HJB EQUATIONS DRIVEN BY THE DIRICHLET-FERGUSON LAPLACIAN IN
WASSERSTEIN-SOBOLEV SPACES

FRANCOIS DELARUE, MATTIA MARTINI, AND GIACOMO ENRICO SODINI

ABsTtracT. We study linear and nonlinear PDEs defined on the space of probability measures P(T%)
over the flat torus T¢, equipped with the Dirichlet—Ferguson measure D. We first develop an analytic
framework based on the Wasserstein—Sobolev space H1:2(P(T%), Wo, D) associated with the Dirichlet
form induced by the infinite-dimensional Laplacian acting on functions of measures. Within this setting,
we establish existence and uniqueness results for transport—diffusion and Hamilton—Jacobi equations in
the Wasserstein space. Our analysis connects the PDE approach with a corresponding massive interacting
particle system, providing a probabilistic (Kolmogorov-type) representation of strong solutions. Finally,
we extend the theory to semilinear equations and mean-field optimal control problems, together with
consistent finite-dimensional approximations.
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1. INTRODUCTION

This work lies at the intersection of two lines of research that have each witnessed significant progress
in the analysis and understanding of mean-field interaction models—or, more generally, of dynamics
describing the statistical evolution of an infinite population: on the one hand, the theory of mean-field
control; on the other, the notion of Wasserstein diffusions. Both are briefly reviewed in the following lines.

Generator induced by mean-field dynamics. In its microscopic version, a mean-field interaction
model is commonly understood as a particle system in which the particles interact with one another in
a weak and symmetric manner. Mathematically, the global state is thus summarized by the empirical
measure of the particles. Whenever the conditions imposed on the system—whether initial conditions
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or subsequent perturbations, all possibly random—exhibit some form of exchangeability, that is, are
statistically invariant under permutation, the empirical measure is expected to converge as the number of
particles tends to infinity. When the initial conditions and perturbations are not only exchangeable but
also independent, the limiting statistical distribution is deterministic; this corresponds to a law of large
numbers. Otherwise, the limit may remain random and retains, according to de Finetti’s theorem, the
trace of the randomness common to all the conditions imposed on the system. In both cases, the limiting
distribution is referred to as the mean-field limit. Mathematically, the identification and characterization of
this mean-field limit, as well as the justification of the limiting procedure itself, have motivated numerous
studies, dating back to the seminal works of [39, 47, 48]. In the regime where the law of large numbers
applies and in the case where the particles are dynamic—that is, they evolve over time, for instance under
the influence of transport and diffusion—, the mean-field limit is typically described as the solution of a
so-called McKean—Vlasov equation, that is, a stochastic differential equation whose coefficients depend on
the law of its solution (see [60]); or, equivalently, as a nonlinear Fokker—Planck equation (see, among many
references, the book [5]). When the sources of randomness acting on the system are driven by a common
noise, the McKean—Vlasov equation is called conditional, and the associated Fokker—Planck equation
becomes stochastic (see [10]). In both cases, the dynamics of the mean-field limit evolve in the space P of
probability measures over the underlying state space (for reasons that will be explained below, we will work
in fact on the space P(T?) of probability measures on the d-dimensional flat torus T¢ := R?/Z%). Provided
that those dynamics are unique, the mean-field limit induces a semigroup, whose generator is a differential
operator acting on functions defined over P. This operator has recently been the subject of intense research.
In particular, the associated harmonic functions, solving PDEs on P or time-space PDEs on Ry x P,
provide valuable insight into the convergence of the finite-dimensional system to the infinite-dimensional
one (see [24, 49, 50]). When the mean-field limit satisfies a deterministic Fokker—Planck equation, these
PDEs can be interpreted as transport equations on P. When the Fokker—Planck equation is stochastic,
they also include a diffusion term, which is, in most models, highly degenerate (see, for instance, [8]).
One of the aims of the present paper is precisely to study a version of these linear PDEs in presence of a
“non-degenerate” diffusion on P, called a Wasserstein diffusion, which significantly enriches the analysis of
harmonic functions.

