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ABSTRACT. We prove the existence and the %—Hélder continuity in time of flat flows for
periodic Lipschitz subgraphs, whose evolution is governed by the gradient flow of generalized
nonlocal perimeters. Moreover, we show that the flat flow satisfies the semigroup property
and, as a consequence, the generalized perimeter decreases along the evolution.

Finally, we prove that halfspaces are global minimizers of the generalized nonlocal perime-
ters and act as attractors for the dynamics.

Our theory covers several generalized perimeters, including fractional and Riesz-type
perimeters (defined on entire periodic subgraphs through suitable renormalization proce-
dures) and the Minkowski pre-content.
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Geometric flows describe the evolution of sets in which each point on the moving boundary
evolves according to a specific law involving local or nonlocal quantities related to the shape
of the set. In this work we focus on curvature flows, which have a gradient flow structure. A
classical example is provided by the mean curvature flow [23], where the evolution is formally
driven by the gradient flow of the Euclidean perimeter, so that the boundary velocity is
proportional to its first variation, that is the standard mean curvature. This geometric flow
has been generalized in several directions, notably to weak formulations involving anisotropic
and crystalline perimeters [I], [9, 22].

In [21] a level set approach to the classical mean curvature flow is analyzed; within this
framework, the evolution of a set is represented via the superlevel sets of an auxiliary level
set function that solves a degenerate parabolic equation. A variational approach to the mean
curvature flow, as well as to its anisotropic and crystalline variants, was proposed in [I} 2§].
It is based on a minimizing movements scheme, which can be viewed as an implicit Euler
discretization of the gradient flow of the perimeter functional with respect to a suitable L2-
Riemannian structure. The discrete evolution satisfies a Holder continuity estimate in time,
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and by applying Ascoli-Arzela compactness arguments, one can pass to the limit as the time
step tends to zero, thereby obtaining a Holder continuous evolution, known as the flat flow.

In [7], it was shown that this step-by-step minimization can be used to construct level set
solutions, connecting the approaches in [21] and [I} 2§].

More recently, attention has also turned to nonlocal evolutions [30], where the local perime-
ters and curvatures are replaced by quantities depending on the whole set. The fractional
perimeter is a prominent example, and the corresponding evolution is referred to as the frac-
tional mean curvature flow [25, 4] (see also [I4} [15]). Alongside the fractional perimeter, a
class of generalized nonlocal perimeters is analyzed in [I0] (see also [31], 8, B]). This family
consists of functionals satisfying certain structural assumptions; the most relevant is a con-
vexity property known as submodularity. Such a property ensures that the first variation
of a (sufficiently smooth) generalized perimeter, referred to as generalized nonlocal curva-
ture, is monotone with respect to set inclusion. Exploiting this monotonicity, [10] establishes
that geometric evolutions driven by generalized nonlocal curvatures satisfy the comparison
principle; in particular, existence and, under suitable regularity assumptions, uniqueness of
a viscosity level set solution are provided, extending the results of [7] to this generalized
nonlocal framework.

We stress that, within the level set formulation, existence, uniqueness and regularity prop-
erties of the level set function typically translate into properties holding only for almost every
level.

In this paper, we revisit the results in [10] to recover qualitative properties of the solutions
that are not merely generic with respect to the initial set (namely, with respect to the level of
the level set function), but are instead satisfied by any flat flow starting from a specific class of
initial sets, that is entire Lipschitz subgraphs (a class that is preserved along the flow). Since
we work with entire (non-compact) solutions, this setting does not fall under the assumptions
of [10], which focuses on compact sets. Therefore, we first adapt the approach of [I0] to the
non-compact periodic setting. Notice that the perimeter of unbounded subgraphs is generally
infinite, motivating our restriction to a periodic framework, where a notion of surface area per
unit cell can be introduced, at least for local perimeters. For nonlocal perimeters, this notion
is more subtle. Indeed, scaling arguments suggest that the fractional surface per unit volume
of an entire periodic hypersurface is infinite. Our examples of nonlocal perimeters in this
framework employ specific renormalization procedures, allowing for a meaningful definition
of the fractional perimeter for periodic sets. On the one hand, our results apply to a broad
class of generalized perimeters; on the other hand, they rely on techniques and tools that are
available only within our framework of Lipschitz subgraphs. Consequently, most of the results
in this paper cannot have a clear extension to evolutions starting from arbitrary initial sets.
For instance, to the best of our knowledge, it is currently unknown whether the fractional
mean curvature flow, starting from an initial set of finite fractional perimeter, enjoys Holder
continuity in time.

We now describe our results in more detail. We introduce and analyze flat flows of periodic
Lipschitz subgraphs for general nonlocal perimeters. Following [10], a generalized perimeter
is a non-negative map & defined on measurable sets, finite on sufficiently smooth sets (here,
sets with Lipschitz boundary), invariant under translations and modifications on negligible
sets, lower semicontinuous with respect to LllOC convergence, and satisfying the submodularity
condition.

Given a Lipschitz subgraph and a positive time step parameter, the minimizing movements
scheme produces a discrete-in-time evolution by iteratively solving incremental minimization
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problems. Using geometric and variational arguments, we establish discrete Holder-in-time
estimates for these solutions. Specifically, we follow [28] which relies on the fact that the
Euclidean perimeter of the evolving set is uniformly bounded and the sets satisfy uniform
density estimates. These properties are not known for general nonlocal curvature flows,
not even for the fractional mean curvature flow starting from a bounded regular set. In
contrast, periodic Lipschitz graphs trivially satisfy density estimates and have uniformly
bounded surface per unit cell. This regularity-in-time allows to use Ascoli-Arzela Theorem
in order to pass to the limit as the time step vanishes, obtaining a Hélder continuous in time
evolution, that is the flat flow. Remarkably, this flat flow satisfies the semigroup property so
that the generalized nonlocal perimeter decreases in time.

A natural question concerns the asymptotic behavior of the flat flow as t — +o00. While for
volume preserving mean curvature flows as well as for surface diffusion dynamics the attractors
are compact sets [24], 20} [17, [16} 27, 26], in our periodic subgraph setting the natural candidates
are periodic halfspaces. In Proposition [1.4] we show that periodic halfspaces minimize any
generalized perimeter & within the class of periodic Lipschitz subgraphs. This result is new
even for fractional perimeters: while the local minimality of halfspaces was established in [29]
(see also [2, 13]), a global minimality based on a natural notion of fractional perimeter for
periodic subgraphs was still missing.

Given their minimality, halfspaces are natural candidate attractors for the dynamics. If
halfspaces are the only critical points of & within Lipschitz subgraphs, compactness argu-
ments show that the discrete evolution converges to a halfspace as ¢ — +o00. In Proposition
we prove that a quantitative version of this assumption guarantees convergence of the
flat flow to a halfspace. Such a result is classical for the Euclidean perimeter [19, 32] and has
been recently extended to fractional perimeters in [6], where the asymptotic behavior of sets
near entire cones, along with Holder continuity properties of the solution, was established
in the level set framework. On the one hand, our results extend [6] to generalized nonlocal
perimeters, providing Holder continuity of the flat flow (with exponent 1/2) rather than of
the level set function; on the other hand, our framework is restricted to the periodic setting.

Finally, we present several classes of generalized perimeters to which our abstract results
apply. First, fractional perimeters [31, 3] arising from nonlocal interactions, defined via
double integrals with power-law kernels. We present two natural extensions to periodic entire
sets: the first one is defined on subsets of the (d — 1)-dimensional torus times R and the
interactions are modulated by the classical fractional kernel involving the Riemannian distance
on the torus; the second one is defined on periodic subsets of R% endowed with the Euclidean
distance, using a renormalization procedure that subtracts the infinite tail of a reference
halfspace. We then extend the fractional framework to Riesz-type perimeters and to the
O-fractional perimeter [I8], as well as to the Minkowski pre-content [I0]. These examples
demonstrate the flexibility of our scheme and the broad applicability of our results.

The paper is organized as follows. In Section [I] we introduce notation, the formal definition
of generalized nonlocal perimeter, the discrete scheme and continuity properties for discrete
solutions. Section |2| presents the main existence theorem for the flat flow. Section 3| illus-
trates examples of generalized perimeters covered by our theory and Section [4] addresses the
asymptotic convergence to periodic halfspaces.
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1. THE MINIMIZING MOVEMENTS SCHEME

We start by introducing the notion of periodic Lipschitz subgraphs on the torus.

Let d € N with d > 2. We denote by T¢~! := R4~1/Z4=1 the (d — 1)-dimensional flat
torus. With a little abuse of notations, translations in T?~! x R are identified with vectors in
R? = R4-1 x R. Moreover, for every R > 0, we set SdR =T x (=R, R).

