EXTREMALS FOR SHARP
POINCARE-SOBOLEV INEQUALITIES:
PERIODICALLY PERFORATED SETS AND BEYOND

LORENZO BRASCO, LUCA BRIANI, AND FRANCESCA PRINARI

ABSTRACT. We consider periodically perforated unbounded open sets and prove existence of
extremals for the relevant sharp Poincaré-Sobolev embedding constant. The existence result
holds no matter the shape or the regularity of the hole: it is sufficient that the latter is a compact
set with positive capacity. We also show how to apply the main result in order to get a similar
existence statement, for sets which are periodic in some directions and bounded in all the others.
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1. INTRODUCTION

1.1. A bestiary of open sets. In this paper, we wish to pursue a classification of families of open
sets  C RY for which the embedding
(L.1) 747 (@) — LI(Q),
has the following properties:
(E1) it is continuous;
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(E2) it may fail to be compact;
(E3) nevertheless, the sharp embedding constant
Apg(Q) ;= inf /Vpdx: :1},
pa@i= it | [ 9ol do eluao

is attained in 9&”7(9), the latter being the homogeneous Sobolev space obtained as the
completion of C§°(€2) with respect to the norm

o= Vol e for every ¢ € C3°(Q).

The exponent g of the target space in (1.1) will be subcritical in the sense of Sobolev embeddings,
that is

<p*, ifp<N, Np
(1.2) g{ <oo, ifp=N, where p* = I .
<oo, ifp> N, -p

Moreover, we will limit ourselves to the super-homogeneous case ¢ > p. The reason for this last
restriction is readily explained: in the case ¢ < p, a (maybe not so) well-known result by Maz’ya
asserts that (1.1) is continuous if and only if it is compact (see [24, Theorem 15.6.2]). Thus, it is
not possible to find open sets having the aforementioned interesting features.

The borderline case ¢ = p would be interesting, but it will not be treated here, for a reason which
we will explain in a while. For the moment, we just fix the distinguished notation

A (Q) = inf / VolPdx : ||o|ne = 1} >
p( ) peCe( ){ | S0| || ”L Q)
for this case.

Before explaining in details our scopes, a couple of disclaimers are in order. Firstly, in this paper
we will use the term extremals to denote the minimizers for the quantity A, 4(€2) defined above or,
more generally, any function u € 27 (Q) \ {0} such that

/|Vu|pdx:)\p7q((2) (/ |u|qu>q.
Q Q

Secondly, concerning the space 9& P(Q), we recall that
(1.3) Ap(2) >0 = Ap.q(2) >0,
for ¢ as above (see for example [24, Theorem 15.4.1]). Thus, for the sets we are interested in, the
following two norms on C§°(2)
IVollr)  and  [lellwie@) = llellee@) + IVele ),

are equivalent. Accordingly, the homogeneous space .@é’p (©) coincides with the more familiar space
WyP(Q), i.e. the closure of C§°(€) in the standard (non-homogeneous) Sobolev space W1P(Q).
For this reason, from now on we will work directly with the space Wy ().

We can now get closer to the scopes of the manuscript. In our recent paper [7], we have shown
that Steiner symmetric open sets (not coinciding with the whole R”) fall within the class of open
sets having properties (E1)—(E3). Thus, for instance, we have existence of extremals for a slab, i.e.
an open set of the form Q = R¥~! x (=1,1) (for p = N = 2 this result was originally contained
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in [1, 2]). For this set the embedding (1.1) clearly fails to be compact, because of the translation
invariance along the first N — 1 coordinate directions.

In this paper, we wish to consider periodically perforated open sets, i.e. open sets obtained by
removing from RY a periodic array of translated copies of a fixed “hole” K. We refer to the next
subsection for the precise definition (see Definition 1.2 below), but the reader could keep in mind
the basic example

— 1
(1.4) Q =R\ ( U B,.(i)>, for some 0 <7 < 7,
iezZnN
just to fix ideas. We will see in a moment that we can treat much more general situations, where
spherical holes are replaced by arbitrary shapes. The only requirement will be that the “hole” K
must be non-negligible, in the sense of p— capacity.

Remark 1.1. It is not difficult to see that the Poincaré constant A,(€2) can not be attained for
a set like (1.4). For this reason, we do not consider the case ¢ = p. Indeed, it is well-known that
extremals would be “unique” in this case, in the sense that they form a one-dimensional vector space
(see for example [19, Theorem 1.3]). This uniqueness property, in conjunction with the periodicity
of the1 set, would in turn imply that extremals should be periodic, thus violating the membership
to Wy *().

1.2. Main results. We now introduce the class of open sets we wish to consider in this paper. We
fix at first some further notation. We set

Ovme (“E Y o (LY (L 1y
127\ 722 22) U 2'2)

For every given vector t = (¢1,...,ty) with ¢; > 0, we define the following anisotropic dilation
operator
Dy : RN = RN
x = Di(z)=(t121,...,tn2N).

Accordingly, for every t = (t1,...,ty) with t; > 0, we have

t1 t1 ty tn
D L Y L
t(Ql/Q) ( 2 2> X X < 29 )

Definition 1.2. Let t = (t1,...,ty) € RY be such that t; > 0, for every i € {1,...,N}. We also
take a nonempty compact set K C QQ1/2. We say that Q C RY is t—periodically perforated open set
generated by K, if it has the following form

Q:]RN\<U Dt(i—i-K)),

iezZN

see Figures 1 and 2.

Remark 1.3. Observe that, by construction, the t—periodically perforated open set generated by
K is t;—periodic in direction e;, for every i € {1,..., N}. In other words, we have

Q=0+kt; e, for every k € Z, i € {1,...,N}.

With the previous definition at hand, we can state the main existence result of this paper.
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FIGURE 1. The basic cube @4/, containing a compact set K (in bold line).
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FIGURE 2. A periodically perforated open set Q C R2, generated by K. Here we
took t1 =2, ta = 1/2, i.e. the set is obtained by gluing together translated copies
of the cube in Figure 1, which has been stretched horizontally by a factor 2 and
compressed vertically by a factor 1/2.

Main Theorem. Let 1 < p < oo and assume that q > p satisfies (1.2). Let t = (t1,...,ty) € RY
be such that t; > 0, for everyi € {1,...,N} and let K C Q12 be a compact set such that

cap,(K;Q1) > 0.

Let Q C RN be the t—periodically perforated open set generated by K. Then, there exists a positive
extremal u € Wy P (Q) N L=(Q).

Remark 1.4. The capacitary assumption on K is sharp, i.e. if the condition is not satisfied then
we can not have existence of extremals. Indeed, in this case we would have A,(2) = 0 (see Lemma
2.5 below) and thus, on account of (1.3), it would result A, ,(©2) = 0, as well. We also recall that
our extremals have exponential decay at infinity, on account of [7, Theorem 7.3].

The reader will find the proof of the previous result in Section 6: for ease of readability, we found
it useful to treat separately the case ¢ < oo (Theorem 6.1) and the extremal case ¢ = oo (Theorem
6.2).

We refer to the next subsection for some comments on the proof and a comparison with existing
related results. Here, we rather want to anticipate a possible reader’s objection: at a first glance,
the class of open sets considered by our Main Theorem may seem very specific. On the one hand,
once proved this result, we will show how to apply it in order to deduce (with a minimal effort)
the existence of extremals for a much wider class of open sets: these are periodic only in the first k
coordinate directions ey, ..., e, and bounded in the others e;y1,...,en. As a particular case, we
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can retrieve (with a different proof) the existence result given by Esteban in [15, Theorems 1 and
6], in the case of a power-type nonlinearity. We refer the reader to Theorem 7.1 and Corollary 7.4
for the precise statements, as well as for the proofs.

On the other hand, we will give a couple of examples, obtained by slightly perturbing the “model”
set (1.4), which show that, in general, breaking the periodicity structure will lead to a non-existence
result. More precisely, by enlarging one single hole in (1.4), one can easily prove that existence of
extremals is lost (see Section 8.1). A curious phenomenon appears if, on the contrary, we shrink a
little bit a single hole in (1.4): in this case, we still have existence of extremals for the new set Q
(see Section 8.2). This is due to the following subtle fact, which deserves a comment: one can show
that

Ap.g Q)< REIEOO Ap.q (Q \FR)

Since the global Poincaré-Sobolev constant is strictly less than that “at infinity”, we get that
minimizing sequences have the interest to stay “confined” and not to escape at infinity. This fact
implies a gain of compactness and thus existence of extremals holds.

This situation is however much simpler than that of our Main Theorem, where the previous
argument does not apply: indeed, because of the periodicity, in general we have that the two
Poincaré-Sobolev constants above do coincide in the case of our sets.

1.3. Comments on the proof. It is fair to declare that our main result is not a complete novelty.
In order to put it in the right context, we first recall that an extremal u for A, ,(f2) is a weak
minimal energy solution of the Lane-Emden equation

(1.5) — Apv = |v|7 %, in Q, v =0, on 0F,

up to a suitable “vertical” scaling (i.e. by multiplying the solution by a suitable constant). More
precisely, if u is an extremal with unit L9(£2) norm and we set

1

0= (X)),

then v solves (1.5). Moreover, it minimizes the free energy functional

1 1
Spalp) = - / Vol do — — / lp|? d, for every ¢ € Wy (),
P Ja q Ja

among all the nontrivial critical points of §, 4.

With these clarifications in mind, the existence of solutions of minimal energy for the following
slightly modified equation (here A > 0)

—Apv + A P72y = |u|7 2, in £,

in the case of periodic open sets has been obtained in [23] and [13] for p = 2, then generalized
in [17] to the case 1 < p < N. The result [23, Theorem 4.8] is obtained through a Struwe—type
global compactness result, giving a precise description of Palais-Smale sequences for the free energy

functional
1 ) A ) 1 .
Foan(@) == [ [VelPde+ = [ |p|Pde—= [ |p|?dz,
2 Jo 2 Jo q Jo

naturally associated to the modified equation. We refer to [28] for the original result by Struwe,
dealing with the critical case ¢ = 2*.
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This same existence result has then been reproved by Chabrowski in [13, Corollary 1], by using
a concentration-compactness principle “at infinity”, in order to prove existence of solutions for the
minimization problem

wt, [ 1VePdsan [ 1oPdo ol =1}
QDGW(), (Q) Q Q

The extension to the case 1 < p < N (see [17, Theorem 4]) relies on the same arguments by
Chabrowski, see also Smets’ paper [27] for a similar extension. We point out that, in all these
results, the assumption A > 0 can not be removed!.

