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Nonlocal phase transitions in codimension-one: diffuse
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Michele Caselli

Abstract

This thesis explores the theory of fractional perimeter on closed Riemannian manifolds, with a
focus on codimension-one phenomena and their approximation through diffuse interface models. A
central theme is the existence and regularity of nonlocal minimal surfaces, which arise as critical
points of the fractional perimeter, on closed manifolds. Despite their intrinsic nonlocality, which is
an anomalous feature compared with the classical theory of minimal surfaces, these surfaces share
many structural elements with classical minimal hypersurfaces. In several respects, particularly
in the context of stability and finite Morse index, we aim to show that they exhibit improved
compactness and regularity properties. These properties make nonlocal minimal surfaces highly
suitable for min-max constructions since Morse theory for nonlocal minimal surfaces is, in some
sense, as flawless as finite-dimensional Morse theory.

At the core of our existence result is the use of the fractional Allen-Cahn equation as a diffuse
approximation of nonlocal minimal surfaces. This method has proved to be particularly effective
in the context of min-max constructions, as it allows for the existence of many critical points with
precise index and energy bounds.

Addressing the regularity theory of nonlocal minimal surfaces on manifolds requires several
key ingredients: precise local estimates on the heat kernel of complete manifolds, rigidity results
for stationary cones stable in R™ \ {0}, and the development of the Caffarelli-Silvestre extension
theory on closed manifolds. In this work, we develop (some of) these ingredients and utilize these
technical tools to address different problems. For example, the local estimates for the heat kernel
will be used both to deduce regularity, via a blow-up procedure, of finite Morse index nonlocal
minimal surfaces arising as limits of the fractional Allen-Cahn equation and to characterize the
asymptotics of the fractional Laplacian on noncompact manifolds as s — 0.
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Chapter 1

Introduction

1.1 Overview and Motivation

The theory of minimal surfaces has always occupied a central role within differential geometry
and geometric analysis. In codimension one, classical minimal hypersurfaces are characterized by
the vanishing of the mean curvature. On the other hand, the modern theory of minimal surfaces
is rooted in the variational study of the area functional and is closely connected to the framework
of geometric measure theory.

In the 1960s, Almgren laid the groundwork for a remarkably general existence theory of minimal
surfaces: using a variational min—max method, he proved that in every ambient Riemannian
manifold there exists at least one generalized solution in every codimension, namely a stationary
integral varifold (see [Alm65, Corollary 15.2]). In codimension one, this program reached a
higher level of regularity through subsequent works of Pitts, Schoen, and Simon ([Pit81; SS81]),
who showed that in ambient dimension n < 7, such generalized solutions are classical smooth,
embedded, closed minimal hypersurfaces, with singularities possibly appearing only in dimension
n > 7. The combination of these results can be summarized as follows.

Theorem 1.1.1 ([Alm65; Pit81; SS81]). Ewvery closed n-dimensional Riemannian manifold
contains at least one minimal hypersurface, smooth and embedded outside a set of Hausdorff
dimension at most n — 8.

Some years later, Yau conjectured that a much stronger abundance result should hold. This
conjecture—now theorem—was listed as Problem 88 in Yau’s list of open problems in differential
geometry [Yau82].

Theorem 1.1.2 (Yau’s conjecture, [MN17a; Son23]). Every closed 3-dimensional Riemannian
manifold contains infinitely many smooth, closed, immersed minimal surfaces.

This result was recently proved in full generality by Song [Son23| relying on the Almgren—Pitts
framework. Song’s breakthrough relies on techniques previously developed by Marques and Neves
in [MN17a], and establishes somewhat an even stronger result: for 3 < n < 7, every closed
n-dimensional Riemannian manifold contains infinitely many smooth, closed, embedded minimal
hypersurfaces.

While the Almgren-Pitts min-max theory is extremely powerful and has led to several deep
results in minimal surfaces theory, alternative frameworks, particularly in codimension one, exist
that allow for finer control over regularity and multiplicity, and can be better suited to detect the
existence of several minimal surfaces.



1.1.1 Phase transitions and minimal surfaces

A central development in the realm of these alternative frameworks for the existence of minimal
surfaces has been the introduction of diffuse interface approximations of the perimeter functional;
most notably, the Allen-Cahn energy. The Allen-Cahn energy framework provides a PDE-based
alternative to the classical min-max theory of existence of Almgren-Pitts [Alm62; Alm65; Pit81].
This energy is defined for every ¢ > 0 by

2 _2)\2
AC:(u) :== / €7|VU| + M, where W (u) := w
M 2 13 4

In the case of M = R", the seminal results of Modica and Mortola [MM77b; MM77a; Mod87]
established the I'-convergence of the Allen—Cahn energy AC. to the classical perimeter as € — 0.
We refer to [Bra02] for an introduction to the notion of I'-convergence. Since I'-convergence implies
convergence of minimizers, say with prescribed boundary conditions in a given domain, this result
provides the first rigorous foundation for recovering minimal hypersurfaces in the limit as the scale
parameter € tends to zero. This framework has yielded alternative proofs of classical existence

theorems also on Riemannian manifolds and has given rise to powerful min-max constructions in
the diffuse setting, parallel to those developed for the area functional described above.

Indeed, using this approach together with some profound results on the regularity of stable
solutions of the Allen-Cahn equation by Tonegawa-Wickramasekera [TW12], Guaraco in [Gual§]
managed to prove the existence of a smooth embedded minimal hypersurface in ambient Rieman-
nian manifolds, recovering a proof of Theorem 1.1.1. Guaraco’s result is achieved by proving the
existence of nontrivial critical points with Morse index at most one and a careful analysis of the
limit as € — 0.

This Allen-Cahn program culminated in the celebrated result by Chodosh and Mantoulidis
[CM20]. In this work, for n = 3, Chodosh and Mantoulidis establish the Multiplicity One and Index
Lower Bound conjectures and are able to pass to the limit—for generic metrics—the infinitely
many min-max critical points of the Allen-Cahn equation constructed in [GG18]. Among other
things, the result in [CM20] implies the following.

Theorem 1.1.3 ([GG18; CM20]). Let (M, g) be a closed 3-dimensional manifold with a generic
metric. Then, for every positive integer p > 1 there exists in M a smooth, embedded minimal
hypersurface £, with index(X,) = p and energy proportional (up to absolute constants) to pi/3.

This result provides an alternative proof of Yau’s Conjecture (i.e., Theorem 1.1.2) for generic
metrics, with extremely more precise information on the index and area growth of the constructed
surfaces. We stress that this was the first “direct” (to say, constructive) proof of Yau'’s conjecture,
since all the arguments in [Son23; MN17b; IMN18; GG18] are indirect and rely at some point
on arguing by contradiction and supposing that there only exists finitely many such mininal
hypersurfaces.

Later, based on the work by Chodosh and Mantoulidis, Gaspar-Guaraco [GG19] proved the
density of the separating limit surfaces for generic metrics in dimension 3, recovering the density
and equidistribution of minimal hypersurfaces for generic metrics by Irie-Marques-Neves [IMN18].

1.1.2 The fractional perimeter and nonlocal interactions

Very recently, a new possible approach to the approximation of minimal surfaces appeared: that of
nonlocal minimal surfaces. These objects are critical points (in a suitable sense) of the fractional
perimeter. In the Euclidean space, for s € (0,1), the fractional perimeter of a measurable set



E C R" is defined as

Per,(E) := 1// Ixe(z) — xE®WY)| dudy.
2 Jgnxge |z — oyt

Since their first precise definition in the seminal work [CRS10] by Caffarelli, Roquejoffre, and
Savin, much interest has been devoted to the study of nonlocal minimal surfaces and of fractional
perimeters in general. Nonlocal minimal surfaces, at first sight less “natural” than other approxi-
mations of minimal surfaces, enjoy a long list of properties utterly analogous to those for classical
minimal surfaces. We refer to [Dip20; Ser23] for a complete discussion of the similarities with the
classical world.

Apart from a long list of similarities, the literature has recently pointed out a few striking
differences with the world of classical minimal surfaces.

A first instance of these differences appeared in a work by Cinti-Serra-Valdinoci [CSV19]. In
this paper, the authors prove that stable nonlocal minimal surfaces (say, in a ball of radius one)
enjoy an interior uniform bound on their classical perimeter. This is in clear contrast with the
classical case since many (arbitrarily close) parallel hyperplanes are a stable configuration for the
perimeter with, clearly, no uniform bound on the area in any ball. This suggests that nonlocal
minimal surfaces tend to become unstable when many sheets are close to each other. Concerning
this heuristic, we describe a simple and instructive example in full detail in Proposition 2.2.14.

This feature has an analog for the fractional Allen-Cahn equation, as proved in [CCS21], where
the authors prove that stable solutions of the fractional Allen-Cahn equation enjoy a uniform BV
estimate.

Another remarkable result for the fractional Allen-Cahn equation with no parallel in the
classical world is the improvement of flatness theorem proved by Dipierro-Serra-Valdinoci in
[DSV20]. In this work, the authors show that entire solutions to the fractional Allen-Cahn
equation with asymptotically flat level sets (say, in Hausdorff distance) are one-dimensional. This
is in contrast with the classical Allen-Cahn equation since there exist solutions, constructed in
[PKW13], concentrating on catenoids, which have arbitrary flat blow-downs in Hausdorff distance
but are clearly not one-dimensional.

This feature represents a remarkable departure from the classical world and is in agreement
with the fact that “nonlocal catenoids” have conical, nontrivial blow-downs. This means that the
blow-down of the nonlocal catenoids is not a single plane with multiplicity two. These nonlocal
catenoids were first constructed in [DPW18], where the authors proved that in R? there exists
a connected, embedded s-minimal surface of revolution whose blow-down is a nontrivial cone.
Moreover, in the same work [DPW18] it is also proved that these nonlocal catenoids have infinite
Morse index, in any reasonable sense.

These features suggest that sequences of s-minimal surfaces with uniformly bounded index
should enjoy stronger compactness properties than classical minimal surfaces with bounded index.
This turns out to be true. Indeed, in the recent work [CFS24b], which is part of this manuscript,
the author, together with Florit-Simon and Serra, obtained a uniform BV estimate for finite index
solutions of the fractional Allen-Cahn equation, extending the one of [CCS21] for stable solutions
to the case of finite index. This result is Theorem 1.2.13 below.

These surprisingly strong estimates for nonlocal minimal surfaces of finite Morse index confer
exceptional compactness and regularity properties to these objects. Thanks to these features
and a classical min-max method, we establish a far-reaching existence result of infinitely many
smooth nonlocal minimal surfaces in every n-dimensional closed Riemannian manifold for n = 3, 4.
Actually, we establish the analogue of Yau’s Conjecture (that is, Theorem 1.1.2) with the
additional properties similar to Theorem 1.1.3 by Chodosh and Mantoulidis. Our result, which is
the combination of Theorem 1.2.4 (existence) and Theorem 1.2.6 (regularity), holds for all metrics



and not just generic ones. Our work suggests that s-minimal surfaces are an ideal class of objects
on which to apply min-max methods, as they seem to prevent almost every pathology that arises
for classical minimal surfaces (such as multiplicity and pinching).

From here, a natural question arises: can one take advantage of these exceptional compactness
and regularity properties of s-minimal surfaces and send s — 1 afterward to recover classical
minimal surfaces? Surprisingly, the answer is affirmative.

To draw any conclusion about classical minimal surfaces using their fractional (nonlocal)
counterparts, the first essential requirement is that the fractional perimeter converges to the
classical perimeter as s — 1. Indeed, the pointwise convergence for a fixed set is just a particular
case of the so-called BBM formula (see [BBMO01; Dav02]). Moreover, it has also been shown in
[ADMI11] (see also [Pon04]) that the fractional perimeter converges to the classical perimeter also
in the sense of I'-convergence with respect to the L' convergence of sets (that corresponds to the
flat convergence of their boundaries).

In the recent work [Cha+23], Chan, Dipierro, Serra, and Valdinoci push this convergence as
s — 1 to a much deeper level. In [Cha+23], the authors obtain robust curvature estimates and
optimal sheet separation estimates, as s — 1, for stable s-minimal surfaces in three dimensions.
This result allows to send s — 1 and pass to the limit the supports of the s-minimal surfaces
to obtain standard minimal surfaces. Based on these ideas, Florit-Simon in [Flo24] was able to
send s — 1 for the surfaces we construct in Theorem 1.2.4 and recover a proof of the classical
Yau’s conjecture for generic metrics. Moreover, letting s — 1, the author in [Flo24] recovers many
other classical results in this field. For example, the author obtains a new proof (in dimension
n = 3) for the Weyl law for the volume spectrum of [LMN18], and the existence, density, and
equidistribution of (infinitely many) minimal surfaces of [[IMN18; MNS19].

The result in [Flo24] leaves no doubt that the existence results for nonlocal minimal surfaces can
be passed to the limit to recover those for classical minimal surfaces. This makes the approximation
of minimal surfaces via their nonlocal counterparts an effective tool for approaching classical
problems in the theory.

A glimpse of the codimension-two case

In codimension two, the goal of finding a diffuse approximation of the codimension two area that
is well-behaved in the limit is an extremely challenging problem. For example, it is known that
with the classical complex-valued Ginzburg-Landau model, one can produce nontrivial, stationary
(n — 2)-dimensional varifolds in ambient Riemannian manifolds. Nevertheless, it has been shown
in [PS23] that, in general, these varifolds are not integral and that every density 6 € {1} U [2, 00)
on an (n — 2)-plane can be realized as a limit of complex Ginzburg—Landau critical points.

In the groundbreaking work [PS21] by Pigati and Stern, the authors substitute the complex
Ginzburg-Landau energy with the Yang-Mills-Higgs energy and can produce stationary integral
(n — 2)-varifolds in the limit. As a by-product, in codimension two, they obtain a new proof of
Almgren’s existence result of nontrivial, stationary integral (n — 2)-dimensional varifolds in closed
Riemannian manifolds. More recently, in [PPS24] it has been proved that the Yang-Mills-Higgs
energy also I'-converges to the classical area.

At this point, it is natural to ask if there is a natural codimension two analog of the fractional
perimeter that reflects similar properties for stationary objects as the ones recently discovered
for nonlocal minimal surfaces. To the author’s knowledge, tentative notions of codimension > 2
fractional masses appeared just in two very recent preprints: [Cic+24] for codimension (n — 1) and
[MS23] in any codimension. In the same works, both notions are proved to converge pointwise, as
s — 17, to the standard Hausdorff measure of the correct dimension.

Recently, Serra in [Ser23, Section 5] suggested a notion of fractional s-mass for codimension



ke {1,2,...,n — 1} smooth, multiplicity one submanifolds of R™ that are level sets of (regular
values of) maps from R™ to R¥. In our work [CFP24] jointly with Mattia Freguglia and Nicola
Picenni, which is not technically part of this manuscript but is briefly described in Section 1.3.1, we
study the case of codimension two in detail and with full generality. Following the idea in [Ser23,
Section 5], in [CFP24] we introduce a notion of fractional s-mass for codimension two objects, and
we prove that it is well defined for closed, oriented (not necessarily connected) codimension-two
surfaces of locally constant multiplicity. Moreover, we prove its I'-convergence with respect to the
flat topology, as s — 17, to the (n — 2)-dimensional Hausdorff measure with multiplicity. Our
study in [CEFP24] is robust and suited to be extended naturally to ambient Riemannian manifolds
and to every codimension. In particular, on Riemannian manifolds, our notion is well-defined for
(n — 2)-dimensional oriented boundaries with integer multiplicity, and this is the natural class to
apply min-max methods on ambient Riemannian manifolds.

Compared to their local counterparts, we expect stationary sets for the fractional s-mass to
exhibit enhanced regularity and compactness properties, much like the codimension-one scenario
of the s-minimal surfaces described above.

1.1.3 The heat kernel on Riemannian manifolds

A central analytic ingredient in the study of nonlocal minimal surfaces on a Riemannian manifold
M is the fractional Laplacian (—A)%/? (that is, the operator which is a fractional power of the
Laplace-Beltrami operator on M), whose definition—unlike its classical counterpart—relies in a
delicate way on global properties of the manifold such as the heat kernel Hp; or the spectrum of
the Laplace-Beltrami operator. We refer the reader to the monographs [Cha84; Dav89; Ros97] for
a classical introduction to the fractional Laplacian from the point of view of spectral theory.

To develop a fine theory in this context, one must simultaneously capture two distinct regimes:
the short-time, local behavior, which should closely approximate the Euclidean heat kernel and
ensures that the heat kernel is, infinitesimally, well-approximated by the Euclidean one; and the
long-time, global behavior, which becomes essential on noncompact manifolds where geometry at
infinity and volume growth can depart significantly from the flat setting.

The history of Gaussian upper bounds (and asymptotics) for the heat kernel Hys(x,y,t) on
manifolds is far from new. Here, with “Gaussian upper bounds,” we mean estimates containing

the factor
oy [ 2@ y)?
P ct )

where d(x,y) is the geodesic distance between x and y. The first precise result for short times
under general hypothesis is Varadhan’s asymptotic formula in [Var67], which states that

—4tlog(Hys(x,y,t)) = d(z,y)?, ast— 0T

For positive times, Gaussian upper bounds were first established by Cheng-Li-Yau for manifolds
of bounded geometry in [CLY81]. In this work, for every A > 4, the authors prove

2
Hare, 1) < Cla, A)t~/2 exp (—d(”fAf’) vie)

provided the sectional curvature of M is bounded between two constants. If one only assumes a
Ricci curvature lower bound Ric > — K, the Li-Yau parabolic Harnack inequality of [LY86] (see
also [Lil2, Chapter 13]) yields the same estimate and, in many cases, a matching lower bound.
Lastly, Saloff-Coste showed that a volume-doubling condition together with a scale-invariant
Poincaré inequality is both necessary and sufficient for two-sided Gaussian estimates, thus unifying



and extending many preceding results [Sal95; Sal92]. A comprehensive discussion of such pointwise
bounds—and of their interplay with volume growth, parabolic Harnack inequalities, and stochastic
completeness—can be found in Grigor’yan’s survey [Gri99b, Section 5].

In Chapter 3 we carry out a local analysis of the heat kernel for short times, both on closed
and noncompact manifolds, somewhat of a different nature with respect to the classical results
described above, since we do not assume any control on the manifold outside a fixed small ball.
That is, our estimates are uniform with respect to the geometry of the manifold outside a fixed
region. Once a geodesic ball on M (diffeomorphic to an Euclidean ball with quantitative control)
is chosen, our estimates are uniform with respect to the geometry of M outside of this ball.
Consequently, although our analysis is nonlocal, meaning that it always depends on the global
geometry of M, even in its localized forms, the estimates we derive depend only on the local
geometry and exhibit uniformity outside this chosen region. This type of control will be essential
for carrying out blow-up procedures, where we will need to argue that the singular kernel of M
related to the fractional Laplacian converges suitably to that of R™.

1.1.4 Noncompact manifolds: how the geometry at infinity affects the asymp-
totics of the fractional Laplacian as s — 0"

The study of the asymptotics as s — 0T of the (relative) fractional perimeter

2 JJrrxre\Qexqe o —yntE

was initiated in [Dip+13], where the authors characterize the quantity lim, ,o+ sPers(E, (),
whenever it exists, for a bounded regular 2 C R™. In the case of a bounded and smooth E C R",
the limit of the full (that is, (1.1) with Q = R™) fractional perimeter

lim sPerg(E) = lim s dxd
s—0t s s—0t //EXEC ‘ZL’ — y‘n—l—s y

can be easily characterized using the Fourier transform and Plancherel’s theorem. Indeed, up to a
dimensional constant, by dominated convergence (see, for example, [DPV12, Proposition 3.4] or
[MS02])

s—0t

lim, sPer,(P) = lim [ [¢°\TEds = | |GEPde = 1.

Nevertheless, since
Pers(E, Q) = Pers(E°,Q),

the limit of the relative fractional perimeter cannot be just a volume but has to be a sort of volume
invariant under complementation. For F unbounded (think, for example, of E being a cone), it
turns out that this limit is affected by the tails at infinity of E. In [Dip+13], the authors address
these problems in R™ and completely characterize the limit of the relative fractional perimeter.

Theorem 1.1.4 ([Dip+13]). Suppose that Pers, (E,Q) < 400 for some s, € (0,1), and assume
that the following limit exists

a(E) = lim s/ }LJFS dy € [0,wn_1], wp_1=H"1(S".
E\B ]

s—07t
Then, the limit lim,_,o+ sPers(E, Q) exists and

lim sPerg(E,Q) = (wp—1 — a(E))|[EN Q|+ a(E)|E°N Q. (1.2)

s—0t



Some years later, in [Car+22], the authors characterized this limit for the fractional Gaussian
perimeter in the Gaussian space (R™, (27) "/ 2¢=l=l?/ 2dz). The Gaussian space is a positively curved
(with respect to the Bakry—Emery Ricci tensor) weighted manifold that enjoys the curvature-
dimension condition CD(1,00). We refer the reader to [BGL14, Chapter 2| for a detailed
introduction to this space.

Theorem 1.1.5 ([Car+22]). Let Q C R™ be a regular domain and
1
per(£.9) = ;5 [ (@) — e ) Kale. ) dy (@) ).
R xR™\ Qe x Qe

be the fractional Gaussian perimeter, where Ks(x,y) is defined as in (1.4) with on the right-hand
side the heat kernel H., of the Gaussian space and

1 —\;\2
——e
(271')”/2

dvy(z) = dzx.

Suppose that Per] (E,§) < 400 for some s, € (0,1). Then

1
11151+ EPerZ(E, Q) =v(E)v(E°NQ)+~v(ENQ)y(E NQY, (1.3)
S—

Remark 1.1.6. Even though it seems that we have normalized the fractional perimeter differently
in the left-hand sides of (1.2) and (1.3), this is only due to the normalization constant s/2 that
we have put in front of the kernel (1.4) in the definition of the fractional Gaussian perimeter.

Interestingly, the limit in the case of the Gaussian space has a different form with respect to
the case of R™. Both the proofs in [Dip+13] and [Car+22] heavily use the fact that, in R and
on the Gaussian space, respectively, the explicit form of the heat kernel is known, and a direct
computation of the limit can be carried out.

In Chapter 6, which describes the results we have obtained in [CG24] jointly with Luca
Gennaioli, we extend both these results by providing a complete characterization of this limit
for essentially every Riemannian and weighted manifold. Our analysis reveals that the behaviors
observed on R™ and in the Gaussian space represent the only two possible asymptotic behaviors.
Indeed, the form of the limit depends only on whether the manifold (or the weighted manifold)
has infinite or finite volume.

Furthermore, our results establish a connection between the limit of the relative fractional
perimeter and the existence of bounded harmonic functions on the manifold. In fact, the asymptotic
behavior of the fractional perimeter (and of the fractional Laplacian) turns out to be naturally
related to the geometric properties of the manifold at infinity.

1.2 Main results

The remainder of this introduction is devoted to a detailed description of the main results of the
thesis, some of which have been obtained by the author with colleagues and friends, to whom he
is very grateful.

1.2.1 Fractional Sobolev spaces on Riemannian manifolds

In this section, we describe the results that we have obtained in [CFS24a], jointly written with
Enric Florit-Simon and Joaquim Serra, which will be proved in Chapter 3.



In recent years, there has been significant development in the theory of nonlocal equations.
The simplest example of a nonlocal operator on R” is the fractional Laplacian

(=A)u(z) = P.V. . W dy,

where o € (0,1) and u : R®™ — R. Formally, this corresponds to the o-th power of the usual
Laplacian, and it is, therefore, an operator of order (of differentiation) 20. Another way to look
at it is as the operator arising from the Euler-Lagrange equation of the functional

ulxr) —uly 2
[0] 30 (mny = //R . dedy,

which involves a fractional Sobolev energy term. There are precise multiplicative constants that
one should put in front of these objects, which will be given later, but we will omit them in this
introduction for the sake of exposition.

In Chapter 3 we address how the fractional Sobolev space H° (M) = W2(M) and the
associated fractional Laplacian on M have a natural, canonical interpretation in the case where
M is a closed Riemannian manifold. We provide several definitions for these objects and show
them to be identical, which justifies their canonical nature. Moreover, we obtain fundamental
properties for these objects thanks to a deeper study of their different definitions.

Let (M, g) be an n-dimensional, closed Riemannian manifold, with n > 2. For convenience
and consistency throughout the work, we put o = s/2, where s € (0,2). Let us start by giving the
definition of the fractional Sobolev seminorm H®/2(M). The H*/?(M) seminorm can be defined
in at least three equivalent ways:

(i) Using the heat kernel Hys(p,q,t) of M, we can put

Kalbet) = gy [ Harat) s (1.4

and then define

207501 //MxM (@)K (p, @) dVydVy.

(1) Following a spectral approach, we can set

s/2
HS/Z Z)\ / ¢k L2(M)>

k>1

where {¢}x is an orthonormal basis of eigenfunctions of the Laplace-Beltrami operator
(—Ay) and {)\k}k are the corresponding eigenvalues. For s = 2 this immediately recovers
the usual [u]%, (v) Seminorm.

(731) Considering a Caffarelli-Silvestre type extension (cf. [CS07; BGS15]). Namely, a degenerate-
harmonic extension problem in one extra dimension, we can set

[u]zs/Q(M) = inf {// Z175VU(p, 2) dVpdz s.t. U(z,0) = u(x)} .
MXR+

Here V denotes the Riemannian gradient of the manifold M = M x (0, 00), with respect to



the natural product metric g = g + dzN ® dz, and the infimum is taken over all U belonging
to a suitable weighted Hilbert space H*(M) (see Definition 3.2.3 for more details).

One of our main results is the following.

Theorem 1.2.1. The definitions (i), (ii), (iti) above coincide. To say: one of the seminorms
18 finite if and only if the other two are finite, and in this case, their values coincide.

Definition (i) will allow us to control precisely the behaviour of the fractional Sobolev energy.
See, for example, Lemma 3.4.17 and Corollary 3.4.18, which show that the fractional Sobolev
energy is smooth with quantitative bounds under inner variations. For that, we will give precise
quantitative estimates for the kernel Ks(p, ¢) (defined in (1.4)) and its derivatives, depending only
on local quantities. In particular, we will show that it is comparable to d(p, q)*(”“’) if p and ¢
are contained in a Riemannian ball with controlled geometry. We recall that ICs(p, ¢) reduces to
|z — y|~(™*%) in the case M = R™ (up to a constant factor).

The estimates for s will follow from the corresponding estimates for the heat kernel Hy,.
Although somewhat standard in flavor, they are hard to find in the literature with this level of
precision and generality, and we give an almost entirely self-contained account that we believe to
be of independent interest. Moreover, our local estimates on the heat kernel hold for a general
complete Riemannian manifold, without any control on the geometry of the manifold at infinity.

However, for reasons that will be clear in Chapter 3, these precise results are very technical
and have many slightly different hypotheses. For this reason, the author believes that it would be
pointless to list here the exact statements of all estimates on Hjy; and K. In the following table,
we give an overview of the estimates for the heat kernel Hy; and the singular kernel IC; that we
have obtained in [CFS24a] and are described in Chapter 3. In particular, the reader is advised
to consult Theorem 3.4.6, which records several of the main results for Ky, including an explicit
asymptotic expansion for short distances.

Heat kernel Hyy Singular kernel g
Global comparability with Lemma 3.4.7 Lemma 3.4.7
(R™, g) with a general metric
Short distance comparability Lemma 3.4.8, Lemma 3.4.11 Lemma 3.4.13
Long distance estimates Lemma 3.4.9, Lemma 3.4.10  Theorem 3.4.6, Lemma 3.4.14
Precise asymptotics Proposition 3.4.12 Theorem 3.4.6

The extension and the monotonicity formula

The extension definition (i7i) will be used to give a monotonicity formula for stationary points u
of semilinear elliptic functionals, that is, of functionals of the form

EW) = [2yuragan) + /M Flv)dv, (1.5)

under the assumption that F' > 0. More precisely, u needs only to be stationary for £(v) under
inner variations; in particular, setting F' = 0 will give a monotonicity formula for nonlocal
s-minimal surfaces, which we will define in a moment. Up to now, the result was known on R™ by
[CRS10], [CC14], and [MSW19].



The general monotonicity formula we obtain is the following (see Section 3.2.1 for the precise
definitions and notation).

~ )

Theorem 1.2.2 (Monotonicity formula). Let M be an n-dimensional, closed Riemannian
manifold. Let s € (0,2) and € be as in (1.5), where F' is any smooth nonnegative function.
Let w: M — R be stationary for & under inner variations, meaning that £(u) < oo and for
any smooth vector field X on M there holds %’t:og(u o) =0, where ¢ is the flow of

X at time t. For (po,0) € M and R > 0 define

1 ~
O(R) i= 7= 258/~ zl_SWU|2dde+/ F(u)dV |,
B} (po,0) Br(po)

R

where U is the unique solution given by Theorem 3.2.4. Then, there ezist constants C = C(n)
and Rpax = Rmax(M,po) > 0 with the following property: whenever Ry < Rpax and K is
an upper bound for all the sectional curvatures of M in Br,(po), then

R~ @(R)eCﬁR is non-decreasing for R < R,

and the inequality

F(u)dV + 2/8_8 / ~ Z173(VU,Vd)2d&
B2 J o+ B (po.0)

o'(R) > ~CVE® R)+S/
( ) ( Rn—s+1 Br(po)
holds for all R < R,, with d(-) = dgz((po,0), -) the distance function on M.

Moreover, in the particular case where M =R"™, F =0, s € (0,1), and u = xg — Xge iS a
stationary set for the fractional s-perimeter, there holds

/ 20,
¥(R) =

/ B Z175(VU, Vd)? dzdz > 0,
8""3;(@)70)

which shows that ® is nondecreasing and that it is constant if and only if E is a cone.

Remark 1.2.3. It will follow from the proof that the radius Ruyax in Theorem 1.2.2 can be taken
to be Rpyax = injp(po)/4. Moreover, since M is compact Rpyax s uniformly bounded below as
Riax (M, po) > inj, /4, for all po € M.

1.2.2 Yau’s conjecture for nonlocal minimal surfaces

In this section, we describe the results that we have obtained in [CFS24b], jointly written with
Enric Florit-Simon and Joaquim Serra, which will be proved in detail in Chapter 4.

In [CFS24b] we introduce nonlocal minimal (hyper)surfaces—in the spirit of Caffarelli, Roque-
joffre and Savin [CRS10]—on closed Riemannian manifolds and we develop their existence and
regularity theory. A main purpose of the work [CFS24b] is to prove that nonlocal minimal surfaces
are an ideal class of objects on which to apply min-max methods (as they seem to prevent almost
every pathology that arises for classical minimal surfaces, such as multiplicity and loss of topology),
as well as to approximate classical minimal surfaces.

On this second point, let us emphasize that nonlocal minimal surfaces approximate classical
minimal ones as the fractional parameter s € (0, 1) converges to 1. The recent results in [Cha+23]
show, among other things, uniform curvature estimates and optimal sheet separation (of order

10



V1 — s) for stable nonlocal s-minimal surfaces in a three-dimensional Euclidean setting as s — 1,
which implies their multisheeted convergence towards smooth classical minimal surfaces. Based
on the ideas in [Cha+23], recently Florit-Simon in [Flo24] was able to send s — 1 for the surfaces
we construct in [CFS24b] and recover the classical Yau conjecture for generic metrics. Moreover,
sending s — 1, the author in [F1024] recovers many other classical results in this field. For example,
the author obtains a new proof (in dimension n = 3) for the Weyl law for the volume spectrum of
[LMN18], and the existence, density, and equidistribution of (infinitely many) minimal surfaces of
[IMN18; MNS19].

This leaves no doubt that existence results for fractional minimal surfaces can be passed to
the limit to recover the ones for classical minimal surfaces. This method resembles in some ways
the Allen-Cahn approximation in [Gual8; GG18; GG19; CM20], but presents several advantages
(some of which are discussed in [Cha+23], and some of which will become evident in this work).

We obtain surprisingly strong estimates for finite Morse index nonlocal minimal surfaces that
do not hold for classical minimal surfaces. These estimates confer finite Morse index nonlocal
minimal surfaces exceptional compactness and regularity properties, thanks to which we establish
far-reaching existence and regularity results, including a nonlocal analog of Yau’s conjecture on the
existence of infinitely many minimal (geometrically distinct) minimal surfaces on three-manifolds.
Let us give a quick selection/highlights of our results here:

(i) Any closed manifold of dimension n > 3 contains infinitely many nonlocal minimal (hy-
per)surfaces (i.e., the nonlocal analog of Yau’s conjecture holds). More precisely, given
s € (0,1), for every p € N there exists an s-minimal surface with Morse index < p and
fractional perimeter comparable to p%/™. These surfaces are smooth in low dimensions and
smooth away from a closed lower-dimensional set in every dimension. We stress that our
result holds for every metric and not just generic ones.

(ii) For n € {3,4} and s € (0, 1) sufficiently close to 1 (the limit case s = 1 formally corresponds
to classical minimal surfaces), the following holds:

— Any smooth (embedded) s-minimal hypersurface of finite Morse index in R™ must be a
hyperplane.

— In a closed n-dimensional manifold M", any sequence of smooth s-minimal surfaces
with uniformly bounded Morse index automatically satisfies uniform curvature and
sheet separation estimates. As a consequence, any such sequence has a subsequence
that converges smoothly and with multiplicity one to a (smooth) submanifold. In
particular, if all the elements of the sequence are homeomorphic to the same topological
space X then the limit is also homeomorphic to X.

Thanks to their exceptional compactness and regularity properties, Morse theory for nonlocal
minimal surfaces is in some sense as “flawless” as finite-dimensional Morse theory, at least from the
functional analysis (i.e., compactness) perspective. It goes without saying that this is in remarkable
contrast to the situation for classical minimal surfaces with respect to the area functional.

Since we believe that our work may be of interest to readers without prior knowledge of
nonlocal elliptic equations, we aim to provide an accessible and largely self-contained presentation
in Chapter 4. Moreover, we have spared no effort in making our proofs as efficient as possible.

One of our main results establishes the existence of infinitely many s-minimal surfaces on
every closed manifold.

11



Theorem 1.2.4 (Fractional Yau-type result). Let (M",g) be an n-dimensional, closed
Riemannian manifold, with n > 2. Fix so € (0,1) and let s € (so,1). Then, for every
integer p > 1, there exists an s-minimal surface X¥ = OEP with Morse index at most p and
fractional perimeter

C™'p*/™ < (1 — 5)Pery(E®) < Cp*/™,

for some C' = C(M, sp) > 1. In particular, M contains infinitely many s-minimal surfaces.
Moreover, these surfaces are viscosity solutions to the NMS (i.e., Nonlocal Minimal Sur-
face) equation (see Proposition 4.3.1), and satisfy the structural properties (1.7)-(1.8) in
Proposition 1.2.17.

The regularity of the constructed surfaces depends on the classification of stable s-minimal
cones (an open subset £ C R” is said to be a cone if E is an open set and A\E = E for all A > 0).

Definition 1.2.5. Given s € (0, 1), we define the critical dimension n; as the minimum dimension
n > 3 such that there exists a smooth and stable s-minimal cone in R™ \ {0} which is not a
hyperplane.

By [CCS20] and [Cha+23], n¥ > 5 for all s € (s, 1], where sg € (0,1) is a universal constant.
It is conjectured that, in fact, n; = 8 for all s sufficiently close to 1. For n = 8, the Simons cone
E = {2} + 23 + 23 + 23 < 22 + 22 + 2% + 22} C R®, which is a minimizer in the classical case
s =1, is easily shown to be stable for all s € (sg, 1), for some sy < 1 sufficiently close to 1, so that

n% < 8 in this case.

We now state a regularity result for these surfaces, which will be proved in Section 4.5.

Theorem 1.2.6 (Size of the singular set). For n > 3, the surfaces {¥P}pen of Theorem
1.2.4 are smooth submanifolds outside of a closed set sing(X?) of Hausdorff dimension at
most n —nk. In particular, sing(XP) = & if n < n’ (and this holds for n = 3,4 and s close
to 1, since n >5). Moreover, in the case n = n’ the set sing(3F) is discrete.

The surfaces in Theorem 1.2.4 will be constructed as limits as ¢ — 0% of solutions to the
fractional Allen-Cahn equation on M. We emphasize that—in sharp contrast to the case of
classical minimal surfaces—the Allen-Cahn approximation does not really play a crucial role in
our construction. We use it so that we are able to apply standard min-max existence results of
critical points (like those in the book by Ghoussoub [Gho93]). What really makes our construction
easier, in comparison with the classical case s = 1, are the very strong a priori estimates satisfied
by finite Morse index s-minimal surfaces for s < 1; see Remark 1.2.10. The corresponding analog
estimates are satisfied by Allen-Cahn solutions with bounded index, which allows us to send € — 0
without difficulty. In contrast, in the classical case, this passage to the limit is really delicate: one
is forced to use varifold convergence, and then multiplicity and neck-pinching situations need to be

ruled out. This requires generic metric assumption and has only been done for n = 3 in [CM20].
For 3 < n < n}, we prove a strong regularity and separation result for s-minimal surfaces,
which are limits of Allen-Cahn solutions with bounded index (as in our case), and which will be

proved in Section 4.5.4.

Definition 1.2.7 (Family of Allen-Cahn limits). A surface ¥ C M is said to belong to the class
A (M) if ¥ = OF and there exists a sequence of functions uj : M — (—1,1) which are solutions

'"More generally, the natural generalization of the Simons cone to higher (even) n has been shown in [FS20a] to
be stable in dimension n > 14 for any s € (0,1). In particular, n; < 14 for any s € (0, 1), and the definition of nj
as a minimum is justified.

12



to the Allen-Cahn equation (2.7) on M, with Morse index m(u;) < m for all j, and parameters
ej — 0, such that u; — ug := Xg — XEe in LY(M).

Theorem 1.2.8 (Uniform regularity and separation). Let s € (0,1) and 3 < n < nk. Let
(M™, g) be an n-dimensional, closed Riemannian manifold satisfying the flatness assumption
FA3(M,g,p,1,¢) around p (see Definition 3.4.1). Assume that OF € A, (M).

Then OF is a CY® hypersurface for some o € (0,1), with uniform reqularity and separation
estimates around p. That is, there exists a radius R = R(n,s,m) > 0 such that, after a
rotation, = (OE)N (B (0)x [~R, R]) is the graph of a single function f : By '(0)x{0} —
[—R, R] inside the chart, and

||f”017"‘(3§_1x{0}) < C’(n,s,m) .

As an immediate application of Theorem (1.2.8) and Arzela-Ascoli Theorem we obtain:

Corollary 1.2.9. Let (M™,g) be a closed Riemannian manifold, and let s € (0,1) and
3 <n < n}. Then, every sequence ¥y = 0Ey € Ay, (M) admits a subsequence converging in
C' to some Yuo. In particular, if all elements Xy, of the sequence are homeomorphic to the
same topological space X, then the limit Yo, is also homeomorphic to X.

We now make an important remark.

Remark 1.2.10. Define the class A, (M) consisting of surfaces ¥ = OE C M such that there
exists a sequence of s-minimal surfaces ¥; = OF; of class C?, with Morse index at most m for all
j, such that E; — E in LY(M). Then, the result of Theorem 1.2.8 would also hold for surfaces in
Al (M) (and in particular for surfaces which are a priori known to be C2), with a similar proof
but with several technical modifications.

We conclude this section with a technical remark about dimension n = 2, which can be skipped
on a first reading.

Remark 1.2.11. In dimension n = 2, the analogous regularity result to n € {3,4} does not hold
in general, and the surfaces of Theorem 1.2.4 can be singular. Indeed, for n = 2, the tangent cones
to the sets in Ay, (M) can be nontrivial, and this cannot be ruled out. For example (compare with
Definition 1.2.5 of the critical dimension), for n = 2 the cross {xy > 0} C R? is an s-minimal
surface in the plane that is expected to be stable in R\ {0} for s close to 1. This is in accordance
with the classical case of the area, as min-max solutions to the Allen-Cahn equation on surfaces
produce (in general) smooth immersed geodesics; see the introduction of [MSS24] for a discussion
on the singularities developed by min-max methods on surfaces.

Howewver, for n = 2 and s close to 0, it follows from our Theorem 1.2.20 that nonlocal
phenomena prevent the existence of such nontrivial tangent cones that are stable in R?\ {0}. In
particular, for n =2 and s close to 0, this implies that the s-minimal surfaces given by Theorem
1.2.4 are smooth and are a finite union of closed embedded curves. We refer to Section 1.2.4 for
more details.

In the range s close to 1 and n = 2, the same regularity result to n € {3,4} would hold for
limits of stable solutions of the fractional Allen-Cahn equation (or for stable s-minimal surfaces
that are of class C?). Instead of arguing using the classification of stable cones smooth outside the
origin, which is not true for n = 2 as we discussed above, one would argue that Lemma 4.5.16 is
also true in the case when n =2 and E C R? is a cone which is the limit of stable Allen-Cahn
solutions. Indeed, for n > 3 the extra dimensions in the proof of Lemma 4.5.16 are essentially
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used to reduce to the case of almost stability (see Definition 4.2.1) in a ball centered on the spine
of the cone. For n = 2, if we assume stability in the first place, the proof still goes through.

Existence of min-max solutions to Allen-Cahn

In Section 4.1.1, we exhibit in a simple manner the existence of critical points of the Allen-Cahn
energy (2.6) on M, employing a min-max theorem as in [GG18]. Then, we prove lower and upper
bounds for the energies of the constructed solutions. The complete statement of our result is the
following.

Theorem 1.2.12 (Existence of min-max Allen-Cahn solutions). Let (M"™,g) be an n-
dimensional, closed Riemannian manifold, and fiz sy € (0,1). Let p > 1 be a natural
number (the number of min-mazx parameters) and s € (so,1). Then, there exists ¢, > 0
(depending also on M and s) such that for all € € (0,¢y), there exists a solution uey to
the Allen-Cahn equation (2.7) on M with Morse index m(ucy) < p. Moreover, there exists
C > 1 depending only on M and sy such that

Cps/m < (1 — 5) E5F (uep) < Op*/™. (1.6)

After proving this result, our main goal will be to show that, for fixed p, as € — 0 a subsequence
of the u., converges in a strong sense to a fractional minimal surface ¥ = 0EP C M, meaning in
particular that

Pery(EP) = lim €57 (ue ) -
(BP) = lim £57 (1)

Together with the bound given by (1.6), we get for every p € N a fractional minimal surface
YP = 9EP with fractional perimeter Per,(EP) ~ p®/™. This perimeter growth shows that the family
of surfaces {¥P},en necessarily forms an infinite set, thus proving the fractional Yau’s conjecture.

For this reason, a large part of Chapter 4 is devoted to studying the properties of solutions to
the Allen-Cahn equation with a uniform upper bound on their Morse index.

Estimates for finite Morse index solutions to Allen-Cahn

In Section 4.2, we prove several estimates for finite Morse index solutions to the Allen-Cahn
equation. In order to quantify the dependence of the constants in the estimates on the geometry
of the ambient manifold precisely, the notion of “local flatness assumption” will be very useful
(this quantification will be important when we perform blow-up arguments). We will precisely
introduce this notion in Definition 3.4.1.

Here, as in the rest of the thesis, Bz(0) denotes the Euclidean ball of radius R centered at
0 € R", and Br(p) denotes the metric ball on M of radius R and center p € M.

One of the main results of this thesis is the following estimate, to be proved in Section 4.2.3.
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Theorem 1.2.13 (BV estimate). Let M be a closed n-dimensional Riemannian manifold for
which FAo(M, g, R, p, ) holds—see Definition 3.4.1. Let s € (0,1) and u : Br(p) — (—1,1)
be a solution of the Allen-Cahn equation (2.7) in Br(p) C M with parameter €, and with
Morse index mp ) (u) < m. Then

/ |Vu|dz < CR™!,
Br/2(p)

for some C = C(n,s,m) > 0 independent of .

Remark 1.2.14. Our proof of Theorem 1.2.13 gives a control on the behavior of the constant
C(n,s,m) as s T 1. More precisely, for fized s, € (0,1) we have C(n,s,m) < C(n,s.,m)/(1 —s)
for all s € (so,1). In view of the results from [Cha+23], the sharp asymptotic for s close to 1 is
expected to be C(n,s,m) < C(n, s0,m)/(1 — s)"/2. See also the example in Section 2.2.3.

Another important result is a bound on the Sobolev and potential parts of the energies,
obtained in Section 4.2.4.

Theorem 1.2.15 (Energy estimate). Let u : M — (—1,1) be a solution of (2.7) in Br(p) C
M with parameter € and Morse index mp, ) (u) < m. Suppose that FAy(M, g, R,p, ¢)
holds —see Definition 3.4.1. Then

Ebram) (W) < O™,

and there exists g = eo(n, s,m) such that for e < g

Pot g\8 n—s
gBR/z(p)(u) < C(E) R,

where C'= C(n,s,m) and B := min (12;5, s) > 0.

In Section 4.2.4 we prove the following result, which will give, among other things, that the
level sets of Allen-Cahn solutions converge to the limit (hyper)surfaces in the Hausdorff distance
of sets.

Proposition 1.2.16 (Density estimates). Let u : M — (—1,1) be a solution of (2.7) in
Br(p) C M with Morse index mp, ) (u) < m, and suppose that FAa(M, g, R,p, @) holds
—see Definition 3.4.1. Then, there exist positive constants wg, Cy and €y, depending only on
n, s, and m, such that the following holds: whenever e < ey, R > Cpe and

R_"/ 11+ ue| < wp respectively, R_”/ 11— ue| <wp |,
Br(p) Br(p)

then

{ue 2 —15} N Brya(p) = @ (TeSpem”ely’ {ue < 15} N Brpalp) = ®>'
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Convergence results

In Section 4.3, the estimates we have just stated are used to show the convergence, as ¢ — 0,
of solutions of (2.7) to a limit interface. The precise statement of our convergence result is the
following.

Theorem 1.2.17. (Convergence to interface as € — 0). Fiz s € (0,1). Let uc; be a
sequence of solutions of (2.7) on M with parameters €; — 0 and Morse index m(ue;) < m.
Then, there exist a subsequence, still denoted by ue,, and a nonlocal s-minimal surface
Y = OF with Morse index at most m, such that

Hs/2
U, — Up = XE — XEc-

In particular E38° (ue,;) — Perg(E) = E5¢"(uo) and E3f(ue;) — 0 = 57 (uo).

In addition, up to changing E on a set of measure zero, we have

] -1 1 IEmB'r(p)| —

int(E) 2 {p eEM : hI?IgL%)Hf B = 1}, (1.7)
¥l o 8 |ENBr(p)| _

M\E D {pEM 'hH:foupw_O}
Y = {p eEM : % €[6,1-06] Vre(0,rp), forsome r, > O}, (1.8)

where 6 = 0(n,s,m) < 1 and X = OF represents the topological boundary of E. Moreover,
for all given c € (—1,1)

dH({usj 20}7E)_>07 asj—>007

where dy denotes the standard Hausdorff distance between subsets of M.

As explained in Section 1.2.2, this result combined with Theorem 1.2.12 will give Theorem
1.2.4.

Regularity in low dimensions

Sections 4.5.1-4.5.5 are devoted to proving the uniform regularity and separation estimate in low
dimensions of Theorem 1.2.8, as well as the result of Theorem 1.2.6 on the size of the singular set
in higher dimensions.

First, Sections 4.5.1 and 4.5.2 define and describe the properties of blow-ups of s-minimal
surfaces, in particular when they are the limits of Allen-Cahn solutions with bounded index.

Then, in Section 4.5.3 it is shown that such blow-ups converge to a single hyperplane in R",
under the assumption that stable s-minimal cones in R"™ are flat; that is, when n < n} is less
than the critical dimension of Definition 1.2.5. This classification result for blow-ups is used in
Section 4.5.4 to prove Theorem 1.2.8. The proof is done by a blow-up and contradiction strategy
to show that the surfaces are flat at some fixed scale, and an improvement of flatness theorem?
which holds for all nonlocal minimal surfaces that are viscosity solutions of the zero nonlocal mean
curvature equation, a criticality condition much weaker than minimality.

Finally, a dimension-reduction argument combined with the previous strategy allows to prove
Theorem 1.2.6 for all n.

2This improvement of flatness theorem was proved on R™ in the seminal article [CRS10] which first defined
nonlocal minimal surfaces, and the version of it on manifolds has been recently proved in [Moy25].
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Bernstein and De Giorgi type results

Section 4.5.6 establishes the validity of the “finite Morse index versions” of the nonlocal De Giorgi
and Bernstein conjectures, once again under the assumption of the classification of stable cones.
This represents a remarkable departure from the behavior of classical minimal surfaces and of
solutions to the classical (local) Allen-Cahn equation with a bounded index.

The proof of both results uses the same strategy as the proof, in Section 4.5.3, of the fact that
blow-up limits of s-minimal surfaces satisfying a certain list of properties, which are in particular
satisfied by limits of Allen-Cahn, need to be half-spaces.

The Bernstein conjecture (today theorem) states that graphical complete minimal hypersurfaces
must be hyperplanes in low dimensions. See [Alm66; Berl5; CL24; CP79; FS80; Pog81; Sim68]
for related generalizations to the classes of minimizing and stable hypersurfaces.

In Section 4.5.6 we establish the following.

Theorem 1.2.18 (Finite index nonlocal Bernstein). Let s € (0,1) and 3 < n < n’, where

nk is the critical dimension (see Definition 1.2.5).

Then, any finite Morse index s-minimal surface in R™ of class C? is a half-space.

Under the assumption of stability (Morse index zero) the previous theorem was established in
[CCS21] and in the case of minimizers if follows from [CRS10].

The De Giorgi conjecture is a famous related statement about certain entire solutions to the
Allen-Cahn equation being one-dimensional or equivalently about their level sets being hyperplanes
in low dimensions. See [AACO01; AC00; FS20b; GG98; Sav09; CCS21] for related previous results
in the minimizing and stable cases.

In Section 4.5.6, we also show:

Theorem 1.2.19 (Finite index nonlocal De Giorgi). Let s € (0,1) and 3 <n < n}, where

nk is the critical dimension (see Definition 1.2.5).

Then, every finite Morse index solution u of (—A)*/?u + W'(u) = 0 in R™ is a 1D layer
solution, namely, u(x) = ¢(e-x) for some e € S~ and increasing function ¢ : R — (—1,1).

Under the assumption of stability (Morse index zero), the previous theorem was established in
[CCS21], and for minimizers, it followed from [CRS10; DSV20].

1.2.3 A classification result for stable s-minimal cones in the plane

This section describes the results obtained in [Cas25], which will be proved in Chapter 5, where
we show that for s close to zero, half-planes are the only s-minimal cones in R? that are stable
in R?\ {0}. Here, by an s-minimal cone, we mean an open cone £ C R? that is an s-minimal
surface (that is, a stationary set for the s-perimeter under inner variations; see Definition 2.2.5).

This result is purely nonlocal since it is in direct contrast with both the classical case (formally
s = 1) and the regime where s is close to 1, where the cross X = {xy > 0} is a nontrivial (i.e., not
a half-plane) stationary cone in the plane that is expected to be stable for inner variations, in any
reasonable sense.

Nevertheless, for s close to zero, the cross X is unstable in R? \ {0}, and has infinite index by
Corollary 1.2.21. Our proof relies on the behavior of the best constant in Hardy’s inequality for
the H?(R) seminorm as o | 1/2.
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Classification results for s-minimal cones in R™ have been previously proved in different ranges
of s and n and with various hypotheses on the cone, such as minimality in compact subsets or
stability. Before stating the main result in [Cas25] precisely, let us recall the previous literature on
this problem. Even though slightly different notions of stability have been used in the literature—
see Subsection 5.1.1 for a complete discussion about this—the known classification results for
s-minimal cones in R™ can be summarized as follows.

The table below has to be read in this way: for a cone E C R", the hypotheses in each row
imply that F is a half-space.

Class of cones: Range of s:
[SV13a; SV13b] | Minimizing in R? Vs e (0,1)
[CSV19] Stable by rearrangements®in R? Vs e (0,1)
[CCS20] Stable and smooth in R3\ {0} s close to 1
[Cha+-23] Stable and smooth in R*\ {0} s close to 1
[CV13] Minimizing in R" for 2 <n <7 s close to 1

Let us stress that the results in [SV13a; SV13b] provide, for all s € (0,1), the classification
of cones in R? minimizing the s-perimeter in compact sets, in accordance with the classical case.
These results do not imply that stable s-minimal cones in R? are flat. In fact, for the notion of
stability that we consider in this work (Definition 2.2.10 below), which is the most natural one
induced by inner variations and also used in similar contexts like stationary varifolds, this fact is
not even believed to be true for all s € (0,1). Indeed, for inner variations, the cross X is expected
to be a stable s-minimal cone in R? for s close to 1, again in accordance with the classical case.

For s close to zero, the situation could differ from that of the classical perimeter. For example,
in [DPW18, Theorem 4], for s close to zero, the authors construct a non-flat s-minimal cone in R”
that is smooth and stable in R” \ {0}. This is in contrast with the case of the classical perimeter
since, by a celebrated result by Simons [Sim68], for 3 < n < 7, the only cones in R” that are
smooth and stable in R™ \ {0} are the hyperplanes. We refer to [Che69, Chapter 9] for a simplified
exposition of Simons’ result and to [CG18, Theorem 1.16] for a modern presentation.