Definition 1.1. Let E C T%"! x R. We say that E is a periodic L-Lipschitz subgraph (with
L > 0) if there exists a L-Lipschitz continuous function g : T*~! — R such that

E={( xq) e T xR : 24 < g(z)}.
In the following, given L > 0, we denote by €, the class of periodic L-Lipschitz subgraphs.

Now, following the approach in [I0], we introduce the notion of generalized perimeters for
measurable subsets of T x R.

Definition 1.2. Let 9 be the class of measurable subsets of T4~ x R. We will say that a
functional &2 : M — [0, +o0] is a generalized perimeter if it satisfies the following properties:

(i) P(F) < +oo for every E € Cp;

(i) 2(0) = 2(T ! xR) = 0;

(ili) 2(E)= P2(F')if |[EAE'| = 0;

(iv) Zis Ll -ls.c.: if [(E,AE)N SdR)| — 0 for every R > 0, then Z(F) < Egﬂg P(Ey);
(v) £ is submodular: For any E, F e M: (EUF) + (ENF) < P(E) + P(F);
(vi) 2 is translational invariant: 2(E +71) = 2(E) forall E €M, r € R%

Remark 1.3. Given a generalized perimeter &2 in the sense of Definition we can extend

it to Lllo . (T~ x R) enforcing the following generalized co-area formula:
+oo

(1.1) P(u) = P({u > s})ds for every u € LL (T4 ! x R).
—0o0

It can be shown that, under the assumptions above, &2 is a convex and lower semicontinuous
(with respect to vanishing L! perturbations having uniformly compact support) functional in
LL (T?! x R) (see [8, Proposition 3.4] for a detailed proof in RY).

Now we define the minimizing movement scheme for the generalized perimeter &2, following
the approach in [I] and [28] (see also [10]).
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Let R > 0 be fixed; we set
Mpr:={FeM:T! x (—o00,—R) C E C T x (—o0,R)}.

From now on, we will always assume that any set E in 9Mp coincides with its Lebesgue
representative F := {z € E : z is a point of density one for E'}.
Let h > 0 be the time step of the approximation scheme. For any E, F' € Mg, we define

(1.2) Fn(E,F):= P(F)+ ill/EAF dist(z, 0F) dz,

where dist(-, 0F) denotes the standard distance function from the boundary of E.
Moreover, for any E € 9r, we define the signed distance from E as

sdistg(z) := dist(z, E) — dist(z, E°).
Notice that
/ sdistg(z)dz = / dist(z,0F) dz — / dist(z,0F) dz for any E, F € Mp;
Fnsg FAE ENsg
as a consequence, the class of minimizers of Fp,(F,-) in Mg coincides with that of the func-

tional 5, (E,-) (in Mg) defined, for every F € Mp, as

1
(1.3) Fr(E,F) = P(F)+ / sdistp(z) dz.

h Fnsé,
Notice that the volume term in ([L.3)) satisfies the submodularity inequality (with respect to F)
with an equality; as a consequence, using the submodularity of P2, for every F,F' € Mg
we have

(1.4) Fu(E,FUF')+ Fo(E,FNF) < Fu(E,F) + Fp(E, F").
In the remainder of this section, we prove that, given h > 0, for any given set £ € Mg the

problem

1.5 min F,(E, F

( ) Fedin h( ) )

admits at least a solution in 9. To this end we preliminarily show that “periodic hyper-
spaces” minimize & in Mpg.

Proposition 1.4. For every A\ € (—R, R), the sets Hy := T4 x (—o00, \) minimize & in
Mp.

Proof. First, we show that there exists a minimizer of &2 in 9. Since, by Remark the
functional & extended to L{ (T9! x R) is convex and lower semicontinuous, there exists a

solution @ to the minimization problem

(1.6) min P(u).
w€L>® (T4 1 xR;[0,1])
u=1 in T9~1x(—0c0,—R)
u=0 in T4~ 1 x(R,+0o0)

Since
1
2 (@) :/0 P({a> s})ds,

one can easily deduce that, for almost every s € (0,1), the set {u > s} is a minimizer of &
in Mp.
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Now we notice that, given E € 9g, for every translation 7 € R?, the sets EU (E + 7) and
E N (FE + 1) belong, up to a translation, to M pg; moreover, by the submodularity and by
the translational invariance of &, we have

PEUE+T)+PEN(E+T)) <22(E).
Hence, if F is a minimizer of & in Mg, it holds
(1.7) PEN(E+71)=LP(EU(E+T1))=2L(E).

Let E be a minimizer of & in Mg and let {7, },en be a dense sequence in T4~! x {0}. We
set Fp:= F and E,, := E,,_1U(FEp_1+T,), for every n € N. Then, by an induction argument
using (1.7), we have that 2(E,) = 2 (E). By construction, the sequence {E,, },,cn converges
(in L) to the set Euo := U, cp En-

We conclude by noticing that on the one hand, by the lower semicontinuity of &,

P(Ex) < P(E),

on the other hand, by construction, Eo, = H)_, where Ayin := inf{\ : Hy D E}. By the
translational invariance of Z, we deduce that all the sets Hy (for A € (—R, R)) minimize
Z in gﬁpL. O

In what follows, we will adapt what was done in [I0] for bounded sets.

Lemma 1.5. Let E € Mg be a set with P (E) < +oo. For every h > 0, there exist a
minimal T}, [E] and a mazimal T, [E] (with respect to inclusion) solution to (L.5]). Moreover,
TE[E) € Mg, where Ry := inf{r >0: E € M, }.

Proof. Since, by Remark the functional & extended to L (T¢"! x R) is convex and

loc
lower semicontinuous, there exists a solution % to the minimization problem

1
(1.8) min P(u) + — / u(z) sdistg(z) d.
we L (T4~ 1 xR;[0,1]) h Jsa,
u=1 in T 1x(—o0,~R)
u=0 in T4~1x(R,+00)

min

By the layer cake formula,

1
Z(u) + i/g u(z) sdistg(x) de = /0 (@({u > s}) + ;/S

whence, one can easily deduce that, for almost every s € (0,1), the set F* := {u > s} is a
minimizer for .

We only show the existence of a minimal solution, since the existence of a maximal solution
can be proven analogously.

Let us define

sdistg () dx) ds,

A dn{u>s}

m = inf{|FNS}| : F € Mg and F minimizes Fu(E, )}
and consider a minimizing sequence {F, }nen, in the sense that F,, is a solution to (|1.3) (for
every n € N) and
|E, N S%| — m.
For every N € N we set F(V) .= ﬂgzl F,. Then, by (T.4), { F™")} ye is a decreasing sequence
(with respect to the inclusion) of solutions to (L.5)), satisfying |F(") N S%| — m, as N — oc.
Then, setting F(®) := N1 F,, we have that F™) converges (in Ll ) to F(*); by lower
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semicontinuity of & and by the continuity of the dissipation with respect to the strong
L' convergence in S%, we obtain that F(°°) is a minimal solution.

Finally, we prove the last sentence of the statement.
To this end, we first claim that, if Hy C E for some A € (—R, R) and

(1.9) diSt(aE, 8H,\) =:§p > 0,
then, any minimizer F' to (1.5 satisfies
(1.10) H\\ F| =0

that is, Hy C F.
In order to prove (|1.10|), we first observe that, by (1.9)),
(1.11) sdistg < sdisty, — do < sdistgy, .

By definition of F', we have

(1.12) P(F) + ]12/

1
sdistg do < @(FUHA)qL/ sdistp dz
Fnsg, h

(FUHA)OS‘}%
and, by Proposition we get

1
(1.13) Q(H,\)—i-h/

H\NS%
By summing (1.12]) and (|1.13]), and using the submodularity of &, we obtain

/ sdist 7, dor < / sdist g dx,
H\F Hy\F

which, in view of , is satisfied if and only if holds true. Using an approximation
argument one can prove that the claim holds true also without assuming . Analogously
one can show that Hy D F whenever Hy D E. Therefore, if £ € 9, for some r > 0, then
every minimizer F' for satisfies F' € 9M,.. Passing to the infimum with respect to r, we
get that TicE € Mg O

min *

1
sdisty, de < Z(FNH)y) + — / sdist g7, dz.
h J(Prmy)nse,

Given two sets E, E' € Mg, we write that £ CC E’ if sdistg > sdistp.

Lemma 1.6. Let E.E' € Mp. If E CC E', then T,/ [E] CC Ty, [E']; if E C E', then,
Ty [E] C T, [E].