In order to highlight the main differences with these results, we first point out that we cover the
whole range 1 < p < oo and g > p verifying (1.2), at the same time. Thus, for example, we can
explicitly treat the Morrey-type “endpoint” case of A, o, occurring for p > N. In the case of open
bounded sets, some interesting studies on this constant have been pursued in [14, 18].

More interestingly, our existence proof is elementary and relies neither on concentration-compactness
arguments, nor on Struwe’s technique. As in our previous paper [7], we will rather adapt to our
problem a technique used by Lieb in [21], in order to show existence of extremals for the Hardy-
Littlewood-Sobolev inequality. The crucial step is to obtain a result in the vein of [21, Lemma 2.7].

In a nutshell, the program goes as follows: if we can construct a minimizing sequence {u, },en for
Ap,q(2) such that:

(i) {wn}nen converges almost everywhere to u;
(i1) {Vun}nen converges almost everywhere to Vu;

(iii) the limit u is not trivial;
then we can infer existence of an extremal. We remark that the subadditivity of the function ¢ — /9
enters as a crucial ingredient of the proof of this implication (here our standing assumption g > p
is important).

It is well-known that the almost everywhere convergence of u,, can be easily inferred: it is suffi-
cient to use the compactness of the local Sobolev embeddings, together with a diagonal argument.
On the contrary, property (ii) can not be expected to hold in general, for a minimizing sequence.
We circumvent this problem by employing the same trick successfully exploited in [7] i.e. we will
apply this reasoning not to any minimizing sequence, but to a particular one, which comes from
a minimization problem containing an additional confining term. Thus, the relevant optimality
condition assures the required convergence, as the small confinement parameter goes to 0.

However, the most delicate point is to get property (iii): here, we will once more take advantage
of the fact that g is super-homogeneous and adapt to our setting the classical “weak compactness
up to translations” result, again proved by Lieb in the case of the whole RY (see [20, Lemma 6]).
In proving this kind of result for our periodically perforated sets, we will give a different proof of
the celebrated result [20, Corollary 4], yet again due to Lieb, asserting that:

LThis can be easily seen by observing that these results are stated to hold for Q = R as well, where obviously
Ap,q is zero and can not be attained. In [13] the importance of the assumption A > 0 can be detected in the proof of
Theorem 2 there, at beginning of page 506, in the argument used to exclude that the limit of a minimizing sequence
identically vanishes. Indeed, the author applies a Poincaré-Sobolev inequality of the type

lelZacz) S IVl + Allell 2o

for bounded regular open sets E C RN and functions not necessarily vanishing at the boundary. For A = 0 this
inequality can not hold. The same argument is at the bottom of [17, page 69], for the case 1 < p < N.
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if Q CRYN has a “small” Poincaré constant, then it contains a “big” portion of a “large” ball.

The proof will rely on some capacitary—type techniques pioneered by Maz’ya: we think that this
part of the paper (contained in Section 3) is interesting in itself.

1.4. Plan of the paper. In Section 2 we introduce the basic notation needed in the paper and
show a few preliminary results. We also discuss some properties of a periodically perforated open
set Q as in Definition 1.2. In particular, we prove that, for such a set, the condition cap,(K; Q1) > 0
is equivalent to having A,(€2) > 0. As announced above, Section 3 contains a novel proof of [20,
Corollary 4], which exploits the concept of capacitary inradius, introduced by Maz’ya.

Then, Section 4 deals with a general compactness result which is suitable to our periodic setting.
This is analogous to [20, Lemma 6], the latter dealing with the case W?(RY). The last ingredient
to apply the aforementioned Lieb’s scheme is discussed in Section 5: there, we construct an ad hoc
minimizing sequence, whose elements are minimizers of suitably penalized problems.

The main results of this paper are given in Section 6 and in Section 7. In Section 8, we discuss the
different behavior, in terms of existence of extremals, of the periodic open set (1.4) when we change
the radius of a single hole. A technical fact concerning Poincaré-Sobolev constants “at infinity” is
the content of Appendix A, which closes the paper.

Acknowledgments. We thank Francesco Bozzola for some conversations on the contents of Section
3. L.Briani and F. Prinari are both members of the Gruppo Nazionale per I’Analisi Matematica,
la Probabilita e le loro Applicazioni (GNAMPA) of the Istituto Nazionale di Alta Matematica
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(project number 509436910).

F. Prinari gratefully acknowledges the financial support of the project GNAMPA 2025 “Ottimiz-
zazione Spettrale, Geometrica e Funzionale” (CUP E5324001950001).

2. PRELIMINARIES

2.1. Notation. In this paper, we will always assume that the dimension N of the ambient space
is N > 2. For o € RV and r > 0, we will set

B, (zg) = {x e RV . | — x| < r}.

When the ball is centered at the origin, we will omit to indicate the center and simply write B,.
Analogously, we set
QT‘ = (_Ta T) X X (_T7 ’I") = (—T, T)N7

and
N

Qr(x0) = Qr + 3o = H(ac(’) — 7, xh 4 1), for zo = (z3,...,z)) € RV,
i=1
We recall that, fixed 1 < p < 0o, an open set £ C RY and a compact subset K C E, the p— capacity
of K relative to E is defined as

cap, (K; E) :ueci%f(E) {[E |[VulPdz : u>1on K}.

We refer to [24, Chapter 2, Section 2] and [24, Chapter 13] for the properties of p—capacity.
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2.2. Two technical results. We start with the following simple result, which gives a rough esti-
mate of how Poincaré-Sobolev constants are affected by an affine transformation.

Lemma 2.1. Let E C RY be an open set. Let T : RN — RN be an invertible affine map, i.e. there
exist an invertible matriz A € My(R) and a vector b € RY such that

T(x)=A-z+Db, for every x € RN,
Then, for every 1 < p < oo and q > 1 satisfying (1.2), we have?

|det A|'T" |det A| 7
T 2 TAIMI(E%

where L > £ > 0 are the mazimal and minimal eigenvalues of the symmetric positive definite matrix
AT A,

Apq(E) 2 Apo(T(E))

Proof. The proof simply follows by using a change of variable and the following facts:
A 22 =(A-2,A-2) = (AT - A-2,2) > (|2, for every z € RY
and
AT 2P =(A A7 ) =(ATHTAT 2 2) > % |2|?, for every z € RV,
The details are left to the reader. O

The next result is specific of the case ¢ > p. It concerns the Poincaré-Sobolev constants of
disjoint sets and can be seen as a refinement of [8, Proposition 2.6].

Lemma 2.2. Let 1 < p < oo and assume that ¢ > p satisfies (1.2). Let {Q;}ien be a family of
open subsets of RN such that Q; N =0, for every i # j. We set

o=Jo,
ieN
and suppose that there exists an extremal u € Wy () for Ap,q(Q), with |lul| ey = 1. Then there
exists ig € N such that

||'U/HLq(QiO) =1 and ||UHL{1(Q7;) =0, fori#ip.

Proof. Since Ap 4(£2) is attained, we have in particular that A, 4(€2) > 0. Moreover, by monotonicity
we have

(2.1) 0 < Apg(2) < Ap (), for every i € N.

We now distinguish two cases: either ¢ < oo or ¢ = oo.

/ |u|? dz >0,
Q.

0

Case ¢ < oo. Since u # 0 we have that

for some ig € N. It is enough to prove that | u||Lq(QiO) = 1. We argue by contradiction and suppose
that the latter does not hold true. This means that

(2.2) / |u|?dx >0 and Z / |u|? dz > 0.
Q;

i J#io

2When q = oo, we agree that (¢ —p)/q = 1.
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By using the definition of A\, 4(€2;) and (2.1), we get for every i € N

),
/|vu|pdx>qu (/ u|qdac> > A )(/ﬂimwx)z

In particular, by summing over ¢ € N, we obtain
( / |u|? d:r)

In order to get a contradiction, we observe that by strict subadditivity of the map 7 — 72/9 (recall
that ¢ > p), we have the following inequality

- (/Q |u|ng;) Z/ |u|qdas+/ luf? do

(2.3 M) = [ [Ful do = 0,0
Q zEN

Qs

J#io
Z / lulfde | + (/ |u|qu> < Z (/ |uqu)
J#io Q2 €N

The strict inequality holds thanks to (2.2). In particular, we thus have obtained that

1<) (/ |u|qu>

€N

P
q

By using this fact in (2.3), we get a contradiction and the result is proved when ¢ < co.

Case ¢ = oo. This case can occur only for p > N. Thanks to [7, Lemma A.1], there exists
xo € Q such that |u(zo)| = [|ul|z~(@) = 1. In particular, there exists 49 € N such that zo € ;.
Accordingly, we get

Let us assume that there exists jg # g such that H'U,HLoo jo) > 0. Thus, we get

Z/ |Vul|P de >/ \Vu|pdm—|—/ |Vu|P de

i€N 2jo
2 Ap,OO( io) Hu”poo(gzio) + Ap,oo ($26) ”U”ioo(gjo)
> Ap.oo(£ig)-
As in the previous case, we get a contradiction with the fact (2.1). Thus, we can conclude that
llul| L ;) = O for every j # io. O

2.3. Periodically perforated sets. We list some properties of the sets introduced in Definition
1.2. In what follows, for an open set  C RY, we will indicate by rq its inradius, defined by

rog =sup{r >0 : 3 B,(xg) C Q}.

Lemma 2.3. Let Q@ C RV be the t—periodically perforated open set generated by K. Then, we have

VN

T S max{tl,tg, s ,tN} T
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Proof. By definition, we see that the inradius is monotone non-decreasing with respect to the set
inclusion. In other words, if £y C E, are two open sets, then we have rg, < rg,. Moreover, the
inradius is clearly invariant by translations, i.e. for every zo € RY we have rp ., = rg.

We thus fix ¢ € K, then by construction we have

QCRY\ ( U Dt(i—i—xo)) = <RN\ ( U Dt(i)>> + Dy(z0) =: Q + Dy (o).

iezZnN iezZnN

From the two aforementioned properties, we then get rq < rg. It is now not difficult to see that

VN

re < max{ty, ta, -+ ,tn} 5
thus concluding. |
Remark 2.4. Observe that the previous upper bound is independent of the generating set K and
optimal. Indeed, it becomes an identity if we take
Q=R \Z",
which corresponds to the choices t = (1,...,1) and K = {0}.
On the contrary, it is not possible to give a lower bound of the same type. Indeed, for every

0<e<1/2letustaket = (1,...,1)and K = Q;/2_.. Accordingly, the corresponding periodically
perforated open set is given by

Q. =RV \ ( U Q1/2e(i)> :

iezZN
We have that rq, = € v N, which clearly vanishes in the limit as € goes to zero.

