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ABSTRACT. This paper introduces two variational formulations for a model of robust optimal
transport, that is, the problem of designing optimal transport networks that are resilient to
potential damages, balancing construction costs against the benefit of maintaining partial
functionality when parts of the network are damaged. We propose a Eulerian formulation,
where the network is modeled by a rectifiable measure and recovery plans are represented
by 1-dimensional normal currents. This framework allows for changes in the direction of the
transportation in response to damages but restricts damages to be characteristic functions
of closed sets. We also propose a Lagrangian formulation, where the network is a traffic plan
(that is, a measure on the space of Lipschitz curves) and recovery plans are sub-traffic plans.
This approach prescribes the network’s orientation but allows for a wider class of damages.

We prove existence of minimizers in both settings. The two models are compared through
examples that illustrate their main differences: the Eulerian formulation’s necessity for an
unoriented network to achieve existence, the Lagrangian formulation’s ability to handle gen-
eral damages and its requirement for a positive distance between the supports of the source
and target measures.

1. INTRODUCTION AND MAIN RESULTS

Branched optimal transport aims at describing networks that span a prescribed distribution
of sources and targets and optimize an energy that models the cost of construction of the
network. Usually, this energy depends in a subadditive way on the intensity of the flow
per unit length. Actually, there are several other features that could be taken into account,
especially if we have real models of branching systems as a reference. Among these features,
we want to focus here on the robustness of a network, that is, its capacity of enduring a
major, abrupt damage without a total collapse of the transport.

As observed in nature, especially in leaves, a natural system is often willing to pay some-
thing to be endowed with a “plan B”. In mathematical terms this can be translated in a need
of balance between optimization of the resources and redundancy. This suggests that even
one of the most fundamental characteristics of an optimal network, that is, the absence of
cycles, cannot be expected in the case of robust transport. In fact, the redundancy of the
network earns a reward, modeled by a pay-off, because it allows the good functioning of (at
least a part of) the transport in the event of damage.

In this paper, we study robust optimal transport, whose data are as follows.

e An ambient domain X, which is a compact subset of R".

e A boundary datum v, which is a signed Radon measure in X, whose Jordan de-
composition in the pair v~,v" gives us the source and the target of the transport,
respectively. Notice that it is not assumed at this stage v~ (X) = v (X).

e A sub-additive, increasing, and lower semi-continuous cost function ¢: [0, 4+00) —
[0, +00) such that ¢(0) = 0 and ¢'(0) = +00. ¢(#) represents the construction cost
for an edge of length 1 and capacity 6. In several major works on the subject of
branched optimal transport, one sees ¢ = | - |*, with a € (0, 1).

e A sequence {f;}ien of upper semicontinuous functions on X with values in [0, 1], which
describe the possible damages. The value f;(z) € [0, 1] is the relative efficiency of any
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“route” that passes through x: if f;(x) = 1, then the network has normal functionality
at x, while if f;(z) = 0, then the network is completely interrupted in that point.

e A sequence of positive real numbers a; such that ) . a; = 1; each a; is the probability
that damage f; occurs.

e A pay-off function h: N x X — [0,4+00), bounded and continuous with respect to
the second variable; the value h(i, x) is the reward per unit mass starting or arriving
at xz, transported through the network in the event of damage f;.

We propose two versions of the problem, a Fulerian and a Lagrangian one. These have dif-
ferent properties and we refer to Section 5 for a detailed comparison of the two models.

Both formulations pose significant conceptual and technical challenges, which, in our opin-
ion, explain why a variational approach to this problem had not been previously addressed
in the literature. Indeed, the main difficulty lies not only in proving existence results, but
rather in identifying a formulation that is both mathematically sound and meaningful from
the practical point of view.

In the Eulerian framework, a natural choice would be to model the network by a rectifi-
able current and the recovery plans by subcurrents. However, this approach leads to severe
compactness issues: in the limit, cancellation phenomena may occur between recovery plans
with opposite orientations, so that the weak limit of a sequence of admissible recovery plans
need not correspond to a recovery plan for the limit network. To overcome this, we were
led to represent the network by an unoriented rectifiable measure and to work with recovery
plans that are currents dominated by it, thus breaking the orientation symmetry but ensuring
closure under weak convergence.

The Lagrangian formulation, on the other hand, avoids these cancellation problems and
allows for a much larger class of damages, but it introduces its own major difficulty: keeping
uniform control of the total mass of the measures on paths. Indeed, each recovery plan
may potentially add a non-negligible amount of curves, and a naive definition of admissible
competitors would not provide any a priori bound on the total transported mass. Establishing
such bounds required a careful reformulation of the problem and the introduction of suitable
compactness arguments.

These obstacles highlight that the main novelty of the present work does not lie only in
the technical aspects of the proofs, but rather in the identification of the correct variational
setting in which the problem becomes well-posed.