Proof. Assume first that £ CC E’ and let E e IMpr be such that £ CC Ecc E’; then
(1.14) sdistp(x) > sdist z(z) for every x € S%.

Comparing Fy,(E, T, [E]) with Fy,(E, T;F [E]NT; [E]) and F,(E, T}, [E]) with F,(E, T, [E]U
T, [E]), and using the submodularity of &, we get

sdistg(z)dz < / sdist z(z) dz.

/(TJ [ENT;, [EDNS%, (T [ENT;, [E)NS%,

Hence, from (L.14), it follows that T}/ [E] C T}, [E].

To conclude the proof we use a perturbation argument. For every € > 0, we denote by
F. the minimal solution of with sdistg replaced by sdistg + €. This perturbation is
equivalent to replacing FE with its e-shrunken version; hence, we have F. are decreasing in ¢,
F.CT, E and F. — Fy = J, F: in LL (R%). By lower semicontinuity of &2, it follows

loc
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that Fp is a solution, and thus T,” E C Fy € T; E'. One can prove the same inclusion for
T,,ECT/E. O
Remark 1.7. As an immediate consequence of minimality, we get the following result. Let

E € Mp be a set such that 2(Ey) < +oc and let T;"[E] be the minimizers given in Lemma
. Then, T;F[E] satisfy the discrete dissipation inequality

(1.15) PITHE) + 5 /EMHE} dist(z,9E) dz < P(E).

Proposition 1.8. Let E € ¢, N Mg. Then, T}, [E] = T, [E] =: T,[E] and T,|E) € €.
Proof. We notice that a set F' is in €, if and only if
(1.16) F+71CF for every 7 = (7', —L|7’|) € RY.

Let T}, [E] be the minimal solution to (I.5). Given 7 € R? as in (L.16), by translational
invariance , by (the second part of) Lemmaand7 using that E' € €, (so that E+7 C E),
we conclude that

T, [El+7=T, [E+7]CT, [E].
By the arbitrariness of 7 as in (L.16), we deduce that T, [E] € €;. Analogously, one can
prove that T} [E] € €.

Since E € €1, we have that E CC E + eeq for every € > 0, so that by (the first part of)
Lemma and by translational invariance (vi), we obtain

T, [E] C T} [E] C T) [E + ceq) = Tj, [E] + eeq,
whence, sending ¢ — 0, we deduce T} [E] = T}, [E]. O

Remark 1.9. We notice that for every E € €, there exists R = R(L) > 0 such that
E € Mp. In this respect, the assumption E € €, N Mg is a bit redundant.

Definition 1.10. Let Ey € €1, be a set such that &?(Ep) < +o0o0 and h > 0.
We iteratively define the sequence of sets {E;g?l)}keN by setting

1.17 EW .= gy and EW .=T,E™  for k> 1.
0 kh k—1

(k=1)h
We furthermore define
Et(h) = E,g? for any ¢ € [kh, (k+ 1)h),

and call {Et(h)}tzo an approximate flat solution to the generalized curvature flow, associated
to the perimeter &, with initial datum Ej and time step equal to h.

Remark 1.11. If Ey € MrNE;, by Lemmaand by Proposition we get Et(h) € MrNEy,
for every t > 0.

As an immediate consequence of the dissipation inequality (1.15), we have for every ¢t > h
1

1.18 2(EM) + = dist(z, 0E™ )y dz < 2(EW
t t—h t—h
h JeMap®,
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and, by induction,

(1.19) 2(EM) < 2(Ey)  Vt>0
1 [T .
(1.20) h/ /E(h)AEEWh dlStEE@h (LE) daedt < L@(Eo) VT > h.

Definition 1.12. Let E € €, for every p > 0 we define the p—neighborhood of OF as
(1.21) fat,(OE) := {z € T ! x R : dist(z, 0E) < p}.

Proposition 1.13 (Holder continuity in time). Let Ey € € with P (Ey) < +o00, 0 < h <1
and {Et}¢>0 be an approzimate flat flow with initial datum Ey. Then it holds

]Elgh)AEgh)\ < Cmax{h'/? |t — s|'/?} for every s,t >0,
for some constant C depending on L and Ejy.
Proof. For every ¢ € N and p > 0, we define
(h h h h h

(122)  GFi= (BY) ), \ BY) nfat,(0ES)) and  F' = (B!}, \ E}) \ fat, (05}
and we notice that

h h
(1.23) EN) L\ By =Gl U F.
Since GI C fatp(ﬁEi(;Z)), from Proposition [1.8 we get
(1.24) |G| < CLp.
Moreover, from the dissipation inequality in (1.15)) we have

PEY) - 2B, = [ dist(w, 080 do > 1))
Fh

(i+1)h
that is
h h h
(1.25) < | 2E) - 2B
By (&.13), (T.25) and (T.24),
h h h

(1.26) B 0\ ER)| < ; [gZ(Ei(h)) _ y(E§ijl)h)] +Cop,
and analogously one can show

h h h h
(1.27) B\ (Bl < 5 (2B~ 2(EL)))| + Cup.

Without loss of generality, we take s = ih with i € NU{0} and t = (i + k)h, with k € N, that

is E(h) E(h) and E( ) = E((sz)h, respectively. Hence, by (1.26) and (|1.27)), we get

??‘

POINTG ") Ap®
B AED <Y ’Ez—i-l BAE iyl

=0
1.28 h (h) (h)
(1.28) <27 [@(Eih ) — 9(E<i+k)h)} +20Lkp

§2z@(EO) + 20 kp.



10 L. DE LUCA, A. DIANA, AND M. PONSIGLIONE

By choosing p = %, we conclude

IEMAEM| < €L g, max{h2, |t — s|"/2}.

2. EXISTENCE OF FLAT SOLUTIONS

We are in a position to establish the existence of a Héder continuous flat flow, obtained as
a limit of the discrete minimizing movements as the time step h vanishes.
Theorem 2.1 (Flat flows). Let Ey € MrNEr, with P (Ey) < +oo and let {h, }neny C (0, +00)
be a monotonically vanishing sequence. Moreover, for any hy,, let {Et(h”) [Eol}t>0 = {Et(hn)}tzo
be the approximate flat solution to the generalized curvature flow, associated to the perimeter
P, with initial datum Eg. Then, there ezist a subsequence {hn, }ken =: {hitren and a family
{EY[Eo, {hi}k]} >0 = {E }i>0 C €1, with EJ = Ey such that, for all t >0
(2.1) \EMAEY| - 0,
and, for everyt,s >0,
(2.2) |EYAE?| < C|t — s|V/2.
Finally, the flat flow {EP}+>0 satisfies the so called semi-group property: for every t, At >0
it holds

(2.3) EXNJNED[Eo, {hi}i], {hi}k] = ER ag[Eo, {hi}i).
As a consequence, P (EY?) is monotonically non-increasing (with respect to t), i.e.,
(2.4) P (Ey) < P(EY) for every 0 <t <t

Proof. Let t € QT be fixed. By Remark we can apply Ascoli-Arzeld Theorem to deduce
that there exist a subsequence {h, }r of {hn}, and a set Ef such that

)

ht
(2.5) kli_)n;O]Et " AEP| = 0.

By a standard diagonal argument, ([2.5)) holds true for any ¢ € Q" with a subsequence {h,, } =
{h} independent of t. Moreover, let s,t € Q*; using the triangular inequality, (2.5]), and the
Holder continuity in Proposition [1.13] we get

|EJAEP| < limsup (\Et("k)AE,?y + |EM AERS)| 4 yEghk>AE§\) < C|t — sV
k—o0
By completeness of L', we can extend by continuity the maps ¢ — EY ﬂSdR and hence (adding
(T9! x (=00, —R))) the maps t — EY, from QT to R*. By construction, EY € €, for every

t > 0 and satisfy the Holder continuity property (2.2)).
Moreover, for every ¢t > 0 and for every t € Q*, by triangular inequality and Proposition

[1.13] we have
h h h h
B AR <|EM™ AEM| + |E™ AR+ | EPAE])
<Clt — V2 + |[E" AR + |[EPAEY,

whence, using (2.5) and sending ¢ — ¢, we get (2.1)).
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Now we prove that for every ¢, At > 0 property (2.3) holds true. Let ¢ > 0. By (2.1)) and
Proposition there exists k. € N such that

B —ceq € BV Eo, {hi}] = B} C B teeq for k> ke,

whence, using Lemma and translational invariance , we deduce

(2.6) EM), —ceq C EXV[EY C EMX), +eeq  for k> k.

