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Abstract. We prove the existence and the 1
2
-Hölder continuity in time of flat flows for

periodic Lipschitz subgraphs, whose evolution is governed by the gradient flow of generalized
nonlocal perimeters. Moreover, we show that the flat flow satisfies the semigroup property
and, as a consequence, the generalized perimeter decreases along the evolution.

Finally, we prove that halfspaces are global minimizers of the generalized nonlocal perime-
ters and act as attractors for the dynamics.

Our theory covers several generalized perimeters, including fractional and Riesz-type
perimeters (defined on entire periodic subgraphs through suitable renormalization proce-
dures) and the Minkowski pre-content.
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Geometric flows describe the evolution of sets in which each point on the moving boundary
evolves according to a specific law involving local or nonlocal quantities related to the shape
of the set. In this work we focus on curvature flows, which have a gradient flow structure. A
classical example is provided by the mean curvature flow [23], where the evolution is formally
driven by the gradient flow of the Euclidean perimeter, so that the boundary velocity is
proportional to its first variation, that is the standard mean curvature. This geometric flow
has been generalized in several directions, notably to weak formulations involving anisotropic
and crystalline perimeters [1, 9, 22].

In [21] a level set approach to the classical mean curvature flow is analyzed; within this
framework, the evolution of a set is represented via the superlevel sets of an auxiliary level
set function that solves a degenerate parabolic equation. A variational approach to the mean
curvature flow, as well as to its anisotropic and crystalline variants, was proposed in [1, 28].
It is based on a minimizing movements scheme, which can be viewed as an implicit Euler
discretization of the gradient flow of the perimeter functional with respect to a suitable L2-
Riemannian structure. The discrete evolution satisfies a Hölder continuity estimate in time,
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and by applying Ascoli-Arzelà compactness arguments, one can pass to the limit as the time
step tends to zero, thereby obtaining a Hölder continuous evolution, known as the flat flow.

In [7], it was shown that this step-by-step minimization can be used to construct level set
solutions, connecting the approaches in [21] and [1, 28].

More recently, attention has also turned to nonlocal evolutions [30], where the local perime-
ters and curvatures are replaced by quantities depending on the whole set. The fractional
perimeter is a prominent example, and the corresponding evolution is referred to as the frac-
tional mean curvature flow [25, 4] (see also [14, 15]). Alongside the fractional perimeter, a
class of generalized nonlocal perimeters is analyzed in [10] (see also [31, 8, 5]). This family
consists of functionals satisfying certain structural assumptions; the most relevant is a con-
vexity property known as submodularity. Such a property ensures that the first variation
of a (sufficiently smooth) generalized perimeter, referred to as generalized nonlocal curva-
ture, is monotone with respect to set inclusion. Exploiting this monotonicity, [10] establishes
that geometric evolutions driven by generalized nonlocal curvatures satisfy the comparison
principle; in particular, existence and, under suitable regularity assumptions, uniqueness of
a viscosity level set solution are provided, extending the results of [7] to this generalized
nonlocal framework.

We stress that, within the level set formulation, existence, uniqueness and regularity prop-
erties of the level set function typically translate into properties holding only for almost every
level.

In this paper, we revisit the results in [10] to recover qualitative properties of the solutions
that are not merely generic with respect to the initial set (namely, with respect to the level of
the level set function), but are instead satisfied by any flat flow starting from a specific class of
initial sets, that is entire Lipschitz subgraphs (a class that is preserved along the flow). Since
we work with entire (non-compact) solutions, this setting does not fall under the assumptions
of [10], which focuses on compact sets. Therefore, we first adapt the approach of [10] to the
non-compact periodic setting. Notice that the perimeter of unbounded subgraphs is generally
infinite, motivating our restriction to a periodic framework, where a notion of surface area per
unit cell can be introduced, at least for local perimeters. For nonlocal perimeters, this notion
is more subtle. Indeed, scaling arguments suggest that the fractional surface per unit volume
of an entire periodic hypersurface is infinite. Our examples of nonlocal perimeters in this
framework employ specific renormalization procedures, allowing for a meaningful definition
of the fractional perimeter for periodic sets. On the one hand, our results apply to a broad
class of generalized perimeters; on the other hand, they rely on techniques and tools that are
available only within our framework of Lipschitz subgraphs. Consequently, most of the results
in this paper cannot have a clear extension to evolutions starting from arbitrary initial sets.
For instance, to the best of our knowledge, it is currently unknown whether the fractional
mean curvature flow, starting from an initial set of finite fractional perimeter, enjoys Hölder
continuity in time.

We now describe our results in more detail. We introduce and analyze flat flows of periodic
Lipschitz subgraphs for general nonlocal perimeters. Following [10], a generalized perimeter
is a non-negative map P defined on measurable sets, finite on sufficiently smooth sets (here,
sets with Lipschitz boundary), invariant under translations and modifications on negligible
sets, lower semicontinuous with respect to L1

loc convergence, and satisfying the submodularity
condition.

Given a Lipschitz subgraph and a positive time step parameter, the minimizing movements
scheme produces a discrete-in-time evolution by iteratively solving incremental minimization



FLAT FLOWS OF PERIODIC LIPSCHITZ SUBGRAPHS FOR GENERALIZED NONLOCAL PERIMETERS 3

problems. Using geometric and variational arguments, we establish discrete Hölder-in-time
estimates for these solutions. Specifically, we follow [28] which relies on the fact that the
Euclidean perimeter of the evolving set is uniformly bounded and the sets satisfy uniform
density estimates. These properties are not known for general nonlocal curvature flows,
not even for the fractional mean curvature flow starting from a bounded regular set. In
contrast, periodic Lipschitz graphs trivially satisfy density estimates and have uniformly
bounded surface per unit cell. This regularity-in-time allows to use Ascoli-Arzelà Theorem
in order to pass to the limit as the time step vanishes, obtaining a Hölder continuous in time
evolution, that is the flat flow. Remarkably, this flat flow satisfies the semigroup property so
that the generalized nonlocal perimeter decreases in time.

A natural question concerns the asymptotic behavior of the flat flow as t→ +∞. While for
volume preserving mean curvature flows as well as for surface diffusion dynamics the attractors
are compact sets [24, 20, 17, 16, 27, 26], in our periodic subgraph setting the natural candidates
are periodic halfspaces. In Proposition 1.4, we show that periodic halfspaces minimize any
generalized perimeter P within the class of periodic Lipschitz subgraphs. This result is new
even for fractional perimeters: while the local minimality of halfspaces was established in [29]
(see also [2, 13]), a global minimality based on a natural notion of fractional perimeter for
periodic subgraphs was still missing.

Given their minimality, halfspaces are natural candidate attractors for the dynamics. If
halfspaces are the only critical points of P within Lipschitz subgraphs, compactness argu-
ments show that the discrete evolution converges to a halfspace as t → +∞. In Proposition
4.1, we prove that a quantitative version of this assumption guarantees convergence of the
flat flow to a halfspace. Such a result is classical for the Euclidean perimeter [19, 32] and has
been recently extended to fractional perimeters in [6], where the asymptotic behavior of sets
near entire cones, along with Hölder continuity properties of the solution, was established
in the level set framework. On the one hand, our results extend [6] to generalized nonlocal
perimeters, providing Hölder continuity of the flat flow (with exponent 1/2) rather than of
the level set function; on the other hand, our framework is restricted to the periodic setting.

Finally, we present several classes of generalized perimeters to which our abstract results
apply. First, fractional perimeters [31, 3] arising from nonlocal interactions, defined via
double integrals with power-law kernels. We present two natural extensions to periodic entire
sets: the first one is defined on subsets of the (d − 1)-dimensional torus times R and the
interactions are modulated by the classical fractional kernel involving the Riemannian distance
on the torus; the second one is defined on periodic subsets of Rd endowed with the Euclidean
distance, using a renormalization procedure that subtracts the infinite tail of a reference
halfspace. We then extend the fractional framework to Riesz-type perimeters and to the
0-fractional perimeter [18], as well as to the Minkowski pre-content [10]. These examples
demonstrate the flexibility of our scheme and the broad applicability of our results.

The paper is organized as follows. In Section 1 we introduce notation, the formal definition
of generalized nonlocal perimeter, the discrete scheme and continuity properties for discrete
solutions. Section 2 presents the main existence theorem for the flat flow. Section 3 illus-
trates examples of generalized perimeters covered by our theory and Section 4 addresses the
asymptotic convergence to periodic halfspaces.
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1. The minimizing movements scheme

We start by introducing the notion of periodic Lipschitz subgraphs on the torus.
Let d ∈ N with d ≥ 2. We denote by Td−1 := Rd−1/Zd−1 the (d − 1)-dimensional flat

torus. With a little abuse of notations, translations in Td−1×R are identified with vectors in
Rd = Rd−1 × R. Moreover, for every R > 0, we set SdR := Td−1 × (−R,R).

Definition 1.1. Let E ⊂ Td−1 ×R. We say that E is a periodic L-Lipschitz subgraph (with
L > 0) if there exists a L-Lipschitz continuous function g : Td−1 → R such that

E = {(x′, xd) ∈ Td−1 × R : xd ≤ g(x′)}.
In the following, given L > 0, we denote by CL the class of periodic L-Lipschitz subgraphs.

Now, following the approach in [10], we introduce the notion of generalized perimeters for
measurable subsets of Td−1 × R.

Definition 1.2. Let M be the class of measurable subsets of Td−1 × R. We will say that a
functional P : M → [0,+∞] is a generalized perimeter if it satisfies the following properties:

P(E) < +∞ for every E ∈ CL;(i)

P(∅) = P(Td−1 × R) = 0;(ii)

P(E) = P(E′) if |E△E′| = 0;(iii)

P is L1
loc-l.s.c.: if |(En△E) ∩ SdR

)
| → 0 for every R > 0, then P(E) ≤ lim inf

n→+∞
P(En);(iv)

P is submodular: For any E, F ∈ M: P(E ∪ F ) + P(E ∩ F ) ≤ P(E) + P(F ) ;(v)

P is translational invariant: P(E + τ) = P(E) for all E ∈ M, τ ∈ Rd.(vi)

Remark 1.3. Given a generalized perimeter P in the sense of Definition 1.2, we can extend
it to L1

loc(Td−1 × R) enforcing the following generalized co-area formula:

(1.1) P(u) :=

∫ +∞

−∞
P({u > s}) ds for every u ∈ L1

loc(Td−1 × R).

It can be shown that, under the assumptions above, P is a convex and lower semicontinuous
(with respect to vanishing L1 perturbations having uniformly compact support) functional in
L1
loc(Td−1 × R) (see [8, Proposition 3.4] for a detailed proof in Rd).