1.1. Eulerian formulation. In this framework the damages are characteristic functions of
closed sets, and a competitor for the transport problem is made by a pair (i, {7;};en); more
precisely:

e Each f; is the characteristic function of a closed subset of X; this means that, in this
model, each damage f; completely shuts-off the network in a relatively open subset
Sl' of X.

e ;i is a 1-dimensional rectifiable measure y = OH'LE, where E is a l-rectifiable set,
which represents the network to be built. It can be thought as an unoriented graph
with multiplicity (x), which is the maximum amount of mass that can be transported
through =x.

e Due to the threat of possible damages, the network u is equipped with a sequence
of “backup” or recovery plans {T;};en. Fach T; is a 1-dimensional rectifiable current
“contained” in pu, which is bound to avoid the set S; and moves a portion of v~ onto
a portion of v*. Each T; can be thought as an oriented graph with multiplicity and
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represents a possible partial transport of ¥~ into v* through g in case of the damage
fi-
The energy of a competitor (i, {7;}ien) is given by

(11) B (u AT:}) = M2() — 3 / (i, 2) dJOT; ()

i€N

where |0T;| is the total variation measure associated to the signed measure 07; and

(1.2) MO (1) = /E 6(6(x)) dH (2)

represents the cost of network construction, while the negative term is a pay-off and repre-
sents an average, in probability, of the reward for the mass transported through p by recovery
plans T; in the case of the respective damages. The main result of this formulation is the
existence of solutions for the energy minimization problem, see Section 2 for the relevant
notations.

Theorem 1.1. Given X, S;, a;, v, ¢, h as above, there exists a minimizer of the energy (1.1)
among (u, {T;}ien), where p is a 1-rectifiable measure and T; € R1(X) are recovery plans
satisfying the following conditions:

We stress here that the inequality ||T;]] < p is intended in the sense of positive Radon
measures, since j is unoriented. The construction of a minimizer is based on the theory of
currents with coefficients in a normed group, originally adapted to the study of transportation
networks in [MM16b; MM16a] and further developed in [MOV19; Car+20; MMT19; Mar+21;
LSW25].

Referring the reader to Section 5 for a discussion of the models, here we notice that, in
this formulation, the network p is un-oriented, that is, it allows for changes of direction in
case of damages; if we try to prescribe the orientation by replacing p with a current 7', then
the problem may not have solutions, as discussed in Section 5.1. Moreover, damages are
characteristic functions of closed sets; in Section 5.2 we discuss the difficulties in dealing with
more general damages in this Eulerian formulation.

1.2. Lagrangian formulation. If one would like to prescribe the orientation of the network
and treat more general damages, then a Lagrangian formulation of the problem seems more
appropriate. The main ingredients of this version are the following.

e Each damage f; is an upper semicontinuous function, without the restriction of being
the characteristic function of a closed set.

e Any competitor is a couple (P, { P, };cn), where both P and each P; are so called traffic
plans, namely Radon measures on the space K (X) of 1-Lipschitz curves from [0, +00)
to X which are eventually constant, with the additional condition that the average
transport times are finite, namely that

/K(X) T(y)dP(y) < o0,

where T'(7y) is the minimum time after which v is constant. Since each curve can
be thought as a unit-mass transport from its starting point to its final point, each
transport plan represents a “weighted collection” of oriented transports. As in the
Eulerian formulation, P represents the network to be built, while each P; is a recovery
plan in the event of damage f;, which is a submeasure of P and transports a portion
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of v~ onto a portion of v*. We stress the fact that, unlike the Eulerian formulation,
in this framework the network P is oriented and the recovery plans P; are bound to
match this orientation.

The energy of a competitor (P, {F;}ien) is defined as

(13)  E((PAPhen)) =MUP) = Y ai [ hia)d((mo)fiPi+ (o) i),

where M?(P) is the ¢-mass of P and models the cost of construction of the network, while
the negative term is a pay-off and, as in the Eulerian version, it rewards the resilience of the
network in case of damages. More precisely, the terms in the energy are defined as follows.

e M?(P) is defined as
= [T,

where |z|p = P({y € K(X): z € Im(y)}); see [BCMO09, Chapter 4] for a discussion
concerning the conditions on P under which M?(P) can be expressed in a form similar

o (1.2).
e f;P; is the traffic plan P; penalized by the damage f;, that is the traffic plan defined
as
(1.4 P = [ it AG@)ARG)  vAC K(X),
A teERT

Thus, f;P; is the traffic plan P, where each curve ~ has a weight, relative to P;,
given by the most penalizing value of f on 7. Notice that the integrand in (1.4) is
measurable because f; is Borel and the infimum can be taken on Q, since f; is upper
semi-continuous, hence the infima on R™ and on a dense subset coincide.

e The functions 7y and 7, associate to each curve v € K(X) its initial and final points,
respectively; the latter is well-defined because curves in K (X ) are eventually constant.
The symbols (mp)x fi P, and (7). f; P are the push-forward of the traffic plan f; P,
through my and 7., respectively; thus they represent the mass transported by F;,
with the penalization given by damage f;. Notice that, while 7y is continuous, 7.
is not; nonetheless, the push-forward (7 )z is well defined since 7y, is measurable
being the pointwise limit, as 7" — 400, of the continuous functions 7.