Furthermore, by the first part of the statement, we have that there exists a subsequence
{hk; }jen =: {hj}jen, depending on E? = E?[Ey, {hk}x], such that
B EAAERLED, (b)) -0 asj - +oo,
so that, using again Proposition (1.8)), for j large enough,
h; h;
(2.7 S 1E9) - eea C BAJED, {hi}i) € ESYIEY) + eeq
By combining ([2.6) with (2.7), we deduce that for j large enough

h; h;
E"), —2eeq C BB, {h;};] € BU9), + 2eeq,

which, sending j — +oo and using again (2.1) with ¢t = ¢ + At, yields that
Efy adlBo {hi}i] — 2ee4 € EQ[E7 [Eo, {hdi), {hy};) © B2y aglBo. {h}e] + 2eeq,

so that, by the arbitrariness of

(2.8) ENEL o, {hidi)s {hy}s] = By aclBos {ha e

Now, since the right-hand side of the identity in (2.8)) is independent of the subsequence {h;};,

we have that also the left-hand side should be, whence we deduce that (2.3]) holds true.
Finally, let 0 < t < ¢. By (2.3) (applied with ¢ = t and At = ¢ — t), using the lower-

semicontinuity property of & and inequality (1.19)) applied with Ey = EY[Eq, {ht}x], we

have
P(By) = P(Eg[Eo, {hi}r]) = P(Ep_y[E[Eo, {hx}r], {ha}x]))

< liminf 2(E™) (B [Eo, (i}l {hahi)

t—t
< P(E}[Eo, {hi}1]) = 2(E),
which proves ([2.4]). O

3. EXAMPLES OF GENERALIZED PERIMETERS

In this section we list some examples of generalized perimeters fitting the assumptions ({i
- (vi)). The first example is given by the standard De Giorgi perimeter, together with its
anisotropic, possibly crystalline, variants. Next, we focus on non-local perimeters.

Fractional perimeters. Another relevant class is given by fractional type perimeters
[3]. For the sake of completeness, we introduce a quite general class of nonlocal perimeters
governed by convolution kernels, and check that, under suitable assumptions, they also fit in
our theory.

Let || - ||y : T¢! x R — [0, +00) be the “periodic norm” defined by

1
31 = 2 1 /+ / 5‘
(3.1) 1€l := (I&al® + min [¢" + "))
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Let K : T9! x R — [0, +00) be a measurable function satisfying

(3.2) K(€) < ﬁ for €4 > 1
and
(3.3) K@< gn”dﬂ for || < 1

Here, p > 2,0< s <1, and v > 0.
For every E1, Ey € 9 we set

(3.4) Y (Er, Es) = / dz [ K(z—y)dy,
Eq E>

and we define the non-local perimeter governed by K as
(3.5) Pk (E) =% (E,E°) for every E € M.
Here, E¢ = (T ! x R) \ E.
Remark 3.1. Let 0 < s < 1. Let ¢ € L®(T4 ! x R;[0,+00)) be a zero-homogeneous
function. Then, the kernel K¥ defined by
1

(3.6) KY(¢) = W@b(g) for every £ € T4 1 x R
t

satisfies (3.2) and ({3.3]).

Notice that, for ¢ = 1, the non-local perimeter (3.5) governed by K' represents a natural
counterpart of the “standard” fractional perimeter [3] for subsets of T4 x R, where the
euclidean distance in the interaction kernel

(3.7) (€)= K_L

is replaced by the geodesic one.
Proposition 3.2. Let K : T%! xR — [0, +00) be a measurable function satisfying (3.2) and
(13.3). Then, the non-local perimeter Pk defined by (3.5)) satisfies properties —.
Proof. One can easily check that properties — are satisfied. Here we prove only . To
this end, let E, F' € 9. Then
Pr(EUF)+ Px(ENF) =9 (E,E°NF°) + 9 (E°NF,E°NF°)
+9x(ENF,F°)+9¢(ENF,FnNE°
<Y (E,E°NF°)+ % (E,FnNE°
+ 9 (ENF,F°)+ 9 (ENF,F°)
=Yk (E,E°) + 9 (F, F°) = Pk (E) + Pk (F).
O
Now we introduce another possible extension to the periodic setting of the notion of frac-

tional perimeter, accounting for the interaction of a set with the periodic copies of its com-
plementary set in T?! x R.
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To this end, for any given set £ € 9z we denote by Ej its “periodic” extension, i.e.,
By := U, ega-1 (B + (#,0)); we define & : Mp — (—o0, +00] as

68 Zw)= [ de [ (el@xe ) - e @ ) 7@ =),

where J° is the kernel in (3.7), and H~ and H" are respectively the lower and upper halfs-
paces, that is

H™ = {z=(2/,24) € R : 24 <0} and HY = {z = (2/,24) € R? : 24 > 0}.

We first observe that the perimerer &% in (3.8) is well-defined.
Indeed, by definition, we have

J(E

Z;(E)
- / dx/ (xe(@)xes (y) — Xu-(@)xu+Y)) J*(x —y) dy
s¢ Rd-1x(—R,R)

3.9 S
9 /S e /R iy (X)X () 7w = 9)
+ X

/ d / (xe@)xe: (1) — xu-(@)xu+(y))J(z — y) dy.
(T4=1xR)\S% Ra-1x(—R,R)
Now, since

[ i (@)X (1) (@ — y) dy
sd, Ri—1x(—R,R)
+/ dx/ J¥(x —y)dy
s¢, R4\ (Rd—1x(—R,R))
+

/ @ [ J*(@ — y)dy < C(R),

(T4=1xR)\S% RI-1x(—-R,R)

for some constant C'(R) > 0, by (3.9)), we get the well-posedness of the definition in (3.8]).
Remark 3.3. Notice that, for any F € Mg, P°(F) can be rewritten as

Z@ = [ [ ) - @ )7 - )

(3.10) + /y dz (x&(z) — xg-(2))

R

/R , (X(R,+00) (Wd) = X(—c0—r) (Wa)) J*(x — y) dy.

To this end, we first notice that since XE§(y) = xg+(y) = 0 in T ! x (—oo, —R) and
xgg(y) = xa+(y) = 1in T x (R, +00),

[ ] (e ()X () — X (@)X () T (2 — ) dy
sg, R\ (Ré~1x(—R,R))

(3.11)
= / d:c/ (xe(®) = xu-(2))J*(z — y) dy.
st JRI-1x(R o)
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Moreover, using again that xz(x) = xg-(x) = 0in T x (R, +00) and xg(z) = xu-(z) = 1
in T x (—o00, —R), we get

/ o | (xe(@)xes () — xa- @) () 7@ — y) dy
(T4=1xR)\S% RI-1x(—~R,R)

_ / ds / (xm; (9) = xar+ () J* (& = ) dy
Td~1x (—00,—R) Ri~1x(—R,R)

= d —xu-W))J*(z —y)d
(3.12) ,ezz; 1 /Td 1x(—00,~R) x/(z’+Td‘1)X(R,R) (XEu(y) Xa-) (@ ) dy
= d — xg-MNJ* (€ =n)d
gz; ! / T4~ 1) x (oo R) 5/lex(_R7R) (xz, () = xa-(n)J*(& —n)dn
= —/ dy/ (xe(®) = xg-(2)J°(x — y) dz,
Ri~1x(—c0,—R) sg

where we have used the change of variable £ = x — (2/,0) and n = y — (2/,0) in the second
equality and the change of variable y = £ and & = n in the last one. Therefore, by (3.9),
(3.11)) and (3.12)), we obtain

/ da:/ (xe(@)xEg (y) = xm-(@)xa+ () T (2 — y) dy
s%, Ri-1x(—R,R)

L o ) @) 7 )y

[ ] (xp() = Xz (2))7*(x — y) dy,
s¢ Rd=1x(—0c0,—R)
whence (3.10)) easily follows.

Let us now consider sets which are not contained in any Mg, for R > 0. In these respects,
for every E € 9 we define (with a little abuse of notation) &7 : 9 — (—o0, +-00] as

(3.13)  Z{(E):=inf {légig P (Ey) + Rk >0, {Ex}tken € Mp,, XE, — XE inLlloc} .

It is easy to prove that the perimeter defined in (3.13|) agrees with the definition in (3.8)) for
sets in M p. Moreover, by arguing as above, one can show that '@tf is a generalized perimeter

in sense of Definition [.2

Riesz-type perimeters. In addition to the fractional perimeter, our results also naturally
apply to Riesz-type perimeters. In order to define them, we first introduce some notation.
For every Ry, R2 € RU {£o00} with Ry < Ra, we set

Sk, ry =T x (Ry, Ry).