Now we define the minimizing movement scheme for the generalized perimeter P, following
the approach in [1] and [28] (see also [10]).
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Let R > 0 be fixed; we set

MR := {E ∈ M : Td−1 × (−∞,−R) ⊆ E ⊆ Td−1 × (−∞, R)}.
From now on, we will always assume that any set E in MR coincides with its Lebesgue
representative Ẽ := {x ∈ E : x is a point of density one for E}.

Let h > 0 be the time step of the approximation scheme. For any E, F ∈ MR, we define

(1.2) Fh(E,F ) := P(F ) +
1

h

∫
E∆F

dist(x, ∂E) dx,

where dist(·, ∂E) denotes the standard distance function from the boundary of E.
Moreover, for any E ∈ MR, we define the signed distance from E as

sdistE(x) := dist(x,E)− dist(x,Ec).

Notice that∫
F∩SdR

sdistE(x) dx =

∫
F∆E

dist(x, ∂E) dx−
∫
E∩SdR

dist(x, ∂E) dx for any E,F ∈ MR;

as a consequence, the class of minimizers of Fh(E, ·) in MR coincides with that of the func-

tional F̃h(E, ·) (in MR) defined, for every F ∈ MR, as

(1.3) F̃h(E,F ) := P(F ) +
1

h

∫
F∩SdR

sdistE(x) dx.

Notice that the volume term in (1.3) satisfies the submodularity inequality (with respect to F )
with an equality; as a consequence, using the submodularity (v) of P, for every F, F ′ ∈ MR

we have

(1.4) F̃h(E,F ∪ F ′) + F̃h(E,F ∩ F ′) ≤ F̃h(E,F ) + F̃h(E,F ′).

In the remainder of this section, we prove that, given h > 0, for any given set E ∈ MR the
problem

(1.5) min
F∈MR

F̃h(E,F )

admits at least a solution in MR. To this end we preliminarily show that “periodic hyper-
spaces” minimize P in MR.

Proposition 1.4. For every λ ∈ (−R,R), the sets Hλ := Td−1 × (−∞, λ) minimize P in
MR.

Proof. First, we show that there exists a minimizer of P in MR. Since, by Remark 1.3, the
functional P extended to L1

loc(Td−1 × R) is convex and lower semicontinuous, there exists a
solution ū to the minimization problem

(1.6) min
u∈L∞(Td−1×R;[0,1])

u=1 in Td−1×(−∞,−R)
u=0 in Td−1×(R,+∞)

P(u).

Since

P(ū) =

∫ 1

0
P({ū > s}) ds,

one can easily deduce that, for almost every s ∈ (0, 1), the set {ū > s} is a minimizer of P
in MR.
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Now we notice that, given E ∈ MR, for every translation τ ∈ Rd, the sets E ∪ (E + τ) and
E ∩ (E + τ) belong, up to a translation, to MR; moreover, by the submodularity (v) and by
the translational invariance (vi) of P, we have

P(E ∪ (E + τ)) + P(E ∩ (E + τ)) ≤ 2P(E).

Hence, if E is a minimizer of P in MR, it holds

(1.7) P(E ∩ (E + τ)) = P(E ∪ (E + τ)) = P(E).

Let E be a minimizer of P in MR and let {τn}n∈N be a dense sequence in Td−1 × {0}. We
set E0 := E and En := En−1∪ (En−1+ τn), for every n ∈ N. Then, by an induction argument
using (1.7), we have that P(En) = P(E). By construction, the sequence {En}n∈N converges
(in L1

loc) to the set E∞ :=
⋃
n∈NEn.

We conclude by noticing that on the one hand, by the lower semicontinuity (iv) of P,

P(E∞) ≤ P(E),

on the other hand, by construction, E∞ = Hλmin
where λmin := inf{λ : Hλ ⊃ E}. By the

translational invariance (vi) of P, we deduce that all the sets Hλ (for λ ∈ (−R,R)) minimize
P in MR. □

In what follows, we will adapt what was done in [10] for bounded sets.

Lemma 1.5. Let E ∈ MR be a set with P(E) < +∞. For every h > 0, there exist a
minimal T−

h [E] and a maximal T+
h [E] (with respect to inclusion) solution to (1.5). Moreover,

T±
h [E] ∈ MRmin where Rmin := inf{r > 0 : E ∈ Mr}.

Proof. Since, by Remark 1.3, the functional P extended to L1
loc(Td−1 × R) is convex and

lower semicontinuous, there exists a solution ū to the minimization problem

(1.8) min
u∈L∞(Td−1×R;[0,1])

u=1 in Td−1×(−∞,−R)
u=0 in Td−1×(R,+∞)

P(u) +
1

h

∫
SdR
u(x) sdistE(x) dx.

By the layer cake formula,

P(ū) +
1

h

∫
SdR
ū(x) sdistE(x) dx =

∫ 1

0

(
P({ū > s}) + 1

h

∫
SdR∩{ū>s}

sdistE(x) dx

)
ds,

whence, one can easily deduce that, for almost every s ∈ (0, 1), the set F s := {ū > s} is a
minimizer for (1.3).

We only show the existence of a minimal solution, since the existence of a maximal solution
can be proven analogously.

Let us define

m := inf{|F ∩ SdR| : F ∈ MR and F minimizes F̃h(E, ·)}
and consider a minimizing sequence {Fn}n∈N, in the sense that Fn is a solution to (1.3) (for
every n ∈ N) and

|Fn ∩ SdR| → m.

For every N ∈ N we set F (N) :=
⋂N
n=1 Fn. Then, by (1.4), {F (N)}N∈N is a decreasing sequence

(with respect to the inclusion) of solutions to (1.5), satisfying |F (N) ∩ SdR| → m, as N → ∞.

Then, setting F (∞) :=
⋂+∞
n=1 Fn, we have that F (N) converges (in L1

loc) to F (∞); by lower
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semicontinuity (iv) of P and by the continuity of the dissipation with respect to the strong

L1 convergence in SdR, we obtain that F (∞) is a minimal solution.

Finally, we prove the last sentence of the statement.
To this end, we first claim that, if Hλ ⊂ E for some λ ∈ (−R,R) and

(1.9) dist(∂E, ∂Hλ) =: δ0 > 0,

then, any minimizer F to (1.5) satisfies

(1.10) |Hλ \ F | = 0,

that is, Hλ ⊂ F .
In order to prove (1.10), we first observe that, by (1.9),

(1.11) sdistE ≤ sdistHλ
− δ0 < sdistHλ

.

By definition of F , we have

(1.12) P(F ) +
1

h

∫
F∩SdR

sdistE dx ≤ P(F ∪Hλ) +
1

h

∫
(F∪Hλ)∩SdR

sdistE dx

and, by Proposition 1.4, we get

(1.13) P(Hλ) +
1

h

∫
Hλ∩SdR

sdistHλ
dx ≤ P(F ∩Hλ) +

1

h

∫
(F∩Hλ)∩SdR

sdistHλ
dx.

By summing (1.12) and (1.13), and using the submodularity (v) of P, we obtain∫
Hλ\F

sdistHλ
dx ≤

∫
Hλ\F

sdistE dx,

which, in view of (1.11), is satisfied if and only if (1.10) holds true. Using an approximation
argument one can prove that the claim holds true also without assuming (1.9). Analogously
one can show that Hλ ⊃ F whenever Hλ ⊃ E. Therefore, if E ∈ Mr for some r > 0, then
every minimizer F for (1.5) satisfies F ∈ Mr. Passing to the infimum with respect to r, we
get that T±

h E ∈ MRmin . □

Given two sets E,E′ ∈ MR, we write that E ⊂⊂ E′ if sdistE > sdistE′ .

Lemma 1.6. Let E,E′ ∈ MR. If E ⊂⊂ E′, then T+
h [E] ⊂⊂ T−

h [E′]; if E ⊆ E′, then,

T±
h [E] ⊆ T±

h [E′].

Proof. Assume first that E ⊂⊂ E′ and let Ê ∈ MR be such that E ⊂⊂ Ê ⊂⊂ E′; then

(1.14) sdistE(x) > sdist
Ê
(x) for every x ∈ SdR.

Comparing F̃h(E, T+
h [E]) with F̃h(E, T+

h [E]∩T−
h [Ê]) and F̃h(Ê, T−

h [Ê]) with F̃h(E, T+
h [E]∪

T−
h [Ê]), and using the submodularity (v) of P, we get∫

(T+
h [E]\T−

h [Ê])∩SdR
sdistE(x) dx ≤

∫
(T+

h [E]\T−
h [Ê])∩SdR

sdist
Ê
(x) dx.

Hence, from (1.14), it follows that T+
h [E] ⊂ T−

h [Ê].
To conclude the proof we use a perturbation argument. For every ε > 0, we denote by
Fε the minimal solution of (1.5) with sdistE replaced by sdistE + ε. This perturbation is
equivalent to replacing E with its ε-shrunken version; hence, we have Fε are decreasing in ε,
Fε ⊆ T−

h E
′ and Fε → F0 =

⋃
ε Fε in L1

loc(Rd). By lower semicontinuity (iv) of P, it follows
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that F0 is a solution, and thus T−
h E ⊆ F0 ⊆ T−

h E
′. One can prove the same inclusion for

T+
h E ⊆ T+

h E
′. □

Remark 1.7. As an immediate consequence of minimality, we get the following result. Let
E ∈ MR be a set such that P(E0) < +∞ and let T±

h [E] be the minimizers given in Lemma

1.5. Then, T±
h [E] satisfy the discrete dissipation inequality

(1.15) P(T±
h [E]) +

1

h

∫
E∆T±

h [E]
dist(x, ∂E) dx ≤ P(E).

Proposition 1.8. Let E ∈ CL ∩MR. Then, T−
h [E] = T+

h [E] =: Th[E] and Th[E] ∈ CL.

Proof. We notice that a set F is in CL if and only if

(1.16) F + τ ⊆ F for every τ = (τ ′,−L|τ ′|) ∈ Rd.

Let T−
h [E] be the minimal solution to (1.5). Given τ ∈ Rd as in (1.16), by translational

invariance (vi), by (the second part of) Lemma 1.6 and, using that E ∈ CL (so that E+τ ⊆ E),
we conclude that

T−
h [E] + τ = T−

h [E + τ ] ⊆ T−
h [E].

By the arbitrariness of τ as in (1.16), we deduce that T−
h [E] ∈ CL. Analogously, one can

prove that T+
h [E] ∈ CL.

Since E ∈ CL, we have that E ⊂⊂ E + εed for every ε > 0, so that by (the first part of)
Lemma 1.6 and by translational invariance (vi), we obtain

T−
h [E] ⊆ T+

h [E] ⊆ T−
h [E + εed] = T−

h [E] + εed,

whence, sending ε→ 0, we deduce T+
h [E] = T−

h [E]. □

Remark 1.9. We notice that for every E ∈ CL, there exists R = R(L) > 0 such that
E ∈ MR. In this respect, the assumption E ∈ CL ∩MR is a bit redundant.