For our open sets, the sharp condition for the validity of the Poincaré inequality is simply
expressed in terms of a suitable capacitary requirement on the generating set K. This is the
content of the following lemma. Even if not needed in this paper, we also include the case p = 1,
for completeness.

Lemma 2.5. Let 1 < p < oo and let 2 C RY be the t—periodically perforated open set generated
by K. We have that

Ap(£2) >0 = cap,(K;Q1) > 0.
Moreover, there holds

(2.4) Ap(2) > enp ( . tN}) capp(K;Ql).

Proof. We prove at first the estimate (2.4). This would establish the validity of the implication
cap,(K;Q1) >0 = Ap(£2) > 0.
We use Lemma 2.1 with 7" = D; and

(2.5) E:RN\<U(i+K)>.

Since Dy(E) = €, this gives immediately

A (Q) = Ay (Di(B)) > (

1
max{ty,..

max{ty,...,ty}
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It is now not difficult to see that for every ¢ € C§°(E), we have
/ VelPdo =) / IVel? dz > cnpcap,(K;Q1) Y / ol da,
E iczn Y i+Q1/2 iczN Y i+Qu/2
thanks to the Maz’ya-Poincaré inequality of [24, Chapter 14, Theorem 14.1.2]. By arbitrariness of
© € C§°(E), this gives
Ap(E) > en,pcap, (K;Q1),
and thus the desired conclusion follows.
We now suppose that A,(€2) > 0. We argue by contradiction and assume that cap,(K;Q1) = 0.
We first observe that if p > N, then we would get the contradiction K = (), since every non-empty
compact set has positive p—capacity in this case.
We can thus assume that 1 < p < N. As above, we consider the set F defined by (2.5) and
T = D;. By Lemma 2.1, we get that A\, (E) > 0, as well. Thanks to the assumption on K and the
monotonicity of the relative p—capacity (see [24, page 142]), we have
cap,(K;Qur) =0, for every M > 1,
as well. We choose & € N\ {0} and use this fact with M = k + 1. We also set
(2.6) ZN = {i = (it in) €ZY ¢ filew = max i < k}

and define
Ke= | (+K).
iezl
Observe that for every i € Z{CV, we have that i + K is a compact subset of i + Q1 = Q1 (i), thus by
translation invariance of the p—capacity we still have

cap,(i+ K;Q1(1)) = cap,(K; Q1) = 0.
By observing that Q1(i) C Qg1 for every i € ZY, we get as before
cap,(i+ K;Qr+1) = 0.
By the subadditivity of the relative p—capacity (see [24, page 143]), this in turn implies that

cap, (K; Qr+1) =0,
as well. Thus, for every € > 0 there exists p. € C§°(Qr+1) such that

/ |v906|pdx<53 Og@sglv 9065101'1 Kk
Qr+1

We consider ¢, to be extended by 0, outside Q1. Observe that by the Markov-Chebychev and
Poincaré inequalities, we have

1
{retuiniv@>l|<r [ lora
Qr_1/2

<2p/ loe|P d <72p / [VpelP d <72p5
= 12 T > [ T .
Qr41 : )‘P(Q’H'l) Qr+1 : AP(Q/C-H)

Thus, by choosing

i 2k —1)N A
€k 1= %Ap@kﬂ) = 2P+1) (kp‘(f)ll))p’
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we get that
P 1 1
1= elPdn> o 192 € Quorge : 0 < pe(w) < 5
Qp_1
(2.7) k=3
Z'C?;p%/ﬂ, for every 0 < ¢ < ¢.

We now take a cut-off function n € C5°(Qp41/2) such that

m=lon @1, 0<m <1, |[Vi<C,
for a universal constant C' > 0. Finally, we define

Uei:(z) = mi(x) (1 — pe(x)), for 0 < e <ey,

which belongs to VVO1 P(E). Indeed, this is a smooth function with finite W1? norm, vanishing at
the boundary OF. Then it is sufficient to appeal to [11, Theorem 9.17, Remark 1]. Thus, we get

/ |VU5)k|p d.%‘
Qri1/2
/ U 4P da
Qrt1/2
/ Vel da / VP 11— gel? de
1 JQrt1/2 +2p_1 Qry1/2\Qr—1/2

/ 11— | dx / 11— pe|” dx
Qr_1/2 Qr—1/2

We can estimate the denominator thanks to (2.7), while in the second term we use that |1—p.| < 1.
By recalling the estimate on the p—Dirichlet integral of ¢., we obtain
4P e 4P C? | Q12 \ Qr—1/2]
|Qr—1/2] |Qr—1/2]
Observe that, by its definition, we have that e}, stays uniformly bounded from below, as k goes to

oo (recall that N > p). Thus, for k large enough, we can use the previous estimate with a fixed
€ > 0, independent of k. By taking the limit as k£ goes to co and observing that

2k+1)N —2k-1)N

Ap(E) <

< 2P~

Ap(E) <

Qry12 \ Q12
m =

li lim =0,
k—o00 ‘Qk—1/2| k—o0 (Qk— 1)N
we reach the desired contradiction A,(E) = 0. This concludes the proof. O

Remark 2.6. Without further assumptions on the generating set K, it is not possible to revert
the estimate (2.4). Indeed, take for example

— 1
K5:Q1/2\357 f0r0<8<§.

Accordingly, the periodically perforated set generated by K. is simply given by

Q.= | B:),

iezZN
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i.e. this is a disjoint union of open balls, each one having radius €. Thanks to the properties of A,
we thus get

Ap(Q2e) = Ap(Be) = e P Ap(B1),

which blows-up, as € goes to 0. On the other hand, we clearly have

cap,(Kz; Q1) < cap,(Q1/2; Q1),

thus the relative p—capacity of K. stays uniformly bounded from above.
The reader may be unsatisfied with this example, as each open set ). has infinitely many con-
nected components. In this sense, a more interesting counterexample is provided by the connected

sets
Q :RN\ ( U Q1/2—5(1)> )

iezZN

considered in Remark 2.4. Here as well, we have

lim A\, () = 400 and sup cap,(K.; Q1) < 400, where K. := Q1/2_..
e\ 0<e<1/2

In this case, in order to show that A,(€2.) blows up as € approaches 0, we have to appeal to a more
sophisticated estimate. For instance, we can use the results contained in [3, Section 5]. Indeed,
with the terminology of that paper, it is easy to see that the family of sets ). has a measure density
index uniformly bounded from below. Thus, by® [3, Corollary 5.6] this implies that

1 p
CN,p (TQ) S )\p(QE)

3. A MAZ’YA-LIEB—TYPE ESTIMATE

In this section we will give a different proof of the following fact, due to Lieb (see [20, Corollary
4]): if an open set ) has a “small” Poincaré constant, then it should contain a “big” portion of a
“large” ball. This will be useful in order to get a compactness lemma a la Lieb. Throughout this
section, for completeness we will include the limit case p = 1, as well.

We need at first the concept of negligible set in the sense of Molchanov, see [24, Chapters 14 & 18].
This permits to introduce a suitable capacitary variant of the inradius, as in [3, 4, 25].

Definition 3.1. Let 1 < p < oo and 0 < v < 1, we say that a compact set ¥ C B,(xg) is
(p, v)—negligible if

cap,(3; By, (0)) < 7 cap, (on); Bzr(:vo)) .
Accordingly, we consider the capacitary inradius of €2, defined as follows
R, () :=sup {r >0 : Jzo € RY such that B, (zo) \ Q is (p, ’y)—negligible}.
From its definition, we can see that

ro < Ry (), for every 0 <y <1, and v+~ R, () is monotone non-decreasing.

3More precisely, we can apply [3, Corollary 5.6] by choosing p =¢q, ro = ¢, 6 = 2=N and to = 0.
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Lemma 3.2. Let 1 <p< N and 0 <~y < 1. Let Q CRY be an open set. If the set B,(xg) \ Q is
(p,y)—negligible, then

[ Br(20) N = (1 =Tnp7) [Br(zo)l,
where the constant I'y , > 1 is given by

cap, (B1; Bz)
|Bi| Ap(B2)

I‘NJJ -

Proof. We estimate the relative p—capacity of B,(zg) \ Q by [24, Corollary 2.3.4]. This gives

cap, (Br(20) \ 2 Bar(w0)) = Ap(Bar(20) [Brlwo) \ 9.
On the other hand, by assumption of (p,~y)—negligibility we have
cap, (B (o) \ © Bar(wo) ) < 7 cap,, (Belwo); Bar (o)
— %P cap, (Br: Ba)
By joining the last two equations in display and simplifying the common terms, we thus obtain
Ap(B2) IM\Q‘ <~rN cap,, (E, Bz) .

We used the scaling properties of A, to deduce that A,(Ba,(z9)) = r P A,(Bz). With simple
manipulations, we see that this is equivalent to

‘ _ 1 cap, (BiiBy)
~ Ap(B2) |B1|

[B.@o)\ @

We observe that

7[Br(z0)] =: I'np v |Br(20)]-

|B1| )‘P(BQ) < Capp(?l; BQ)?
again by [24, Corollary 2.3.4], thus in particular we have that I'y,, > 1. This is enough to conclude:
indeed, we can now infer

[B-(@o) N9 = |B,(@o)| — [Br(@) \ ] 2 1By (@0)| ~ Ty 7 |Br(x0)

=1 =Tnp7) [Br(xo)l,
as desired. 0
The next one is the main result of this section. This provides a different proof of [20, Corollary
4] by Lieb: in the proof, we will use an idea of Maz’ya and Shubin (see [25, Section 5]), combined
with the recent result [4, Main Theorem| by Bozzola and the first author.
Theorem 3.3. Let Q CRYN be an open set such that A\,(2) > 0.

o Let 1 < p < N. Then for every 0 < 8 < 1 there exists a constant anp g > 0 and a ball
B, (xo) with radius

QN,p,B
1

(w@)”

|Br (o) N Q| > B|Br(zo)]-
The constant oy p g s such that:

ozN,pﬂN(l—ﬂ)%, as B 1.

r>

such that
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o Let p> N. Then there exists a constant an, > 0 and a ball B,.(xo) with radius

QN,p

(w@)

r>

)

=

such that B,.(x¢) C Q.
Proof. We distinguish the two cases, either 1 <p < N or p > N.