In [Cas25], for small s, we proved the first classification result for stable s-minimal cones in
R?\ {0} in direct contrast with the case of the classical perimeter or the regime s close to 1. The
precise statement of our main result is as follows.

Theorem 1.2.20. There exists s, € (0,1/2) with the following property. Let s € (0, o)
and E C R? be an s-minimal cone stable in R?\ {0} (see Definition 2.2.10). Then E is a
half-plane.

Moreover, using the fact that s-minimal cones with finite Morse index outside the origin are
stable outside the origin (which is a trivial observation in the classical case of the perimeter, but
not entirely trivial for s-minimal cones), we deduce that the conclusion of Theorem 1.2.20 also
holds for cones of finite Morse index.

3The notion of stability by rearrangements, which is Definition A in Subsection 5.1.1, is an ad-hoc notion of
stability developed to get rid of cross-like singularities directly from the definition.
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Corollary 1.2.21. The classification of Theorem 1.2.20 holds for s-minimal cones of finite
Morse index in R?\ {0} (see Definition 2.2.13).

Here and in the rest of this thsis, by finite Morse index, we mean with respect to the notion
Definition 2.2.13 introduced in [CFS24b; Flo24].

1.2.4 Min-max curves and model singularities

On a closed Riemannian manifold (M", g), the volume spectrum, introduced by Gromov, is a
sequence of geometric invariants {wy,(M, g) }pen called p-widths, which can be thought of as a
nonlinear analog of the spectrum of the Laplacian. We refer to [MSS24, Section 2.2] or [CM23,
Section 2] for the precise definition of the p-widths. These p-widths play a crucial role in the theory
of minimal hypersurfaces. In ambient dimension 3 < n < 7, each p-width equals the weighted
area of the union of disjoint, connected, smooth, closed, embedded minimal hypersurfaces. These
hypersurfaces can be chosen to satisfy a bound on their Morse index, meaning that the sum of
the Morse indices of the connected components is at most p.

For n = 2, the situation is different as min-max methods on surfaces typically only produce
stationary geodesic networks with regular support up to finitely many points (e.g., [Pit74]), making
the standard index control techniques ineffective. In this direction, Chodosh and Mantoulidis
recently achieved a significant breakthrough in [CM23], showing that on surfaces, the p-widths
are achieved by finite unions of closed immersed geodesics rather than simply geodesic nets.

In the case of geodesics on surfaces, the regularity of these objects cannot be improved, meaning
that even for generic metrics, the min-max scheme will produce immersed geodesics that are not
embedded. At every self-intersection point, the tangent cone to these geodesics consists of a finite
union of distinct lines intersecting transversely, which cannot be ruled out.

On the other hand, in this case of ambient dimension two, these multiple-junction model
singularities (where the tangent cone consists of a finite union of distinct lines) are the only
obstruction to the complete regularity of these geodesic nets arising from a min-max scheme. If
one knew that there are no points of multiple junctions, then the net would be a finite union
of disjoint, closed, embedded geodesics. This is even true in higher dimensions under suitable
hypotheses. Indeed, by a deep result by Wickramasekera [Wicl4], for 3 < n < 7, any stationary,
stable on its regular part codimension 1 varifold without multiple-junctions is smooth (to say, it is
supported on a finite union of disjoint, smooth, embedded, connected hypersurfaces).

Let us now turn to the implications of this work to “fractional geodesics”. Recall that, similarly
to the terminology used for sets of finite perimeter (e.g., [Magl2, Part II]), an s-minimal surface
is, to be precise, a set E C M with finite s-perimeter and zero first variation (Definition 2.2.5
below). Nevertheless, with a bit of abuse of the notion, we often refer to just its boundary OF as
“the” surface, which is a codimension one object.

The main result of this section—that is Theorem 1.2.20—together with the ones in sections
4.5.1-4.5.5 (see also Remark 1.2.11), implies that the situation for the fractional analog of the
volume spectrum is, for s small and n = 2, drastically different from the classical one of geodesics.
We refer to Chapter 4 and [Flo24] for the precise definition of the fractional widths {{s ,(M, g)}pen
and for the proof that these are indeed attained by s-minimal surfaces Ej with Morse index at
most p on M, in the sense of Definition 2.2.13 above. Moreover, by Proposition 4.3.1, these
surfaces are slightly more than stationary for inner variations: they are viscosity solutions of the
NMS (i.e., Nonlocal Minimal Surface) equation.

Since having Morse index at most p is a property that is stable under blow-up, by the
monotonicity formula for s-minimal surfaces (see Theorem 1.2.2 or [MSW19, Lemma 6.2]) and
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the BV estimate in the finite Morse index case [Flo24, Theorem 5.4] we have that, for every
r € OF,, any blow-up of E; around z is a cone in R" of finite Morse index in R" \ {0}. Thus, if
the ambient Riemannian manifold is two-dimensional and s € (0, s,), where s, is the constant
of Theorem 1.2.20, every such cone is a half-plane. This fact, together with the improvement of
flatness theorem for viscosity solutions of the NMS equation in [CRS10] (see also Theorem 4.5.14),
implies that OE; has a unique flat tangent cone at every point. Then, one can deduce that OE} is
smooth by arguing exactly as in the proof of Theorem 1.2.8. We refer the reader to Section 4.5
for all the details regarding this blow-up procedure.

Hence, our classification result, Theorem 1.2.20, implies the following.

Theorem 1.2.22. Let (M?,g) be a Riemannian surface and s € (0, s), where s, is the
one given by Theorem 1.2.20. Then the fractional widths {{s,(M?,g)}pen are attained by
smooth s-minimal surfaces, which are a finite union of smooth embedded curves.

1.2.5 Asymptotics as s — 0" of the fractional perimeter on Riemannian mani-
folds

In this section, we present the results obtained in [CG24], jointly written with Luca Gennaioli,
which will be the content of Chapter 6.

In this work, we completely describe the limiting behavior of the relative fractional perimeter
on (essentially) any Riemannian or weighted manifold, showing that only two asymptotic regimes
can occur: the Euclidean-type limit for infinite-volume manifolds and the Gaussian-type limit for
finite-volume ones. We refer to Section 1.1.4 for more details on the literature on this problem.

Moreover, our work reveals a link between the limiting asymptotics of the relative fractional
perimeter as s — 07 and the existence of bounded harmonic functions on the manifold.

Infinite volume asymptotics

Given a set £ C M, our analysis is based on the study of the following quantity

0r(p) = lim Ks(z,p)du(x), (1.9)
5207 JE\Br(p)
here
) K )-—‘S/Q/OOH( Pt (1.10)
s\L,Y) ‘= F(1—8/2> 0 M\T,Y, t1+s/27 .

and H)s is the heat kernel of M as described in Section 2.1. The quantity analogous to (1.9) on
R™ was previously studied in [Dip+13], where the authors deal with the study of the fractional
s-perimeter as s — 0. In the case of M = R", the limit in (1.9) does not depend on p (whenever
it exists); therefore, 6 is a constant function.

One of the main observations of this work is that 6z is always a harmonic function on M,
with values in [0, 1], and in general can be nonconstant if M does not satisfy the L*-Liouville
property (see Definition 6.1.2). Moreover, for E' = M, the function s encodes the asymptotics
of the fractional Laplacian as s — 0" on every complete (M, g) (see Theorem 1.2.25).

The precise statement is as follows.
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Theorem 1.2.23. Let (M, g) be a complete Riemannian manifold with (M) = +o00, and
let EC M be a measurable set. Then

(i) If for some R > 0 and every p € M, the following limit exists
0r(p) :== lim Ks(z,p)du(z) € [0,1], (1.11)
=07 JE\BR(p)

then it is independent of the choice of R, and 0 : M — [0,1] is a bounded harmonic
function on M.

(i) For R >0 and p € M the limit (1.11) with E = M always exists, does not depend on
the choice of R, and equals

t—o00

Op(p) = lim /M Hy(p,x,t) du(z) . (1.12)

In particular, we see that 6y, : M — [0, 1] is always a bounded harmonic function on M.

Remark 1.2.24. Unless otherwise stated, when we will say “assume Og exists” we intend that
the limit in (1.11) exists for some (thus any) R > 0 and every p € M. As we will prove in Lemma
6.2.5 if M has the L>-Liouville property and Og(p) exists for some p € M then, it exists for all
q € M and the values coincide. Let us stress that, on manifolds with L°°-Liouville property, the
limit does not need to exist, but if it does not exist at some point, then it does not exist everywhere.
For example, even on R™ in [Dip+13, Example 2.8/, the authors exhibit a set for which the limit
Op(x) does not exist at every point x € R™. On the other hand, on a general M without the
L*>°-Liouwville property, we believe that Og(-) could exist for some p € M and fail to exist for some
q # p. We refer to [CG24, Subsection 7.1] for a more detailed discussion of this phenomenon.

Next, we discuss the asymptotics of the fractional Laplacian and how it relates to 6,7 above.
Note that in well-behaved ambient spaces, one would expect (as happens on R™) that the fractional
(s/2)-Laplacian tends to the identity as s — 0. With the following result, we show that this is
not true on general Riemannian manifolds and that the harmonic function 6; encodes how this
limit differs from the identity.

Theorem 1.2.25. Let M be a complete Riemannian manifold with (M) = 400, and let
01 be as above. Let also s, € (0,2) and u € H*/?(M) N L®(M) with bounded support.
Then, as s — 0 there holds

(=) Pu 25 G)u, (1.13)

where (—A)§{2 is the singular integral fractional Laplacian (3.1).

With this result, we can easily deduce the following result, which is a generalization of [MS02]
for p = 2 for very general Riemannian manifolds.

Theorem 1.2.26. Let M be a complete Riemannian manifold with (M) = 400, and let
50 € (0,1). Then, for every u € H*/2(M) N L>(M) with bounded support there holds

. 1
lim f[u]zs/Q(M) :/Mu29Md,u.

s—0t 2
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Actually, it follows from the proof of Theorem 1.2.26 that the convergence in (1.13) also holds
strongly in L2(M). Moreover, just taking u = x in Theorem 1.2.26 gives:

Corollary 1.2.27. Let M be a complete Riemannian manifold with u(M) = +o00. Let
E C M be bounded with Pers (E) < 400 for some s, € (0,1). Then

1
lim —Pers(F) :/ O dp.
E

s—0t 2

With this result, we make an interesting observation regarding a Riemannian manifold
constructed by Pinchover in [Pin95]. This manifold satisfies the L*°-Liouville property (see
Definition 6.1.2), but it is not stochastically complete (see Definition 2.1.1), and we show in
Example 6.2.4 that it satisfies 8); = 0. Consequently, there exist complete Riemannian manifolds
where the mass of the heat kernel escapes so rapidly that the asymptotic of the fractional Laplacian
not only differs from the identity but becomes identically zero.

As a corollary of the above results, we are able to obtain the asymptotics of the relative
fractional perimeter as s — 01 in an extremely general setting, generalizing both the existing
results [Dip+13] for R™ and [Car+22] for the Gaussian space. In particular, with Theorems 1.2.28
and 1.2.30, we show that these two known behaviors of the asymptotics, the one of R” and the
one of the Gaussian space, are also the only two possible in this general setting.

Theorem 1.2.28 (Infinite volume asymptotics). Let M be a complete, stochastically
complete Riemannian manifold with p(M) = 400 and with the L>-Liouville property (see
Definition 6.1.2). Let Q C M be an open, bounded, connected set with Lipschitz boundary.
Let also E C M be a set with Pers (E,Q) < +o00, for some s, € (0,1), and such that 0g
exists (see (1.11)). Then

(i) The quantity lim, o+ 3Pery(E, Q) ezists and

1
lim §Pers(E, D) =1—-0g)u(ENQ) +0pu(E°NQ)

s—0t

(ii) Conversely, if the limit lim,_,q+ $Pers(E, Q) ezists and p(E N Q) # p(E°NQ), then
the limit in (1.11) exists and there holds

. lim, o+ 2Pers(E, Q) — u(EN Q)
T (BN Q) — u(ENQ)

Lastly, if p(ENQ) = p(E°NQ) then the limit lim, o+ sPery(E,Q) always exists and

1
lim §Pers(E, Q) =pwENQ) =uENQ).

s—0t

Remark 1.2.29. Without the assumption of stochastic completeness of M, the situation can be
different. The example we describe in Example 6.2.4 has L°°-Liouville property, is not stochastically
complete and satisfies lim,_,g+ Perg(FE) = 0 for every reqular E C M.
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Finite volume asymptotics

Next, we have our main result on the asymptotics in the case of finite volume.

Theorem 1.2.30 (Finite volume asymptotics). Let M be a complete Riemannian manifold
with w(M) < 400, and let @ C M be an open and connected set with Lipschitz boundary.
Let E C M be a set with Perg (E,Q) < +oo, for some s, € (0,1). Then the limit
lim, ,+ 3Pery(E, Q) ezists and

1 (& C (&
lim L pery(E, Q) = m(ﬂ(E)u(E NQ) + w(ENQu(E NQ )).

Moreover, the same result holds for a weighted manifold of finite volume.

This theorem, in the case of weighted manifolds, recovers the main result in [Car+22] for the
Gaussian space.

1.3 Further results: codimension-two

In what follows, we provide a concise overview of additional research conducted during the
author’s Ph.D program that, while not directly aligned with the central theme of this thesis (that
is, problems in codimension-one), represents a significant part of the author’s research during
these years. We summarize the key results [CFP24; CFP25] and direct the reader to the original
publications for detailed discussions of these problems and their associated literature.

1.3.1 Nonlocal approximation of the area in codimension two

In [CFP24], jointly written with Mattia Freguglia and Nicola Picenni, we introduce and study a
fractional notion of area for codimension two surfaces in R™ or in a closed Riemannian manifold
M, which we call the fractional s-mass and we denote it by M. In analogy with the fractional
perimeter, our notion provides a fractional counterpart to the classical (n — 2)-dimensional
Hausdorff measure.

Let ¥ C R™ be an oriented (n —2)-dimensional surface with locally constant integer multiplicity,
and write
Y= dlZl Uu---u dem,

where m > 1, d = (di,...,dy) € N7, and X4,...,%,, are closed, connected, oriented, (n — 2)-
dimensional surfaces of class C?. For s € (0,1) consider the follwing class of maps

5s(X2) = {u e CYR™\ ;S : [U]ill-gs(R") < 400 and

| deg(u,7)| = |di link(y, £1) + - - - + dy link(y, £y )| for any ~ € L(E)},

where
L(X) := {y CR™\ X : v is a bi-Lipschitz image of Sl},

T uwpP
H™Z (R7) n xR ]a;— |”+1+8

is the fractional Sobolev energy of exponent % The family §s(X) is the class of smooth maps

and
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linking with X, and can be thought of as prescribing standard-vortex singularities around X with
the suitable degree.

With this notation, we define the s-mass of ¥ as

. : 2
M,(2) == uerélsi?z)[”] 15 gy’

where here F¥(X) is the class of maps u : R® — S' that weakly linking with ¥. The precise
definition of F¥(X) may seem a bit cumbersome at first, and we do not include it here, but it is

the closure of §s(X) in a suitable topology that is essentially maE(O Lis H (R™).
2

Our main result establishes that the s-mass I'-converges to the classical (n — 2)-dimensional
Hausdorff measure with multiplicity as s — 17, after appropriate rescaling.

Theorem 1.3.1 ([CFP24]). Let ¥ C R™ be as above. Then

I — lim (1 —s)2M,(2) = oMW1 > dHTTE (),

—1- n
5 i=1

where the I'-limit is taken with respect to the flat topology of boundaries in R™. Moreover,
this convergence can be localized in every open set Q C R™ (see [CFP2/, Remark 1.5]).

Here, the flat norm of boundaries is defined as
F(X) = inf {M(T) : T is an integral (n — 1)-current such that 0T = }.

Remark 1.3.2. It would be possible to define the s-mass as the minimum of the fractional Sobolev
energy over the class

F(D) = {u ‘R® = St [u)? < 400, and *Ju = WZ},
H 5 [®Y)

where Ju is the Jacobian of u (see [BM21, Section 8.1]) and *Ju is the (n — 2)-current associated
to the Jacobian (see [ABOO03, Remark 3.3]).

This, in principle, might lead to a different notion of fractional mass, since the inclusion
FW(X) C FL(D) is standard, but the opposite inclusion seems to be more delicate. Here, we chose
to stick to the definition proposed in [Ser23], so we do not address this issue.

However, our I'-convergence result applies also to this alternative notion, because every map
u € FL(X) can be approzimated by a map v’ € Fs(X'), with a possibly different singular set ', in
such a way that both the distance in the fractional Sobolev space between u and u' and the flat
distance between ¥ and X' are small (in any fized bounded set). This approzimation allows to
reduce the liminf inequality to the setting of Theorem 1.5.1.

Remark 1.3.3. Our notion is robust and adaptable to more general settings. We refer to [CFP2/,
Section 5.1] and [CFP2}, Section 5.2] for a discussion of the extensions to ambient Riemannian
manifolds and higher codimensions, respectively.

1.3.2 Gamma-convergence of the p-energy of sphere-valued Sobolev maps

In [CFP25], jointly written with Mattia Freguglia and Nicola Picenni, we study the asymptotic
behavior of sequences of sphere-valued Sobolev maps u, € VVlif (RSN asp € (n—1,n)
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approaches n from below, subject to a uniform bound on their rescaled p-energies
(n—p)/\Vup]pd:): (1.14)

Our main result provides a general compactness theorem for the Jacobians of these maps.
Moreover, we prove I'-convergence of the energy in (1.14) to the mass of the limit current of the
Jacobians. Our main theorem is in complete analogy with the results for the Ginzburg-Landau
energy in general codimension obtained by Alberti, Baldo, and Orlandi in [ABOO05], which extended
the earlier work in codimension two by Jerrard and Soner [JS02].

As a corollary of our analysis in the case of fixed boundary conditions, we recover several
previous results, including one by Hardt and Lin on the convergence of the energy densities of
p-energy minimizing maps with fixed boundary conditions, as p approaches n. We also obtain an
“oriented version” of this convergence for the Jacobians of these maps.

Our approach is completely variational and applies to general sequences satisfying the natural
energy growth (1.14) without minimality or stationarity assumptions. For this reason, we believe
that the techniques developed in this work may apply to a broader class of problems involving
singular limits; in particular in the zero-dimensional case (see Theorem [CFP25, Theorem 4.3]),
where we provide a direct and elementary, yet highly nontrivial, approach to the compactness and
liminf inequality.

Our main result reads as follows.

Theorem 1.3.4 ([CFP25]). Let n > 2 and m > 0 be integers, and let Q C R™"™™ be a
bounded open set with Lipschitz boundary. For a (discrete) sequence p € (n — 1,n) let
u, € WHP(;S"1) be maps such that

limsup (n — p)/ |Vup|P de < +oo.
Q

p—n—
Then the following statements hold.

(i) (Compactness and T'-liminf inequality) There exists an integral m-boundary ¥ in
such that, up to a subsequence, the Jacobians {xJuy,} converge to %E in the flat
topology of Q and (along this subsequence) it holds that

liminf (n — p)/ |Vup|P dz > (n — 1) 2w, 1Mq(Z).
Q

p—n—

(13) (T-limsup inequality) For every integral m-boundary ¥ on Q and every p € (n — 1,n)
there exists maps u, € WLhP(Q; S*1) such that *Jup, — Y2 as p — n~ in the flat
topology of Q0 and

lim sup (n —p)/ |Vup|P de < (n — 1) w,_ 1Mo (D).
Q

p—n—

The proof of the compactness and I'-liminf inequality takes up most of the work and is divided
into two macrosteps. First, we address the case of dimension zero m = 0, that is when the model
singularities are isolated points. Then, we extend the result to general dimension and codimension
using the zero-dimensional case. Although the extension to arbitrary dimensions (Section 5 in
[CFP25]) follows the techniques of deformation onto grids developed in [ABOO05] (which in turn
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were inspired by the deformation theorem of [FF60]), the core novelty of our work lies in the
zero-dimensional setting (see Theorem [CFP25, Theorem 4.3]).

The following result is an immediate corollary of the previous theorem.

Corollary 1.3.5 ([CFP25]). Let n > 2 and m > 0 be integers, and let Q C R"™™™ be a
bounded open set with Lipschitz boundary. For a (discrete) sequence p € (n —1,n), let ¥,
be an integral m-boundary and set

EXin(%y, Q) = inf{/Q Vol = v e WHP(Q;8"71), »Jv = “’ifﬁp}'

If there holds .

limsup (n — p)&,"" (2p, Q) < +o0,

p—n—
then there exists an integral m-boundary 3 in Q such that, up to a subsequence, ¥, — X in
the flat topology of 2 and (along this subsequence) it holds that

liminf (n — p)EM™(E,, Q) > (n — 1) 2w, 1 Mo(X).

p—n—

A remarkable feature of our analysis is that we work in a setting where the energy bound
(1.14) does not give a uniform control on the mass of the m-dimensional Jacobians xJu,. Indeed,
even for p fixed, the Jacobian xJu, may have an infinite mass even when the p-energy of u,
is finite. This departs significantly from the diffuse frameworks such as the Yang-Mills-Higgs
and Ginzburg-Landau, where the energy bound provides some control (uniform and logarithmic,
respectively) on the mass of the Jacobians. We refer to [CFP25, Section 1.2.1] for a detailed
discussion about this feature.

As a corollary, we deduce both a new proof and an “oriented version” (Corollary 1.3.7 below)
of a result by Hardt and Lin concerning the convergence of energy densities of p-energy minimizing
maps as p = n_ .

Theorem 1.3.6 (Theorem 3.1 in [Linll]). Let n > 2, m > 0 be integers, p € (n,1 —n) and p, be
the normalized energy densities

. n=p p
Ly = on(n = 12 |Vuy(z)|Pde Q2 (1.15)

associated with maps u, € WHP(Q;S"™1) that minimize the p-energy in Q with fized boundary
datum g € WIn=1(9Q;S"1). Then, as p — n~, a subsequence of tp weakly converges to a
Radon measure (1 such that supp(p) = supp(X) and u(Q) = Mq(X), where ¥ is an integral
area-minimzing current in Q with 0% = *Jg.

Specifically, we show that for such minimizers, the m-dimensional Jacobians converge to
an integral m-current that is area-minimizing in a suitable cobordism class determined by the
boundary conditions. We refer to [ABO05, Section 2.7] or [CFP25, Section 5.3] for the precise
definition of cobordant currents.
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Corollary 1.3.7 ([CFP25]). Let n > 2, m > 1 be integers, and let Q C R"™™ be a
bounded Lipschitz domain. Let g € W'=1/77(9Q; S*1) be a map, fir u € W™ (Q; R™) with
trace equal to g on 09, and let ¥y := u~(y) be a regular level set of u with |y| < 1. Let
u, € WHP(Q;S"1) be p-energy minimizing maps with upy|aoq = g, for p € (n — 1,n).

Then, as p — n~, a subsequence of xJu, converges (in the flat topology of R"*™) to
an integer rectifiable m-current X that is area-minimizing among rectifiable m-currents
cobordant with 3, in Q, and

lim (n — p) / VP dz = (n — 1)Fwn_1Mgesm (5).
Q

p—n—
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Chapter 2

Preliminaries and notation

2.1 The heat kernel on Riemannian manifolds

In what follows, we let (M, g) be a complete (possibly noncompact) Riemannian manifold that we
often denote by just M.

Let Hy(z,y,t) : M x M x (0,00) — R4 denote the heat kernel of a Riemannian manifold
(M, g). This is defined as the minimal, positive fundamental solution to the heat equation

0w — Agu =0, on M,

subject to the initial condition that u(t,-) — &, as t — 07, in the sense of distributions. Here, A4
is the Laplace-Beltrami operator associated with the metric g, and ¢, denotes the Dirac delta
distribution centered at the point y € M, with respect to the volume form dV; of M.

The term minimal refers to the following comparison property: if v : (0,00) x M — R is any
other positive solution of the heat equation that satisfies v(t,-) — d, in the distributional sense as
t — 0%, then

Hy(z,y,t) < o(x,t)

for all x € M, t > 0. That is, the heat kernel provides the least such solution and is unique
under these conditions. This minimality is a consequence of the maximum principle and the
theory of fundamental solutions for parabolic equations. For a detailed discussion of this property,
see [Gri09, Section 9.1], and we refer to [Lil2, Theorem 12.4] for a detailed construction of this
minimal solution on general complete (not necessarily compact) manifolds.

Definition 2.1.1 (Stochastic completeness). We call a Riemannian manifold (M, g) stochastically
complete if, for every t > 0 and for every p € M

/ Hy(z,p, t)dV, = 1. (2.1)
M

For equivalent definitions of stochastic completeness, one can refer to the manuscript [Gri09]
or to the more recent [GIM20] and [Gri+23].

Lemma 2.1.2. Let M be a complete Riemannian manifold, then for every p € M

M(t,p) = / Hy(x,p,t)dVy is nonincreasing in t.
M
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Proof. The proof is an easy consequence of the semigroup property. Indeed, for ¢ > s we can write
Hy(z,p,t) = / Hyp(z,z,t — s)Hp (2, p, ) dVy.
M

Integrating in dV., using Fubini’s theorem and the fact that [,, Ha/(z,z,t — s)dV, < 1 we get

/ HM(vaat)d‘/z < / HM(:E7p7S)dV$7
M M

which is the thesis. O

Note that, because of Lemma 2.1.2, being stochastically complete is equivalent to the fact that
(2.1) holds for one single time t = ¢, > 0.

2.2 Fractional minimal surfaces

Let Hjs be the heat kernel of M, in the sense of the previous section. A quantity that will play a
key role in this work is the singular kernel Ks : M x M — (0, +00) associated to the fractional
Laplacian on M, that is

Ks(p,q) = ms_/im/ooo H(p, q,t)tlﬁ/, (2.2)

Definition 2.2.1. For s € (0,2), we define the fractional Sobolev seminorm [u]Hs/z(M) as

[uﬁqs/z(M) = //MXM(u(p) —u(q))*Ks(p, q) dVpdV, . (2.3)

The associated functional space H3/?(M) is
H?(M) = {ue L*(M) : [“]qusn(M) < oo},

and is a Hilbert space with norm given by Hu||§{s/2(M) = ||u|\%2(M) + [u]zs/Q(M).

Definition 2.2.2. For s € (0,1), the fractional perimeter (or s-perimeter) of a measurable set
E C M is defined as

PerS(‘E) = [XE]?'{S/2(M) = 2\//E' 5 /Cs(x,y) d‘/pd‘/q,
X c

where Ks is defined in (2.2).
Remark 2.2.3. If the manifold M is replaced by the Fuclidean space R™ then

B s/2 o0 dt
Ks(z,y) = F(l—s/2)/0 H]R"(xayat)m

ST o P N
T T(1-5/2) o \(4mt)n/2 2~ Jo —yrrs

2r(22)  s2ir(n)
m/20(=s/2)]  7/20(1 - s/2)

where

an,s =

(2.4)
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Hence, we recover (up to a constant) the usual notion of fractional s-perimeter

1
Pery(E :// . dzdy,
(B) Expe [T —y|"Ts Y

introduced by Caffarelli, Roquejoffre, and Savin in [CRS10].

The s-perimeter also has a natural localized version in a bounded open set 2 C M, in the
same spirit of the localized fractional Sobolev spaces H*(2). This is of use because, for example,
one would like to say that a hyperplane in R™ is an s-minimal surface (see Definition 2.2.5 below)
even though a half-space has infinite s-perimeter for Definition 2.2.2.

Definition 2.2.4. For s € (0,1), the fractional perimeter (or s-perimeter) of a measurable set
E C M in a bounded, open set € is defined as

Per,(E, Q) = // IXE(P) — XE(Q)*Ks(p, q) dV,dV,.
M x M\QexQe

Note that for 2 = M we recover Definition 2.2.2. Moreover, it follows directly from its
definition that the previous notion of relative s-perimeter satisfies the following properties.

o Per (E,Q) = Perg(E*, Q) for every (measurable) E C M.

o If £ C Qor E°C Q then Pery(E, Q) = Perg(E), where Perg(FE) is the s -perimeter on the
entire manifold M as in Definition 2.2.2.

o Let Q1,09 C M with u(Q3 NQy) = 0. Then Perg(E, Q1 UQy) > Perg(E, Q) + Perg(E, Q).
o Let Fy, By C M with u(Ey N Ey) = 0. Then Perg(E; U Ey, Q) < Perg(Eq, Q) + Perg(Eo, ).

Definition 2.2.5 (s-minimal surface). Given U C M open, a set E is said to be an s-minimal
surface in U if for every bounded Lipschitz domain Q@ €@ U we have Perg(E,Q) < +oo and for
every O wector field X with supp(X) € € there holds

Per, (67 (F),Q) = 0,
t=0

dt

where ¢i : Q — Q is the flow of X at time t > 0.

By the first variation formula (e.g, [Fig+15, Theorem 6.1] for M = R™ or [Flo24, Proposition
5.1] for closed manifolds), if E is an s-minimal surface in & and OE NU is of class C? then

PV, /M<XEc<y> B @)K, y) du(y) =0, Vo € OFNU.

The left-hand side is denoted by HZ(z) and called nonlocal mean curvature of E at x. We refer
to the beginning of Section 3.1 for a discussion on how the principal value must be understood in
Riemannian manifolds. For M = R", the first-variation formula takes the usual form

Xee(y) = xB(y) ,

PV.
gn T =y

y=0, VzedENU. (2.5)

Remark 2.2.6. Inspecting the proof of the first variation formula in [Fig+15; Flo24], it follows
that if OF is C? just in a neighborhood of x € OF and is globally Lipschitz, then (2.5) holds at x.
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2.2.1 The fractional Allen-Cahn energy

Definition 2.2.7 (Fractional Allen-Cahn energy). Let s € (0,2) and € > 0. Givenv: M — R,
we define the fractional Allen-Cahn (abbr. A-C) energy of v on the open set Q C M as

Ea(v) = E5°°(v) + £ (v), (2.6)

where

580b(v) = i//MxM\QCxQC(U(p) — v(q))Qle(p, q)dV,dVy, 55‘”(1}) =g ° /Q W (v)dx,

and W (v) = 2(1 —v?)? is the standard quartic double-well potential with wells at 1. We will
sometimes denote Eq by 56’5 or £§ if we want to stress the dependence of the energy from ¢ and/or
S.

Note that, with this definition of the Allen-Cahn energy, we have
Ealxe — xBe) = £5°"(xE — XBe) = Pery(E,9Q),
and

Eaun, (1}) < &q, (U) + &a, (U) :

The double-well potential penalizes functions that are not identical to £1, and that is why
one expects to find nonlocal s-minimal surfaces as the limits of critical points of this energy when
e —=0.

A function u : M — R is a critical point of £q if and only if it solves the fractional Allen-Cahn
equation

(=AY 2u+ e W' (u) =0 inQ. (2.7)

Here (—A)®/? is the fractional Laplacian on (M, g), and it can be represented as (see Section 3.1
for details)

(-8 2u(p) = PV- [ (ulr) = ua))Ko(p.) V.
We also have a definition of Morse index, related to the second variation of the energy.

Proposition 2.2.8 (Second variation). Let Q C M be an open set. Let u € H¥?(M) be a critical
point of Eq. Then, given & € CH(R), the second variation of Eq at u is given by

" _} _ 2 —s " 2
=g f[ ) Sk i [ Wwear. e

Definition 2.2.9 (Morse index). Let Q C M an open set, and let u € H%/>(M) be a critical
point of Eo. The Morse index of u in Q, denoted by mq(u), is defined as the mazimum dimension
among all linear subspaces £L C CHQ) € H¥2(M) such that E5(u) is negative definite on L.
Moreover, we say that u is stable in Q0 if mq(u) = 0.

2.2.2 Stability and Morse index

We also precisely state the notion of stability that we will use in this work.

Definition 2.2.10 (Stability). Let U C M be an open set and E be an s-minimal surface in U
(see Definition 2.2.5). We say that E is stable in U if: for every bounded Lipschitz domain Q € U,
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for every C? wvector field X with supp(X) € Q we have

2

6%Per,(E,Q)[X] := % t_OPerS(d)tX (E),Q) >0, (2.9)

where ¢i : Q — Q is the flow of X at time t > 0.

Remark 2.2.11. By Corollary 3.4.18, if Pers(E,Q) < 400 and X is a vector field as in the
hypothesis then the map t — Perg (¢ (E), Q) is well-defined for all t > 0 and of class C?. Thus,

the previous definition of stability is meaningful without any a priori assumption on the regularity
of E.

If M = R" and F C R” is smooth, the second variation can be written in a form very
reminiscent of the second variation formula for classical minimal surfaces. This second variation
formula for smooth s-minimal surfaces was proved in [DPW18; Fig+15], and has recently been
generalized to ambient Riemannian manifolds in [Flo24].

Theorem 2.2.12. Let E be an s-minimal surface in R™, and assume that OF is C? in some open
set Q. Then, for every X € C2(OE NQ;R"), setting ¢ := X - vyg, we have

x) — 2 Nugp(x) —v 2
prapx] = [ (Wl e = on o) doyds,, (20

where Vyg 1s the outer unit normal to OF. In particular, if E is stable in Q, there holds

or(x) —var(¥)* | s // lp(x) — (y)]?
o(x)” dogdoy, < 2" do.doy,
//BEX@E |z — y|nts (=) Y oExop |T—y["ts Y

for every p € C2().

Let us also recall the definition of finite Morse index for smooth s-minimal surfaces as introduced
in [CFS24b] or [Flo24].

Definition 2.2.13 (Morse index). Let E C M be an s-minimal surface in Q. Then, E is said to
have Morse index at most m in Q if: for every (m + 1) vector fields X1, ..., Xmi1 of class C?
with compact support in 2, there exists coefficients a1, . .., amy1 such that a®+ ...+ a?nH =1 and

52PerS(E, Q)[a1X1 +...+ am+1Xm+1] >0,

where 6*Per; is defined as in (2.9).

2.2.3 An instructive example on stability

We now discuss a simple but instructive example to understand what stability and instability
mean in the context of nonlocal minimal surfaces. Consider the set £ C R™ defined by

E:= ] {QkCo\/l—s <z < (2k:+1)00\/1—5}, (2.11)

keZ

whose boundary consists of parallel hyperplanes at distance

d:=CsvV1—s.
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Clearly, by symmetry, HZ(z) = 0 for every x € OE. Since OF is smooth, we have that F is an
s-minimal surface. The crucial property regarding this set is that, depending on the value of C,,
FE can be either stable or unstable in the unit cube.

Proposition 2.2.14. Let E be as in (2.11) and Q = [-1,1]". Then, for every s € (9/10,1)
(i) E is stable in Q for Cs > 1 large (depending only on n).
(i7) E is unstable in Q for Cs < 1 small (depending only on n).

Proof. In what follows, C, ¢ > 0 denote dimensional constants where, in general, C' is big and c is
small.

Set X := OF = Ujcz>;, where each ¥; has the induced orientation from FE, and we denote
by N; the outer unit normal to ¥; from E. Moreover, we call X1, ...,3,, the hyperplanes that
intersect @, that is

m
Uzine=xzne.
i=1
We want to show that E is stable provided we take C, large, that is (recall Theorem 2.2.12)

N @) = NP () — F)? .
//EXE |LL‘ _ y|n+s f (CC) dede S //EXE W dO’de'y, \V/f - CC (E n Q) (212)

Hence, to show (i), we estimate the left-hand side from above.
Fori=1,2,...mlet J(i)={j:j>1,j—1iodd}. We have

IN(z) — N(y)|? 9 _ |N; () — Nj(y)|2 T
//Z‘XZ‘ |x—y|n+s / ($)d0xd0y_2//;ixz_ |l‘—y|n+s f ( )d d ’
- Z //E 3, Ix— |t f(z)? doydoy

=1 jeJ(i)

do,
S (] e
S5 [ (] )
where we have used that supp(f) € Q.

Write the coordinates in R" as z = (7, z,), and for € 3; set d;; = dist(X;,3;) = d|i — j|.
We get, for every j € J(i), that

/ doy B / dy / dy
m =yl e (F R e -l S (B2 )

1 dz C
_ dm/ - ey
ij TR ([EP 1) i

where we have made the substitution £ — y = d;;z2. Thus

[ R b o R e .

1= 1]EJ1)

ey Y o [, 1 e

= IJGJ
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1+SZ Z i _j1+s/ f*do.

=1 jeJ(i)
Clearly, for every i = 1,2,...,m and s € (9/10, 1) there holds

< ) = o <O (2.14)

JEJ (1)

for C, ¢ > 0 absolute constants. This gives, for s € (9/10,1) and C, > 1 that
IN(z) = N@)|* , C < 2
f(x)doydoy, < —— fdo
//EXE |$ _ y|n+s ( ) Y dl+s Z .

Cl+8

/ fdo.

By the fractional Poincaré inequality for the H 5 (R"~1)-seminorm (see, for example, Theorem
1 and Remark 1 in [BBMO02]), applied to each restriction f|s, € C°(X; N Q), we have

[ srzcas [ VoI W@ Wk, s

Then

[N(z) = Nw)P Cll—9)7 & 1f@) = P,
/A]XE ’(E - y|n+s f (x) daéﬂday S Co ;//&xzi |$ - y‘n—‘y—s d de v

Cl-5)7 f(x) — f(y)[?
<G o it

which, since (1 — s) 2 s lass— 10 , implies stability (2.12) if Cs; > C for some dimensional
C > 0. This concludes the proof of (7).

Now, we show (i7). We want to choose Cs, small to make (2.12) fail. With no loss of generality,
assume C, < 1/100.

On the one hand, following the same lines above using the lower bound in (2.14) and choosing
each fln, = ¢ € CX(X; N Q) equal to the minimizer of the fractional Poincaré inequality (2.15)

(this is the first eigenfunction of the fractional %—Laplacian in R"!, with zero Dirichlet boundary
condition outside [—1,1]"71) one gets for the left-hand side of the stability inequality (2.12) that

N(z) — N(y)|?
//Ex2| |(.T)y|n+(?j)| s02(‘7:)61(7gchy
el oy F o() — o)
= Cl+s Z//E X3 |$— |n+s T oints d0wdo, ch—i-sg( ) (2-16)

where we have set £(p) = [¢
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On the other hand, for the right-hand side of the stability inequality
_ 2
[ e i@r oo,
sxy T =yl
lp(x) —o(y)|® // \w e(y)?
= d 2doy + do,do,
Z//z X3 \30 ’”Jrs Z x5, ’”Jrs Y
)+ Z u do,do. (2.17)
’ =yl |
’L;ﬁ] Einj

Moreover

J

_ 2 _ 2
[ O g [ ([ 0,
wixy; T =yt wing \Js, |z —y[*ts

and, similarly to (2.13), for fixed ¢ and j # i we have

/ li(x) = oW JR v
b Rn—1

|z — y[nts (17 - g2 +d%)"%
S/ mln{cv‘x_y‘ } — d"yv
Rt (7~ G2+ i — )T
C min{1, d?|z|? .
= d1+s/ 5 {1, d7[7] };LJFS dz.
Re=U (|22 + [0 — [2) 2

J

Claim 1. There holds
. 21~12 1+s
/ i minl &7} s Cmin{ d ! } (2.18)
Rn—1

22+ i - j2)"F s fi— g

Proof of Claim 1. We have

in{1, d?|Z|? ~ 32 B 1 ~
Ro-1 (|22 4 |i = j[?) 2 By (|22 +1) 2 Be, (Z2+1)"2
1yd 4 0 1
_ 2 n—2 n—2
=Cd /1 anrS_Qp dp+C/1/dpn+sp dp

C Clers
<& e < —
_ddl_s(1_8)+0d < T

On the other hand, bounding trivially min{1, d?|Z|?} < 1 we get arguing exactly as in (2.13)

in{1, d?|Z|? _ 1 _ C
/ NII]IH{ ) ’Z‘ i_,_s d3 < / — T dz = T s
meot (B2 4 - ) Jre (B2 i) B

These two last inequalities prove (2.18). O
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Lastly, by the very definition of d and since s € (9/10, 1) note that

d1+s Cl+s
= °— <2C,.
l=s (1-s7

Hence, putting together the estimates above

ZZ//EXz |<p|x_y|n(+s) do dJy<QZZ/ (/E M)__ywczaadagﬁ

i=1 j#i zl;ézz J

1
< dmzzmm{ s,

i=1 j#i

—d1+s me{ o 3/2}

Moreover, as Co — 07 we have ) > min {CO, ]3%} — 0. Indeed

) 1 . 1
me{ o, 3/2}— Z mln{C'o,j:,)/z}-% Z mm{Co,jS/Z}

1<j<C; /3 j>cs??

=aP+ Y =

> 1/3

Let us denote by o(1) anything that tends to zero as Co — 0 uniformly in s € (9/10,1). With
this notation, we have shown

C

i=1 j#i

Now, suppose by contradiction that E was stable for C, arbitrarily small. Then stability (2.12)
would hold for f = ¢. Putting together the estimates (2.16), (2.17) and (2.19) it would imply

cm Cm
@5(80) <mé&(p) + ﬁ"(l) ;

or, multiplying by C1**(1 — s) and recalling d = Co+/1 — s, equivalently

e(1 - 5)E(g) < CL*(1— 8)E(p) + C(1 - 5) T 0(1).
But since ¢ < (1 — 5)E(p) < C for every s € (9/10,1) (as ¢ is the minimizer in the fractional
Poincaré inequality (2.15)), sending C; — 0 gives 0 < ¢ < 0, contradiction. Hence, ¢ is an

unstable direction for E for C, small, depending only on n, which concludes the proof of (7).
O
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Chapter 3

Fractional Sobolev spaces on
Riemannian manifolds

This chapter describes the results obtained in [CFS24a]. The present chapter addresses how the
fractional Sobolev energy H°(M) = W2(M) and the associated fractional Laplacian on M have
a natural, canonical interpretation in the case where M is a closed Riemannian manifold. We give
several definitions for these objects and show that they coincide, which justifies their canonical
nature.

3.1 The fractional Laplacian

Taking inspiration from the case of R™, in this section, we give several equivalent definitions for
the fractional Laplacian (—A)®? on a closed Riemannian manifold, with s € (0,2). On (say)
smooth functions, there are at least three different natural definitions of the fractional Laplacian.

(i) The singular integral definition
s/2 o 1

= lm [ (u(p) —u(q))K5(p, q) dVq,
E— M

where here Ks(p,q) : M x M — R denotes the singular kernel given by (2.2) and K5(p, q) is
the natural regularization

€ 3/2 /Oo —e2/4t dt
= H . 2
ICs(pa Q) F(l —8/2) 0 M(pa Q>t)e t1+s/2 (3 )
(17) Following the Bochner definition of the fractional Laplacian
. 5/2 . 1 o0 tA . dt
e = 5 /0 () (3.3)

(7i7) By spectral theory, one can set

(—A)gﬁcu = Z )\Z/QW bk) L2 (0r) Pk
k>1
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where {¢}x is an orthonormal basis of eigenfunctions of the Laplace-Beltrami operator
(—Ag) and {A}x are the corresponding eigenvalues. Note that for s = 2 this gives the usual
Lalpacian.

Let us briefly comment on our choice of the “natural” regularization K5(p, q) that we have
used to define the principal value in (3.1). First, we will see in the proof of (3.14) that this
approximation naturally appears in the computation. This is because K5(p, q) is directly related

to the fractional Poisson kernel Py7(p, g, 2) of M = M x (0, +00) by the formula

K5(p,q) = Pyz(p, q,6)e™*,
and the fractional Poisson kernel is the fundamental solution of the Caffarelli-Silvestre extension
problem. Moreover, if the compact manifold M is replaced by the Euclidean space R™ then

s/2 o0 2 dt a
K ==~ | Hgu(z,y,t)e = /" = L
s($7y) 1—\(1 o 8/2) /0 R (1177y, )e tl+s/2 (|x . y|2 + EQ)nJQrs ?

(0% . . .
%, and is easily seen to give the same

B
notion of principal value that one would get by integrating ICs(z, y) against a function on R™\ B.(y)
and then taking e — 07. This is also true on a Riemannian manifold, and actually, many other
desingularizations of the (singular) kernel K4(p, ¢) are possible and give the same notion of principal

value under mild hypotheses.

which is arguably a very natural regularization of

Proposition 3.1.1. Let (M, g) be a closed, n-dimensional Riemannian manifold, and let {KC5}e>0
be a family of nonnegative kernels defined on L*°(M). Assume that the following hold:

e The KS converge uniformly to Ks(p,-) on compact subsets of M \ {p}, as e — 0T.

o There exist some r = r(p) > 0 and some chart parametrization ¢ : B, C R® — M with
©(0) = p such that:

(i) The flatness assumptions FAo(M, g,7,p, @) are satisfied (see Definition 3.4.1).

(ii) Setting K<(y) := KE(p, p(y)), there is some positive constant C' such that

Ki(y) <

= ’y|n+57 V?J € Br(p)a (34)

and moreover, the symmetry condition

~ ~ C
K5(y) — K5(=y)| < W

is satisfied.

Then, for every f € C*(M), the limit

lim [ (f(p) = f(0))K5(p, q) dVq
E— M

exists and is independent of the family KC5. In particular, any such family gives the same value for
(3.1) as the choice in (3.2).
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Proof. Recall that o~1(p) = 0. Given 0 < § < r(p), we can write

— F(Q)KE(p, q) AV, = ) dv, L) v,
/M(f(p) F@)Ks(p,q) M\W(Bé)( ) +L(B§)( )

By the dominated convergence theorem, the first term on the RHS converges to

/ (@) — F(@)Ka(prq) V.
M\ p(Bs)

Therefore
imasup | [ (7(6) = F@)K5 0 0) ¥, - / (f(0) = (@)Ks(p. ) V|
e=0 M\ (Bs)
< lim sup ‘ / f(@)Ks(p, q) dV, ‘
e—0

In other words, to conclude our desired result, it suffices to show that f(p( Bs) (f(p)—f(@)K:(p,q)dVy
is bounded independently of € and moreover can be made arbitrarily small by choosing § small
enough.

To check this, we start by changing variables using the coordinates given by ¢, leading to

[ (G0 - F)KE .0V, = [ (70 - Fe@)EEw)VIslw) dy
»(Bs) Bs

Defining h(y) := (f(¢(0)) — f(¢(y)))V/]g](y), which verifies that h(y) =y - VA(0) + O(ly[*), and
using the symmetry of the Lebesgue measure under the transformation y — (—y), we can then

compute

[, 0w kw0 m| =] [ rwkiwal

[ v VHOR )dy|+ € [ PRz ) dy
Bs Bs

IN

=[5 [ v TRORE @+ 5 [ ) THOK )y

+O | |yPKily) dy
Bs

:;‘/B y - Vh(0)(K3(y) — K5(— dy‘+0/ [y *K5 () dy

Using the assumptions on the kernel, we conclude that

1 1
PRSP ) Vi <C [ 1y FhO)|p s dy+C [ o s dy
o [y [yl
<C/ _ dy
g lyrte?
<08,

Since s € (0,2), this quantity can be made arbitrarily small by choosing § small enough, indepen-
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dently of . This concludes the proof of our result. O

Remark 3.1.2. As discussed above, this covers the case of removing a geodesic ball B:(p) in the
corresponding definition of the fractional Laplacian as an integral and then sending e — 0, as in
the usual Fuclidean definition of a principal value integral. Indeed, this corresponds to considering
K5 := Ks(p, @) Xan\B.(p) in the proposition above. Another reasonable desingularization could be

s/2 o0 dt
M/s HM(F;QJ)W-

The fact that both of these choices for the families {K%}e, as well as the choice (3.2), satisfy the
hypotheses in Proposition 3.1.1, can be easily seen using the results that will appear in the next
section. More precisely, they follow from the combination of Remark 3.4.3 and (the proof of)
estimate (3.38) from Theorem 3.4.6. The latter shows that conditions (3.4) and (3.5) hold directly
for the kernel KCs thanks to precise estimates on the heat kernel Hyy, and it is then simple to see
that they hold for the regularisations K5 as well.

Ksp,q) =

Proposition 3.1.3. Let (M, g) be a complete, stochastically complete Riemannian manifold. Then

(i) Foru € C(M), the singular integral (— )S1 u (defined in (3.1)) and the Bochner (— A)fg/zu
(defined in (3.3)) fractional Laplacian coincide.

(i) For u € L*(M) they coincide as distributions.

Proof. Let u € C°(M). Expressing the solution Pyu := e*®u to the heat equation in terms of the
initial datum as

Pru(p) = /M w(g)Hur(p, g, ) dVy

and using that fM H(p,q,t)dVy =1 gives, for every € > 0, that

0o 6—62/4t
r(—ls/z)/o (Pt“_“)tm/zdt = /M(U—U(Q))Ki(p, q)dvy. (3.6)

Since u is smooth, letting ¢ — 0% gives convergence of both integrals pointwise everywhere and

1 * dt
r(—s/2)/0 (Pru—w) s = PV, /M(U—U(Q))/Cs(p,Q) dVg

and this proves (7).

Now to show (ii) take u € L?(M) and ¢ € C°°(M). Multiply (3.6) by ¢ and integrate over
M to get

—52/4t
8/2 / / (P —w)o oy sz GtV = //MxM —u(q))p(p)K5(p, q) dVydV, .

Note that since € > 0 is fixed and positive, neither of the two integrals above is singular, and they
are both absolutely convergent. Hence, we can exchange the other of integration in both integrals.
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For the left-hand-side using that P; is self adjoint in L?(M) we get

752/4t 1 0o 6752/41‘,

3/2 / / (Pou — u)p———s Y dtdV = T(—s/2) /0 Y (Pou— u, )2 dt
1 () 6752/415

= F<—8/2) /0 t1+3/2 <Pt§0—§0,U>L2 dt

1 00 6—52/475

Regarding the right-hand side, since K5(p, ¢) is symmetric

// (u(p) — u(@))p(P)K5(p, @) dVodV, = // (o(p) = ()ulp)K5(p, q) dVedV, -
MxM MxM

Thus
1 o0 —52/4t
T _</9) €
/M I'(—s/2) /0 (P = 90) fts /2 udV = / </ —(9))K5(ps q) qu> u(p)dV,,
and letting e — 0T and using (i) proves (7). -

3.2 The Caffarelli-Silvestre Extension
Definition 3.2.1. We define the weighted Sobolev space
H'(R™ x (0,00)) = H'(R" x (0, 00), 2 ~*dxdz)

as the completion of C°(R™ x [0,00)) with the norm

2 . 2 77112
101151 = U L2(rn x (0,00), 51=2dzdz) + IPUNL2Rnx(0,00),21-5dzdz) »
where DU = (gUM'”,gg“ %g) denotes the Euclidean gradient in R"1. This is a Hilbert

space_with the natural inner product that induces the norm above. It is a known fact that any
U € HY(R" x (0,00)) has a well defined trace in L*(R™) that we denote by Uz, -).

The following essential result by Caffarelli and Silvestre [CS07] shows that fractional powers of
the Laplacian on R™ can be realized as a Dirichlet-to-Neumann map via an extension problem.
Theorem 3.2.2 ([CS07]). Let s € (0,2) and u € H¥?(R™) N C®(R"). Then, there is a unique
solution U = U(x, z) : R" x [0, +00) — R among functions in H'(R™ x (0,00)) to the problem

divge+1 (217°DU) =0, on R™ x (0,0) (3.7)
U(z,0) = u(zx) for v € R", '
and it satisfies
ou
: 1-s“YY — _ =1 _A\S/2
Tim 20 0, 2) = =5 (-A) (), (3.8)

where A denotes the Laplacian on R™ and B is a positive constant that depends only on s.

In [CS07], three different proofs of this fact are presented, but each of these proofs relies on
some additive structure of the base space. It was proved by Stinga in [Stil0] that the unique
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solution to (3.7) verifying (3.8) admits the explicit representation

Ul z)—zs/oopu( ye—a 2t (3.9)
p; T 2T(s/2) J, ! p frs/2” :

which expresses U in terms of the solution to the heat equation P,u. The proof of this fact does
not strongly rely on the additive structure of R™ and extends to the case of Riemannian manifolds.
First, let us define the weighted Sobolev spaces for the extension on compact manifolds.

Definition 3.2.3. We define the weighted Sobolev space
H'(M) = H"(M x (0,00))
as the completion of C°(M x [0,00)) with the norm

1%, = ITUF2ar) + VU (3.10)

L2(M 21 =5dVdz)’

where TU = U(-,0) is the trace of U and VU = (VU,U,) denotes the gradient in M x (0, +0c0).
This is a Hilbert space with the natural inner product that induces the norm above. Moreover,

basically by definition, any U € HY(M) leaves a trace in L2(M x {0}).

The weighted Sobolev space H!(M), defined as the completion of C2°(M x [0, 00)) with respect
to the norm (3.10), can be concretely realized as a space of functions U in LIOC(M ) having weak

derivatives VU in the same weighted space. Indeed, it follows by the fundamental theorem of
calculus and Holder’s inequality (see (3.35) in the proof of Lemma 3.3.2) that

/ U2 dVdz < CR/ |TU|2dV+CRS/ IVU|?2' % dVdz,
Mx(0,R) M Mx(0,R)

for every U € C°(M x [0,00)) and R > 0. This inequality easily implies that every Cauchy

sequence of smooth functions converges to an actual function in leoc(M ) and the limit is well-
defined pointwise almost everywhere.