Beyond the linear case: mean-field control. This is another goal of the present work: to go beyond
the linear case. Indeed, the original (finite-particle) system may be subject to mechanisms other than
transport or diffusion; see [12, 13] for an overview. In the situation of interest here, transport and diffusion
are typically combined with an optimization step: when the system is finite, the particles are dynamically
controlled, with the objective of minimizing a cost functional associated with the entire system. This
amounts to solving a control problem for a large interacting particle system with mean-field interactions.
The limiting problem (i.e., after passage to the mean-field limit) is referred to as the mean-field control
problem. Since the optimization step is intrinsically nonlinear, the passage from the finite-dimensional to
the infinite-dimensional model relies on arguments that are considerably more subtle than the law of large
numbers. This is why the theory of mean-field control has attracted significant attention in recent years,
initiated in particular by Lions in his lectures on mean-field game theory—a closely related framework with
many connections. In this context, the role played by harmonic functions in the analysis of the mean-field
limit under pure transport-diffusion dynamics is taken over, in the controlled case, by the value function
of the control problem, which is expected to satisfy, at least in the viscosity sense, a Hamilton—Jacobi
equation posed on P. This Hamilton—Jacobi equation is of first order in the absence of common noise in
the particle system, and of second order—typically highly degenerate in known examples—in the presence
of common noise; see [8, 15, 16, 20, 37]. More generally, it can be understood as a semilinear PDE (in
the gradient of the solution) on P. As shown in [8, 7, 11, 19|, the regularity of the value function in
the mean-field control problem (and thus of the solution to the Hamilton—Jacobi equation) determines
the convergence rate from the finite-dimensional control problem to its infinite-dimensional limit. The
regularity of solutions to semilinear PDEs on P is therefore a key ingredient in the analysis. Once again,
one of the objectives of this paper is precisely to study the regularity of solutions to semilinear equations
driven by a nondegenerate diffusion operator—referred to below as a Wasserstein diffusion.

Wasserstein diffusions. The introduction of a diffusion acting on the space of probability measures is a
central ingredient of our work. While the construction of measure-valued processes is certainly not new
in probability theory (see [21]), the key point here is to employ a diffusion with a clear impact on the
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resolution of the linear and semilinear PDEs discussed in the previous paragraphs. Ideally, the diffusion
should enjoy sufficient smoothing properties to overcome potential singularities in the coefficients of these
PDEs. Intuitively, it should resemble the analogue of a Brownian motion on P, but this picture raises
multiple difficulties, due in particular to the absence of a canonical reference measure on P, similar to
the Lebesgue measure in Euclidean spaces. As a consequence, none of the existing constructions—an
overview of which is given below—can be regarded as canonical. Nevertheless, the underlying idea is to
define a diffusion process whose local variations are governed by the 2-Wasserstein distance W5 on P (at
least when the underlying state space is R? or T?). From the viewpoint of stochastic process theory, any
associated harmonic function ¢ should evolve, along the trajectories of the diffusion, as a martingale; the
local variance of the latter should be given by the square of the norm of the “intrinsic gradient” of ¢. To
avoid any ambiguity, we emphasize that the intrinsic derivative mentioned here is precisely the one that
appears in the formulation of the aforementioned PDEs on P. We revisit in detail in Subsection 2.2 the
notion of differentiability for functions defined on P, and we clarify in Appendix A the identification with
the Fréchet derivative of the lifting of ¢ to the space of square-integrable random variables. From the
viewpoint of functional analysis, the square of the norm of the “intrinsic gradient” of ¢ is typically studied
in a global manner via the theory of Dirichlet forms. In that setting, the construction of the Dirichlet
form may even precede that of the process itself—one of the main difficulties again lying in the choice of a
reference measure on P. To give a brief overview, the constructions of a Wasserstein diffusion achieved in
[26, 27, 64, 59, 53] are based on Dirichlet form techniques, whereas those in [41] follow a more pathwise
approach. These works can further be categorized according to the dimension of the underlying state
space: since P(R) endowed with Wy is isometric to the subset of L?((0,1)) consisting of nondecreasing
functions, the one-dimensional case is, in some respects, more tractable. The papers [41, 64] indeed focus
on this setting. In the present work, we build upon the diffusion on P(T¢) introduced for dimensions
d > 2 in [26] (the state space is resticted to the torus as some compactness is needed), and we review in
Section 2 the main principles underlying its definition as well as the key properties it satisfies.