The main result concerning this Lagrangian formulation is the existence of minimizers for
the energy defined above; see Section 2 for relevant notations.

Theorem 1.2. Given X, f;,a;,v,¢,h as above, assume dist(supprv~,suppr™) > 0 and
limy 1o @(t) = +00. Then there exists a minimizer of the energy (1.3) among (P, {P,;}ien),
where P, P; are traffic plans that satisfy the following conditions:

P < P, (7700)#Pi — (WO)#Pi <v Vi € N.

As already said, the Lagrangian formulation models a network with prescribed orientation
and allows us to deal with a wider class of damages, that is just upper semi-continuous
ones. Referring again to 5 for a detailed discussion on the models, we only mention here
that the hypotheses dist(suppv~,suppv') > 0 and lim;_,, o ¢(t) = +00 in Theorem 1.2 are
necessary, as shown by Examples 5.3 and 5.4. Instead, these assumptions are not needed for
the existence of a minimizer in the Fulerian formulation.
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1.3. Relations with results in the literature. An overview on the modern theory of
branched optimal transport and its variational description was given by Bernot, Caselles
and Morel [BCMO09], based on the Lagrangian formulation proposed by Maddalena, Morel
and Solimini [MSMO03], and the Eulerian formulation proposed by Xia [Xia03]. Many recent
works highlight the central role of this problem in a wide range of applications, see for instance
[Con+18; Bet20; DGR23; Bal+23; CGK24].

During the last decade, a series of works has clarified the well-posedness of branched
transport problems, including general formulations ([PS06; Pegl7; Col+17; BW18; MW19;
XS25]), regularity ([Xia04; BCMO08; Xiall; BS14; PSX19]), stability ([CRM19a; CRM19b;
CRM21]), and uniqueness ([CMS23]).

Branched optimal transport with a pay-off was firstly introduced by [XX23] as a model
for the problem of designing an optimal network which is not expected to carry all the mass
from the source to the target, depending on the global benefit with respect to the cost of
the transport. From a mathematical point of view, this translates into a loosening of the
boundary constraint: one requires that possibly just a part of v is transported (in fact they
do not assume v~ (X) = v7(X)) and authors introduce a model with a payoff term that
rewards transported mass.

Similar ideas arise in applied models of network resilience, where optimal structures are
required to maintain at least partial functionality under damage or fluctuations. Examples
include studies of loop-forming optimal networks under perturbations [KKSM10] and analyses
of resilience in transportation infrastructures [Gan+17]. See [AD20] for a comprehensive
review of the state-of-the-art.

The present paper combines these two perspectives. Building on the variational theory of
branched transport, we propose new formulations that include random damage and recovery
plans, capturing the trade-off between construction cost and the benefit of maintaining partial
functionality. Our results on existence of minimisers extend the classical well-posedness
theory to a setting where redundancy and robustness are part of the optimisation process.

ACKNOWLEDGMENTS

We would like to thank Benedikt Wirth for inspiring discussions. The authors are par-
tially supported by GNAMPA-INdAM. The research of the first and third named authors
has been supported by STARS@Qunipd project “QuASAR — Questions About Structure And
Regularity (MASS STARS MUR22 01). The authors have been supported by the PRIN
project 2022PJI9EFL ” Geometric Measure Theory: Structure of Singular Measures, Regu-
larity Theory and Applications in the Calculus of Variations” CUP:E53D23005860006. The
third named author has carried out part of this research work while visiting Institute for
Advanced Study in Princeton, supported by the National Science Foundation under Grant
No. DMS-1926686, that we wish to thank.

2. NOTATIONS

We collect here the relevant notation used in the paper, referring the reader to [Fed69] and
[BCMO9] for extensive discussions on the corresponding topics.

Measures
14 Characteristic function of the set A;
H? s-dimensional Hausdorff measure;
el Restriction of the measure p to the set F;

MU),M_(U)  Space of signed and positive Radon measures on U;



MEU)

|
p=v

M?(u)

oT
supp T’
M(T)
17|
Dy (U)

In this section we prove Theorem 1.1. We first recall the notion of good decomposition,
that exists - see [CRM19a, Theorem 3.5] - for a normal current 7" which is acyclic, namely
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Space of positive k-rectifiable Radon measures on U, namely measures
of the form p = OH*_E, where E C U is a k-rectifiable set and
0 € LY(H* E,RT).