Definition 1.10. Let E0 ∈ CL be a set such that P(E0) < +∞ and h > 0.

We iteratively define the sequence of sets {E(h)
kh }k∈N by setting

(1.17) E
(h)
0 := E0 and E

(h)
kh := ThE

(h)
(k−1)h for k ≥ 1.

We furthermore define

E
(h)
t := E

(h)
kh for any t ∈ [kh, (k + 1)h),

and call {E(h)
t }t≥0 an approximate flat solution to the generalized curvature flow, associated

to the perimeter P, with initial datum E0 and time step equal to h.

Remark 1.11. If E0 ∈ MR∩CL, by Lemma 1.5 and by Proposition 1.8, we get E
(h)
t ∈ MR∩CL

for every t ≥ 0.

As an immediate consequence of the dissipation inequality (1.15), we have for every t ≥ h

(1.18) P(E
(h)
t ) +

1

h

∫
E

(h)
t ∆E

(h)
t−h

dist(x, ∂E
(h)
t−h) dx ≤ P(E

(h)
t−h)
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and, by induction,

P(E
(h)
t ) ≤ P(E0) ∀ t > 0(1.19)

1

h

∫ T

h

∫
E

(h)
t ∆E

(h)
t−h

dist
E

(h)
t−h

(x) dxdt ≤ P(E0) ∀T > h.(1.20)

Definition 1.12. Let E ∈ CL, for every ρ > 0 we define the ρ–neighborhood of ∂E as

(1.21) fatρ(∂E) := {x ∈ Td−1 × R : dist(x, ∂E) ≤ ρ}.

Proposition 1.13 (Hölder continuity in time). Let E0 ∈ CL with P(E0) < +∞, 0 < h < 1
and {Et}t≥0 be an approximate flat flow with initial datum E0. Then it holds

|E(h)
t ∆E(h)

s | ≤ Cmax{h1/2, |t− s|1/2} for every s, t ≥ 0,

for some constant C depending on L and E0.

Proof. For every i ∈ N and ρ > 0, we define

(1.22) Ghi :=
(
E

(h)
(i+1)h \ E

(h)
ih

)
∩ fatρ(∂E

(h)
ih ) and F hi :=

(
E

(h)
(i+1)h \ E

(h)
ih

)
\ fatρ(∂E(h)

ih )

and we notice that

(1.23) E
(h)
(i+1)h \ E

(h)
ih = Ghi ∪ F hi .

Since Ghi ⊆ fatρ(∂E
(h)
ih ), from Proposition 1.8 we get

(1.24) |Ghi | ≤ CLρ.

Moreover, from the dissipation inequality in (1.15) we have

P(E
(h)
ih )− P(E

(h)
(i+1)h) ≥

1

h

∫
Fh
i

dist(x, ∂E
(h)
ih ) dx ≥ ρ

h
|F hi |,

that is

(1.25) |F hi | ≤
h

ρ

[
P(E

(h)
ih )− P(E

(h)
(i+1)h)

]
.

By (4.13), (1.25) and (1.24),

(1.26) |E(h)
(i+1)h \ E

(h)
ih | ≤ h

ρ

[
P(E

(h)
ih )− P(E

(h)
(i+1)h)

]
+ CLρ,

and analogously one can show

(1.27) |E(h)
ih \ (E(h)

(i+1)h| ≤
h

ρ

[
P(E

(h)
ih )− P(E

(h)
(i+1)h)

]
+ CLρ.

Without loss of generality, we take s = ih with i ∈ N∪{0} and t = (i+ k)h, with k ∈ N, that
is E

(h)
t = E

(h)
ih and E

(h)
s = E

(h)
(i+k)h, respectively. Hence, by (1.26) and (1.27), we get

(1.28)

|E(h)
t ∆E(h)

s | ≤
k−1∑
l=0

|E(h)
(i+l)h∆E

(h)
(i+l+1)h|

≤2
h

ρ

[
P(E

(h)
ih )− P(E

(h)
(i+k)h)

]
+ 2CLkρ

≤2
h

ρ
P(E0) + 2CLkρ.
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By choosing ρ =
√

h
k , we conclude

|E(h)
t ∆E(h)

s | ≤ CL,E0 max{h
1
2 , |t− s|1/2}.

□

2. Existence of flat solutions

We are in a position to establish the existence of a Höder continuous flat flow, obtained as
a limit of the discrete minimizing movements as the time step h vanishes.

Theorem 2.1 (Flat flows). Let E0 ∈ MR∩CL with P(E0) < +∞ and let {hn}n∈N ⊂ (0,+∞)

be a monotonically vanishing sequence. Moreover, for any hn, let {E(hn)
t [E0]}t≥0 = {E(hn)

t }t≥0

be the approximate flat solution to the generalized curvature flow, associated to the perimeter
P, with initial datum E0. Then, there exist a subsequence {hnk

}k∈N =: {hk}k∈N and a family
{E0

t [E0, {hk}k]}t≥0 = {E0
t }t≥0 ⊂ CL with E0

0 = E0 such that, for all t ≥ 0

(2.1) |E(hk)
t ∆E0

t | → 0,

and, for every t, s ≥ 0,

(2.2) |E0
t∆E

0
s | ≤ C|t− s|1/2.

Finally, the flat flow {E0
t }t≥0 satisfies the so called semi-group property: for every t̄,∆t ≥ 0

it holds

(2.3) E0
∆t[E

0
t̄ [E0, {hk}k], {hk}k] = E0

t̄+∆t[E0, {hk}k].

As a consequence, P(E0
t ) is monotonically non-increasing (with respect to t), i.e.,

(2.4) P(E0
t′) ≤ P(E0

t ) for every 0 ≤ t ≤ t′.

Proof. Let t ∈ Q+ be fixed. By Remark 1.11 we can apply Ascoli-Arzelá Theorem to deduce
that there exist a subsequence {htnk

}k of {hn}n and a set E0
t such that

(2.5) lim
k→∞

|E
(htnk

)

t ∆E0
t | = 0.

By a standard diagonal argument, (2.5) holds true for any t ∈ Q+ with a subsequence {hnk
} =

{hk} independent of t. Moreover, let s, t ∈ Q+; using the triangular inequality, (2.5), and the
Hölder continuity in Proposition 1.13, we get

|E0
s∆E

0
t | ≤ lim sup

k→∞

(
|E(hk)

t ∆E0
t |+ |E(hk)

t ∆E(hk)
s |+ |E(hk)

s ∆E0
s |
)
≤ C|t− s|1/2.

By completeness of L1, we can extend by continuity the maps t 7→ E0
t ∩SdR and hence (adding

(Td−1 × (−∞,−R))) the maps t 7→ E0
t , from Q+ to R+. By construction, E0

t ∈ CL for every
t ≥ 0 and satisfy the Hölder continuity property (2.2).
Moreover, for every t ≥ 0 and for every t̂ ∈ Q+, by triangular inequality and Proposition
1.13, we have

|E(hk)
t ∆E0

t | ≤|E(hk)
t ∆E

(hk)

t̂
|+ |E(hk)

t̂
∆E0

t̂
|+ |E0

t̂
∆E0

t |

≤C|t− t̂|1/2 + |E(hk)

t̂
∆E0

t̂
|+ |E0

t̂
∆E0

t |,

whence, using (2.5) and sending t̂→ t, we get (2.1).
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Now we prove that for every t̄,∆t ≥ 0 property (2.3) holds true. Let ε > 0. By (2.1) and
Proposition 1.8, there exists kε ∈ N such that

E
(hk)
t̄

− εed ⊆ E0
t̄ [E0, {hk}k] = E0

t̄ ⊆ E
(hk)
t̄

+ εed for k ≥ kε,

whence, using Lemma 1.6 and translational invariance (vi), we deduce

(2.6) E
(hk)
t̄+∆t

− εed ⊆ E
(hk)
∆t [E0

t̄ ] ⊆ E
(hk)
t̄+∆t

+ εed for k ≥ kε.

Furthermore, by the first part of the statement, we have that there exists a subsequence
{hkj}j∈N =: {hj}j∈N, depending on E0

t̄ = E0
t̄ [E0, {hk}k], such that

|E(hj)
∆t [E0

t̄ ]∆E
0
∆t[E

0
t̄ , {hj}j ]| → 0 as j → +∞,

so that, using again Proposition (1.8), for j large enough,

(2.7) E
(hj)
∆t [E0

t̄ ]− εed ⊆ E0
∆t[E

0
t̄ , {hj}j ] ⊆ E

(hj)
∆t [E0

t̄ ] + εed

By combining (2.6) with (2.7), we deduce that for j large enough

E
(hj)

t̄+∆t
− 2εed ⊆ E0

∆t[E
0
t̄ , {hj}j ] ⊆ E

(hj)

t̄+∆t
+ 2εed,

which, sending j → +∞ and using again (2.1) with t = t̄+∆t, yields that

E0
t̄+∆t[E0, {hk}k]− 2εed ⊆ E0

∆t[E
0
t̄ [E0, {hk}k], {hj}j ] ⊆ E0

t̄+∆t[E0, {hk}k] + 2εed,

so that, by the arbitrariness of ε

(2.8) E0
∆t[E

0
t̄ [E0, {hk}k], {hj}j ] = E0

t̄+∆t[E0, {hk}k].

Now, since the right-hand side of the identity in (2.8) is independent of the subsequence {hj}j ,
we have that also the left-hand side should be, whence we deduce that (2.3) holds true.

Finally, let 0 ≤ t ≤ t′. By (2.3) (applied with t̄ = t and ∆t = t′ − t), using the lower-
semicontinuity property (iv) of P and inequality (1.19) applied with E0 = E0

t [E0, {hk}k], we
have

P(E0
t′) =P(E0

t′ [E0, {hk}k]) = P(E0
t′−t[E

0
t [E0, {hk}k], {hk}k]))

≤ lim inf
k→∞

P(E
(hk)
t′−t [E

0
t [E0, {hk}k], {hk}k])

≤P(E0
t [E0, {hk}k]) = P(E0

t ),

which proves (2.4). □

3. Examples of generalized perimeters

In this section we list some examples of generalized perimeters fitting the assumptions (i)
- (vi). The first example is given by the standard De Giorgi perimeter, together with its
anisotropic, possibly crystalline, variants. Next, we focus on non-local perimeters.

Fractional perimeters. Another relevant class is given by fractional type perimeters
[3]. For the sake of completeness, we introduce a quite general class of nonlocal perimeters
governed by convolution kernels, and check that, under suitable assumptions, they also fit in
our theory.

Let ∥ · ∥♯ : Td−1 × R → [0,+∞) be the “periodic norm” defined by

(3.1) ∥ξ∥♯ :=
(
|ξd|2 + min

z′∈Zd−1
|ξ′ + z′|

) 1
2 .