Case 1 <p < N. By [4, Main Theorem], we know that there exists a constant o, > 0 such that,
for every 0 < v < 1, it holds

_1-5
a Cnp 7
where I'y ;, is the same constant as in Lemma 3.2, we get

ON,p V8 ’ 2anp,s
R Q) > —£ 2 ) = ——
Pv'YB( ) ()\p(Q) )\ Q 1
P( )

By definition of capacitary inradius, there exists a ball B,.(z¢) with

RPa’Yﬁ (Q)
2
such that the set B, (zo) \ © is (p,vs)—negligible. By using Lemma 3.2 and the choice of v, we
conclude.

In particular, by choosing

Y=

<r < Rp,,(Q),

Case p > N. This case is simpler. Indeed, we know that for p > N there holds

Cn,
S M),

see, for example, [26, Theorem 1.4.1], [29, Theorem 1.1] and, more recently, [5, Theorem 1.3] and
[9, Corollary 5.9]. Moreover, by definition of inradius, there exists a ball B,.(zg) with

rQ
7<7’<TQ,

such that B, (x¢) C Q. By choosing this time

=

(Cnp)?

we conclude. O

DN | =

QN,p =

4. A COMPACTNESS RESULT

We will use Theorem 3.3 to deduce a weak compactness result for certain sequences of functions
in VVO1 P(Q), when Q is a periodically perforated set. The main point is obtaining that the limit
function is not trivial. We adapt the idea of [20, Lemma 6]: the latter is concerned with functions
in WHP(RY), now we have to take care of the fact that we work in W, *(£).
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Lemma 4.1. Let 1 < p < oo and let Q C RY be the t—periodically perforated open set generated
by K. Let us suppose that

cap, (K;Q1) > 0.
Let {tn nen € WoP() be a sequence of non-negative functions such that

||Vu”\|’£p(m <C and [{z €Q:up(z)>e}| >0, foralneN,

for some C,e,§ > 0 independent of n.
Then, there exists a sequence of vectors {in}nen C ZY such that, up to a subsequence, the
translated sequence {u,(Dy(in) + ) }nen converges weakly in WHP(Q) to a function u € Wy (Q) \

{0}.

Proof. We divide the proof into two parts: we first prove the result under the further restriction
that each u, belongs to C5°(£2). Then, in the second part we show how to remove this assumption.

Part 1: reqular functions. We define at first the following sets
Ap ={x€Q : uy(z) >e/4}, for every n € N.

Observe that these are open sets, since we are assuming that each wu, is smooth. We also have
Ap(Ay) > 0, by using that each u,, is compactly supported in © and thus A,, is bounded. According
to Theorem 3.3 (applied with 8 = 1/2, in the case p < N), for every n € N there exists a radius

QN,p

(4.1) Tn 2>
(M)

=

and a point z,, € RY such that

1
(4.2) |BTn (75) N An‘ > 5 |Brn (xn)|
We claim that there exist 0 < ¢; < ¢ such that

(4.3) c1 <7, <o, for every n € N.

We start with the upper bound: by the Markov-Chebyshev inequality, we have

[An] < (j)p/QIuanm < (;1);, Apjﬂ) /Q|Vun|l’da: < (j)p )\:(’;2)

Observe that A,(€Q) > 0, thanks to Lemma 2.5 and the capacitary assumption on K. Thus, from
(4.2), we get in particular

p
YN LN < < (4 ¢
5 ' S |A,] < (5 WL for every n € N.

In order to bound r,, uniformly from below, in view of (4.1), it is sufficient to prove that A,(4,) is
uniformly bounded from above, in terms of the data C, e, and p, only. To this aim, we introduce
the set

E,={xe€Q: u,(z)>e} CA,, for every n € N.
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We also define g,, = (u, —£/2) ;. We notice that g,, € W, *(A,): indeed, by construction, g, is a
Lipschitz function, with compact support contained in A,,. By using g,, as a trial function, we get

/ |V gn|P dx / Vg, |P dzx »

A A 2\" C
Ap(Ay) < T < ZAu <(Z) 5

[ laalas [ g\
A, Ey
This implies that
aN,p 3 o\”
Ty > : > 3\ QN ps for every n € N.

(w(an)’

We thus have proven (4.3).
We now observe that the family of hyper-rectangles {D¢(i + Q1/2)}iez~ tile the whole space.
Accordingly, for every n € N, there exists at least a point i, € Z" such that

Ty € Di(in + Q1/2)-
Observe that by construction we have
N
B, (z,) C Br, (D¢(in)), where R,, = r,, + g max{ty,...,tx}.

From (4.2) and (4.3), we get the uniform lower bound

N
|Br, (Dt(in)) N Ap| > wN261 . for every n € N.

Thanks to the uniform bounds (4.3) on {r,},cn, we can extract a subsequence (not relabelled)
such that

lim r, =7 > 0.
n—oo

Thus, if we set R =7 + max{t,...,tx} vV N/2, we easily get
(4.4) Tim Ly, — 1oy 0y = 0.

We now observe that the translated sequence {u, (D (i) + -) }nen still belongs to W, (), thanks
to the assumption on . Moreover, by recalling that A\,(2) > 0, we have that the sequence
{un(Dyg(in) + -) }nen is bounded in W1P(Q). Hence, it weakly converges in WP(Q) to a function
u € I/VO1 P(Q), up to a subsequence. In particular, by testing the weak convergence in LP against
the characteristic function of By and using (4.4), we thus have

/ u(z)dx = lim tun(Dy(ip) + ) dx = lim tn(Di(in) + ) dx
R R n
= lim un(y) dy

"% ) By, (De(in))

> lim inf/
=0 JBr,, (Di(in))NA,

€
S € .
27 llnrr_l,l(gﬂBRn(Dt(ln)) NA,.

un(y) dy
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In the last inequality we used that w, > /4 on A,, by construction. In light of the previous
uniform lower bound on the measure of By, (D¢(i,)) N Ay, this is enough to infer that u # 0.

Part 2: general case. We now suppose that {u,}nen C Wol’p(Q). By definition, for every n € N
there exists a sequence of functions {uy , }ren € C§°(2) such that

m [|ug,n — unllze@) = lim [|Vugn — Vug || e@) = 0.

k—o0 k—o0
Since each u,, is non-negative, we can construct {uy , }nen Wwith the same property. Moreover, being
{tn }nen bounded in Wol’p(Q), we can further assume that

”uk,n”ip(g) + Hvuk,nHip(Q) <C, for every n,k € N.

Thus, each sequence {ug , }ren is bounded in W1P(Q), uniformly in n. Thanks to the convergence
in LP(Q), for every n € N we choose k,, € N such that
1
n+1’
Without loss of generality, we can choose {k;,},en to be increasing.

We take €, > 0 as in the statement. By the Markov-Chebyshev inequality, for every n € N and
k > k,, we have

Hx €Q : Jugn(x) — un(z)] > 5/2}‘ < (2)17 [ _U’I’IHZEP(Q) < (i)p ﬁ.

We choose ng = no(p, €,6) > 0 such that
2\ 1
e/ (no+1)P =2

HJ; €Q : Jugn(x) — up(z)] > 5/2}’ <

(4.5) Uk, — UnllLr ) < for every k > k,,.

Then, for every n > ng we have

N

, for every k > k.
Observe that
{x €N uy(z) > 5} C {x €Q : |ugn(x) — up(z)] > 5/2} u {x €Q: ugp(z) > 6/2}.

Accordingly, we get that for every n > ng the function U, := uy,, » is such that

erﬂ 2 Up(2) >€/2}‘ > HCCEQ Uy () >6}’ - HIGQ 2| Un(2) — up ()] >5/2H > g

We can thus apply the first part of the proof to the sequence {Up, }nen and we can infer that there
exists a sequence of vectors {i, }nen € ZVY and a function u € W, *(2) \ {0} such that

lim [ (u—Up(Dg(in)+ ) pdx =0, for every o € LP (),

n—oo 0

up to a subsequence. In particular, thanks to the periodicity of 2, we also get

/Q (4 — wn(Dain) + ) e / (u — Un(De(in) + ) g d

+ lim (U = unl| o) @1l 1o () = 0-

< lim

n—oo

lim
n— oo
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In the last passage we have also used (4.5) and the fact that U, = wug, n. Taking into account
that the sequence {u,(Ds(in) 4 ) }nen € Wy (Q) is bounded, the last inequality implies that
{un(Dt(in) + *) }nen converges weakly in Wol’p(Q) to the function u # 0, as desired. O

5. A WELL-PREPARED MINIMIZING SEQUENCE

As in [7], we will construct a suitable minimizing sequence for our original problem by adding a
“vanishing confinement” term. In other words, we will use the following simple result, which is the
same as [7, Lemma 4.1]. We use the following notation

Wo P (8 |z]) := {u e W, P(Q) : / 2| |[ulP do < +oo}.
Q

Lemma 5.1. Let 1 < p < oo and q > p satisfying (1.2). Let Q@ C RN be an open set such that
Ap(£2) > 0. For every n € N, we define

Apa(§4 V) := inf {gpn(“) tlullra) = 1}7
uEW, P (Qs]x|)

where
Gpnl(u) = /Q |Vul? de + /Q Voo |ul? dz and Valz) = %

Then, we have

(5.1) lim A, (85 V5) = Ap ().

n—oo

Moreover, the value A, 4(; V) is attained by some non-negative function u, € Wol’p(Q; |z|) with
llunllLa) =1 and we have

(5.2) lim /Q [Vu, |Pde = Xp 4(£2).

n— oo

Remark 5.2. The fact that w, can be chosen to be non-negative is standard: indeed, |u,| is
still admissible, while both the functional and the constraint are invariant by the change u +— |u|.
Moreover, by comparing (5.1) and (5.2), we easily get the following useful information

n— oo

(5.3) lim [ V, |u,|Pdx =0.
Q

Finally, we remark that each u,, is a weak solution of the following Euler-Lagrange equation
(5.4) — Apupn + Vyub ™t =X, (V) ult, in Q.