As a consequence, Sﬁ% =S¢ RR
For every E C T4! x R with |E| > 0, we set

(3.14) pp:=inf{peR : EC Sd—oo,p}‘
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Let 0 <o <d—1and Ry, Ry € RU{xoo} with Ry < Ry. For every E € M we define
dardy da dy

(3.15) 2% p,(E // // _dody
%,y Sy 1y ?JH ErSh, g )x(ESE, 5 12—yl

For every E, F' € I we set

(3.16) (B, F) // dxdy
exr v =yl

Using this notation, we have

‘@%1,]%2 (E) / (SRl Ro» Sﬁl{l Rz) / (E N SRl Ro» EN S%1,R2)

and, equivalently,

(317) y%17R2(E) - 2/ (EOSRl RQ,EC mSR1 R2 j EC ﬂSR1 RQ,EC mS(]i%LRZ)

Definition 3.4. Let 0 < a < d — 1. We define the a—Riesz perimeter ¢ : M — [0, +00] as
follows:

(1) 2(0) :=0;
(2) P%(E) :=limpy00 P25, (E), if pp < +o00;
(3) ‘@a(E) = limp 400 QER,R(E)’ if pp = +00.

Remark 3.5. From expression (3.17)), it easily follows that the perimeter PR, R, 18 monoton-
ically decreasing with respect to R; and monotonically increasing with respect to Ry. Hence,
the definitions of % in ([2|) and are well-posed.

Remark 3.6. We notice that, if pp < +o00, then for every R > |pg| and for every r € [pg, +o0]

/Q(EOSCERJ)E,EOSCERJ)E) = /Q(EQSCER’T,EQSCERJ.).

For every FE € €, we denote by fg the L-Lipschitz continuous function such that
(3.18) E={( xq) € T xR : 24 < fu(z')}
and we set ig := minpa—1 fg.
Proposition 3.7. For every 0 < a < d — 1, the perimeter 2% satisfies property .
Proof. Let E € €. Fix R > 0 such that —R < ig. Recalling , we have

PpoeBE) =27 ENS g, ENS g, )+ £ E NS g,
=2 7 (ENS'p,, 1,ENSYg ) +2 7(ENS]

(3.19) + 7UENS g, ECNSY )
=2 7 (ENnSp,, 1, E°NSL ) +2 7%(ENS]

+/ (ECmS;iEPE’ECmSZdEPE)

Now we notice that the last two terms in the righthand side of (3.19) are finite since the
kernel is locally integrable for 0 < aw < d — 1. Hence we need to estimate only the first

ENS?g,.)
ENS'g,.)

tg—Ll,pp>

E°ns?

ig—1,pE’ ZEvPE)

d
-~
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interaction in the righthand side of (3.19) for which we find

dz dy
j B iE,PE ENS? Eensd o ||$ - y“gl*a

ig—1 PE d
S/ dﬁU// dy’/ dxd/ %,
Td-1 Td—1 “R ip  1Td —yalt

which is uniformly bounded (with respect to R) for 0 < o < d—1. The proof is concluded. O

Proposition 3.8. For every 0 < oo < d—1, the perimeter 7 satisfies the lower-semicontinuity
property .

Proof. Let {Ep}neny C M and let E € M be such that for every R > 0

(3.20) (E,AE)NSY %l —0 as n — 400.

For the sake of clarity, we analyze all possible cases separately.

Case a: pg, ,pp < +o0.

Let 7 < ppg; by definition of pg we have [{(z/,z4) € E : x4 > r}| > 0. Then, by
there exists m > 0 such that |{(z/,24) € ENE, : x4 > r}| > 0 for every n > n. Hence,
pE, > r for every n > n and by the arbitrariness of r it holds

(3.21) linginprn > pE.

Thus, using (3.21)) and Fatou Lemma in the first integral in (3.15]) (with Ry replaced by pg,
and R; replaced by —R) and the Dominated Convergence Theorem in the second integral in

(3.15)), taking into account Remark |3.6} m for every R > —pg we get
P pe(B) = IS R p S rpp) = A (ENSI g oo, ENSL R 1)
< lim inf [/ (SiRvan SdRPEn) — 7%(E, mS‘iR,+OO,En N SciRFHX,)

n—-+o0o

< hmlnf@ “Room, (En),

n—+
hence, using also the monotonicity property in Remark we get

PYE) = hm WaRpE( )

(3.22) = 1}1213 sup lim fnf 277 (E)
< limsup lim inf Z%(E,,) = lim inf 2°(E,,).

R—+400 n—-+o0o n—-+o0o

—R.pe,

Case b: pg,, pEp = +00.
By the Dominated Convergence Theorem in , for every R > 0 we get

ng’R(E) = nhm gzgR,R(En).

—+o00
Letting R — 400, we conclude arguing as in ((3.22]).

Case c: pg, = +00 and pp < +00.
By (3.20]), using the Dominated Convergence Theorem, for every R > |pg| we have

P ppp(E) = hm ‘@aRpE( n) < ngolf P pr(En) < %gﬂolof P(En),
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where in the last inequality we have used the monotonicity property in Remark Sending
R — 400, we have
P*(E) < liminf 2% (E,).

n—-+o0o

Case d: pg, < +oo for every n € N and pgp = +o0.
By arguing as in Case a, we have that

(3.23) PE, — +00 (as n — 400).

Fix R > 0; by the Dominated Convergence Theorem, using (3.23) and the monotonicity
property in Remark we have

(3.24) P2 rr(E) = nll)r_ir_loo P g p(Ey) <liminf 22 E,) <liminf Z°(E,).

n—+oo PEn ( n—+o0o

By sending R — 400 in (3.24)), we get the claim also in this case.
The proof is concluded. O

Proposition 3.9. For every 0 < a < d — 1, the perimeter 2% satisfies the submodularity
property .
Proof. Let E, F € M. For every Ry, Ry € RU {£o0} with R; < R, we set
U:=(E\F)NSk, g, V:=F\E)NSk p,, W :=ENFNSk g,
so that
ENSh g, =UUW, FNSH g, = VL’JW, (EUF)NSk, g, = UUVUW.
Hence, recalling the definition of #< in , we have
S ((EUF>mSRlRQ’(EUF)mSRle)

(3.25) = 70U U)+ 2V, V) + ZYW,W)+2 72U, V) +2 Z*U,W)+2 7%V,W),
(3.26) I ENFNSE pyy ENFNOSh p,) = 72(W, W),

(3.27) I UENSE, gy ENSE gy) = F(UU) + FH W W) +2 74U, W),
(3.28) I NFNSE, gy FNOShy py) = LV, V) + FUW, W) +2 7%V, W).

Since Z*(U,V) >0, by (3.25)-(3.28)), we have immediately that
A“(EUF)NSE, gy (EUF)NSE py) + LYENFNSK gy ENFNSE R,
(329) = Z*(ENSk py» ENSE g, + I F NSk gy FNSE R, + LUV

E/Q(EHS RQ,EQSRIRQ) /a(FﬁS RQ,FHSRlRQ)
We distinguish three cases according with the values ppur and ppnp.

Case a: ppnr = +00.
In such a case pg = pr = ppur = +00. Let R > 0. By (3.15)) and (3.29) we have

9237R(EUF)+<@337R(EDF)
:/Q(Sd Sd)—l—/a(Sd d)

— F(EUF)NSh gy (BEUF)NSh o) — ZENFNSh 5, ENFNSE k)
< PR p(E) + P25 p(F),
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whence, letting R — +o00, we obtain

(3.30) PUEUF) + PYENF) < PE) + PF).

Case b: ppur < +00.
In such a case, pg and pr are both finite; we can assume without loss of generality that

pE < pr, so that ppur = pr and ppnr < pp. Let R > |pp|. Hence, by Remark (3.15)
and (3.29)), we get

@ (EUF)+ 2¢

—R,pEuF

(ENF) <22, ,(EUF)+ 2%,  (ENF)
= 7S pprr S Rpe) + I (S R ST R )
- 7 (EuF)NSty,, (EUF)NS g ,.)
- Y ENFNsty, . ENFNSy,.)
<SP Rpp(E) + P2y (F),

_R7pE _Rva

R,pEnF

whence, sending R — 400, (3.30) follows also in this case.

Case c: ppur = +00 and pgnr < +00.
We can assume without loss of generality that pg < pr so that pp = +00.