Total variation measure of u;

Inclusions of the Jordan decompositions y = ut —p=, v =v" — v~
of the two signed measures pu, v, namely p < v if and only if p* < v*
and u~- < v

¢-mass of p = OHFLE, namely M?(u) = [, ¢(0(z)) dH*(z);

Currents

Boundary of the current T’

Support of the current T

Mass of the current T'

Mass measure of the current 7T

Space of k-dimensional currents in U ;

Space of k-rectifiable currents in U;

1-rectifiable current associated to the Lipschitz curve v;

k-rectifiable current induced by the k-rectifiable set £ with multiplic-
ity 6 and unit orientation 7;

®- mass of the current T = [FE,0,7], namely M%(T) =

[ 9(0(x)) dH (2).

Traffic plans

Space of 1-Lipschitz curves from [0, +00) to the metric space X which
are eventually constant;

Transport time of the curve v € K(X), that is the minimum 7" > 0
for which ~ is constant in [T, +00);

Length of the curve v € K(X);

Multiplicity of the traffic plan P at z: |z|p = P({y € K(X): z €

Im(7)}).

3. EXISTENCE OF MINIMIZERS FOR THE EULERIAN FORMULATION

such that there exists no non-trivial current S satisfying

Proposition 3.1 (good decomposition). An acyclic normal 1-dimensional current T on X
has a good decomposition, that is there exists a measure m € M (K

89S =0, M(T)=M(T —S)+M(S).

simple curves which satisfies:

(3.1a)

(3.1b)

(3.1¢)

- | ).
/ M([y]) dr(y / H1(Im ) dr (),

M(OT) = /K M1 dr(0) = 27(K (X)),

(X)) concentrated on
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PROOF OF THEOREM 1.1. Let us call my the infimum in (1.1) and let us consider a mini-
mizing sequence { (1", {T} }ien) }*<", namely such that

Jim B (4 {T] Yiew) = mo.

We can assume without loss of generality that every TF is acyclic. In fact, by [PS06, Propo-
sition 3.12] we can remove all cycles from each T without changing 9T and the inclusion

TF < p*, thus without affecting the energy of the minimizing sequence. The proof is divided
in few steps.

e A priori bounds.
Indeed, of course the null competitor has zero energy, thus mgy < +o00. On the other hand,
since h is bounded and v has finite mass, the condition 07; = v implies that the pay-off
term is uniformly bounded, independently of the competitor. This in particular proves
mg > —oo and
(3.2) sup M (11%) < +o0.
keN
Since the uniform bound on M(JTF) follows immediately from the conditions OTF < v, in
order to prove
sup (M(T}) + M(9T}")) < +oo,
i,keN
it remains to estimate the mass of TF.

Since ||TF|| < p* as rectifiable Radon measures, the uniform bound (3.2) on M?(u*)
gives the same uniform bound on M?(TF). We want to use this information to establish
the analogous inequality for the masses M(TF). In order to do so, let us fix i,k € N and
let us call TF = T for simplicity of notations. Since 7' is 1-rectifiable, thus T' = [E, 0, 7],
for some 1-rectifiable set E, some density ¢ and orientation 7. Since T is is acyclic, by
Proposition 3.1 it has a good decomposition m € M (K (X)). Hence, applying [CRM19a,
(3.8)] we have

()= m({y € K(X): x € Im(y)})
m(K(X))
(3.3) (3.1c) M(0T)

2
v[(X)
2

The hypotheses on ¢ imply [Mar+21, Lemma 5.1 (6)] the existence of ¢ > 0 such that
t < co(t) for every t € [0, 5], thus

/9 ) dH( / cp(8(x)) dH' (x) = M?(T).

Hence, the uniform bound on M?(T) proved above yields the uniform bound on M(T).

< =0 for H'-a.e. v € E.

e Pre-compactness of the minimizing sequence.
For every k € N we have b = 0, H'LE, for some rectifiable set £, and summable §;,. We
define i* = 0, H'LE},, where

0}, = min{6;, 5}

and f3 is defined in (3.3). Since § is the uniform bound on the density of T}, we have
TF < ji* for every i,k € N.
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The uniform bound on 6, and the same arguments of the previous point imply that the
total masses of ji¥ are uniformly bounded. Up to replacing p* with fi*, from now on we
assume p* = ji¥ for every k € N. The replacement is justified because M?(i*) < M?(u*)
and fi* supports the currents {7},

For every i € N, the sequence (TF)*N is relatively compact in the space of normal
currents with respect to the flat norm [Fed69, Theorem 4.2.17], by the uniform bound on
M(TF) + M(OTF). Moreover, since supy, |¢1*|(X) < 400, a diagonal argument yields the
existence of a subsequence (k;) ey, a family {7;};eny of normal currents and a measure o in
M(X) (not necessarily rectifiable a priori) such that

T Y T, WieN, phi —— g,

j—+oo J—+oo
Since M is lower semicontinuous with respect to the flat convergence [Col+17], it holds

M?(T;) < liminf M?(TF) Vi e N.

k—+o0

and the right-hand side is finite (and indeed uniformly bounded with respect to 7) by the
uniform bound on M?(TF), which follows from (3.2). This, together with ¢'(0) = +oco0 and
[Col+17, Proposition 2.8] or [Proposition 2.32][BW18], yields in particular the rectifiability
of each T;.

e Construction of the limit competitor.
The sequence T; = [E;, 6;,7;] of rectifiable currents is given by the previous point. Since
for every i € N the set S; is open and supp 7 C X \ S; for every k € N, we have

suppT; € X'\ S;.

