〈∇un −∇u,∇u〉 dx,

and the last term converges to 0, as n goes to ∞, thanks to the weak convergence of the gradients.
Moreover, again by the Brezis-Lieb Lemma we haveˆ

Ω

|un|q dx =

ˆ
Ω

|u|q dx+

ˆ
Ω

|un − u|q dx+ o(1), as n goes to ∞.

By using these informations, for n going to ∞ we get

o(1) =

ˆ
Ω

|∇un|2 dx− λ2,q(Ω)

(ˆ
Ω

|un|q dx
) 2
q

=

ˆ
Ω

|∇u|2 dx+

ˆ
Ω

|∇un −∇u|2 dx+ 2

ˆ
Ω

〈∇un −∇u,∇u〉 dx

− λ2,q(Ω)

(ˆ
Ω

|u|q dx+

ˆ
Ω

|un − u|q dx+ o(1)

) 2
q

≥
ˆ

Ω

|∇u|2 dx+

ˆ
Ω

|∇un −∇u|2 dx+ o(1)

− λ2,q(Ω)

(ˆ
Ω

|u|q dx+ o(1)

) 2
q

− λ2,q(Ω)

(ˆ
Ω

|un − u|q dx
) 2
q

,

thanks to the subadditivity of the power t 7→ t2/q. By observing that
ˆ

Ω

|∇un −∇u|2 dx ≥ λ2,q(Ω)

(ˆ
Ω

|un − u|q dx
) 2
q

,
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we thus obtain

o(1) ≥
ˆ

Ω

|∇u|2 dx− λ2,q(Ω)

(ˆ
Ω

|u|q dx+ o(1)

) 2
q

.

By taking the limit as n goes to ∞, this in turn implies

0 ≥
ˆ

Ω

|∇u|2 dx− λ2,q(Ω)

(ˆ
Ω

|u|q dx
) 2
q

.

Since the converse inequality holds true by the very definition of λ2,q(Ω), we get that

ˆ
Ω

|∇u|2 dx = λ2,q(Ω)

(ˆ
Ω

|u|q dx
) 2
q

.

By recalling that u 6≡ 0, we finally end up with the existence of an extremal. �

Remark A.3. It is useful to remark that Theorem 6.1 can not be obtained as a consequence of
Proposition A.2, in general. More precisely, we can not hope to prove Theorem 6.1 in full generality,
by exploiting the previous argument. As a simple example, we can take

Ω = RN \

( ⋃
i∈ZN

Br(i)

)
, 0 < r <

1

2
.

It is not difficult to see that for this set the condition (A.2) crucially fails, since we have seen in
Lemma 8.1 that

λ2,q(Ω) = E2,q(Ω).

Nevertheless, we have existence of extremals by Theorem 6.1.
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