Now, if pg = 400, then, using Remark (3.15) and (3.29), for every R > |prnr| we
have

P° g p(EUF) + 2° ENF) <P g p(EUF) + 2%, n(ENF)
= 7°(S%,S%) + 7 “(Sk,Sh)
— FY(EUF)NS%, (FUF)NSE)
~ FYENFNS4, ENFNSY)
<SP p(E) + P2p p(F);

RypEﬂF(

by sending R — 400, we obtain (3.30)).
If pp < +o0, then ppnr < pg, so that using Remark (3.15), Remark and (13.29)),

for every R > |pg| we have
P rr(EUF)+ 2%, (ENF)
<P rr(EUF)+ 2%, , (ENF)
= 7ShSR) + 2SR pp SR ps)
— 7°(EUF)NSE, (EUF)NSE) — FYENFNSL
= 7%(S%.Sk) + ja(SiR,pE’ Sd—R,pE)
— Z°(EUF)NSE, (EUF)NSE) — ZYENFNSG, ENFNSE)
< 7°(Sh SR + Z2S R pp St Rpp) — FUF NS, FNSE) — F%(ENSh, ENSE)
= 7SESE) + (S Ry SCRpy) — LUFNSHFNSE) — 74ENS g, ENSYE,.)
=Ppop(BE) + P2p p(F);

by sending R — +00, we obtain (3.30]) also in this case.
This concludes the proof of the whole proposition. O

d
R.pp> E N F N S*Rva)
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Proposition 3.10. For every 0 < a < d — 1, the perimeter 22 satisfies the translational
invariance property .

Proof. Let E € 9t and 7 € R%.

Case a: pg = +oo0.
Let R > 0. Since (E+7) N Scll% =EN SciR—Td,Pera using Remark (3.5, we deduce that
PppE+T)=P%%  p . (E),so that

P pitra htra(B) € PR R(E+7) < P25 10 Retfral (E)-
By sending R — 400, we get
(3.31) PYE+T1)=PYE).

Case b: pp < +00.

By the very definition of pg in (3.14) we have pgy, = pg + 74. Hence, by arguing as in
Case a, we have that 2%, (E+71)=2%, _  (F) (for every R > |pg + 74|), whence,
sending R — 400 we obtain (3.31)) also in this case. O

Proposition 3.11. For every 0 < a < d — 1, the perimeter P< in Definition s a
generalized perimeter in the sense of Definition[1.3

Proof. Properties , , and follow from Propositions and re-

spectively. Property is trivially satisfied. Finally, (ii) is an immediate consequence of
and of the fact that T?"! x R is a set of type satisfying WERyR(’IFdfl x R) = 0 for every
R>0. O

The O-fractional perimeter. Here, we show how our results apply also to a suitable
variant of the O-fractional perimeter, introduced in [I§] (see also [12]) for sets with finite
measure. To this end, we set

Do :={(z,y) e RTxR? : |z —y| < 1} and D~ := {(z,y) e R x R? : |z —y| > 1}.
and, for every E, F' € 9 we define

1 1
G9E,F) := // ——dydx and JUE,F) = // —— dydaz.
(ExF)ND< |z — Z/||u (ExF)NDs |z — ?JHﬁ

Moreover, for every 0 < Ry < Re, and for every E € 9, we define:

Q%l,Rz(E) = fO(S%LRQ’S%hRQ) - jO(EdeRLRz?EmS(}%l,RQ)‘

As in Remark the functional "@%1, R, 18 monotonically non-increasing with respect to Ry
and monotonically non-decreasing with respect to Ra.
We recall the definition of pg in (3.14).

Definition 3.12. The 0-perimeter 22° : 9t — [0, +-oc] is defined as follows:
(1) 97’8(@) =0 ,
() ) 452 g By 5 —

Proposition 3.13. The O-fractional perimeter in Definition 15 a generalized perimeter
in the sense of Definition[I.3.
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Proof. By applying Proposition 3.2 with K (-) := Xf_ hg) we have that 90(-, -¢) is a generalized
perimeter. Furthermore, by arguing verbatim as in the proof of Proposition (and hence

as in the proofs of Propositions 3.10)), replacing the kernel i |I3_a with Xﬁg), we have that
Il Il

also the other term in the definition of 22 defines a generalized perimeter. Since the sum of
generalized perimeters is still a generalized perimeter we get the claim. U

The Minkowski pre-content. Let us conclude this section by introducing a last example.
Given p > 0, for every set £ € 9 we define the Minkowski pre-content of F as

1
= / OSCBp(m)XE dx,
2p Jra-1xr

where, for every measurable function u and for every measurable set A, oscqu := esssupy u—
essinf 4 u denotes the essential oscillation u over A.

As highlighted in [11] (see also [10]), the perimeter defined in is a generalized perime-
ter in sense of Definition [[.2

(3.32) E(E)

4. CONVERGENCE TO THE HALFSPACE

Given a set £ € €, for every 0 < ¢ < 1 we define E. := {(2/,24) € T" ' xR : 24 <
(1 —¢)fe(a’)}, where fg is the L-Lipschitz continuous function in (3.18). We assume that:

(H) For every ¢ > 0, there exists 0 < 9 < 1 such that, if
(4.1) oscypi-1 fg > 6,
then
(4.2) P(E)— P(E:) > C(6,L)e for every ¢ < g,
for some constant C'(d, L) > 0.

Proposition 4.1. Let & be a generalized perimeter in the sense of Definition [1.9 satisfying
property (H). Let Ey € Mp N €1, with P(Ey) < +oo, and E} the flat flow associated to
P with initial datum Ey. Then, fEtO uniformly converges - as t — +o0o - to some constant
A € [-R,R].

Proof. Let § > 0 be fixed and let g be the constant provided by assumption (H). We prelim-
inarily observe that, for every h > 0, for every 0 < ¢ < 1 and for every £ € Mr N €,

2
(4.3) 1 / dist(z, 0F) dz < C(L)S-.
h JEAE. h

Let h < gp and let ¢ = min{%, 1}h, where C'(d, L) and C(L) are the constants in (4.2)

and (4.3), respectively. By assumption (H) and by (4.3) we get that for every k& € N such
that oscra-1f,m = 0 it holds
kh

P((ED).) + ©

/ dist(z, 0E") de | > €'(5, L),
h Bl Al

(44)  PED) -
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h

which, by the minimality of E((k)+1) 5y implies
(45)  P(EG) - | 2B, + : / by dist(, oEM) dz| > C'(6, L)h.
EMAE
kh (k+1)h
As a consequence, for every k € N such that oscpa—1 f g = 6 we have
kh

h h
(4.6) P(EY) — P(E,,) > C'(5,L)h.
Let Ns € N be such that
(4.7) OSCTd—le(h) >0 for every k =0,1,..., Nj.

kh

Then, by (&6),

N
h h h h
2B~ 2(EQ) =Y 2(BR) - 2B ) > C'(6, L)Nsh
prd (k+1)

that is, hNs < C(6,L, Z(Ep)). Let Ny € N be the maximal N5 for which (4.7) holds.

Clearly, OSC’]I‘dfle(h) < 4 and, by Lemma [I.5 OSC']I‘dfle(h) < 4§ for every k > Nj"* 4 1.
(NG18X+1)h kh

Therefore, oscra-1f,m < 6 for every ¢ > C(0, L, #(Ep)) and hence, taking the limit as h — 0,
t

the same holds true for the flat flow EP. It follows that

(4.8) oscra-1fgo — 0 as t — 4o00.

Let & € T9! be fixed. Then, there exists a sequence {t,}n,en With ¢, — 400, such that
fro (§) — ¢ (for some ¢ € [-R, R]) as n — +o00 and, by (4.8),

(4.9) feo —c uniformly in T4 1.

Now, by Lemma (1.5, sending h — 0, we have that oscpa-1 fzo < 0scpa—1 fgo for every ¢t > t/,
y g T E¢ T ES,

which, together with (4.9)), implies that f gy —C-ast— 4oo- uniformly in T4!,
]

The remaining part of this section is devoted to exhibit examples of generalized perimeters
satisfying assumption (H).

Proposition 4.2. The Euclidean perimeter 2™ satisfies assumption (H).

Proof. Let E € €, satisfy (4.1)). Then, for every 0 < e < 1

@E“(E)—WE“(Ea):/ \/1+\VfE|2da:’—/ V1+ (1 —€)?|Vfg|2da
Td—l Td—l
(1+[Vfel*) - (140 —-e)? V) da’
Ti-1 /1+ Vg2 +/1+ (1 —¢)Vfe|?
e(2—¢e)|Vfp /
Ti-1 /1 + |V g2+ /1+ (1 — )|V fg|?
IV fe|?de’ > C(L,d)e,

€
>
T2V1+ L2 /Td—l
where the last inequality follows by (4.1)). O
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Proposition 4.3. The fractional perimeter Py defined in (3.5)) satisfies assumption (H)
for every kernel K : T*1 x R — [0, 400) satisfying (3.2), (3.3) and such that K(z',z4) =
K(—a' xq) = K(2', —24).