12 L. DE LUCA, A. DIANA, AND M. PONSIGLIONE

Let K : Td−1 × R → [0,+∞) be a measurable function satisfying

(3.2) K(ξ) ≤ γ

|ξd|p
for |ξd| ≥ 1

and

(3.3) K(ξ) ≤ γ

∥ξ∥d+s♯

for |ξd| < 1.

Here, p > 2, 0 < s < 1, and γ > 0.
For every E1, E2 ∈ M we set

(3.4) GK(E1, E2) :=

∫
E1

dx

∫
E2

K(x− y) dy,

and we define the non-local perimeter governed by K as

(3.5) PK(E) := GK(E,Ec) for every E ∈ M.

Here, Ec = (Td−1 × R) \ E.

Remark 3.1. Let 0 < s < 1. Let ψ ∈ L∞(Td−1 × R; [0,+∞)) be a zero-homogeneous
function. Then, the kernel Kψ defined by

(3.6) Kψ(ξ) :=
1

∥ξ∥d+s♯

ψ(ξ) for every ξ ∈ Td−1 × R

satisfies (3.2) and (3.3).
Notice that, for ψ ≡ 1, the non-local perimeter (3.5) governed by K1 represents a natural

counterpart of the “standard” fractional perimeter [3] for subsets of Td−1 × R, where the
euclidean distance in the interaction kernel

(3.7) Js(ξ) :=
1

|ξ|d+s
,

is replaced by the geodesic one.

Proposition 3.2. Let K : Td−1×R → [0,+∞) be a measurable function satisfying (3.2) and
(3.3). Then, the non-local perimeter PK defined by (3.5) satisfies properties (i)-(vi).

Proof. One can easily check that properties (i)-(vi) are satisfied. Here we prove only (v). To
this end, let E,F ∈ M. Then

PK(E ∪ F ) + PK(E ∩ F ) =GK(E,Ec ∩ F c) + GK(Ec ∩ F,Ec ∩ F c)
+ GK(E ∩ F, F c) + GK(E ∩ F, F ∩ Ec)

≤GK(E,Ec ∩ F c) + GK(E,F ∩ Ec)
+ GK(Ec ∩ F, F c) + GK(E ∩ F, F c)

=GK(E,Ec) + GK(F, F c) = PK(E) + PK(F ).

□

Now we introduce another possible extension to the periodic setting of the notion of frac-
tional perimeter, accounting for the interaction of a set with the periodic copies of its com-
plementary set in Td−1 × R.
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To this end, for any given set E ∈ MR we denote by E♯ its “periodic” extension, i.e.,
E♯ :=

⋃
z′∈Zd−1(E + (z′, 0)); we define Ps

♯ : MR → (−∞,+∞] as

(3.8) Ps
♯ (E) :=

∫
Td−1×R

dx

∫
Rd

(
χE(x)χEc

♯
(y)− χH−(x)χH+(y)

)
Js(x− y) dy,

where Js is the kernel in (3.7), and H− and H+ are respectively the lower and upper halfs-
paces, that is

H− := {x = (x′, xd) ∈ Rd : xd < 0} and H+ := {x = (x′, xd) ∈ Rd : xd > 0}.

We first observe that the perimerer Ps
♯ in (3.8) is well-defined.

Indeed, by definition, we have

(3.9)

Ps
♯ (E)

=

∫
SdR

dx

∫
Rd−1×(−R,R)

(
χE(x)χEc

♯
(y)− χH−(x)χH+(y)

)
Js(x− y) dy

+

∫
SdR

dx

∫
Rd\(Rd−1×(−R,R))

(
χE(x)χEc

♯
(y)− χH−(x)χH+(y)

)
Js(x− y) dy

+

∫
(Td−1×R)\SdR

dx

∫
Rd−1×(−R,R)

(
χE(x)χEc

♯
(y)− χH−(x)χH+(y)

)
Js(x− y) dy.

Now, since ∫
SdR

dx

∫
Rd−1×(−R,R)

χH−(x)χH+(y)Js(x− y) dy

+

∫
SdR

dx

∫
Rd\(Rd−1×(−R,R))

Js(x− y) dy

+

∫
(Td−1×R)\SdR

dx

∫
Rd−1×(−R,R)

Js(x− y) dy ≤ C(R),

for some constant C(R) > 0, by (3.9), we get the well-posedness of the definition in (3.8).

Remark 3.3. Notice that, for any E ∈ MR, Ps(E) can be rewritten as

(3.10)

Ps
♯ (E) =

∫
SdR

dx

∫
Rd−1×(−R,R)

(
χE(x)χEc

♯
(y)− χH−(x)χH+(y)

)
Js(x− y) dy

+

∫
SdR

dx
(
χE(x)− χH−(x)

)
∫
Rd

(
χ(R,+∞)(yd)− χ(−∞,−R)(yd)

)
Js(x− y) dy.

To this end, we first notice that since χEc
♯
(y) = χH+(y) = 0 in Td−1 × (−∞,−R) and

χEc
♯
(y) = χH+(y) = 1 in Td−1 × (R,+∞),

(3.11)

∫
SdR

dx

∫
Rd\(Rd−1×(−R,R))

(
χE(x)χEc

♯
(y)− χH−(x)χH+(y)

)
Js(x− y) dy

=

∫
SdR

dx

∫
Rd−1×(R,+∞)

(
χE(x)− χH−(x)

)
Js(x− y) dy.
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Moreover, using again that χE(x) = χH−(x) = 0 in Td−1×(R,+∞) and χE(x) = χH−(x) = 1
in Td−1 × (−∞,−R), we get

(3.12)

∫
(Td−1×R)\SdR

dx

∫
Rd−1×(−R,R)

(
χE(x)χEc

♯
(y)− χH−(x)χH+(y)

)
Js(x− y) dy

=

∫
Td−1×(−∞,−R)

dx

∫
Rd−1×(−R,R)

(
χEc

♯
(y)− χH+(y)

)
Js(x− y) dy

= −
∑

z′∈Zd−1

∫
Td−1×(−∞,−R)

dx

∫
(z′+Td−1)×(−R,R)

(
χE♯

(y)− χH−(y)
)
Js(x− y) dy

= −
∑

z′∈Zd−1

∫
(−z′+Td−1)×(−∞,−R)

dξ

∫
Td−1×(−R,R)

(
χE♯

(η)− χH−(η)
)
Js(ξ − η) dη

= −
∫
Rd−1×(−∞,−R)

dy

∫
SdR

(
χE(x)− χH−(x)

)
Js(x− y) dx,

where we have used the change of variable ξ = x − (z′, 0) and η = y − (z′, 0) in the second
equality and the change of variable y = ξ and x = η in the last one. Therefore, by (3.9),
(3.11) and (3.12), we obtain

Ps
♯ (E) =

∫
SdR

dx

∫
Rd−1×(−R,R)

(
χE(x)χEc

♯
(y)− χH−(x)χH+(y)

)
Js(x− y) dy

+

∫
SdR

dx

∫
Rd−1×(R,+∞)

(
χE(x)− χH−(x)

)
Js(x− y) dy

−
∫
SdR

dx

∫
Rd−1×(−∞,−R)

(
χE(x)− χH−(x)

)
Js(x− y) dy,

whence (3.10) easily follows.

Let us now consider sets which are not contained in any MR, for R > 0. In these respects,
for every E ∈ M we define (with a little abuse of notation) Ps

♯ : M → (−∞,+∞] as

(3.13) Ps
♯ (E) := inf

{
lim inf
k→+∞

Ps
♯ (Ek) : Rk > 0, {Ek}k∈N ⊆ MRk

, χEk
→ χE inL1

loc

}
.

It is easy to prove that the perimeter defined in (3.13) agrees with the definition in (3.8) for
sets in MR. Moreover, by arguing as above, one can show that Ps

♯ is a generalized perimeter
in sense of Definition 1.2.

Riesz-type perimeters. In addition to the fractional perimeter, our results also naturally
apply to Riesz-type perimeters. In order to define them, we first introduce some notation.

For every R1, R2 ∈ R ∪ {±∞} with R1 < R2, we set

SdR1,R2
:= Td−1 × (R1, R2).

As a consequence, SdR = Sd−R,R.
For every E ⊆ Td−1 × R with |E| > 0, we set

(3.14) ρE := inf{ρ ∈ R : E ⊆ Sd−∞,ρ}.
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Let 0 < α < d− 1 and R1, R2 ∈ R ∪ {±∞} with R1 < R2. For every E ∈ M we define

(3.15) Pα
R1,R2

(E) :=

∫∫
SdR1,R2

×SdR1,R2

dx dy

∥x− y∥d−α♯

−
∫∫

(E∩SdR1,R2
)×(E∩SdR1,R2

)

dx dy

∥x− y∥d−α♯

.

For every E,F ∈ M we set

(3.16) J α(E,F ) :=

∫∫
E×F

dx dy

∥x− y∥d−α♯

.

Using this notation, we have

Pα
R1,R2

(E) = J α(SdR1,R2
, SdR1,R2

)− J α(E ∩ SdR1,R2
, E ∩ SdR1,R2

)

and, equivalently,

(3.17) Pα
R1,R2

(E) = 2J α(E ∩ SdR1,R2
, Ec ∩ SdR1,R2

) + J α(Ec ∩ SdR1,R2
, Ec ∩ SdR1,R2

)

Definition 3.4. Let 0 < α < d− 1. We define the α–Riesz perimeter Pα : M → [0,+∞] as
follows:

(1) Pα(∅) := 0;
(2) Pα(E) := limR→+∞ Pα

−R,ρE (E), if ρE < +∞;

(3) Pα(E) := limR→+∞ Pα
−R,R(E), if ρE = +∞.

Remark 3.5. From expression (3.17), it easily follows that the perimeter Pα
R1,R2

is monoton-
ically decreasing with respect to R1 and monotonically increasing with respect to R2. Hence,
the definitions of Pα in (2) and (3) are well-posed.

Remark 3.6. We notice that, if ρE < +∞, then for everyR > |ρE | and for every r ∈ [ρE ,+∞]

J α(E ∩ Sd−R,ρE , E ∩ Sd−R,ρE ) = J α(E ∩ Sd−R,r, E ∩ Sd−R,r).

For every E ∈ CL, we denote by fE the L-Lipschitz continuous function such that

(3.18) E = {(x′, xd) ∈ Td−1 × R : xd ≤ fE(x
′)}

and we set iE := minTd−1 fE .

Proposition 3.7. For every 0 < α < d− 1, the perimeter Pα satisfies property (i).