Dirichlet-Ferguson diffusion. The approach developed in [26] presents a major advantage: although
the diffusion process is constructed using Dirichlet form theory, its pathwise description is explicit. In
particular, it is rather straightforward to perturb the dynamic by adding a velocity field. In what follows,
this property will allow us, among other things, to consider a stochastic control problem on P(T9), in
which the drift itself plays the role of the control variable. Naturally, the choice of one diffusion model over
another is somewhat arbitrary, and the resulting drifted diffusion process retains the structural features
of the chosen diffusion. In the present case, the diffusion introduced in [26]—which we refer to as the
Dirichlet-Ferguson diffusion, in reference to the choice of the underlying measure—Tlives in fact only on the
subspace PP2(T4) of P(T) consisting of purely atomic probability measures (on the torus). Accordingly,
the diffusion process can be represented as a countable “particle system.” Its structure is, as mentioned
above, particularly simple: in the absence of drift, the particles evolve as independent Brownian motions
with distinct intensities, while the corresponding Dirac masses, located at each particle’s position, are
aggregated into a countable convex combination with non-uniform weights. The essence of the model lies
precisely in the choice of these intensities and weights:

i. the intensities are taken as the inverses of the square roots of the weights. This scaling relation
explains why, in the various [t6 expansions, the quadratic variation is governed by the square of the
intrinsic gradient norm; it also corresponds to the same rescaling used in the Dean—Kawasaki model
(see [27, 40];

ii. the weights (and hence the intensities) are randomized: specifically, they follow a Poisson-Dirichlet
distribution,independently of the particle positions. This is the origin of the Dirichlet—Ferguson
measure defined on P(T?); its realizations can be viewed as random purely atomic probability measures
whose weights follow a Poisson-Dirichlet distribution and whose atom locations are independent,
Te-uniformly distributed random variables, the weights and the atom locations being independent.
We use the letter D to denote such a measure.

Below, the purely diffusive particle system, that is, in the absence of drift, will be referred to as the free
Dirichlet-Ferguson particle system (or simply the free particle system).

Regularizing effect and Wasserstein-Sobolev spaces. The regularizing properties of a diffusion
process can be highlighted in several ways. A common approach consists in showing that the semigroup
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generated by the diffusion maps functions of a given regularity level to functions of higher regularity. A
related and subtle issue is how the regularity of the input and output functions is quantified. For example,
in the case of a finite-dimensional Brownian motion, bounded functions are mapped, for any strictly
positive time ¢, to C* functions, and the Lipschitz seminorm of the output functions behaves at worst
like 1/v/t when ¢ tends to 0. This result plays a central role in PDE theory, in particular in the study of
semilinear equations, such as Hamilton—Jacobi-Bellman equations driven by a quadratic Hamiltonian. In
[23], a diffusion process taking values in P(R) is constructed, exhibiting a similar smoothing phenomenon,
but with the factor 1/v/% replaced by 1/t3/*. Comparable properties have also been established by [57]
for a certain class of Fleming—Viot processes, although with an exponentially fast blow-up rate. In the
present setting, one cannot expect a smoothing result of the same strength (see [27]). Nevertheless, the
presence of the Laplacian suggests that the semigroup, when applied to an L? function on P endowed
with D, should admit an intrinsic derivative which itself belongs to L? in both time and space. In other
words, the idea is to use a Sobolev-type space H'2, consisting of functions whose intrinsic derivative has
a square-integrable norm under D, and that the semigroup maps L? functions into L?([0, T], H'2) for any
finite time horizon [0,T]. The next step is to show how linear transport—diffusion equations, and more
generally semilinear equations with bounded coefficients, can be solved in the space L?([0,7T], H?).