As in [7], a precision on the validity of this equation is in order. Indeed, by minimality we have
that
/ (Vg [P~% Vu,, V) dx + / Vo ul ™t pdr = N, 4(Q V) / ul™t pdz,
Q Q Q
for every ¢ € C§°(9). Since V,, is locally bounded in RY, by a density argument we see that we
can also admit test functions ¢ € W, *(€), with ' open bounded subset of €.

Remark 5.3 (Uniform L* bound). By using that the sequence n — Ay, 4(€2; V},) is non-increasing,
we get that each u,, is a weak subsolution of

—Apun < Apo(2; V) ugl*l < Apq(S; V1) u‘}fl , in Q.
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Thus, by appealing to [7, Lemma 2.3], we get that u, € L>°(Q) together with the following uniform
estimate

N
(5.5) ltnllz (@) < Cnpg (Mg (V1)) 77 = M,

Observe that we also used that u, has unit L?(2) norm.

Actually, the property (5.3) can be improved. This is the content of the next simple result, which
will be crucially exploited. The proof is a bit lengthy, though elementary.

Lemma 5.4. With the notation of the previous result, we have

lim [ VF|Vu,|Pde = ILm / VE |un|P dx = 0, for every k € N\ {0}.
Q n=0 Jo

n—o0
Proof. We fix R > 0 and take n € C§°(Bgy1) a cut-off function such that
0<n<l, n=1on Bg, VL~ < C,
for a universal constant C' > 0. We test the weak formulation of (5.4) with the choice
©=VFu,nP.
In light of Remark 5.2, this is feasible. We then obtain

/ |V, [P VEnP de +p / (VU P2 YV, Vi) P =L, VE dae
Q Q
(5.6) + / (|Vun[P~2 Vi, VVFY u, 0P da
Q
+ / VL P P doe = Xy (5 V3,) / ul VFnP de.
Q Q
By using Cauchy-Schwarz and Young inequalities, we can estimate

p/(\Vun|p_2VumV77>np_1unV,fdx2—p/ (Vo [P~ [V P~ u, VIE dae
) Q

Y

—d(p—-1) / |V, [P 0P VF de
Q
— ot P / Vf ub |Vn|P dz,
Q
for every § > 0. Thus, from (5.6) we get
(1-(p—1)9) / |Vu,|P Vf P dx + / (|Vu, P2 Vun,VVf> Up 1P dx
Q Q
+/ V,{Hl ub n? dx
Q
< M2 V3) / uld VF P da
Q

+ 6P / VEuP V)P da.
Q
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Analogously, by taking into account that |[VV,,| = 1/(n + 1), we have

k
/(|Vun|p_2 Vi, VVY u, P dz > ——— / |V, [P~ u, VI 9P do
k -1
> — L/|Vun|pvnk_1npda:
n+1 P Q
k1
— = [ WV da.

By using this estimate in (5.7), we obtain
(1= - 08) [ (VP VEpdss [ VETwpds
Q Q
< Mg V2) / ul VP dx
Q
+ 6P / VEuP |Vn|P da
Q

k p—1
— | |Vu, PV P d

ko1
n+1p

/ ub V,f'_l 7P dx.
Q

This is valid for every § > 0: we choose § = 1/(2(p — 1)) and use the properties of the cut-off
function 7, to obtain

1
= / |V, [P VF dx + / VL4 dae < Ny o (V) / ul VF da
2 QNBgr QNBgr QNBRr+y1
+O@p- 1))p—1/ VE b da
QOBR+1
kEk p—1

—_— YVu,|P VE dx
TL+1 p QQBR+1 | nl "
k

1
+ - / VELuP de.
TL+1 p QﬂBR+1

On the right-hand side, we can further use that
Apyg(§4 Vi) < Ap (5 V1),
and

q 7k q—p p 1k q—p Pk
/ un Vn dZ‘ S ||u7l||L°0(Q) / un ‘/n dx S M / un ‘/n dx’
QNBr+1 QQBR+1 QﬂBR+1

also thanks to (5.5). We also observe that
‘x|k71

(n+1)%

Wk 1 k
< I
SrF Tmrnr T

1 k=1 _
n+1 "
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With simple manipulations, we can thus obtain

. 2
/ |vun|PV,§fdx+/ VL P dr < <C+k) / uP V¥ dx
QNBr QNBr p QNBr1
2k (p—1
+ (p—1) / |V [P VE da
n + 1 p QI'-WBR+1

2k 1
+ TNE / Ug dx,
(n + 1) p QOBR+1

for a constant C' = C(N,p, ¢,Q) > 0. Finally, we estimate the last LP norm as follows

1 Apg(5 Vi) _ Apqg(2V1)
ub dx < / ub dz < / Vu,|P de < 227 < 2pa5 V1)
/Q”BR+1 Q Ap(2) o | | Ap() Ap(£2)

If we set for simplicity

In,k(R)z/ ul VEdr  and jn,k(R)z/ |V, [P VFEtde, neN, keN\{0},
QNBg Q

NBr
we finally obtain the interlaced recursive estimate

Ck

2 Ck
(5.8) Znjkt1(R) + Tnp+1(R) < <C + > k) Tok(R+1)+ T TInk(R+1) + CESIL

possibly for a different constant C' = C(N, p, q,) > 0. By proceeding inductively on & € N\ {0},
we can obtain at first that

Lok = / Vf ub dr < +o0 and Tn ke = / V,f_l |Vu,|P de < +oo.
Q Q

Indeed, this is true for K = 1 by construction. Moreover, if 7, , < 400 and Jp r < +oo for a
certain k > 1, by taking the limit as R goes to +o0o in (5.8) and using the Monotone Convergence
Theorem, we get that Z,, 41 < +00 and J,, k41 < 400, as well. In particular, from (5.8) we get

2 kC Ck
. In n § -k In L dJn AR
(5.9) g1+ Tn k1 <C’+p > ,k+n+1j,k+(n+l)k

for a constant C = C(N,p,q,Q) > 0. The claim can now be easily obtained from (5.9) by an
induction argument over k. It is sufficient to observe that for £k = 1 we have

lim 7Z,; = lim Voub doe =0,

n—oo n—oo Q
by (5.3), while obviously
. 1 . 1
lim In,1 = lim |[Vu,|P de =0,
n—oo mn + 1 ’ n=oon+1 Jqo

thanks to (5.2). This concludes the proof. O
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6. EXISTENCE OF EXTREMALS: PERIODIC SETS
We are now ready for the main result of the paper.

Theorem 6.1 (Case ¢ < ). Let 1 < p < 0o and assume that q¢ > p satisfies (1.2), with ¢ < 0.
Let t = (t1,...,tn) € RN be such that t; > 0, for every i € {1,...,N} and let K C Q1/2 be a
compact set such that

cap,(K;Q1) > 0.
Let Q C RN be the t—periodically perforated open set generated by K (recall Definition 1.2). Then,

the infimum defining A, 4(Q) is attained by some non-negative function u € Wol’p(Q) \ {0}, such
that

u e LOO(Q) and ||uHL°o(Dt(Q1/2\K)) = ||UHL00(Q)
Proof. We first observe that A,(€Q) > 0, thanks to Lemma 2.5. By (1.3), this in turn implies that
Ap,q(£2) > 0, as well.

We take {up}nen to be the minimizing sequence for A, 4(€2) constructed in Lemma 5.1. There
is no loss of generality in assuming that

(6.1) ||Vun||1£p(9) <2X,,4(9), for every n € N.

Moreover, we notice that it holds

2 0.0 (Q)\ 7
6.2 n =1 n < (o)
(62) ey =1 unlery < (552650
and, by the Gagliardo-Nirenberg interpolation inequality, we have
0—1
(6.3) lunllzr@) < Gl IVl oy lnlEoe) < @ X0 @)7 (A(@) 7,

for every ¢ < r < p* when p < N, and for every ¢ < r < oo whenp > N. Here § = (N, p,r) € (0,1)
is an exponent dictated by scale invariance, its precise value has no bearing.

In particular, (6.2) and (6.3) ensure the applicability of the so-called pgr—Lemma, originally
devised in [16, Lemma 2.1], to the sequence {uy,}nen. Accordingly, we can find uniform constants
€,6 > 0 such that

(6.4) H;UGQ : Up () >5H >¢, forallneN.

Thanks to (6.1) and (6.4) we can apply Lemma 4.1: let {i,}nen € Z” be the corresponding
sequence of vectors. In order to simplify the notation, we set
Un () := up (D (in) + ).

Thus, the sequence {iy, }nen weakly converges in W1?(€2) to some non-negative u € Wy*(€2) \ {0}.
Thanks to the periodicity of Q, we have that {u, }nen is still a minimizing sequence for A, 4(2).
Indeed, we have

[l = fanllnoy =1 Y [ (VTP de = i [ [Funl? do = 3(9).
Q n—=oo JO

n—00

By virtue of the weak lower semi-continuity of the LP norm with respect to the weak convergence,
in order to prove the theorem we only need to show that

(6.5) ]l Lagy = 1.
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To this aim, the key step consists in proving that both the sequence of functions {@,}nen and
the sequence of gradients {Vu, }nen converge almost everywhere in . With this property at our
disposal, we will get (6.5) by applying the same argument as in [21, Lemma 2.7].

The almost everywhere convergence for the sequence of functions is easily inferred. Indeed,
we can consider {1, }neny and U as defined on the whole RV by extending them to be 0 on the
complement of . The extended functions belong to W1P(RY) (see for example [6, Lemma 3.7.9])
and we still have weak convergence in this space. In particular, we have {t, }nen € WP (Bg), for
every R > 0. Hence, by exploiting the compactness of the embedding W'?(Bg) < LP(Bg), the

weak convergence in WO1 P(Q) exposed above and a standard argument (see for example [6, Lemma
3.8.7 & Remark 3.9.5]) we obtain

(6.6) ILm [t — Ul Le(Br) = 1i_>m |tn — || Lo (@nBg) =0, for every R > 0.

In order to treat the sequence of gradients, we first observe that, thanks to Lemma 5.4 and using
that

Q — D¢(ip,) = Q, for every n € N,

we have

(6.7) lim [ VA [a,|Pde =0,  where V,(z) := Vi (z + Di(in)),

for every k € N. Furthermore, it is elementary to verify that each 1, solves the following problem*

inf {/ \Wlpdm+/ ValglP do : [lo]l oo 21}’
PeW, P (1)) L/ Q

and that this infimum still coincides with A, ,(€; V). Thus, u, weakly solves the relevant Euler-
Lagrange equation

(6.8) — Al + Vo W2 = Mo (Q V) W07, in Q.