The problem with the compactness of the previous point is that ¢ is not rectifiable a priori.
We construct “by hands” a 1-rectifiable measure p which supports the T;’s, by defining
p = 0H'_E, where

O(z) = supb;(z), E = U E;.
e ieN
We first prove that p has finite mass. Firstly we define py = ExHILE, where
Env(z) = max 0;(r) VN eN.

Then by the monotone convergence theorem we deduce
/H(x)dHl( = lim /fN )dH! (z) < o(X),
B N—+o0

where the inequality is a consequence of

/&V ) a7 Z/ " ||ZH é“ \

where
Fi={zeE:t{n=0}3\|Jlz e E: &y =0,}.
j<i
By construction we have [|T;|| < p; thus, in order to prove that (u, {7;};) is an admissible
competitor, it remains to prove that p has finite ¢-mass and that 0T; < v. We are going
to obtain the former as a consequence of

(3.4) M? (1) < lim inf M?(pF).

k——+o0
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First of all, using the monotonicity, lower semi-continuity of ¢ and the monotone conver-
gence theorem, it holds

= / o(0)dH' = Wm ¢(9N) dH' = Nl_i)mooqu(uN).

If TF = [Ey, 0%, 7F] for i,k € N, for every N,k € N we can define the rectifiable currents
WN, Wi with coefficient in RY | see [MM16b, Definition 1.8], given by
= [Bk, (07, £605 ..., 260%), 7], Wy =[E, (61, £0,...,%6x), 7],

where the signs + are chosen in order to obtain +7F = 7% and +7, = 7;. The group R¥ is
endowed with the maximum norm, namely

I(br, - b)lloo = max [ V(by,...,by) €RY

-----

so that, for any rectifiable current T' = [E, (61, ..., 0y), 7] with coefficients in RY it is well
defined the ¢-mass

M#(T) = /M H(161(2). .- O (1)) oc) AH (1),

Now let us fix ¢ > 0 and N € N. By definition of py and the semicontinuity of M¢ for
currents with coefficients in RY proved in [Mar+21, Proposition 9.4], there exists K € N
such that

M?(uy) = M?(Wy) < MO(WE) +e <M?(p*) +e  Vk> K.

The above inequality yields (3.4).
Let us now fix ¢ € N. In order to show that 07; < v we notice that, since 8Tf =< v for
every k € N, by Radon-Nikodym theorem there exist fF € L>°(|v|) such that
(3.5) IfFlle <1, 0T} = fflv|  VkeN.

The weak*-compactness in L>®(|v|) implies that fF converge in this topology, up to a
subsequence, to a function f; € L®(|v|). The convergence TF — OT; as currents yields
OT; = f;|v]. In order to complete the proof of T; < v, we have to show that
(f) vl <v' and  (fi) v <v.
To do so, we observe that by Jordan decomposition there exist two disjoint sets AT, A~ C X
such that
(3.6) vt = |y|LAT, vo =LA,

Since fF <0 on X \ AT, testing the weak-* convergence of f¥ to f; with 15 for any Borel
set B C X \ AT, it follows f; < 0 on X \ AT, hence (f;)"|v| < v*. Similarly we have
(f) vl < v

e Continuity of the pay-off.
To show the lower-semicontinuity of Ef, by (3.4) it suffices to show the continuity of the
pay-off term, that is

(3.7) Zaz/ (S, z) d|0T;|(x kgrfooz:az/ (S, z) d|OTF|(x).

€N

Since 9T < v, by (3.5) and (3.6) it follows that

1= ff(1ar —14-) Vi, k € N.
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Hence, by weak-* convergence of fF to f;, we have

tim [ h(S,, ) AT (x) = T /h(Si,x)\fi’“|d|u|
—to00

k—4o00

= lim h(SZ,J?)ka(]_AJr — 1A*) d|1/|

k—+o0

:/h(Si,x)fi(l,M — 1A—> d‘”l
:/h<s,-,x>d|aﬂ|.

Therefore (3.7) follows by the dominated convergence Theorem. U

4. EXISTENCE OF MINIMIZERS FOR THE LAGRANGIAN FORMULATION

In this section, we prove Theorem 1.2. The proof follows the existence for the Eulerian
formulation, but there are some differences due to the framework.

PROOF OF THEOREM 1.2. Let us consider a minimizing sequence (P* {PF};)* of competi-
tors. Since each PF satisfies (7o) PF — (m9)4 PP < v, the pay-off term in (1.3) is uniformly
bounded, hence

sup M?(P*) = C < +o0.

keN
Any P* has Ifinite ¢-mass, then one can apply [BCMO09, Proposition 4.6] to obtain a loop-free
traffic plan P* supported on injective curves and such that

M?(P*) < M?(P*).