Contributions. Our first contribution is to clarify the definition and the analytical structure of the space
H'2. This is the object of Section 2, where we present the notions of metric Sobolev spaces and Cheeger
energy used to define H1:2. Theorem 2.11 then establishes the precise link between this Sobolev space and
the Dirichlet form. Our second contribution is to solve, on the subspace PP*(T%) C P(T¢) of purely atomic
probability measures (on T¢), linear transport-diffusion type equations with bounded velocity fields, and
to prove existence and uniqueness of solutions. As shown in Theorem 3.4, these solutions are continuous
in time with values in L?(PP*(T?), D), and square-integrable in time with values in H'2. Moreover, they
can be represented via a Kolmogorov (or, more generally, Feynman—Kac) formula involving a drifted
version of the free Dirichlet—Ferguson particle system (see Theorem 4.19). The solutions of this drifted
particle system are obtained through a Girsanov transformation and are connected to the PDE through an
Ito-type formula; existence and uniqueness hold in the weak sense. All these results are developed in detail
in Section 4. Our third contribution is to address a semilinear version of the transport—diffusion equations
on the same space PP*(T%), when the coefficients are merely square-integrable and the nonlinearity grows
at most linearly with respect to the gradient. Existence and uniqueness are established in the same
sense as in the linear case (see Proposition 5.3). When the nonlinearity has an Hamiltonian structure
compatible with mean-field control theory, the solution is interpreted as the value function of a stochastic
control problem defined on the drifted Dirichlet—Ferguson particle system, with the drift identified as
the control variable; see Theorem 5.7, in which we also identify explicitly the optimal feedback function.
Finally, our fourth contribution is to provide, both in the linear and semilinear settings, an interpretation
of the PDEs under study as limits of finite-dimensional equations. This result is, at least conceptually,
analogous to propagation of chaos results that connect finite systems with their infinite-population limits
in classical mean-field models. However, in our case, there is no averaging effect stemming from a law
of large numbers; the passage to the limit instead relies on the stability properties of the PDE set on
PP2(T4). This return to the finite-dimensional framework offers an instructive perspective on the structure
of the equations investigated here. We stress that all the results established in the paper, including the
approximation results, hold true without any continuity or convexity condition on the coefficients (except
the standard convexity assumption of the Lagrangian in the control variable).

Comparison with the existing literature, and perspectives. This paper is naturally very close
to the works [26, 27], and explicitly builds on several results established therein. In fact, the main
directions on which our work relies were developed before [27] was posted on arXiv; this partly explains
the significant overlap between the two. To be precise, [27] goes, in some respects, considerably further
than we do: roughly speaking, [27] investigates drifted versions of the free particle system in which the
velocity field derives from a possibly singular potential. In comparison, the velocity fields considered
here are not necessarily potential (which makes our setting more general), but when they are, they stem
from less singular potentials than the repulsive Riesz-type potentials studied in [27]. In fact, in [27], the
potential structure enables a systematic use of Dirichlet form theory. By contrast—although this point is
also discussed in [27]—we deliberately work directly, and repeatedly, at the level of the trajectories of
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the associated process. This is a key feature that allows us, in Section 5, to analyze controlled systems,
which are clearly not addressed in [27]. From a pedagogical standpoint, we also believe that the pathwise
perspective emphasized here offers a complementary viewpoint to the works [26, 27], from which the
reader may benefit.

Another significant difference between our paper and [26, 27| lies in the central role we give to the
associated PDEs. While the PDE results obtained in Section 3 can, in their most basic form, be seen
as consequences of a combination of the results in [26, 27] and earlier works on metric Sobolev spaces
(notably [36], from which we take the construction of the space H':?), our paper is, to the best of our
knowledge, the first to present general well-posedness results for transport-diffusion type PDEs on the
space of probability measures. This, in our view, constitutes our main conceptual contribution: we
establish a bridge between two research communities that have developed substantially different tools for
the analysis of mean-field models. As recalled at the beginning of the introduction, the study of PDEs on
the space of probability measures has seen remarkable progress in recent years, and we hope that the
present work will open new directions along this line. Indeed, the paper provides new solvability and
approximation results, all of which remain valid, thanks to the presence of the diffusion, even in potentially
irregular settings. This naturally raises several challenging questions. We mention two of them, which
we leave for future work. The first concerns the structure of the equation itself. Many of the equations
studied on P(T%) or P(R?) correspond, from an Eulerian perspective, to diffusive (Fokker-Planck type)
dynamics on these spaces, and therefore include an additional differential term arising from the derivative
of the entropy. To be clear, our results do not cover this case. A second question pertains to the notion of
solution. In Section 5, we introduce a notion of strong solution for the Hamilton—Jacobi equations under
consideration; it would certainly be interesting to compare this with the notion of viscosity solution used
in the absence of diffusion, and to clarify, in this context, the role played by the measure D.