We have the following essential result, analogous to the classical one for R™ in [CS07], which
shows that the fractional power of the Laplacian on M can be realized as a Dirichlet-to-Neumann
map via an extension problem.

Theorem 3.2.4. Let (M",g) be a closed Riemannian manifold, let s € (0,2) and v : M — R
be smooth. Consider the product manifold M = M x (0,400) endowed with the natural product
metric. Then, there is a unique solution U : M x (0,00) — R among functions in H'(M) to

&R/(zlfsﬁU) =0 in M, (3.11)
U(p,0) = u(p) for pe dM = M, '
given by (3.9), and it satisfies
[Uﬁ{s/Q(M) = 20s /~ IVU[?2'* dVdz, (3.12)
M

where
Py = | (@) = 0@ lp.0) Vi,
M><M
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and

_2571D(s/2)
Bs = T(i—s/2) (3.13)
Moreover 5U
T 21757 (p,2) =~ (-A) ul), (3.14)

where the fractional Laplacian on the right-hand side is defined by either (3.3) or (3.1) (since
these coincide on smooth functions).

Proof. Note that functions in H!(M) leave a well-defined trace on M x {0} (that is, there
exists a continuous trace operator with respect to the norm on H 1(]\7 )). Then, the fact that a
solution among functions in H 1(M ) exists follows by direct minimization of the associated energy
v o [Vo[2215dV dz over fll(M) Since the energy is convex, the solution is also unique.

From here we divide the proof in three steps.
Step 1. We show that the (unique) solution U € fIl(]\A/f) to (3.11) is given by (3.9).
Making the identification T'(M x (0,+00)) ~ T'M x (0, +00) we have
div(z'*VU) = divy(z'*VU) + 8.(z'~°U.)
=2ITAU 4+ (1 - 8)27%U, 4+ 21 7°U,,
= 2175(AU + 1—;8@ +U..).

Thus, in order to prove that U solves &R(zl*s%U ) = 0 we show that U (weakly) solves

1—s
z

LU = AU +

U,+U,,=0. (3.15)

Define

22
1 zSe” 4t
G(zyt) = 25F(8/2) t1+5/2 9

so that (3.9) rewrites simply as
U(-,z) = / (Pau)G(z,t)dt. (3.16)
0
It can be easily checked that G satisfies
1—s
-Gt + 42 G, +G,, = 0, (317)

and also
lim sup G(-,t)=0, lim sup G(-,t) =0,

=07 21 2o] E=400 21,29

for every 0 < z; < z9. Moreover, from the definition of G and the fact that u is SLH/OOth, we
see that the integral on the right-hand side of (3.16) is absolutely convergent in H*(M). Hence
Ue HY(M).

Now we check that U weakly solves the desired problem. Let ¢ € C’(?O(M ), K :=supp(p) and
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21, 22 € (0,400) such that K € M x [z1, 22]. Let also

1_
LYo :=Ap+ 0, <ng0> + ©us .

This is the formal adjoint of the operator in (3.15). Clearly L£*p still has compact support in
K @ M and is smooth. Then

/J\N/[ UL (p)dVdz = /1\71/0 (Pu)G(z,t)L* (@) dtdVdz,

and we claim that this integral is absolutely convergent. Indeed

/M/Oo|(Ptu)G(z,t)£*(cp)|dthdz < 1L*(p)|| oo /Oo/ |Pu||G(z,t)| dVdzdt
M Jo

1 1
2 2
§C</ |Pul?|G(z,t)|?2 ¢ dde> </ — dde> < 400,
K K 7

since the integral in (3.16) is absolutely convergent in H! (]T/f ). Hence we can exchange the order
of integration and we get, integrating by parts in space many times

/M UL (0)dVdz = / h < / (Pa) Gz, 1) L*() dde) dt

/ / < A(Po) + (Pru)—

Since P;u is smooth and solves the heat equation, the first term equals to

/ / (z,t) A(Pyu) dVdzdt = / / (2,t)0(Pyu) dVdzdt = / / (2,t)0¢(Pyu) dtdV dz

—/ (Pru)G(z,t) dde / / (Pou)Gy(z,t) dtdVdz .
K

< (/ |Ptude) (/12 |G(z,t)|dz)

< [M|"2||ul 2ary |22 — 21| sup G(8) =0,

[#1,22]

SGZ(z,t) + (Ptu)Gzz(Z,t)> pdVdzdt .

The boundary terms vanish since

‘ /K (Pa)G(z,t) dVdz

both as t — oo and as t — 07. Hence, putting all together and using (3.17)

/ME(U)godde: /MUE*(QO) Vi dz = /K /0  (Pu) <—Gt

Hence U given by (3.9) is a weak solution of (3.15), and by standard elliptic regularity it is also a
classical solution.

2 ) pdVdzdt = 0.

Moreover, the fact that U(-,0") = u follows by the explicit formula (3.9). Indeed, by a simple
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change of variable in the integral, we have

1 e e "
Up,2) = I‘(s/2)/0 (Pz2/4ru)(17)md7”,
and taking z — 07 in this formula gives U(-,0") = w. This concludes Step 1.

Step 2. Proof of (3.14).
Note that by the representation formula we just proved for U we have

s Ulp,z) —ulp) _ 1 * _2 dt
W) = S s [Pt —u)e T
Moreover, by "'Hopital’s rule
lim 7;U = lim s_lzl_sa—U.
z—0*t 2—0F 0z

Writing P;u as the convolution against the heat kernel Hy; of M we get
22

73U(p) = 23”/2/ /HMp,q, u(q) = u(p)) 15 AVt

Since w is smooth, and since K5(p, q) (defined in (3.2)) is non-singular for ¢ > 0, there holds

/Mms_/i/z)/OOOHM(p,q,t)\U(q)—u@)y s /2dtdv / lu(q) — w(p)|KZ(p, q) dVy < +oo.

Thus the integral in 77U (p) is absolutely convergent, and we can exchange the order of integration
to get

UG = i [ () - a0 v,

From here, by the very definition of the principal value
lim zlfsa—U = lim s-7U = hm By / K:(p,q)dV,

z—0t 0z z—0t
-1t u—u
Bs (P-V- /M( (0)Ks(p,q) dV)
= 5 (-A)

This finishes Step 2.

Step 3. The convergence in (3.14) holds in L"(M) for every r € [1, 00).

Since we have already proved pointwise convergence, it suffices to show that the sequence is
dominated. In particular, we prove that for z < 1 there holds

zl_sle(-,z)] <C, (3.18)

where C' depends on ||Aul|e, ||u||ze and s. The proof is a standard barrier argument very similar
to the proof of Lemma 3.2.7. Consider b(p, z) := u(p) — C (22 — 22°), for C' > 0 that will be chosen
soon. Since

div(z'*Vb) = 2175 (Au — (4 — 25)C),
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taking C' = ;L[| Aul| o + 2[|ul| oo, we see that b is a supersolution of (3.11) and that U < b on
M % {0,1}. Hence b is barrier for U, and by the maximum principle for z < 1 we have

1 1
02) < = (g I8ulim +2ulim ) (2 =229 < w22 (G2 Aulum + 4l ).
and this implies

. _ . U(,z)—u s
lim z'7*U, = lim s (~2) <
z—0t z—0t 23 2—s

Using —b as a barrier for —U, complete analogously, one also gets the reverse inequality.
Moreover, note that the function V := 217U, solves —(AV + V,,) + %VZ = 0, thus by the
maximum principle

sup |V| < max {sup V(-,0),supV (-, 1)} < max {C’(!AuHLoo, |lu|| oo, s), sup V(- 1)} .
Mx(0,1] M M M

But since V(+,1) = U,(+,1) we have by standard interior gradient estimates

|U.(p, )| <C sup U] < COflullpe,
Bi/10(ps1)

for some absolute constant C' > 0 independent of u. Putting everything together

sup V[ = sup 2'7°|U:| < C(|Aullpee, Jullp<, s)
Mx(0,1] Mx(0,1]

and this concludes the proof of (3.18) and of Step 3.
We're left with proving (3.12). Integrating by parts, for every § > 0 we find that

/ VU2 dVdz = 551/ U(-,6)8'U,(-,0)dV .
M x[8,00) M

Letting now § — 0T, by (3.14), (3.18) and dominated convergence on the right-hand side

. L _ s B!

This concludes the proof.

3.2.1 Proof of the monotonicity formula (Theorem 1.2.2)

The monotonicity formula for minimizing s-minimal surfaces in R™ was proved in the seminal
article [CRS10], and for Allen-Cahn type critical points, it was first obtained in [CC14]. In
[MSW19], the monotonicity formula is shown to extend to stationary s-minimal surfaces. Here,
we prove the analogous (local) monotonicity formula on a Riemannian manifold. The proof
holds simultaneously for any s-minimal surface, that is, for any stationary point of the fractional
perimeter regardless of second variation or regularity, and also for any stationary point of a
semilinear elliptic functional with a nonnegative potential term, hence including the fractional
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Allen-Cahn energy. For r > 0 and p € M denote

B.(p) = {qEM dg(q,p <7‘},
p.0) = {(g,2) € M : dz((q.2), (p.0)) <7},
aB+<, 0 - a(B+<p, 0) (19

a+ B (p,0) = 9B (p,0) N {z > 0}.

In this section, since there will be no possible ambiguity, we will use V instead of V to denote the
gradient in M with respect to the product metric.

Before proving the monotonicity formula of Theorem 1.2.2, we will need two preliminary
lemmas from Riemannian geometry, which will allow us to bound the “Riemannian errors” in two
formulas regarding the distance function.

Lemma 3.2.5. Let (M",g) be an n-dimensional Riemannian manifold, p € M, Ry < inj(p)
and let K be an upper bound for all the sectional curvatures in Br,(p). Denote by d the distance
function to the point p. Then, for all R < min{Ry, \/%} there holds in Br(p):

(Vv (dVd), V) — V]| < VERV],
for every vector field V- on M.

Proof. We can compute

(V,Vy(aVd)) = (V(V.V&)Vd) + d(V, Vv (Vd))
= (V,Vd)? +dV2d(V,V).

On the other hand, the Hessian Comparison theorem—see Lemma 7.1 in [CM11]—gives that
1dV2d(V,V) — |V — (V,Vd)Vd|*| < dVK|V|?

in Br(p), whenever R < min{inj,;(p), \/%} Moreover, since |Vd|? = 1, we also have that

[V —(V,Vd)\Vd* = |V > = 2(V,Vd)? + (V,Vd)}|Vd]* = |V > — (V,Vd)>.

Hence
|dV2d(V,V) + (V,Vd)? — |[V|?| < dVK|V|> < RVK|V|?
holds in Br(p), as long as R < min{ Ry, \/—%}, and this conludes the proof. O]

Lemma 3.2.6. Let (M™,g) be an n-dimensional Riemannian manifold, p € M, Ry < inj,,(p)
and let K be an upper bound for all the sectional curvatures in Bgr,(p). Then, there exists
C = C(n) > 0 such that, for all R < Ry, in Br(p) we have that

|div(dVd) —n| < CKR?.

Proof. Fix p € M, and denote d(p,-) just by d(-). Observe first that every geodesic o with
0(0) = p and contained in Bpg,(p) is uniquely minimizing. For any R < Ry and z € Bg(p), let
v :[0,d] — M be the normalized geodesic with v(0) = p and (d) = z. Note also that

div(dVd) = |Vd|* + dAd = 1 + dAd.
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Consider 4(d) € T, M, and complete it to an orthonormal basis {e; := %(d), ea, ..., e,} of T, M.
For i =2,3,...,n, let 9; be the geodesic with v;(0) = z and 4;(0) = ¢;. We can compute

ZV2 )(ei, €;) :;dSQ

(d(z) +s) = 0.

- s=0
Let J; be the Jacobi field alosng ~ with JZ-( ) = 0 and J;(d) = e;, well defined by uniqueness of
geodesics between endpoints. Denote by

where we have used that j;‘ (dowy) = d2

d
I(X,Y) = / (DX, DY) — Rm(%, X, %,Y) dt
0

the index form associated to v on [0,d]. Since 7 is minimizing along all curves with the same
endpoints, for every vector field X on ([0, d]) orthogonal to 4 and with X (0) = 0 and X (d) = ¢;
we must have

0<I(Ji— X, Ji — X) =1(J;, J;) = 2I(J;, X) + I(X, X).

Since J; is a Jacobi field, one can easily check that I(J;, X) = I(J;, J;), hence I(J;, J;) < J(X, X).
Take X (t) = LE;(t), where E;(t) is the parallel transport of e; € T, M along ~. From the second
variation formula for arc length we get

d2

d
Fr) (doy;) = /0 |DyJi|? — Rm(, J;, %, J;) dt = I(J;, J;)

s=0

d
SI(XvX):/ ’DtX|2_Rm(;77X7;YvX)dt
0
d
s/ DX+ K|X[2dt,
0

where we have used that suppep, |Sec,| < K. Thus

d? d 2 2 41 t2 1 d?
— do~y) < DX K|X|*dt = —+K—-dt==(14+K
ds2s:0( O'Y)_/O| 1 X|7+ K|X| /0d2+ 2 d<+ 3)
Hence
= d? -1
dAd=3 —5| (dom)< :
=2 §=0
or equivalently
div(dVd)(x) — n| = [d(z)Ad(x) + 1 —n| < K La? < k"L R?,
div( -
and this completes the proof with C(n) = 21 > 0. O

We can now prove the monotonicity formula.

Proof of Theorem 1.2.2. Since during the entire proof, the point p, € M will be fixed, we will not
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specify the center of the balls in what follows, as this will always be (po,0) for balls inside M and
po for balls on M. We divide the proof into two steps.

Step 1. First, we show that if u is stationary for the energy £(v) = [U]ES/Z(M) + [ F(v)
under inner variations, then its Caffarelli-Silvestre extension U is stationary for the energy

U»—>255/~215|VU]2dde+/ F(U|y)dV
M M

under inner variations on M given by vector fields Y on M such that Y'|ar is tangent to M.

Recall that the Caffarelli-Silvestre extension of u is given by (3.11).

Let Y be a vector field on M such that Y|n is tangent to M, and let 1/)@ denote its flow
at time t. Let also V; be the Caffarelli-Silvestre extension of u o wg,lM, for any ¢t € R. By the

minimality of the extension in the energy space, we have

8, /MZI—SW(UowYM = lim (268 / 75 VUP — 26, /le—swwoww)

< hm <258/ 78|\ VU |12 - 28, /~218|VW’2)
M

[u ]?{s/z(M) —[uo 7/’%/]?{5/2(]\/[)

i

= lim
t—0 t

d —72
- @‘t:o[uowy ]HS/Q(M) ’

and likewise
d —s — —s — —s
Hlite [ A @ ou P =tim s (26, [ @ ouR -2, [_avup)
t=0 M M

> lim -~ <255/ 1S\VV_t|2—25S/ zls|VU2>
t—0 t M

[u 0 wY ]HS/Z(M) - [u’}?{s/Z(M)

= lim
t—0 t

—t72
- %)t:()[u ° ¢Yt]HS/2(M) :

Hence
SL oo [ AI@euh = £l oy
dt =0 s fvi Y dt —0 Y H5/2(M)'
Since u is stationary for the energy £(v) = [v]2, o T [y F(v) dV under inner variations, this

shows that U is stationary for the energy U + 2f3; fM 5|\ VURdVdz + [y, F(Uly) dV under

inner variations on M , with vector fields Y as above, and this concludes the first step.

Step 2. We now compute such an inner variation for a suitably chosen Y. First, the variation
of the potential part of the energy is

%)tzo /M Fluo ") dV = %‘tzo /M F(u)J(p) dV,
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_ / Fu)divy (Y]p) dV. (3.20)
M

The quantity divy(Y'|ar) will be estimated later. We now focus on computing the variation for the
Sobolev part of the energy. Once again, we change variables in the integral using the flow ¢!,
obtaining

/~z“rV<U oyy!)|*dVdz = /~<z oUy) V(U ey ) oy Jilp, ) dVpdz. (3.21)
M M

Now, we choose the vector field Y. We take Y = n(d)dVd, where d = dz((p.,0), -) is the distance

on M from the point (po,0) and 1 = n; is a single variable smooth function with n = 1 on [0, R],
decreasing to zero on [R, R + 4], and 7 = 0 on [R + 6, 4+00). Since the distance dz((po,0), -)

restricts to the distance dy(ps, -) on M when computed on points on M with z = 0, clearly Y|,
is tangent to M. We want to exchange the order of derivation and integration in (3.21). Hence,
we compute separately the three terms that will appear in doing so. For the first term, using that
d%((p, 2), (po,0)) = dg(p,po) + 22 and the definition of Y we see that

Ll (ow)r = (1= )z n(d)z = (1= )5 =*n(d).

As for the second term that will appear, a simple general computation—see for example the lines
after Lemma 3.1 in [Gas20]—shows that

d —
@LOW(U o by )P (W4 (x)) = —=2(Vyy Y, VU).
Moreover, using the form chosen for Y we have that

(VeuY,VU) = (Vyu(n(d)dVd), VU)
= (VU, V(d))(dVd, VU) + 5(d){(Vyy (dVd), VU)
=1/ (d)(VU,Vd)(dVd, VU) + n(d) (Ve (dVd), VU)
= dnf (d)|(VU, Vd)|* + n(d){Vyu (dVd), VU) .

Notice that K is also an upper bound for all the sectional curvatures on Min B R, (Po,0) and that
injs(po) = inj77(po, 0). Thus, by Lemma 3.2.5 applied to V' = VU,

(VuY,VU) = dif ()|(VU,Vd)[* + n(d)(1 + O(VKR))|VU?

for all R < min {Ro, ﬁ} Lastly, for the remaining factor in the integral, Lemma (3.2.6) gives
that

S| = dvy) = (@divai? + n(d)div(ava)

= dnf (d) +n(d)(n +1)(1 + O(WKR)),

in Br(po), for R < min {RO,

Sl
H'/—’

Now, analogously applying Lemma (3.2.6) on M instead of M to (3.20), we already find an
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estimation for the potential energy:
d
‘] / FluogstydV = / F(u)(dif (d) + n(dn(1 + OER))) dV
dt lt=0 M M

Moreover, it follows from (the local version of) Bonnet-Myers’ theorem that R, < Rmax =
injas(po)/4 < min {ian(po), \/%}, and this will be our final choice of Ry,.x for the statement.

From now on, we always consider R < R, < Rpax = inj;(po)/4.
Regarding the Sobolev part of the energy, exchanging differentiation and integration and substi-
tuting the estimates we have obtained so far gives:

Gl [ @
= /N(1 —8)2" ()| VU2 + 2175 ( = 2dn/ (d)|(VU, Vd)|* — 2n(d)(1 + O(VEKR))|VU|?)
M

+ /~ 23| VU P (df (d) + n(d)(n 4+ 1)(1 + O(VKR))) dVdz
M

= (n—s)(1+O(VI?R))/§+ 20| VUPn(d) Jr/v+ _ AT () (VU = 2|(VU, Vd)?).

R+6 BR+6\BR

Adding the expressions for the potential and Sobolev parts of the energy, we get

1—s o —t\|2 ° —t
t0<263 [ A NwenP+ [ Fuouy >>

— (- 91+ OWERN2S, [ n(a@)s~*|vUP

BR+6

d

dt

+ 255/ - dn(d)z'~*(|VU|? — 2(VU, Vd)?)

R+6\ R

n(1+ O(JER))/

Brys

n(d)F(u) + / dif () F(u)

Brys\Br

By stationarity of u and Step 1 we know that the left-hand side is equal to 0 for every Y, thus the
right-hand side vanishes for all n = 7s defined as above. Since this holds for all § > 0, we now let
d \ 0 so that 75 converges to the characteristic function of [0, R]. This gives (for a.e. R € (0, R.))

0 =(n— s)(1+ O(VER))28, /B 1 5[VUP - 2R8, /8 _ SIVUP +aRs, | vy

R R 6BR

n(1+0(@3))/ F(u)— R F(u).

Bgr O0BRr

Rearranging the terms and multiplying by R~ we deduce that

(n—s) 1—s 2 1
~ el (2&/ VU] +/BR F(u)) + Ts (265 /a]?;
CvK s —s
> — Rn 5 (265/ 1S’VU‘2—|-/BR F(U)) + RE_S \/a_'_ég Zl <VU, Vd>2+_Rn‘_SS+1\/BR F(U),
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for some absolute constant C' > 0. In other words,

Bs / 1— 2 S /
S(VU, VA2 + —>— | F(u)dV,
Rn—s a+§; z < > Rn75+1 Br (u)

and this implies, in particular, that

d CVvVKR
— > .
iR (e @(R)) >0 forall R< R,

' (R) > —-CVK®(R) +

Lastly, in the case where M =R", F =0, s € (0,1) and u = xg — xpge is a stationary set for
the fractional s-perimeter, instead of the two bounds used above

(Vyu(dVd), VU) = (1+ O(VKR))|VU[*,
div(dVd) = (n + 1)(1 + O(VKR)),

given respectively by Lemmas 3.2.5 and 3.2.6, one has the equalities

(Vyu(dVd), VU)gnir = [VU[?,
diVRn-H (dVd) =n+1,

where U is the extension of u = xg — xge. Thus, following the proof one finds the exact expression

/ 20;
W(R) = o

/ R A75(VU,Vd)? dedz > 0.
8+B£(p070)

In particular, ® is constant if and only if (VU, Vd) = 0, that is, if and only if F is dilation-invariant
for dilations with center at p, € R™. With this, we conclude the proof. O

3.2.2 Estimates for the extension problem

Lemma 3.2.7. Let s € (0,2) and M satisfy the flatness assumption FAa(M, g,2,p, p). Let also
U : By (p,0) — R be any function solving

div(z'=*VU) =0 in E;(p, 0),

and let w be its trace on Ba(p). Assume also U € L“(E;(p, 0)) and uw =0 in Bsy(p). Then there
exists C' = C(n) > 0 such that

¥(q,2) € Bf (p,0).

_ C
1-s ~
2 IVU@ 2] < U oo 31, o)

Proof. Let C' denote a constant that depends only on n. This estimate is proved by a barrier
argument. Let a, 3 > 0 to be chosen later, and for ¢, € By;/19(p) define

bao(a:2) == 517 (@) = 97 (@) = B~ 227).

Denote by A, the Laplace-Beltrami operator of (M, g). Then, by FA2(M, g,2,p, ¢), for (z,z) €
Bgr/5 there holds |Agbg, (¢, 2)| < Ca. Moreover

((’Lz + %az)% =2s and (822 + ?82)25 =0.
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Hence

—~ ~ 1—
div('zliSVbQO) = 2173 <Agbqo + 8ZZbQO + ZSaZbQO> S Zlis(ca - 28/8) S 07

provided we take 8 = Ca/s.
Since U = 0 in Bg/s(p) x {0} clearly [U| < by, (+,0) in Bg/s5(p) x {0} . Moreover, for every

(x,2) € 8+§$5(p, 0) there holds

bQO(Qa Z) > Ca — 5(22 - 2Z$) > Ca > ||U||Loo(§ > U(CL',Z),

s (0.0))

provided we choose a = C_lHUHLOO(ng/ (».0)"
6/5\7

Hence, with this choice of a and 3, |U| < by, on the full boundary 8§g/5 (p,0). Since also U

solves &‘i;/(zl_S%U) =0in B,

6/5 (p,0), by the maximum principle we get

S

Cz
U (4o, 2)| < by, (g0, 2) <

. (3.22)

1N (55, w00
for (g0, 2) € éfrl /10(p, 0). Moreover, by standard interior gradient estimates for uniformly elliptic
equations, for all (¢, z) € B/f' (p,0) we have

- - C
VU4, 2)| < VU] o <<

B jooa2) = SN0 (B, no(a.2))- (3.23)

In fact, it is well known that for uniformly elliptic equations the constant in the gradient estimates
depends linearly on the ratio between the upper and lower ellipticity bounds (see, for example,

[GT77, §15.3]). Since U solves &R/(zl_s%U) =0in Ez/m(q, z), and since

tl—S tl—s

sup and inf
(Pvt)GBz/so(q,Z) (pt)€B./50(q,2)

are comparable (i.e., their ratio is bounded by an absolute constant independent of z and s),
standard gradient estimates give (3.23) with a dimensional constant on the right-hand side.

Lastly, since Bj/50(q, z) C Eﬁ/lo(p, 0), plugging (3.22) in (3.23) gives

~ C . ~
IVU(QVZN S ;Z 1||UHLOO(§2‘/5)7 v(Qa Z) € Bii_(p70)7

as desired. O

Lemma 3.2.8. Let s € (0,2) and M satisfy the flatness assumption FAo(M, g,3,p, ). Let also
U : By (p,0) — R be any function solving

div(z!=*VU) =0 in E;‘(p, 0),
U=u on Bs(p) x {0}.

Assume also that U € Lw(égr(p, 0)) and w =0 in Ba(p). Then

. C _
Zl |VVU(q7 Z)| < ;HUHLOO(E; \V/(q,Z) € Bf(pa O)

(p,0))’
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Proof. For simplicity, we just carry on the proof in full details for M = R". The proof on a

general manifold that satisfies FAo(M, g,3,p, ¢) is identical working in coordinates given by ¢~ 1.

: : +1
We keep denoting by div and V the operators on the extended half-space R}™".

For every i = 1,2,...,n consider the partial derivative U, := %. This function solves

div(z1=*VU,,) = 0 in B{ (p,0) and satisfies Uy, (-,0) = u,, = 0 in By(p). Thus, by Lemma 3.2.7
(rescaled) applied to Uy, we get

oS ¢ =
217V, (g, 2)| < ;\\Uxi\lm(g%mo)), Y(q, 2) € B (p,0). (3.24)

Claim. There holds
10zill o (57, oy = CNUM oo (B ()

This follows by a proof similar to the standard gradient estimates for unifoimly elliptic PDEs.
We denote by C' > 0 a constant that depends only on n. Let £V := div(z!7*VV) and let 1 be a

smooth cutoff function such that x5+ (1,0) <n< X5+ (p.0)" We have
9/5\" 2 )

LU2) =n?LUZ) + UZL0?) + 22"V (n?) - V(UZ)
= 02U, L(U,,) + 2022 5|V U,,|* + UZ L) + 8217 nU,, Vi - VU,,
> 2278 |\VU,, [ 4+ U2 L(?) — 2022 5| VU, |* — C21 75|V |2U2,,

where in the last line we have used that £(U,,) = 0 and Young’s inequality. Hence
LOPUZ) > —(IL6P)| + O U2, (3.25)
Moreover, since U solves L(U) = 0 we also have
L(U?) = 2ULU) + +22'75|VU|? = 2= |VU . (3.26)
Putting together (3.25) and (3.26), for every M > 0, gives
LIMU? +0?°U) > Uz (2Mz'7° = |L(n)] = C=7).
It is easily checked that
1L%)] = 27 A7) + (1 - 5)27° - 0:(n*)| < C21 7%
Thus
LIMU? +0*U2) > Uz (2M=z'7° — C2'7%),

and taking M = C' > 0 we get that MU? + n?U2 is a subsolution in E;’ (p,0). Hence, by the
maximum principle

1012 < sup (CUP+72U2)< sup (CUP+72U2)=C sup U,

co( B+
(Bg5(1,0)) B (p,0) 8B (p,0) 0B (p,0)

where in the last equality we have used that 772U:3¢ =0 on 8@; (p,0) since n = 0 on 8+§; (p,0)
and U, = 0 on Ba(p). The last inequality implies the claim.
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Now we can easily conclude the proof. Using the claim in (3.24) we get

e C ~
2 70V, (g, 2)] < SNl oo 5 ¥(g, 2) € By (p,0),

( 2 (p70)) ’

and the result follows by summing up this inequality for i = 1,2,...,n.
O

Lemma 3.2.9. Let s9 € (0,2), s € (s0,2). Consider the Riemannian manifold (R",g) with
(1= 155) [0 < gij(z)viv? < (14 1—(1)0)]1)\2 and lgijllcrimny < 1. Let also u : R™ — [~1,1] and
U:R" x Ry — [—1,1] be the extension of u (in the sense of Theorem 3.2.4). Then

~ _ 2
/ VU2 dVdz < C // M dady,
B (0,0 RexRe\(BgxBg) | T — Y[

with C' depending only on n and sq.

Proof. We proceed as in [CRS10, Proposition 7.1]. Assume without loss of generality that
fBz u(z)dr = 0. Let £ : R — R be a cutoff function such that £ = 1 in B3/»(0) and is compactly
supported in By(0). Write u = u€ + u(l — &) = u1 +ug and U = Uy + Us.

On the one hand, since u; is compactly supported in By := B2(0) and by Lemma 3.4.7 we have

1—s| 2 _ 2
26, /R VULV = il

- 01(2) = wa(0) PR, ) ViV
R7 xR™\ (B xBS)

_ 2
R7 xR™\ (B xBS) |$ - |n ®
2 2
< Cans// [u(z (+)| (x )dxdy+0ans// I2dedy
Bo xR™ |$ - |n 5 B XR" |fL' - |n 5
2
< Caps // w dedy +C | |u(z)|*dz.
R xR™\ (BS x BS) lz -yl Ba
Moreover, using the fractional Poincaré inequality (recall |, B, W(z)dz = 0):
2
u(z)| dx<Cans// (+)’ dzdy
By ByxBs \x—yws
2
<Cans// dedy::[
RrxRe\(BgxBg) | T — Y[t

On the other hand (using again [, u By y)dy = 0)

) XBQ // 2 XBz(y)
'n. s p dxdy < C1I,
/R” (1—|—|:1:| (1+[22)5° // 1—|—|1‘| 5 [By ! 1+|g;| 5Byl

and by Holder’s inequality

9 1/2 ) 1/2
/ %dw < / M‘Hsdx / ——dx < Cr\/2,
re (14 |2?) 2 R (14 |2?) 2 re (14 |2?) 2
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Claim. There is C = C(n) > 0 such that for (z,z) € Bf

213V Uy (2, 2)| < C Mdy (3.27)

n+s *

R (14 [yl?) 2

We postpone the proof of this claim and first see how to conclude the proof of Lemma 3.2.9.
By the claim, if (z,z) € B{" then

n+s

R (14 [y]?) 2

218|VUy (3, 2)| < C Mdy < C/ Mdy < CI'?

But then the inequality

/ 2178V Uy Pdadz < 011/2/ IV Uy|dzdz
Bf Bf

B 1/2 1/2
< CIl/Z</ 215|VU2\2d:1;dz> </ z51dxdz> ,
B B

1

gives

/ 21 8| VU2 dedz < C1,
By

and the lemma follows.

It only remains to prove (3.27). Let Hy(z,y,t) be the heat kernel of N := (R", g). By (3.9)
the fractional Poisson kernel' Py : R? x R™ x (0,00) — [0,00) of N can be represented as

P 0 22 dt
Py(x,y,2) = 25F(3/2>/0 Hy(z,y,t)e 4ttl+73/2v

and the solution Us to the extension problem with trace ug is Up(x, 2) = [pn P (2, y, 2)ua(y) dVj,.
Then, by Lemma 3.4.7 we have that Py is comparable (up to dimensional constants) to the
fractional Poisson kernel of R™ with its standard metric, that is

S ZS
< Py(x,y,2) < Cs —

(o —y2+22)"5 (Jo —y|? + 22)"

z

CS

for some C, ¢ > 0 dimensional. Hence, for every (z,z) € gg/5

|Ua(z, 2)| < CS/ [uz(y) dy < CS/R Mdy

n (g2 mas =yl

Since = € Bg/s and y € R™ \ By there holds |z — y| > 51/ 1+ |y|?, and hence

luz(y)|
102l o 5 e (14 Jy[2)"2

From here, the result follows directly by Lemma 3.2.7. O

25

"Which equals o, —+s on R™ with its standard metric, for some normalization constant o,,s > 0.

(lz—yl2+22) 2
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Lemma 3.2.10. Let so € (0,1) and s € (sg,1). Let M satisfy flatness assumptions
FA1(M,g,1,p,¢). Let also U : B (p,0) — (—1,1) be any function solving

div(z!=*VU) =0 in B;(p,0), (3.28)

and let u be its trace on Bi(p). Then for all o > 0, R > 1, k € R and q € By3(p) such that
Bry(q) C Bsu(p),

1-s s
ffs/~ AT VURdVdz < g ¢ (171/ yu+kydv> ( nl_l/ |VudV> :
""" JB§ (@0) R 1=s\0" JBg,(a) 0" J Brola)

where the constant C depends only on n and sg.

Proof. Let us show that if U and U’ are two different solutions Ef (p,0) = (—1,1) of (3.28) with
the same trace u on Bs(p), then

[ A (VUP - [RUP) dVd: < c[ AU R Vs, (3.29)
B (4,0) Bf (4,0)
whenever R > 1 and Bgy(q) C Bs/4(p)-

Indeed, by Lemma 3.2.7 (rescaled) we have that 21*5‘§(U — U’)‘ <Cin ET/Q(p, 0). Thus,
using that o < 3/4 we obtain

ﬁ A7(|VU P - [VU'?) dvidz
B (4,0)
= /~ A (VU -UY) - (VU +U))dVdz
B (a,0)
1 1
2 ~ ~ 2
< C(ﬂ zs_ldde> </y 75 (|VU PR+ |VU’|2)dde>
B{ (¢,0) B{ (q,0)

98/2 1 <7712 72 3
/2</~ A (VUPR + VU )dde>
s Bf (4,0)

1 ~ ~ ~
- (VU = |VU')) dVdz + C A7\ VU' 2 dVdz,
2 ~ ~

B (4,0) B (4,0)

I
Q

IN

and (3.29) follows.

Now let g;; be the components of the metric in the coordinates ¢, n € C®(By) be a
nonnegative smooth cut-off function satisfying n =1 in Bj/4, and put ggj =giin+ (1 —n), a
metric defined in the whole R™. Thanks to (3.29) it is enough to prove the lemma for the manifold
(R™, ¢") with p = 0 and with U replaced by the (unique!) bounded solution U’ of (3.28) (with
respect to the metric ¢') in all of R™ x R;. But in this case we can use Lemma 3.2.9 (rescaled)
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and obtain

. 2
Qs—n/ 1— 8|VU/|2 dVdz < CQS n / "LL(Z) u(j{)‘ d.ﬂ?dy
B (R xRm)\(Bg, xBg,) 1T —y["*

2
<2C¢°" // [ule) = wlw) g,
BRQXBRQUBQXBC |z —y|

2 C n—s
BRQXBRQ ’.T - y| R
where we have used that

Ju(z) — u(y)|® / 1 Co"
———= dxdy < C —————dy | dx < .
//ngzsc Iﬂc - yl’”‘*s B, \ /By, (lyl —0)"** (Ro)*

We conclude using the interpolation inequality of Proposition A.1.1, since the modulus of the
Euclidean gradient in R"*! and the metric gradient |VU| are comparable. O

3.3 Equivalence with the spectral definition

Recall the definition for the fractional Sobolev seminorm that we used in the previous section
(that is, Definition 2.2.1). In the next result, we show that the fractional Sobolev seminorm can
equivalently be expressed using the spectral or extension approaches.

Proposition 3.3.1. Let w € H%?(M) (that is, the integral (2.3) is finite). Then, the fractional
Sobolev seminorm (2.3) is equal to

[ Hs/2(M Z (u, d)k L2(M) (3.30)
k=1
and
[u]zs/Q(M) = inf {2[38 /~’§v’2215 dVdz : v(-,0) = u(-) in LQ(M)}. (3.31)
vEHL(M) M

Moreover, the conclusions of Theorem 3.2.4 also hold for u (with the exception of (3.14)), and the

infimum in (3.31) is attained by the unique U € I:Tl(]\?) given by Theorem 3.2.4. In particular,
we also have that

[l 07200y = 265 /~|6U|2zl—s dVdz, (3.32)
M

where Bs is the constant defined in (3.13).
Proof. Step 1. We show that (2.3) and (3.30) coincide for a function in L?(M).

Recall the regularised kernel K< defined in (3.2), which is bounded, symmetrical and increases
monotonically to g as € — 0. By monotone convergence and these properties, for any function
u € L*(M) we can write

irer2or //MxM —u(q))*Ks (P, 9) dVpdV,
—tig [ ()~ ul@) PR ) v
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e—0

— lim 2 /M<<—A>:/2u><p>u<p>icz<p, 9) dVy. (3.33)

= lim 2//MXM(u(p) —u(q)u(p)Ks(p, q) dVpdVy

e—0

where we have set
(—2)?u)(p) := /M(U(p) —u(q))K5(p. q) dVq

- m_/Q/Q) | two)—uta) | " H(p g, e v,

572 o gy, dt
_ F(l—/s/2)/0 (u(p) — Pru(p))e =/ Ats/2

Now, if {¢y } is an orthonormal basis of L?(M) made of eigenfunctions for (—A), with eigenvalues

k—o00

D= <M< <. <\ —— +
then they are also eigenfunctions for (—A)i/ ? with eigenvalues
3/2 o 8/72 > Akt —62/4t dt
Ak,s T F(l _ 3/2) / (1 € )e tlt+s/2”

which one sees immediately by applying the formula above for (—A)i/ % to ¢ and using that
Pipy, = e gy, These eigenvalues are uniformly bounded in & (for a fixed £ > 0) and increase

monotonically to the )\Z/ Zase—0F.

Expanding u = Y% apdr, with ag := (u, dx) 2(ar), We deduce that

(—A)u Z )‘ks u, Pk) 12 (M) Pk -

We remark that the expression makes sense since the )\Z/ 52 are bounded uniformly in % (for a fixed

g), and thus the sum is absolutely convergent in L?(M). Using this fact, substituting into (3.33)
gives that

sy =l 2 [ ()0 (D)ulp) ) V)
M

e—0
o0
2
= lim 2 )\S/
e—0 k, 5
k=0

Using again the monotone convergence theorem (for sums now), we deduce that

[ Hs/2(M) — 2Z>‘S/2

as desired.

Step 2. We show that U given by the representation formula (3.9), which was only used for
smooth functions u, is valid for v € H*/2(M) in general and moreover (3.32) still holds.
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Fix u € H*/?(M), and let U be defined through the representation formula (3.9). We will first

show that U has finite H 1(M ) energy, using the spectral expression (3.30) for the energy that we
have just proved. Recall that if ¢y, is an eigenfunction of (—A), then P;¢y = e t¢y. Therefore,
writing u = > ;% 5 aggr, where ag := (u, dx)r2(ar), We have that

25 o _22 dt
U2 = 517 / Fulp) e i

o Z )\ t—i dt
~ 20(s/2) Z“w’“ / R ey R

Then, we can compute (recall that V denotes the gradient on M)

I X a2 dt
VU(pv Z) 2SF(S/2) ;akv¢k(p)/0 e 4 t1+s/2 )

and

15 Yt (el Ay dE
0.U(0.2) = g Somonlp) [ e (s - ) 2

2

27l & RS ) z dt
- 2T (s/2) Zak¢k(p)/ e R (8 - 27) v
k=1 0

Recall that the ¢; and ¢; are orthogonal in L?(M) and H'(M) seminorms for i # j, and that
moreover [y, ¢7 =1 and [, |[V¢y|? = A; for every k. Then, given z > 0 we find that

2s

2 z > o] 7>\kt772 ,
/Mx{z} VU (p, z)| dVp = 2251‘\2( /2) Z (/0 e t1+5/2 / |V or|*dV

2s oo} 2 2
. z 2 At — 2 dt
- 2251_‘2(8/2) ; )\kak(/o e Tk t1+5/2>
2s

e 00 2
- “° 1+s 2 —r—edr )2
‘22sr2<s/2>;“ “’“</o ¢ T r)

where in the last line we have performed the change of variables r = A\t.

We can argue analogously for 9,U, which leads to

2

2s—2 0 o0 22 dt 2
0.U(p,2))%dV, = ——— S a? / At (s ) 2
/MX{Z} (0:U(p,2))"dV, 22T (5/2)? 4 Z“’“ < , " (3 2t> 152
5252 , oy 22\ dr 2
225F(s/2 2 ch)\ (/0 e ar (S — 72?" )r1+5/2>

and integrating in z over (0,00), and then performing the change of

Now, multiplying by z!=*
variables z = )\,:1/210 (so that 22\, = w?), gives that

o0

1 o0 > 2x dr 2
vU 2 l—st dz = )\1+S 2/ 1+s / —r—=5t d
[, I50 0P = s S [t )
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— 1 = 5/2 2/00 1—i—s</oO —r—w—Q dr )2
_2251—‘2(3/2);)\’“ Ak o w ; e 4 Tis/2 dw
= 2c1(s) Z /\Z/Qaz

k=1

= c1(s) [Uﬁ{s/z(M) )

and similarly

// 10U (p, 2)|*2' ~#dV}, dz
MXR+

_ 1 s [T e ([T 2ay dr
—223F2(8/2)ZM%/0 z </0 € 4T (S_ o )Tl+s/2 dz

k=1
o0 2
_ 1 s/2 0 [0 o1 0w w?\ dr
- 225T2(5/2) ;)‘k ak/o w 0 € o (3 a %) rl+s/2 dw
= 2cy(s) Z )\2/2ai
k=1

= ca(s) M?{sm(M) .

Here, we have defined c¢1(s) and ca(s) implicitly as the corresponding constants (which depend
only on s) resulting from the expression, and we have applied (3.30) in the last line in both
computations.

Putting everything together, we get that
// lﬁU(p, z)|221_s dVpdz = (cl(s) + 02(5)) [“]12518/2(]\4) )
MXR+

We could write the constant (ci(s)+ca(s)) explicitly in terms of the resulting complicated integral
expressions. On the other hand, thanks to (3.12) and (3.13) from Theorem 3.2.4 (which was
proved only for smooth functions), we know that c1(s) + ca(s) = (285) 1. This proves (3.32) with
U given by the representation formula (3.9).

In particular, we now know that U has finite energy for the extension problem. Moreover,
arguing as in Step 1 of the proof of Theorem 3.2.4, it is simple to see that U has u as its trace in
L2(M), and that it is a weak solution (meaning in duality with C°(M)) to div(z!=*VU) = 0.
Let now Upin € H I(M ) be defined as the unique minimizer of (3.31). The fact that Uy, exists
follows by a standard lower-semicontinuity argument, just as at the beginning of the proof of
Theorem 3.2.4, together with the fact that the space of competitors is not empty (which holds

since, for example, U defined above, which has finite H 1(]\7 ) energy, is one such competitor).
Clearly, Upin is also a weak solution of div(zlfsVUmm) = (0 with trace u.

Step 3. U = Unin.

This follows directly from the uniqueness of weak solutions shown in Lemma 3.3.2, which we
state as a separate result after the present proof.

With this, we conclude the proof of Proposition 3.3.1. OJ

Lemma 3.3.2. (Uniqueness of weak solutions) Let u € L?*(M), and denote by T : ﬁl(]ﬁ) —
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L?(M) the trace operator. Then, there exists at most one solution U € H! (]T/f) to the problem

div(z1=*VU) =0, in (CZ(M x (0,00)))*,
TU = u.

Proof. Suppose U; and Uy are two such solutions and denote V' := U; — Us. By hypothesis
TV =0.

We claim that there exists a sequence (Vj)r € CS°(M x (0,00)) such that
/~ VVi = VV|?2' ™ dVdz = 0, ask — oo. (3.34)
M

The point here being that Vj is zero both in a neighborhood of M x {0} and in a neighborhood of
infinity.

The proof is inspired by (a weighted version of) [Eval0, Section 5.5, Theorem 2]. By the
definition of the space H'(M) there exists a sequence (Uy)r, C C*°(M x [0,00)) with (as k — 00)

/N VU, — VV[?2'"*dVdz — 0, and TUj, = Uy(-,0) — 0 in L*(M).
M

Note also that V' is smooth in M x (0, 00). Now, for every (p, z) € M, by the fundamental theorem
of calculus and Holder’s inequality

z 2
Ui(p, 2)[2 < 21Uk (p, 0)[2 +2 ( /0 rwk<p7y>|dy)
< CUL(p,0) + C=* / U, )2y dy .

0

and integrating for p € M gives

/ Un(p, 2)[2dV;, < C / k(- 0) + 2 / / SU(p,y) 2y dydV,.  (3.35)
M M MJO
Letting k£ — oo we get

/M|V(-,z)|2dV§ O /M/O OV 2y dydv, . (3.36)

Now, for every k > 10, let n, € C*°([0,4+00)) be a smooth cutoff function with n = 0 on
[0,1/k], n =1 on [2/k,0) and || < Ck. We claim that the sequence Vi, = V(p, 2)ni(z) €
C°(M x (0,00)) has the desired property. We have

/N\ﬁ(vnk) VR Vs < C/N TV — )22 + C/N|v2|n;\2,zl—s = Lip o+ Lo,
M M M

We estimate the two integrals separately.

For the first integral we have
2/k ~
Iy < C/ / IVV 22170 dVdz — 0,
0 M
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as k — oo, since V has finite energy.

Moreover, by (3.36), we have regarding the second integral

2/k
Ly < C’k:Q/ / AV dVdz
0 M
2/k z
< C’k2/ 2178 <z5/ / |VV [yt~ dde> dz
0
2/k 2/k
< Ck? (/ ) (/ / IVV 2yt~ Sdde)

2/k o _
= 0/ / IVV2y=*dVdy — 0
0 M

as k — oo, again as V has finite energy.
Hence Vi, := Vi has the desired property (3.34), and it can be used as a test function in the

weak formulation in duality with C2°(M ) Multiplying dlv( 1= SVV) = 0 by V4, integrating on M
and integrating by parts gives

/N(ﬁv VVi)z' "2 dVdz = 0.
M
Letting & — oo and using (3.34) gives
/N IVV[?2' = dVdz =0,
M

hence V' is constant, and then (since 7V = 0) it must be V' = 0. Thus, U; = U coincide, and the
proof is complete. O

3.4 Local estimates

In order to quantify the dependence of the constants in the estimates on the geometry of the
ambient manifold precisely, the notion of “local flatness assumption” will be very useful (this
quantification will be important when we perform blow-up arguments). Let us introduce it below.

Here, as in the rest of the work, Br(0) denotes the Euclidean ball of radius R centered at 0 of
R"™, and Br(p) denotes the metric ball on M of radius R and center p.

Definition 3.4.1 (Local flatness assumption). Let (M",g) be an n-dimensional Riemannian
manifold and p € M. For R > 0, we say that (M, g) satisfies the (-th order flatness assumption at
scale R around the point p, with parametrization ¢, abbreviated as FAy,(M, g, R,p, @), whenever
there exists an open neighborhood V' of p and a diffeomorphism

v :Br(0) =V, with ¢(0) =p,

such that, letting g;; = g (cp* (

0~ L, we have

axl) s Ox (aﬂ )) be the representation of the metric g in the coordinates

<1 — > v]? < gij(z)v0? < <1 + 100) > Vv €R™ and Vx € Br(0), (3.37)
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and

< L Va multi-index with 1 < la] < ¢, and Yz € Br(0).

Definition 3.4.2 (Locally uniformly flat manifold). Let (M,g) be a complete Riemannian
manifold. We say that M is locally uniformly flat if: for every £ > 0 there exists Ry > 0 for which
FA((M, g, Ro, p, pp) is satisfied for all p € M, where ¢, can be chosen to be the restriction of the
exponential map? (of M) at p to the (normal) ball Br,(0) C T,M = R™.

Remark 3.4.3. Notice that every smooth closed manifold (M, g) is locally uniformly flat.

Remark 3.4.4. The notion above of local flatness is used in our results to stress the fact that once
the local geometry of the manifold is controlled in the sense of Definition 3.4.1, then our estimates
are independent of M. Interestingly, this makes our estimates of local nature even though the
equation we deal with is nonlocal.

Remark 3.4.5. Throughout the paper, the following scaling properties will be used several times.

(a) Given M = (M, g) and r > 0, we can consider the "rescaled manifold” M= (M, r%g). When
performing this rescaling, the new heat kernel Hy; satisfies

He:(p,q,t) = "Hu(p, q.t/77).
As a consequence, the “rescaled kernel” I%s defining the s-perimeter on M satisfies
Ks(p,q) = ="K, (p, q).
(b) Concerning the flatness assumption, it is easy to show that FAy(M,g,R,p,o) =

FA@(M797 Rlupa (/7) fO?" all R" < R and FA@(M797R;177 (P) <~ FAE(Mu T2g,R/T,p,(p(T')).

(c) Similarly, if FAy(M, g, R, p, ) holds, and q € ¢(Br(0)) is such that B.(¢"1(q)) C Br(0),
then FA,(M,r%g, R/7, q, Pp-1(q)r) holds, where @y, = p(x+p-).

In all the sections, we will use the (standard) multi-index notation for derivatives. A multi-
index a = (a1, ag, ..., ap) will be an n-tuple of nonnegative integers (in other words a € N™). We
define

la == a1 +ag + -+ + ay.

For a function f:R™ — R is of class C* we shall use the notation

8|o¢\ 8a1+a2+~~-anf

8x0‘f ©(Oxh)(9x2)2 .. (Qam)on

[0]
For a = 0, we put %f = f.
The next main theorem gives the precise behavior of the kernel around a point satisfying
flatness assumptions, including an explicit approximation in coordinates.

Theorem 3.4.6. Let (M, g) be a Riemannian n-manifold, not necessarily closed, s € (0,2) and
let pe M. Assume FA,(M, g, R,p, ) holds and denote K(x,y) := Ks(o(x), ¢(y)).

Given x € Br(0), let A(z) denote the positive symmetric square root of the matriz (g;;(x))
—gij being the metric in coordinates o' — and, forx,z € BR/Q(O), define

Qs

k(z,z) = K(x,z+z) and E(az,z) =k(x,z) — TA)

*That is ¢, = (exp,, 01)|Bp, (o) for any isometric identification of i : R — T'M,
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Then
1 C(na 3)

‘E(l‘,Z)‘ § R ’z‘nﬁ

for all x,z € Br,(0), (3.38)
and, for every multi-indices v, B with |a| + |8] < £, we have

C(n,s,?)

glel 9lal
‘ ~ |Z|n+73+|/3| fOT all T,z € BR/4(O) (339)

920 9287 '

The constants C(n,s) and C(n,s,l) stay bounded for s away from 0 and 2.

Moreover, for all x € Br4(0) and for all g € M \ p(Bg(0)) we have

led C(n,t
ket < S, (3.40)
and o
ol ‘ C(n, 0)
—Ks(p(x),q)|dV, < , 3.41
/M\mm» O K(plw),0)|av, < S (3.41)

for every multi-index o with || < €.

3.4.1 Heat kernel estimates

To prove Theorem 3.4.6 we will need several preliminary lemmas studying the properties of the
heat kernel of M. The first result compares locally the heat kernel Hps(p,q,t) or the singular
kernel Ks(p, q) on R™ endowed with a metric g with the standard ones on R™.

Lemma 3.4.7. Let g be a metric on R™ such that % < gij(z)v'v? < 4Jv|? and |Dg;;(z)| < 1
for all x,v € R™. Denote M := (R", g) and let K4 be defined by (2.2). Then, there exist positive
constants ¢; = ¢;(n) for 1 <i <6 such that

c1 _lz—y|? cg —lz—ul
W@ cot < HM(.CU, y,t) < W@ cat
and o o
n,s n,s
C5‘$—y’n+s — ’Cs(ﬂj,y) < 06"% y’n+s )

for all (z,y,t) € R™ x R" x (0, 00).

Proof. The two-sided estimates for the heat kernel Hj; follow directly from the classical parabolic
estimates of Aronson [Aro67]. The second inequality follows by integrating the first one, from the
definition (2.2) of Ks(z,y). O

The next lemma concerns the concentration of mass of the heat kernel.

Lemma 3.4.8. Let (M™,g) be a Riemannian manifold, p € M, and assume FAo(M,g,1,p,p)
holds. Then

1—Ce 't < / Hy(p,q,t)dVy <1, forallt >0,
»(B1/2(0))

with C,c > 0 depending only on n.

Proof. Put H(z,y,t) := Hy(p(x),0(y),t). Let g;j € C°(B1(0)) be the metric coefficients in the
chart ¢!, choose ¢ € C?(B1(0)) such that XBs,4(0) < & < XB,(0) and put 9i; = g€ + 0i5(1 = &).
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By assumption, we have ‘ggj(ac)vivj - |v|2’ < is|v|? for all z,v € R™. Morevoer, gi; = gij inside
Bs;4(0). Consider the complete Riemannian manifold M’ := (R",¢') and let H'(x,y,t) denote its

associated heat kernel. Then, by Lemma 3.4.7 we have

ﬁ%e’%'x*y'?/t < H'(z,y,t) < %f@'f*y'%. (3.42)

Let 7. > 0 be the largest number such that

h(t) = %67% is increasing on (0, 7).

This is a dimensional constant that depends only on n. Fix 7 € (0, 7). Observe that, since ¢’ = g
in By,4(0), H, H" are both solutions of dyv = Agv in By,4(0) x (0,7) and with initial condition do
for t = 0. Moreover, by (3.42) we have

H'(0,-,t) < h(t) < h(7), on 9B, 4(0) x (0,7).