Proof. Let E ∈ CL. Fix R > 0 such that −R < iE . Recalling (3.17), we have

(3.19)

Pα
−R,ρE (E) =2J α(E ∩ Sd−R,ρE , E

c ∩ Sd−R,ρE ) + J α(Ec ∩ Sd−R,ρE , E
c ∩ Sd−R,ρE )

=2J α(E ∩ Sd−R,iE−1, E
c ∩ Sd−R,ρE ) + 2J α(E ∩ SdiE−1,ρE

, Ec ∩ Sd−R,ρE )

+ J α(Ec ∩ Sd−R,ρE , E
c ∩ Sd−R,ρE )

=2J α(E ∩ Sd−R,iE−1, E
c ∩ SdiE ,ρE ) + 2J α(E ∩ SdiE−1,ρE

, Ec ∩ SdiE ,ρE )

+ J α(Ec ∩ SdiE ,ρE , E
c ∩ SdiE ,ρE ).

Now we notice that the last two terms in the righthand side of (3.19) are finite since the
kernel 1

∥·∥d−α
♯

is locally integrable for 0 < α < d− 1. Hence we need to estimate only the first
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interaction in the righthand side of (3.19) for which we find

J α(E ∩ Sd−R,iE , E
c ∩ SdiE ,ρE ) =

∫
E∩Sd−R,iE−1

∫
Ec∩SdiE,ρE

dx dy

∥x− y∥d−α♯

≤
∫
Td−1

dx′
∫
Td−1

dy′
∫ iE−1

−R
dxd

∫ ρE

iE

dyd
|xd − yd|d−α

,

which is uniformly bounded (with respect to R) for 0 < α < d−1. The proof is concluded. □

Proposition 3.8. For every 0 < α < d−1, the perimeter Pα satisfies the lower-semicontinuity
property (iv).

Proof. Let {En}n∈N ⊂ M and let E ∈ M be such that for every R > 0

(3.20) |(En△E) ∩ SdR| → 0 as n→ +∞.

For the sake of clarity, we analyze all possible cases separately.

Case a: ρEn , ρE < +∞.
Let r < ρE ; by definition of ρE we have |{(x′, xd) ∈ E : xd > r}| > 0. Then, by (3.20)

there exists n > 0 such that |{(x′, xd) ∈ E ∩ En : xd > r}| > 0 for every n > n. Hence,
ρEn > r for every n > n and by the arbitrariness of r it holds

(3.21) lim inf
n→∞

ρEn ≥ ρE .

Thus, using (3.21) and Fatou Lemma in the first integral in (3.15) (with R2 replaced by ρEn

and R1 replaced by −R) and the Dominated Convergence Theorem in the second integral in
(3.15), taking into account Remark 3.6, for every R > −ρE we get

Pα
−R,ρE (E) =J α(Sd−R,ρE , S

d
−R,ρE )− J α(E ∩ Sd−R,+∞, E ∩ Sd−R,+∞)

≤ lim inf
n→+∞

[
J α(Sd−R,ρEn

, Sd−R,ρEn
)− J α(En ∩ Sd−R,+∞, En ∩ Sd−R,+∞)

]
≤ lim inf

n→+∞
Pα

−R,ρEn
(En),

hence, using also the monotonicity property in Remark 3.5, we get

(3.22)

Pα(E) = lim
R→+∞

Pα
−R,ρE (E)

≤ lim sup
R→+∞

lim inf
n→+∞

Pα
−R,ρEn

(En)

≤ lim sup
R→+∞

lim inf
n→+∞

Pα(En) = lim inf
n→+∞

Pα(En).

Case b: ρEn , ρE = +∞.
By the Dominated Convergence Theorem in (3), for every R > 0 we get

Pα
−R,R(E) = lim

n→+∞
Pα

−R,R(En).

Letting R→ +∞, we conclude arguing as in (3.22).

Case c: ρEn = +∞ and ρE < +∞.
By (3.20), using the Dominated Convergence Theorem, for every R > |ρE | we have

Pα
−R,ρE (E) = lim

n→+∞
Pα

−R,ρE (En) ≤ lim inf
n→+∞

Pα
−R,R(En) ≤ lim inf

n→+∞
Pα(En),
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where in the last inequality we have used the monotonicity property in Remark 3.5. Sending
R→ +∞, we have

Pα(E) ≤ lim inf
n→+∞

Pα(En).

Case d: ρEn < +∞ for every n ∈ N and ρE = +∞.
By arguing as in Case a, we have that

(3.23) ρEn → +∞ (as n→ +∞).

Fix R > 0; by the Dominated Convergence Theorem, using (3.23) and the monotonicity
property in Remark 3.5, we have

(3.24) Pα
−R,R(E) = lim

n→+∞
Pα

−R,R(En) ≤ lim inf
n→+∞

Pα
−R,ρEn

(En) ≤ lim inf
n→+∞

Pα(En).

By sending R→ +∞ in (3.24), we get the claim also in this case.
The proof is concluded. □

Proposition 3.9. For every 0 < α < d − 1, the perimeter Pα satisfies the submodularity
property (v).

Proof. Let E,F ∈ M. For every R1, R2 ∈ R ∪ {±∞} with R1 < R2, we set

U := (E \ F ) ∩ SdR1,R2
, V := (F \ E) ∩ SdR1,R2

, W := E ∩ F ∩ SdR1,R2
,

so that

E ∩ SdR1,R2
= U ∪̇W, F ∩ SdR1,R2

= V ∪̇W, (E ∪ F ) ∩ SdR1,R2
= U ∪̇V ∪̇W.

Hence, recalling the definition of J α in (3.16), we have

(3.25)
J α((E ∪ F ) ∩ SdR1,R2

, (E ∪ F ) ∩ SdR1,R2
)

=J α(U,U) + J α(V, V ) + J α(W,W ) + 2J α(U, V ) + 2J α(U,W ) + 2J α(V,W ),

(3.26) J α(E ∩ F ∩ SdR1,R2
, E ∩ F ∩ SdR1,R2

) = J α(W,W ),

(3.27) J α(E ∩ SdR1,R2
, E ∩ SdR1,R2

) = J α(U,U) + J α(W,W ) + 2J α(U,W ),

(3.28) J α(F ∩ SdR1,R2
, F ∩ SdR1,R2

) = J α(V, V ) + J α(W,W ) + 2J α(V,W ).

Since J α(U, V ) ≥ 0, by (3.25)-(3.28), we have immediately that

(3.29)

J α((E ∪ F ) ∩ SdR1,R2
, (E ∪ F ) ∩ SdR1,R2

) + J α(E ∩ F ∩ SdR1,R2
, E ∩ F ∩ SdR1,R2

)

=J α(E ∩ SdR1,R2
, E ∩ SdR1,R2

) + J α(F ∩ SdR1,R2
, F ∩ SdR1,R2

) + J α(U, V )

≥J α(E ∩ SdR1,R2
, E ∩ SdR1,R2

) + J α(F ∩ SdR1,R2
, F ∩ SdR1,R2

).

We distinguish three cases according with the values ρE∪F and ρE∩F .

Case a: ρE∩F = +∞.
In such a case ρE = ρF = ρE∪F = +∞. Let R > 0. By (3.15) and (3.29) we have

Pα
−R,R(E ∪ F ) + Pα

−R,R(E ∩ F )

=J α(SdR, SdR) + J α(SdR, SdR)

− J α((E ∪ F ) ∩ SdR1,R2
, (E ∪ F ) ∩ SdR1,R2

)− J α(E ∩ F ∩ SdR1,R2
, E ∩ F ∩ SdR1,R2

)

≤Pα
−R,R(E) + Pα

−R,R(F ),
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whence, letting R→ +∞, we obtain

(3.30) Pα(E ∪ F ) + Pα(E ∩ F ) ≤ Pα(E) + Pα(F ).

Case b: ρE∪F < +∞.
In such a case, ρE and ρF are both finite; we can assume without loss of generality that

ρE ≤ ρF , so that ρE∪F = ρF and ρE∩F ≤ ρE . Let R > |ρF |. Hence, by Remark 3.5, (3.15)
and (3.29), we get

Pα
−R,ρE∪F

(E ∪ F ) + Pα
−R,ρE∩F

(E ∩ F ) ≤Pα
−R,ρF (E ∪ F ) + Pα

−R,ρE (E ∩ F )

=J α(Sd−R,ρF , S
d
−R,ρF ) + J α(Sd−R,ρE , S

d
−R,ρE )

− J α((E ∪ F ) ∩ Sd−R,ρF , (E ∪ F ) ∩ Sd−R,ρF )

− J α(E ∩ F ∩ Sd−R,ρE , E ∩ F ∩ Sd−R,ρE )
≤Pα

−R,ρE (E) + Pα
−R,ρF (F ),

whence, sending R→ +∞, (3.30) follows also in this case.

Case c: ρE∪F = +∞ and ρE∩F < +∞.
We can assume without loss of generality that ρE ≤ ρF so that ρF = +∞.
Now, if ρE = +∞, then, using Remark 3.5, (3.15) and (3.29), for every R > |ρE∩F | we

have

Pα
−R,R(E ∪ F ) + Pα

−R,ρE∩F
(E ∩ F ) ≤Pα

−R,R(E ∪ F ) + Pα
−R,R(E ∩ F )

=J α(SdR, SdR) + J α(SdR, SdR)

− J α((E ∪ F ) ∩ SdR, (E ∪ F ) ∩ SdR)

− J α(E ∩ F ∩ SdR, E ∩ F ∩ SdR)
≤Pα

−R,R(E) + Pα
−R,R(F );

by sending R→ +∞, we obtain (3.30).
If ρE < +∞, then ρE∩F ≤ ρE , so that using Remark 3.5, (3.15), Remark 3.6 and (3.29),

for every R > |ρE | we have

Pα
−R,R(E ∪ F ) + Pα

−R,ρE∩F
(E ∩ F )

≤Pα
−R,R(E ∪ F ) + Pα

−R,ρE (E ∩ F )

=J α(SdR, SdR) + J α(Sd−R,ρE , S
d
−R,ρE )

− J α((E ∪ F ) ∩ SdR, (E ∪ F ) ∩ SdR)− J α(E ∩ F ∩ Sd−R,ρE , E ∩ F ∩ Sd−R,ρE )

=J α(SdR, SdR) + J α(Sd−R,ρE , S
d
−R,ρE )

− J α((E ∪ F ) ∩ SdR, (E ∪ F ) ∩ SdR)− J α(E ∩ F ∩ SdR, E ∩ F ∩ SdR)

≤J α(SdR, SdR) + J α(Sd−R,ρE , S
d
−R,ρE )− J α(F ∩ SdR, F ∩ SdR)− J α(E ∩ SdR, E ∩ SdR)

=J α(SdR, SdR) + J α(Sd−R,ρE , S
d
−R,ρE )− J α(F ∩ SdR, F ∩ SdR)− J α(E ∩ Sd−R,ρE , E ∩ Sd−R,ρE )

=Pα
−R,ρE (E) + Pα

−R,R(F );

by sending R→ +∞, we obtain (3.30) also in this case.
This concludes the proof of the whole proposition. □
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Proposition 3.10. For every 0 < α < d − 1, the perimeter Pα satisfies the translational
invariance property (vi).