2. FUNCTIONS AND MEASURES ON PROBABILITIES

We work on the d-dimensional flat torus T¢ := R?/Z%, d € N\ {0,1} whose elements are denoted by
= (z',...,2%). We write x - y for the usual scalar product between elements x,y € R?, and | - | for the
Euclidean norm. The standard (probability) volume measure on T¢ is denoted by voly. Functions on
T? will be usually denoted by letters such as f, g, h, ..., while functions on the product space [0, 1] x T¢
(and its subsets) will be denoted by the same letters with the addition of a hat: f,g, h,.... Vectors of
functions of both kinds are obtained by ‘bolding’ the corresponding letter such as f = (f1,..., fi) and
f= (f1, e fk), k € Ny := N\ {0}. Sequences are denoted by (a;);, and they are meant as mappings
over Ny . Finally, T" > 0 denotes a fixed finite time horizon.

2.0.1. Spaces of functions. If E is a finite dimensional manifold or a Banach space, B is a Banach space, and
k is in NU {00}, we denote by C¥(E;B) (resp. C¥(E;B), resp. C¥(E;B)) the space of k-times continuously
differentiable (resp. k-times continuously differentiable and with bounded derivatives up to order k,
resp. k-times continuously differentiable and with compactly supported derivatives up to order k) functions
from E to B; if k = 0 and/or B =R, we remove k and/or B from the notation.

For a metric space (X,d), Lip,(X,d) denotes the space of real valued d-Lipschitz and bounded functions.
If (Y,Y,n) is a measure space and B is a Banach space, we denote by LP(Y,n;B), p € [1, o0], the Banach
space of p-summable functions with values in B identified up to equality n-a.e.; whenever B = R, we
simply write LP(Y,n) in place of LP(Y,n;R). If Y C [0, 7], we denote by .#Y the Lebesgue measure on Y.
Unless explicitly stated otherwise, all integrations over Y, are with respect to this measure, which we omit
from the notation for LP spaces.

Given a set X, a Banach space (B, |-|g) and a function f: X — B, we set || f||  := sup,cx|f(z)|g. Given a
Hilbert space H and a function f: H — (—o00, 0], we denote by D(f) the effective domain of f, that is the
subset of z € H such that f(x) # oco. The Fréchet subdifferential of f is denoted by 0f and D(9f) C D(f)
stands for the subset of points € H where df(z) # (). Finally, we denote by AC;,.((0,7);H) the subset
of C((0,T);H) of functions whose restriction to K is absolutely continuous for every compact subset
K c (0,7).

2.0.2. Probabilities. For a Polish space S, we denote by B(S) the Borel o-field of S and by P(S) the
space of Borel probability measures on S, endowed with the Borel o-field induced by the topology of
weak convergence. We recall that this Borel o-field coincides with the o-field generated by the mappings
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{m € P(S) = m(E), E € B(S)}, see for instance [3, Proposition 7.25]. When S = T4, we write PP%(T9) for
the subset of P(T?) consisting of purely atomic measures (i.e., of at most countable convex combinations
of Delta masses). We endow P(T?) with the L2-Wasserstein distance (which in this case metrizes the
weak convergence of measures against functions in C(T?)) defined as

(2.1) Walpw) o= (it { [l yP (o) v € Tl u)})w, v € P(TY),

where I'(u, v) denotes the subset of Borel probability measures on T¢ x T having p and v as marginals.
These probability measures are called transport plans or simply plans between p and v. It turns out
that (P(T%), Ws) is a compact, complete and separable metric space, see [1, Proposition 7.1.5]. We refer,
e.g., to [63, 1, 62] for a comprehensive treatment of the theory of Optimal Transport and Wasserstein
spaces. Whenever y € P(T4), x € T?, and r € [0, 1], we denote

(2.2) g = p({x}) €10,1] and p = (1= 1) +1rd, € P(TY,

where 6, is the Dirac mass at 2. Moreover, for a Borel set A C T?, we denote by j|4 the (non-normalized)
restriction of pu to A. If X, Y are measurable spaces, n is a measure on X, and f : X — Y is a measurable
function, we denote by fyn the measure on Y defined as

fin:=no f -1
We notice that, if X and Y are Polish spaces and E is a Borel subset of Y, then the mapping n € P(X) —
fin(E) =n(f~*(E)) € R is measurable. In particular, the mapping n € P(X) — fyn € P(Y) is measurable.