Hence u(z,t) := (H'(0,2,t) — h(T))+ is a subsolution to the heat equation in B;/4(0) x (0,7) and

satisfies u < H on the parabolic boundary of B;,4(0) x (0, 7). Thus, by the maximum principle

u < H on By/4(0) x (0,7), which in particular implies H" — h(7) < H on By 4(0) x (0,7).
Integrating this pointwise inequality at ¢ = 7 gives

3 _
/61/4(0)H(0,x,7)\/|g|dx2/ H'(0,z,7)\/|g'| dx — Y i

By 4(0) g

:1—/ H'(0,2,7)\/|g'| dz — e Tor,
R™\B; /4(0) ™/
where we have used that M’ is stochastically complete in the last line. Lastly, by (3.42) we have

C3  _cylz|? n/2 —c/T
/ H’(O,m,T)\/|g’\d:c§/ Yk 4l |/t(1+ﬁ) dz < Ce /.
R™\By ,4(0) R™\By /4(0)

Finally, since also h(7) < Ce~¢/T (notice that we can “absorbe” 7=™/2 in C'e=%" chosing ¢ > 0
slightly smaller and a larger C'), we obtain the desired estimate

1—Ce 7 S/ H(O,$,7’)\/|g|d1’§/ Hy(p,q,7)dVy, V1€ (0,7).
B1,4(0) ©(B1/2(0))

The bound by above by 1 of the same quantity follows immediately using that Hps is a heat
kernel, i.e. nonnegative and with total mass bounded by 1. O

Lemma 3.4.9. Under the same assumptions as in Theorem 3.4.6, for all g € M \ p(B1(0)) we
have

Hlal
O™

and for every multi-index o with || < ¢, with C,c > 0 depending only on n and £.

HM(cp(:r:),q,t)‘ < Ce 't for (z,t) € By/2(0) x (0,00) (3.43)

Proof. Notice that u(x,t) := Hy(p(x),q,t) satisfies uy = Lu, in B1(0) X (0,00) and u = 0 at

t = 0, where
0 o Ou
ij
Lu EIY <\/ lglg 8xj> (3.44)

_ L
WVl

68



is the Laplace-Beltrami operator with metric g.

Let us show that
ul < Ce™/" for (z,t) € Bs4(0) x (0, 00), (3.45)

with C,¢ > 0 dimensional constants. This follows from the following standard probabilistic
consideration. Fix o € ¢(B3/4(0)). By continuity of sample paths, the probability that a
Brownian motion started at ¢ € M \ ¢(B1(0)) hits p(Bs(z,)) (0 < § < 1) within time < ¢ is less
that the supremum among ¢’ € (9B /9(0)) of the probability that a Brownian motion started at
a point ¢’ hits p(Bs(zo)) within time < ¢. This gives

U($O,t) < Sup HM(QO(:UO)aqlvt)' (346)
q'€p(9Bg/9(0))

Now, we use (3.46), Lemma 3.4.8, and the parabolic Harnack inequality to show (3.45).

For fixed ¢' € p(0Bgsg) set v(x,t) := Hp(p(r),q',t) and consider the rescaled v(x,t) :=
v(zo + rx,to + 72t) for r € (0,1/10). Then ¥ > 0 satisfies a (uniformly) parabolic equation in
B1(0) x (0,1) with smooth coefficients (that only improve as r gets smaller). Thus, by the Harnack
inequality for every x € By /(0) and t € (1/4,1/2) we have

v(x,t) < C inf v(-,1) <Cov(y,1),
(3.1) < C int (1) < O3, 1)

for all y € By /2(0). Integrating

v(0,t) <C u(y,)dy =C v(xo + 1y, to +12)dy = C’r"/ v(z,to +1r?)dz,
B1/2(0) B1/2(0) B, j2(z0)

for some C = C(n) > 0. Thus, for all ¢t € (to +r2/4,t, +12/2)

v(Zo,t) < Cr”/ v(z,to +1%)dz .
BT/Q(xO)

But (B, /2(5)) € M\ By/19(q") for every ¢' € p(0Bg/9(0)). Then by Lemma 3.4.8 we get

v(xo,t) < C’r”/

Hy (2,4 to + 7’2)dz < Cr "exp <— ¢ ) ,
M\S@(Buw(ql))

to+T2

where C, ¢ > 0 depend only on n. Now, for small times ¢, < 1/100 choosing r? = ¢, (together with

the probabilistic argument above) gives the result, since one can absorb the term r~" = ¢, in
the exponential up to slightly decreasing the value of ¢. For non-small times ¢, > 1/100, one can
just take r = 1/10 and obtain the upper bound by a constant as desired. This concludes the proof
of (3.45).

Now, similarly to above, for all r € (0,1/4) and (z.,t,) € By /2(0) x (0, 00) the rescaled function
a(z,t) = u(ro + rx, to + r’t) satisfies a (uniformly) parabolic equation with smooth coefficients
(since the bounds on every C* norm of the coefficients only improve as r gets smaller) and, from
(3.45), we have [@| < Ce~¢/* in By x (0,1). Hence standard parabolic Schauder estimates give

olal
—Uu

o 1| < Ce™/t, for (z,t) € By »(0) x [1/2,1),

for every multi-index a with |a| < ¢, with C' > 0 depending only on n and ¢ and ¢ > 0 as above.
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After scaling back the estimate above we obtain, for all r € (0,1/4]

o]
%u(:ﬂo,to +1)| < Crlele=e/™ | for (zo,t) € By2(0) x [r2/2,7%).

Then, for “non-small” times ¢, > 1/16 we notice that (3.43) follows taking » = 1/4. On
the other hand, for small times t, € (0,1/16) we obtain (3.43) taking 7> = t,, bounding 7~/

by to ¢ 2, and absorbing (chosing ¢ > 0 smaller and C larger) this negative power of ¢, in the
exponential. O

Lemma 3.4.10. Under the same assumptions as in Theorem 3.4.6, we have

/ M\p(B1(0))

and for every multi-index o with || < £, with C,c > 0 depending only on n and £.

olal

dae

HM«o(x),q,t)\dw < O, for (2,1) € By a(0) x [0, )

Proof. The proof is similar to the one of Lemma 3.4.9. Let o : M \ ¢(B1(0)) — {+1,—1} be any
measurable function to be chosen. Consider

u(wt)i= [ Hur((w), . )0 @)V,
M\ (B1(0))
By Lemma 3.4.8 — since Hyy > 0 and [,, Ha(p, ¢, t)dVy < 1 — we obtain

lu(z,t)] < / H(p(x),q,t)dVy < Cexp(—c/t), V(z,t) € Bs4(0) x [0, 00).
M\p(B1,4(0))

Notice that in this estimate, C' and ¢ are positive dimensional constants (and in particular, they
do not depend on the choice of ). Also, by the superposition principle u satisfies uy = Lu, in
B1(0) x [0,00) and w = 0 at t = 0, where L is as in (3.44).
Now proceeding exactly as in the proof of Lemma 3.4.9 we obtain that
Hlal

ox® Y

< Cexp(—c/t), for (x,t) € By/5(0) x [0,00)

for |a| < ¢. Now, for any given «, x, and t, we can choose o : M \ ¢(B1(0)) — {+1, —1} so that

Hlal Hlal Hlel

Sau(,t) =/ ——=Hu(p(x),q,t)o(q)dV, =/ ——Hu(p(),q,t)|dVy,

O M\p(B1(0)) OF T e |0 !
and we are done. O

Lemma 3.4.11 (Localization principle). Let (M,g) and (M',¢') be two Riemannian n-
manifolds. Assume that both M and M’ satisfy the flatness assumptions FA,(M, g,1,p, ) and
FA,(M',g,1,p,¢") respectively, and suppose that g;; = ggj in B1(0) in the coordinates induced by
¢~ and (¢')7".

Then, letting H(x,y,t) := Hy(o(x), o(y),t) and H'(z,y,t) := Hyp (¢'(x),¢'(y), 1), we have
that the difference (H — H')(z,y,t) is of class C* in By 3(0) x By2(0) x [0,00) and

olal olBl

920 9y H—H')(z,y,t)| < Ce™" for (z,y,t) € Byj5(0) x By5(0) x [0, 00),
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for every |a| + |B] < ¢, with C,c > 0 depending only on n and {.

Proof. Let us show that
|H — H'| < Ce™/" for (z,y,t) € Bs4(0) x By 4(0) x [0,00), (3.47)

with C, ¢ > 0 dimensional constants.
Indeed, fix z, € B3/4(0) and let us show first that we have

‘(H — H’)(xo,y,t)‘ < Ce ' for all y € 83/4(0) \ Bl/g(xo)

Indeed, the L> estimate of Lemma 3.4.9 —appropriately rescaled to have p(B3(z,)) instead of
©(B1(0))— gives

Hyi(o(z0), p(y),t) < Ce™/t for all y € Bs4(0) \ Byys(zo),

and the same estimate with Hj; replaced by Hpys. Hence (3.47) follows using |H — H'| < H + H'.

Now observing that for all z, as above u(y,t) :== (H — H')(xo,y,t) solves the heat equation
(0y — Ly)u = 0 with zero intial condition, (3.47) easily follows from the maximum principle.

Finally, the estimate for the higher derivatives follows from standard parabolic estimates,
noticing that u(x,y,t) := (H — H')(z,y,t) solves
1
Opu = §(Lm’yu)

where

Ly,u= W Z] )

e e () o ()
is the sum of the Laplace-Beltrami operators with respect to the variables x and y (or, equivalently,
the Laplace-Beltrami operator with respect to the product metric in B;(0) x B1(0)). O

Proposition 3.4.12. Assume that M = (R", g) with g satisfying

Hlel

1 o
§\v|2 < gijv'v? < 2Jvf?, and '3ag"j <1 forall|al <V, (3.48)
x

for some £ > 1. For x € R" let A(x) denote the (unique) positive definite symmetric square root
of the matriz g(x) = {gij(x)}ij, and define h(z,x,t) by the identity

Hy(z,y,t) = t§/2h(A(;p)(y\;;),g;,t>.

Let also )
ho(x, z,t) = ho(2) := 7e*|z‘2/4, and hi=h— ho.
(4)n/2
T n

Then, there are positive dimensional C and c such that

‘/f\l,‘ < C'min(1, \/i)e_dZ'2 for all (x,z,t) € R" x R™ x (0, 00).
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Moreover, we have

olel 9lal
Oz 928

h‘ < Ce—cl? for all (z,z,t) € R" x R™ x (0,1) and «, f with |a| + |B] < ¢,

for positive constants C' and ¢ depending only on n and £.

Proof. Since in the proof Hj; will always refer to the heat kernel of M, we denote it just by H.
First, notice that since H(x,y,t) = H(y,z,t) we have

H(z,y,t) = wl/2h<A(a:)(y\;;> . t> t1/2 h(A(y)(iU\;%y),y,t).

Let Lf :=

< l9](z)g(x)¥ 8f-> denote the Laplace-Beltrami operator (with respect

IOk b

to x). By the chain rule, direct computation shows

. 2
1 = e (VD) 010 S0+ o0 )0 59

ot — ! ( ”h(*)—lahmwwth(*)),

tn/2+1 2 20z NG
where
r—y
(%) means evaluated at (A(y)( N ),y,t).
This leads to the equation for h = h(z,y,t), where we denote 9; := % and 0;; := %;zj’
t0ih = Th = aV(z,y, )b + (VIb'(2,y,t) + 5 ) 0ih + h
where § o
@z, p,t) 1= g (y + V2 ) (414]) ()
and

b (z,y,t) == <W> (y + \/Ez) Aj(y);

with initial condition:

1 —|z
h(Z,y,0+) = ho(Z) = (471')”/26 ‘ |2/4'

(Notice that we defined h so that its initial condition is independent of y.)

We emphasize that, by the assumption (3.48), this equation is uniformly elliptic, and the
derivatives of a*, b* up to order £ in the variables z and y are uniformly bounded for times
€ (0,75) by constants depending only on n and T5,.

Let us now compute an equation for h=h — he. Since
6% Ol]h + 8h+ h =0,
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we obtain
tdh — Lh = Lhe = (¥ — §9)d;5he + Vtbdihe
= ((aij — 5”)(%21 — (Sz]) — \/ibi%j(sij)ho s

and h satisfies the initial condition R
h(z,y,07) = 0.

Notice that (since by definition A(y) is a square root of g(y)) we have, for all y
g () (A3A7) (y) = 0¥

and hence, since ¢g* is smooth, - -
|a” (2, y,t) = 67| < CVt

Hence, we have R
tdsh — Lh| < C(1 + |2[*)Vt ho (3.49)

Let us now find some barrier allowing us to control h. We can use as barrier
b(z,t) = Ve (/4=r)lzP?

Direct computation shows that, for v/# < 8k (so that a¥/d;; > n—COrk and |6¥ —a¥|2* 25,6, <
COk|z|?)

tob — Lb = <; —4(3 - I€)2 (a"9)2* 216,105 + 2(% — k) a”8;; + (Vb + %)2(% — k)21 0;5 — ;L>b

> (; 4 (i — ,‘ﬂ‘/)4,‘£’2‘2 — CGRMQ —Ck — C@ﬁZ\)b

provided we chose 6 > 0 and x > 0 sufficiently small.
Since clearly b > v/t ho we obtain that Cb is a supersolution of (3.49) for V/t < 0k. This shows
that |h| < Cb for all ¢ small enough.

Notice that the estimate |ﬁ| < Cb (fixing £ > 0 and 6 > 0 small dimensional) shows, in
particular, that R
[A(z,y,t)| < CVtexp(—c|z|) (3.50)

holds with ¢ > 0 dimensional for all “small” times ¢ € (0,6%x%). On the other hand, for “non-small”
times ¢ > 6%k2, the standard heat kernel estimate (3.42) for H (which holds with ¢; dimensional)
immediately yields (3.50) with v/¢ replaced by 1.

In order to bound the derivatives of h with respect to z we notice we notice that, in logarithmic
time 7 = logt, the function h(z,y,e”) satisfies, for y fixed, a standard parabolic equation with
smooth coefficients in the domain R™ X (—o00,0). Then, thanks to (3.50), applying standard
parabolic estimates in parabolic cylinders {|z — z.| < 2, |7 — 75| < 2} we easily obtain the claimed
bounds for all partial derivatives of h with respect to z.

In order to show the regularity in y, one can then differentiate the equation with respect to y
as many times as needed (the coefficients depend in a very smooth way also in y) and notice that
the initial condition will be zero (since h, is independent of y). By standard parabolic regularity
arguments (e.g., using a Duhamel-type formula to represent the solutions), we obtain the desired
estimates. O

73



3.4.2 Singular kernel estimates

As a first consequence of Lemma 3.4.11 we have that the following local version of Lemma 3.4.7
above also holds.

Lemma 3.4.13. Let so € (0,2) and s € (so,2). Let (M,g) be a Riemannian n-manifold and
p € M. Assume that FA1(M,g,p,1, ) holds. Then

Qs «
ST < Ks(o(2), o(y)) < Bl ylrts

for all z,y € By /5(0), where c7,cs > 0 depends on n and so.

Proof. Take n € C°(B1(0)) with XB,5(0) < 1 < X5, (0) and let 9i; = gijn + (1 —n)dij. This is
a metric on R" with g;; = g;; in By/5(0). Denote by K, K and H, H' the singular kernels and

heat kernels of (M, g) and (R", ¢') respectively. Then, by Lemma 3.4.11 applied to the manifolds
(M, g) and (R",g') we have, for x,y € By4(0):

dt

. ole), o) ~ Kiloa)| < Loy [ 1000, 0.0~ 0 55

Cs & dt
< - - —c/t_2 < _
< Fiowm )y, e <0@-.

for some dimensional C' = C(n). Then, the result follows directly by Lemma 3.4.7 (and the explicit
formula (2.4) for ay,s) for z,y € By,4(0), and the conclusion also holds for z,y € B;/5(0) by a
standard covering argument. O

Now, we have all the ingredients to give the proof of Theorem 3.4.6.

Proof of Theorem 3./.6. Note that the statement is scaling invariant. Hence, with no loss of
generality, we can (and do) assume that R = 1. Moreover, it suffices to consider the case
M = (R",g), p=0, ¢ =id, and g;; satisfying the assumptions of Proposition 3.4.12:

Indeed, similarly to the proof of Corollary 3.4.13, in the general case we can fix a radially
nonincreasing cutoff function n € C°(By) such that n =1 in By /s and consider the “extended”
metric g;; := g;jn + 0;j(1 —n). Observe that (M, g) and (R", g) the assumptions of Lemma 3.4.11
with M’ =R"™ and ¢’ = id. Let H(x,y,t) and H'(z,y,t) be defined as in Lemma 3.4.11.

Recall that, by definition, for all x,y € B1(0)

Klao.) = Kulilaolo) = oo | Hulola) o). 0555 = [ Bt (51

where ¢, = % Let likewise

K'(z,y)=c OOH’(x 1t)i
7y - &8 0 7y? t1+5/2'

Now, thanks to Lemma 3.4.11 we obtain, for all z,y € By 5

olal glbl , 00
- — <
50 8y5(K K)(x,y,t)‘ < cs/O

lel Hlbl
gz ayp T

dt C’s/ e~ ¢/t dt < (.
0

!/
H)(ﬂl‘,y,t) W S t1+s/2 ~

So, as claimed, we are left to prove the estimate for the M = (R",g), p =0, ¢ = id, and g;;
satisfying the assumptions of Proposition 3.4.12.
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Recalling (3.51), notice that

dt

o0 < [ A(x)z dt
k(ﬂf,Z) :K($,$+Z) = Cs/o H(CC,ZU‘FZ,t)W :CS/O h<£/i)7x’t>tn/2+l+s/2 (352)

Also, recalling that ho(z) := (47)""/2e72*/4 we have

~ B Qs B o0 A(zx)z A(x)z dt
k(éU,Z) —k(x,z) W —CS/O <h< \/Z 7.’13,t> ho( \/E tn/2+1+5/2
_ ©~(A(x)z dt
—Cs/o h( G ’x’t)tn/2+1+8/2’

Therefore using the heat kernel estimates from Proposition 3.4.12 (and noticing |A(x)z| > % |z

for all x, z by assumption) we obtain

k(z,2)| < cs/o ﬁ(AEz)Z,x,O

This proves (3.38). Similarly, the estimates (3.39) follow differentiating (3.52) and using the
corresponding estimates for derivatives of the heat kernel from Proposition 3.4.12.

Finally, (3.40) and (3.41) follow analogously integrating the heat kernel estimates in Lemmas
3.4.9 and 3.4.10, respectively. O

dt <
tn/2+1+s/2 —

dt

_ 1-n—s
/2 1+s/2 Clz| .

Cs /0 VEexp(—clz|/vi)

The next property concerns the behavior of the kernel when the two points p and g are
separated from each other.

Proposition 3.4.14. Let (M, g) be a Riemannian n-manifold and s € (0,2). Assume that for
some p,q € M both FAy(M, g,1,p,¢p) and FA,(M, g,1,q,¢q) hold, and suppose that v,(B1(0)) N

©q(B1(0)) = @. Put Kpy(z,y) := Ks(p(x), 0q(y)). Then

glal glbl
‘Wayﬁqu(l‘,y)‘ < C(n,t) forall |x| < % and |y| < %,
whenever |o| + |B] < 2.

Proof. Let Hy(z,y,t) := Hy(op(x), pq(y),t). It follows from Lemma 3.4.9 that

H,(z,y,t)| < Ce=¢/t,

oz

-

for all [z| < 2 and |y| < 2, where C and ¢ depend only on n, and |a|.
We now use that (by the symmetry of the heat kernel in p and ¢), for each z € B, fixed,

the function u(y,t) := %H* (z,y,t) is solution of the heat equation u; = Lu, in the ball |y| < 1,

where L denotes the Laplace-Beltrami (with respect to y, in local coordinates). Since |u| < Ce=¢/*
in B34 x (0,00), reasoning exactly as in the proof of Lemma 3.4.9 (only that now the spatial
variables are y instead of x) we obtain

‘3|B

Wu(ya t)‘ < Ce_c/t7
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for some constants C, ¢ > 0 depending only on n and |3|. This shows

olal olBl .

. v —c/t

‘81'0‘ 8yBH*(3:,y,t)’ < Ce 9",

Then the proposition follows immediately after noticing that, by definition,
s/2 o dt

Kpq(z,y) = F(l—S/Q)/O H*(%yat)ma

and hence

olal glBl /2 o glal glal dt
AN s - Ho(z,y, t)—
Oz OyP ra(®, y)‘ 'F(l —5/2) Jo Ox>0yP Y )t”s/2

e dt
<Cs [ exp(c/t) 555 <C.
for some constant C' > 0 that depends only on n and ¢, and this concludes the proof. ]

3.4.3 The fractional Sobolev energy under inner variations

We next study how the fractional Sobolev energy behaves under inner variations. For this, we
need first to study how the singular kernel Ky behaves when translating its arguments under the
flow of a vector field.

Proposition 3.4.15. Let M be a locally uniformly flat manifold (see Definition 3.4.2) and

€ (0,2). Consider any smooth vector field X and fix points p,q € M. Then, for every £ > 0 the
kernel satisfies

dﬁ

dtt

for some constant C = C(M, s, £, || X | ce(ar)) which stays bounded for s away from 0 and 2.

Ks (65 (p), 67 ()] < C(1 + Ks(p, ),
t=0

Proof. This follows from the estimates of Theorem 3.4.6, in particular by (3.39) and (3.40). We
prove the result just for £ = 1, as the general case just follows by induction by the very same
arguments. Let R = R(M) > 0 be such that the flatness assumption FA,(M, g, 16 R, p, ¢;,) holds
for every p € M; such an R exists since M is locally uniformly flat. We split in two cases.

Case 1: ¢ € ¢,(Bar(0)).

In this case, denoting K (x,y) := Ks(pp(x), op(y)) and k(z, 2) := K(x,x + z) as in Theorem 3.4.6,
we have that

where ¢}, is the flow of £ = (¢,)* X, i.e. the vector field £ = &, with supp(§) € Bigr(0) such that
X o ¢p = (¢p)«&. Then, for all z,y € Bor(0) we have:

d

d
Sl K@@, ) = 5

t=0 - dt k(w;(i’), ﬂ’;(y) - ¢f,(m))

t=0
= (= DE) + sy — 1)) — €(0),

where sum over repeated indices is assumed. Hence, by (3.39) of Theorem 3.4.6 we get

d

dt

C C
< ———|[[¢llre + g | D€l L |y — 7
ly — x|t ly — x|t

Kw;(x),w;(y))\

t=0
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C
<———— < CK(uz,
Ty — s T (@)

for some C' = C(n,s,||£]|c1), where in the last line we have also used Lemma 3.4.13. Finally,
evaluating this inequality at z =0 and y = ¢, 1(q) we obtain

d

Ko o @) = | 5

d
dt

K<w;<o>,¢;<y>>' < CK(0.y) = CKa(p,q).

t=0 t=0

as wanted.

Case 2: q ¢ ¢,(B4r(0)). Then FA,(M, g, R, q, ¢q4) holds and the sets ¢,(Br(0)) and ¢q(Br(0))
are disjoint. Hence, by Proposition 3.4.14 the kernel Kp,(z,y) = Ks(¢p(2), ¢q(y)) is smooth
(with uniform estimates on all derivatives) in the domain Bg/(0) x Bg/2(0). Hence

d
C 0¥ o ppla), 6 0 @) = S Kpg(wh(e), 4(0))
t=0 t=0
oK. oK.
= awf.’f(w,y) o(x) + ayﬁq(af,y)féj‘(y)-

Using Proposition 3.4.14 to bound the derivatives of K,,, and then evaluating at (z,y) = (0,0)
gives
C

d
o kw6 @) < g

dt

t=0
for some €' = C(n, 5, [[&pll e, 1€q ]l z)-
Putting together the two cases above, we get

d

dt

K6 (). 6F <q>>\ < C(L+Kulp.q).

t=0

for some C' = C(M,n, s, || X||c1(ary) and concludes the proof.

We also record a version of Proposition 3.4.15, which depends only on local quantities:

Proposition 3.4.16. Let (M, g) be a Riemannian manifold and s € (0,2). Assume that the flatness
assumption FA,(M, g, R, p, ) holds, and let X be a C* vector field with supp(X) € ©(Brya). Then,
for every x,y € Br/4(0) we have

dt Oy s
— | Ks(@ (@), 67 (p()))| < CKs(p(x), 0(y)) < C——2— (3.53)
dt’|,_, el
for some constant C = C(n, s, | X||ce(p8y)))- Moreover, given T >0 we have that
d’ X X n,s
W’Cs(@ (p(x)), 07 (p(y))| < CTKs(p(x), p(y)) < CTw; Viel0,T], (3.54)

where Cp = Cp(n, s, T, ||X||CZ(@(BR/4))) and the constants stay bounded for s away from 0 and 2.
Proof. By scaling, we can assume R = 1. The second inequality in both (3.53) and (3.54) then

follows from Lemma 3.4.13. As for the first inequality of (3.53), it follows from the proof of Case
1 in Proposition 3.4.15, since it only depends on local estimates for X. Finally, (3.54) can be
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deduced from (3.53). Indeed, note that forall 1 <k </land 0 <t <T

dk X X dk X X
SO ) 6 )| = | | Kl ol 0 o)

r=0
< CoKs(67 (0(2)), 67 (2(1))) (3.55)

with Co = Co(n, s, [|[ X |lce(p(s,)))- Thus, we are only left with proving that

(7 (0(2)), 61" (9())) < Crls(p(2), ()

for some Cr = Cr(n, s, T, | X||ce(p(s,)))- But this follows itself from (3.55), with k = 1, since we
can write the inequality as

ootk (6 (@), 6 ()] < 0.

and integrating we find that

Ks(87 (p(x)), 07" (0(y)) < e“TKs(0(2), (),

for every 0 <t < T. ]

Proposition 3.4.15 can be used to bound time derivatives of the energy of “flown objects” by
their energy at time zero. We show this for the fractional Sobolev energy:

Lemma 3.4.17. Let s € (0,2) and v € H/>(M) be a function with |v| < 1. Let X be a smooth
vector field and vy := v o ¢~,. Then, for all T > 0 there holds

dﬁ

W(‘:M(vt)

sup <C(1+Eu)),

0<t<T

for some constant C = C(M, 8,4, T, || X||ce(pr)) which stays bounded for s away from 0 and 2..

Proof. Let C' denote a constant that depends only on M, s, £, T' and || X||ce(py

The idea of the proof is to change variables using the flow ¢;* in the corresponding integrals
defining the Allen-Cahn energy, and after that to exchange integration and differentiation. Let us
start with the Sobolev part of the energy. Denoting by .J; the Jacobian of ¢;¥, we have

4 0
% 3 (ve) = ;t/z//|v(¢)ft(p)) —0(¢X1(0))PKs(p, ) dV;, dV,
dté’/ l0(p) — v(@)*Ks(¢i (), 67" (0)) Ji(p) Je(q) AV, AV,

= [[ 100~ ) 2 [0 ), 6 @) | aviavy 50

Since 0 < ¢t < T, the derivatives in time of the Jacobians J; can be bounded by a constant C with
the right dependencies. What remains in order to bound (3.56) by C(1 + £52°(v)) is to control
the first k-th derivatives in time of Ks(#; (p), #7 (¢)) by C(1 + Ks(p,q)), for all 0 < t < T. The
main bound is given by Proposition 3.4.15, which gives for all 1 < k < ¢:

d* dr
o). @) = |37

Kao(¢74,(p), ¢>§ir<q>>‘ < C(1+Kso(¢ (), 7 (2)) . (3.57)
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Now, integrating this inequality for £ = 1 similarly to how we proceeded in the proof of Lemma
3.4.16, we conclude that

’Cs(éth(P)ﬂﬁg((Q)) <C(1+Ks(p,q)), forall0<t<T.

We can now go back to (4.22) and apply the bounds that we just derived. We get that

< [[ 100 ~ vl [0 ), 6 @) ) vy

< c// [(p) — v(g) (1 + Ka(p, q)) dVpdV,
< C(1+E5°(v))

Sb
'dtZ i ()

for all 0 < t < T, where C has the right dependencies.
The potential part of the energy is simpler to deal with. Indeed, we have

d* _po d* s L dt
G @) = 35 [ W), = [ W) G A, (658)
from which we directly conclude that
d° pot Pot
SERM )| < CER @),
finishing the proof. O

Corollary 3.4.18. Let M be either a closed manifold or R™, and let Q) C M be a bounded, open
set with reqular boundary. Let s € (0,1), E be a set with Pers(E,Q) < 400 and X be a vector
field of class C* with supp(X) € Q. Then, the map

t = Pery(¢X (E), Q)

is of class C* for all t > 0.

Proof. The proof is almost identical to the one of Lemma 3.4.17 with v = xg. Indeed, since
(X, o) sends M x M \ Q° x Q¢ to itself, one can do the same substitution in the integral and
use Proposition 3.4.15 to bound the derivatives of s with itself. This results in

P (61 (8,9 < //MxM\QCXchm) B [0 ), 6 0) A ) )] 5 4,

<c| Xe(0) — X5 @)1+ K (p.0)) AV,
MXM\QCXQC
< C(|M|? + Pery(E,Q)),

for every 0 < £ < k, as desired.
In the case of R”, the same computation applies with the only difference that for the kernel of
R™, there holds the “improved” estimate
d* 1 ._ ¢
dtt |6 (p) — oX (@) +] ~ Ip— g™t
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without the +C on the right-hand side that appeared in Proposition 3.4.15. Hence, in this case

d Ixe(p) — xe(q)?
2 Pery(¢X (E), ’ <C // dpdg = CPery(E, Q).
dtt (i RexRM\QexQe [P — q,”“ ( )

Lemma 3.4.17 has a local version, which comes from applying local estimates for the kernel
instead.

Lemma 3.4.19. Let M satisfy the flatness assumptions FAy(M,g,p, R, ). Let s € (0,2),
v e H'?(M) be a function with [v| <1, X be a C* vector field with supp(X) € ©(Bry2), and set
vi ;= v o ¢, Then, for all T > 0 there holds

d@
SUD |7 E(Bry2) (V)

0<t<T

< C(L+ &g (V)
for some constant C' = C(s,¢,T, HXHCZ(@(BR/Z))) which stays bounded for s away from 0 and 2.

Proof. We modify the proof of Lemma 3.4.17 accordingly. First, by scaling, it suffices to prove the
Lemma in the case R = 1. Since X is supported on ¢(By2), the integrand in (4.22) is supported
then on

(M x M)\ (2(By2)° x 9(B1 o)) = |(9(Boss) x 0(Bays)) \ (9(B1ya)° x o(Byy2)%)|U
U [ ((Buy2) x (M \ @(Bays))) U (M \ @(Baya)) % ¢(Baya))|

so that

Sob _ ‘ dk Sob ( )

dtk 890(31/2)

' dtk

dk
-1/ 0(p) — v(a) P [K (67 (), 6 (@) T 0) Jila) | ¥y av
(¢(Ba3) xp(Bays)\(@(Br 12)° x (B 12)°) dt

+2//B s ))|v(p)—v(Q)|2jk[ s(91 (), 9) ()} v, dv,
1/2 p(B2/3

<C//82/3X52/3\(B 0 (@)) — eI [ A6 ), 6 )0 )] e

1/2% 1/2)

+C//31/2X(N\¢(52/3)) [v(e() = v(0) ’dtk[ s(p(9i (@), @) el ”dde

Bounding the derivatives in time of the Jacobians by a constant with the right dependencies, using
(3.53) to bound the kernel in the first double integral, and using (3.41) to bound the integral in ¢
in the second double integral by a constant, we conclude that

<CA+ERL ((v).

w(By/2)

dk Sob
‘ Atk 54.0(51/2) (0r)
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Regarding the potential part of the energy, from the computation in (3.58), we readily find that

¢
d Pot

Pot
W 90(31/2)(vt) S Cg‘P(Buz)(v)

where C has the right dependencies, which completes the proof. O
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Chapter 4

Yau’s conjecture for nonlocal minimal
surfaces

This chapter describes the results obtained in [CFS24b].

4.1 Existence of min-max solutions to Allen-Cahn

4.1.1 Min-max procedure and existence

In this section, we exhibit in a simple manner the existence of critical points of the Allen-Cahn
energy (2.6) on M, employing a min-max theorem as in [GG18]. Then, we prove lower and upper
bounds for the energies of the constructed solutions and with these ingredients we deduce Theorem
1.2.12.

The solutions in Theorem 1.2.12 are obtained using an equivariant min-max procedure, based
on the construction in [GG18] and the min-max theorems of [Gho93], [Gho91] and [LS88]. Since
the topology of H*/ 2(M) is trivial, this is done by exploiting the Zo-symmetry of the functional
&5;- Indeed, we consider the family 7, of all sets A ¢ H*/2(M)\{0} which are continuous odd
images of p-spheres:

Foi= {A= (&) : fe OO HP(MN\0)) and f(—z) = —f(2) V o € ).

Remark 4.1.1. This min-max family has been chosen for simplicity, but other min-max families
can be considered; see the seminal article [LS88] by Lazer-Solimini, as well as the discussion in
Remark 3.7 of [GG18]. In particular, one can obtain solutions in Theorem 1.2.12, which also
satisfy lower bounds for their (extended) Morse indices, and such that the corresponding min-mazx
families come from a topological index. We nevertheless remark that a growth for the (proper!)
index of the solutions is already implied in our case, by combining the lower energy bound in
Theorem 1.2.12 with the upper energy bounds in Theorem 1.2.15 (which will be proved later).

For fixed ¢, the min-max value of the family F, is defined as

Cep 1= AlélJf-‘p 21612 Exr(u). (4.1)

Note that, defining T'(u) := max{—1, min{wu,+1}} the truncation of u between the values +1, we
have that |T'(u)|(x) <1 for all x € M and &5,;(T(u)) < £5,(u). Hence

Cep = Inf sup&f,(u) = inf sup £/ (u),
AeFp ueA AcF, ucA
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where

fp:{Aefp:Mgl for all ue A}.

This shows that we can consider, in the arguments that follow, that the functions in the min-max
sets have absolute values pointwise bounded by one. The proof of Theorem 1.2.12 relies on the
existence result given by the min-max scheme and the following bound on the min-max values.

Theorem 4.1.2. Let (M",g) be a compact Riemannian manifold, so € (0,1) and s € (sg,1).

Then, for every p € N there exists e, > 0, depending on M, s and p, such that the min-maz values

(4.1) satisfy
- s/n ¢ s/n
Ep <y < = Sp , foralle € (0,¢ep), (4.2)

for some constant C' = C(M, s).

Proof. The proof of this is contained in Sections 4.1.2 and 4.1.3 below, which deal with the lower
bound and upper bound, respectively. O

To apply the existence result we need the energy &5, to satisfy the Palais-Smale condition
along appropriately bounded sequences, and this is addressed by the next lemma.

Lemma 4.1.3. Lete > 0 and s € (0,1). Suppose that (uy)r C H3/?(M) is a sequence of functions
satisfying |uy| < 1, |E5,(up)| < O, and d€5,(uy) — O strongly in H¥*(M). Then, there is a
subsequence of (uy)x converging strongly in H*/?(M).

Proof. The proof is an adaptation of Proposition 2.25 in [BR14]. We just prove the statement for
e = 1, as exactly the same proof works for every fixed € > 0. The boundedness of the energies
En(uy) gives the convergence

wp — u in L2(M), and wuy — u weakly in H*/?(M),
of a subsequence, that we do not relabel, to some u € H*/ 2(M). To upgrade the convergence

to be in the strong sense, we use the particular form of the functional. First, note that given

v € H¥?(M) we have
5 ) = 7 ] o) — @) (o0) — o(@)Kpr0) VsV, + [ W oy
~ Jim ﬂwk )= @) 0(0) — o(0)Ke (s AV + [ W) av

k—)oo4
= hrn d€5r(ug)[v] =0,

where we used |uy| < 1 to pass to the limit in the term [ W’(ug)v. In other words, u is a critical
point of £5,. From this we deduce that

0= lim (&} (u)[ur — u] — dExy(u)[ux, — ul)
ﬁww—w+/MWW—meW—mw:

and since the second term tends to zero, the first term must do so as well. This proves that
uy — u strongly in H*/2(M) and concludes the proof. O
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Theorem 4.1.4. For every p € N, there exists e, > 0 such that: for all € € (0,ep) there exists
uep € H3/2(M) which is a critical point of 5, with £5;(u.p) = ccp and Morse index m(u.p) < p
(see Definition 2.2.9).

Proof. First, note that ]FP is an invariant p-dimensional homotopic family without boundary,
in the sense of Section 3 in [Gho91] with B = @. Moreover, for every ¢ > 0, £5, satisfies the
Palais-Smale condition along appropriately bounded sequences (see Lemma 4.1.3 above) and dQEfW
is a Fredholm operator on critical points. Then, [Gho91, Corollary 13] applied with B = & (see
also [Gho91, Theorem 4]) implies that there exists a critical point u., for £, at energy level c.
and with Morse index m(ucy) < p.

There is only one detail that we have to address: [Gho91, Corollary 13] would apply directly
to a complete connected Banach manifold X on which Z; acted freely. In our case, we want
to consider X = H®/2(M), together with the action z — —z under which Fp is an invariant
p-dimensional homotopic family, but which is not free since it maps the point 0 to itself. This is
not an issue for the following reason. By the upper bound for the min-max values (4.2) (that we
will prove in Section 4.1.3 below), we have that c., < C(s,p,n) for every € € (0,¢p), for some
ep = €p(M, s,p) > 0. On the other hand, the Allen-Cahn energy of the zero function tends to
infinity as € N\, 0, which shows that there is ¢, > 0 such that, for all ¢ € (0,¢y), every min-max
sequence is uniformly separated from 0 € H®/ 2(M). Hence, for a small r > 0 the min-max result
[Gho91, Corollary 13] can be applied to X = H*2(M) \ {||u||;7s/2 < r} on which the action
x — —x is free. O

Hence, to obtain Theorem 1.2.12 we are only left with proving the lower and upper bounds in
(4.2). The analog bounds in the case of min-max families of hypersurfaces and their areas were
first proved by Gromov in [Gro88]. In [Gut09], Guth gave an elegant new proof of the result by
Gromov on which the proof of our bounds is partially based. See also [MN17b] for an adaptation
of the proof by Guth to the setting of closed manifolds, as well as [GG18] for the adaptation
to the classical Allen-Cahn case. Nevertheless, our proof of the bounds is closer to (and also
simpler than) those in [Gut09] or [MN17b], thanks to the fact that sets of finite perimeter embed
naturally! in the same function space H®/ 2(M) as their fractional Allen-Cahn approximations, as
long as s € (0,1).

4.1.2 Lower bound
In the proofs of both the upper and lower bounds, we will make use of the following simple fact.

Lemma 4.1.5. Let (M",g) be a closed, n-dimensional Riemannian manifold. Then, there exist
positive constants Cy, C1,Co depending only on M such that: for every p € N there exist N disjoint
balls By (q1), ... Br(qn) with

Cip<N<(Cyp,
T:C()p_l/nv

and

U Bsr(a) = M.

i<N

Proof. Since M is compact, by a comparison argument there exists a constant ¢ = ¢(M) > 1 such
that
" <HY(B,(q)) <cr™, forallge M, r <inj(M). (4.3)

Via functions of the form xg — xge.
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We claim that, for Cy = inj(M)/3, the statement holds. In fact, with this choice we have
r = Cop~ /™ < inj(M)/3 for all p € N. Consider the cover Ugens Br(q) of M, and let

B,(q1),-..,Br(qn) be a maximal disjoint collection. Then, by maximality | J,« Bsr(¢:) = M.
Moreover, comparing volumes -

N < HM(By(gi) < Vol(M) < > H™(Bsy(gi) < e3"r"N
i<N i<N

which by the choice of r implies

Cip e Vol(M) p< N < cVol(M)
3 Cy R

p=:Cop.

The proof of the lower bound depends on the next two lemmas.

Lemma 4.1.6. Let {BT<Qi)}5:1 be a family of p balls on M. Then, given any A € Fy, there exists

some u € A such that
/ u=0 forall i=1,... p.
Br(‘]i)

Proof. This is simply a consequence of the Borsuk-Ulam theorem. Indeed, let A be the continuous
odd image of f : SP — H*/2(M)\ {0}. Define the (odd) function

g: H?(M) > R by g(u) := (/ u,...,/ u)
Br(q1) Br(ap)

Then go f: SP — RP is an odd, continuous map, and by the Borsuk-Ulam theorem there exists
a € S* with g o f(a) = 0. Hence, taking v = f(a) finishes the proof. O

For the next lemma, it will be convenient to define the local part of the Sobolev energy as
follows. Recall

Sob 1
&) =7 //MxM\chQp(v(m —v(a) K )dVpdVs

—1 w2 aaviavy 5 [ ) - v gavid;.

Then, we set

5% g (v //Q ) o(@))?Ks(p, ) AV, dV,
X

Moreover, we also denote by

Perg|q(F) := ESOb\Q(XE — XE°)

the local part of the nonlocal perimeter. We stress that Perg|q(F) < Perg(E, ), with equality iff
ENnQ=0or E°NQ=0.

With this notation, let us recall the fractional isoperimetric inequality (which is implied,
actually equivalent, to the fractional Sobolev inequality, for example, in [FS08b]). Let s € (0, 1).
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Then is ¢jso = Ciso(n,s) > 0 such that for every E C By

. |E| |Bl\E|}n”s
Per, FE) > cisomin< —, , 4.4

and actually if s € (sp,1) then ¢;5 > f—_ls for some ¢ = /(n, sg) .

Lemma 4.1.7. Let so € (0,1). Then, there exists a constant co = co(n,so) > 0 such that the
following holds. Let g € M, and assume that the flatness hypothesis FA1(M, g, q,2Ro, ) holds.
Given s € (s, 1), there exists g = €o(n, s) > 0 such that: for every r < Ry and € < eggr, given
any uw € H3?(M) with |u| <1 and fBr(q) u = 0 there holds

Co
1—s

,r,TL—S

Ep,(q)(u) =

Proof. Let ¢ : Bg(q) — R™ be normal coordinates at ¢, and let g;; denote the metric in these
coordinates. It is not difficult to show that FA;(M, g, q,2Ro, ¢) implies

éid < (gzj)(x) < Cid in BRO

for some C' > 1 depending only on n.
Let v = uo1~!. By assumption we have Jz. vV/1gldx =0, and |v| < 1. This implies

—1+1/cg][ v<4+1-1/C.

T

By Lemma 3.4.13

E g, (g (w) +e7* | W(u)dV
(@)
> ( // [v( (+)|2 dady + 1 5(e/r)~ [ W(v) dx). (4.5)
“C - xB, ’fﬂ—y|" ’ B,
We claim that the right-hand side of (4.5) is bounded below by 7287"~%, provided ¢/r < g¢(n, s),

where c¢;4, is the constant in the fractional isoperimetric inequality (4. 4)

To prove this lower bound, by scaling invariance we may assume without loss of generality
r = 1. We argue by contradiction. Suppose there exist sequences ¢ J. 0 and vy € HS/2(BI) with
lug| <1, fg v € [-1+1/C, 1—1/C], but such that

|vk k‘(y)|2 — Ciso
dedy +e,.° | W(vg)dr < . (4.6)
//Bl xXB1 |':l7 - |n+s g B 40

In particular, ||lvg|/2 is uniformly bounded in £ and fBl W (v) — 0. Hence, up to subse-

H*/2(By)
quences (that we do not relabel), we have that vy — vy weakly in H%/2(B;) and v, — v almost
everywhere. Then, by Fatou’s Lemma, |, 5, W(vso) = 0 and therefore |vo| = 1 almost everywhere.
Moreover

][ Voo € [=14+1/C, 1—1/C].
Bi1

This implies that voc = xg — XEe for some set E C By with |B | min{|E|, [B1 \ E|} > 5. By the
lower-semicontinuity of the Sobolev seminorm, the fractional isoperimetric 1nequahty (4 4) and
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(4.6) we get

Ciso |Uk ( )‘ Ciso
< — <
50 Per|p, (F) hmlnf //13le1 |x — |n+8 dzxdy < Yok

contradiction.

Going back to (4.5), we have therefore proved that there exists g = €g(n, s) > 0 such that, for
every € < ggr and every u as in the statement

Ciso n—sg
o |Br Q)( )— 402T :

Since the constant c;so = ¢is0(n, s) for the fractional isoperimetric inequality satisfies that ¢;s, >

M for some ¢ = ¢/(n, sp) > 0, we conclude the desired result. O

We can now give the proof of the lower bound.

Proof of Theorem 4.1.2 (part 1). The lower bound in (4.2) follows, in a simple manner, from the
lemmas above: Given p € N, by Lemma 4.1.5 find N > Cyp disjoint balls {B,(g;)}Y; in M with
radius r = Cpp~ /™. Moreover, up to taking C; bigger and Cj smaller, we can also assume that
r < Ro, where Ry is such that FA;(M, g, q, 2Ry, ¢) holds for all ¢ € M (see Remark 3.4.3). Given
any A € Fp, by Lemma 4.1.6 there exists u € A such that

/ u=0 forall t=1,..., N.
Br(qi)

Then, by Lemma 4.1.7, for € < ggr we have

€o

r"=% forall i=1,...N,
1-s

ga |Br(‘1i) (U) Z

which by the choice of r implies

-1

N
€ c n—s ¢ s/n
U) ZZS |Br(qi)(u) 2]\71 0 r > 713/ ,

-5 —1-—s

for some constant C' that depends only on M and sg. Since we have found such a u € A given
any A € F,, we deduce the desired lower bound. O

4.1.3 Upper bound and proof of Theorem 1.2.12

While the lower bound required finding a function with high energy inside every admissible set
A € F,, the upper bound requires finding a single admissible set A such that all its elements
have "low” energy. We will explicitly construct a continuous odd map f : S* — H/2(M)\ {0} so
that all the elements in A = f(SP) have controlled energy. These functions will be of the form
XE — XEe, for some set E C M, and our task is then to bound the fractional perimeter of these
sets.

The intuition behind the construction is as follows. Imagine embedding M into some Euclidean
space R™. Suppose for the sake of exposition that we are in the limiting case s = 1, meaning
that we have to find a family of hypersurfaces with a small total perimeter. A natural way
to do so would be to assign a hypersurface ¥, C M to each a = (ao,...,a,) € S* oddly and
continuously as follows. Consider the polynomial P,(2) = ag + a1z + ... + apz¥, its p real roots
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are in continuous correspondence with its (p + 1) coefficients, and they remain the same changing
a with —a. Let ai,...,ap be a list of the real roots (at most p) of P,. We then define X, as
the intersection of M C R with the at most p parallel hyperplanes {x,, = a1 },...,{xm = ay}.
However, this construction alone is not sufficient to obtain the desired upper bound on the energy.
Consider, for example, M = S® C R""!, so that the desired energy bound would be of the
form H"1(X2,) < Cp'/™. Using the procedure described above, the intersection of p parallel
hyperplanes with S” can have an area of the order H"1(X,) ~ pH"~1(S*1) if the p hyperplanes

are all very close to the equator $"~! € S”. Hence, we cannot expect a growth like p!/” without
modifying the argument.
To fix this construction, essentially one first divides M in p patches Q1,Q2,..., Q) of com-

parable volume Vol(Q;) ~ Vol(M)/p, and then defines ¥, as the full boundary of this partition
(U, 0Qs, plus the intersection of each of the hyperplanes {z,, = a1},...,{2m = ay} just with one
single patch (); from the ones they intersect, and not with the whole M. This process will be
continuous for the fractional perimeter and will give the desired upper bound.

The proof of the upper bound in (4.2) goes as follows.

Proof of Theorem 4.1.2 (part 2). By Lemma 4.1.5 (with p replaced by k), for every k > 1 there
exist N < Osk disjoint balls B,(q1), . . ., Br(qn) of radius r = Cok™/™ and with ;. v Bs-(gi) = M.
Moreover, recalling the proof of Lemma 4.1.5, the bounds (4.3) hold for such an r.

Now, given (ag, a1,...,ay) € SP consider the polynomial P,(z) = ap + a1z + ...+ ap2z® and
name {ayq,...,q} its real roots in increasing order, so that £ < p. In R™ consider the set
N
E = Bs(3r(2i + 1),0,...,0);
i=1

these are IV aligned balls, tangent to each other, with centers on the x;-axis. Now we split the
set F into two disjoint subsets £ = ET U E~. Given the real roots {az,...,as}, assign the set
En{z; < a1} to ET if Py(z) > 0 for all z € (—o0,a1], and else assign it to £~ if P,(z) < 0
for all z € (—o00,a1]. Then, analogously assign £ N {a; < 1 < as} to E1 if P,(z) > 0 for all
z € (a1, az], and assign it to £~ if P,(z) < 0 for z € (a1, a2]. Repeat this procedure until E' is
divided into the two subsets ET and E~. Note that there are at most p transitions? between E+
and £, and thus £ has perimeter at most |0ET| < N|0Bs,|+ (6r)"'p. Now, basically we want
to do the same on the balls {Bs,(g;)}Y, on M identifying Bs,(q;) with Bs,(3r(2i + 1),0,...,0)
via the exponential map, that we consider as a map

expy, : Bsr(3r(2i +1),0,...,0) = B3 (gi) -

In order to do so, we first have to make the covering {Bs,(¢;)}Y, of M disjoint. For this purpose,
for all 1 <4 < N we consider

Qi == Bsr(qi) \ U Bs:(q5) ,

j<i-1

and note that {Q;}¥, is a disjoint partition of M with Q; C Bsr(q;). Let ug : M — {+1,—1} be
defined as

walg) = +1 if g€ @; and (equi)_l(q) € ET,
A q € Q; and (equi)*l(q) cE.

2This corresponds to the case when P,(z) has p distinct real roots in the interval (0, 6rN).
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Set X, := 0{u, = 1}. By interpolation (use for example Proposition A.1.1 applied to a covering
of M with small enough balls) there exists C' = C(M, sg) so that

o 1
g]%/[b(ua) = Z[ua]?—[s/Q(M) - Pers({ua = 1})
< ¢
“1-s

C
1—3s

HH(24)° Vol({ug = 1}) < H (2,5 (4.7)

Moreover, by (4.3) we have
H"(Sa) < C(N[0Bs,| + 1" 'p)
< C(kr™ ™ pr" ™) = C(EV™ 4 pk™ 1),

for all £ > 1, with C' that depends only on M. Clearly, the optimal value of the right-hand side is
attained for k = p and gives " 1(Z,) < Cp'/™. This, together with (4.7), implies

Ex”(ua) < P, (4.8)

1-s
for all a € SP, with C' depending only on M and sg.

From the definition of E¥, it is clear that u_,(z) = —uq(x). Hence, to conclude that a — u,
is an element of F, we are left to show that it is continuous for the strong H $/2(M) topology. This
easily follows by interpolation. Indeed, for every a,b € SP, by Proposition A.1.1 (again applied to
a covering of M with small balls) we have

C s 1—s
1_ S[ua - ub]BV(M)HUUL - ub”Ll(M)

C
1—s

[Ua - Ub] ?{3/2 (M)

n n— s _, . Cpilm s
<’H W) +H 1(2(,)) llug — ub”il(M) < 17_8||’U/a - uleLl(M),

IN

where we have used that sup,ese H" 1(X,) < Op'/™. From here, continuity follows since a + u,
is continuous in L'(M) by construction.
Together with the bound (4.8), which holds for all a € SP, this concludes the proof. O

One should compare the simplicity of this construction, with the one in [GG18] for the classical
Allen-Cahn equation and the classical perimeter; in that case, to define the p-sweepouts with the
correct interface, one has to consider functions that are compositions of:

(7) The solution to the 1-dimensional Allen-Cahn equation with parameter € > 0.

(17) A “modified” distance function, measuring the distance to hyperplanes {z; < ¢} (which play
a similar role to those in our construction), but also accounting for the complex parts of the
roots of the polynomials in order to smooth out the cancellations of the leaves.

Using this composition of functions is necessary in the classical Allen-Cahn case to regularize the
construction, as characteristic functions of sets of finite perimeter do not belong to H'(M), while
they do belong to H*/?(M) for s < 1.

Remark 4.1.8. Notice that for every fized p, both the proofs of the lower bound and the upper
bound in (4.2) rely on the fact that there is the same "critical scale” r = Cp~/™ in the construction.
This is given by dividing M in N ~ p disjoint patches of volume of order ~ 1/p. The lower bound
shows that, given any A € Fy, there is one element of A that has zero average - see Lemma 4.1.6
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- in each of these patches, and in particular this element has energy uniformly bounded from below
of order ps/™. On the other hand, the upper bound shows that this configuration, i.e. making the
transitions take place in N ~ p disjoint patches that cover M, is also (of the order of) the best
that one can achieve.

As a consequence of the above results, we deduce our complete existence result.

Proof of Theorem 1.2.12. The statement follows from combining the existence result of Theorem
4.1.4 and the bounds on the min-max values given by Theorem 4.1.2. O

4.2 Estimates for Allen-Cahn solutions with bounded Morse
index
4.2.1 Finite Morse index and almost stability

For critical points of local functionals, it is well known that having Morse index bounded by m
implies stability in one out of every m + 1 disjoint open sets. In the nonlocal case this is not the
case anymore, but in one of the sets we will be able to obtain a weaker, quantitative lower bound
on the second derivative which we will refer to as almost stability.

Definition 4.2.1 (Almost stability). Let Q@ C M open and u: M — (—1,1) be a critical point of
Eq. Given A > 0, we say that u is A-almost stable in Q if

EGW)E, €] > A€l 1), YEE€ Co(Q).