We now proceed as in the proof of [7, Theorem 5.1], but this time we have to pay attention to the
presence of the translations x +— =+ Dy (i,). Let R > 0 and n € C§°(RY) be a cut-off function such
that

C
0<n<l, g=1lonBr  n=00mRY\Bor, Vil < 5,

4Observe that for every given n € N, we have
~ 1
/ Vi JulP de = —— / |z + Dy (in)| |ul? dz < 400, for every u € Wol‘p(Q; |z|).
Q n+1 Jo
It is sufficient to observe that
[l Dol ful? d < [ fallup do + D] [ P do,
Q Q Q

and use that both terms are finite, thanks to the assumption u € Wol’p(Q; |z|).
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for a universal constant C' > 0. We insert in the weak formulation of (6.8) the test function
n (U, — W) € Wy (2N Bag), which is feasible by Remark 5.2. This yields

/ (VU [P~2 Vi, Vg, — V) ndz = A\pg(Q; V) / a?™! (w, —u)nds
Q Q

- / Vo @2~ (, — ) nda
Q

The first and third integrals in the right-hand side converge to 0, as n goes to oco: this fact is quite

straightforward. Indeed, by exploiting the uniform upper bounds (5.5), (6.1) and the properties of

the cut-off function 7, we have

/ al=t (u, —u)ndr
Q

Apq($4 Vi) < Apg (Vi) MO |Bog| "7 [[itn = 1o ()

and o

~ p— ~ —~ ~ p—1 ~

09372 V0, Vi) @~ 0] < 22 @)F [ = i

If we use (6.6), we get the claim. On the contrary, the second integral

/ V, ab~t (w0, — @) ndx
Q

is more delicate, due to the presence of the translation vectors {i, }nen, which are not necessarily
bounded. However, we can simply apply Hoélder’s inequality and get

<

b

p—1

/vnﬂf;l (ﬂn—ﬂ)ﬂdl‘ < (/ vnwﬂz?;dx> ! ||’7Inf:leLp(BzR).
Q Q

Observe that the first term on the right-hand side is uniformly bounded, thanks to (6.7). Thus,
this term converges to 0, as well. We can finally take the limit as n goes to oo, to infer

lim | {|V,|P~? Vi, Vi, — Va)ndz = 0.

n—roo Q

On the other hand, by testing the previously inferred weak convergence of Vu, to Vu against
|VulP=2Vun € LP (), we obtain

lim [ (|ValP~? Vu, Vi, — Vi) ndz = 0.

n— oo Q

By subtracting the last two identities, we deduce that

lim [ (|Vu,[P~2 Vi, — |Val|P~? Va, Vi, — Va)ndr = 0.

n—oo Q
By exploiting the monotonicity properties of the p—Laplacian (see for example the proof of [10,
Lemma B.1]), this information is enough to obtain that

(6.9) Vi, — Vil 1r (B = nh_)ngo Vi, — Vil ronBg) = 0, for every R > 0,

lim
n—oo
as desired.

We are now in a position to repeat verbatim the last steps of the proof of [7, Theorem 5.1]. Let
us briefly recall them, for the reader’s convenience. The inferred convergences (6.6) and (6.9) allow
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to conclude that there exist a sub-sequence (not relabeled) {uy,}nen that converges to @ almost
everywhere in © and such that also the sequence {Vi, }nen converges to Vu almost everywhere in
0. Hence, the Brezis-Lieb Lemma (see [12, Theorem 1]) applies to both the sequence of functions
and that of gradients. We get

(6.10) lim A, = lim (/ |an|qu—/ an—qux) :/ @]9 da,
and

(6.11) lim / Vil — Vil da = Ay () — / VP da,
Q Q

n—oo

respectively, where in the second identity we used also that {u, }nen is & minimizing sequence for
Ap.q(). Since © # 0, we deduce from (6.10) that there exists ng € N, such that A,, is uniformly
bounded from below by a positive constant, for every n > ng. Then, a simple quantified version
of the sub-additivity of the power function ¢ + tP/9 (see for example [7, Lemma 2.1]) and the
definition of X, 4(£2) give us

Apﬂ((n ::APH(Q)Haﬁ”quD
P ya
< )‘p7q(Q) An + )‘p7q(Q) [, — “Hiq(g) - C)‘p,q(Q) min {AVC{» |t — uHI[)/Z(Q)}

P ya
< M\pg(Q) Al +/ VL, — Vii|? da: — ¢ Ap4(€) min {Aﬁ, [ augm)} :
Q

for some ¢ = ¢(p/q) > 0. By taking the limit as n goes to oo and applying (6.10) and (6.11), we
obtain

/Q|va|pdx +¢Xpg(9) lim min {Ag, i — augq(m} < Mpa() (/Q |ﬂ|qda:> .

On the other hand, by definition of X, 4(£2), we have

/|va|pdszp,q(Q) (/ |a|de)q.
Q Q

By joining the last two inequalities, we get in particular that
i i (AT [~ W } =0

By recalling that A,, is uniformly bounded from below by a positive constant, the latter implies
that {u,}nen converges strongly in L4(€2) to w and hence (6.5) follows. This concludes the proof
of the existence.

The fact that w € L>(Q) follows from [7, Lemma 2.3]. We now claim that, up to translating ,
we can guarantee that

il Dutn iy = il -

Indeed, by [7, Theorem 7.3], we know that @ (exponentially) decays to 0, at infinity. This shows
that there exists k € N\ {0} such that

||a||L°°(Q) = ||a||L°°(Qk)7

where

%= | Deli+ @2\ K))

iezy
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and Z is as in (2.6). Observe that €2y, is a finite union of perforated hyper-rectangles and we have

[l e @) = [l Lo () = max 1l Lo (D, (i@ 72\ 1))
Thus, there exists iy € Z' such that

Ha”LW(Q) = ”ﬁHLOO(Dt(iOJr(m\K))'

By finally defining u(z) = u(x + D¢(io)) and observing that the function u is non-negative, we get
that u is the claimed minimizer. 0

As in [7], for p > N we can cover the endpoint case ¢ = oo, by a limiting argument.

Theorem 6.2 (The case ¢ = o). Let N < p < oo and let 2 C RY be an open set satisfying
the assumptions of Theorem 6.1. For every p < q < oo, let uq € Wol’p(ﬂ) be the extremal for
Ap.q(Q) provided by Theorem 6.1. Then, the family {uq}q>p is precompact in WyP(Q) and every
accumulation point is an extremal of Ap o0 (€2).

Moreover, if for some diverging sequence {q, }nen and a function us € Wol’p(ﬂ), it holds

113;0 lltg, — tosllwir) =0,

then we also have

ulh =t "2 s, 0 in 2'(9Q).
Here zo is the (unique) mazimum point of s .
Proof. The proof goes along the lines of [7, Theorem 5.2] with some suitable changes. As above, we
first observe that A,(€2) > 0, thanks to Lemma 2.5. Again by (1.3), we obtain that A\, - (£2) > 0,
as well. On account of Lemma 2.3 we have rq < +oo: this guarantees that {uy},>, is a bounded
family in VVO1 P(Q), as in the proof of [7, Theorem 5.2]. Moreover, we recall that

(6.12) Hm Ay, g(€2) = Ap,oo(€2).

q—

see for instance [9, Corollary 6.2].

By repeating exactly the same arguments as in [7, Theorem 5.2], we get that the family {uq}q>p
is bounded in W, ?(€2) and both equicontinuous and bounded in C2(Q). The latter is the Banach
space of continuous and bounded functions over Q, endowed with the sup norm. Thanks to the
properties of ug, we know that for every ¢ > p

[ugll Lo (De(@1 )2\K)) = gl (0)-
Observe that

/ [Vug|P dz = Ap 4( / lugl? dx < Ap 4( ||uq|Loo @) / |ug|? dz, for every q > p.
Thus, by applying the Poincaré inequality on the left-hand side, we get in particular
M) )
Ap.q(€2) ‘

We show that {ug}¢>p i precompact in Wol’p(Q), in the norm topology. Indeed, let {g,}nen C
(p, +00) be any sequence diverging to +oco. By applying the Ascoli-Arzela Theorem and the reflex-
ivity of the space W,”(€2), we have that there exists a subsequence of {g, }nen (not relabelled) and

(6.13) [ugll o (De(@r 2\ ) = (
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a function s, € Wy (Q) N CO(Dg(Qy/2)) such that {ug, }nen Wweakly converges to us in Wy ?()
and uniformly on D¢(Q1/2).

Thanks to (6.13), using the uniform convergence of {uy, }nen on D¢(Q4/2) and appealing to
(6.12), we get that

(6.14) ool Lo () 2 [toollzoe(De(@u)2\)) 2 1-

On the other hand, by using the definition of A, o, (£2) and the weak convergence in W1P(Q2) of the
sequence {ugq, fnen, We get

(6.15) Ap,oo(€2) ||uoo||p,,o(ﬂ) < / [Vt [P dz < lim / Vg, [P de = \p oo (),
Q n—oo Q
where we have again used (6.12). By combining (6.14) and (6.15), we deduce
HUOOHLOO(Q) =1 and ILm ||VHQn||Z£P(Q) = / |vuoo|p dx = Ap,oo(Q)
n o0 Q

Then u is an extremal for A, o (2) and, thanks to the weak convergence of {Vug, tnen to Vs
in LP(§2) and the uniform convexity of LP, we get

nh_{lgc ”qun - VUOOHLP(Q) =0.
This ensures the claimed convergence in VVO1 (). Notice that, by repeating these arguments, it is
also easy to show that any accumulation point of {u4}q>p is in fact an extremal of A, o (€2).

Finally, the last part of the theorem follows as in [7, Theorem 5.2]. We just recall that the
existence and uniqueness of the point zo, follow from [7, Lemma A.1 & A.2]. O

Remark 6.3. We remark that, for p > N, we have
cap,(K;Q1) > 0 = K #0.

We can thus take K = {0}, for instance. Then, the previous results assure in particular that we
have existence of an extremal for the “pepper set” RV \ ZV | i.e.

Apq RV A\ ZY),
is attained in W, P (RN \ ZN), for every N < p < q < oc.

7. EXISTENCE OF EXTREMALS: MORE GENERAL SETS

In this section we show how to apply the main result of the paper, in order to get existence of
extremals for a more general class of sets: these are bounded in some directions and periodic in the
others.