2.1. The Dirichlet—Ferguson measure

The aim of this subsection is to introduce the Dirichlet—Ferguson measure, with which we will endow
P(T%). To do so, we follow the same presentation as in [26]. In the following, we endow I := [0, 1]>
with the product topology and set

(2.3) S§%:= {s:z (si)i61'00:2231-:1}7 T :={s=(s;); € 5% :8; >8;41 >0 forall i}.
i=1

The set T5° C T is defined similarly to 7 with > in place of >. We denote by Y: I°*® — T C I*° the
reordering map, which is known to be measurable thanks to [30, p. 91]. On the infinite product (T%)*°,
we consider the product probability measure vol3® := ®fil voly. We also denote

(TN = {x:= (2;); € (T : a; # x; if i # j}.
We consider the map
(2.4) em: S x (T4)>® = P(TY), em(s,x) = Zsléw

i=1
We set
Po(T?) 1= em(T2° x (TH))

and we observe that it is a Borel subset of P(T%): indeed, the so called atomic topology 7, on P(T%)
(cf. [27, Section 3.1.1]) is such that (P,(T¢),7,) and (P(T¢), ,) are Polish spaces (see [27, Corollary 3.3|);
in particular, by e.g. [32, Theorem 4.3.24], P,(T?) is a G5 subset of (P(T%),7,) and thus an element of
the Borel o-field induced by 7, on P(T9). Since the latter coincides with the Borel o-field induced by
the weak topology on P(T?), see [27, Proposition 3.1(iii)], the set P,(T%) is also a Borel subset of P(T%)
equipped with the weak topology (in fact any Borel subset of (P,(T?),7,) is a Borel subset of P(T%)).
Since the map em is injective on T° x (T9)° (because the elements of T2°, encoding the masses, are
strictly decreasing, and the elements of (T%)5°, encoding the positions, are pairwise distinct), we can
define an inverse em~! : P,(T9) — T x (T9)%°. For a measure u € P,(T?), we denote

(2.5) (s(n), x(p)) = em ™ (p).
Note that, since the injective map em : T>° x (T4)%°® — P,(T?) is clearly Borel, then its inverse is also
Borel, see e.g. [4, Theorem 6.8.6].

Let U be the uniform distribution on [0, 1] and let us denote by U the corresponding product measure
on I*°. We introduce the Poisson—Dirichlet measure II; as done in [29].
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Definition 2.1 (Poisson-Dirichlet measure). Let A: I°° — S be defined, for r := (r;); € I, by

(2.6) Ai(r1) =11, Ap(ry,...,15) =1k H(l—ri), Ar) := (A1(r), Aa(r1,72), ... ).

The Poisson-Dirichlet measure I1; with parameter 1 on T, concentrated on T7°, is
= (T o A)quo
We are in position to define the Dirichlet—Ferguson measure.

Definition 2.2 (Dirichlet-Ferguson measure). The Dirichlet-Ferguson measure D on P(T¢) is defined as
D := emy(II; ® voly”).

Note that D depends on d, but we do not stress this dependence in the notation, thus always assuming
that d is a fixed parameter.

Remark 2.3. One could define similarly a Dirichlet—Ferguson measure depending on two parameters 6 and
v, with # > 0 and v € P(T?) being a diffuse probability measure, by replacing 1 with 6, volg with v, and
U with the beta distribution By on [0, 1] with shape parameters 1 and . Since voly(T¢) = 1 and to be
consistent with the presentation in [26], we choose to work with this canonical choice of parameters.

Remark 2.4. Definition 2.2 can be reinterpreted from a probabilistic perspective, characterizing the
Dirichlet-Ferguson measure as the law of a suitable random variable taking values in P(T¢), obtained
as a purely atomic measure with random weights and atom positions. Let Y := (Y;); and x := (x;); be
sequences of independent random variables with laws U and voly (i.e., the uniform distribution on T9),
respectively. We define the S*°-valued random variable A(Y) = (A1 (Y1), A2(Y71,Y2), A3(Y1,Y2,Ys),...) =
(Y1,Y2(1 — Y1), Y5(1 — Y3)(1 — Y1),...), and denote by s its reordered version, that is, the T°°-valued
random variable s := T(A(Y)). Notice that s ~ II; whilst x ~ vol;”. We can then construct a purely
atomic measure by assigning the random weights s to the atoms x, namely, > =, s;0,, = em(s,x). The
law of this random variable is precisely the Dirichlet—Ferguson measure D.