Lemma 4.2.2 (Finite Morse index and almost stability). Let u: M — (—1,1) be a solution of the
Allen-Cahn equation (—A)*?u+e=*W'(u) = 0 on M with Morse index at most m (see Definition
2.2.9, with Q = M ). Consider a collection Uy, ..., Upn+1 C M of (m+ 1) disjoint open sets at
positive distance from eachother, and set

A :=mmax sup Ks(p,q) < +o0.
i#£j Ui xU;

Then, there is (at least) one set Uy, among Uy, ... ,Upmt1 such that u is A-almost stable in Uy, that
18

E"(w)[6, €] = —Al€ll7 14> VE € ColUhr):

Proof. We prove the Lemma just for m = 1 for the sake of clarity, the proof goes on exactly
the same for general m. Let & € CL(U;) and & € CL(Uy). Testing the second variation of the
Allen-Cahn energy, explicitly in (2.8), with linear combinations of & and & gives

& (u)[a&y + b&o] = a?E” (u)[&1, &) + b2E" (w) (&2, &) — 2ab//u s (p)&2(0)Ks(p, q) -

Since Ks(p,q) < A for all (p,q) € Uy x Us, the interaction term can be bounded as

—2ab// §1(p)&2()Ks(p, @) < 2abA||E1 L1y |2l Lt o)
U1 xU>

< @ A&7 @iy + VA&7 04)-
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Hence

E"(u)[ags + b&s] < a2(6"<u>[51,&1 + A||£1H%1<u1>) + b"’(f”(u)[sz,gz] + Allé2lF1 0 ). (4.9)
=:Fy(&1) =:F3(§2)

We want to show that either Fy(&1) > 0 for all & € CH(Uy) or Fy(&) > 0 for all & € CH(Us).
Suppose neither of these two holds; then there would exist & € CL(U), & € CL(Us) such that
F1(&1) < 0 and F5(&) < 0. However, this would imply that (4.9) is negative for all (a,b) # (0,0),
contradicting the Morse index of u being at most one. O

4.2.2 Control of the potential part by the Sobolev part
By Theorem 3.2.4, notice that u is a solution to the Allen-Cahn equation

(=AY u+ e W' (u) =0 on M,

if and only if the Caffarelli-Silvestre extension U, i.e. the unique solution to (3.11), solves

(4.10)

div(z!=*VU) =0, in M
lim, o+ 225U, (-, 2) = B e *W'(u(-)), on M.

For the next results, recall the notation for balls in the extended manifold (3.19). We begin
with an auxiliary lemma.

Lemma 4.2.3. Let s € (0,1), (M, g) satisfy the flatness assumption FAo(M, g,2,p,¢), and let
ne C3(83/4(0)) be a cutoff function with n =1 in By5(0). Define no = ¢ on and let 1 solve

div(z!=*V7) =0 in Ef‘(p, 0),
=0 on 9 Bi(p,0),
=10 on Bi(p) x {0}.

Then, for all ¢ € Bs;4(p) there holds that

Bs |[(=2'7%0.9)(q,01)| < C  and B, /~+ 8|VPdVdz < C (4.11)
Bl (p,O)

for some dimensional C' = C(n) > 0.

Proof. Let Uy € H'(M x (0, 00))—see Definition 3.2.3—be the unique Caffarelli-Silvestre extension
of 1o (considered as defined on M extended by zero outside B;(p)), in the sense of Theorem 3.2.4.
Since Uy and 77 are two different solutions of &i(f(zl*S§U ) = 0 with the same trace on Bi(p), by
Lemma 3.2.10 (rescaled) we have that 3, 2! 5|V(Uy — )| < C in E;}r/zl(p) for some dimensional C.
Hence in Bs/4(p) there holds

Bs ’( - Zl_sazﬁ)( " 0+)’ < Bs ‘( - Zl_sazUO)(‘ 70+)| +C = |(_A)S/2770‘ +C,

where we have used Theorem 3.2.4 in the last equality. Now, a dimensional bound for the
}(—A)sﬂno‘ follows, for ¢ € Bs,4(p), by writing

(—A) 20 (q) = /

(n0(q) — o)) KCalg, ) Vi + / (n0(q) — 10(r))KCa(a, ) Vi
Bi(p)

M\Bi(p)

92



and using Lemma 3.4.13 and (3.41) of Proposition 3.4.6 respectively to bound these two integrals.
This concludes the proof of the first estimate in (4.11). The second estimate follows from the first
one just by integrating by parts and using FAs(M, g,2,p, ). O]

Lemma 4.2.4. Let R € (0,1], and assume M satisfies flatness assumption FAo(M, g,2R, p, @).
Let e >0, s € (0,1) and u: M — (—1,1) be a solution of the Allen-Cahn equation

(=A) 20+ e W' (u) =0 (4.12)

in Br(p), that is A-almost stable in Br(p), in the sense of Definition 4.2.1, for A < Ay/R"*5.
Then, there exists a positive constant C = C(n, A1) such that, for all a € (0, 1]

RERS () < C <%‘Rs—n /é . ATUR 4 a+ (E/R)SRs—nggg(p)(u)> |
RrR\D;

In particular, since |u| < 1, for a =1 we have
RemER () < C [ BoR /~ ASTUR 1)
R/2(P) B;-;(p,O)

Proof. Notice that, as € > 0 is arbitrary, the statement is scaling invariant. Indeed, if u : Br(p) —
(—1,1) is a A-almost stable solution of (4.12) with parameter €, then, on the rescaled manifold
(M, R~2g), u is an (R""*A)-almost stable solution of (4.12) in B;(p) with parameter ¢ replaced
by €/R, and A replaced by R""$A < A; since R < 1 by hypothesis. Hence, we can assume R = 1.

In what follows, C denotes a general constant that depends only on n. To compare the
potential energies on M with the Sobolev energies in the extended manifold, we need a well-chosen

cutoff function 7 defined on the extended manifold M. To this aim, let 77 solve
div(z! Vi) =0 in Bf (p,0),
n=0 on 0t B (p,0),

1o on Bl(p) X {0}>

NS

where 19 = pon € C?(Bi(p)) and 7 is a fixed cutoff function with n = 1 in By/3(0) and = 0
outside B3 /4(0). First, since FA3(M, g,2,p, ¢) holds, by the estimates of Lemma 4.2.3 we have for
all ¢ € Bi(p)

5.](~ 7 om@on) <C and A [ EER<C
B (p,0)

for some dimensional constant C' = C(n). Note also that || < 1. Then

gPot :5_8/ 1—u22§6_8/ 1_7122772
Bl/2(p) 4 Bl/z(p)( ) 4 Bl(p)( ) 0




On the one hand by (4.12) and the divergence theorem
1< o= [ -yt
Bi(p) (p)

:ﬁs/ i (= 210)(-,0%)
Bi(p)

Bf (p,0)

= Bs /§+( ) 2175(|VU P72 4 23UV - VU)
1 P,

<o (( L) FUPR +aU21vm2)
B (p,0)

< b /y 178\ VU)? + Ca,
@ JB{ (p0)

where (5 is the constant defined in (3.13) (see also Proposition 3.3.1) and we have used (4.10)
and Young’s inequality in the second to last line.

On the other hand, since W”(u) = 3u® — 1 and u is A-almost stable
J = / e (1 — 3u? +2u?)((1 - u2)770)2
Bi(p)
2
< ity )+ A( [ (0wl ) v
1

gﬁs/~ A7V (1= U7 | +C (A, )/ (1 —u?)?n2 42I.
4 /Bt wo) Bi(p)

:1J1 :2J2

Here we have bounded £5°((1 — u2)ng) by Ji since the former is the infimum of 52 = [2 SIVV |2
over all the extensions V of (1 — u?)n, and (1 — U?)7 is one such extension. Now, Slnce 7 =0 on

87 Bi(p,0) and div(z'=*V7) = 0 we have
s — o ~ lo (7 \V&o1
Jy = 54 / A1 <4U2\VU!2772 +5 V(A =T V@) + (1 - UQ)Q!W\Q)
(p,0)
( / AU VU PR - 2701 = ) noda it

B (p,0) Bi(p)

/ U2 2d1V( 1— Sﬁvn) /y (1 _ U2)2|%,,7|2>

B (p,0) B (p,0)
- cgs/ AU VU PR +/ (1 =)o (— Bez'*0:7) (-, 07)
B (p,0) Bi(p)

<Cﬁs/ 1 S|VU’2+C s POE)
Bf (p,0)

and also

J:/ 1—'LL2 <C€S Pot
? B1(p)( ) ey
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Thus

J=n+chroa<c(l /v ZVUP +a+ R |
@ JB{ (»0)
for some C' = C(n,A1). Combining the above estimates yields the result. O

4.2.3 The BV estimate for finite index solutions
The aim of this subsection is to prove Theorem 1.2.13.

Proposition 4.2.5 (Almost stability = BV). Let p € M, so € (0,1), s € (s0,1) and assume
that M satisfies the flatness assumption FAo(M,g,1,p,¢). Let u: M — (—1,1) be a solution of
(=A)*2u + e=W'(u) = 0 which is A-almost stable in By(p) C M (see Definition 4.2.1).

Then, there exist constants Ay and C, depending only on n and s, such that: if A < Ag then

C
/ Vu|dV < —— |
Bl/4(P) L—s

Remark 4.2.6. The blow up rate (1 —s)™! as s /1 is not expected to be sharp, but (1 — s)_1/2
18; see Proposition 2.2.14.

To prove Proposition 4.2.5 we will need two lemmas.

Lemma 4.2.7. Let p € M and assume M satisfies the local flatness assumption FAo(M, g,1,p,¢).
Let X € Vecte(Bs/4(p)), and denote by X* : B1(0) — R" the pullback X* := ¢*X of X via the

chart o=, Lete >0, s € (0,1) and u € H/>(M) be with |u| < 1. Then

E"(u)[Vxu, Vxu] < C<ﬂs /

IVU|?2'~dVdz +/
By, (p,0)

6_5W(u)dV> ,
Bs4(p)

where C = C(n, || X*||c2(s,)) and U is the extension of u.

Proof. Denote by 1< the flow of X at time ¢ and u; := uw o ¢{*. By Lemma 3.4.17 the map
t — E(uy) is smooth in a neighborhood of the origin. Hence

2

dt?

£(ur) = lim E(ug) + E(u—y) — 2E(u) .

E"(w)[Vxu, Vxu] = lim 2

(4.13)
t=0

Let X be any smooth extension of X in é;r/ 4(p,0) with support compactly contained in
§$4(p, 0) (in particular, X Vanishei ina neighborho:)dNof 8+§;/4(p, 0)) and such that Xl =,
This last condition implies that, if 1t is the flow of X, 1! leaves invariant the z component in the

extended manifold M.

To bound the increment above we split the energy £ in its Sobolev part and potential part.
For the Sobolev part, by the minimality of the extension in the energy space

£5P (uy) = %/~z1—8|€@|2dvczz < %/Nzl—sy%Ut|2dde,
M M

where s is the constant in Theorem 3.2.4. Here u; is the extension of u; and Uy := U o {E—t.
We emphasize that, with our current notation, U; is not the extension of u;, but instead the
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translation of U via @Z t in the extended manifold M. Denote
= /~ VU |22 ~2dVdz .
M

We then have

. E50P () + E50P (u_y) — 2E5°P () - Bs (hm I(t)+ I(—t) — 2I(O))
t—0 t2 4 \t—0 t2
Bs d
=7 @ :01(75)

65 d2 / — 2 1—
== — VU¢|*2"7%dVdz ,
4 dt2 =0 B+ ‘ ‘

Now, since M satisfies local flatness assumption FAq(M, g, 1, p, ), setting ¢(z,2) = (p(x), 2),

Q= @_1(3;'/4( 0)), ¢y : =@ ! opto@, and U :=U o @, we have

I(t)_/ V(U o )22~ Sdde—/””a Uo¢_1)d;(Uod_)z"%/|g| dedz
(p,0)
3/4

/MLJ akU )8i¢lit((al(7)o¢ J¢ tZ \/gdxdz
= / @)wkU)(azU)(@”’jam’%amlt g\)o@( PO dg A Adgpt!

- [owyaw: <§”‘ (0id* 00, |g|) 0 611Dy ded=

Hence
aQFkl
(0) = /~ (00) (D)2 (0,2, 2) dad,
Q

where

FRU(t, - ) = (@”L’ﬂ‘m’“ﬁm’t |§|) o ¢y |Depy.

Since ¢ : (0, 00) X Q — R™*1 is the flow of (X*,0), together with the flatness assumption, a direct
computation shows that

62Fkl .
|20 €l 1K o).
Lo2()
Thus
n+1
1"(0) < C/ Z|8kU|2 1=8 dadz < C/ VU2 % dVdz,

3/4(177

where C' = C(n, | X *||CQ(BI)) and we have used the flatness assumption to compare the Euclidean

metric on R™t! to the one on M.
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Similarly, for the potential part of the energy
gPot(ut) 4 gPot(u_t) o QgPot(u) d2

lim =

Pot
=50 12 dt? £ w).

t=0

Arguing as in the last part of the proof of Lemma 3.4.17 (the one regarding the potential part of
the energy, with £ = 2) we have

d2

o2 EPo(uy) < CEEt  (u) =C e W (u)dV

Bs/4(p)
t=0 8 Bs,4(p)

where C' > 0 depends only on || X*[|c2(z,) since by direct computation for the Jacobian

|5 (Vislou) 0.

This, together with (4.13) and the bound for I”(0), concludes the proof. O

< C([IX*le2(ay)) -
LOO

Lemma 4.2.8. Letn >2,pe M, sy € (0,1), s € (s0,1) and assume that M satisfies the flatness
assumption FAo(M, g, R,p, ). Then, there exist Ay and Cy, depending only on n and sy, such
that the following holds. Let u: M — (—1,1) be a solution of (—A)*/?u+ e=*W'(u) = 0 which is
A-almost stable in Br(p) C M for A < Ag/R""* (see Definition 4.2.1). Then, for every § >0

C
Rl—"/ VuldV < —2 4 5R1—”/ \VuldV .
Brya(p) (1—s)d Br(p)

Proof. Since the statement is scaling invariant, as the constant Cy does not depend on €, we can

assume R = 1. See the beginning of the proof of Lemma 4.2.4 for details on the scaling.

We show that there exists a constant Cy = Cp(n, sg) > 0 such that, for any given 6 > 0, there
holds o

IVull s, ) < =9y + 8[| Vull L1 (B, p)) -
In particular, this C' does not depend on e.

Let X be a vector field compactly supported in Bs/4(p) to be chosen later, and let us denote
B := Bj(p) during this proof. Let also Vxu := (X, Vu). Since the second variation (2.8) is
continuous with respect to the H*/ 2(M) topology, by density we can test the almost stability
inequality with any & € H*/?(M). Testing the almost stability inequality with £ = |[Vxu| €
H*/?(M) gives
0 < EHIVxul, [V xull + AIVxull?s )

On the other hand
E0w) IV xul, [V xul] = E5(u) [V, Vxu] — 4 / / (Vx) 4 (0)(V ) (@)K (p, 0)AV,dV,
BJB
thus we find that

1 [ (730 070K (. V3V, < E )T 0, V] + ANVl s
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Moreover, by Lemma 4.2.7 and Lemma 4.2.4 respectively, we have

N (u)[Vxu, Vyu] < C (53 / VUPZ"*aVdz + €52 ) <“)>

3/4(13, )

Bs / IVUP2'"%dVdz +1 ],
Bf (p,0)

for some C' = C(n, [|€l|c2(5,(0)), Ao), where ¢ = X' o and Ag will be chosen shortly depending
only on n and sg. Hence

// Vxu)+(p)(Vxu)-(q)Ks(p, q)dV,dV, <C< / VU 22 %dVdz + >+A\|vxu”i1(3)

Now, since by Lemma 3.4.13 there holds Ks(p,q) > ¢y > 0 for all (p,q) € B x B, for some
constant cg = co(n, s9) > 0, we have

1V x4 23 (V) 123y = / [ (Vxu)s@)(Vx0)-(@dva,

// (Vxu)+(p)(Vxu)—(q)Ks(p, q)dVpdVy .

| /\

Also
V0 loacey = 170Ny = [ Txwdv 2 [ (Fux)av
:/ div(uX)—udiv(X)dV:/ ’LL<X,N>dO’—/ udiv(X) dV ,
B OB B

where N is the outer unit normal vector field to B. Then, since |u| <1

(Vxw) 4l ) — 1(Vxw) - llnm | < 1 X pem) + 1div(X) [ Loy < C (1Elley 5 0))) -

Hence, we get

2
IVxulZig = (I(Vxw) sy + 1(Vxw) -l is)
2
= (IVxw) el — 1(Vxw) -llimy)” + AV xw) 4 o) (Vxw) -l s
_ A
<CB. [ [FUPI Vs +C + 2Vl
Bt co

Thus, for A < ﬁ =: Ay we obtain

IV xull7rz) < CBs ﬁ+ IVU|?2'~dVdz + C.
B

Moreover, by Lemma 3.2.10 with R =1, £k = 0 we have

_ c
58/ SUPA vz <~ (14 |Vuls).
B+ 1—s
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Thus, for every § > 0 by Young’s inequality

1

HVXU”LI(B) S C+ C\/l s

(1 + [IVullz1(By)

< + 6|Vl 1 ().

(1—13s)d

Now, let 7 be a smooth cutoff compactly supported in Bs,,(p) and with n = 1 on B 5(p).
Choosing X =7

a(zi above and summing up from i = 1 to i = n, together with (3.37), gives

C
IVuller 5,000 = G55 + oIVule @)
for some C' = C(n, sg), and this concludes the proof.

O

To conclude the proof of the BV-estimate for almost stable sets, that is Proposition 4.2.5, let
us state an abstract (but very useful) result due to Leon Simon that we will need at the end of
the proof. We include the proof of this result in the appendix.

Lemma 4.2.9. Let $ € R, M, >0 and S : B — [0, +00) be a nonnegative function defined on
the family B of open balls contained in the Euclidean ball B1(0) C R™ that is subadditive for finite
unions, meaning that whenever B C |J, B; a finite union then S(B) < >, S(B;). Then, there
exists a constant 6o = 0o(n, ) > 0 such that, if

T"BS(BT/4($())) < 6,7°S(B,(20)) + M,  whenever B, (xo) C B(0),

then
S(B1/4(0)) < CM ,

for some constant C = C(n, ) > 0.

Remark 4.2.10. The standard situation where this lemma is of use is when one can obtain, for
some 0 € (0,1) and C > 0, an inequality like

IVullpas,) < C+ CHVUHiq(B‘l)-
Indeed, if this holds, then Young’s inequality gives, for every é > 0, that

[Vullpas,) < C +90||Vull L, + C(9,0)
- 6HquL‘1(B4) + 01(5, 9) :

Then, just by scaling and translating for every B,(x) C R™ we get
r VUl La (s, @y < 0TI Vullags,, ) + C1(6,0) -
From here, choosing § = d5(n,q — n) the one of Lemma 4.2.9 one concludes a uniform bound
IV ullo(5, ) < CC1 (66, 9).
We can now give the proof of Proposition 4.2.5.

Proof of Proposition 4.2.5. Let Ag and Cy be the constants given by Lemma 4.2.8. Fix any
Euclidean ball B,(z) C Bs4(0). Consider the subadditive function (defined on the family of
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Euclidean balls contained in Bj/4(0))

S(B(z)) = / V| dV |
(B (2))

Notice that FAz(M, g.1,p.) implies By, s(¢(x)) C ¢(B(x)) and ¢(Bis(@)) C Byys(o()).
Hence, by Lemma 4.2.8 applied with R = 4r/5, for every 6 > 0 and B,(x) C Bs4(0) we have

C

rlinS(Br/S(x)) < 57‘17718(87"(%)) + m ’

for some C' = C(n,sp) > 0. Using Lemma 4.2.9, taking § the one given by the lemma with
B=1—n,p=23/4,0=1/8, we find that

C
SBysO)= [ [valdv <5
©(Bs/5(0)) -9

where C depends only on n and sq. In particular, since By 4(p) C ¢(Bs/g(0)) this concludes the
proof. O

Now, we will prove the full BV-estimate by iteratively reducing to the almost-stable case
thanks to a covering lemma, which is inspired by the proof of Proposition 2.6 in [FZ24].

In the following lemma we denote by Q,(z) C R™ the (hyper)cube of center = and side 7.

Lemma 4.2.11. Letn>1,m >0, 0 € (0,1), Dy >0 and 8 > 0. Let S : B — [0,+0) be a
subadditive® function defined on the family B of the (hyper)cubes contained in Q1(0) C R™, such
that

(i) sup  S(Qy(z)) =0 asr—0.
{z:Qr(z)eB}

(1i) Whenever Q,(xo), Qr(x1), ..., Qr(xm) C Q1(0) are (m + 1) disjoint cubes of the same side
at pairwise distance at least Dor, then

3i e {0,1,...,m} such that S(Qg,(z;)) <1°Mjy.

Then
S(Q1/2(0)) < CMy,

for some C = C(n,0,m, 3, Dy) > 0.

Proof. Let p =27 for a fixed integer k > 1, and consider the regular partition of Qy(0) into 2+"
cubes of sidelength fp. Let us call §; := {Q!} the family of cubes in this partition. In this way,
clearly #8§1 < p~™. Let xll denote the center of the cube Qil and, for every A > 0 and cube Q of
side r, let AQ be the cube with the same center and side Ar.

Now, we split the family §1 as §1 = &1 UB; into the families of good and bad cubes as follows.
Start by considering Q1, if there holds

S(Qf) < Mop” (4.14)

then it is considered a good cube, we assign it to ®; and we remove it from Fi. On the other
hand, if Q1 does not satisfy (4.14), then we assign it to the bad cubes B; and remove it from

3Meaning subadditive for finite unions of (hyper)cubes.
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§1. Moreover, if this happens, also all the cubes Q € §1 such that the distance of %Q from %Q%
is less than Dgyp are considered bad as well, so they are assigned to 8; and removed from F;.
Importantly, this last rule (of labeling bad the cubes nearby a bad cube) is applied only to the
cubes that are still in §;. Once a cube is classified as good and placed in &, it is no longer
reclassified in later steps.

By a simple count, there are at most (2 + 2Dy + 44/n/6)" such cubes. We continue this
procedure of splitting §1 in good cubes and bad cubes until there are no cubes left.

By property (ii), we may have assigned cubes to the bad set B; at most at m steps. Since
at each of these steps we removed at most (2 + 2Dy + 4/n/6)" cubes, this means that #B; <
m(2 + 2Dg + 4\/75/0)71 =: Np.

Regarding the good set &1, we know it contains at most #g1 < p~" cubes since this is just
the total number of cubes in the cover. Moreover, by construction in every Q € &; we have

S(Q) < Myp”.

Hence

S(Q(0) < Y S(Q+ Y S(Q < Mpp” "+ Y S(Q).

Qe®, QeBy QeB

The argument continues iteratively under the same scheme, on the union of the at most Ny bad
cubes that are in B7. Consider the partition §s := {Q?} of the cubes in B obtained splitting
each cube into 2" smaller cubes of side 0p%. Notice that #F2 < Nop~ ™. Now assign cubes in Fo
to the good cubes B, or bad cubes By as before: starting from Q3, assign it to &, if

S(Q%) < Myp*? |

and then remove it from §. Else, if this is not the case we assign Q% to the bad cubes B, and
remove it, together with all the cubes Q € §2 such that %Q is at distance less than Dgp? from
%Q% Continue the procedure until there are no cubes left in §2. By property (i7) again, exactly
the same argument as in the first part shows that §2 contains at most Ny = m(2+2Dg +4y/n/0)"
cubes assigned to the bad set, that is #%85 < Ny. This produces a partition §2 = G2 U By, and
we get

DS D SQF Y S(Q < NoMp™ "+ ) S(Q).

QeBy Qb Q€eBy QeBo

Iterating this argument, after k steps we have always #%; < Ny, and in particular by (i) and
subadditivity

S(Br) < Y S(Q) =0,

QEBy

since each Q € By, has side #p* — 0. Thus, the set of the points belonging to infinitely many bad
families is S-negligible. Hence?

S(Q0(0)) < Mop” ™™ + NoMop® ™" + NoMop™ " + ...

_ : N,
< NoMyp”® nzpjﬁz — :

— 0. 4.15
= pp -1 (4.15)

4Note that we could also have stopped the exhaustion process when the error in the tail of (4.15) is less than the
constant on the right-hand side, and we would have obtained the estimate with two times this constant.
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Now notice that Q;/5(0) can be covered, for some £ = &, dimensional constant, by &,0~" many
cubes of side §/10 such that the cube with the same center and side 1/10 still is contained in
Q1(0). Since property (ii) is translation invariant, covering Q;/»(0) in such a way gives

&0 "No_ - & "m(2Do + 3v/n/0)"
pp B -1 pr(p~? = 1)

and as this holds for every p = 27%, just choosing any fixed k gives the desired estimate.

5(91/2(0)) < My,

O]

Theorem 4.2.12. Suppose that M satisfies the flatness assumption FAs(M,g,1,p,¢), in the
sense of Definition 3.4.1. Let so € (0,1), s € (so,1) and w : M — (—1,1) be a solution of the
Allen-Cahn equation (2.7) in Bi(p) C M with parameter €, and with Morse index mp, (,)(u) < m.

Then o
/ |Vulde < ——,
Bi/2(p) L—s

for some constant C' = C(n, sg,m).

Proof. For a set E C R" denote by AE := {\y : y € E}. Consider the subadditive function®
S@= [ Ivulav,
o

defined on the cubes Q C Q;(0).

Claim. S satisfies properties (i) and (ii) of Lemma 4.2.11 with My =C/(1—s), B =n—1,
6 = 1/8, and Dy depending only on n, sp and m.
Proof of the claim. The first property is clear from the definition of S, since u is smooth. The
second property is a consequence of the Morse index of u being at most m.

Indeed, let Q,(x¢), Qr(z1),..., Qr(zm) C Q1(0) be (m + 1) disjoint cubes of the same side at
pairwise distance at least Dor, and let g; := ¢(x;). Then, since B, /5(z;) C Q(x;) by Lemma 4.2.2
and Lemma 3.4.13 for at least one £ € {1,...m}, the inequality

Cim

£ Wl6,€) 2 5 s 1617 5, oty

holds for all § € C2°(B,2(qe)), for some Cy = C1(n, sp). That is, u is a A-almost stable solution
(in the sense of Definition 4.2.1) in B, 5(q) with A = (DOC%

Note that, in this case, on the rescaled manifold M := (M, (2/r)?g) we have that u is a
A(r/2)"+s-almost stable solution of (—A)*/2u + (2¢/r)~*W’(u) = 0 in Bi(g), and the flatness
assumption FAo(M, (2/7)2g, 1, qu, Par/2) holds.

Let Ay be the constant given by Proposition 4.2.5. Then, there exists Dy = Dy(n, so,m) > 0
so that u is a A-almost stable solution of the Allen-Cahn equation in Bi(g,) with

C’lm < Ao,

4= Doy =

5The factor =—— inside w(ﬁ Q) is needed to have ﬁ@ C By/2(0) for @ C Q1(0) in order to apply Lemma

3
3.4.13.
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for Dy sufficiently large. Hence, by Proposition 4.2.5 we get

/; \Vubd‘//\' < ¢
B 4(ar) L—s

and, since QD(Q# (z¢)) C B, s(qe), scaling back this inequality on M gives

S(Qrs(xe)) < / |VuldV < 17?87,71—17

Br/S(Ql)
for some C' = C(n, sp,m), and this concludes the proof of the claim.
Hence, all the hypothesis of Lemma 4.2.11 are satsfied, and we get

C

8(Q1/2(0)) = / [VuldV < 15

R0
/n

Now, the fact that the BV-estimate holds in By j»(p) follows by FA3(M, g,1,p,¢) and a standard
covering argument, and this concludes the proof. O

As a corollary, simply by scaling we immediately get Theorem 1.2.13.

Proof of Theorem 1.2.13. Since the flatness assumption FAs(M, g, R, p,¢) holds, the rescaled
manifold M := (M, R™2g) satisfies FAo(M, R~2g,1,p, vo,r). Hence, Theorem 4.2.12 gives

/ |Vu]§d17 < L,
Bi/2(p) l—s

for some C' = C(n, sg,m). Scaling back this inequality on M gives the result.

4.2.4 Density estimate and energy decay

Now we have all the tools to prove the density estimate of Proposition 1.2.16.

Proof of Proposition 1.2.16. Since the statement is scaling-invariant, we prove the result just for
R = 1. In what follows, C, ¢ > 0 denote constants depending only on n,s, and m that can change
from line to line, and, in general, C is big and c is small.

We argue by contradiction, suppose that fB1 ) |14ue| < wp and that {u. > —%}ﬂBl/g (p) # 2,
for some 1 > Cye. The constant Cy = Cy(n, s, m) > 0 that will be chosen during the proof.

First, by continuity of u. and by taking wo < |Bj/2(p)|, there will be a point ¢ € By 5(p) for
which |uc(q)] < 5.

Claim. There exists a = a(n, s) € (0,1) such that

I:UE:ICDC(BE/g(q)) < Ce™™, foralle < 1/10.

Indeed, let n € C°(B2(0)) be a cutoff function with XBs/5(0) < 1 < XB,(0)- Then, the function

() := us(p(e1(q) + ex))n(x) is well defined on the whole R", since u depends only on the
values of u. in p(Ba(p"1(q))) C ¢(B1). Now, by the flatness assumption FAo(M, g, 1,p, ) we
have that u satisfies |Lu| < C in B;(0), where the kernel of L satisfies (A.1) by Proposition
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3.4.6—see in particular inequality (3.38). Hence, by Lemma A.1.2 we have [fl]ca(lgm(o)) < C, thus
[ue]ca (B, 5(q)) < Ce™® as desired.

Then, for all £ sufficiently small (depending on n and s), we have |u.| < % in the ball B.(q).

2
Using that W (u) = (1 — u?)?, we deduce

et W(us)dV > ¢, >0
Be(q)

for some dimensional constant c,.

Let now U be the Caffarelli-Silvestre extension of ue in M = M x (0,00). The previous lower
bound on the potential energy in B:(q) leads to

Bs

e EL (U) =" ( 5 /~+ AT\VUPdVdz + ¢ W (ue) dv> > .
: BE (q,O)

Be(q)
By the monotonicity formula of Theorem 1.2.2, for A € (0, 1), we deduce that

SEZ.(U) - Cgﬁj\rp(U)
P T ()

Vpe (Oa Rmon)»

where Ryon is the radius given by the monotonicity formula and can be taken to be Ryon =
injy/(q)/4—see Remark 1.2.3—and thus by hypothesis is Ryon > 1/8. Subtracting p*~"E5+ (U)
Ap

to both sides gives

Exiymr (U) E=+ (U)

Bp \B)\p — B>\ _

2 ST = A" 22— > (1 = N )¢y, 4.16
pTL—S — ( ) (Ap)n—s — ( ) ( )

provided Ap > ¢ and p < 1/8.

Now let £ > 0 be an integer that will be chosen later sufficiently large, depending only on m,
n, and s. For k € {{,/+1...,/+ m}, cosider the annuli

Av:=B_1 ()\B_._(g), and Al :=B", (¢,0)\B", (q,0).

1
22k+3 22k+4 22k+3 22kF4

These are (m 4 1) disjoint annuli at pairwise distance at least 2-2(m++1) " Since u has Morse
index at most m by hypothesis, by Lemma 4.2.2 there is one of these annuli, say Ay, where u is
A-almost stable in A with

A = mmax sup _c < Om23mAt1)(nts)
i Aixa; d(@,y)Ts

Set pi = 2-F*4) and note that py, this is the width of A;. By Lemma 4.2.4 (and a simple
covering argument), for every a € (0,1), we have

C
Py ERY | By, (ue) S —pp" /~+ 2|\ VUP dVdz + Ca + Cep, " EL" (ue)

852kF3  832k+3 :

IA
2|Q =

o " /V+ ATS|\VUP dVdz + Ca + Ce°.
A

k
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By (4.16) applied with A =5/7 and p = gQ_(szr?’), and using that

B , \Bf , cA;,

8 32k+3 8 32k+3

this implies

79— (2k+3)\s—ng
c< (F2HI) T 5y . (U)
832kF3 8 32kT3

<COp" / A TIVUPAVdz + Cpi e | g, (ue)
Ak 8 52k+3 8 92k+3

<Cpi " /~+ A3 VU P2 dVdz + %pz—” /~+ A7VU2dVdz 4 Ca + Ce®
Ak

Ay

<Cpi™ /g+ 217 |\VUP dVdz + 2 + 2,

k

provided we take a and ¢ sufficiently small (depending only on m,n and s). Hence, absorbing the
last two terms to the left and using Lemma 3.2.10 with k = 1, we get

gg Cpi ™ /~+ A5 VU R dVdz

Bj,,

C 1-s s
< S+C<p;n/ 1+u5|> <p1”/ |Vu5|> ,
r B21’pk (Q) B27'pk (q)

for all » > 1 provided 2rp; < 1/2. Here we have also used that g,j C E;;k in the first line.

Choosing r = (¢/4C)~/*  we can absorb the first term to the left in the last inequality. After
doing so, here we have to choose ¢ large (depending only on m,n and s) in order to have, with
the previous choice of r, that

o pr — 2r 2r
"Pk = 9okvd = 92044

‘< cw3—5</ |Vu£|> :
4 Bl/Q(Q)

and by the BV-estimate of Theorem 1.2.13 we reach a contradiction if the density wq is too small.
This concludes the proof. O

<1/2.

With these choices

From the proof of the proposition above, we can extract an auxiliary result. This fact will be
useful in the proof of Proposition 4.2.15 below.

Proposition 4.2.13. Let u: M — (—1,1) be a solution of (2.7) in Br(p) C M with Morse index
mp,p) () < m, and suppose that M satisfies the flatness assumption FA2(M, g, R, p, ). Then,
there exist positive constants Coy and g, depending only on n, s, and m, such that the following
holds: whenever ¢ < &g and R > Cog, if for some q € Br/s(p) we have |u:(q)| < 1% then

/ |Vue|dV > cgR™ 1, (4.17)
Bry2(q)
for some ¢y = co(n,s,m).
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Proof. 1t follows by simply repeating the proof of Proposition 1.2.16 above, from when we found
a point q € By 5(p) with |uc(q)| < 2 to the very last line, and using that |us| < 1 to estimate the

density |, By 2(a) |1 4+ uc| from above instead of using the bound wy. O

Lemma 4.2.14. Let s € (0,1), p € M, and assume that FAa(M, g, p, R, ¢) holds—see Definition
(3.4.1). Let uz : M — (—1,1) be a solution of (2.7) in Br(p). Then, there exist positive constants
C = C(n,s) such that, ife <1 and 1 — |uc| < & in ©(Br(0)), then

0<1—lu| <C(e/R)* in ¢(Brs2(0)).

Proof. Since the statement is scaling-invariant, we assume R = 1. Suppose in addition that
2 < wue < 1in o(B1(0)); the case —1 < u. < —-% can be reduced to the previous by the even
symmetry of W (i.e., replacing u. by —uc). Then, since u. solves (2.7) we see that v : =1 — u,
satisfies .
Lv = (=A)"%p + 550 <0, in @(By(0)).
€

Now we simply build a barrier from above for v. Fix a smooth function & € C*(R")
such that XBy (00 < 1 — o < XBj,,(0) and consider the function & := &, o ¢! defined on M,
considered to be identically 1 outside ¢(B1(0)). Since FAy(M,g,p,1,¢) holds, we have that
FA5(M, g,q,1/10,0,-1(¢),1/10) holds for every g € ¢(B3/4(0)) (see (c) in Remark 3.4.5). Then, for
every q € p(B3/4(0)) we have

|(—0)*/2€|(q) < / €(q) — ) Ks(pr 0) AV
M

<C dist(p, )Cs(p, q) AV, + 2 / Ks(p,q)dV, < Co,
B1/10(9) M\B1/10(q)

for some Cy > 0 that depends only on n and s. The last estimate follows, respectively for the
two integrals, from Lemma 3.4.13 and Theorem 3.4.6 (in particular by (3.41)). Then, using that
& >0, we have

1
L(¢ +2Cpe®) = (—A)* /¢ + 2755(5 +2Cpe®) > —Co + Co = 0, in ¢(Bs/4(0)).
Since § +2Cpe® > 1 > v in M \ p(B34(0)) we get, by the maximum principle, that v < § + 2Cpe®
in p(B3/4(0)). Hence, using that £ = 0 in p(B;/2(0)), we have shown that 1 — u. < 2Cpe® in
©(Bi/2(0)), as desired. O

The following proposition shows the quantitative convergence to zero, as € \, 0, of the potential
energy of finite index solutions to the A-C equation (2.7). The statement and proof are inspired by
those of Proposition 6.2 in [CCS21], which deals with stable solutions of the fractional Allen-Cahn
equation in R™. We, moreover, simplify the proof in [CCS21], using the lower bound (4.17) on the
BV norm that we have obtained as a by-product of (the proof of) Proposition 1.2.16.

Proposition 4.2.15. Let s € (0,1), p € M, and assume that the flatness assumption
FA3(M,g,p, R, ) holds. Let u. : M — (—1,1) be a solution of (2.7) in Br(p) C M with Morse
index mp, (p) (us) < m. Then, there exist constants C and ey, depending only on n, s, and m,
such that for all € < eg:

g7* / W(us)dV < CR"*(¢/R)?,
Bry2(p)
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where 3 := min (1%, 5) > 0.
Proof. Given q € Bg/s(p), let
rq := max(min (167 2dmt(q {Jul] < 10})),005)a

where Cy > 0 is a large constant, depending only on n and s, to be chosen later.
Observe that, if R < Cpe then

(E/R)_S/ W(u:)dV < (16Co)° (max|_y )W)|Bg/2(p)| < CR™ < C’C@(E/R)BR”.
Br/a(p)

Thus, we may (and do) assume that & > Coe. In particular, r, € [Coe, 1%] for all ¢ € Bg/a(p).

Claim. For some constant ¢ = c(n7 s,m) > 0, there holds

/ [Vue| > c(rg)”™"  whenever ry < £. (4.18)
B4"‘q( )

Indeed, if 74 < 1 2 then necessarily £ 6 = > Ldist(q, {|u| < 10}) otherwise we would obtain

rq = max(min (£, Ldist(q, {|u| < 5})), Coe) = max (£, Coe) > £,

16~

which contradicts that ry < 1%. Hence % > 1dist(g, {|u| < }) and

rq = max(3dist(q, {Jul < §5})), Coe) = 3dist(q, {Jul < {3})).

Thus, since also ¢ € Bg/s(p), there exists ¢ € {|u.| < 1%} N B§+%(p) such that dist(q, ¢") < 2r,.
£

Then, choosing ¢¢ small and Cj big (depending only on n, s and m) according to the constants in
Proposition 1.2.16, by (4.17) we have

/ |[Vues| > / |Vue| > c(2rq)n71,
B47'q (Q) Bqu (Q')

and the claim is proved.

We now produce a covering of Br/o(p) by some of the balls { B;,(q) }4e B, J2(p) 8s follows. Given
k< =5, let Xy :={q € Brja(p) : 74 € (28R, 21 R]} and let J be a discrete index set such that
{q;?}je 7, forms a maximal subset of X}, with the property that the balls BT(q}c) /4(q;-“) are pairwise

disjoint, where we denote r q’»g :=r . By construction of X, it follows that
) J q]'
X5 C U B qj)
JE€ETk

and that the family of enlarged balls
{B4T (q )} JE€ETk

has (dimensional) finite overlapping.® Note also that since R/16 > Cpe we have |logy(Coe/R)| <

5That is, every point g € {B, . & (¢~ belongs to at most N = N (n) of these balls. This is easy to check:
4r(q].) J

JE€ETk
if ¢ belongs to N of such balls, we would have the existence of N points q;-“ in By gok+1(p) such that the balls
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—5 and, by construction, the union of the sets X} when k runs on {|logy(Coe/R)] < k < —5}
covers all of Bp/s(p).

Now, on the one hand, by the BV-estimate of Theorem 1.2.13 we have fB3R/4(p) |Vu.| < CR* 1,
and this yelds

#Tp < C27H=D (4.19)

for all £ < —5. Indeed, this follows using that the balls {B4T(q§)(qj)}jejk

are all contained in B3 /4g(p). Indeed, when k < —5 then r(qf) < 1% and hence all the balls satisfy
(4.18) and are strictly contained in Bssr(p) by construction, while for £ = —5 the radius of the

have finite overlap and

balls is at least 1% so their number must be bounded.
On the other hand, for any given « € [0, 2s], we claim that Lemma 4.2.14 yields

][ W (uz) dV = ][ La—uz2av < C(i>a,
Byy(a) Bry(a) 4 r

q

where f denotes the integral average. Indeed, note that if r, = Cye the previous estimate is trivial,
while if 7, > Coe then ry = 3dist(g, {|u| < 55}) and hence we may apply Lemma 4.2.14 (recall
that ry > Coe > €) in By, (q) to get the desired bound.

Therefore, choosing « := min (32, 2s) € (0,1) we obtain—using (4.19)—that

5
(¢/R) /]3 v sc S Y em / W () dv

k=|log,(Coe/R)] jE€ETk Br(q;v)(qf)
-5
o ENY .,
=C Z Z (e/R) (ﬁ) rq;_v
k=|logy(Coe/R)] jE€Tk q;
-5

—s i ¢ ok+1 pyn

¢ Y @R (5g) TR G

k=|log,(Coe/R)]

-5

<C Z (E/R)astan:(nfa)2fk(n71)

k=|log,(Coe/R)]

—5
SCRn(g/R)afs Z (2k)17a
k=—o00

< CR"(¢/R)”,

as we wanted to show. O

4.3 Letting ¢ — 0: convergence to an s-minimal surface

With the estimates for Allen-Cahn solutions of Section 4.2 at hand, we can finally prove Theorem
1.2.17.

Proof of Theorem 1.2.17. We split the proof according to the different statements in the theorem.
Step 1. Convergence in H*/?(M).

B1 por (¢¥) are disjoint and contained in By, gox (p). Then, comparing the volumes and using that FA2(M, g, p, R, ¢)
holds gives a dimension bound on N.
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Since M is compact, there is a small radius R = R(M) > 0 so that the flatness assumption
FA2(M, g, R,p, ¢p) holds for every p € M; see Remark 3.4.3. We can then apply the BV-estimate
of Theorem 1.2.13 to get a bound on the BV norm [uej]BV(BR/Q(p)) independently of p € M.
For any o € (0,1), the interpolation result of Proposition A.1.1 together with the comparability
between Ky (¢p(z), ¢p(y)) and W (see Lemma 3.4.13) gives then the bound

// e, () — e, (@)K (prq) AV, AV, < C(n, o),
Br/2(p)xBr/2(p)

valid for any p € M. Combining this with (3.41) of Theorem 3.4.6 (with o = 0), we see that
J e, (9) — e, (0) PKCo (p,4) AV, 4V, < Clm, ),
Bprya(p)xM

which after covering M with finitely many such balls of radius R/4 shows that

[ue; | ror2ar) < C(M, 0).
In particular, we can choose some fixed o > s. Then, the (standard) compactness of the inclusion’
H?/?2(M) < H*/?(M) shows that a subsequence converges strongly in H*/%(M) to a limit function

ug € H3/?(M). Moreover, after extracting a further subsequence (that we do not relabel), we also
assume that the convergence holds almost everywhere on M.

Step 2. Convergence of Sfft(ugj) to zero and structure of ug.

Again as in Step 1, covering M with a finite number of balls of radius R so that FAy(M, g, R, p, ¢p)
holds for all p € M, applying Proposition 4.2.15 to each ball of the covering we get (for j large)
that

EN(ue,) < C(M,s,m)e], (4.20)

which shows that EPOt(uaj) — 0 as j — oo (since then €; — 0).

The fact that the limit function is of the form uwyg = xg — xEe for a set £ C M follows; since
we just proved that €5 fM ) = 0 as j — oo, of course fM (ue;) — 0 also. By Fatou’s
lemma, we deduce that i) M uo) = 0, which shows that the limit ug can only take the values +£1.
Hence ug = xg — xge for some measurable set £ C M, which is actually a set of finite perimeter
since the u., satisfy a uniform BV estimate. The fact that (1.7)-(1.8) hold, after choosing the
representative of E for which every point of E with density 1 belongs to its interior and every
point of density 0 belongs to its complement, follows from the convergence in L'(M) and the
density estimate of Proposition 1.2.16. In particular, (1.8) holds with ¢ = wy/(2wy,), where wy is
the constant of Proposition 1.2.16 and w,, is the volume of the unit ball in R™.

Step 3. Convergence of the level sets to 0F in the Hausdorff distance.
This is a direct consequence of Lemma 4.2.14 and the density estimate in Proposition 1.2.16.
Fix ¢ € (—1,1). Arguing by contradiction, assume that there exist a small » > 0 and points
pj € {ue; > ¢}, ¢; € E with d(pj, g;) > r and either B, )5(p;) N E = @ or B, j5(q;) N{us; > c} = @.
The proof of the two cases is almost identical; we carry on the full details just for the first case.

Assume that B, /2(]7]‘) N E = @ for all j. By compactness, for a subsequence, there is p, € M
such that p; — p. and B, 4(p«) C E°. This implies (up to subsequences that we do not relabel)

"The compactness of this inclusion is well known on balls of R™. This immediately gives one way of showing it
for compact manifolds as well, after covering them with a finite number of small coordinate balls and using the
same estimations for the kernel as in the present proof.
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that lim;j_,oc ue; = —1 a.e. in B, /4(ps). By the density estimate of Proposition 1.2.16 we get that
Ue; < _9/10 in Br/S(p*)a

for all j sufficiently large, and with Lemma 4.2.14 this implies u., < —1+ C(g;/7)® in B, /16(p«)-
This contradicts ue; (p;) > ¢ > —1 for j sufficiently large.

If B, /2(q;) N{ue; > c} = @ instead, we have g; — g up to subsequnces and |B, /4(g«) N E| =0
since {u, > ¢} — E in L'. Arguing as above we would get u.; < —9/10 in B, 5(¢.), and this
contradicts the fact that u.,(g;) — +1 as j — co.

Step 4. The limit set £ is an s-minimal surface.

Claim. Let X € Vect(M) and ¢y : M — M denote its flow at time ¢ > 0. Denote by
Uej,t(p) = Uaj(fﬁ—t(P))' Then

dg d€ d .
75%)1)(“6],7,5) - WPers(ﬂst(E))? and WSPOt(UEJ» ) —0, asj— oo (4'21)

Proof of the claim. Changing variables with the flow ¢;, and denoting its Jacobian at time ¢ as
J¢, gives that

d@

SOb(Usj,t) dtf

s ] 1 0-s0) = e 6@ PR 00,

4

— [ 10, 0) = e, @ P G [Kelntr). n(@) R0 @ Vv, (2.22)

and likewise

4

o per, (i) = [[ o) — uola) [0, 610) A )|V

We can rewrite the first expression as

7 |Ks(¢e(p), ¢:(q)) Ji(p) Ji(q)
(jtf SOb 637 /‘UE] uej )‘QICs(pv )dt[ /Cs(p,q) }dvdeq.

Since ug; — up in H*/2(M) by Step 1, we immediately see that
Aj = Juey (p) = uey (@) PKs (P @) = [uo(p) — uo(@)*Ks(p,q) =t A in L' (M x M).
On the other hand (3.57) shows that the fixed function

42 | Ku(60(p). 1)) Ji(p)Je(a)]
Ks(p,q)

belongs to L>(M x M). Therefore, A;B — AB in L*(M x M) as well, which gives the first part
of the claim.

For the second part of the claim, which regards the derivatives of the potential energy, we
change variables once again with the flow ¢;, finding that

4 0 l
G w) = G [ W), = [ W) Te Hp)
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Bounding the derivatives of the Jacobian (in absolute value) by a constant, we deduce that

/4
dfngx}ot(’vt)

o < CEFY(v).

Combining this with (4.20), we conclude that

as desired. O

Now that we have shown the claim, the fact that E is stationary for the fractional perimeter
follows applying the claim (with [ = 1 and ¢ = 0) and the stationarity of u., for the Allen-Cahn
energy. Indeed

d
Perg(¢1(E)) = lim —
=0 j—oo dt

dt

[Effb(u%t) + Eﬂ‘)t(ugj,t) =0.
t=0

Step 5. E has Morse index at most m (see Definition 2.2.13).

To check this, consider (m + 1) vector fields Xo, ..., X, of class C* on M.
Letting a := (ag, a1, ..., an) € R™ ! and X[a] = agXo+ ...+ am Xm, we can define the quadratic

form Q¢ (a) := %‘ Og(usj o LZJ;(TQ]), which we can write as Qc;(a) = Q’gjakal for some coefficients
t—

Q’gjl From (4.21) and the polarization identity for a quadratic form, it is immediate to see that

Q’;Jl — ngl as j — 0o, where Qq(a) := % tZOPers(¢§([a](E)) — Q’Slﬁkal-

Now, since the u.; have Morse index < m, by definition we know that for every j there must exist
some a’ € S™ such that

A 2
QEJ' (G]> = @‘t:(}g(uﬁ' o w)_(iaj]) Z Oa
the convergence of the coeflicients Q’;jl to Q& then immediately shows that Qp(a) > 0 for some
a € S™ as well. O

4.3.1 Allen-Cahn limits are viscosity solutions

The rest of this section is devoted to proving that the sets constructed as limits of solutions to the
Allen-Cahn equation (which were shown to be critical points of the fractional perimeter under
inner variations) are actually viscosity solutions to the NMS equation.

Proposition 4.3.1. Let s € (0,1) and assume that uc; are solutions to the A-C' equation (2.7)
on M, with parameters €; — 0 and Morse index m(ugj) < m, and that Ug; —> U = XE — XEe N
H*/2(M). Then OF is a viscosity solution of the NMS equation.

That is: whenever p € OF, and ¢ : By, (0) — V is a diffeomorphism from By, to an open
neighborhood V. C M of p satisfying ©(0) = p and V* := @(B],) C E (where we denote
Bt :=B.N{x, > 0}) we have

lim (xF — xre)(Q)Ks(p,q)dV, <0,  for F=V1TU(E\V).
™0 J M\B, (p)

Let us recall some preliminary facts.
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Lemma 4.3.2 ([PSV13]). There exists a unique increasing function v, : R — (—=1,1) with
v5(0) = 0 that solves (—A)*(vo) + W (vo) =0 in R.

Remark 4.3.3. Let A be any symmetric positive definite matriz with A, = 0, 1 < i < n.
Defining ve r(x) = vo (e~ (xn, — 7)) (where v, is the function of Lemma 4.3.2) we have

Qp

)

(UE,T ($) — Ve r (y)) .,
/ A =g Ay W () =0,

where |A| denotes the determinant of A

Remark 4.3.4. We will implicitly use the following fact many times. Let ¢ : B, (0) — M be
a diffeomorphism onto its image with p(0) = p, and let F C M be a measurable set. Then, for
€ (0,1) the limit

lim (xr — xre)(@)Ks(p, q) AV,
TVLO M\B'r(p)

exists if and only if the limit
lim (xXF = xre)(@)Ks(p, @) AV,

™0 J M\ (8- (0))

exists, and if they do exist they coincide. This is not due to cancellations and can be seen as
follows: forr sufficiently small (so that FA1(M, g,p,r,¢) holds), by Lemma 3.4.13 we can estimate

l / (xr — xre)(@)Ks(p, q) dVy — / (xr = xre)(@)Ks(p, q) dVy
M\B-r(p) M\p(Br(0))
1 c
<C AV, < = Vol(B,(p)Ap(Br(0))) = 0,
Br(p)Ap(B,(0)) Alg,p)n s T T s (Br( (B:(0)

as r — 07, since Vol(B,(p)Agp(B,(0))) = O(r™ ™) for small r.

Proof of Proposition 4.3.1. We suppose by contradiction that for some p and ¢ : B,, — V as in
the statement of the proposition we had

lim (xF — xre)(@)Ks(p, q) dVy > 25 > 0, for F=VTU(E\V). (4.23)
™0 JM\B: (p)

Our goal is to obtain a contradiction.

Let us make the following useful observation that we will use several times throughout the proof.
Let ¢ := B, — W C V be another diffeomorphism with ¢(0) = p such that V¥ nW C ¢(B}).
Put G = (B}) U (E \ (B,)); then

(xa — xae)(q) > (xr — xFe)(q) forall g € M.

Hence, the integral (4.23) only grows when replacing F' by G. In particular, this applies to
“restrictions of domain”, such as 1) = ¢|g, for any ¢ < go.

Step 1. Setting = (2, z,,), we claim that we can replace F' by
Fy = p({x € By, : xp >t/ U(E\ V)

in (4.23), for t > 0 sufficiently small, provided that we also replace 26 by d. In fact, this is a

112



consequence of the fact that

f(t) == lim (xr — xre)(@Ks(p, @) dVy
™0 JM\B, (p)

is continuous in ¢. Since f(0) > 24, for ¢ > 0 sufficiently small, we will still have f(¢) > d > 0. We
now prove that f is continuous.