More precisely, this process substitutes each curve v with another curve § with the same
endpoints, where the loops of v are cut-off. This induces a similar replacement of P* with

another traffic plan P¢k7 which charges these new curves. This substitution possibly increases
[ PF since infycg+ fi(7(t)) < infiep+ f(5(t)). Subsequently, it holds

/ B, 2) A((mo) P + (o) g fiPE) < / Wi, z) A((mo) g S + (o) 1)

as well. Therefore (P*,{P*},)¥ is a new minimizing sequence for the problem and we can
assume, without loss of generality, that coincides with (P*, {PF};)*.
Since for a loop-free traffic plan P it holds

M4 (P) = [ o(lalp) M (o),
we have
(4.1) M?(Pf) <M?(P*) < C  Vi,keN.

After a reparametrization, we assume from now on that curves in K (X) are parametrized by
arc-length. Thus, (4.1) and [BCMO09, Lemma 3.39] imply that the average transport times
i) K(X) T(v) dPF are uniformly bounded and this gives compactness of each sequence {PF};,

by [BCMO09, Theorem 3.28].
We can make that each P* charges only curves whose endpoints are contained in supp v~
and supp v by restricting it to the set

{7 € K(X): 7(0) € suppv~, ¥(T(y)) € suppr™}.
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Since P* is assumed to be loop-free, this restriction has a possibly lower ¢-mass and, since
(Too) P — (m0) 4 P < v, it contains the restrictions of P*. Thus, we again have a minimizing
sequence for the problem.

In order to obtain an upper bound on the masses of P*, we first observe that, if 0 < s < t,
then there exists a positive integer k such that ks < ¢t < (k + 1)s; the monotonicity and
sub-additivity of ¢ then yield

ot) ¢((k+1)s) < B+ 1)g(s) _ o(s)
t - ks - ks - 25’

hence @ < ¢2§). This estimate and the assumption D = dist(supp v, suppr™) > 0 provide

k e o ”Y
P /X)/ (t) dtdP(y)
(M

(P* -
A [ e
¢(M(P"))

Since lim; o ¢(t) = +00, the uniform bound on M?(P¥) implies that the masses M(P*)

are uniformly bounded.
Again (4.2) then yield a uniform bound on

/ L(y)dP(y) = / T(v)dP(v),

where T'(vy) is the stopping time of v and the equality holds since we assumed that ~y are
parametrized by arc-lenght. These considerations give pre-compactness of the sequence { P¥}*
again by [BCMO09, Theorem 3.28]. Thus, up to extracting a diagonal subsequence (not
relabeled), we can assume that

P* AP PFA P VieN

(4.2)

2M
D
> .
-2

and we are going to show that (P,{F;};) is a minimizer for our problem.

Since P*, PF are positive Radon measures such that P* < P* passing to the limit we have
P; < P for every i € N. Moreover, since the average transport times are uniformly bounded,
[BCMO09, Proposition 3.27] implies

(Too) Py — (m0) e P = v VieN.

Hence (P, {P;};) is a competitor for the minimization problem. Since by [BCMO09, Proposition
3.40] it holds

M?(P) < lim inf M?(P¥),

k——+o0

in order to show that (P,{F,};) is a minimizer, it remains to prove that
(4.3)

[ee] —+o00
>~ i [ bli.o) d((mo)fiPot (ma)s i) 2 fimsup Yo, [ 1i.) Ao P+ () P
=1 T =1

To this aim, let us fix : € N. We first observe that the map mo: K(X) — X is continuous. If
we call f;: K(X) — [0, 1] the function defined as

filty)= int f(x),

z€lm(vy)
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we can write

/X Wi, ) d(mo) fi Py () = / h(i, mo()) fi(7) APi(7)

K(X)

(4.4) > lim sup /K » h(i,mo(%)) fi(y) dPF(y)

k—+o0

= lim sup/ h(i,z) d(mo) 4 fi PF(x),
k—+o00 JX

where the inequality follows by standard measure theory, see for instance [AFP00, Proposition

1.62], since X is compact and fl is upper semi-continuous with respect to the topology

induced on K (X) by the uniform convergence on compact sets, thus the integrand is upper

semi-continuous.

Unfortunately, the same argument cannot be applied to (7 )4f; PF because 7., is not
continuous, so the map v h(i,woo(v)) has in general no continuity properties. On the
other hand, exploiting the uniform boundedness of the average transport times, it is possible
to obtain the desired upper semi-continuity of the integrals. Indeed, from the previous steps,
there exist C' > 0 such that

/ T(y)dPf(y) <C  VkeN.