We present a characterization of the Dirichlet—Ferguson measure D introduced by T. S. Ferguson in his
seminal work [35], see also [26, Proposition 4.9].

Theorem 2.5 (A characterization of D). Let m be a probability measure on P(T?). Then, the following
are equivalent:

e m is the Dirichlet—-Ferguson measure D;
e m satisfies the Mecke-type identity or Georgii-Nguyen—Zessin formula,

(2.7) / / u(p, z, pg) dp(z) dm(p / / / u(pr, x,r) dr dvolg(x) dm(p)
P(Td) JTd P(Td) JTd

or any semi-bounded measurable u: X X s — .
f bounded ble u: P(T4) x T4 x [0,1] —» R

Note that, clearly, D is concentrated on discrete measures and, in fact, it can be shown that it is
concentrated on P,(T9) = em(T>° x (T9)5°), see [26, Proposition 4.9].

2.2. Differentiability of functions on probabilities

In this subsection, we discuss two approaches to the definition of differentiability for functions u : P(T¢) — R
which will be used in the sequel. We compare the notion of derivative introduced here with the one of
L-derivative in Appendix A. Let us first introduce some relevant classes of functions on probabilities.

2.2.1. Cylinder functions. As prototygical examples of cylinder functions, we may consider functions
induced by elements f € C*°(T%) and f € C>([0,1] x T9):

(2.8) o spe [ @), P s e [ fue) d).
Td Td

Iff=(f1,...,fr) € C®(T%RF) and £ = (f1,..., fr) € C([0,1] x T4 R¥), k € Ny, we set
=(ff,.. . 1), = (fr,.... f5).
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The extended space [0, 1] x T¢ makes it possible to define cylinder functions that depend explicitly on the
weights of the atoms of a (possibly atomic) probability measure. A natural way to restrict attention to
finitely many atoms is to consider only those depending on weights exceeding a given threshold €.

We are in position to define several algebras of smooth cylinder functions.

Definition 2.6 (Smooth cylinder functions). We define, for every ¢ € [0, 1], the following algebras of
smooth cylinder functions on P(T9):

; u=Fof* FecCXR"R),
3 i=qu: P(T% - R: P ,
ke Ny, feCe(TR")
i =Fof* FeCPR"R), keN,, }

5 00 = a: P Td R: . Fo
X {u =Ry C>([0, 1] x T%RF), supp(f) C [, 1] x T

and

. @ =Fof* FeC RNR), keN,,
3% :=<{a: P(T - R: . .
f € C>([0,1] x T%R*), supp(f) € (0,1] x T¢

Since every function in C*(T%) can be trivially identified with a function in C>([0,1] x T%), we note
that 320 - 320 - U5€(0,1) 3§° = 350 C 380 for every 0 < ¢ <y <1 and 3> C 380. Note also that
3% ¢ 3% and 3% ¢ 32° for every e € (0,1]. Functions in 35° are usually denoted by @ to emphasize
that they are obtained from functions f defined on the product space [0,1] x T%, in contrast to functions
in 3°°, which are typically denoted by u. However, when considering a general element of 380, we use
the notation 4 even if it could refer to an element of 3°°. Functions in 380 are Borel-measurable, but in
general not continuous w.r.t. any reasonable topology (e.g. the weak topology on P(T%)), see [26, Remark
5.3]. Functions in 3°° are continuous w.r.t. the weak topology and even Lipschitz continuous w.r.t. the
Wasserstein distance, see Subsection 2.0.2 and [36, 56, Section 4.1]. This last property is crucial when
considering the metric approach to the definition of differentiability of functions on P(T?), see Section
2.2.3.

Let us also mention that many other sets of cylinder functions could be constructed by assuming a different
regularity for the external functions F' and/or the internal ones f and f , but the classes of cylinder
functions defined above are sufficient for our purposes. Let us recall that if m is any Borel probability
measure on P(T?), then

(2.9) 3% is dense in LP(P(T?%), m) for every p € [1,00),

see e.g. [26, Lemma 5.4].