Fix 0 < 0 < t, p sufficiently small so that FA; (M, g, p, 20, ¢) holds (here we use the observation
at the beginning of the proof regarding the domain restriction) and r < g. Let

S:=F,\F; CV =¢(B,).
We have

' / (xF, — XF,)(@)s(p, q) dVy — / (Xm — xFe)(@)Ks(p, q) AV,
M\ By (p) M\B;(p)

. / (@)K (p, @) dV,
VA\B:(p)

9 / Xom1(5) (2)Ka(p, 9(2)) || d2
Bo\¢~1(Br(p))

Xo-1(5)(2)
|Z’n+s

<C dz, (4.24)

BQ\BT‘/Z
where we have computed the integral in coordinates ¢~ and we have used Lemma 3.4.13 to
estimate the kernel K4(p, o(2)) = Ks(p(0),¢(2)). By the very definition of S, for 0 < R < p, it
follows that H" 1 (¢~1(S)NOBRr) < CR"2-C|t—o|R? = C|t — | R™. Hence, by polar coordinates

Xe-1(5)(2) /@ L1, 1
A CIA ST 1L (o7L(S) N OBR) dR
/BQ\BT/Q |2 rj2 RV ) )

o
<Clt—ol | R*dR= f? [t —ol(e' ™ —(r/2)'7).
r/2 5

Thus, letting r — 07 in (4.24) gives

[f(t) = f(o)| < Clt — olo"™.

In particular, f is continuous and this concludes Step 1.

Next, fix t = t, > 0 small and choose “Fermi coordinates” adapted to the hypersurface I' :=
o({zn = to|2|?}) around p. More precisely: there exists a diffeomorphism v : B, — W = 1(B,,),
with ¢(0) = p and W C V open neighborhood of p, such that for all z € B,,,

Tn, if z, >0
—x, iz, <0

d(p(z),T) = {

and @Z)(Bg'l) =W nNeBy, N{x, > t|z'|?}).
Moreover, since G := 9(BJ,) U (E\ W) contains F; we have

lim (Xe¢ — xa) (@) Ks(p,q)dVg 2 6 > 0. (4.25)
™0 JM\B: (p)

113



Also, by construction we have
U(Bg, N{xn > —cl2'|’}) C E,

where ¢ > 0 depends on .

Step 2. We now perform a key computation in coordinates. Let us now choose a smooth
cutoff function n : R® — R satisfying x5, <71 < x5, and put

no(x) :==n(xz/0) and 7, :=mn,0 oL (4.26)

Let K(x,y) = Ks(p(x), ¢(y)) be the expression in coordinates ¢~! of the kernel K(p, q) for
p,q € W, that is, for z,y € By. Let g;; : By, — R"™ denote the components of the metric in the
coordinates ¢!, Since ¢! are Fermi coordinates, we have

9ni = Gin = 5m'7 1<e<n. (4.27)

This will be crucially used later.

Fix ¢ € (0, 01/2) small to be chosen later. By (4.25), we have for G, := (B/}) U (E \ ¥(B,))
and H := {x, >0} CR"

lim (xa — xue) (W) K (0,y)n,(y)V/19/(y) dy = lim (Xa, — Xae) (@) Ks(p, a)7o(q) dVy
110 J5;,\B, O MN\B(p)
>6— (xE — xE) (@) Ks(p, @)(1 — ) (q) dVy.
M\ (B,)

Notice that B,.(0) is not the same as ¢! (B,(p)), however as it will become clear from the proof
below, the limits as r | 0 of the corresponding integrals give the same value.

Let us also write
Qn s

K(z,)V/]9l(y) = A Vigl(@) + K (z,y),

where A(z) is the nonnegative definite symmetric square root of the matrix (g;;(x)). Notice that,
thanks to (4.27), we have A,;(x) = A (z) = dp; for all 1 <i < n. Also, by Proposition 3.4.6 the
kernel K (x,y) is not singular, in the sense that

K (z,y)| < CA+ |z —y["7H).

We thus have

s lim (xm — XH)M0(y)

r0 /B, \B, |A(0)(0 — y)|2+s \/@(O)dy >0 — /M\w(Bg)(XE — xE) () Ks(p,q)(1 — 7,)(q) AV,

- /B (e = x1) W) K (0, 9)mo(y) dy
o (4.28)

Let us now recall the assumption that Us; — Up = XE — XE°, and let us define for z in a
neighbourhood of 0

~

fi(z) = —/ us; () K (¥ (), q)(1 — 7o) (q) dVy — / (ue; oY) (y) K (x, y)n,e(y) dy
M\ (B,)

Bs,
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and

foo(w) = —/ (xE—xE)(Q)K (W (2),q)(1-1,)(q) qu—/ (xE—XE) (W) EK (2, y)n,(y) dy
M\ (B,)

20
Define also

I(0) := /B (xe — x8) (W) K (0,y)n,(y) dy — /B (xrr — xue) (W) K (0,9)n,(y) dy

Fixing ¢ > 0 small enough, we will have |I(p)| < /4. Then, is not difficult to show (using the
kernel bounds of Proposition 3.4.6 and of Lemma 3.4.13) that fj(z) = foo(x) uniformly for all x
in a neighborhood of 0, and that f., is continuous in a neighborhood of 0. As a consequence, we
have |f;j(z) — foo(0)| < §/4 for all x € B,,(0) and j > j,, for some jo.

On the other hand, recall that (—A)%uc; + EJSW’(ugj) =0 in M. Hence, in particular

liﬁ)l (ue; (¥(x)) = ue,; (q)) Ks(p, q) AV + 5 W (e, (¢(2))) = 0
r M\By(¢(x))

for all x € B, (0). Proceeding similarly the previous equation can be rewritten as

(1 0 )(@) = (2, 0 0))1,(0) oy e
o [, G P Jgl(w) dy + W e, (6(@) = (o). (4:29)

4

Notice also that (4.28) can be rewritten as

: (xm — XH)10(Y)
T g, 1A — e VINO W 20 SO+ ).

We now define ve () = vo (e (z, — 7)), Where v, : R — (—1,1) is the function from Lemma
4.3.2. In view of Remark 4.3.3, we have for x € B,,(0), j large, and |7| sufficiently small,

N

Qn s

)

(vejﬁ(l’) - Usj,r(y))ng(y) -
/329 |A(z)(z — y) |t Vigl(z) dy + g5 " Wh(ve, 7)) <

This implies that whenever = € B,, j sufficiently large, and |7| sufficiently small

('Usj,T(l') - Usj,T(y))ng(y) —syr7/ ) . é
Qs /B A2) (@ — ) Vgl (z) dy + g; " Wive; 7) < fi(w) 1 (4.30)

20
In other words, we have shown that v, ; is a strict subsolution of (4.29).
1

Step 3. We now reach the desired contradiction. Fix now 6 € (O, W) sufficiently small (to
be chosen) and let

—1460 ifte[-1,-1+6),
Eo(t) =4t if t €[-1+6,1-06),
1—60 ifte[l—0,1].

By the Hausdorff convergence of the level sets of u.; which we have proved in Step 3 at page
109, for any t € [~1+ 6,1 — 0] the set {x € Ba, : (u, o ¢) > t} converges in Hausdorff distance
towards ¥ Y(E) D {z € By, : z, < —c|2’|*}. Hence, for every fixed 7 > 0 we have, for all j
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sufficiently large, L
§gouc; 0 >E&ov, r in By,. (4.31)

Let us define
7j:=min {7 € R | (4.31) holds for j } .

Notice that by definition of 7; there is z; € Bap N {|ue,| < 1 =0} N{Jve, | <1 —6}. By the
previous Hausdorff convergence property of level sets, it must be z; — 0 and 7; — 0 as j — oo.

Let us show that, if 6 is chosen sufficiently small, we have
U, 0 > Ve, 7y in By o (4.32)
Indeed, thanks to (4.29)-(4.30) the difference
W= Ug; O — Vg 1,

satisfies

— (w(x) _ w(y))%(y) x é —s (v W' (.. o x in
Lw(z) = n/B A @ = g Viglw) dy > - +e7* (W (ve, 7,) = W' (ue; o)) (x)  in By..

(4.33)

Notice that since (4.31) holds for 7 = 7; we have w = ve; . — (ue; 0 p) > —0 in Ba,.
Assume now by contradiction that infg , w < 0. Recall (4.26) and define

= _0+tnro/2 .

and let ¢, € [0,6) be the supremum of the ¢ > 0 such that w > 7, in By,. By construction there
exists x, € B, such that

(w =7, )(x:) =0 while w—7, >0 in By,

Now evaluating the integro-differential operator £ (whose kernel is supported in Bs,; see
(4.33)) at the point x, we obtain

IR

o

CO > L7 (xy) > Lw(xo) > 1 +¢; (W (ve,r,) — W lue, 0 9))(20) > —,
Notice that W" > 0 in the interval [uc; o p(%o), Ve, r, (75)] because (4.31) holds for 7 = 7;, and
hence either u.; o (o) > 1 -0 or v., r,(7,) < —1+6. Therefore, choosing 6 > 0 sufficiently small
so that CO < §/4 we reach a contradiction. Hence, we have proved that w > 0 and (4.32) holds.

Finally, take j large so that x; € B, /4 (recall that z; — 0 as j — o0). Using that w > 0 in
B, 2, w(zj) =0, and w > —0 in By, \ B, and evaluating Lw at the point x; € B, /4 we obtain,
similarly as before

Cr0 > ~ans | wlwlnew) ey dy = Lw(e;) >

B, |A(z))(z; —y)|"+e

Choosing 6 > 0 sufficiently small, we obtain a contradiction, and this completes the proof. O

RS

The “surfaces” ¥ belonging to the class A, (M) enjoy some additional properties compared to
those already described in Theorem 1.2.17 and Proposition 4.3.1. We record them in the following
remark.
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Remark 4.3.5. Fvery ¥ = 0F € A,,,(M) also satisfies that if FAo(M, g, R, p, @) is satisfied, then
the following hold:

(1) BV and energy estimate. For some C = C(n,s,m) > 0 there holds

Per(E; Brjs(p)) < CR™™'  and Pery(E; Bgjs(p)) < CR"™.

(2) Density estimate. For some positive constant wy, which depends only on n, s and m, we
have that if R™"|E N Br(p)| < wo then |E N Bgrjs(p)| = 0.

Indeed, by Definition 1.2.7 of Am(M) we can find a sequence u.,, made of A-C solutions with

Morse index < m and parameters £; — 0, converging to E in L*(M), and also in H*/>(M) thanks
to Theorem 1.2.17. Then, property (1) follows from the lower semicontinuity of the BV norm under
L' convergence and the convergence of Sobolev energies under strong H/? convergence, together
with the fact that the ue; satisfy uniform BV and Sobolev estimates themselves by Theorems 1.2.13

and 1.2.15. Similarly, property (2) follows from the L' convergence and the density estimates of
Proposition 1.2.16 satisfied by the u.; themselves.

4.4 The Yau conjecture for nonlocal minimal surfaces

We can now combine the existence and convergence results in the previous sections to prove the
Yau conjecture for nonlocal minimal surfaces.

Proof of Theorem 1.2.4. Fix p € N. Theorem 1.2.12 gives the existence, for all € € (0,¢,), of a
solution u.p to the fractional Allen-Cahn equation with Morse index m(u. ) < p and energy
bounds

Cp*/m < (1 — 8)E5(ueyp) < Cp*/™. (4.34)
Thanks to the convergence result in Theorem 1.2.17, we can find a subsequence {¢;}; such that
the u, » converge in H*/2(M) to a limit function

Uo,p = XEP» — XM\EP

where OFE¥ is an s-minimal surface and 0E? € A,(M) by definition. Moreover, by (4.34) and
the strong convergence of the Allen-Cahn energies stated in Theorem 1.2.17, we deduce that the
fractional perimeter of EP satisfies the bounds

C~1p3/m < (1 — s)Pery(EP) < Cp*/™.

In particular, the fractional perimeter of the EP goes to infinity as p — oo, whence we conclude
that the family {EP},cn is infinite. O

Remark 4.4.1. We remark that, unlike in [GG18] or [MN17b], due to the strong convergence as
e — 0 there is no multiplicity phenomenon in the following sense. Two sets E® and E¥ as in the
proof of Theorem 1.2.4 above, respectively limits of the sequences uep and ugp as € — 0, for which
lim (1 — s)&3 lim (1 — s)&% /
El_f}(l)( $)Ex (uep) # El_ff(l)( $)Exs (e ),
are necessarily distinct. Hence, their boundaries correspond to geometrically distinct s-minimal

surfaces. This does not prevent, for example, that E® = EPTL for some p since the above bounds
do not prevent that (1 — s)Perg(EP) = (1 — s)Perg(EPT).
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4.5 Regularity and rigidity results

4.5.1 Blow-up procedure

The goal of this subsection is to explicitly show how to perform blow-ups of (sequences of)
s-minimal surfaces around points with flatness assumptions, proving strong convergence results
for the blow-up sequence to a Euclidean limit surface in a manner similar to Section 4.3.

Definition 4.5.1 (Blow-up sequence). Let (Mj,g(j)) be a sequence of closed manifolds
of dimension n, and let p;j € M; be points such that M; satisfies the flatness assumption
FA3(Mj,g(j), 1,pj,¢j). Suppose in addition that g,(cjl)(()) = Op1, i.e. that the metric of M; with
respect to the chart 4,0]71 at the point 0 is the Fuclidean metric.

For each j, let OF; be an s-minimal surface in M;, satisfying uniform BV estimates in the
sense that there is some Cy independent of j such that

Per(¢;1(Ej); B,(x)) < Cor™t  forallz € Byijp and r € (0,1/4),

where we put 90]._1(Ej) ={y e Bi:yy) € E;}.
Given r; 0, a sequence of subsets of R" of the form

1 _
Fj = ;(pj 1(Ej) C Bl/rj C R"
J

(for some Mj,p;, Ej as above) is called a blow-up sequence.

Remark 4.5.2. Fj is a blow-up sequence if and only if there exist (]\/Ij,ﬁ(j)), pj € ]\/ij, and
R; /oo such that

e Per(Fj; B,(z)) < Cor™™ ! for all x € Br; o and r € (0, R;/4);

o FA3(M;,§9), R;,5;, 35) holds and G} (0) = G, where i) = G9((§)+(ex), (35)s(e1) de-
notes the metric in coordinates;

e For each j there is an s-minimal surface GE]- in ]\/Zj such that Fj = g/ﬁj_l(Ej)

Proof of the remark. This follows from putting Z\/f\] = Mj, pj = pj, gy = %g(j) and R; = % in

J

Definition 4.5.1 and considering the scaling properties stated in Remark 3.4{5. 0

We record some auxiliary results. The notation K; will be used instead of K when we want

to explicit which manifold the kernel K is being consijdered on.

Proposition 4.5.3. Let F;; C R" be a blow-up sequence, with associated (]\/éTj,/g\(j)), Ej - J\/Zj and
Rj — o0 as in Remark 4.5.2. The following hold:

(i) The components @2) of the metric of ]\/4\] (using the chart parametrization @;) converge

locally uniformly to the Euclidean ones, in the sense that given Ry > 0,

sup ‘/g\,(fl)(x) — 5kl‘ —0 asj— oo.
QGBRO

(ii) The kernel K17 converges locally uniformly to the Euclidean one, in the sense that given
J

Ry > 0,
Ky (#5(2),95(y))

sup T -1 =0 asj— oc.

(x7y)€BROXBRO Ix_y‘nﬁ»s
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Proof. The first part follows from the definition of the flatness assumptions and the fact that
Rj — 00.

As for part (i), it is a consequence of Proposition 3.4.6. Precisely, it follows from putting
R = Rj and z =y — z in (3.38) of Proposition 3.4.6. O

Lemma 4.5.4. Let F; C R" be a blow-up sequence, with associated (]\/Zj,’g\(j)), Ej C ]\//.7] and
R; — oo as in Remark 4.5.2. Put

and (for a fized p < R;/4)

1 ) )
Perl) (E}: B,) = // i (2) — u;(0) K (2, 9)r 99 (2)y 9 () d dy
4 (B, xBr,)\(BsxBS)

where uj := Xp; — XFe-
Given a vector field X € C°(B,;R"™), define X := (9;)«X and extend it by zero to a vector field
on M;. The following hold:

(1) Let 0 < ¢ < 3. Then

é .
ot (Pert™ 0 (B3 (6,) — Prfd 08 i) | < G

J

(2) If xp; = XxF in Hlo/ (R™), then for 0 < ¢ <2
4 0

. d n
Wpefgj)(%((ﬂ);lgp) — WPGY]E (V5 (F); By).

: : t._ . A t._ _
Proof. We begin by proving (1). Let vj = Xwé(j(Ej) Xwé(.(Ef) and u; 1= Xt () — Xyt (Fe)-
By splitting the domain of the corresponding integral and then passing to coordinates, we can
write

1

Per Y By)) = //
s ( X( ) ( p)) 4 (@;( BR chJ(BR D\(@;(Bp)ex@;(Bp)°)

// ”;(P) —Uﬁ'(Q)PK@(p, q) dV,dV,
Lp P)XSDJ BR

== U ut ()P K (2, )1/ 99 (2))1/ 9D (y)) dz dy
4//BR SRR G V9 @)/90(

// ”5'(17) —UE'(Q)PK@ (p,q) dV,dV,
(P P)XSDJ BR

OErE) 3 [ ) = @R K ) .
25 (Bp)x;( BR j

[05(p) = (@) K7 (p,q) dV; dV,

From this computation, changing variables with the flow as in (4.22) and then passing to coordinates
in the first variable we can compute

119



£ .
i (Port® (08 (B 4(5,)) — P (05 (), 55,)

t

vj(p) — vt (q)]? K+7 (p,q) dV, dV,
‘dtf //‘PJ Bp)X%(BR ’ ! M; P

‘// X%BR [0 (p) = wi(@)l’ CZZ[KAWX() a) Ji(p)] dV; v,

Bounding the derivatives in time of the Jacobian Ji(p) by a constant, and using (3.41) with
R = R; to bound the integral in ¢, we conclude the result in (1)

| [ @ k@) 20)]

dx dV,.

To see (2), let R > p and put f;(t) := Perl) (% (F}); B,). Changing variables with the flow
(as above) and splitting the domain of the integral, for R < R; we can write

4
%Perﬁ (W (F); By)
l
Lo e 1900 00 G [RS8 ()0 (0 () 0 ) ) )| vy
1 _ dt
T3 //B‘px@]-(s}aj)\@(sR)) uste) sl 1@)'2(#‘ [

17, (B3 (W (). 0)y/99) (9 () J(a)] dz V.

Let 0 < ¢ < 3. Thanks to the flatness assumptions and (3.41) of Proposition 3.4.6, we can
bound

‘//BPWR N LG B D [K B0 (), 00 o0 ()i o

<c//BxMWB O K i), 090 W ) o)

_Rs-

dx dV,,

(4.35)

On the other hand, by the flatness assumptions and (3.54) in Proposition 3.4.16 we have that
for t € (=T,T) and j large enough so that R < R;/4
d . .
// @) =1y ()| 7 | K6 (W (@), 0 )V gD (0 (@) VgD (W (1) 1 () Je(w)|
(BrxBr)\(BgxBg)

Qnp s
<Or [ uylo) - )P dedy
BrXBgr x

|z —y[nts
S CT7

dz dy

where in the last line we combined the fact that F; has bounded classical perimeter in Bg, /4 with
the interpolation result in Proposition A.1.1
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This shows that the functions ;—; [;(t) are locally uniformly bounded for 0 < ¢ < 3; in particular,

for 0 < ¢ < 2 we deduce that the C% fj(t) are locally uniformly bounded and moreover have
a uniform modulus of continuity, thus by Arzela-Ascoli they subsequentially converge locally
uniformly. By standard single-variable calculus, to conclude our desired result it then suffices
to show that f;(t) converges pointwise to g(t) := Per (y4 (F);B,), since then the first two
derivatives of the limit function g(t) will be the limits of the derivatives of the f;(t). We shall
now prove the pointwise convergence result.

Denote u! := Xt (F) — Xopt, (Fe)- We can then write
9(t) = Per" (W (F); B,)

! 2 Qn,s
4 - ’ dz d
ooy M~ O G g 0

2 Ons .
//BW —u(y)| @) - ’n+8Jt( 2)da dy.

Clearly

2 An,s
w(x) —uly)| ———————J(z)dexdy -0 as R — oo,
//B,,Xg%' @) = ) - g @

since the integrand is absolutely integrable by (3.41) in Proposition 3.4.6. Together with (4.35),
given € > 0, we deduce that there exists an R > p (depending only on p and ) such that the
aforementioned terms are both smaller than /2 for all j large enough. From this fact and a
simple triangle inequality, we find that

Perl?) (4 (E}); By) — Per" (U (F); By)

1
<1 uj(2) = uy0) -
(BrxBr)\(B;xBg)

K (6 (), (1) 99) (0 ()1 9D (6 (1)) — T | @) dedy

1 wilx) — ws Q—Ul‘—u 2 On s (), .
+4‘//<3Rst>\<B;xss> (s @) = s = o) = w)P) g s ) ly) oy

Regarding the first term, thanks to Proposition 4.5.3 and (3.54) in Proposition 3.4.16 it can be
bounded as follows:

// i (2) — s ()]
(Brx Bp)\(BgxB3)

K (4 (), 0 ) 99 W @)V 9D W ) — s s

Ji(x)Ji(y) dx dy

Qn,s

= wi(x) —u;i(y)]? .
//mRXgR)\(Wg)’ 1) =W e Gy =
K (0 (@), o ) VID () Vg0 (y)

Qn, s

[ (@)= ()| +e

1| Ji(z)Ji(y) dx dy
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Qnp s

. . . 2 )
<oi) [ 10 0P s 2 ey
stu)cT//B @) ) dedy,

where 0;(1) — 0 as j — oc.
This implies that the whole expression goes to zero since the factor ffBRxBR luj(z) —

u](y)|2‘xfy% dx dy can be bounded by a constant independent of j: indeed, for j large enough

so that R < R;/4, the Fj satisfy uniform perimeter estimates in Br by assumption (see Remark

4.5.2), and thus also uniform fractional energy estimates by interpolation (see Proposition A.1.1).
As for the second term, we can write

‘//(BRxBR)\(ngg;;) (\uj(:v) —ui(y))? — |u(z) — u(y)‘Q) e f%{(y)‘ms Jy(2)J,(y) da dy' —

Qn s

v — |u 2
‘ //(BRXBR)\(BEXBE) (| 3(2) 5)l Ju(z) )] ) |z — y|ts

Qn,s
[z—y[ts

dx dy‘ . (4.36)

. . 2
Since uj; — w in HS/

oo (R™) by assumption, one immediately sees that

Aj(es) = (@) = w5 )P = u(e) — ulw)) 22 =0 i L

T — y’n—i-s

On the other hand,

W&(r)izg(y)wﬂ Ji(z) J(y)

B(‘T7 y) = Qn,s
lz—y["ts
is a fixed function in L{°, by (3.54) in Proposition 3.4.16. Thus A;B — 0 in L{. _, and this means
that (4.36) goes to 0 as j — oo as well.
Putting everything together, we deduce that
lim sup Pergj)(wg((};}% B,) — PerIsRn (W& (F); By)| <e;
Jj—o0
since € was arbitrary, we conclude that
£i(t) = PerQ) (Yl (F)); B,) — Per®" (¢4 (F); B,) = g(t).
As explained before, this gives the desired result. O

The main result of this section is the following;:
Theorem 4.5.5 (Convergence to a limit). Let F; C R™ be a blow-up sequence. Then, there
exists a Buclidean s-minimal surface F C R"™ such thal a subsequence of the vj := xp; — X(R™\F)

converges to v := XF — X(Re\F) i1 H{Z{?(R”)

Proof. We divide the proof in two steps.
Step 1. Convergence to a limit set F'.
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Fix a radius R. For j large enough so that R < R;/4, the F; satisfy a uniform BV estimate in
Br, as indicated in the third bullet of Proposition 4.5.3. As in Step 1 of the proof of Theorem
1.2.17 (see page 108), a bound on the BV norm implies that a subsequence of the v; = XF; — XFe
converges strongly in H®/ 2(Bg) norm. Iterating the same reasoning on increasingly large balls and
using a diagonal selection argument, we can find a subsequence (still denoted by v;) converging in
each of the norms H*/?(By,), k € N, to a limit function v = yp — X pe.
Step 2. Proof that F' is stationary for the fractional perimeter.

Fix an arbitrary Euclidean vector field X € C2°(B,), for some p > 0, and let ¢, denote its flow
at time t. N -

Since the I} are a blow-up sequence, let £; C M; and R; — oo be those given by Remark 4.5.2. For
J large enough so that p < Rj, define X; = ($;)«(X); extending it by 0, we obtain a vector field X

defined on all of ]\/J\J Since an is an s-minimal surface in ]/\Zj, %‘t:OPeryj(w%j (Ej); ?;(B,)) = 0.
Lemma 4.5.4 gives then that

Per?) (v (F;); B,)| < lim

Per™ (¥4 (F); B
" (W (F); By) _ Jim T

t=0

d
= lim ’

’dt Jj—00 dt

as desired. 0

We will next prove that the convergence in the theorem also holds in the Hausdorff distance
sense. First, we show that the assumptions in Definition 4.5.1 imply uniform density estimates.

Lemma 4.5.6. Let (M, g) be a closed n-dimensional manifold satisfying the flatness assumption

FA3(M, g, R,p, ). Suppose in addition that g,gz)(O) = Oy, i.e. the metric of M with respect to the
chart o' at the point 0 is the Euclidean metric. Let E be an s-minimal surface in M, satisfying
a uniform BV estimate in the sense that there is some Cy such that

Per(¢ Y(E); Br(z)) < Cor™ ' for all x € Brjs and r € (0,R/4).
Then there exists a positive constant wy = wo(n, s, Cy) such that if
r " EN B (q)| <wo
for some q € (Bg/2) and r € (0, R/8), then
|EN B,(q)| =0.

Proof. Notice that since the statement is scaling-invariant, it suffices to prove it for R = 1. We
also recall that the stationarity of E implies that it satisfies the monotonicity formula of Theorem
1.2.2 (with potential F' = 0). Observe also that up to modifying F on a set of measure zero we
can assume that its topological boundary coincides with its essential boundary. We then proceed
as follows:

Step 1. Positive density of the extended energy at every boundary point.
Since ¢ 1(E) is a set of finite perimeter in B; /2, De Giorgi’s structure theorem for sets of finite

perimeter gives that if z € p~1(E) N B, /2 1s in the reduced boundary, given r; — 0 the sequence

1
loc

For a fixed z as above, defining M; = M, E; = E, p; = (), rj = %, and ¢;(y) = p(z+A(2)y),
where A(z) is a matrix chosen so that the metric of M is the identity at O in the coordinates
given by ¢j;, the associated Fj := %np]_l(E) C R™ are a blow-up sequence (in the sense of

of sets H; = r;1(¢*1(E) — x) converges in Ly .(R™) to a half-space H passing through 0.
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Definition 4.5.1). Thus, by Theorem 4.5.5 they converge in L{ . to a limit . On the other hand,
F; = A(x)_lrij(go_l(E) —z) = A(x)"'Hj, so that in fact F = A(x) 'H and thus it is also a
hyperplane passing through 0.

Let N; denote the rescaled manifold (M, r]-_zg), and write u; = X — X e, viewed as a function
on N;. Write U; for its Caffarelli-Silvestre extension to N; x Ry, and V for the Caffarelli-Silvestre
extension of xp — xre to R™ x Ry. By the lower semicontinuity of the extended Sobolev energy
under a blow-up, seen for example arguing as in Step 2 in the proof of Lemma 4.5.16, we have

lim inf /~N. IVU;(p, 2) 2215 dV,dz > /y |DV (2, 2)|?2' % dadz = ¢(n, s) > 0. (4.37)
J—oo B, ](pj,o) By

If U denotes the Caffarelli-Silvestre extension of u = xyg — xpe (viewed as a function on M) to
M x R4, by scaling (recall that N; = (M, 7’;29)) the inequality (4.37) can be written as

lim inf

n—s /~ |€U(p’ Z)|2zl_s dVanZ > C(n, S) > 0.
J7e0 Ty JBM (p(x),0)

)

In words, we have found that E has extended energy density uniformly bounded from below
by a constant ¢(n,s) at p = ¢(x), for every reduced boundary point p as above. On the other
hand, the reduced boundary is dense in the essential boundary, as one can see, for example, by
the isoperimetric inequality. Then, since we have shown that the above lower bound holds at all
reduced boundary points p € OF, by the upper semicontinuity of the extended energy density
(proved as in case of classical minimal surfaces, using the monotonicity formula of Theorem 1.2.2)
it actually holds at every p € OF.

Step 2. Conclusion.

Assume that there are ¢ € ¢(B;/5) and r € (0,1/8) such that »"|E N B,(q)| < wo but [EN
B, j2(q)| > 0; if wp is small enough, then automatically also [E°NB,./2(¢)| > 0. By the isoperimetric
inequality, this implies that E N B, 5(q) # 0 as well.

Let p € OE N B, /2(q). We can now argue as in the proof of Proposition 1.2.16, which showed
density estimates in the case of solutions of the Allen-Cahn equation. First, a uniform lower bound
on the density holds in our case for all p € (0, Ryon), thanks to the combination of Step 1 and
the monotonicity formula. We then apply the interpolation Lemma 3.2.10, after which the BV
estimate assumption allows us to conclude the argument as in the proof of Proposition 1.2.16. [

Proposition 4.5.7. In the conclusions of Theorem 4.5.5, the convergence also holds locally in the
Hausdorff distance sense.

Proof. Let Ej; be as in Remark 4.5.2, so that F; = gﬁj_l(E]) Applying Lemma 4.5.6 and the
flatness assumption on the metric we find that the Fj satisfy density estimates in Bp, /16, with
R; — oo. The local convergence in the Hausdorff distance follows then arguing by contradiction,
simply due to local L' convergence to F and the density estimates. O

4.5.2 Properties of blow-ups of Allen-Cahn limits

We define the class of all surfaces which are blow-up limits of sets in A,, (recall Definitions 1.2.7
and 4.5.1).

Definition 4.5.8. A set OF C R" is said to be in the class ALV ~"P if it is a blow-up limit of
sets in Ay,. This means that there exist ¥; = OE; € Ap(M;j) and rj — 0 such that the associated
Fj = r]?l(pj_l(Ej) are a blow-up sequence converging to F in LL (R™) as j — oo (by Theorem
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4.5.5 and Proposition 4.5.7, the convergence can then be upgraded to be in Hli)/f

in the Hausdorff distance sense).

(R™) and locally

Remark 4.5.9. Since OF; € Ay, (Mj), the assumption in Definition 4.5.1 that the sets Fj satisfy
the classical perimeter estimates is automatically satisfied if the rest of assumptions are, thanks to

(1) in Remark 4.5.5.

We now prove a precise almost-stability inequality for sets in Aﬁlow_u” , which will be used in

the next section. We begin by showing its counterpart for Allen-Cahn solutions.

Lemma 4.5.10. Assume that M satisfies the flatness assumptions FA1(M,g,1,p, ), and let
ue : M — R be a solution to the Allen-Cahn equation in @(B1) with Morse index at most m. Let
A1y oy Amyr C @(Byy2) be (m+1) open sets, with pairwise distances denoted by D;; := dist(A;, Aj),
and for every 1 <i < j < m + 1 choose any positive weights \ij > 0. Then, in at least one of the
A; there holds that

1" 1 —(n—+s —\nrs
€' (). &) = ~Clieltagay | D055 + 2o agDy ™ | We e ClA,
j<i “J J>i
for some C = C(n,s,m).

Proof. The statement is a more precise version of Lemma 4.2.2, and the proof proceeds similarly.
Using (2.8), we compute the second variation at u. for linear combinations of m + 1 test functions
&, supported each in the corresponding A;, getting

E" (ue)[ar€1 + aséa + . ..+ Amirbmir, &1 + a2€s + ..+ Amy1mi]
=al (W, &)+ ...+ a?n+15”(u) [Em+1, Emr1)

+ 2010 //A (60) - §@)©) - @)Kp.q) aVydY,
+ ...

+ 2amam+1 //A ” (Em(P) = &m (@) (Em11(P) = Em11(0)) Ks(p, q) dVp dVy .

Thanks to the flatness assumptions and Lemma 3.4.13, we have that K,(p(z), p(y)) < W,

for some C' = C(n, s) and for (¢(z),¢(y)) € A; x A;j. Recall that the supports of & and &; are the
disjoint subsets A;, Aj C ¢;(By/2). Then, the term containing the double integral over A; x A;
with ¢ < j can be bounded as follows:

2a:0; //A . (60) =~ GG 0) ~ G Kelp.0) V3,

200, || &0G@K G0 v, v,
AiXAj
< 2laias|ODG " il a4y 1651214,
—(n+s c —(n+s
<A@t D" &l sy + 53 D" 16
ij

where we have applied Young’s inequality in the last line. Substituting this into the second
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variation expression gives

17

E (w)ar1&y +a2da + ... + amp1&mrt, a1én +a2éo + ...+ amg 1]
m+1

1 —(n+s —(n—rs
<3 £ W&l + Cllliny | X5 05" + Sy

)\ ..
j<i Tt J>i

The condition that the Morse index is at most m implies that the expression cannot be < 0
for all (a1, ...,am+1) # 0. Hence, we find that there must exist some i such that

£ (w)[gi, &) = —Cl&l3 4, Z 3 Di ) 1N a D

1< >t

holds for all & € CL(A;), and this concludes the proof. O

From this, we will obtain the desired almost-stability inequality for blow-up sets.

Lemma 4.5.11. Let F € AP Let X1, X5, ..., Xons1 be smooth vector fields on R™ with
disjoint compact supports Ay, Aa, ..., Apmt1, and denote Dy := dist(Ag, Ag). For1 <i </l <m+1,
choose positive weights iy > 0. Then, for at least one of the i (depending on F') we have that

d2 (n—1) n+s (n+s)
el Per, (¢, (F); 4;) > —C| X, |2 o diam(A <Z e + Z)\ D,

t=0 0<i 0>
(4.38)
where C = C(n, s, m).

Proof. Since F € ABlow “Pfrom the definition and proceeding as in Remark 4.5.2 there exist
(M;,g9)), p; € M;, and Rj oo Saﬁisfying the assumptions in the Remark and E; € A,,(M;)
such that the associated F; = @fl(El) converge to I in the appropriate sense. Fix one such j;
since E €A, ( i), by definition there exists a sequence {uk}keN of solutions to Allen-Cahn on
MJ, with parameters e, — 0, converging to X, XEC in LI(M~) as k — oo. By Lemma 4.5.10,
given k we can find an index i(k), 1 <i(k) <m+1, "such that the inequality in the Lemma is

true for ug on @;(A;)) C M;. We select an index i so that the inequality is valid for a whole
subsequence of the uy (which we do not relabel), so that

" (wr) 6, &) = =Cll&ill 15, (a0 (Z - ST Dy, "*”)

0<i 0>

for all & € CL(3;(A;)) and k € N. Here Dy = dist(@;(Ai), ©;(Ar)).
Put X; j := ($;)«X;, and extend it by zero outside its domain of definition to a vector field on all
of Mj. Selecting &; = Vi, jug, we arrive at

d2 —t 7
p7e] tZOE(uk o me_) =&

(4.39)
> —C|IVx, ;ukllFi (504 (ZA ST Dy, ”+8>> .

0<i >

(ur)[Vx, juk, Vx, juk]
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Thanks to the BV estimate of Theorem 1.2.13 and the flatness assumption on the metric, we
can bound

IV 5 k33, 1) < Ol e diam( @5 (A0)0 1) < O 3w diam( A9 201
and also N
Di,l = dist((ﬁj(Ai), $J<Al)) < CdiSt(AZ', Al) = CDN .
Substituting this into (4.39), and using that by (4.21) there holds

i, S
Pers” (¢, (E)); §3(A:)) as k — oo,
t=0

d2

_ d?
a2 E(uk 0 wxfj) — 3

t=0 dt?

we obtain that

M, =0~
Pers (VY (Ej); §;(A;))
t=0

d2

dt?

1 —(n-+s —(n—T+s
> 01X [ dinm(4;)" Y (Z 3o D"+ o D" )> -

< >4

On the other hand, by Lemma 4.5.4 we have that

d? R™ (1t . d? Dot
g2, Perd W (F): ) = lim 2| [Per) (% (Fy); A1)
i & [Per@(wt (E;); 35(A:)|
A |, U W R e
which then proves (4.38). O

4.5.3 Classification of blow-up limits

The main result of this section is the following classification result:

Theorem 4.5.12 (Classification result). Let s € (0,1) and 3 <n <n}. Let F be any family
of sets of R™ satisfying the following properties:

(1) Stationarity. Every set E € F is an s-minimal surface, in the sense of Definition 2.2.5.

(2) BV estimate. There is C = C(n,s) > 0 such that for every E € F, x € R", and R >0
we have
Per(E; Br(z)) < CR"1.

(8) Viscosity solution of the NMS equation. If xg € OF and E admits an interior (resp.
exterior) tangent ball at xq, then

/ XE(Y) — XE(Y)

ly — zo|"Ts

dy <0, (resp. >0).

(4) Almost-stability in one out of (m+1) disjoint sets. There exists some (fized) m € N
such that the following holds. Let X1, Xa, ..., X;ny1 be smooth vector fields with disjoint compact
supports Ay, Ag, ..., Am+1, and denote Dy := dist(Ag, A;). For 1 <i <l <m+ 1, choose positive
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weights \yy > 0. Then, given E € F, for at least one of the i (depending on E) we have that
2

1 _
t A 112 . \2(n—1 (n+s) ) (n+s)
27|, Pers (W, (B); A7) = —C|X |70 diam(A4;) =Dy D+ > XDy, (4.40)

£<i £>1
where C = C(F).

(5) Completeness under scalings and Li (R") limits. If E € F, then any translation,
dilation and rotation of E is in F as well. Moreover, if E; is a sequence of elements of F and
E; - Ex in L}OC(R”), then Es € F as well.

(6) Cones with n — 2 translation-itnvariant directions are half-spaces. If E € F is
a cone and there is a linear (n — 2)-dimensional subspace L C R™ such that E+ x = E for all
x € L, then OF must be a hyperplane.

Then, every E € F which is not equal (up to null sets) to R™ or @ must be a half-space.
An important property follows from (1) and (2) above:

Lemma 4.5.13. Let F be a family of sets of R™ satisfying properties (1) and (2) in Theorem
4.5.12. Then, any set E € F also satisfies density estimates, meaning that there exists a positive
constant wy = wo(n, s,Co) such that if

R™™|E N Br(q)| < wo
for some q € ©(By5) and R € (0,1/8), then
[E N Bp(q)] =0.

Moreover, if E; € F and E; — Eo in Llloc(]R”), then they also converge to Eo locally in the
Hausdorff distance sense.

Proof. Same as for Lemma 4.5.6 and Proposition 4.5.7. O

We will need the following result, which is obtained by combining the C'® improvement of
flatness theorem in [CRS10] and the C1®-to-C° bootstrap result for nonlocal minimal graphs in
[BEV14].

Theorem 4.5.14 ([BFV14; CRS10]). Let s € (0,1). Then, there exists o > 0, depending on n
and s, such that the following holds: let E C R™ and x € OF, and assume that

(i) The set E is a viscosity solution of the NMS equation in B,(z), in the sense of Proposition
4.3.1.

(ii) The boundary OF is included in a o-flat cylinder in B, (x), that is
OENB(x) C{yeR":|e- (y—x)| <or},

for some direction e € S"1.

Then OF is a C* graph in the direction e in B, jo(x), with uniform estimates. In particular, its
second fundamental form llgg satisfies

=1Q

sup  [Map|(y) < (4.41)

yE@EﬂBT/z (z)

with C = C(n, s).
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We will also need the following intuitive lemma, to be read as “cones with finite Morse index
are stable outside the origin”, and which will be proved after Theorem 4.5.12.

Lemma 4.5.15. Let E C R" be an s-minimal cone with Perg(E;B1(0)) < 400. Assume that E
satisfies property (4) in the statement of Theorem 4.5.12. Then E is stable in R™\ {0}.

We will now prove Theorem 4.5.12.

Proof of Theorem 4.5.12. Let E, be a blow-down limit of F, i.e., a limit of a sequence F; = %E,
with 7; — oo (by property (5), such a limit exists, and it is also a member of F). Then E, is a cone:
Let U, Us and U; denote the Caffarelli-Silvestre extensions of u := xgp — Xpg¢, Uoo = XEo — XE2,
and u; 1= X E; — Xk, respectively. Using the notation @y (r) := r*=" fBT*(O,O) A8\ VV (2, 2)2dx dz,

by convergence of the extended energies® and scaling we have that

Py, (1) = lim @y, (1) = lim @y (r7;) -

By the monotonicity of ®g, which we know since F is an s-minimal surface by property (1)
and thus satisfies Theorem 1.2.2, the limit limp_, ®y(R) exists, and by property (2) and the
interpolation result in Lemma 3.2.10 it is a finite constant. The equality above then shows that
&y (r) is equal to this constant independently of r. Since E is also an s-minimal surface (by
properties (1) and (5)), the last paragraph in Theorem 1.2.2 gives that F., is a cone.

We will now prove that E is in fact a hyperplane; by the local Hausdorff convergence of the
E; = T,%E to Ex (see Lemma 4.5.13 above), E then satisfies the hypotheses of Theorem 4.5.14 for
every r > 0, and therefore by (4.41) E then needs to be a hyperplane as well (since Ilpg vanishes).

First, Lemma 4.5.15 states that E., is stable outside the origin. If it also were smooth outside
the origin, the assumption that 3 < n < n} would imply that 0E is a hyperplane and we would
finish the proof.
If, arguing by contradiction, there is instead some point x; # 0 where E, is not smooth, we
need to apply a dimension reduction argument: blowing up around xi, we obtain a new cone
Ey € F which is now translation invariant along some direction; after a rotation, we can write
E; = E; x R, and this is allowed by property (5).

We claim that F; cannot be smooth outside the origin. First, if that were the case, F; would be
a hyperplane, since 3 <n < n;. Now, the blow-up rescalings of E, around z; converge locally in
the Hausdorff distance sense to £y by Lemma 4.5.13, and they are viscosity solutions of the NMS
equation by property (3). If E; were indeed a hyperplane, the assumption in the improvement
of flatness Theorem 4.5.14 would be satisfied for the blow-up rescalings of E, around z; (for
large enough indices in the sequence). Thus E,, would be smooth in a neighborhood of z1, a
contradiction.

Now that we know that E; is not smooth outside the origin, we can iterate the argument
with this new cone: Since F; = E; x R is not smooth outside the origin, there is some point
x9 € R"1\ {0} where Fj is not smooth. Hence, we can blow up again around (2, 0) and obtain
a new cone K3, which is now translation invariant with respect to two orthogonal directions.
After a rotation, Ey = Fy x R?. Moreover, Fy cannot be smooth outside the origin, by the same
improvement of flatness argument we applied to E1.

Iterating this reasoning n — 2 times, we end up with a cone that is translation invariant in n — 2
orthogonal directions, i.e., of the form E x R"~2 after a rotation, and which is not smooth outside
the origin. This is not possible by property (6), and therefore we reach a contradiction. O

8Follows easily from convergence in H. s/2

e (R™). The latter is proved, thanks to property (2), as in Step 1 in the
proof of Theorem 4.5.5.
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We now give the proof of Lemma 4.5.15.

Proof of Lemma 4.5.15. Consider an annular region of the form Ay = By \ Br, with 0 < Ry < 1,
centered at the origin. It suffices to show that F is stable in Ay, by the arbitrariness of Ry and
the dilation invariance of FE.

The strategy is the following. Let X be a vector field supported on the annulus Agy. Let
A1, ..., A1 be (m 4+ 1) rescaled copies of Ag of the form A; = RA; 1 = R'Ag, with R > 0
sufficiently large so that they are disjoint. Likewise, consider the (m + 1) rescaled vector fields
X; = R'X(z/R"), which are supported in the respective A;. Since E satisfies property (4) in
the statement of Theorem 4.5.12, we know that the almost-stability inequality (4.40) will hold in
at least one of the A;. Moreover, since F is dilation invariant, we will be able to translate this
information back into Ag, and taking R arbitrarily large we will find that E is actually stable on
Ap and conclude the proof.

Define u := xg — xge, and let ¢ denote the flow of the vector field X at time ¢. Observe that
ul = Xute (B) ~ Xust ()" is the composition of u = xg — xpe with the flow of X; = R*X (z/R"),

which is given by ¢% = Rt (z/RY). By the dilation-invariance of the cone F, and hence of ux,
we have that

uj(z) = u(RW (z/R')) = u(@i (z/R") = u'(z/R');

the scaling property of the fractional Sobolev energy then gives
Pery (v, (B); Ai) = €37°(uf) = E3° (u' (x/ R')) = RUIERP (u) = RO Pery (v (B); Ao)
so that in particular

d2 . ( ) d2
a2 . Pery (¢, (E); Ai) = R

0 t dtz PerS (¢§(<E)7 AO) . (442)

=0

Now, by assumption, we know that the almost-stability inequality (4.40) will be satisfied in one of
the A;. Combined with (4.42), we obtain that

d2

i(n—s) %
i dt?|,

Per (¢ (E); Ag) > —C|| Xil|7 o diam(A ZAZ L0 ™ D),
= 0<i ? >4

where \;; are positive weights and D;; = dist(A4;, Aj). We can bound
X 2 diam(A;) 20D = || X 2 (REY(Ridiam(Ag)) %) < Cx g B2

We also observe that ' '
D;; = dist(R'Ag, R'Ag) > cRm&x{bl
for some small ¢, for all R sufficiently large depending on Aj.

Substituting into the inequality we obtained and dividing both sides by R ™=%) we get

d2 t i(n+s 1 —i(n+s —Ll(n+s
o Per, (¢ (E); Ag) > —Cix 4, R )(Z /\*&,R () 4 Z)\MR (n))
t=0 0<i 0>i
1 )
= Cna o X har ).
o< U s
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Now, choosing the positive weights as \;; = R™3" for every pair ¢ < j, we obtain

d2 t _n+s 7[77;7; n+s
p7el t:OPers(wX(E);AO) > _CX,AO(;R 2 4+ ;R ( 7)( ))7

so that all the powers of R become strictly negative. Letting R — oo, we deduce that

d2
prs) Per (¢ (E); Ag) > 0
t=0
as desired. 0
We will, in particular, apply Theorem 4.5.12 to the class AZ°“~“P_ The next lemma proves

that property (6) in the assumptions holds for this class. In the case of stable critical points, the
next result is the nonlocal analogue of an idea of Tonegawa-Wickramasekera [TW12], in turn
based on previous ideas of Schoen and Simon.

Lemma 4.5.16. Let n > 3. Assume that some nontrivial cone E C R™ belongs to Aglow—up and

s of the form E x R"2 for some cone E C R2. Then, OF is a hyperplane.

Proof. We divide the proof into three steps.

Step 1. We show the following claim: assume that FA;(M,g,1,p, ) holds, and v : M —
(—=1,1) is a solution of Allen-Cahn with parameter ¢ € (0,1) in By(p) that is A-almost stable
in Bi(p) (see Definition 4.2.1) with A < Ay, where Ag is the constant in Proposition 4.2.5. Let
U:M xRy — (—1,1) be the Caffarelli-Silvestre extension of w.

Then, for some constant C' = C'(n, s) > 0 we have
/~ AX(U)dV 21%dz < C,
By}, (p,0)

where
A(U) = (V2O = [VIVUI ) xvuso) = (192U = V2U (25, Z5) ) ximuis0p 2 0. (4.43)

Here V2U denotes the “horizontal” Hessian of U(-, z)—i.e. for z fixed—with respect to g.

Indeed since u is A-almost stable, for all £ € Cl(gf' (p,0)) with support contained in E;/ 4(p,0)
and trace & on z = 0, we have

GWlee =5 [ AV v+ [ Wiwgav

> £, ()[6o, €0l = — Aol 5,)

where Ef and B; are brief notations for Ef (p,0) and Bj(p). Testing the above almost stability
inequality with a test function that is a product £ = An, we obtain

—s " 2. 2 2
—c W (u)A2p2 dV < 53/ |A77|dV> .

B B

. A2V + 21V A - V(A?) dVdz + A(/
Bl

By

Integrating by parts the second term on the right-hand side (similarly to the proof of [CS22,
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Theorem 1.3]) we get
/ (BSA(zl‘SazA(-, 07)) - S—SW”(U)AQW av
By

< B, /V+ (Zl—sAQWn’Q —AUQ&(zl_S%A)) dde+A(/

2
| A dv) L (4.44)
B By

Since u solves the Allen-Cahn equation and by (3.14) we have that
Bs(21750,U(-,0)) — e *W'(u) =0, on M.
Taking the horizontal gradient V of this equation we get
Bs(2t720.VU(-,01)) — e *W" (u)Vu = 0,
and computing the scalar product with Vu gives
Bo(ZA50.VU(-,01)) - Vu — W (w)| Va2 = 0.
Observe that

Bs(21720.VU(-,01)) - Vu = %(ZH@NU\?)(-,()*) = B,|VU|(z* %0, |VU|)(-,0™).

Hence, choosing A = |VU| makes the left-hand side of (4.44) vanish. Hence, for this choice of A
we obtain

~ —~ ~ 2
B, /~+ (zlﬂvm?wny? - VU|div(z1SV\VU!)nQ)ddeJrA(/ |Vu\ndV) >0, (4.45)

B] B

Claim. For some constant C' > 0 that depends only on M we have
VU (19 VU) 2 275|920 — [VIVUI = CIVUP)xgwusoy-
Indeed, keeping for a moment the notation A = |VU| we have
Adiv(z' 75V A) = 2! S AAA + A0, (210, A)
_ (%A(AQ) ~ [VAPR)2 o A0.(10.)
- (VU V(AU) + [V2U|? + Ric(VU, VU) — |vyVU||2)z1—$ + VU8, (2250, U)),

where we have used Bochner’s identity on M in the last line. Moreover, by the equation defining
the extension we know 2! =AU = —9,(2!7%0,U), hence

A7VU - V(AU) = —VU - 9,(2' %0, VU).
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Also, explicit computation shows that

zl—saz@ww?))
VU
= VU (17 0.VU)) + 2= (1. VU - (2.VU])?)
> VU - 0,(2' 70, VU).

VU |0, (2'%0,|VU|) = |VU|62<

Hence, estimating Ric(VU, VU) > —Cy|VU|?, we deduce that
Adiv(z' 7V A)
> zl_s(|V2U|2 —V|IVU|? - CM|VU|2) + VU, (2220.|VU|) — VU - 8,(z1°8,VU)
> 217 (IV2UP2 = [VIVU P — Cu VU ),

and the claim is proved.
Inserting the claim in (4.45), we reach
- 2
/~ A 2 (U)PAVdz < B /~ IVUP (Wl + Cr?)dVdz + A(/ Vulln]dv)".
Bf Bf By

From this we can conclude the claim in Step 1. Fix a cutoff function satisfying x ET/ , <n<yx E;/ .

By Lemma 3.2.10 with R = 1,k = 0 and Young’s inequality we have that

,68/~ IVUP'5(|Vn)? + Cn?)dVdz < C + C (/ |VudV> < c+cs/ |Vu|dV,
Bf B34 B34

thus

2

/~ A R2UYaVdz < C+C [ [VuldV + A(/ Vulav)
Bi)s Bs/a Bs/a

Moreover, since u is A-almost stable in B with A < Ay, by Proposition 4.2.5 and a simple covering
argument we get a uniform bound on the BV-norm of u in By, and this proves the claim in Step
1.

Step 2. Recall that, as recorded in Remark 4.5.2, for F € ABIwP e have sequences of:

e closed manifolds (1 gMj);
e points p; € M; and scales R; 1 oo for which FA3(Mj, gMi | R;,pj, ;) holds and gé‘?jm) — .

e solutions of Allen-Cahn u; : M; — (—1,1) with parameters €; | 0 and Morse index bounded
by m such that (u; o ;) — uo := xg — xpe in L _(R").

loc

Let Uj : J\ij — (—1,1) be the extensions of u; and and observe that U; — U, weakly

in Li (R™M), where U, is the (unique, bounded) Caffarelli-Silvestre extension of u, to R

Actually, thanks to Theorem 4.5.5, one could prove local strong convergence in the weighted
Hilbert space Hlloc(]Riﬂ; |z|'7%dzdz), although (much rougher) weak Li . will suffice here.

Notice also that in the local coordinates goj_l we will have g%j — ke in CE . (R™), since Rj — oo.
Hence, by standard elliptic estimates U; o ¢; — Us in C2_(R™ x (0,400)) (up to subsequence),
where ¢;(z, 2) = (¢;(z), 2).
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Now, for all j > 1 sufficiently large, take m + 1 disjoint balls {B1(¢;(3iDges))}i",, where
Dy > 1 is a constant that will be chosen later. Since FAg(Mj,gMj,Rj,pj, ;) holds, by Lemma
4.2.2 and Lemma 3.4.13 for at least one ¢ € {0,...m} we have that u; is A-almost stable in
Bi(¢j(3¢Dges)) for A = mC(n,s)/Dy**. Hence, we can choose Dy = Do(m,n, s) such that u;
is Ag-almost stable in this ball, where Ag is the constant in Proposition 4.2.5. We may assume,
without loss of generality (up to translation and a subsequence), that it this ball is actually
Bi(¢1(0)), and then Step 1 gives

/ A%(U;)dV; 2t —5dz < C.
@

+
] 81/2)

Passing to the limit as j — oo and using that U; o ¢; — U, in C’IQOC, for every 6 < 1/10 we obtain

AX(U,) dx 2 ~%dz < C, (4.46)
B+

1/4ﬁ{z>5}

for a constant C' > 0 independent of .