Theorem 7.1. Let N >2 and k € {1,...,N — 1}. Let Q C R be an open set with the following
properties:
(P) there exist ty,. ..ty positive numbers such that
Q+te =Q, for everyi € {1,...,k};
(B) there exists a > 0 such that
N—k
Q CRF x (—g, ﬂ)
2°2
Then, for every 1 < p < oo and q > p satisfying (1.2), there exists an extremal for Ay 4(£2).
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FI1GURE 3. In bold line, an example of a two-dimensional open set which is periodic
in the first coordinate direction and bounded in the second one. We can extend
it periodically in the vertical direction, by adding translated copies of the original
set: the new set falls into the realm of Theorem 6.2. The rectangles in dashed line
represent the periodicity cells.

Proof. The strategy of the proof is quite simple, it is better to declare it from the very beginning,
in order to assist the reader:

e we periodically extend the original set  (see Figure 3);

e this new set. Q is made of countably many disjoint sets €); and we can apply Theorems 6.1
and 6.2 to (;

e we finally appeal to Lemma 2.2 and to the fact that each component €; is just a translated
copy of €.

For every i € Z", we will use the notation i = (i’,i”) € Z* x ZV~*. We then define the new open

set
N

Q= U Qv where Q5 = Q + E 2 aij €;.
i//eZN—k‘ j:k+1
This is periodic in every direction {ey,...,eyn}, by construction. More precisely, we have

ﬁ—l—tiei:ﬁ, for every i € {1,... k},

and
Q+2ae; =9Q, for every i € {k+1,...,N}.
Observe that the translated copies v have been taken in such a way to leave “enough space”
between each of them. We do this in order to be sure to have enough complement for : we will
be more clear in a moment.
We are going to show that €2 fits into the assumptions of Theorems 6.1 and 6.2: in light of what

we said above, this will be sufficient to conclude. To this aim, let us define

t=(t1,...,tn) == (t1,.. -, 5, 2a,...,2a),

and set

‘PM

%
)

o | SH

Rt:H[—

i=1

[\V]

], K =D' (Rg\ Q).
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By construction, the set K is a compact subset of Q1,2. Moreover, we have
(7.1) cap, (K3 Q1) > 0.
This can be seen as follows: observe that
k k N—k
t; t; a N-k 11 11
K 2 D:! _ah [f ] = |-z, -
=% (E[ 2’2]>< 24 22| “ |12

The latter obviously has positive N—dimensional Lebesgue measure, thus |K| > 0, as well. Then
(7.1) follows from the basic inequality

cap,(K; Q1) > A\p(Q1) | K,

see [24, Corollary 2.3.4].
We claim that € is the t—periodically perforated set generated by the set K above: we need to
show that

(7.2) Q =R\ ( U DeGi+ K)) .

iezZN
By recalling the definition of K, we have
Dg(i+ K) = Dg(i) + (B \ ©).

We also observe that
= |J Dg(i+Qu2) = |J (Ds(i) + Ry).
iezN iezN

Thus, by using Lemma 7.2 below, we can infer that

RN\(U Dt(i+K)>: U (D) + Rp)\ | (D5(i) + Rg \ Q)

iezZN iezZN iezZnN
= |J (Dg) + (2N Ry))
iezZN
= |J (Dei) + Q) n (Dg(d) + Ry)) -
iezN
We write the last union as follows

U (@) +)n D) +RBe) = | U (Deli',i") + Q)0 (De(i',1") + Re)) .

iczZN i""egN—k ireZk
Thanks to the periodicity assumption (P) and recalling the definition of t, for every (i’,i”) €
Z* x ZN~* we have

k N N

D{(i/7i”)+Q:Q+thijEj+ Z 2aijej :Q+ Z 2aijej :Qi”'
J=1 j=k+1 j=k+1
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We thus obtain

RV \ < U Dt(i+K)>

iezZnN

U U @)+ Rp)

i//ezN—k i/eZk

U Qwn| | (D, i) + Ry)

i7ezZN—k i'ezk
Observe that
N
U <Dt(i’,i”) +Rt> =RFx ] [~a+2aij,a+2ai)
irezk j=k+1
N
= (Rk ” [—a,a]N_k) + Z 2aije;,
j=k+1

and thus by assumption (B) we get

Qi N U (D{(i,, i”) + Rg) = Q.
i'ezk

In conclusion, we obtain
RN\ ( U Dt(i—s—K)) = U .
ieZN i//eZka

The latter is the definition of £, thus we established (7.2). The proof of the existence of an extremal
for A, 4(€2) now follows the lines presented at the beginning. O

Lemma 7.2. With the previous notation, we have that
U @z + B\ | (De() + Bg\ Q) = | (Dg(i) + (2N Ry)).
iezZN iezZN iezZN

Proof. The inclusion C is easier, it is sufficient to use the following general fact: for families of sets

{Ai}ien and {4;}ien, we have
U4 c Ui 4.
ieN ieN ieN
In order to prove the reverse inclusion 2, we take
y € Dg(i) + (2N Ry), for some i € ZV,
and we wish to prove that
y & D(§) + (Rg \ ), for every j € ZN.
We argue by contradiction and suppose that there exists j € Z" such that
y € Dij) + (Rg \ ).

Of course, we have j # i. By observing that the interiors of the two hyper-rectangles Dg(i) + Ry
and Dx(j) + Ry are disjoint and only their boundaries can intersect, it must result that:

e |i—jlege =1, i.e. the two hyper-rectangles are adjacent;
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o y € (Dg(i) + 0Rg) N (Dg(j) + ORg).
Then
Di(i) + w =y = Dg(j) + 2,
with w € Rz N Q and z € ORg \ Q. In particular, we have

N
(7.3) zZ=w+ Z tm (im = Jm) €m.
m=1

We highlight another property of y: recall that Q C R* x (—a/2,a/2)N~*. This implies that
fg<(w,en><g, for every n € {k+1,...,N}.
By observing that (recall that ¢, = 2a, forn € {k+1,...,N})
(z,en) = (w,en) +2a(in — jn),
we then obtain
fg 20 (in — jn) < {z,e0) < g +2a(in—jn), foreveryne {k+1,..., N}
If for some n € {k+1,..., N} we had j, = i, + 1, the previous upper bound would give
3

(z,ep) < —3
contradicting the fact that z € Rg. Analogously, if we had j,, = 4,, — 1, the lower bound now would
give

3

(z,ep) > 3%

which is again not possible. This in turn implies that we must have i, = j, for every n €

{k+1,...,N}.
Then, by (7.3) we get

k
z=w+ Z%m (im _jm)em~
m=1

By recalling that w in particular belongs to €2 and using the periodicity of €2 in the first k¥ coordinate
directions, we get that the right-hand side above gives a point belonging to €2, as well. In other
words, we get z € ), which is a contradiction. O

We present a simple example, in order to give a flavour of the range of applicability of the
previous result.

Example 7.3. For a given R > 0, let us consider ¥ C R? the image of the following three-
dimensional curve
~(t) = (¢, R cost, R sint), for t € R.
We then define
S, ={z eR® : dist(z,%) <r},
for some r < R (see Figure 4). Observe that this set satisfies the assumption of Theorem 7.1 with
N =3,k=1and t; =2, i.e. we have
Er + 27 e = Er.

Accordingly, we get existence of an extremal for A, ,(%,), for every 1 < p < oo and every ¢ satisfying
(1.2).
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FIGURE 4. The tubular neighborhood of a helical spring: by Theorem 7.1, for this
set we have existence of extremals for A, 4, with g > p.

As a particular case of the previous theorem, we can recover an existence result due to Esteban
(see [15, Theorems 1 and 6]), in the case of a power—type nonlinearity. This deals with cylindrical-
type sets, i.e. open sets of the form R* x w, with w C RV =" open bounded set.

Corollary 7.4. Let N >2 and k € {1,...,N —1}. Let w C RN=F be an open bounded set. Then,
for every 1 < p < oo and every q > p satisfying (1.2), there exists an extremal for A, ,(RF x w).

8. BREAKING THE PERIODICITY: EXAMPLES

In this section, we fix 0 < 7 < 1/2 and consider the model open set
2=z (U 0).
iezZN
This is the t—periodically perforated set generated by K, where
t=(1,...,1) and K = B,.
By Theorems 6.1 and 6.2, we have existence of extremals for A, ,(€2), for every 1 < p < ¢ satisfying

(1.2). We will show in the next two subsections that a slight modification of €2, which breaks the
periodicity, may or may not lead to a loss of existence of extremals.

8.1. Existence may be lost. We fix a second radius r < R < 1/2 and define

Qp =RV \ U B.(G)|UBg|,
iezZN\{o0}
see Figure 5. We note that the open set Qi does not satisfy the assumptions of Theorems 6.1 and
6.2. We claim that X\, ;(Qr) is not attained in Wol’p(QR), when p < ¢ satisfy (1.2). To this aim,
we start by noticing that
(8.1) )‘p,q(QR) = Ap,q(Q)-

Indeed, the fact that A, 4(Q) < A, 4(2g) simply follows by the inclusion Qg C Q and the mono-
tonicity of A, 4. On the other hand, for every £ > 0 there exists ¢. € C§°(f2) such that

Mpa(€) & > /|ws|pdx R P
Q
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olleNeNeoNe
0 0( )OO
oleNeNeoNe

FIGURE 5. The set Qr of Example 8.1: we remove from RY a periodic array of
equal balls, except for a larger one, centered at the origin for example. For this set
Ap,q fails to have extremals.

Since . is compactly supported, there exists n. € N such that its support is contained in the open
set QN {x1 > —n.}. Therefore, thanks to the periodicity of Q2 and to the translation invariance of
the sharp Poincaré-Sobolev constant, we have

Mol 422 [ Vou da
Q
> Xp (2N {z1 > —n}) = A o(QN {x1 > 1}).
On the other hand, by observing that QN {z; > 1} = Qg N {z1 > 1} and using the monotonicity
of A\p 4 with respect to the set inclusion, we have
Apg(Q2N{z1 > 1}) = A o (Qr N {z1 > 1}) 2 Ay 4(QR).
We thus get
Apg(2) +& 2 Ap g(Qr)

and by the arbitrariness of ¢ > 0, we deduce that A 4(2) > Ap 4(2r), as well.