Proof. Let E € €, satisfy (4.1). We can assume without loss of generality that fr > 0. Then,
by a change of variable,

Pk (E) — Pk (E;)

, , fe(z’) +00
:/ dz / dy / dSCd/ K(z —y)dya
Td—l Td—l —c0 fE(y/)
. , [ fe@) +o0
/ dz / dy / dxd/ K(x —y)dyq
Td-1 Td-1 (1-8)fe(y)
+0o0
dx/ / dxd/ K(xr —y)dyg
(4.10) /ﬂ‘d 1 Td-1 —e)fe(z B(Y) ( )
, ) (1—e fE (") fE(W)
—/ dz / dy / dxd/ K(x —y)dyq
Td-1 Td-1 (1-e)fe(y)
+00
/ da’ / / dxd/ K(x —vy)dyq
Td-1 Td—1 EfE Te(Y)
, (1-e)fey)
—/ dz / / da:d/ K(z —y)dyg.
Td-1 Td-1 E)fE —00

By using the change of variable
(4.11) Gq=—xq+ (2 —¢)fr(a)), Ja = —ya+ (2 —¢)fe(@),
from (4.10]), we get

—+00
/ da’ / / dxd/ K(x —y)dyq
Td-1 Td-1 EfE fe(y")
- / da! / / | di
Td-1 Td—1 —e fE
/fE(y’)+(2—€)(fE(fB’)—fE(y’))
fe(z’) fe(W)+2—e)(fe(z)~fe(Y))
= // dz’ dy'/ dxd/ K(x —y)dyq
A> (1—e)fe(a’) 5(Y)

fe(@) fe(y)
— // da’ dy// dxd/ K(z —y) dyq,
A< (1-e)fe(z’) fe(W)—2=e)(fe(y)—fE(2))

where we have set

4.12 o
(4.12) K(z' =y, 2q — a) 494

A>
A<

{(SU/,y,) c Td_l % Td_l . fE(l‘/) > fE(y,)}
{(@,y) e T4 x T« fr(a!) < fe(y)}.

(4.13)



FLAT FLOWS OF PERIODIC LIPSCHITZ SUBGRAPHS FOR GENERALIZED NONLOCAL PERIMETER23

For every € > 0 we set Z(¢) := Pk (F) — Pk (E:). In order to prove the claim, it is enough
to show that

(4.14) 2'(0) > C(4, L),
for some positive constant C(d, L). Now we prove (4.14). By the very definition of Z, in view
of (4.12)), we have

, L , 2fe(z)~fe() , , ,
70)= [ astaise) | K o/, fo ') — ) s

e)
/ / / fE(y/) ! / /
—/ dzx dny(:C)/ K(z' =, fe(2') — yq) dya
A< 2fe(x")—fe(¥')
L , 2fe(z)—fe(v’) , , ,
—// dz dny(w)/ K(z' =y, fe(@") — ya) dyq
A> fo')

/ / / fE(y/) / / /
_//< dz dny(y)/ K2 -y, fe(2') — ya) dya
(4.15) A 2fe(=)—fe(y’)

fe®)
+ // do’ dy' (fe(y') — fE(x'))/ K =y, fe(x') — ya) dya
A< 2fp(z")~fe(y’)

L , 2fp(z")—fe(y) , , ,
=[] araysee( [ K& — o, fo(e) - ya) dya
A> fe®’)
fE(x,) / ! /
_/ K(x—yva(y)—yd)dyd>
2fe(')—fe(x’)

fe(y’)
+ / / do’ dy' (f(y) — fu(@) / K(@ — o/ fo(e') — va) dya.
A< 2fe(z)—fe(y’)

Notice that for every (2/,y') € A~
2fp(=")—fE(y) , , ,
/ K(2' =y, fe(z') — ya) dyq
fe()

fe(z’)
(4.16) - / K@ =, fe(y) — ya) dyq
2f5(y)—fo (@)

fe(@)—fe(y) fe(@)—fey’)
=/ K($’—y’7n)dn—/ K(z' =y ,n)dn =0,
() —fe(@) fe(y)—fe(z)

where we have used the change of variable n = yg — fp(2') in the first integral and n =
yq — fe(y’) in the second one. Now, setting

(4.17) As = {(:E',y') € A< : fe(¢) — fe(2) > g},

since fg is L-Lipschitz continuous and in view of (4.1)), we have that

(4.18) 45| > C(. ),
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for some positive constant C(d,L). Therefore, by (4.15) and (4.16)), using the change of
variable n = yq — fg(2’), we deduce

fe()
// do! Ay (fp(y) — fo(@) / K(@' — . f5(@) - ya) dya
A< 2fe(=")—fe(y’)

fe@)
>3 // da’ dy/ K@@' =y, fe(x') — ya) dyq
A 2fe(z")—

5 Fo()—fr(a')
:// d:c'dy/ K@ -y ,n)dn
2JJag fu(@)—fu(y)

s

20 [ ara [C G -y = e,
2 A6< —

(SIS0

where the last inequality follows by (4.18]). This concludes the proof. O

Proposition 4.4. For every 0 < s < 1 the fractional perimeter 9&"’ defined in (3.8) satisfies
assumption (H).

Proof. Let E € €, N Mp. Then, taking into account (3.10]), we have

- yﬂg(Es)

_ / d / (xm(@)xE: () = xp. (@)X, (1) (@ — y) dy
s R4-1x(—R,R)
(4.19) + /Sd dz (xg(z) — xE.(2))

/R ) (X(Ro+00) (Wd) = X(—o0,—R) (a)) J* (z — y) dy.

Assuming without loss of generality that fr > 0, we have

fe(z’) R
20 -2 = [ [ [ [ ) du
N SS 15 )
(1=e)fe(") R
—/ d:c'/ / dxd/ J¥(x —y)dya
Td—! Re-1 (1-e)fe(y)
fe(z’)
+/ dl‘// / dzy
Ti-1  Jpat 1—¢) i (")

/Rd X(Ro400) (Ud) = X(—o0,—r)(Wa)) J* (x — y) dy,

(4.20)
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so that

R
P3(E) - / da’ / / da / T (@ — y) dya
Td-t Ra-1 —&)fe(z’ Te(y)
(1—e fE B(
/ dx'/ // dl’d/ —y) dyd
Td—1 Rd—1 R 1—¢)
')
+/ dm'/ dy’/ dzy
Td-1 Ra=1 1-e)fE(z’)

/R (X(R,400) (Wd) = X(—o0,—R)(Wa)) J* (x — y) dya.

(4.21)

Notice that, by periodicity,

(1-e)fr(z') fe()
/ dx// dy// dxd/ J%(z —y)dyq
Td-1 -1 R (1-e)fe(y)
(1-e)fe(z fe()
(4.22) / dz ’/ d ’/ d:cd/ J*(x —y) dya
Rd—1 =1 (1-e)fe)
(1-e)fe(y’)
/ da’ / dy/ d:z:d/ J*(x —y) dya,
Td—1 Rd-1 — fE —R

where in the last equality we have interchanged (2/,x4) with (¢/,y4). By combining (4.21))

with (4.22), we obtain

Z{(E) = Z{(Ee)

/ 1 // 1 //fE(fB') 1 /+oo 7 '
(4.23) Td—1 Rd-1 1—¢ fE ’) ()
(1-e)fe(’)
[ [ / i / (@ — y) dya,
Td—1 Rd—1 ng —00

Notice that the righthand side of (4.23]) coincides with the righthand side of (4.10)), up to
replacing T?! with R%~! in the integrals in 4/’ and K with J°; therefore, by arguing verbatim
as in the proof of Proposition we get the claim. O

Proposition 4.5. For every 0 < a < d — 1, the Riesz-type perimeter &% in Definition
satisfies assumption (H).

Proof. Let E € €&, Then, pg < +00. Therefore

PUE) = Jim P, (E).