Step 3. We show the following claim: if £ C R"™ is a nontrivial cone of the form E x R"2 for
some (nontrivial) cone £ C R?, then

lim AX(U,) dx 21~ %dz = 4-00.
0=0T B} n{z>3}

This will finish the proof proving that E is a half-space, otherwise we would contradict (4.46).

Let us denote by x = (7,y) € R? x R"2 the variables of R". Since E is invariant for
translations of the type (0,%) for y € R"~2, it easily follows that u, = xg — xg depends only on
. That is

Uo(Z,y) = uo(Z, 0).
Since U, is the (unique, bounded) Caffarelli-Silvestre extension of u, to R’}fl, it follows that also
U, depends only on (Z, z). This can be seen as follows. Let U.(Z, z) be the unique extension of
Uo(+,0) : R — (—1,1) to RY. Then U} clearly solves the extension problem also on ]RTJF+1 and
since the solution is unique, we obtain U, = U,.

Moreover, since E is a cone we see that U, is 0-homogeneous, and hence A(U,) is homogeneous
of degree —2. Then, since A(Us)(z, 2) = A(Us)(Z, z) we have

I,

1/4

AX(U,) 2t Sdxdz > c/ / AX(U,) 21 dzdz,
N{z>s} Q J{z>0}

where Q) := Q1/4\/m is a cube of side 1/4y/n + 1 in R? centered at 0. Substituting in the last
integral (z,z) = (d2/,9%") and using that A(U,) is homogeneous of degree —2 we get

// AQ(Uo)zl_Sdzdff:(5_2)2~(51_5-53/ / AX(UL) (2 8d2 de!
Q J{z>6} 1Q J{=>1}

> 1 / / A2(U,) () d e
0 Jo Jiz>1)

It is easily seen that
/ / A%(U,) () *d2 da’ > 0,
Q J{z>1}
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since the integrand cannot be identically zero as E is nontrivial. Hence

1
lim AX(U,) 247 *dxdz > lim / / AX(U,) () 2d2 da’ = +oc.
550+ J B} n{z>0) §-0+ 0% Jo Jz>1)

This concludes the proof.
O]

The properties proved so far for the family F = ABlow=up (see Definition 4.5.8) show that it
satisfies the hypotheses of Theorem 4.5.12, whence we deduce

Corollary 4.5.17 (Blow-ups of limit surfaces of Allen-Cahn are hyperplanes). Let

s €(0,1) and 3 <n < n}. Then, any nonempty OF in ABlew=up 4oy, hyperplane.

Proof. Tt follows from applying Theorem 4.5.12 to the class F = AS/°“"P_ Properties (1) and
(5) in the assumptions of Theorem 4.5.12 follow immediately from (the proof of) Theorem 4.5.5.
Property (2) follows from (1) in Remark 4.3.5 and the lower semicontinuity of the BV seminorm
under L!-convergence. Properties (4) and (6) have been proved, respectively, in Lemma 4.5.11
and Lemma 4.5.16. Finally, property (3) —namely that blow-ups are viscosity solutions of the
NMS equation in R"— follows easily from Proposition 4.3.1 and the convergence of boundaries in
Hausdorff distance under a blow-up (Proposition 4.5.7), using the convergence of the kernels in
Proposition 4.5.3 part (7). See [CRS10] and [CS11]. O

4.5.4 Uniform regularity and separation: proof of Theorem 1.2.8

In this section we will prove Theorem 1.2.8, which stated that sets in A,,(M), i.e. the limits
of Allen-Cahn solutions on M with index at most m, are smooth with uniform regularity and
separation estimates in low dimensions.

We will need the following improvement of flatness theorem for sets which are viscosity solutions
of the NMS equation in a Riemannian manifold, proved in [Moy25] more generally assuming
boundedness of the nonlocal mean curvature, and which extends the result in [CRS10] to the
setting of ambient Riemannian manifolds.

Theorem 4.5.18 ([Moy25]). Let s € (0,1) and 0 < o < s. Then, there exists o > 0, depending
on n,s and a, such that the following holds. Let (M, g) be an n-dimensional Riemannian manifold.
Take p € M, and assume that the flatness assumption FA1(M, g,r,p, p) holds. Let E C M with
p € OF, and assume that

(i) The set E is a viscosity solution of the NMS equation in ¢(By(0)), in the sense of Proposition
4.8.1.

(ii) The boundary ¢~ (OF) is included in a o-flat cylinder in B.(0), that is
P H(OE) N B (0) C {le- 2| < o7},

for some direction e € S*71.
Then ¢~ Y(OF) is a single CY* graph in the direction e in B,./2(0), with uniform estimates.

Proof of Theorem 1.2.8. We will first show that E is trapped (in the coordinates given by ¢ 1)
in a very flat cylinder, as recorded in the next claim:

Claim. Let 0 > 0. Then there exists a uniform constant R, = R,(m, s,0) and a unit vector
e € S"! such that

—0R, <y-e<oR, forallyec ¢ 1(OF)NBg,. (4.47)
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Proof of the Claim. Fix o > 0; the proof will be by contradiction and blow-up. Let R; = 1/j. If
the Claim were false, then for every j € N there would exist closed manifolds M; satisfying the
flatness assumptions FA3(Mj;, g,1,pj, ¢;), and some sets E; € A, (Mj;) so that p; € OF; but such
that (4.47) is not satisfied for any unit vector (with E;, R; and ¢; in place of E, R, and ¢).

Consider, then, the blow-up sequence F}; = R%goj_l(Ej). By Proposition 4.5.7, a subsequence of

the Fj converges (in particular) locally in the Hausdorff distance sense to a limit set F' € ABlow=up,

Moreover, since 0 € Fj, we see that 0 € F' as well.

Now, from the classification result of Corollary 4.5.17, we know that OF is, in fact, a hyperplane
passing through the origin. The local Hausdorff convergence of the 0F; = R%_goj_l((‘)Ej) to the
hyperplane OF implies then that the condition

—oc<y-e<o forallye R%.SO;l(an) NG

will be satisfied for all j large enough in the subsequence and for e the normal vector to the limit
hyperplane. Rescaling this condition by a factor R;, we obtain exactly that (for j large) the E;
satisfy (4.47) with Ej, R; and ¢, contradiction. This finishes the proof of the claim. O

Now that the claim is known to be true, choosing ¢ in it to be the constant in Theorem 4.5.18
(recall that sets in A, (M) are viscosity solutions of the NMS equation by Proposition 4.3.1, and
that our notion of viscosity solution in Proposition 4.3.1 is equivalent to the one used in [Moy25]
to obtain Theorem 4.5.18), we obtain that =1 (9E) N Bg, 2 is a single graph with uniform che
estimates.

O
4.5.5 Dimension reduction — Proof of Theorem 1.2.6

This section proves Theorem 1.2.6. We will call singular points those points z € F where OF
cannot be described as a C1® graph around z, and we will denote by sing(9F) or sing(E) the
(closed) set of all the singular points of 9E. We state here a more general result about regularity
for s-minimal surfaces, which are limits of Allen-Cahn, and immediately show how it proves
Theorem 1.2.6.

Theorem 4.5.19. Let s € (0,1). Let (M, g) be a closed Riemannian manifold of dimension n > 3,
and let OE € Ay, (M). Then:

o Ifn <nji, then OF is a C* hypersurface.
o Ifn=mnk, OF is a C* hypersurface outside of a discrete set.

o Ifn >nk, then OF is a C*° hypersurface outside of a closed set of Hausdorff dimension at
most n — nj.

We readily deduce:

Proof of Theorem 1.2.6. The surfaces ¥¥ = OEP in Theorem 1.2.4 belong to Ay (M) by construc-
tion (see Section 4.4 for the proof of Theorem 1.2.4). Therefore, Theorem 4.5.19 applies to them,
which gives Theorem 1.2.6. O

Theorem 4.5.19 will be proved after two preliminary lemmas.
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Lemma 4.5.20. Let OE € ABY™" gnd let © € sing(OF). Choose 1; — 0; then, the blow-up
sequence %(E —x) converges in LllOC and locally in the Hausdorff distance sense to a singular cone
Coo € ABIOU™UP which is stable in R™ \ {0}. If, moreover, x is an accumulation point of sing(OF),
then r; can be chosen so that C has a singular point on 0By (thus an entire line of singular

points).

Proof. Recall that AB/°“~" satisfies the properties in the statement of Theorem 4.5.12, see the
proof of Corollary 4.5.17. The convergence of the F} := %(E —x) to a cone Cy, in the appropriate

sense follows then as in the beginning of the proof of Theorem 4.5.12, and Lemma 4.5.15 gives the
stability of C, outside the origin.

If C» were non-singular (i.e. if C were a half-space), then the Hausdorff convergence of the
F; = %(E — ) to Cs on By would imply that the assumption of the improvement of flatness
result of Theorem 4.5.14 is satisfied by F on a small ball centered at . Hence 0F would be a
C1® hypersurface around z, and this would contradict the assumption that z is a singular point.
Moreover, in case x is a limit point of a sequence z; € sing(9F), choosing r; := dist(x, z;) the
F; = %(E — x) have singular points at 0 and at %(xj — x) € 0B;. Selecting a subsequence j
such that the z;, converge to a limit point 2’ € 9By, the improvement of flatness argument above

shows that the limit cone of the Fj, must have a singular point at =’ € 9B;. O

Lemma 4.5.21. Let C C R" be a cone in A5, with n > n¥. Then H'(sing(C)) = 0 for all
t >n —nj. Moreover, in the case n = n}, C is smooth outside the origin.

Proof. Fix t > n — n¥, and assume for contradiction that H!(sing(C)) > 0 (or that C' is not
smooth outside the origin in the case n = n).

Claim. If n > n}, there exists = € sing(C') N 9B; such that, blowing up around z, we find a
cone of the form C' x R (up to a rotation) with ! (sing(C)) > 0.

Proof of the claim. Since we are assuming that H!(sing(C)) > 0, there must exist some point
x € sing(C) N OB of positive HE _-density, in the sense that (with the appropriate constant
normalization) there exists a sequence r; — 0 such that H (sing(C) N By, (x)) > r§ for all j.
Consider the blow-up sequence C; = %(C — x); by Lemma 4.5.20, a subsequence will converge
locally in the Hausdorff distance sense to a limit cone Cy which (since C' is itself already a
cone) is of the form Cy, = Coo ¥ R, up to performing a rotation. Assume by contradiction that
H!=(sing(Cso)) = 0, or equivalently that H!(sing(Cns)) = 0.

Now, given any fixed finite cover by open sets of sing(Cuo) N By, for j large enough the sing(C;) N By
are also contained in the cover: otherwise, we would have a subsequence y; € sing(C;) converging
to some y € (Cw \ sing(Cs)) N By, so that by Hausdorff convergence the C; would be contained
(for j large enough) in an arbitrarily flat piece of slab around the y; (thanks to the regularity of
Cx at y); by the improvement of flatness result of Theorem 4.5.14, the y; would be regular points
as well, a contradiction. By arbitrariness of the finite open cover of sing(C') N By, the assumption

that H'(sing(C)) = 0 and the definition of H., lead us to deduce that H’ (sing(C;) N By)
converges to zero. Scaling back (recall that C; = %(C —x)), we find that for some j large enough

HE (sing(C) N By, (x)) < %7";-, a contradiction with how x was chosen. O
With the claim at hand, the proof now continues as follows.

In the case n > n}, since we assumed ¢t > n — n}, the claim can be easily further iterated up to
(n—n?) times. This leads to the existence, in the class AS““""P_ of a cone of the form C x R""

with €' C R™ and H!~ (=% (sing(C)) > 0. In particular, C is not smooth outside the origin.
In the case n = n¥, we are already assuming by contradiction that C' := C' C R" is not smooth
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outside the origin. N

The rest of the proof is now common for both cases. Let y € R be such that y € sing(C) N 9B.
Blowing up around (y,0) € R™, we obtain a new cone that is translation invariant with respect
to an additional orthogonal direction. Moreover, this new cone will not be smooth outside the
origin either, since otherwise the definition of n} would imply that it is a half-space, and then
the Hausdorff convergence and the improvement of flatness result in Theorem 4.5.14 would give
that C is smooth around y. Iterating this argument, we obtain in the end a cone in ALY~
which is translation invariant with respect to n — 2 directions and which is not a half-space by
the improvement of flatness argument we have repeatedly been using. Lemma 4.5.16 then gives a
contradiction, concluding the proof. O

Proof of Theorem 4.5.19. Let OF € A, (M), with M of dimension n > 3. We distinguish between
the three cases depending on n?:

e Assume n} > n. At every p € OF, the flatness assumptions FA3(M, g, Ry, p, ¢p) will be
satisfied for some Ry > 0 (recall (d) in Remark 3.4.5), so that we can apply Theorem 1.2.8
after scaling and conclude the C1® regularity (in fact, with quantitative estimates) of OF
around p.

e Assume n; < n. Fix any t > n — n}; by Theorem 4.5.5 and the arguments in Lemma 4.5.20,

given any ¢ € sing(E) we can blow up around ¢ and find a cone C,. Applying Lemma 4.5.21,
we deduce that H'(sing(C,)) = 0.
Now, assume for contradiction that H'(sing(E)) > 0. We can then apply the same argument
as in the Claim in the proof of Lemma 4.5.21, but with sing(E) instead of sing(C') N 9By;
this shows the existence of a point ¢ € sing(E) such that, blowing-up around ¢, we would
find a cone with H'(sing(C,)) > 0, thus reaching a contradiction.

e Assume n’ = n. Suppose that ¢ € sing(F) is an accumulation point. By Theorem 4.5.5 and
the arguments in Lemma 4.5.20, we can blow up around ¢ and find a cone C; which is not
smooth outside the origin. Lemma 4.5.21 then gives a contradiction.

This proves that E is C1® outside of a set of the desired size. The fact that C'® s-minimal
surfaces are smooth (C*°) is proved in [FS25]. O

4.5.6 The De Giorgi and Bernstein conjectures in the finite Morse index case
— proof of Theorems 1.2.19 and 1.2.18

We will now first prove Theorem 1.2.19. We will need the following result, which is a consequence
of an improvement of flatness theory for phase transitions in the “genuinely nonlocal” regime,
meaning that the order s of the operator is strictly less than 1.

Theorem 4.5.22 (Theorem 1.2 in [DSV20]). Let n > 2, s € (0,1), and W (u) = +(1 —u?)?. Let
u:R™ — (—=1,1) be a solution of (—A)*>u+ W'(u) =0 in R™.

Assume that there exists a function a : (1,00) — (0, 1] such that a(R) — 0 as R — +o0 and
such that, for all R > 0, we have

{fer-z<—a(RR}C{u< -2} c{u< i} c{er-z<a(R)R} inBg, (4.48)

for some er € S*! which may depend on R.

Then, u(z) = ¢(e - x) for some direction e € S*™! and an increasing function ¢ : R — (—1,1).
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Proof of Theorem 1.2.19. Let u : R™ — (—1,1) be a finite Morse index solution of the Allen-Cahn
equation with parameter € = 1. For every R > 0 we introduce the blow-down rescalings

ur(x) == u(Rz).

These are solutions of the Allen-Cahn equation with parameter ¢ = 1/R and the same Morse
index as u.

By the strong convergence result of Theorem 1.2.17 (whose proof on R" is identical to the
closed-manifold case, and a diagonal argument to get convergence in each of the balls By for
k € N), there exists a sequence R; — oo and an s-minimal surface £ C R" such that

UR, — UE ‘= XE — XE¢ in L%OC(Rn).

In particular, E belongs to the class A,,(R") (see Definition 1.2.7). The properties in the
hypotheses of Theorem 4.5.12 can be proved for the class A,,(R"), exactly as they were proved for
the class AB°“™"P ag recorded in Corollary 4.5.17. In fact, all necessary results have been stated
with local assumptions, other than the use of the kernel Ky(x,y), which becomes o, s|x — y|7"~*
on R", and in fact, several proofs could be simplified due to working on R".

Applying Theorem 4.5.12 to the class A,,(R™) we deduce that F must be a half-space. Moreover,
the local convergence in the Hausdorff distance of the level sets of ug; to dE—see Theorem
1.2.17—shows that both {ug, < —4/5} and {ug; < 4/5} converge (in Hausdorff distance) in B; to
a half-plane. Rescaling back to u gives that (4.48) is eventually satisfied in Bg,. Then, Theorem
4.5.22 gives u is a one-dimensional solution. OJ

We turn now to the proof of Theorem 1.2.18, the finite Morse index analog for s-minimal
surfaces of class C? of the Bernstein conjecture. We recall that this result is false for classical
minimal surfaces, since, for example, the catenoid in R? is a complete minimal surface with Morse
index 1, and that even under the assumption of stability, this result is only known up to dimension
6 despite stable classical minimal cones being known to be hyperplanes up to dimension 7 [Sim68|.
See the Introduction for more details.

To prove Theorem 1.2.18, we will again apply the classification result of Theorem 4.5.12. For
that reason, we introduce the following definition.

Definition 4.5.23. We say that a set E C R™ belongs to the class AL, (R™) if there exists a
sequence of sets E; C R™ with E; — E in L. (R"™) such that:

(i) the boundaries OE; are (n — 1)-dimensional manifolds of class C?;
(it) Ej are s-minimal surfaces in R™ with Morse index < m in the weak sense.

Proposition 4.5.24. Let n > 3. Then the family A}, (R™) satisfies the properties in the hypotheses
of Theorem 4.5.12.

Proof. Let E be an s-minimal surface of class C? and Morse index at most m in R”. Then:

e By [Flo24, Theorem 5.4] a uniform BV estimate holds, that is
Per(E, Bg) < CR" !,
for some C' = C(n,s.m) > 0.

e The surface F is a viscosity solution of the NMS equation, since it is stationary for inner-
variations and of class C? (in particular, its nonlocal mean curvature is well defined and
equal to 0 at every point x € OF).
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e The almost-stability inequality (4) is proved exactly like the one in Lemma 4.5.10 considering
the formula for the second variation of the fractional perimeter and test functions & = X;-vgg
instead, where vyg denotes the outer normal vector; see [Flo24, Lemma 5.8].

If we then consider E to be any element of A/ (R™), not necessarily of class C2, by definition
we can approximate it with Ej; satisfying the above. This readily shows that F inherits the
properties of the E;, which proves (1)-(5) for the class A}, (R™). Lastly, property (6), concerning
the classification of cones in A/ (R™) with n — 2 directions of translation invariance, is proved in
Lemma 4.5.25 below.

O

Lemma 4.5.25. Let n > 3. Assume that some nontrivial cone E C R™ belongs to AL, (R™) (see
Definition 4.5.23) and is of the form E x R"~2, for some cone E C R?. Then, OF is a hyperplane.

Proof. Let E; be the sequence of smooth s-minimal surfaces with Morse index < m such that

E; - Ein LIIOC(R"). Denote by v; the respective outer unit normals to JF;.

Let X; : R® — R™ be a smooth extension of v; with | X;| < 1, and let ¢ € C?(Bs3) be a smooth
cutoff function with ¢ = 1 in By. Consider the (m + 1) vector fields with disjoint compact support
Xik = Xi(z)p(x —100kes), k=1,2,...,m+1.

By the almost-stability property in one out of (m + 1) disjoint sets, E; will be almost stable in one
of these balls. With no loss of generality (up to translations and a subsequence), we may assume
that this holds for the first ball (relative to k = 1), that is

§*Pers(E;; B3)[Xi1] > —C,

for some constant C' = C(n,s) > 0.
By the second variation formula (i.e., Theorem 2.2.12), this writes as

2
14 — V;

//’ ;Jrs // n+s)| +C.

OF; J OE; ’37—?/’ OFE; JOE; \ﬂf—y\

OF; x OF; \ Bg X B§ = (GEZ N B3 x 0E; N Bg) U (3E1 N B3 x 0E; N Bg) U (8EZ N Bg x 0F; N Bg),

// () — () _ // |o(z) — o)l
oE;xoE; |v—y["ts OExdE\BsxBs 1T — y["te
_ 2
< 3/ / () — oY)l
OFE;NBs JOE; ’[E - y’n+s

S 3/ danfl(l,) mln{C’|x ni/rL ) }d/anl(y)
OFE;NB3 oOF; |':C - y|

Letting A; := Bgj+1(x) \ Byj(x) we have

Observe that

hence

min{Cla — yl%, 1}

min{2
gt THT Y <CZ QJ“EW H" 1 (OE; N Byj+1)
OE; -
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min{2%, 1} +1)(n—1
< CZ 2j(n+s (j ) < C( )

where in the second inequality we have used the uniform BV estimate for the sets E;. Hence,
using again the BV estimate for the set E;, we have

_ 2
// e(e) = W)l o con1(om,n By < €
oExoE; 1T — Y[t

Plugging this estimate into the stability inequality

/ / |vi(x _Vz+ ‘2 / / |vi(x _VI_(F y)I” (p($)2 <C.
0B, Jomng, T —y["ts om; Jop,nps T —y[vTE

Now fix § > 0. The last inequality implies

[ B Io<c
oEinBy JomnB, (82 + |z — y|?)"2

for a constant C' > 0 independent of ¢.

Let v be the outer unit normal to OF; this is defined everywhere away from the spine of the
cone, which is an H" ! negligible set. We claim that

— U 2
8ENB1 JOENB: ( 62—|- |;z;—y| ) =0 JoE,nBy JOENB: ( 62—1- |:E—y| )

Proof of the claim. Let W : By x By — (0, +00) denote the kernel

1
\Il(m7y) = n+s ?
(62 + |z —y|2)™2

and let ¥ : By x By — (0,4+00) be a function with 0 < U < U, U =0 outside Bg)s x Bgjy and
U = ¥ on By x By. Such a function can be easily constructed by multiplying ¥ by a smooth
cutoff function. We have

() — v () 12T (2
/8Ei032 /aEiﬂBz ‘l/l( ) ’L(y)| \IJ( 7y)
B 2/6EmB2 /<9Eir132(1 — () - vi(y))¥(z,y)

2 [ ey-z) [ @ s@ie)
OE;NB2 JOE; By OE;NBs JOE;NBy

Applying the divergence theorem twice (here we use that the boundary terms vanish since U=0
on 8(32 X BQ))

02U
/ / vi(y)W(x,y) / / dxdy,
OE:NBy JOE; mB2 EinBs JEnBy = 0Te0ye
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which, by the convergence E; — E in L] (R"), converges (as i — o0) to

[ L dody = | ()T (z,9).
BB, JEnB, T 000y 9ENBs aE032

Moreover, since U is smooth, it is standard that

/ / \Tl(x y) < hmlnf/ / (x,y).
OFENBy JOENB, 1= JYE;NBy JOE; 032

Hence
imint [ [ ) - ) P )
=0 JOE;NBy JOE;NBs
>2/ / xy—Q/ / v(y) ¥ (z,y)
OFENBy JOENDBy OFENB> aEﬂBQ
[ ) - P,
O0ENB2 JOENB2
Since ¥ > U in By x By and U =V on B x Bi, this inequality implies (4.49). ]

Hence, letting also § — 07, we get

lv(z) —v(y)?
<C. 4.50
/BEﬂBl /613031 |z — ?/|"+S N (4.50)

Now we show, by contradiction, that this condition cannot be satisfied unless E is a half-space (in
which case the left-hand side vanishes). Assume that E = E x R"~2 is not a half-plane. Then,
OF must contain at least two non-aligned rays ¥; and Yo, which are half-lines in R?. Set

Y= x RP2 5, = 3y x R?2,
Since f]l and ig are not aligned, we have that
|I/($)—l/(y)2EC>O, \V/(I,y)621><22,

which, together with (4.50), gives

1 2
fooa . e[ MOSEoe sy
$1NB1 J22NB; \37 — OENB, JOENB; \x .l
Write

1 / 1
LN W) [ i ),
/EmBl /;QﬂBl ‘ﬂf - y‘n+s E1QB1/10 YoNB1 ‘ﬂf - y‘n—i_s

Let 6 € (0,7) be the angle between ¥; and Yo, and let 7 := sin(f) if 6 € (0,7/2] and 7 = 1 if
0 € (7/2,7). For every y € ¥1 N By 19, by the coarea formula on X we have

1 2
S — T :/ —H"2(OB,(y) N Xo N By) dr
~/22ﬁBl |‘/L‘ - y|n+s ( ) |7 rnts ( ( ) 2 1)
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/2 1
> / H"2(0B,(y) N D) dr-

e
Clearly, for r € (7|y|,1/2) we have

) 1 -
H (0B, (y) N $2) > oswn—a(r = 7Ig])" 2

Hence

1 1/2 (0 |77 \n—2 =1 (t — 1)7—2
/ S — Y c/ (Gl 1) i < / -
SenBy [T =y 17l s lyl**s Jy tnts

where we have made the substitution » = 7|y|t in the last equality.
Since 7|y| < 1/10 we have that

1
/wm (t—1)"2 Q> /20 (t—1)"2 g = .
1 N

tn+s thrs

Let Q@ 1 be a cube of side —-= rotated so that its projection on the first R? factor has sides

Tovn 10y/n
parallel (and orthogonal) to ¥;. Putting everything together, we have shown

1 / 1
e 2>c == dH" " (y)
/ElﬁBl /E‘QﬂBl |l’ - y‘n+s ElmB1/10 |y|1+s

1
> / Y 0)
1NQ 1 ’y‘1+s

10vn

1
0vn 1
=c —— d€ = +00,
/0 £+

which contradicts (4.51).
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Chapter 5

Classification of stable s-minimal
cones in the plane for small s

5.1 Classification of cones

5.1.1 On the different notions of stability

In recent years, two different notions of stability for s-minimal surfaces have been used in the
literature [CSV19; CCS20]. We refer to [CCS20, Section 2] for a discussion on these two notions
of stability and why a second notion (other than the natural one coming from inner variations)
was developed. For the sake of clarity, we recall their major difference here and the role played in
this work.

First, we have the natural notion of stability that comes from inner variations of the set, which
we call just stability and is our Definition 2.2.10. This is the usual notion of stability, which is
also used in the context of stationary varifolds.

Secondly, we have a stronger notion of stability coming from “outer rearrangements” of the
set.

Definition A (Definition 1.6 in [CSV19]). Let Q C R"™ be a bounded open set and E be a set with
Pery(E; ) < +00. Then, E is said to be stable by rearrangements in S if, for every vector field
X € C%(Q;R") there holds

el X
htgégf t—Z(PerS(qbt (E) N E,Q) — Pery(E,Q)) >0,

and

1
liminf — (Pery(¢; (E) U E, Q) — Pery(E,Q)) >0,
{0+ t2

where g3 : Q — Q is the flow of X at time t > 0.

In [CSV19], this notion is called just “stability”, but we believe this terminology to be slightly
misleading for the reason that follows. While for sets with C? boundary in  and s € (0, 1],
Definition A is known to be equivalent to Definition 2.2.10 (see [CCS20, Remark 3.2] for a proof
of this fact), for singular objects they do not coincide in general. In particular, stability by
rearrangements (Definition A) allows to infinitesimally break the topology of the set E, while
classical stability by inner variations does not. We emphasize that the notion of stability by
rearrangements was developed ad-hoc to get rid of cross-like singularities directly from the
definition.
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Remark 5.1.1. In the case of the classical perimeter (formally s = 1), these two notions of
stability are indeed different, since the cross X is stable in R? but is not stable by rearrangements
in R?. Nevertheless, since X is smooth outside the origin, X is stable for both notions in R?\ {0}.

Observe that our Definition 2.2.10 is weaker than Definition A. Indeed, assume that E is stable
by rearrangements in Q. For every X € C2(Q;R"), by the elementary inequality

Per5(¢f((E), Q) + Perg(E,Q) > Pers(cth(E) NE Q)+ Pers(d)tX(E) UE,Q),

it follows that .
lim inf ﬁ(Pers(qng (E),Q) — Perg(E,Q)) > 0. (5.1)

t—0+
By Corollary 3.4.18, the map ¢ ~ Per,(¢;X (E),Q) is of class C? for all t > 0. Hence, the limits in

2

ay == 4 Per,(¢X (E),Q) and ag := d

— | Pery(¢:X(E),Q
dt 0 dt2 er ((;St ( )7 )

t=0

exist. It follows that a; = 0 (assuming the opposite, for some X € C?(2;R") one would get the
liminf in (5.1) to be —c0), and consequently
a2

— = lim
2 t—0+

(Pers(qﬁf((E), Q) — Pery(E,Q) — ta) = lim

1 1 X
2 Jlim t—Q(Pers(gZ)t (E), Q) — Pery(E,Q)) > 0.

Thus, E is stable in €2 for Definition 2.2.10.

Remark 5.1.2. To be precise, in [CCS20] the authors take (5.1) as their definition of stability.
FEven though this seems to be slightly different from the motion of stability used in this work
(Definition 2.2.10), since t — Perg(¢X (E), Q) is of class C? for X € C?(;R™), by the argument
above the two notions are equivalent without any additional hypotheses on the set E.

To explain the surprising part of this work further, let us start by recalling the precise statement
of the two available results in the literature on the classification of s-minimal cones in R2.

Theorem 5.1.3 ([SV13a; SV13b]). Let s € (0,1) and E C R? be an s-minimal cone minimizing
the s-perimeter in compact sets of R%. Then, E is a half-plane.

Theorem 5.1.4 (Corollary 1.16 in [CSV19)]). Let s € (0,1) and E C R? be an s-minimal cone
that is stable by rearrangements in R? (i.e., for Definition A for every Q € R?). Then, E is a
half-plane.

Since every set that minimizes the s-perimeter in compact sets is stable by rearrangements,
we see that Theorem 5.1.4 is stronger than the previous Theorem 5.1.3. The key point for which
our result is, in the range s small, more surprising than Theorem 5.1.4 is the following: Theorem
5.1.4 assumes stability (by rearrangement) also around the vertex of the cone, while our Theorem
1.2.20 assumes stability just in R? \ {0}. This is a major difference since Theorem 5.1.4 does not
hold only assuming that F is stable by rearrangements in R? \ {0}. Actually, this classification of
cones in the plane stable in R? \ {0} is not even expected to be true for all s € (0, 1), since the
cross X is expected to be stable in R? \ {0} for the s-perimeter and s close to 1, in accordance
with the case of the classical perimeter.

In this regard, our classification result Theorem 1.2.20 for cones in the plane stable in R?\ {0}
is of purely nonlocal nature and represents a remarkable difference from the theory of the classical
perimeter.

146



5.1.2 Hardy’s inequality and the BV estimate for small s

Our proof relies on the Hardy inequality for the H?(R) seminorm and, specifically, on the
asymptotic behavior of its optimal constant as o | 1/2. The sharp constant in this inequality has
been established in [FS08a] (equation (1.6)), and it is also stated in [CCS20, Theorem 3.3]. We
will also use the fact that radially symmetric functions in C2(R \ {0}) nearly saturate Hardy’s
inequality; this is proved in Section 3.3 of [FS08a].

Theorem 5.1.5 (Hardy’s inequality). Let n > 1, 0 € (0,1) and u € HJ(R™ \ {0}). Then

2 // u(y )|2d dy
" Jrn |$\2" Rn xR® |$*y\n+20 ’
where (n) / )2
_ I'(n/4+4+0/2
=220 (5 —p/2)?
i, (o= ) e Ao
and

T2+ 0)
=221z /zma(l—a).

Moreover, the inequality is saturated by radial functions, that is: for every € > 0 there exists a
radial function &(x) = £(|z|) € C2(R™\ {0}) such that

() // —&(y)]?
Hno+e€ > dzdy.
( ) R |$’20 R7 xR |5U— z -yt Y

In particular, forn =1, s € (0,1/2) and 0 = % the constant reads as

(2
(52)%

Cn,o

—

H lts = 8228—2
L,=5~

!

and, by elementary properties of the Gamma function, it is easily checked that

Hl ﬁ 052
2 < Cl+8 1 1+s < CSQ’
€, 14e 2 (1=57)

for some absolute C' > 0 and every s € (0,1/2).
Summarizing, taking the & relative to e = H | Lts in the saturation statement above, for every

)

s € (0,1/2) there exists an even function ¢ € C2(R\ {0}) such that

£(a)? | £(@) — E)P
/R|a:\1+s 2 G //M z g2t W

Lastly, for the same &, this directly implies

* ¢(a) le() — €6
ez o [T SRR e (52)

The BV-estimate for small s

It is known [CSV19; Flo24] that stable s-minimal surfaces enjoy a uniform interior BV-estimate,
and that the same holds for stable solutions of the fractional Allen-Cahn equation [CCS21; CFS24b].
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The results in these references only control the dependence of the constant from s as s — 17. In
this work, we need the same type of BV-estimate with a control of the constant as s — 0.

Theorem 5.1.6. Let R > 0, s € (0,1/2), and E C R"™ be an s-minimal surface which stable in
Br(z) and such that OF is C? in Br(x). Then

| Q

PGI‘(E, BR/Q(:E)) =g’

for some dimensional constant C' > 0.

We first recall a useful interpolation inequality for the s-perimeter that accounts for the
dependence on s both for s =+ 17 and s — 0. The inequality in the form we use here is not
explicitly stated anywhere; it is written throughout the lines of the proof of Theorem 3.1 in
[Tho24], or it follows from [Flo24, Lemma 3.13] and Young’s inequality.

Lemma 5.1.7. Let s € (0,1), R >0, and E be a set with locally finite perimeter. Then

les RS
Pers(E, Br(z)) < C = SPer(E,B5R(:C)) =)

for some dimensional constant C' > 0.
With this inequality, we can deduce the BV-estimate for small s.

Proof of Theorem 5.1.6. Similarly to [CCS20], the theorem follows by inspection of the proof of
Theorem 1.7 in [CSV19], taking care of the explicit dependence of the constants as s — 0. For
the sake of clarity, we rewrite here the crucial estimates in the proof of Theorem 1.7 in [CSV19],
with the precise dependence of all constants on s, as s — 0. In the proof that follows C' > 0 is a
dimensional constant that can change from line to line.

Since the statement is scaling and translation invariant, we can assume R = 1 and z = 0.
Since F is stable in By, by Theorem 1.9 in [CSV19] applied to the kernel K(z) = 1/|z|""%, we get

Per(E, By) < C (1 n \/Pers(E,Bz;)) . (5.3)

Moreover, by Lemma 5.1.7 applied with R = 4 we have
1

— S

Pers(Ea B4) <C <1 Per(E, Bzo) + 1> <C <Per(E, B20) + 1) ,
S S

where we have also used that s < 1/2. Thus, by (5.3) and Young’s inequality we get

1 1
Per(E,By) < C (1 + \/Per(E, By) + s) <C (l + 6Per(E, By) + g + 5)

o 1
=C (1 + -+ 5) + 5PGF(E,BQ()),
S
for every § > 0. From here, arguing exactly as the end of the proof of [CSV19, Theorem 1.7] or

[CEF'S24b, Proposition 3.14], choosing § smaller than a dimensional constant d, = d,(n) > 0 and a
covering argument one concludes the uniform bound

do 1 C
Per(E, B < 1+ —+ = —.
er(E, 1/2)_C<+8+5>_

o S
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5.1.3 Classification of stable s-minimal cones in the plane for small s

It is well known that, for sets with C? boundary, the nonlocal mean curvature can be expressed
as a boundary integral (see, for example, the introduction of [Cab-+18] or [Cir+18]). Precisely

HE(z) = %P.V. . y ’;x_)g':”jﬁ(y) do(y), (5.4)

where vy denotes the outer unit normal to 0F.

In the proof of our main result, that is Theorem 1.2.20, we will need to use this fact for a cone
in R?, which is not globally C2. The validity of this representation formula (5.4) at some = € OF
does not really require the smoothness of F everywhere, but just smoothness in a neighborhood
of x and mild regularity of OF outside this neighborhood. Since the author could not find any
precise statement of this fact, and since we will crucially need it, we state and prove it here.

Lemma 5.1.8. Let s € (0,1), and let E C R™ be a set that is a finite union of open domains with
Lipschitz boundary. Let x € OE and assume that OE is C? in a neighborhood of x. Then HE (z)
can be expressed as in (5.4).

Proof. Fix € > 0 small. As the statement is invariant by translations, we can assume z =0 € OF.

Observe that
div( 2L )=-_2
Y\t ) T T

We want to apply the divergence theorem to the vector field F € C*(R™\ B.;R") defined by
F(y) = yly|~™*%), but this has not compact support. Nevertheless, since |F| = o(|y|'™™) as
ly| = +o0, it is a classical fact that the divergence theorem can be applied (e.g., [Ser83, Corollary
5.2]). Hence, by the divergence theorem, we can infer

y-v(y) / . ( y > / 1
do(y) = div| —=— | dy = —s — dy,
/B(E\BE) ly|nts ) E\B: |y|"ts B\B. ly["*

where v is the outer unit normal to O(E \ Be). Similarly

y-v(y) / 1
do(y) = —s — dy,
/8(Ec\35) |y|ts (@) Be\B. |y|" TS

where v is the outer unit normal to O(E€\ B:). Note that

A(E\ B.) = (0E\ B.) U (8B N E°), and d(E°\ B.) = (9E°\ B.) U (0B N E),

and that 7 = —v on the shared part of the boundary OF \ B, = OE°\ Be. Thus, subtracting the
two equalities above

xee(y) — xB(Y) / y-v(y) / y-v(y)
S dy = do(y) — do(y
/Rn\BE |y|ts a(E\B.) |Y|"t* (@) o(E\B.) |y["** ()

. d d
YR . N
OE\B. lyl dB.NE* Y| dB:.NE Y|
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Moreover

do(y) / do(y) 1 . B
/835ﬂEC |y‘n+s—1 9B.NE |y‘n+s—1 €n+s—1( ( € ) ( - ))

and it easily follows from the hypothesis that OF is C? in a neighborhood of 0 that
H 1 (OB. N E) — H" Y (0B. N E°) = O(").

Thus

d d
_/ :isyzl+/ %20(51_8)%0, ase — 0.
dB:-NE* Y| OB.NE |y

Letting € — 0T above and diving both sides by s gives

e(y) — 2 :
noo fyte s Jop lyl"te

which is what we wanted to prove.

O

Let us fix the notation that we will use for cones in the plane. For a cone E C R?, we write

> = OF and observe that 3 is a union of half-lines from the origin. Write

N 2N

E=JE, s=J%i, 0B ={Z,%in},
=1 =1

with the convention that Yony1 = 1. Here E; are disjoint conical sectors from the origin, that is
AE; = F; for every A > 0, 3; are rays from the origin with the induced orientation from FE;, and

the number N could be +oo in general, but will be finite in our proof.
We also denote by 67 the counterclockwise angle from ¥; and ¥;.

Lemma 5.1.9. In the notation above, there is ¢ > 0 such that for every x € X; there holds

/ 1 do(y) > c
— O' T .
5 Jo— g2 YT s (1= cos(87))

Proof. We have

1 do(y)
/ s 40(y) :/ ; 21
5, [T =yl =i (|22 + |y|2 — 2 cos(8))|z]|y|) 2

Y dz 1 o dt
- 2 4 2 J 2o |p|its 2 j
0 (Jz|> + 22 —2cos(0;)|x|2) 2 0 (1+1t2—2tcos(6;))
where we have substituted z = t|x| in the last line. Moreover

/oo dt _/oo dt
0 (1+82—2tcos(0))F  Jo ((t—1)2+2t(1 — cos(6)))F

. 3/2 dt . 3/2 dt
- /1/2 ((t—1)2 + 2¢(1 — cos(69))) =" /1/2 ((t—1)2 + 3(1 — cos(69))) ="

v

L dt 3/2 dt
‘/1/2 (= 1)2 +3(1 = cos(8))) =" /1/2 (12 +3(1 — cos(6)))) **
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N 1 /1/10 dt . c
(1 —cos(6))1+s J_1/10 (12 + 3)5° ~ (1 — cos())1+5

This concludes the proof. O
Now, we have all the ingredients to prove our main result Theorem 1.2.20. In the proof, we

plug in the stability inequality a radial test function that nearly saturates Hardy’s inequality on
(0,00), in the sense that (5.2) holds.

Proof of Theorem 1.2.20. By Theorem 5.1.6, that is the BV-estimate for stable s-minimal surfaces
for s € (0,1/2), and a standard covering argument we get that

2N = Per(E, BQ\Bl) < —

Hence ¥ = OF is a finite number of rays from the origin, whose number is bounded by

on <. (5.5)
S

Recall the stability inequality (2.10), and let v; be the outer unit normal to ¥; from FE;. For
the left hand side, for every ¢ € C?(R?\ {0}), we have

lvs(z) — vs(y )| lvi(x) — yj( )] )
//EXE ’95—?/|2+8 pla) do(@) //2 X3, |x—y|2+s pla) do(z)do(y)

=230 e [0 s o)

i#]

By Lemma 5.1.9 we can estimate

p(x)? c p(x)?
//Zixz:j |z —y[>*s do(z)do(y) 2 (1 — cos(6) ))HS /Z || s -

Now, taking ¢(z) = £(|z|) with £ saturating Hardy’s inequality on (0, 00) as in (5.2), gives

)2 1 x) — 2
/z, gx(h)ﬂ do(z) > 75 //22 W do(@)do (y),

s (@) — vs(y)?
//Exz |1+s ¢(|z))? do(z)do(y)

[(2) — € 1 — (=1)"* cos(6)
= 82 Z (//;J X3, ’x _ ’2—&-5 do (:L‘)da(y)) Z (1 o COS(Hij))H'S ’

1<i<2N, i#j

([ )y, ey

J=1 {1<i<2N, i#j}

thus

Claim. There exists s, < 1/2 sufficiently small with the following property. For every
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€ (0, so), there exists j € {1,2,...,2N} such that

Z 1—(=1)"7 cos(ﬁf) < 1

(zizan,izy (1 — cos(f?))t+s  ~ 100

Indeed, suppose this is not the case. Then, for s arbitrary small, (5.6) implies

//EXE lvs(z y’1+(s Ol &(|x))? do(z)do(y) > 10052/ / |§|$_y|2+s‘2d "

From this 1nequahty7 using that F is stable gives

£(x) — E(y))?
10052 / / |$ — |2+S dxdy
//Exz |qu; — y’1+(5 i &(|z))? do(z)do(y)
(Stablhty . )
//zxz = |\a:’_ Q(J‘y8’)| do(z)do(y)

_N/ / §|x_ |2+S‘2d dy +Z//EXE ’ri_ |2(ED!2 do(x)do(y).

i#]

Moreover, since |z — y| > ||z| — |y||, we have

€ () = £y, €(1z]) — £(jy))|?
i 0=, - e 7

_ 2
-/ / €)= €0
o Jo |m—y\
for every i # j. Thus

10032 \x — \2+5 ]:): — ]2+5

which implies, together with (5.5), that

32>L>Ls
~ 100N — 50C"’

which gives a contradiction if s is small. Hence, the claim is proved.

Now, we conclude the proof of our theorem by contradiction, with s, the one given by the
claim above. Assume by contradiction that N > 2. Then, for the index j such that (5.7) holds we
get that (here, as above, the indices are modulo 2N)

1= (=1)762) cos(6] ") | |

: A <
(1-— cos(9§+2))1+5 (1-— cos(&frz))s — 100

holds for every s < so. Clearly, this is not possible for any value of AR [0,27), and hence we
conclude that N =1 and F is made only of one conical sector of angle 6.

At this point, we would formally like to argue that, being F stationary for the fractional
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perimeter, the first variation formula at z = 0 implies that F is a half-space. Nevertheless, the
first-variation formula holds only at points € F where F is C? in a neighborhood of = (see
Remark 2.2.6), and this is not the case for the tip of the cone. Hence, we have to argue in this
spirit but a bit more indirectly.

With no loss of generality, up to rotation and complementation, assume that 6 € (0, 7] and

E=1{pe? : p>0,0€(0,0)}.

Let (t1,t2) = t := € € S!, so that 0E = ¥ = Yo U Y; where X5 = {de; : A > 0} and
Y1 ={At : A > 0}. Observe that, since 6 € (0, 7], we have that to > 0.

Since e; = (1,0) € ¥ and ¥ is smooth in a neighborhood of e; (see Remark 2.2.6), by the
first-variation formula

HE(e) — PV XEc(y)—XE(y)d _o.
5 (e1) V. e [y — e 0

Moreover, by Lemma 5.1.8 this implies

vs(y)
PV/ |y—61|2+5 d (y):o

Note that the respective outer-unit normals to ¥ and ¥; are —ey and t* := it, respectively.
Hence (y —e1) - vs(y) =0 for all y € X9, and (y —e1) -vs(y) = —ti =tz >0 forally € ¥y. In
particular (y —e1) - vs(y) > 0 for all y € ¥. Thus

5(y
O—PV/ ’y_€1’2+8 W=e) voly) 4oy s,

This means that all the inequalities above are equalities, that is
to=0 = t=2e; = 0€{0,7}.

Since 6 € (0, 7], necessarily § = 7 and thus E is a half-space. O
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Chapter 6

Asymptotics of the fractional
Laplacian and noncompact manifolds

6.1 Asymptotics of the fractional Laplacian and noncompact
manifolds

In this section, we present the results obtained in [CG24]. In this work, we have studied the
asymptotics of the fractional Laplacian as s — 07 on any complete Riemannian manifold (M, g),
both of finite and infinite volume. When M is not stochastically complete, we find that this
asymptotics is related to the existence of bounded harmonic functions on M see, for example,
Theorem 1.2.25 in the introduction.

As a corollary, in [CG24] we find the asymptotics of the fractional s-perimeter on (essentially)
every complete manifold, generalizing both the existing results [Dip+13] for R™ and [Car+22] for
the Gaussian space.

6.1.1 Preliminaries

Theorem 6.1.1 (Yau). Let M be a complete Riemannian manifold. Then every L?>(M) harmonic
function is constant.

Proof. Let v € L?(M) be harmonic. It is a standard result by Yau (see, for example, [Lil2,
Lemma 7.1]) that, on every complete Riemannian manifold M, the Caccioppoli-type inequality

[ weldis g [ P
Br(p) R JBar(v)

holds. Since u € L?(M), letting R — oo gives that u is constant. O

Definition 6.1.2 (L*° — Liouville property). We say that a Riemannian manifold M has the
L*> — Liouville property if every bounded harmonic function on M is constant.

In the next lemma, we give the proof of a result that is known in the case of smooth Riemannian
manifolds [CK91; Sim93; Pin92]. Here, we give a proof similar to [Sim93] that extends without

modifications to the case of weighted Riemannian manifolds and more general ambient spaces.

Lemma 6.1.3. Let M be a complete, connected Riemannian manifold. Then
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(i) If u(M) < +o0, then for all x,y € M

tligloo HM(:L'ayat) = m 3

and the convergence is uniform in £ X 0, for every bounded 2 C M.

(i) If pn(M) = +oo, then for all x,y € M

lim Hy(x,y,t) =0,

t——+o0

and the convergence is uniform in ) x 0, for every bounded 2 C M. Moreover, for every
fixed p € M there holds also

li H t)=0. 1
dm sup H(z,p,t) =0 (6.1)

Proof. To prove the result, we use spectral theory. Let us first do the case u(M) = +oo. The
spectrum of the Laplacian o(—A) is contained in [0, 00) and by Theorem 6.1.1, we know that the
eigenspace of A = 0 contains no constant function except for the function identically 0.

Let {E)}x>0 be the spectral resolution of the Laplacian, then for every f € L?(M) (here (-, -)
denotes the L?(M) scalar product)

@rrn = [ RN
0

Since limy_,o0 e M = X{0}(A) we can apply dominated convergence to deduce that

lim (" f, f) = (Eof, f),

t—o00

and since Eq projects onto the eigenspace of A = 0, made only by the constant function identically
zero, we get

(€ f,f)=0. (6.2)

lim
t—00
Now note that for all f,g € L>(M) we have |[(e!®f, g)| = |(e!/?2 f,et/?2 g)|. Thus by Cauchy-
Schwartz
(€2 f,9) = (P2 [, 2 g) < |2 f 2]le*2 g 2
= ("2 f, )(eg,9).
Taking the supremum over g € L?*(M) with ||g|;2 < 1 and sending ¢t — oo gives that e!®f — 0

strongly in L?(M). Since this holds for all f € L?(M), this implies Hy;(-,y,t) — 0 in L?(M) as
t — oo.

Now, by a local parabolic Harnack inequality, we can convert this convergence into pointwise
convergence that is actually locally uniform. Indeed for p € M, R < 1 to be chosen depending on
p, and ¢ > 10, taking f = xp, () above gives

<etAXBR(p)7XBR(p)>:/ / Hy(z,y,t) du(z)dp(y) > p(Br(p))®  inf  Hul(z,y,t).
Br(p) Y Br(p) z,y€BRr(p)
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By the parabolic Harnack inequality (see Remark 6.1.5 after this proof) applied two times
inf  Hy(z,y,t) >C~ ' inf  sup Hy(z,y,t—1/2)
z,y€BR(p) *€BR(P) yeBr(p)

>C™' sup inf Hpy(z,y,t—1/2)
z€BR(p) YEBR(P)

20_2 sup HM(I',y,t—]-),
z,y€BR(p)

for some C' > 0 depending on Br(p) C M but independent of t. Hence

sup HM(LL‘, Y, t) < C(BR(p))<e(t+l)AXBR(p)7 XBR(p)> —0,
z,y€BR(p)

as t — oo. Covering any bounded set with small balls allows us to infer the desired local uniform
convergence.

We are left to prove (6.1). By the properties of the heat kernel, we have

Moreover
HM(x>p7t) = /M HM(.CU, Zat/2)HM(p7 Zat/Z)dH(Z) < \% HM(p,p,t)HHM(I‘, ’t/2)||L2(M)7

which concludes the proof if we are able to show that sup,ep, [[Har(, -, t/2)||12(ar) is bounded as
t — oo. However, since by the semigroup property Hys(z,y,t) = e~V (Hy(z,-,1))(y) and we
have the contraction estimate ||eSA(f)HL2(M) < | fllr2(ary for every s € (0,00) and f € L*(M) we
can write

| (e, Ol 2any = €@ V2 Hag (- D)2 < | Hagla,- Vil e > L.

Therefore, we reach the sought conclusion. This concludes the proof of (ii).

Now assume p(M) < +o0. Since the proof in this case is almost identical to the one for infinite
volume, we just sketch the argument, highlighting the differences. The only essential difference
is that in the case pu(M) < 400, the eigenspace relative to A = 0 is made only by the constant

function p(M)~/2. Hence
1
Bof = o | fdu=of 1
RTITI W P Y

(e, 15) o

From here, the proof proceeds exactly the same, showing that Hps(-,y,t) — 1/u(M) — 0
strongly in L2(M). Then, one can turn the convergence into pointwise and locally uniform by a
similar argument with the parabolic Harnack inequality.

and in place of (6.2) we get

Indeed, denoting by (f)4+ the positive part of f, we see that the function

vi= (Hu(y,t) = 1/n(M)) 4

is a nonnegative subsolution to the heat equation. Then, by the parabolic version of the Moser-
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Harnack inequality (see, for example, [Sal95, Theorem 5.1]), we have (here C' depends on R and
the geometry of M in Bar(p))

t+R?
sup v? < C/ / lv]>du — 0. (6.3)
[t+R2/2,t+R?] t Br(p)

Hence limsup,_, .o Hy(,y,t) < 1/u(M). Arguing similarly with the negative part also gives the
liminf inequality, and hence the pointwise convergence. The fact that the convergence is uniform
follows from (6.3).

O

Remark 6.1.4. Since |[Hps(x, -, t)|[z1ary < 1 and |[Hyr (2,5 t) || oo (ary — 0 as t — oo, we conclude
that also ||Hy(x,-,t)|| Le(ary = 0 for any p € (1,00]. The convergence to zero in L' (M) is clearly
prevented if M is stochastically complete.

Remark 6.1.5. We emphasize that we have used only a local (non-uniform) Harnack inequality
in Br(p) C M, that is where the constant is allowed to depend on the point p and radius R. This
is clear since, for fited p € M one can take R < 1 such that, in normal coordinates at p, the
metric coefficients satisfy | 9i; — dijllc2(Brp)) < 1/100. Then, any solution u : Br(p) — R to the
heat equation on M satisfies (in coordinates)

us —Lu=0, in Br(0) x (0,+00),

where —L s a uniformly elliptic operator with uniformly bounded coefficients. Hence, by the
standard Harnack inequality on R™ one can conclude the local estimate.

Remark 6.1.6. One can turn the previous local uniform convergence in (6.1) into the convergence
of solutions of the heat equation. Indeed, in the case p(M) = +oo, since Hys(-,p,t) converges
uniformly to zero, we get (by dominated convergence)

1) = [ Halep 0F(@)dula) 0 ast - oo,
M
for every y € M and f € L'(M).

6.1.2 The heat density

Now, we shall briefly comment on the following quantity

1
al(F) = lim s/ dy,
(&) s=0t  Jp\By(0) [Y["TE

introduced by Dipierro, Figalli, Palatucci, and Valdinoci in [Dip+13] as a measure of the behavior
of the set E near infinity, and which is (up to a dimensional constant) the limit in (1.11) in the
case M = R” with its standard metric. This quantity is invariant by rescaling of E and, at first,
can be thought of as a measure of "how conical” FE is near infinity. Indeed, if the blow-down
E/X converges in Ll _(R") to a regular cone E as A — oo, then a(E) = H" }(Ex NS"71).
Nevertheless, the fact that this limit exists is not equivalent to having a conical blow-down.
Indeed, one can easily construct examples where the limit in «(FE) exists, but the blow-downs of

E converge to two different cones along two different subsequences.