Once we have (8.1) at our disposal, it is not difficult to show that A, ,(Q2g) does not admit an
extremal. Indeed, any positive extremal u for A, ,(Qr) would be an extremal for X, ,(£2), as well,

thanks to (8.1). In particular, u #Z 0 would be a positive p—superharmonic function in {2, identically
vanishing on the set Bg\ B,., which has positive measure. This would violate the minimum principle.

8.2. Existence may persist. With the previous notation, we fix now a smaller radius 0 < p < r
and define

o\ | U BO|us
iczZN\{0}
In other words, we break the periodicity of Q by digging this time a smaller hole at the origin.
We claim that A, 4(£2,) is now attained in Wol’p(Qp), when p < ¢ satisfy (1.2). We will focus for
simplicity on the case p = 2, for which we can appeal to an elementary argument. Let us set

E2,4(Q2,) 1= sup A2 (Qp \?R)’
R>0

then we observe that it is sufficient to prove that
(8-2) AQ,q(Qp) < EQ,q(Qp)’
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in order to get existence of extremals, thanks to Proposition A.2. We first observe that
E2,4(82p) = A2,4(92),

by Lemma 8.1 below. This in turn implies the desired property (8.2). Indeed, by monotonicity
with respect to the set inclusion, we have

/\2711(99) < )‘2,(1 (Q)

Moreover, since A2 4(€2) is attained by some positive function u € I/VO1 (), thanks to Theorem 6.1,
we can not have equality. Otherwise, the function v would be an extremal for £2,, as well, thus
violating again the minimum principle (i.e. it would vanish on the set B, \ B,).

Lemma 8.1. With the notation above, we have
(8.3) 52,q(Qp) = 52,(1(9) = )‘2,(1(9)-
Proof. We notice that
A2q (Qp \ Br) = )\qu(ﬂ \ Br), for every R > r,
thus we get &€ 4(2,) = &2,4(2). Accordingly, proving (8.3) boils down to showing that
A2,4(€2) = E,4(Q)).

We clearly have that A\ 4(©2) < &;,4(2), thanks to the domain monotonicity (just observe that
0\ Br C Q, for every R > 0). For the converse inequality, let ¢ > 0 and let m. € N be such that

(8.4) E2,4(Q) < A2 g (Q\ Bp.) + ¢
We also take ¢. € C§°(£2) such that

Mog(Q) 6> /|wa|2dx and  ellae = L.
Q

As in the previous subsection, since . is compactly supported, we have that its support is contained
in the open set QN {z; > —n.}, for some n. € N large enough. Therefore, we get

A2,q () +e> / (Vo> dz > Ao o (2N {1 > —nc}) = Ao g (2N {z1 > m.}).
Q

The last equality follows from the periodicity of €2 and the translation invariance of the sharp
Poincaré-Sobolev constant. If we now observe that QN {x; > m.} C Q\ B,,_, from the previous
estimate we get

)\27q(Q) +e> /\Q)q (Q \ Bmg) > 527q(Q> — &,
where we also used (8.4). By the arbitrariness of ¢ > 0, we deduce that Ay 4(2) > & 4(Q), as
well. O

APPENDIX A. EMBEDDING CONSTANTS AT INFINITY

In what follows, for an open set Q2 C RY we define its Poincaré-Sobolev constant at infinity
Ep,q(Q) :=sup A\, 4(Q2\ Bg).
R>0

The next result asserts that, for sequences of normalized functions whose p—Dirichlet energy is
below the threshold “at infinity” &, ,({2), compactness in L9 can not be completely lost. More
precisely:
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Lemma A.1. Let 1 < p < oo and let ¢ > p be a finite exponent verifying (1.2). Let @ C RN be an
open unbounded set such that ,4(2) > 0. Let {un fnen € Wy P(Q) be a sequence with the following
properties:

* [[upllra) =1 for every n € N;
o {Un}nen weakly converges in WP(Q) to some function u € Wy P ();

o there exist M < &, 4(R) and ng € N such that
/ |Vu, [P de < M, for every n > ng.
Q

Then, there exists 0 <0 = (M /& 4(2)) < 1 such that ||u||pa() > 0. Moreover, the constant 0 is
such that we have

lim 0=1.
Ep,q(Q)—+00

Proof. Let us suppose at first that &, 4(£2) < +o00. We set

and choose Ry > 0 such that

M
— < \/% =: 04, for every R > Ry.
>‘p7q(Q \ BR)

Observe that 0y < #; < 1. Such a radius Ry exists thanks to the assumption and the definition of
Ep.q(2). We also take R; > 0 such that

p

1
/ |VulP de < M 0, where 0o =608 | — — 1] ,
O\Bg,

07

a choice which is feasible, since Vu € LP(€; RY). We set R, = max{Ry, R;}. For every r > 0, we
take a cut-off Lipschitz function 1 such that

0<n<1, 17 =0 on Bg,, n=1on RY\ Bg .1, IVnllLe = 1.

We then have, thanks to the properties of 7

/ |t — u|?dx < / |(uy, —w) n|?dx
Q\BRr, +1 Q\Bg,
1 %
< () / |Vu, — VulP dx
)‘p,q(Q \ Br.) Q\Br.
1 b
+ () / |tp, — ulP dx
Apyq(Q \ BR*) Br,+1\Br,

=

=
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In particular, by using that

/ [Vu, —VulPder | <
Q\Bg,
<

37

1 1
/ |Vu,Pde | + / |VulP de
Q\Brg, Q\ Bk,

1 1 L
M7 + M7 0F,
we get

1

q 1 1
(/ |unu|ng:> §01E <1+92p>
Q\B
(A1) \BR, +1

<|BR*+1 \ Br.|"7"

1 1
/ lup, —ul?dx | .
Ap,q(2\ Br,) Br,+1\Br,

Observe that we also used Holder’s inequality on the last term. By using the compact embedding
W' (Bg-11) = LY(Bpg-11), we have

+

nlggo lun —ullLa(Br, 1) =0
Thus, for every € > 0, there exists n. such that

|wn — ullLa(Bg, 1) <& for every n > ne.
From (A.1), for every n > n. we have

1 1
q 1 1 B B % D
/ up —u|dz | <67 (1+95) e (|Bron)\ Br.] ,
O\BR, +1

Ap.a(2\ Br.)
This in turn gives for every n > n.

1
1 1 B Br |55 \7
[t — ull gy < €+ 67 <1+05)+s (' R.+1\ Br. | ) .

)‘nq(Q \ BR*)
By Minkowski’s inequality, we get

lull o) = unllza@) = un — ullLaco)

= [1—91” <1+02”>] —e |14 (BR*“\BR*

Ap.q (Q2\ Bg.) >

This lower bound holds for every € > 0. By taking the limit as € goes to 0, we get

1 1
lullpag) > 1 =67 (1 + 95’) =:0.
By recalling the definition of 6; and 6, this is the same as

B B
0=1-65"(1—00) — 60y =(1—0) (1—95‘7),
which is positive, since y < 1. The last statement, easily follows by observing that

lim 90 =0.
Ep,q(Q)—+o0
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At last, the case when &, 4(2) = +0o can be treated with the same argument, by choosing first
any 0 < 6y < 1 and then by letting 6y go to 0. Accordingly, we can show that in this case we have
llullLa(ay > 1, as expected. We leave the details to the reader. O

Thanks to Lemma A.1, we get an easy condition to have existence of extremals for A, 4, in some
cases: this is the content of the next result. We point out that it does not apply to periodically
perforated sets (see Remark A.3 below). For this reason, we will focus on the case p = 2 only: the
general case will be treated in a forthcoming paper.

Proposition A.2. Let p =2 and ¢ > 2 be an exponent satisfying (1.2). Let @ C RN be an open
set such that

(A.2) A2,q(2) < &24(9).
Then there exists an extremal for As 4(2).
Proof. Let {ty}nen € Wy2(€2) be a minimizing sequence for A2,4(£2), such that

1

g for every n € N.

lunllzo@y =1 and /|Vun|2d:c < Nog(Q) +
Q

Up to passing to a subsequence, we can suppose that there exists u € VVO1 2(Q) such that {un tnen
converges weakly in W12(2) to u. We can also suppose that the sequence converges almost every-
where in © to u (see, for example, [22, Theorem 8.6]). Thanks to the assumption (A.2), we have
that {u, }nen satisfies the hypotheses of Lemma A.1. This in particular gives that u £ 0. We are
going to show that u is the desired extremal. Indeed, observe that we have

/|Vun|2dx:/ |Vu|2dx—|—/ |Vun—Vu\2da:+2/(Vun—Vu,dex,
Q Q o o

and the last term converges to 0, as n goes to oo, thanks to the weak convergence of the gradients.
Moreover, again by the Brezis-Lieb Lemma we have

/ |t |T da = / |ul? dx +/ |y, — u|?dx + o(1), as n goes to co.
) ) Q

By using these informations, for n going to co we get

0(1)2/Q|Vun|2dx—/\2,q(9) (/Q |unqda;)3

:/ |vu\2dx+/ \vun—vu|2dx+2/<vun—vu,vu> dz
Q Q Q

— Xa2,4(Q) (/Q |ul? dx + /Q [tn, — u|? dx + 0(1)) '

2/ |Vu\2da:—|—/ |Vu,, — Vul? dz + o(1)
Q Q

2

~ Ag(Q) (/Q |u|f1d:z:+o(1)>g — Aoy (Q) (/Q |unuqu)q,

thanks to the subadditivity of the power ¢ — t2/¢. By observing that

/ |V, — Vul?dz > X2 4(Q) (/ |un, — ul? da:) ’ ,
Q Q
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we thus obtain

0(1)2/Q|Vu|2dx—)\2’q(ﬂ) (/Q |uqu+0(1))§.

By taking the limit as n goes to oo, this in turn implies

02/ Vul? de — A.y(9) (/ |u|qu)q.
Q Q

Since the converse inequality holds true by the very definition of Ap 4(€2), we get that

/|vu|2dx:A2,q(Q) </ dec)q.
Q Q

By recalling that u # 0, we finally end up with the existence of an extremal. ]

Remark A.3. It is useful to remark that Theorem 6.1 can not be obtained as a consequence of
Proposition A.2, in general. More precisely, we can not hope to prove Theorem 6.1 in full generality,
by exploiting the previous argument. As a simple example, we can take

Q=RY BO). o<r<s.
(U P@ >
It is not difficult to see that for this set the condition (A.2) crucially fails, since we have seen in
Lemma 8.1 that
A2,4() = E2,4(2).
Nevertheless, we have existence of extremals by Theorem 6.1.
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