We prove that, if (4.1) holds true, then for ¢ small enough
(4.24) PO e (B) = P, (Eo) > C(5, L),

for every R > |pg| and for some constant C(d, L) independent of R. We can assume, without
loss of generality, that fp > 0, and hence pr > 0. By the very definition of pg in (3.14]), we
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get pp. = (1 —¢)pg. Hence,

PRpu(E) = P2y (Ee)

7pE
B // _ dzdy // dz dy
= —
SiR,p xS Hx_yH “R,(1— 5>PE R(l By Hx_yHﬁ “
<// T // S
- Mo od—a |-
(B, x(Erst ) 12— yllf ENS® o, )X EOSE o [l =yl

By straightforward computations, we obtain

RpE( '@aRpE )

PE
/ da’ / dy/ </ dxd/
Td-1 Td-1 R IIfC*yII
(1-e)pe (1-e)pe dyg
—/ dl‘d/ d—a)
-R -R |z =yl
fe(2’) fe(y’)
_/ dx,/ dy,</ dxd/ _ dua
Td—1 Td-1 -R -R Hx_yHﬁ “
(1-e)fu(=’) A=)fe) gy,
—/ dxd/ da>
-R -R [z —yll§
PE (1-€)pE d
:2/ dx'/ dy'(/ dxd/ %
Td-1 Td-1 (1-e)pm R |z —yll§™
fB(a) (1=)fel)  qy,
—/ dxd/ d—a)
(1-¢) (") -R Iz — ylly
fe(z’) fe)
_/ d.’E// dy/(/ d{L‘d/ %
Td-1 Td-1 (1—¢) (") (1-o)fe@) [z — yll;
PE PE d
- / dzq / ydda>
(1-¢)pi (o) |z =yl

For every 0 < e < 1, we set Z(¢) :== P%, (E)— P (E:). Then, to conclude the proof

—R.pp —R,pE,
it is enough to show that
(4.25) 2'(0) > C(6, L),
for some positive constant C(6, L). By the very definition of 2, setting J{*(*) := || - Hﬁ e e

have

PE
2'(0) :2/ dx’/ dy'pE/ Ji (@ —y', pE — ya) dya
Td—1 Td—1 —R

Te(y")
- 2/ da:'/ dy'fE(x')/ Ji(a" =y, fe(2") — ya) dya,
Td—1 Td—1 —R
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200 PE
2( ) :/ dx'/ dy/pE/ Jf‘(w’—y’,pE —t)dt
Td—1 Td-1 -R
/ / / fE(x/) a / / /
[ [ e [T -y e -
Td—1 Td-1 —R
/ / / fE(y/) (6 / / /
/ d:c/ dy' fe(z") / Ji(@ =y, fe(x) —t)dt
Td—1 Td-1 —R

fE(x/) / / /
_/R T —y,fE(x)—t)dt>.

Now, recalling the definitions of A~ and A< in (4.13), we have

/ / / fE(y/) (6% / / /
[ o dny(:v)</ I — o fp(a) — t)dt
Td—1 Td—1 —R
fe()
— /R Ji(a' =y, fe(a’) —t) dt)

so that

(4.26)

fe(’)
= // dx’dy’fE(a;’)/ Ji (" =yt = fe(2))dt
A< fe(z)
fe(@’)
(4.27) - // da’ dy'fE(x’)/ Ji(a" =y, fe(a’) —t)dt
A> fe)
fe(’)
_ / / da’ dy/ fu(z) / (!~ t— fr(a)) dt
A< fe(z")

L , fe() , , ,
—// dxdny(y)/ Ji(@ =y, fe(y) —t)dt
A< fe(@)

fE(W)—fe(z")
_ / / do! Ay (f(2’) - fo() / JE (' — o ) dn,
A< 0

where we have used that for every (2/,y') € A<

fe) ) . . fe(y)—fe(z’) o .
/f Jﬁ(ﬂ?—y,t—fE(x))dtZ/o Ji' (2" —y',m) dn

(')

fe(y’) ) ) ) fe()—fe (") , ,

[ =g —vae= [ Jo(a' —of m) i,
fe(z’) 0

in view of the change of variable n = t — fg(2’) in the first integral and n = fp(y’) — ¢ in
the second one. Then, by arguing as in the end of the proof of Proposition if (4.1)) holds

true, then the set A5 defined in (4.17)) satisfies (4.18)), so that, using (4.27)), we deduce

/ / / f2) o, / /
_/ dx/ dny(a:)(/ Jﬁ(:v—y,fE(a:)—t)dt
Td—1 Td-1 R

4.28 fe(x’)
(4.28) [ e -t

>C(6,L),
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for some C(4,L) > 0.
Now, for every z’ € T?!, we define the function A,/ : R — [0, +00) as

Agi(s) := /le JP (@' =y, s)dy

and the function @,/ : [0, +00) — [0, +00) as

u R+u
(4.29) By (1) = / Ay (u—)dt —u /0 a6 de,

-R
where, the second equality follows by the change of variable £ = u — ¢. Notice that

R+u
P, (u) = / Ap(§)dé +uAy(R+wu) >0 for every u > 0.
0

As a consequence, using that pp = maxpa—1 fg, we get

PE
/ da’ / dy'pE / Ji (@' =y pp —t)dt
Td—1 Td-1 -R

fe(a’)
(4.30) - /Td_l da’ /w—l dy'fE(a:’)/ Ji@ —y, fe(a) —t)dt

-R
= [, 4 (®rloe) — B o)) > 0.

By (4.26)), (4.28) and (4.30]), we get (4.25). O
Proposition 4.6. The O-fractional perimeter in Definition satisfies assumption (H).

Proof. Let E € €. Then, pg < +00. Assume that (4.1]) holds true, then by arguing verbatim
as in the proof of Proposition we get that there exists a constant C(d, L) > 0 such that

(4.31) P pp(B) = 22g ,, (E2) > C(8, L),
for every R > |pg| and for £ small enough. Moreover, by applying Proposition with

Rva
K()= Xﬁ hg), we have that for € small enough
!
(4.32) 4% (E,E°) - 9°(E.,E) > C(6, L)e.
By (4.31)) and (4.32) we deduce the claim. O

Proposition 4.7. For every p > 0, the Minkowski pre-content defined in (3.32)) satisfies
assumption (H).

Proof. Recalling (1.21)), for every E € €% and for every p > 0 we set
fatj(aE) ={(2',14) € fat,(OF) : xq > fe(@)}
fat, (OF) :={(2', zq) € fat,(OF) : x4 < fr(z")}.
By construction, there exist two functions F; 0 and Fb? p such that

(4.34) ofat, (OE) \ OF = {(«/, Fy ,(z')) : ' € T}

(4.33)

Moreover, we notice that for E € ¢

(4.35) EE) = 21p/qrd_1(FE»P(x/) - Fi,p(x')) da’.
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Let E € €& be fixed. For every 2/ € T?! let £ [2/] € T*"! be such that

(2", Fg, (") = (62, 2'], fe. (€1, [2])] = p,

and let Vg, ,(2') be the (smallest) angle formed by the vertical line passing through the point
(«, ng,p(x/)) with the segment having extreme points at (2, ngjp(x’)) and (§1[2'], fr. (€2 ,[2'])).
By geometric observations,

(4.36)  (1—e)(fu(&,l2']) — fo(2) = fe. (61 ,[2]) — fe.(2') = p(1 — cos(Vp. p(a")))-

By construction, the point P. := (2/, Ff (2') + efg(&f,[2])) has distance equal to p from
(&, [2'], fe(&d,[2])) and hence dist(P:, E) < p. Therefore, for ¢ small enough, we deduce

(4.37) Fg (2') > Fi () +efp(ed,[2]) > Ff (@) +efp(a) + egu — cos(Vp. p(2'))),

where the last inequality is a consequence of (4.36)). By (4.37), we thus deduce that

(4.38) Fp (@) = fe(@') > g (¢') = (1 —¢) fe() + sg(l — cos(Vp. p(a"))).

Now, by construction, FED p is L-Lipschitz continuous; moreover, if F I:Ji, o is differentiable at
z', then

(4.39) VES, ,(@)] < sin(p, ,(2')).

By and (£39), for a.e. 2’/ € T4?

(4.40) Fi (') = fo(e!) 2 Ff, (') — (1= o) fla') + £V (@)

We claim that if (4.1)) holds, then for & small enough
(441) HVFEE,pHiQ(Td—l) > 0(5)7

for some positive constant C(§). Indeed, assume by contradiction that there exists a vanishing
sequence {€"}nen and a sequence {E"} ey € €F satisfying (4.1]) and such that

"VF+gn7p"L2(Td—1) —0 as n — 400.

Then, since the functions F' }1:" are L-Lipschitz continuous, we get that F' En uniformly

converge to some constant casn — —|—oo as a consequence, I, np € umformly in T4 thus

contradicting (4.1f). By (4 and ( we thus obtain

(4.2 /T P — fe@ e’ = [ (P @) = e da’ > 000
analogously,

@) [ (e = Fa e = [ (e le) - Fp ) = o)

In view of (4.35)), by (4.42)) and (4.43)), we obtain (4.2)). 0
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