The authors in [Dip+13] refer to a(E) as the weighted volume towards infinity of the set F;
however, in light of our results and description, it would be more appropriate to call this quantity
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heat density over E. Indeed, a(E) represents the fraction of heat kernel that flows through the
set towards infinity (this explains why €37 = 1 on stochastically complete manifolds).

Because of this intuitive reason, the limit in the definition of a/(F) needs not to exist in general
if E, for example, oscillates between two cones near infinity. See [Dip+13, Example 2.8] for the
construction of such an example.

On a Riemannian manifold, a similar quantity is needed, but, since no canonical origin (as
in R™) is present, the singular kernel 1/|y|""* has to be replaced with Ks(y,p) and it has to be
proved if and when the limit (1.11) becomes independent of p € M. On Riemannian manifolds,
this property of the limit being independent of the base point p turns out to be quite delicate and,
as a consequence of Theorem 1.2.23, we will see that is implied by the L* — Liouville property of
Definition 6.1.2.

Definition 6.1.7 (Heat density of a set). Let E C M be a measurable set. We define, for every
p € M and R > 0, the heat density of E as the following limit

Op(p, R) := lim Ks(z,p)du(x),
5207 JE\BR(p)

when it exists. At this level, this may depend on p and R.

Note that, at this point, it is not even clear whether the limit (1.12) of the heat density 6,/
of the whole M exists or is different from zero. For example, as a consequence of the proof of
Theorem 1.2.28, if there were complete Riemannian manifolds with (M) = +oo and 65 # 1,
then we would see the asymptotic

1
lim —Pers(E,Q) = (0 —O0p)u(ENQ) +0pu(E°NQ)

s—0+

holding (even when 657 # 1), and if 05 = 0 this would mean that there are Riemannian manifolds
where the asymptotic of the fractional s-perimeter of any set E is zero. These type of Riemannian
manifolds exist; we describe such a manifold in Example 6.2.4.

First, we show that this does not happen if M is stochastically complete: the limit (1.12)
always exists, and it is equal to one. Actually, more is true: if there is a point p € M for which
the limit is 1, then the manifold is stochastically complete.

Before doing so, we state a corollary that follows directly from Lemma 3.4.8.

Corollary 6.1.8. Let (M™,g) be a complete Riemannian manifold, and let R >0, p € M. Then
" (Xar\Br(p) (P) =/ Hy(x,p,t) du(z) < Ce/*,
M\Br(p)

for some C,c > 0 depending on the geometry of M in Bgr(p).

Proof. Let r be small so that FAg(M, g,r,p, ») holds (see Definition 3.4.1), and consider the
Riemannian manifold M := (M, g/(4r)?). With no loss of generality (up to taking a smaller r),
we can assume 7 < R. Clearly, we have that FAo(M, g/(4r)%,1/4,p, o(-/(4r))) is satisfied (see (b)

—

in Remark 3.4.5). By Lemma 3.4.8 applied to M we have that

/A ~ H(z,p,t)dfi(z) < Ce /"t
M\Bl/4(p)
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Scaling back this inequality to M (see (b) in Remark 3.4.5) gives

/ Ha(w,p, 1) du(x) < Ce"/",
M\B; (p)

for some C, ¢ > 0 dimensional. Since M \ Br(p) € M \ B,(p), this concludes the proof. O

Proposition 6.1.9. Let (M,g) be a complete (possibly weighted) Riemannian manifold with
w(M) = 400, and let Opr(p) be as in Theorem 1.2.23. If M is stochastically complete, then

Oy = lim Ks(z,p)du(z) =1 Vpe M. (6.4)
=07 Jan B (p)

Conversely, if there exists p € M such that

Or(p) = lim Ks(z,p)du(r) =1,
s=0" JM\B1 (p)

then M 1s stochastically complete.

Proof. Note that since u(M) = 400 we have u(M \ B1(p)) > 0. We want to compute the following

.8
lim —

> dt
H t)—7>=d .
Jm s [ e

Claim 1. There holds

]
lim

! dt
= H t)——=d =0.
Jm s [ e nte)

Indeed, this directly follows by writing

.8
lim

=0+ 2 v Jo P s p ) = A0S ) e s M Dy t) dp

and exploiting the estimate of Corollary 6.1.8.
Claim 2. There holds
S o dt
lim — H t)——=d = 0. .
Jm 5[] ) g dnt) =0 (6.5)

By the uniform convergence of the heat kernel to zero (in particular, by the result contained
in Remark 6.1.6), we get that etA(XBl(p))(p) — 0 as t — oo. Therefore, for all € > 0 there exists

T = T(g) such that etA(XBI(p))(p) < ¢ for all t > T, whence

s [ dt s (T dt s [ dt
i s tA i | < i / - li / —s <
lii%l.ip 5 /1 e (X31 (p))(p) F1+s/2 p(z) < si\%ﬂ_ 2 ), tits/2 Te li?ip 2 Jp tits/2 = ©

for all € > 0, proving the second claim.
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Now, thanks to the first claim, we can reduce ourselves to computing

s > dt
lim — H t)——=d .

Then we can then add (6.5) to the previous limit, which gives zero contribution, and we end up
with

. dt s [ dt
dm g ] 0 = i 3 [ =1,

and this concludes the proof.

Conversely, assume that (6.4) holds, then since both the previous claims hold on any connected
and geodesically complete Riemannian manifold, we have

. dt
s 5 [ [ B0t <1

Setting M(t,p) = [,; Hy(,p, t)dp(z) < 1 we can infer that, for every T > 0

) © M(t,p) .8 [ 1
= — < —
1 Shmm 2 ), e dt < Shmm 5 /T ez ——dt=1.

Now, assume by contradiction that M is not stochastically complete. Then since M(t,p) is
nonincreasing in time and nonnegative, there holds lim; o, M(t,p) < 1 — 6 for some ¢ > 0, and
we would have M(¢,p) <1 —§/2 for every t > T = T'(§). This gives

. s [ M(t,p) .8 —0/2
= — < — —
1 S111(1;1+2 e dt_sllr(gz/T e ———dt=1-¢/2,

reaching a contradiction, hence limy_,o, M(t,p) = 1 and since M(-,p) is nonincreasing, we
conclude. O

It is an easy consequence of the proof of Proposition 6.1.9 above the following simple result,
which we will need in Section 6.1.4.

Lemma 6.1.10. Let E C M be a set for which the limit

Jim / Has(p, 2, t)dpa(2) (6.6)

t——+o0 B

exists for allp € M. Then Og(p) exists for all p € M and coincides with the above limit.

Proof. Arguing as in (the first part of) the proof of Proposition 6.1.9 one immediatley gets
1/s

.S dt

lim 2/E ; Hy(p, z, 75)75lJr /2d p(x) =0.
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Therefore, to prove that O (p) exists, we just need to prove the existence of

.S o dt
sligh 5 /ng /1/5 HM(pvx’t)md/J’(x)?

which is a trivial consequence of the existence of (6.6). O

Remark 6.1.11. Following the proof of Proposition 6.1.9, one can see a clear picture of what
happens to the limit in Oy (p) even when M is not stochastically complete. Indeed, for every
Riemannian manifold (not necessarily stochastically complete) and p € M, the limit limy_, o M(t, p)
exists. This follows from the fact that M(-,p) is nonincreasing and nonnegative. Since

M(t,p) = /M Hy(p,x,t) du(x) = A1

is a solution to the heat equation starting from the function equal to one; it follows from the proof
above and from standard parabolic estimates that M(t,-) — O in CZ (M) as t — oo, where
Oy : M — R is a bounded, nonnegative harmonic function on M. Therefore:

(i) If M is stochastically complete, we have Oy = 1 (in particular, the value of Oy does not
depend on the point), and the proof above shows Oy = 1.

(ii) If M is not stochastically complete but satisfies the L>° — Liouville property (see Definition
6.1.2) we know that Opr = 0, € [0,1) and, following the proof of the proposition, one finds
that the limit in the definition of 0y exists, does not depend on the point p and there holds
Oy = 05. Note that such Riemannian manifolds exist and were first constructed in [Pin95].
In Example 6.2.4, we describe one with 6, = 0.

(153) If M is not stochastically complete and does not satisfy the L°° — Liouville property, then in
general Oy is a nonconstant harmonic function on M, and the value of Oyr(p) can depend
on the point p.

6.1.3 Proof of Theorem 1.2.23

Proof of Theorem 1.2.23. With no loss of generality, assume r < R.
Step 1. First, we show that the limit does not depend on the radius, that is

eE(pv R) = QE(p7 T) :

We have

\ [ K - [ K| < [ Ko(, p)du(z)
E\Bg(p) E\B-(p) Br(p)\B-(p)

1 dt
< Cs / / Hag(,p, ) =2 dp(z)
Br(p)\Br(p) J0 thts/2

o dt
—I-CS/ / Hy(z,p,t)——=du(x) =: I + I>.
Br()\B,(r) /1 £/

For the first integral, by Corollary 6.1.8 as s — 07

1 A dt 1 e—c/t
L SCS/O € (XM\BT(p))(p)m SCS/O mdt—)O'

162



Regarding the second integral, for all ¢ > 0 by Lemma 6.1.3 there is T = T'(¢) > 0 such that
|Hpyr(x,p,t)] < e for all z € Br(p) and t > T', hence

T dt o0 dt
L <Cs / / H (2, p,t)dp(z) = + Cs / / Ha (2, p,t)dpu(z) o
1 Br(p) t1+s/2 T Br(p) t1+s/2

T at > dt
< CS/1 PEEw) + Csep(Br(p ))/T Ats/2

= C(1—T*?)+ Cen(Br(p)) T/,

letting s — 07 (and then € — 0) gives Iy — 0. Hence, taking s — 0% shows 0g(p, R) = 0g(p,r),
showing that the limit never depends on the radius. Note that what we have just proved already
implies that if ' is bounded, then the limit exists and 6 = 0 since one can just take R > 1 so
that E'\ Br(p) = 2.

Now fix ¢ € M. For every p € By/5(q) we can write

Op(p) = lim Ks(z,p)du(x).
=07 JB\B1(g)

This is possible because we always have independence on the radius. Indeed

\ [ kG - [ K] < Ko, p) du()
E\By/2(p) E\Bi1(q) B1(¢9)\By/2(p)

hence
lim sup / Ks(x,p)du(x) —/ Ks(z,p)du(r)| < 0p,q) =0.
s—0F E\Bj /5(p) E\Bi1(q)
Set -
O5.(r) =5 | e (ummw) )ty (67)

so that 0g(p) = lim,_,o+ Op s(p).

Step 2. 0p is harmonic.

By Corollary 6.1.8 we have that that 0 < O 4(p) < C, for some constant C' > 0 depending
only on M. Now fix ¢ € C2°(B;/2(q)), by dominated convergence

/ 0p(Ap)dp = lim @Es(Acp)du lim (AOg ) pdu. (6.8)
s—0+ s—0t J 1

Note that, for fixed s and p € By /5(q), we can write

dt
AOE s(p / Aet? XE\Bl()) tHS/Z: / 8756 XE\Bl( ))( )tl+s/2’

which, after integration by parts, becomes (note that the boundary term at ¢t = 07 is zero due to
Corollary 6.1.8) equal to

s [7 ia (1+5/2)
B /0 e (XE\Bl(Q))(p)W dt.

The latter quantity goes to 0 as s — 0T, and is uniformly bounded for s € (0,1), for every
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p € By/2(q). Hence, going back to (6.8) we get

/ Op(Ap)du=0.
M

That is, O € Llloc(M) is a very weak solution of Afr = 0. We're left to prove that g is smooth
and is a classical solution of Afg = 0. In a small chart, in coordinates, one can see that 0p is
a very weak solution of 82-( |det(g)]g"™ (9]-(93) = 0. Choosing the chart sufficiently small, we get

that the coefficients \/|det(g)|¢g" are smooth and uniformly elliptic. Then, for example by [ZB12,

Theorem 1.3], we get that 0 € I/Vlif (M) and bootstrapping classical elliptic regularity gives that
0 is smooth and harmonic.

Lastly, (1.12) follows from the last part of the proof of Proposition 6.1.9, and the fact that
p +— Opr(p) is harmonic is verbatim the proof we did for £ C M above. O

6.1.4 On the dimension of the space of bounded harmonic functions

On a complete Riemannian manifold M, denote by
Hy(M) := {bounded, harmonic function on M }.

In this subsection, we explain how Theorem 1.2.23 can be used to bound from below the dimension

of Hy(M).

Definition 6.1.12 (Bulky set). Let M be a stochastically complete Riemannian manifold (thus,
in particular, Opr = 1) with p(M) = 400, and let E C M. We say that E is a bulky set if O
ezxists and

supfg = 1.
M

Lemma 6.1.13. Let E, F C M be disjoint sets such that 0 and O exists. Then Opur exists
and Ogup = 0 + OF.

Proof. The proof is trivial by the additivity of the integral in the definition of Op . O

Theorem 6.1.14. Let m > 1 and M be a stochastically complete Riemannian manifold with
w(M) = +oo. Assume that there exist m disjoint Ex,. .., E,, bulky sets (see Definition 6.1.12).
Then dimg Hy(M) > m.

Proof. By Theorem 1.2.23 we see that 0g,, ..., 0g, are m harmonic functions with values in (0, 1].
By Lemma 6.1.13, for every x € M there holds

(9E1 (x) 4+ ...+ (gEm(.TU) = 0E1U...UEm(fE) < GM(x) =1. (6.9)

We show that these m harmonic functions are linearly independent. Assume by contradiction
that there are aq ..., a;, € R such that

0419E1 +...+ amGEm =0. (6.10)

With no loss of generality (up to relabeling the sets E;) assume also aj # 0.
By the very definition of bulky set, there is a sequence x; € Ey with 0, (z;) — 1 as k — oc.
Hence, taking x = xj in (6.9) and letting k — oo gives

lim 0, (zx) =0, Vi=2,...,m.
k—o00
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Thus, evaluating (6.10) at © = z, and letting k — oo we get
aq lim Op, (k) = a1 =0,
k—o0

and this contradicts a; # 0. O]

The relationship between bulky sets and the notion of massive set

Definition 6.1.15 (Massive set). A subset E C M is said to be massive if there exists a bounded
superharmonic function v > 0 such that v =1 on M \ E and infgv = 0.

We call such a function v an admissible function for E, and we call
sp(z) :=sup {v(z)|v < 1 is admissible for E'}
the superharmonic potential of E. Let also
ep(z):=P(3t>0|8f € E),

and
hg(z) == P(3t, T 400 | B{Fk €E),

where 7 is a standard Brownian motion on M. We recall the following result, whose proof can
be found in [Gri99a, Section 4.5].

Theorem 6.1.16. Let E C M be open with OF smooth. Then for every x € M
(i) ep(x) = SM\E($)'

(i) hp(x) =lim_ o e (spn p)-

It follows from the definition of massiveness that E is massive if and only if sg # 1, hence
from (i) we get that £ is massive if and only if eyp\ g #Z 1. Note that this is not equivalent to the
fact that P(BF € E, YVt > 0) > 0 for some x € M, since M could be stochastically incomplete.

The next result shows that bulky sets (see Definition 6.1.12) are essentially massive sets for
which the limit in 0 exists.

Lemma 6.1.17. Let M be a stochastically complete Riemannian manifold with (M) = +oo. Let
E C M be open with OFE smooth. Then

(i) If E is massive and O exists, then E is bulky.
(ii) If E is bulky, then E is massive.

Proof. (i). Let E be massive and fp exists. By Theorem 6.1.16 we have Owe < exe = Sk
Moreover, by [Gri99a, Proposition 4.3] there holds infy; sg = 0, thus also infy 0ypn g = 0. Since
Oy =1 —0p we get supy, 0p = 1, that is E is bulky.

(ii). Suppose by contradiction that E is not massive. Then by Theorem 6.1.16 we get sp =
ex\e = 1, and thus s;p g = 0. Hence, by Theorem 6.1.16 again, hp = lim;— 0 etA(sM\E) =0,
which by definition of hg means that

P(3ty T +oc| Bf, € E) =0, Vwe M.
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This implies that almost surely there exists 7 > 0 such that g € M \ E for all ¢ > 7, and hence

0= lim P(Bf € E) = lim /EHM(x,y,t) du(y) .

t——+o00 t—o0
By Lemma 6.1.10 we get #g = 0 and hence FE is not bulky, contradiction. O

Remark 6.1.18. [t is clearly not true that E massive implies that E is bulky. That is, the
assumption that O exists is necessary. This is because massiveness is a notion that “bounds from
below” the size of E (to say that adding an arbitrary set to a massive set results in a massive set),
while the notion of a bulky set asks for a suitable weighted limit at infinity to exist.

Recall the following celebrated result by A. Grigor’yan [Gri90].

Theorem 6.1.19 ([Gri90]). dimg Hp(M) is equal to the supremum of the number of disjoint
massive sets (see Definition 6.1.15) which can be put on M.

Lastly, let us point out that we believe our Theorem 6.1.14 holds in the sharp version similar
to Theorem 6.1.19. That is, we conjecture the following to hold:

Conjecture 6.1.20. Let M be a stochastically complete manifold of infinite volume. Then
dimg Hp(M) is equal to the supremum of the number of disjoint bulky sets (see Definition 6.1.12)
which can be put on M.

6.2 Infinite volume asymptotics and proof of Theorem 1.2.28

Now we turn to the proof of Theorem 1.2.25. To prove this result, we will need Lemma 6.2.1
below, which essentially says that for manifolds with u(M) = 400, the singular kernel g4 locally
behaves like that of R™ as s — 0. This is not the case for finite volume manifolds'.

Recall the notation of Remark 2.2.3, where we denote by # the singular kernel of R"

y[nts
with its standard metric. Note also that

cns(2—5) < aps < Cps(2 —s).

The following lemma is a sharpening of Lemma 3.4.13 for manifolds with infinite volume.
Indeed, in Lemma 3.4.13, we were not interested in characterizing the sharp dependence from s of
Ks as s — 0F. Moreover, in Lemma 3.4.13, we estimate K4 locally on every complete Riemannian
manifold M (both with finite and infinite volume), but the result stated in Lemma 6.2.1 below is
not true on manifolds with finite volume.

Lemma 6.2.1. Let (M, g) be a complete n-dimensional Riemannian manifold with u(M) = +o0,
and let p € M. Assume that in normal coordinates at p there holds 5|v|* < g;;(q)viv? < 195 |v]?
and |Vgii(q)| < 1/100 for allv € R™ and g € Bi(p). Then there exists K}, : Bi(p) x Bi(p) — [0, 00)
such that

lim  sup |Ks(z,y) — Ki(z,y)| =0,

s=0% ¢ ye B, /5(p)

and for all x,y € By 3(p)

« (87
n,s < ! < n,s 11
cd(flj, y)n_l,_s — ICS('CC? y) — Cd(.'f7 y)n+s ) (6 )

Indeed, for finite volume manifolds, the same conclusion (6.11) holds with constants depending on s, but as
s — 07 the constants do not behave like the ones of R™.
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for some dimensional constants ¢,C' > 0.

Proof of Lemma 6.2.1. Let o' : Bi(p) — R™ be the inverse of the exponential map at p. Take
n € C°(By/5(0)) with XBy5(0) < 1 < XB, 5(0) and let 9i; = gijn + (1 —n)d;;. This is a metric on
R™ with g;; = gij in By/5(0). Denote by Ky, K the singular kernels of (M, g) and M’ := (R, ¢')
respectively. Let A := SUDgeR, 5 (p) Hy(gq,q,1) and A’ := SUDseB, /5(0) Hyy(x,2,1), and note that

sup sup Hp(q,q,t) <A, sup sup Hy(z,z,t) <A,
t21 g€ By /5(p) t21 z€By /5(0)

since the maps ¢ +— Hy(q,q,t) and t — Hyp(x,2,t) are decreasing. For 2,y € By/5(0) we have

. ola) o) = Kilea)| < i s [ 1Harlead oo )~ Hanle 0|55

1
< Cs(2=9) [ Has(e(o). e(u).t) ~ o (w..8) 157
1/s
+Cs2=3) [ [Harlota). ol )~ Hao(oont) 55
#Cs=9) [ |l o))~ Heo 0.8 5

= Cs(2 — s)(h + I+ 13) .
By Lemma 3.4.11 there holds

' dt ! dt
= — —c/t
I —/O |Hu(o(2), 0(y), t) HM/(a:,y,t)\tHs/2 < C/O s < C,

for some dimensional C' > 0. Regarding the second integral

at 11— 552
751+s/2_(A+A) 5/2 )

1/s
IQS/ (A+A)
1

and lastly

h dt
I3 = / | Ha(o(), (), 1) — Har (9,0 775
1/s t

< 55/2/1 [HM(w(w),sO(y),ﬁ/S)+HM/(5”’1/’5/5) gﬁ/z -0

as s — 07, since both M and M’ have infinite volume, and thus, their heat kernel tends to zero
as t — +00 (see Lemma 6.1.3). Hence, as s — 07

Ks(o(2), 0(y)) — Koz, )| < Cs+ C(A+A)(1 = s*/2) +o(1) = 0,

and note that this estimate is uniform in z,y € B;/5(0). This follows, for example, from the
parabolic Harnack inequality since one can locally estimate the supremum of Hjy; and H ;s with
the L' norm at later times; see the end of the proof of Lemma 6.1.3. Then

lim sup }]Cs(g;,y)—lC’S(a:,y)‘ =0.
s—=0F z,y€B /3(p)
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Lastly, by Lemma 3.4.7 there exists dimensional constants ¢, C' > 0 such that

Qnp s

[0
<K < (O0—2
S(:E7 y) - d(iv,y)”+s b

“d(w,y)rts =

and this concludes the proof. ]

6.2.1 Proof of Theorem 1.2.25

Proof of Theorem 1.2.25. As we can assume s < $,/2, it follows from the proof of Proposition
A.1.4 that the integral in (—A)g{QU is absolutely convergent? for a.e. x € M, and the principal
value is not needed. Moreover, since u € H*/?(M) we have

[ (0@) = wl) P ) ) < +x,
M

for a.e. x € M. Fix x € M in the intersection of these two sets of full measure, and take R such
that supp(u) C Bgr(z). Then

(—A) u(z) = / (u() — u(y))Ka(z,y) du(y)
M

- / (u(®) — u(y))Ka(z, y) du(y) + u(x) / Ku(e,)du(y) . (6.12)
Bp(z)

M\Bg(z)

Note that being p(M) = +oo we have

/ Ko(w,y) du(y) £0.
M\Bgr(x)
Claim. As s — 07 there holds

lim (u(z) — uw(y))Ks(z,y) du(y) = 0.

s—07t Br(x)

Indeed, let p < 1 small that will be chosen later. We denote here by C' a constant which does not
depend on s. Then

/B (u(@) — u(y))Ks(z,y) du(y)’

r(2)
_ \ [ o)~ ulo)Kola) ) + [ (u(e) — uly))Ks(, y) duly)
By(x) Br(z)\Bp(x)
< / () — u(y)|Ks(z, y) duly) + 2lul / Ko, y) duly)
By () Br(x)\By ()

We estimate these two integrals separately. Let K/ be the singular kernel given by Lemma 6.2.1,
applied with p sufficiently small and suitably rescaled. For the first integral, Lemma 6.2.1 gives

timsup [ Ju(e) = )| (Ku(e,) = Ko.9)) duly) = 0. (6.13)
Bp(m)

s—0F

2Here we are not assuming M being stochastically complete, but in Proposition A.1.4 stochastical completeness
is only used to have that (—A)‘;/Qu = (—A)éi/Qu a.e., not to show the absolute convergence of the integrals.
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Moreover, by the bounds of Lemma 6.2.1 and since u € H®/?(M), for a.e. x € M

(u(z) — u(y))? / 2
dy < C(s,) (w(@) —u(y))"Ks, (z,y) dy < +o0.
/Bp(x> d(z, y)ntee By(a)
Hence, by Lemma 6.2.1 again and Holder’s inequality

, u(z) ~ uly)|
[ e ey <0 [ EE )

(u(@) —u@)? , \" | v
u(z) —u(y
corf[ oz )
( By dlz,y)" e ) ( By() d(w)””s_s"dy)
So—28 1/2
< (Cs ( P > -0,
So — 28

as s — 0T, where in the second-last inequality we have used polar coordinates for p sufficiently
small (possibly depending on z). Thus, with (6.13) we have that the first integral tends to zero.

Regarding the second integral, one can note that we have proved in part (i) of Theorem 1.2.23
that, for every € M and r, R > 0

lim Ks(z,y)du(y) =0,
520" J Bp(2)\Br (2)

since Br(z) is a bounded set, and this concludes the proof of the claim.
By the very definition of #,; we have

lim Ks(z,y) du(y) = On (),

s=0" JM\Bg(x)

hence letting s — 07 in (6.12) gives

lim (—A);{Qu(x) =0y (z)u(z),

s—0t

for a.e. x € M, and this concludes the proof. O

6.2.2 Global asymptotics

To prove our result Theorem 1.2.30 on the asymptotics for infinite volume, one needs also to know
the asymptotics as s — 07 of the fractional s-perimeter on the entire M, that is, when Q = M.
This is addressed by Theorem 1.2.26 on the asymptotics of the fractional Sobolev seminorms,
which we now prove, and which is the counterpart of Theorem 6.2.9 in the case of infinite volume.

Proof of Theorem 1.2.26. Formally, one would like to infer that

Sy 25 [ (@)~ u) (o 0) duta)duto)

:/ u(—A)§/2udui> w0y dp
M M

i

where the first equality is the very definition of the seminorm (see Definition 2.2.1). The second
inequality is nontrivial since the integrals one would write in the few lines of a proof are not
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absolutely convergent in general. Moreover, for the last step of taking the limit as s — 0T, one

needs to show that the a.e. convergence (—A)E{QU — Opru of Theorem 1.2.25 can be upgraded to

weak convergence in L2(M). Now we shall justify both steps.

Step 1. We have
3 ()~ )P dute)dnts) = [ -2 ud. 610

Fix ¢ > 0 and let

(—A)2u(z) = / (u() — u(y))Ks (2, ) duly)

M\Be(z)

Let also D :={(z,z) : z € M} denote the diagonal of M x M and Ds a §-neighborhood of D.
We have

// (u(e) — u(y))2Ks (2, y) da(z)du(y)
MxM\D
- // u(@) () — u(y)Ka(e, ) dp(x)dp(y)
MxM\D
- // u(y) () — uly))Ka(z, y) du(e)duy)
MxM\D
—o //MxM\D u(@) () — u(y))Ks(, y) du(x)dp(y)
-2 /M\B ) — () ) )
=2 [ u(=A)udu,

where splitting the integral and Fubini are justified since the integrals are absolutely convergent.
Indeed

/ / () (u(z) — u(@))|Ka(z, y) du(y)du(z)
M JM\Be(x)
< /M u() /M\Bg(z) Ko, ) du(y)du(z) + /M ) [ K ) i)

but by Corollary 6.1.8

dt
| K =c [ (/MB x <m,y,t>du<y>> S
\Be(x) \Be(x)
7c/t
< C/ 1+s/2 c,
for some C' depending on s and €. Hence

/ / () (u(z) — () [Ks (2, ) dp(w)dp() < C(llull e, p(supp(s)), &, 5) < +00,
M JM\B. ()
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and this shows the absolute convergence.

Moreover, by Proposition A.1.4 for a.e. € M the integral in (—A)gi/2

then
| Ea e caypan< |
M

and the right hand side ternds to 0 as € — 0. Indeed, as € — 0, by the very same argument at the
end of the proof of Theorem 1.2.25, there holds

u is absolutely convergent,

2
/ () — u(y)|Ka(z,)du(y)| du(z).,
B:(z)

[ Jue) ~ wlken (e pdu(e) 0.

B:(z)

for a.e. x € M, and for x fixed, the convergence is monotone (decreasing) since the integrand is
positive. Hence we have proved (—A)§/2u — (—A)§{2u in L2(M) as € — 0. Now, letting e — 0 in

1 S
2 //MXM\D (u(@) = u(y))*Ks(z,y) dp(z)duly) = /M w(—A)udpy,

together with the monotone convergence theorem on the left-hand side, we get the equality of the
seminorms, and this completes the proof of Step 1.

Step 2. As s — 07, there holds
(—A)g{QU — Opyu weakly in L2(M).

The convergence a.e. to fpru is given by Theorem 1.2.25. To prove that the convergence
holds weakly in L?(M), we show that (—A)§{2u is equibounded in L2(M). By (A.4) there is C
depending only on s, such that

(=2 Pull2oapy < Cllull2aan + Cs?llul3eo ar) -

and hence

limsup [|(—A)*ull2 () < Cllull2a ) < +00.
s—07F
This concludes Step 2 and, sending s — 0" in (6.14) concludes the proof. O

Corollary 6.2.2. Let (M,g) be stochastically complete and with u(M) = +oo. Let E C M be
bounded and such that Pers, (E) < 400 for some s, € (0,1). Then

1
lim iPerS(E) =u(E).

s—0t

Proof. Since M is stochastically complete, by Proposition 6.1.9, we have 63; = 1. Then the result
follows taking u = xg in Theorem 1.2.26. O

Remark 6.2.3. Note that the equivalence of the seminorms (6.14) always holds for characteristic
functions, without any assumption. Indeed for every measurable E C M

2 / xg - (~A)xpdr =2 / <nm / <1—><E<y>>ics<x,y>dy) da
M E \e20/an\B.(2)
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= 2/ lim/ Ks(z,y)dy | dx
E \e70J(M\B.(z))nE"

= 2/ le(x,y)dy = [XE]?{s/z(M) )
FE JE°

where the second-last equality follows by the monotone convergence theorem.

One can note that stochastic completeness is not really needed in Corollary 6.2.2. Even when
M is not stochastically complete, by Theorem 1.2.23, we know that 6,/ is a (possibly nonconstant)
bounded harmonic function with values in [0, 1]. Then, by Theorem 1.2.26 with v = xg we deduce

1
lim —Pers(F) :/ Onr dp,
2 B

s—0F

which is Corollary 1.2.27. Consequently, if in particular 8y = 60, € [0, 1] we have

1
lim 2 Per,(E) = fop(E) (6.15)

s—0t

for every E bounded with Pers (E) < +oo. This feature led us to note the following example,
which shows that, interestingly enough, Riemannian manifolds with 6;; = 0 exist.

Example 6.2.4. There exists a complete Riemannian manifold N where the asymptotics of
the fractional s-perimeter as s — 07 is zero for every set, that is: for every bounded E with
Per, (E) < 400 for some s, € (0,1) there holds

lim Perg(E) =0.

s—0+

By (6.15) above, we see that it is enough to provide an example of a Riemannian manifold
N with On(p) = 0, meaning that the limit does not depend on the point p and is always zero.
Moreover, by part (ii) of Remark 6.1.11 this is satisfied if N has the L* — Liouville property, is
not stochastically complete and

N(t,p) ::/NHN(:U,p,t)du(x)—)(), as t — 00.

A complete Riemannian manifold N with these properties actually exists, and we now sketch
how it is constructed. We want N such that
(1) N has the L*> — Liouville property.
(13) N is not stochastically complete.

(i13) For every p € N we have N (p,t) — 0 as t — oo.

The construction of N that satisfies (i), (ii) is taken from [Gri99a, Section 13.5], which in
turn builds on the first such example found by Pinchover in [Pin95]. Here, we note that it satisfies
also (ii1).

Start from the two-dimensional jungle-gym JG? in R? as in Figure 6.1. This is done by
smoothly connecting the lattice Z3 C R3 with necks. Let g be the standard metric on JG? induced

by the embedding in R3. Fiz o € JG? and let r := dist(o,z) be the geodesic distance from x to o.
It can be checked that JG? satisfies:

(a) u(Bgr(o)) < CR? for R large.
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Figure 6.1: The two dimensional jungle-gym in R3. Picture taken from [Gri99a].

0

(b) G(o,z) < C/r for large r = dist(o, x).

(¢) JG? has the L™ — Liouville property.

Let p: JG? — [0,400) be a smooth positive function with p =1 in [0,1] and p(r) = #g(r) for
r > 10, and consider the conformal metric g := p>g on JG%. We claim that N := (JG2,9) has
the desired properties.

First, we note that N is complete. Indeed, let v,(s) : [0,00) — JG? be a g-minimizing geodesic
parametrized by the arclength of g. This means that v, minimizes the g-length between every
couple of points on it. We refer to [CMR2/, Section 2.2] for a proof that such an object exists.
Then, for every divergent geodesic 7y : [0,00) — N (i.e., a properly embedded half-line in N that is
a geodesic with respect to g) we have

< q
Length-(~) > Length-(v,) = ds > dt = +oo.
engths(y) > Length;(14) /%p s_/lo Tog () +00

Thus, N is geodesically complete and hence complete.

Denote by 3, @,ZZ the Laplace operator, the Green function and the Riemannian volume form
on N respectively. Since dim(N) = 2, we have

A= p 2N, and [i = pu,. (6.16)

In particular, (JG?,g) and N have the same harmonic functions, and thus N also has the
L> — Liouville property. Moreover, the relations (6.16) imply that JG* and N have the same heat

A

kernel, and thus their Green’s function coincide G = G. Then, by the choice of p, for R fized big
[ Gemdi = [ Glom)r)dute) < +x,
N\Br(o) JG?\BR(o)

and by [Gri99a, Corollary 6.7] this implies that N is not stochastically complete. Moreover, since

~

G(o,x) < C/dist(o,z) and p(r) =1 for r € (0,1), it is easily seen that also

/ G(o, ) dfi(z) < +0c.

Br(o)
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Consequently, by Tonelli’s theorem

/OOON(p,t)dt:/ /Hpr,)du )dt = /(/ Hy(z,p,t) )dﬂ()

— [ Glomydpe) = [ Glow)dpte)+ [ Glo.x)dila) < +ox,
N N\Bg(o) Br(o)
and since the function N (p,-) is nonincreasing this implies that N'(p,t) — 0 as t — co.

6.2.3 Localized asymptotics and proof of Theorem 1.2.28

We now show (among other things) that (1.11) is well posed as in R™ for manifolds with the
L*> — Liouville property, in the sense that it does not depend on the choice of p.

Lemma 6.2.5. Let (M, g) be a complete Riemannian manifold with (M) = 400 and E C M
be a set for which the limit (1.11) exists for some p € M. If M has the L>° — Liouville property,
then Og(p) = O is constant, meaning that the limit in Og(q) exists for all ¢ # p and equals O (p).

Proof. We adopt the notation in the proof of Theorem 1.2.23. In particular, let ¢ — ©g s(q) be
defined in (6.7). Arguing exactly as in the proof of Theorem 1.2.23, every subsequential limit (say,
in C3_(M)) of O as s — 0T is a bounded harmonic function on M.

Since M has the L* — Liouville property, every such subsequential limit is constant. Then,
since the limit lim, ,o+ O s(p) = Op(p) exists by hypothesis, all subsequential limits must coincide
with g(p) everywhere. O

Let us note that the conclusion of Lemma 6.2.5 is not completely trivial in general and is
particular to Riemannian manifolds that have the L° — Liouville property. Indeed, we believe
that on a general complete Riemannian manifold, it can happen that the limit in 05 (-) exists for
some p € M but does not exist for some other q # p.

Lemma 6.2.6. In the hypothesis of Lemma 6.2.5, for every bounded F C M and R > 0 with
F C Bgrys(p) there holds

w(F)0p = lim Js(F,E\ Br(p)) = lim //E\B (z,y) du(z)du(y).

s—0F 84)0+

Proof. Now since F' C Bg/»(p), we have that Bg,19(y) C Br(p) C Bior(y) for every y € F. Since
the kernel Ky is nonnegative we get

/ Koz, y) dp(z) < / Koz, ) dp(z) < / Ka(,y) du(z)
E\B1or(y) E\Bg(p) E\Br/10(v)

By the very definition of 6z (1.11) and the fact that the limit does not depend on the radius
whenever it exists (see part (i) of Theorem 1.2.23) both the left-hand side and right-hand side
of the last inequality converge to 0g(y) = 0 since 0 is constant by Lemma 6.2.5, as s — 0%.
Hence, integrating in y € F and letting s — 0™, by dominated convergence

Tim / /E o Kl du(@)ty) = /F 0 duy) = n(F)0,

which is what we wanted to prove. O
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Lemma 6.2.7. Let (M, g) be complete with u(M) = +oo, and let A,B C M be two disjoint
measurable sets with u(A), u(B) < +oo and with Js, (A, B) < +00, for some s, € (0,1). Then

lim J5(A,B) =0.

s—0t

Proof. First, by Lemma 6.2.11 we have

limsup J5(A, B) < limsup - // HM (z,y,t) 1f /2d w(x)du(y) .
AxB J1/s

s—0t s—0t

Then

s > dt Cslt+s/2 (f/s)A dg§
2ACM3USHM@WJ%HWJZ(WM X)) g ()

<cf (] ﬂsumugwgwm»

Since xp € L*(M), for every € A (see Remark 6.1.6) there holds by dominated convergence

o0 s d&'
as s — 07. From here, the result follows by dominated convergence using that u(A) < +oco. O

The results above directly imply the following.

Corollary 6.2.8. Let (M, g) be complete with p(M) = 400 and with the L — Liouville property,
and let @ C M be bounded. Then, for every F C Q with Perg (F,Q) < +oo, for some s, € (0,1),
there holds

lim J,(F,ENQ°) = u(F)0g.

s—07F
Proof. Let p € M and R > 1 be such that Q C Bg(p), then

Ts(F, ENQ°) = To(F,ENQ°N Br(p)) + Js(F, ENQ°N Bg(p))
= Js(F, ENQ°N Br(p)) + Js(F, EN Bg(p)).-

From here, since Q¢ N Bg(p) and F are disjoint and both with finite volume, the first term tends
to zero as

Js(F,ENQ°N Bg(p)) < Js(F,Q°N Bgr(p)) = 0,

as s — 0F. Moreover, the second term tends to u(F)fg by Lemma 6.2.6. O

The proof of our main theorem in the infinite volume case is just a simple application of all
the results we have derived above.

Proof of Theorem 1.2.28. Write
1
5Pers(E, D) =T(ENQENQ)+T(ENQENQ)+ T(ENQS,ENQ)

1
= 5PelrS(Em Q) —T(ENQENQY)+ Ts(E°NQENQY).
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By Corollary 6.2.2 applied to the first term, and by Corollary 6.2.8 applied with F' = ENQ
and F = E°N Q respectively on the second and third term, taking the limit as s — 07 we get

lim PerS(E Q) =pw(ENQ)—0pu(ENQ)+0pu(E°NQ)

s—0+

=(1—0p)u(ENQ)+0pu(E°NQ),

and this shows (7).

To prove (i) we follow closely the proof of in [Dip+13, Theorem 2.7], which deals with the
analogous property in the case of the Fuclidean space R"”. We just sketch the argument since
in the reference [Dip+13], the proof is carried on in full detail, and in our case, it is analogous.
Again, let us denote

Op.a(p) = / Koz, p)du()
E\BRg(p)

and fix R > 0 such that  C Bp/s(p). Note that

/ / (z,y) du(z)du(y / / (z,y) dp(z)dp(y)
O\E E\BR(p QNE JE\Bg(p

= JPer,(B,0) - ;Perswm Q) — Z.(2\ E, (B Q) N Br(p)) + J.(2 N E, (E\ Q) 1 Br(p)).

Now, arguing exactly as in the proof of Lemma 6.2.6 we have that for every F' C €2 there holds

lim
s—0+

F)Og,s(p /[E\BR (2, y) du(z)du(y)| = 0. (6.17)

Since Q \ E and (E \ Q) N Br(p) are disjoint and both with finite volume (since they are
bounded), by Lemma 6.2.7 we have

Sl_i>r(r)l+ js(Q \ E, (E \ Q) N BR(p)) =0,

and similarly
lim J,(2N B, (E\ 2) 1 Br(p)) = 0.
S—>

Hence, taking the limit as s — 0" above using (6.17) for the left-hand side with F = Q\ F
and F' = Q2N F respectively gives

lim Op(u(Q\ E) — p(2N E)) = lim %(Pers(E, Q) - Per,(ENQ,0Q)).

s—0t s—0t

Since £ N C 2 is bounded, by Corollary 6.2.2 we have

lim Pers(E N, Q)= lim 2PerS(E NQ) =uwENQ),

s—0t s—0t

thus
lim ©ps(p)(u(Q\ E) —p(QNE)) = (hm —Per,(E, Q)) —wENQ).

s—0t s—0t

From here, the conclusion of the theorem easily follows using that lim, o+ O s(p) = 0g.
Indeed, if (2 \ E) = (N E) then the limit lim, o+ 1Per,(E, Q) always exists and is equal to
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w(E N Q). On the other hand, if the limit lim,_,q+ %PerS(E, Q) exists then from above the limit
in O also exists and there holds
B (limsﬁ(yr %PerS(E, Q)) —u(ENQ)
WONE) BN

B =
and this concludes the proof. O

6.2.4 Finite volume asymptotic: proof of Theorem 1.2.30

We first give a simple proof of Theorem 1.2.30 in the case 2 = M, using our results from Subsection
7.3 in our work [CG24] on the equivalence of the spectral fractional Laplacian and ours defined by
the singular integral.

Theorem 6.2.9. Let (M,g) be a complete Riemannian manifold with p(M) < +oo and let
50 € (0,1). Then, for every u € H*/2(M) there holds

1, T 1 ?
sg& §{U]HS/Q(M) = ||U||L2(M) - m (/MUdM> :

Proof. Let {E)}x>0 be the spectral resolution of the Laplacian —A on L?(M), and let o(—A) C
[0,00) be the spectrum of —A. In particular, for every u € L%(M), d(E\u,u) is a regular Borel
(real valued) measure on [0,00) concentrated on o(—A), and with

[ullZ2 00y = /( N d(Eyu,u) .

We refer to [Gri09, Appendix A.5] for an introduction and properties of the spectral resolution.
Since u(M) < 400, we have that 0 € o(—A) lies in the point spectrum with eigenfunction
$o = p(M)~/2. Then

~A = / MEy, and (~A)2 = / N/2dEy,,
o (=) o(-2)

on Dom((—A)gr,) = {u € LA(M) : [, N d(Eyu,u) < +oo}.

Hence, for all s < s,, by Corollary [CG24, Corollary 7.9] we have
Lo o / /2 / /2

—[u]%s = [ u(-A) udu= N 2d(Eyu, u).

5 Wssr2a) ; (=A)g N0 ( )

Taking the limit as s — 07 gives

1 1 2
lim =[u]?,. :/ d(Eyu,u) = ||lul|? —(Eou, u) = ||ul? —</ud,u),
faret 2[ ]H /2(M) (- A\(0} (Exu,u) = || ”L?(M) (Eo )= ||L2(M) w(M) \ Sy

where in the last line we have used that Ej is the projector onto the eigenspace of —A relative to
the eigenvalue A = 0, but by a result of Yau (see Theorem 6.1.1) on a complete manifold every

L?(M) harmonic function is constant and then (Egu, u) = (¢, u)%Q(M) = m (fus ud,u,)2. O

Remark 6.2.10. This result allows us to prove our Theorem 1.2.30 in the case 0 = M. Indeed,
if E C M is such that Pers (E) < 400 for some s, € (0,1), then taking w = xg in Theorem 6.2.9
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gives

. 1
Jim_ 3Per,(B) = () i B)? =

Lemma 6.2.11. Let (M, g) be a complete Riemannian manifold, and let A, B C M two disjoint
measurable sets with (say) p(A) < +oo. If Js, (A, B) < +oo for some s, € (0,1) then

lim

1 o0 dt
Jim, Js(A,B) — F(_S/2)|//A><B s HM(x,y,t)W dp(z)dp(y)

Proof. Since [, Hy(x,y,t) du(z) < 1 for all y € M and ¢ € (0,00) we have
1 & dt
Js(A, B) — T(=s/2)| //AXB » HM(%?JJ)W d,u(:c)du(y)‘

//AxB< z,Y) M 1: HM(:v,yJ)tlili/Q) du(x)dp(y)
- rr<—1/2>\ //Axg (/o HM(x’y’t)tlili/? * 11/8 HM@’y’ﬂtlfﬁ/Q) dp(x)du(y)
- 18/2|//AxB/1HM(957?J’t)tlilz/2dM($)dﬂ(y)
7 |/ / : (/ Hule,y, 1) dule >> )

<C H( t)di Csu(A) l/si
S Us o ML, Y, t1+so/2+ SH L tiFs/2

= CsJs, (A, B) + Cu(A)(1 — 5%/?),

=0.

and taking s — 07 concludes the proof. O
Now, we can prove the main result of this subsection.

Proof of Theorem 1.2.30. First, we claim that

dt p(A)p(B)
lim H d d = ——. 6.18
58 g f o, 0 et = o
Indeed . d 00 d
_ ol4s/2 _ar
s 9 HM(:c,y,t)t1+s/2 =3 /1 H(x7y77"/3)7,1+s/2 ;

and since by Lemma 6.1.3 as t — +oo the heat kernel Hy/(z,y,t) converges to 1/u(M) for all
x,y € M, we get

(A)u(B) g2 [ _dr
SE%+Q%XB 9 Hy(2,y,1) l+s/2d p(@)du(y) = %SE%L(S/Q) /2/1 ts/2
_ n(A)u(B)
(M)
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Then, putting together Lemma 6.2.11 and (6.18) readily implies

MApB)

li (A, B) = 6.19
Jm JAB) =0 (6.19)
Lastly, since Per,_(F, Q) < +0o and
1
5Pers(E, D) =T(ENQLENQ)+T(ENQENQ)+ T(ENQ,ENQ),
the theorem follows by letting s — 01 and using (6.19) on each term. O

Weighted manifolds

Our result for finite volume manifolds, that is, Theorem 1.2.30, extends with proofs mutatis
mutandis, to the case of weighted manifolds with finite volume, implying the one in [Car+22].

A weighted manifold is a Riemannian manifold (M, g) endowed with a measure p that has a
smooth positive density with respect to the Riemannian volume form dV;. The space (M, g, 1)
features the so-called weighted Laplace operator —A,, generalizing the Laplace-Beltrami operator,
which is symmetric with respect to measure p. It is possible to extend —A, to a self-adjoint
operator in L?(M, i), which allows one to define the heat semigroup e!®u as one would on a
classical Riemannian manifold. The heat semigroup has the integral kernel H,(x,y,t), which is
called the heat kernel of (M, g, 1), and has completely analogous properties to the classical one.
For every detail regarding the heat kernel on weighted manifolds, we refer to the survey [Gri06].

In this case, we see that our proof applies since Lemma 6.1.3 also holds (with the same proof)
on geodesically complete weighted manifolds, and also Theorem 6.2.9 holds with the same proof.
For example, since the total mass of the Gaussian space is one, in the case of the Gaussian space
(which is a weighted manifold of finite volume), we see that our Theorem 1.2.30 recovers the main
result in [Car+-22].
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Appendix

Proposition A.1.1. Let s € (0,1) and u € BV (By). Then

lu(e) ~ uly)l® c
//31X51 |z — l/|"+s andy < (1-— s)s[u]%V(Bl)HuHLl(Bl)'

Proof. See, for instance, Proposition 4.2 in [BLP14]. O

Lemma A.1.2. Let v :R™ — R be a Lipschitz function with ||[v||pecgny < Cs satisfying |Lv(x)| <
C, for every x € B1(0), where L is an integro-differential operator of order s € (0,1) of the integral
form

Lu(e) = [ (ula) = ulu) K (z,y) dudy,

and K is a nonnegative kernel comparable to that of the fractional s-Laplacian, that is satisfying

c C

for some constants ¢,C > 0. Then

[W]cas, 0 < Cn,$)Co, (A.2)

for some small positive « = a(n, ).

Proof. The result is a standard consequence of [Sil06, Theorem 5.1]. Let us point out that Theorem
5.1 in [Sil06] would seem to require assumption [Sil06, (2.2)] to hold for all » > 0. However, it is
clear from its (very short) proof that (A.2) only requires assumption [Sil06, (2.2)] to be verified at
“small” scales r € (0,1) (and in our setting, this can be easily verified using (A.1)). O

Lemma A.1.3. Let s € (0,2), u € H¥?(R") and U : R}™" — R be the Caffarelli-Silvestre
extension of u (in the sense of Theorem 3.7). Let X € CHR™T R 1) be a vector field such that
X := X|,—¢ is tangent to R™ x {0}. Then

d < X\ (2 1—s _d X172
& t:02/85 /Ri'H ‘V(Uo(ﬁt )| z dxdz = & t:o[uo ¢t ]HS/Q(Rn)'

Proof. Let V; be the Caffarelli-Silvestre extension of u o ¢;¥, for any ¢ € R. By the minimality of
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the extension in the energy space, we have

_ - 284 ~ 5 _ = _
258/ V(U 0 ¢%)[221 7% = lim p / V(U o ¢%) 221 S—/ VU221~
t=0 Ri” t—0t+ t Ri—s-l RT_I

2 S — — — —
> lim P / IV |22 5—/ VU213
t—0t+ & Ri—‘rl Ri—‘rl

[’U o (Z)ZX]%S/Q(Rn) - [U]ZS/Q(Rn)

d

dt

= lim
t—0+ t

d

= at [uo ¢tx]?{s/2(ﬂgn)-

t=0

Since this holds for every X , applying this inequality with —X in place of X gives

d ~ < . d
— 263/ V(U o )22 7% < y
=0 R t

X172
dt,_ _Jwo S lgern .
thus equality holds. O

The results below are not sharp. In particular, we believe that Propositions A.1.4 and A.1.5
hold also for s = ¢ since this is the case for domains in R™. Here we focus on providing proofs that
apply verbatim to the case of weighted manifolds, and we avoid using any local Euclidean-like
structure of M.

Proposition A.1.4. Let (M, g) be a stochastically complete Riemannian manifold, o € (0,1) and
u € H(M) (as defined in Definition 2.2.1). Then, for every s < o the singular integral (— A)S{2u
and the Bochner (—A)SB/ u definition coincide a.e. Moreover (—A)]SB/2 = (—A);{Qu € L*(M).

Proof. Let u € H?(M) and x € M. Since M is stochastically complete, if we could exchange the
order of integration, we would have

) 1 ) dt
() u(x) = (—/z>/ @mu(@‘“(ﬂﬁ”m

dt
e [ ([ e - wtopantn)) 1
- /M<u<y> — u(@)Ka(e,y)dly) = (~A)5u(x) .
Now we shall justify the steps above, showing that the integral is absolutely convergent. Note that

this will also justify the last equality since we have defined (—A)si/2 with the Cauchy principal
value. In particular, we show that

/M (/M Ju(z) - U(y)|le(x,y)du(y))2 du(zr) < +00.

This will prove at the same time that the integral above is absolutely convergent for a.e. x € M
and that (—A)S/Qu € L2(M). Let us call

= / lu(z) — u(y)|Hy(x, y,t) duly) ,
M
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and denote by C' a constant that depends at most on o.

Note that, by Jensen’s inequality

[0 [ ([ o=t )

o0 dt
< [ tute) = ) Pt dinto) 2

=c/|ww—u@Wn%@wmmm. (A3)
M

Write

/M (/M fu(z) = U(y)!le(w,y)du(y))Qdu(x)
or /M (/Ooo J(t)tlfim)Qdﬂ
conf (gt weon ([

For the first integral, since s < o, by Holder’s inequality and (A.3) we have

r dt \° Lo dt bt
[0 ([ ) ([ )i

For the second integral, let us first renormalize the measure v := Cdt/t'+%/2 in a way that it
becomes a probability measure on [1,00). Then, by Jensen again (applied two times: to dv(t) and

then Hyr(z,y,t)du(y))

/M (/100 j(t)tlf;?)Q - 52 //MxM/ Y)I* Has (2, y,t) dv (t)dp(y)dp(z)

//MXM/ @) Har (2, y, t) dv(t)du(y) dp(z)

< 2 Julaqary < +oo.

Hence, we have proved

2
-8 < [ ([ 1)~ we i) duto

< CllullZa ) + Cslull 3o any (A4)
and this concludes the proof. O
Next, we address the equivalence of the spectral fractional Laplacian (—A)gfec with the

other definitions. We refer to [Gri09] and [Eri+22, Section 2.6] and the references therein for an
introduction to the spectral theory of the fractional Laplacian on general spaces.

Let E) be the spectral resolvent of (minus) the Laplacian on (M, g). Then, for s € (0,2) in
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the classical sense of spectral theory

Dom((~A)ge.) i= {u € LA(M) : /

A d(Eyu,u) < +00},
o(—A)

and for u € Dom((—A)S/2 )

Spec
(A= [ NTdBL).
o(—A)

Proposition A.1.5. Let (M, g) be a stochastically complete Riemannian manifold, o € (0,1) and
s < o. Then H°(M) C Dom((—A)Y2 ).

Spec

Proof. Let u € H?(M), and let

1 oo dt
. \S/2 At _
(AN == A T(=s/2) /0 (e 1)t1+s/2 :

Since u € L?(M), by standard spectral theory (see [Gri09] for example)

| B = [P = lel-Aula,
o dt || /2 /2
_ tA _ /2 112 _ /2. 112
=\ el = I s = A < 4o,
where we have used that by Proposition A.1.4 to infer (—A)SB/2u = (—A)gi/2u € L*(M). O
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