Proof. Let E ∈ M and τ ∈ Rd.
Case a: ρE = +∞.
Let R > 0. Since (E + τ) ∩ SdR = E ∩ Sd−R−τd,R−τd , using Remark (3.5), we deduce that

Pα
−R,R(E + τ) = Pα

−R−τd,R−τd(E), so that

Pα
−R+|τd|,R−|τd|(E) ≤ Pα

−R,R(E + τ) ≤ Pα
−R−|τd|,R+|τd|(E).

By sending R→ +∞, we get

(3.31) Pα(E + τ) = Pα(E).

Case b: ρE < +∞.
By the very definition of ρE in (3.14) we have ρE+τ = ρE + τd. Hence, by arguing as in

Case a, we have that Pα
−R,ρE+τ

(E + τ) = Pα
−R−τd,ρE (E) (for every R > |ρE + τd|), whence,

sending R→ +∞ we obtain (3.31) also in this case. □

Proposition 3.11. For every 0 < α < d − 1, the perimeter Pα in Definition 3.4 is a
generalized perimeter in the sense of Definition 1.2.

Proof. Properties (i), (iv), (v) and (vi) follow from Propositions 3.7, 3.8, 3.9 and 3.10, re-
spectively. Property (iii) is trivially satisfied. Finally, (ii) is an immediate consequence of (1)
and of the fact that Td−1 × R is a set of type (3) satisfying Pα

−R,R(Td−1 × R) = 0 for every
R > 0. □

The 0-fractional perimeter. Here, we show how our results apply also to a suitable
variant of the 0-fractional perimeter, introduced in [18] (see also [12]) for sets with finite
measure. To this end, we set

D< := {(x, y) ∈ Rd × Rd : |x− y| < 1} and D> := {(x, y) ∈ Rd × Rd : |x− y| > 1}.

and, for every E,F ∈ M we define

G 0(E,F ) :=

∫∫
(E×F )∩D<

1

∥x− y∥d♯
dy dx and J 0(E,F ) :=

∫∫
(E×F )∩D>

1

∥x− y∥d♯
dy dx.

Moreover, for every 0 < R1 < R2, and for every E ∈ M, we define:

Q0
R1,R2

(E) := J 0(SdR1,R2
, SdR1,R2

)− J 0(E ∩ SdR1,R2
, E ∩ SdR1,R2

).

As in Remark 3.5, the functional Q0
R1,R2

is monotonically non-increasing with respect to R1

and monotonically non-decreasing with respect to R2.
We recall the definition of ρE in (3.14).

Definition 3.12. The 0-perimeter P0 : M → [0,+∞] is defined as follows:

(1) P0(∅) = 0;
(2) P0(E) := G 0(E,Ec) + limR→+∞ Q0

−R,ρE (E) if ρE < +∞;

(3) P0(E) := G 0(E,Ec) + limR→+∞ Q0
−R,R(E) if ρE = +∞.

Proposition 3.13. The 0-fractional perimeter in Definition 3.12 is a generalized perimeter
in the sense of Definition 1.2.
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Proof. By applying Proposition 3.2 with K(·) := χB1
(·)

∥·∥d we have that G 0(·, ·c) is a generalized

perimeter. Furthermore, by arguing verbatim as in the proof of Proposition 3.11 (and hence

as in the proofs of Propositions 3.7-3.10), replacing the kernel 1
∥·∥d−α

♯

with
χBc

1
(·)

∥·∥d♯
, we have that

also the other term in the definition of P0 defines a generalized perimeter. Since the sum of
generalized perimeters is still a generalized perimeter we get the claim. □

The Minkowski pre-content. Let us conclude this section by introducing a last example.
Given ρ > 0, for every set E ∈ M we define the Minkowski pre-content of E as

(3.32) Eρ(E) :=
1

2ρ

∫
Td−1×R

oscBρ(x)χE dx,

where, for every measurable function u and for every measurable set A, oscAu := ess supA u−
ess infA u denotes the essential oscillation u over A.

As highlighted in [11] (see also [10]), the perimeter defined in (3.32) is a generalized perime-
ter in sense of Definition 1.2.

4. Convergence to the halfspace

Given a set E ∈ CL, for every 0 < ε < 1 we define Eε := {(x′, xd) ∈ Td−1 × R : xd ≤
(1− ε)fE(x

′)}, where fE is the L-Lipschitz continuous function in (3.18). We assume that:

(H) For every δ > 0, there exists 0 < ε0 < 1 such that, if

(4.1) oscTd−1fE ≥ δ,

then

(4.2) P(E)− P(Eε) ≥ C(δ, L)ε for every ε ≤ ε0,

for some constant C(δ, L) > 0.

Proposition 4.1. Let P be a generalized perimeter in the sense of Definition 1.2 satisfying
property (H). Let E0 ∈ MR ∩ CL with P(E0) < +∞, and E0

t the flat flow associated to
P with initial datum E0. Then, fE0

t
uniformly converges - as t → +∞ - to some constant

λ ∈ [−R,R].

Proof. Let δ > 0 be fixed and let ε0 be the constant provided by assumption (H). We prelim-
inarily observe that, for every h > 0, for every 0 < ε < 1 and for every E ∈ MR ∩ CL

(4.3)
1

h

∫
E∆Eε

dist(x, ∂E) dx ≤ C(L)
ε2

h
.

Let h ≤ ε0 and let ε = min{C(δ,L)
2C(L) , 1}h, where C(δ, L) and C(L) are the constants in (4.2)

and (4.3), respectively. By assumption (H) and by (4.3) we get that for every k ∈ N such
that oscTd−1f

E
(h)
kh

≥ δ it holds

(4.4) P(E
(h)
kh )−

[
P((E

(h)
kh )ε) +

1

h

∫
E

(h)
kh ∆(E

(h)
kh )ε

dist(x, ∂E
(h)
kh ) dx

]
≥ C ′(δ, L)h,
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which, by the minimality of E
(h)
(k+1)h, implies

(4.5) P(E
(h)
kh )−

[
P(E

(h)
(k+1)h) +

1

h

∫
E

(h)
kh ∆E

(h)
(k+1)h

dist(x, ∂E
(h)
kh ) dx

]
≥ C ′(δ, L)h.

As a consequence, for every k ∈ N such that oscTd−1f
E

(h)
kh

≥ δ we have

(4.6) P(E
(h)
kh )− P(E

(h)
(k+1)h) ≥ C ′(δ, L)h.

Let Nδ ∈ N be such that

(4.7) oscTd−1f
E

(h)
kh

≥ δ for every k = 0, 1, . . . , Nδ.

Then, by (4.6),

P(E
(h)
0 )− P(E

(h)
Nδh

) =

Nδ∑
k=0

P(E
(h)
kh )− P(E

(h)
(k+1)h) ≥ C ′(δ, L)Nδh

that is, hNδ ≤ C(δ, L,P(E0)). Let Nmax
δ ∈ N be the maximal Nδ for which (4.7) holds.

Clearly, oscTd−1f
E

(h)

(Nmax
δ

+1)h

≤ δ and, by Lemma 1.5, oscTd−1f
E

(h)
kh

≤ δ for every k ≥ Nmax
δ +1.

Therefore, oscTd−1f
E

(h)
t

≤ δ for every t ≥ C(δ, L,P(E0)) and hence, taking the limit as h→ 0,

the same holds true for the flat flow E0
t . It follows that

(4.8) oscTd−1fE0
t
→ 0 as t→ +∞.

Let ξ ∈ Td−1 be fixed. Then, there exists a sequence {tn}n∈N with tn → +∞, such that
fE0

tn
(ξ) → c (for some c ∈ [−R,R]) as n→ +∞ and, by (4.8),

(4.9) fE0
tn

→ c uniformly in Td−1.

Now, by Lemma 1.5, sending h → 0, we have that oscTd−1fE0
t
≤ oscTd−1fE0

t′
for every t ≥ t′,

which, together with (4.9), implies that fE0
t
→ c - as t→ +∞ - uniformly in Td−1.

□

The remaining part of this section is devoted to exhibit examples of generalized perimeters
satisfying assumption (H).

Proposition 4.2. The Euclidean perimeter PEu satisfies assumption (H).

Proof. Let E ∈ CL satisfy (4.1). Then, for every 0 < ε < 1

PEu(E)− PEu(Eε) =

∫
Td−1

√
1 + |∇fE |2 dx′ −

∫
Td−1

√
1 + (1− ε)2|∇fE |2 dx′

=

∫
Td−1

(1 + |∇fE |2)− (1 + (1− ε)2|∇fE |2)√
1 + |∇fE |2 +

√
1 + (1− ε)2|∇fE |2

dx′

=

∫
Td−1

ε(2− ε)|∇fE |2√
1 + |∇fE |2 +

√
1 + (1− ε)2|∇fE |2

dx′

≥ ε

2
√
1 + L2

∫
Td−1

|∇fE |2 dx′ ≥ C(L, δ)ε,

where the last inequality follows by (4.1). □
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Proposition 4.3. The fractional perimeter PK defined in (3.5) satisfies assumption (H)
for every kernel K : Td−1 × R → [0,+∞) satisfying (3.2), (3.3) and such that K(x′, xd) =
K(−x′, xd) = K(x′,−xd).

Proof. Let E ∈ CL satisfy (4.1). We can assume without loss of generality that fE > 0. Then,
by a change of variable,

(4.10)

PK(E)− PK(Eε)

=

∫
Td−1

dx′
∫
Td−1

dy′
∫ fE(x′)

−∞
dxd

∫ +∞

fE(y′)
K(x− y) dyd

−
∫
Td−1

dx′
∫
Td−1

dy′
∫ (1−ε)fE(x′)

−∞
dxd

∫ +∞

(1−ε)fE(y′)
K(x− y) dyd

=

∫
Td−1

dx′
∫
Td−1

dy′
∫ fE(x′)

(1−ε)fE(x′)
dxd

∫ +∞

fE(y′)
K(x− y) dyd

−
∫
Td−1

dx′
∫
Td−1

dy′
∫ (1−ε)fE(x′)

−∞
dxd

∫ fE(y′)

(1−ε)fE(y′)
K(x− y) dyd

=

∫
Td−1

dx′
∫
Td−1

dy′
∫ fE(x′)

(1−ε)fE(x′)
dxd

∫ +∞

fE(y′)
K(x− y) dyd

−
∫
Td−1

dx′
∫
Td−1

dy′
∫ fE(x′)

(1−ε)fE(x′)
dxd

∫ (1−ε)fE(y′)

−∞
K(x− y) dyd.