Let us now fix € > 0, choose M > 0 such that % < ¢ and define
E={ye K(X):T(y)<M}.
By Chebichev inequality it holds

PFK(X)\E) < % <e VkeN

Using this estimate and the positivity of h, we obtain

lim sup /X h(i,2) d(oo ) fi PF () = limsup /X h(i, oo () fi(7) AP} ()

k——+o0 k—+o0

< = suph + limsup /E Wi, 7o (1)) () APE ()

k——+o0

< e suph + limsup /K | HEAODEG) AP

k——+o0

<c-suph+ /K AN AR ()

< 2c-suph + /K L METED) ARG

=2c-suph + / h(i, ) d(7o )4 fi PF (),

X

where the third inequality follows by the continuity of the map v v(M), the upper semi-
continuity of f; and [AFP00, Proposition 1.62], as above. Since ¢ is arbitrary, this and (4.4)
yield

/ Wi, ) d((mo) s fy Pt (moe ) fiP,) = limsup / Wi, 2) d((mo) fiPE+(m) 4 fiPF) Vi€ N.

k—+o0
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For every ¢ € N, these terms are uniformly bounded, thus multiplying by a; and summing
over ¢ € N proves (4.3). This implies that (P, {F,};) is a minimizer for the problem. O

5. COMPARISON BETWEEN THE MODELS

In this section we collect some observations on the differences between the Eulerian and
Lagrangian models and provide some examples which motivate the formulations of the prob-
lems.

5.1. Orientation. In the Eulerian formulation of the robust transport, the network is mod-
eled by an un-oriented rectifiable measure, which allows transportation on both direction on
each “branch”, in case of damages: the condition ||T;|| < p allows for changes of orienta-
tion when different damages occur. In the Lagrangian formulation, instead, the network is
modeled by a transport plan, which prescribes the orientation of the transport on each curve.

It is interesting to study what would happen if, in the Eulerian version, we fix the same
orientation for every T;. More precisely, we could study the minimization problem for an
energy similar to (1.1), where the ambient network is modeled by a rectifiable current 1" €
R1(X), instead of a measure p, and we prescribe that every T; has the same orientation of
T, namely T; < T instead of the weaker ||T;|| < ||T||. Surprisingly, this problem may not
have a solution, as shown by the following example.

Example 5.1. Let X = [-3,3]2 C R%, ¢(t) = v/, let h be a constant which we fix later and

d(—3,0)+ 0 03,00 + 0~
o= do o o d6o) . (-20)

2

We consider only two damaged sets S, S5, each with probability a; = ay = %, represented in
Figure 1.

—0(-3,0) +0(—2,0) —0(2,0) +0(3,0)

T
FIGURE 1. The measures v~ (in red) and v+ (in blue) and the sets Sy, Sy of
the example 5.1. The pattern T3, T are individually optimal for the pay-off
term, but they cannot be both contained in any oriented network 7', since the
two segments between (—1, —1) and (1, —1) have opposite orientations.

Let T be the shortest curve connecting (—3,0) to (3,0) which avoids S, and let T be
the shortest curve connecting (2,0) to (—2,0) which avoids the damage Sy. Since the pay-off
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term in (1.1) equals
h
5 (M(T1) + M(9T3)),

to minimize the energy for h large enough, it would be convenient to choose T} = Ty and
T, = T 5. However, no current 7' can have both T 1 and T2 as subcurrents, since they contain
the segment from (—1,—1) to (1,—1) with opposite orientations. We can of course chose
T} and Ty which do not overlap and are arbitrarily close to T, T3, thus showing that the
infimum of the energy is not attained.

5.2. Properties of damages. In the Eulerian formulation the possible damages completely
turn-off open sets, namely they are described by characteristic functions of closed sets; the
Lagrangian version of the problem allows for much more general damages, namely upper
semi-continuous functions.

A natural question is whether this larger class of damages can be treated by the Eulerian
formulation. If we translate our Lagrangian model, a competitor for the problem would be
(11, {T; }ien), where p = OH'LE is a rectifiable measure and the recovery plans T; are currents
such that || T;|| < p and 9T; < v — v~ with energy

Bl (1) = M90) = Y ai [ i.2) 10| (o).

€N

The currents 7}, which appear in the pay-off term, are penalizations of the currents T; =
[E, 6;, ;] under the action of f;, for instance, any current T; = [E, 6, 7;] satisfying

0; < f:6;, oT; = OT,.
The following example shows that this minimization problem may not admit a solution.