By using the change of variable

(4.11) x̂d = −xd + (2− ε)fE(x
′), ŷd = −yd + (2− ε)fE(x

′),

from (4.10), we get

(4.12)

PK(E)− PK(Eε)

=

∫
Td−1

dx′
∫
Td−1

dy′
∫ fE(x′)

(1−ε)fE(x′)
dxd

∫ +∞

fE(y′)
K(x− y) dyd

−
∫
Td−1

dx′
∫
Td−1

dy′
∫ fE(x′)

(1−ε)fE(x′)
dx̂d∫ +∞

fE(y′)+(2−ε)(fE(x′)−fE(y′))
K(x′ − y′, x̂d − ŷd) dŷd

=

∫∫
A>

dx′ dy′
∫ fE(x′)

(1−ε)fE(x′)
dxd

∫ fE(y′)+(2−ε)(fE(x′)−fE(y′))

fE(y′)
K(x− y) dyd

−
∫∫

A<

dx′ dy′
∫ fE(x′)

(1−ε)fE(x′)
dxd

∫ fE(y′)

fE(y′)−(2−ε)(fE(y′)−fE(x′))
K(x− y) dyd,

where we have set

(4.13)
A> := {(x′, y′) ∈ Td−1 × Td−1 : fE(x

′) > fE(y
′)}

A< := {(x′, y′) ∈ Td−1 × Td−1 : fE(x
′) < fE(y

′)}.
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For every ε > 0 we set D(ε) := PK(E)− PK(Eε). In order to prove the claim, it is enough
to show that

(4.14) D ′(0) ≥ C(δ, L),

for some positive constant C(δ, L). Now we prove (4.14). By the very definition of D , in view
of (4.12), we have

(4.15)

D ′(0) =

∫∫
A>

dx′ dy′fE(x
′)

∫ 2fE(x′)−fE(y′)

fE(y′)
K(x′ − y′, fE(x

′)− yd) dyd

−
∫∫

A<

dx′ dy′fE(x
′)

∫ fE(y′)

2fE(x′)−fE(y′)
K(x′ − y′, fE(x

′)− yd) dyd

=

∫∫
A>

dx′ dy′fE(x
′)

∫ 2fE(x′)−fE(y′)

fE(y′)
K(x′ − y′, fE(x

′)− yd) dyd

−
∫∫

A<

dx′ dy′fE(y
′)

∫ fE(y′)

2fE(x′)−fE(y′)
K(x′ − y′, fE(x

′)− yd) dyd

+

∫∫
A<

dx′ dy′(fE(y
′)− fE(x

′))

∫ fE(y′)

2fE(x′)−fE(y′)
K(x′ − y′, fE(x

′)− yd) dyd

=

∫∫
A>

dx′ dy′fE(x
′)
(∫ 2fE(x′)−fE(y′)

fE(y′)
K(x′ − y′, fE(x

′)− yd) dyd

−
∫ fE(x′)

2fE(y′)−fE(x′)
K(x′ − y′, fE(y

′)− yd) dyd

)
+

∫∫
A<

dx′ dy′(fE(y
′)− fE(x

′))

∫ fE(y′)

2fE(x′)−fE(y′)
K(x′ − y′, fE(x

′)− yd) dyd.

Notice that for every (x′, y′) ∈ A>

(4.16)

∫ 2fE(x′)−fE(y′)

fE(y′)
K(x′ − y′, fE(x

′)− yd) dyd

−
∫ fE(x′)

2fE(y′)−fE(x′)
K(x′ − y′, fE(y

′)− yd) dyd

=

∫ fE(x′)−fE(y′)

fE(y′)−fE(x′)
K(x′ − y′, η) dη −

∫ fE(x′)−fE(y′)

fE(y′)−fE(x′)
K(x′ − y′, η) dη = 0,

where we have used the change of variable η = yd − fE(x
′) in the first integral and η =

yd − fE(y
′) in the second one. Now, setting

(4.17) A<δ :=
{
(x′, y′) ∈ A< : fE(y

′)− fE(x
′) >

δ

2

}
,

since fE is L-Lipschitz continuous and in view of (4.1), we have that

(4.18) |A<δ | > C(δ, L),
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for some positive constant C(δ, L). Therefore, by (4.15) and (4.16), using the change of
variable η = yd − fE(x

′), we deduce

D ′(0) =

∫∫
A<

dx′ dy′(fE(y
′)− fE(x

′))

∫ fE(y′)

2fE(x′)−fE(y′)
K(x′ − y′, fE(x

′)− yd) dyd

≥ δ

2

∫∫
A<

δ

dx′ dy

∫ fE(y′)

2fE(x′)−fE(y′)
K(x′ − y′, fE(x

′)− yd) dyd

=
δ

2

∫∫
A<

δ

dx′ dy

∫ fE(y′)−fE(x′)

fE(x′)−fE(y′)
K(x′ − y′, η) dη

≥ δ

2

∫∫
A<

δ

dx′ dy

∫ δ
2

− δ
2

K(x′ − y′, η) dη ≥ C(δ, L),

where the last inequality follows by (4.18). This concludes the proof. □

Proposition 4.4. For every 0 < s < 1 the fractional perimeter Ps
♯ defined in (3.8) satisfies

assumption (H).

Proof. Let E ∈ CL ∩MR. Then, taking into account (3.10), we have

(4.19)

Ps
♯ (E)− Ps

♯ (Eε)

=

∫
SdR

dx

∫
Rd−1×(−R,R)

(
χE(x)χEc

♯
(y)− χEε(x)χEc

ε,♯
(y)
)
Js(x− y) dy

+

∫
SdR

dx
(
χE(x)− χEε(x)

)
∫
Rd

(
χ(R,+∞)(yd)− χ(−∞,−R)(yd)

)
Js(x− y) dy.

Assuming without loss of generality that fE > 0, we have

(4.20)

Ps
♯ (E)− Ps

♯ (Eε) =

∫
Td−1

dx′
∫
Rd−1

dy′
∫ fE(x′)

−R
dxd

∫ R

fE(y′)
Js(x− y) dyd

−
∫
Td−1

dx′
∫
Rd−1

dy′
∫ (1−ε)fE(x′)

−R
dxd

∫ R

(1−ε)fE(y′)
Js(x− y) dyd

+

∫
Td−1

dx′
∫
Rd−1

dy′
∫ fE(x′)

(1−ε)fE(x′)
dxd∫

Rd

(
χ(R,+∞)(yd)− χ(−∞,−R)(yd)

)
Js(x− y) dy,
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so that

(4.21)

Ps
♯ (E)− Ps

♯ (Eε) =

∫
Td−1

dx′
∫
Rd−1

dy′
∫ fE(x′)

(1−ε)fE(x′)
dxd

∫ R

fE(y′)
Js(x− y) dyd

−
∫
Td−1

dx′
∫
Rd−1

dy′
∫ (1−ε)fE(x′)

−R
dxd

∫ fE(y′)

(1−ε)fE(y′)
Js(x− y) dyd

+

∫
Td−1

dx′
∫
Rd−1

dy′
∫ fE(x′)

(1−ε)fE(x′)
dxd∫

R

(
χ(R,+∞)(yd)− χ(−∞,−R)(yd)

)
Js(x− y) dyd.

Notice that, by periodicity,

(4.22)

∫
Td−1

dx′
∫
Rd−1

dy′
∫ (1−ε)fE(x′)

−R
dxd

∫ fE(y′)

(1−ε)fE(y′)
Js(x− y) dyd

=

∫
Rd−1

dx′
∫
Td−1

dy′
∫ (1−ε)fE(x′)

−R
dxd

∫ fE(y′)

(1−ε)fE(y′)
Js(x− y) dyd

=

∫
Td−1

dx′
∫
Rd−1

dy′
∫ fE(x′)

(1−ε)fE(x′)
dxd

∫ (1−ε)fE(y′)

−R
Js(x− y) dyd,

where in the last equality we have interchanged (x′, xd) with (y′, yd). By combining (4.21)
with (4.22), we obtain

(4.23)

Ps
♯ (E)− Ps

♯ (Eε)

=

∫
Td−1

dx′
∫
Rd−1

dy′
∫ fE(x′)

(1−ε)fE(x′)
dxd

∫ +∞

fE(y′)
Js(x− y) dyd

−
∫
Td−1

dx′
∫
Rd−1

dy′
∫ fE(x′)

(1−ε)fE(x′)
dxd

∫ (1−ε)fE(y′)

−∞
Js(x− y) dyd,

Notice that the righthand side of (4.23) coincides with the righthand side of (4.10), up to
replacing Td−1 with Rd−1 in the integrals in y′ and K with Js; therefore, by arguing verbatim
as in the proof of Proposition 4.3, we get the claim. □

Proposition 4.5. For every 0 < α < d − 1, the Riesz-type perimeter Pα in Definition 3.4
satisfies assumption (H).

Proof. Let E ∈ CL. Then, ρE < +∞. Therefore

Pα(E) = lim
R→+∞

Pα
−R,ρE (E).

We prove that, if (4.1) holds true, then for ε small enough

(4.24) Pα
−R,ρE (E)− Pα

−R,ρEε
(Eε) ≥ C(δ, L)ε,

for every R > |ρE | and for some constant C(δ, L) independent of R. We can assume, without
loss of generality, that fE > 0, and hence ρE > 0. By the very definition of ρE in (3.14), we
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get ρEε = (1− ε)ρE . Hence,

Pα
−R,ρE (E)− Pα

−R,ρEε
(Eε)

=

∫∫
Sd−R,ρE

×Sd−R,ρE

dx dy

∥x− y∥d−α♯

−
∫∫

Sd−R,(1−ε)ρE
×Sd−R,(1−ε)ρE

dx dy

∥x− y∥d−α♯

−
(∫∫

(E∩Sd−R,ρE
)×(E∩Sd−R,ρE

)

dx dy

∥x− y∥d−α♯

−
∫∫

(E∩Sd−R,(1−ε)ρE
)×(E∩Sd−R,(1−ε)ρE

)

dx dy

∥x− y∥d−α♯

)
.

By straightforward computations, we obtain

Pα
−R,ρE (E)− Pα

−R,ρEε
(Eε)

=

∫
Td−1

dx′
∫
Td−1

dy′
(∫ ρE

−R
dxd

∫ ρE

−R

dyd

∥x− y∥d−α♯

−
∫ (1−ε)ρE

−R
dxd

∫ (1−ε)ρE

−R

dyd

∥x− y∥d−α♯

)

−
∫
Td−1

dx′
∫
Td−1

dy′
(∫ fE(x′)

−R
dxd

∫ fE(y′)

−R

dyd

∥x− y∥d−α♯

−
∫ (1−ε)fE(x′)

−R
dxd

∫ (1−ε)fE(y′)

−R

dyd

∥x− y∥d−α♯

)

=2

∫
Td−1

dx′
∫
Td−1

dy′
(∫ ρE

(1−ε)ρE
dxd

∫ (1−ε)ρE

−R

dyd

∥x− y∥d−α♯

−
∫ fE(x′)

(1−ε)fE(x′)
dxd

∫ (1−ε)fE(y′)

−R

dyd

∥x− y∥d−α♯

)

−
∫
Td−1

dx′
∫
Td−1

dy′
(∫ fE(x′)

(1−ε)fE(x′)
dxd

∫ fE(y′)

(1−ε)fE(y′)

dyd

∥x− y∥d−α♯

−
∫ ρE

(1−ε)ρE
dxd

∫ ρE

(1−ε)ρE

dyd

∥x− y∥d−α♯

)
.

For every 0 < ε < 1, we set D(ε) := Pα
−R,ρE (E)−Pα

−R,ρEε
(Eε). Then, to conclude the proof

it is enough to show that

(4.25) D ′(0) ≥ C(δ, L),

for some positive constant C(δ, L). By the very definition of D , setting Jα♯ (·) := ∥ · ∥−d+α♯ , we

have

D ′(0) = 2

∫
Td−1

dx′
∫
Td−1

dy′ρE

∫ ρE

−R
Jα♯ (x

′ − y′, ρE − yd) dyd

− 2

∫
Td−1

dx′
∫
Td−1

dy′fE(x
′)

∫ fE(y′)

−R
Jα♯ (x

′ − y′, fE(x
′)− yd) dyd,



FLAT FLOWS OF PERIODIC LIPSCHITZ SUBGRAPHS FOR GENERALIZED NONLOCAL PERIMETERS27

so that

(4.26)

D ′(0)

2
=

∫
Td−1

dx′
∫
Td−1

dy′ρE

∫ ρE

−R
Jα♯ (x

′ − y′, ρE − t) dt

−
∫
Td−1

dx′
∫
Td−1

dy′fE(x
′)

∫ fE(x′)

−R
Jα♯ (x

′ − y′, fE(x
′)− t) dt

−
∫
Td−1

dx′
∫
Td−1

dy′fE(x
′)

(∫ fE(y′)

−R
Jα♯ (x

′ − y′, fE(x
′)− t) dt

−
∫ fE(x′)

−R
Jα♯ (x

′ − y′, fE(x
′)− t) dt

)
.

Now, recalling the definitions of A> and A< in (4.13), we have

(4.27)

∫
Td−1

dx′
∫
Td−1

dy′fE(x
′)

(∫ fE(y′)

−R
Jα♯ (x

′ − y′, fE(x
′)− t) dt

−
∫ fE(x′)

−R
Jα♯ (x

′ − y′, fE(x
′)− t) dt

)
=

∫∫
A<

dx′ dy′fE(x
′)

∫ fE(y′)

fE(x′)
Jα♯ (x

′ − y′, t− fE(x
′)) dt

−
∫∫

A>

dx′ dy′fE(x
′)

∫ fE(x′)

fE(y′)
Jα♯ (x

′ − y′, fE(x
′)− t) dt

=

∫∫
A<

dx′ dy′fE(x
′)

∫ fE(y′)

fE(x′)
Jα♯ (x

′ − y′, t− fE(x
′)) dt

−
∫∫

A<

dx′ dy′fE(y
′)

∫ fE(y′)

fE(x′)
Jα♯ (x

′ − y′, fE(y
′)− t) dt

=

∫∫
A<

dx′ dy′(fE(x
′)− fE(y

′))

∫ fE(y′)−fE(x′)

0
Jα♯ (x

′ − y′, η) dη,

where we have used that for every (x′, y′) ∈ A<∫ fE(y′)

fE(x′)
Jα♯ (x

′ − y′, t− fE(x
′)) dt =

∫ fE(y′)−fE(x′)

0
Jα♯ (x

′ − y′, η) dη∫ fE(y′)

fE(x′)
Jα♯ (x

′ − y′, fE(y
′)− t) dt =

∫ fE(y′)−fE(x′)

0
Jα♯ (x

′ − y′, η) dη,

in view of the change of variable η = t − fE(x
′) in the first integral and η = fE(y

′) − t in
the second one. Then, by arguing as in the end of the proof of Proposition 4.3, if (4.1) holds
true, then the set A<δ defined in (4.17) satisfies (4.18), so that, using (4.27), we deduce

(4.28)

−
∫
Td−1

dx′
∫
Td−1

dy′fE(x
′)

(∫ fE(y′)

−R
Jα♯ (x

′ − y′, fE(x
′)− t) dt

−
∫ fE(x′)

−R
Jα♯ (x

′ − y′, fE(x
′)− t) dt

)
≥C(δ, L),
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for some C(δ, L) > 0.
Now, for every x′ ∈ Td−1, we define the function Ax′ : R → [0,+∞) as

Ax′(s) :=

∫
Td−1

Jα♯ (x
′ − y′, s) dy′

and the function Φx′ : [0,+∞) → [0,+∞) as

(4.29) Φx′(u) := u

∫ u

−R
Ax′(u− t) dt = u

∫ R+u

0
Ax′(ξ) dξ,

where, the second equality follows by the change of variable ξ = u− t. Notice that

Φ′
x′(u) =

∫ R+u

0
Ax′(ξ) dξ + uAx′(R+ u) > 0 for every u > 0.

As a consequence, using that ρE = maxTd−1 fE , we get

(4.30)

∫
Td−1

dx′
∫
Td−1

dy′ρE

∫ ρE

−R
Jα♯ (x

′ − y′, ρE − t) dt

−
∫
Td−1

dx′
∫
Td−1

dy′fE(x
′)

∫ fE(x′)

−R
Jα♯ (x

′ − y′, fE(x
′)− t) dt

=

∫
Td−1

dx′
(
Φx′(ρE)− Φx′(fE(x

′))
)
> 0.

By (4.26), (4.28) and (4.30), we get (4.25). □

Proposition 4.6. The 0-fractional perimeter in Definition 3.12 satisfies assumption (H).

Proof. Let E ∈ CL. Then, ρE < +∞. Assume that (4.1) holds true, then by arguing verbatim
as in the proof of Proposition 4.5, we get that there exists a constant C(δ, L) > 0 such that

(4.31) Q0
−R,ρE (E)− Q0

−R,ρEε
(Eε) ≥ C(δ, L)ε,

for every R > |ρE | and for ε small enough. Moreover, by applying Proposition 4.3 with

K(·) = χB1
(·)

∥·∥d♯
, we have that for ε small enough

(4.32) G 0(E,Ec)− G 0(Eε, E
c
ε) ≥ C(δ, L)ε.

By (4.31) and (4.32) we deduce the claim. □

Proposition 4.7. For every ρ > 0, the Minkowski pre-content defined in (3.32) satisfies
assumption (H).

Proof. Recalling (1.21), for every E ∈ CL and for every ρ > 0 we set

(4.33)
fat+ρ (∂E) := {(x′, xd) ∈ fatρ(∂E) : xd > fE(x

′)}
fat−ρ (∂E) := {(x′, xd) ∈ fatρ(∂E) : xd < fE(x

′)}.

By construction, there exist two functions F+
E,ρ and F−

E,ρ such that

(4.34) ∂fat±ρ (∂E) \ ∂E = {(x′, F±
E,ρ(x

′)) : x′ ∈ Td−1}.

Moreover, we notice that for E ∈ CL

(4.35) Eρ(E) =
1

2ρ

∫
Td−1

(F+
E,ρ(x

′)− F−
E,ρ(x

′)) dx′.
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Let E ∈ CL be fixed. For every x′ ∈ Td−1 let ξ+ε,ρ[x
′] ∈ Td−1 be such that

|(x′, F+
Eε,ρ

(x′))− (ξ+ε,ρ[x
′], fEε(ξ

+
ε,ρ[x

′]))| = ρ,

and let ϑEε,ρ(x
′) be the (smallest) angle formed by the vertical line passing through the point

(x′, F+
Eε,ρ

(x′)) with the segment having extreme points at (x′, F+
Eε,ρ

(x′)) and (ξ+ε,ρ[x
′], fEε(ξ

+
ε,ρ[x

′])).
By geometric observations,

(4.36) (1− ε)(fE(ξ
+
ε,ρ[x

′])− fE(x
′)) = fEε(ξ

+
ε,ρ[x

′])− fEε(x
′) ≥ ρ

(
1− cos(ϑEε,ρ(x

′))
)
.

By construction, the point Pε := (x′, F+
ε,ρ(x

′) + εfE(ξ
+
ε,ρ[x

′])) has distance equal to ρ from

(ξ+ε,ρ[x
′], fE(ξ

+
ε,ρ[x

′])) and hence dist(Pε, E) ≤ ρ. Therefore, for ε small enough, we deduce

(4.37) F+
E,ρ(x

′) ≥ F+
Eε,ρ

(x′) + εfE(ξ
+
ε,ρ[x

′]) ≥ F+
Eε,ρ

(x′) + εfE(x
′) + ε

ρ

2

(
1− cos(ϑEε,ρ(x

′))
)
,

where the last inequality is a consequence of (4.36). By (4.37), we thus deduce that

(4.38) F+
E,ρ(x

′)− fE(x
′) ≥ F+

Eε,ρ
(x′)− (1− ε)fE(x

′) + ε
ρ

2

(
1− cos(ϑEε,ρ(x

′))
)
.

Now, by construction, F+
Eε,ρ

is L-Lipschitz continuous; moreover, if F+
Eε,ρ

is differentiable at

x′, then

(4.39) |∇F+
Eε,ρ

(x′)| ≤ sin(ϑEε,ρ(x
′)).

By (4.38) and (4.39), for a.e. x′ ∈ Td−1

(4.40) F+
E,ρ(x

′)− fE(x
′) ≥ F+

Eε,ρ
(x′)− (1− ε)fE(x

′) + ε
ρ

4
|∇F+

Eε,ρ
(x′)|2.

We claim that if (4.1) holds, then for ε small enough

(4.41) ∥∇F+
Eε,ρ

∥2L2(Td−1) ≥ C(δ),

for some positive constant C(δ). Indeed, assume by contradiction that there exists a vanishing
sequence {εn}n∈N and a sequence {En}n∈N ∈ CL satisfying (4.1) and such that

∥∇F+
En

εn ,ρ
∥L2(Td−1) → 0 as n→ +∞.

Then, since the functions F+
En

εn ,ρ
are L-Lipschitz continuous, we get that F+

En
εn ,ρ

uniformly

converge to some constant c as n→ +∞; as a consequence, F+
En,ρ → c uniformly in Td−1 thus

contradicting (4.1). By (4.40) and (4.41) we thus obtain

(4.42)

∫
Td−1

(F+
E,ρ(x

′)− fE(x
′)) dx′ −

∫
Td−1

(F+
Eε,ρ

(x′)− fEε(x
′)) dx′ ≥ ε

ρ

4
C(δ);

analogously,

(4.43)

∫
Td−1

(fE(x
′)− F−

E,ρ(x
′)) dx′ −

∫
Td−1

(fEε(x
′)− F−

Eε,ρ
(x′)) dx′ ≥ ε

ρ

4
C(δ).

In view of (4.35), by (4.42) and (4.43), we obtain (4.2). □
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