Example 5.2. Let X = [0,1]* C R?, v~ = d(1,0) + d0,1), ¥ = (0,0) + d(1,1), and assume that
there is only one damage f, that occurs with probability 1, such that

f(z,3z) = f(x,3 —3x) =1,
e wee (020 (2.
fay) =y Ve (: 2) vy € [0,1],

for some [ > 0, as illustrated in Figure 2. If ¢, 8 and h are suitably tuned, then an “almost-
optimal” network . is given by the two curves 7¢, 1 defined as

(x,37) inga:g%—e
V()= (x,1-3e) ifi—e<az<2+e¢ P(r)=(1—-z1) Voel0,1],
(#,3—=3z) ifZ+e<a<l,
and the recovery plans 77, Tf are given by
g R O R B % R 1)

Thus, T¢ transports a mass (1—3¢)? through 4° and a mass + through ¢, with a total amount
of approximately %

Allowing € — 0, the horizontal portion of ¥* collapses on 1 with opposite orientation, thus
Tt converges to a current 77 which transports d(g 1) into (o) and d(1 0y into d¢,1). But this
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N | =

=0(1,1)

—0(0,0) +0(1,0)

F1GURE 2. The situation described in Example 5.2: the shape of the damage
f forces the optimal recovery plan to contain two overlapping curves with
different orientations.

implies that any suitable T, would transport %5(0,1) to %5(070) and %5(170) to %5(1,1), with a total
mass of 1. If h is sufficiently large with respect to ¢, then the minization problem does not
have a solution.

In the above example, the problem is the following: as € — 0, the curves v* and v overlap
and the limit transport 77 “does not respect” the intention of transporting d(; 0y to d(o,0) and
%5(0,1) to %5(171). Instead, T7 mixes the curves, excluding the overlapping regions.

The necessity of keeping track of the curves is evident, and this suggests that a Lagrangian
formulation is the right tool to use. Indeed, in the Eulerian formulation, a recovery plan
T; does not provide any information on where each part of v~ is transported, while in the
Lagrangian formulation, each recovery plan tracks the route followed by each portion of v.

On the other hand, in the Eulerian formulation a recovery plan is a current 7; that can use
any part of the network, while in the Lagrangian version of the problem the recovery plans
P; are sub-traffic plans of P, thus we allow one to use only curves charged by P, not parts
of them.

5.3. Distance between supports of v~ and of v and properties of ¢. The Eulerian
version of the problem does not require any further hypotheses on v and ¢. In the Lagrangian
formulation, instead, we asked

dist(suppv~,suppr™) > 0, lim ¢(t) = +o00.

t—+o0

These assumptions are necessary in order to obtain an upper bound on the masses of the
traffic plans P* in the minimizing sequence, as shown by the following examples.
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+30@3279)

+i5(2—672—6)
N

+é6(279’279)7 ’V
3 2

+ﬁ6(27122—12)

@ Yy oo

— L 1o gy — L 50 1 1
w00 =500 —40(2-6,0) —50(2-3,0)

FIGURE 3. A representation of Example 5.3: each damage f; forces to choose
a recovery plan supported on +;, while the pay-off forces any minimizing traffic
plan P to use all of them, hence obtaining infinite mass.

Example 5.3. Let

X =[0,1? c R?, o(t) = Vt, h=1, a;=2""% forjeNandi=2""1 .. .,2 —1,
r=27%,0), y=0QY2Y), v =) 27, vh=> 27,

jEN jEN

Moreover, for every j € N and every i = 2971, ... ,29 — 1, let f; assume value 1 on a curve
7 joining z; and y; and 0 elsewhere and we assume that the curves 7, are mutually disjoint,
except for the points z;,y;. These elements are represented in Figure 3.

Since each damage f; allows the transportation only through the curve ~;, the energy of
any competitor (P,{P;};) for the minimization problem can be reduced if we restrict the
traffic plan P to these curves and if we maximize the mass transported by each P;; hence we
can assume

P = Zmié’ﬁ’ P7’ = min{mi’ 2_]}6 i Vi € {2j_17 ey QJ - 1}7
1eN

for a suitable sequence {m;};cn. Thus the energy of the competitor is

27 -1
SN (27 ymy — 2" min{m,;, 277}) .
JEN §=27-1

Since the minimum of the function m; — 27%,/m; — 2% min{m,,277} is attained for
m; = 277, a minimizer for the problem must satisfy this condition for every j € N and every
i€ {271 ...,27 — 1}, hence having energy

27 -1

SY (22ioorEay) =Y ou(ei o),

JEN §=27-1 jeN
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Y2

. M) 71
_me: A /F\ =+5(170)

FIGURE 4. Example 5.4: if ¢ is bounded and the curves ; transporting v~ to
vt are “almost overlapping”, then for a minimizer it would be convenient to
charge all of them, obtaining a traffic plan with infinite mass.

which converges to a negative number. On the other hand, this choice would produce a traffic
plan P with infinite mass, because

27 -1

PE(X)=)_ > 27=) 2727 = +o0.

JEN j=2i—1 jeN

Example 5.4. Let v~ = §(g0), ¥* = (1,0) and let each damage f; assume value 1 on the
curve +; joining (0,0) with (1,0) represented in Figure 4 and 0 elsewhere. Assume ¢(t) = 1
for all t > 0 so that the ¢-mass of a loop free traffic plan is the total length of its support.
Given any h, a;, if the circle described by ~; is sufficiently small, then it is convenient for
the energy to set P; as the traffic plan (of mass 1) concentrated on ~;. However, charging all
these curves would produce a minimizing sequence of networks P* with unbounded masses.
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