Finally, we introduce classes of cylinder functions depending on time: let 3 be any of the classes 3°°, Ag",
3%, ¢ € [0,1), as in Definition 2.6; then we say that a function v : I x P(T%) — R, where I C R is an
interval, belongs to the class T3(I) if us := u(t, ) € 3 for every t € I and u(-, ) € Lip, (I, deyer) for every
p € P(TY).

We also notice that the density property (2.9) can be extended to functions depending not only on the
measure argument but also on time and space. Indeed, leveraging (2.9), we can approximate real-valued

functions depending on time and space by functions belonging to
(2.10) A= C>®([0,T])) ® 32 © C=(T%).

In order to deal with vector-valued functions, we also denote, for every m € N, by A, the set of functions
b= (b;)™, from [0,T] x P(T¢) x T¢ taking values in R™, such that b; € A for every i = 1,...,m. We
then have the following density result:

Proposition 2.7. Let m € Ny, b: [0,T] x P(T9) x T — R™ be a measurable function, and Q be a Borel
probability measure on [0, T] x P(T?) x T, such that b € LP([0, T] x P(T%) x T¢, Q; R™) for some p € [1,00).
Then there exist sequences (), C (0,1) and (b™), C Ay, such that b™ — b in LP([0, T] x P(T%) x T4, Q; R™)
as n — oo with by (-, z) € (ng)m for every (t,z) € [0,T] x T? and every n € Ny. Moreover, if ||b]|oo < o0,
then such a sequence (b™),, can be chosen such that ||0"|eo < ||b|loc for every n € N4.
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Proof. Without loss of generality we can assume m = 1; call X := [0,7] x P(T%) x T¢. Consider the
product algebra of continuous functions on X given by

A = C>([0,T]) ® C(P(T?)) @ C°(T?).

Since each factor is a unital algebra of continuous functions separating points in the corresponding
space, and X is compact, A is uniformly dense in C(X), and thus (see e.g. [55, Lemma 2.27]) dense in
LP(X,Q). Let 72 : X — P(T%) be the map sending (¢, i1, ) to p. By (2.9), observe that 32° is dense in
LP(T(Td),ﬂ'I?Q), and then it is also Lp(fP(Td),ng)—dense in C(P(T%)). Thus we deduce that also A is

dense in LP(X,Q). This gives the existence of a sequence (b,), C A approximating any b € LP(X, Q).
Note that every b" is a sum of K,, € N, functions of the form

ug" () = g A" () f (), gt e C([0,T)), 4" € 3, fim e C°(TY), i=1,...,K,.

Since 4*" € 3?0 for some " € (0,1), it is clear that, by setting e, := min;—1__, €™ € (0,1), we
obtain

by (-, x) € 3;’: for every (t,z) € [0,T] x T
This proves the first part of the statement. The second part also follows by the same argument as in
the proof of [55, Lemma 2.27|, by simply composing an approximating sequence (b"), C A of b with a
sequence of polynomials approximating the truncation function g(r) := —||b|leo V 7 A || co- O

2.2.2. The geometric approach. We follow the presentation in [26], see also the references therein. The
main idea is to start from directional differentiability w.r.t. a class of natural variations on P(T%): these
are given by (the flows of) smooth, orientation preserving vector fields X>°(T%) on T?. For an element
w € X°(T?), we denote by X* the flow of w at time ¢ > 0, that is (X*)¢>o solves the Ordinary Differential
Equation (ODE):
XP(x) =z, X®=wXY), t>0,zeT

Let u : P(T?) — R and pu € P(T?); we say that u is differentiable in the direction w € X°°(T¢) at the
point p if the derivative

dun() = | (X))

exists and is finite. Using the fact that X°°(T¢) is dense in the Hilbert space 7,,P(T¢) := L*(T?, y; RY),
we deduce that, if u is differentiable in the direction w at the point p for every w € X°°(T%) and the map

w > Oy )

is bounded on X°°(T9), then the Riesz’s representation theorem gives the existence of an element
(Vu), € T,P(T?) such that

(V) y, w)p, peray = Owu(p) for every w € X°°(T9).

In this case, we say that u is differentiable at p and that (Vu), is the gradient of u at p. The definition
of T#iP(']I‘d) used here is an extension, to vector fields of non-gradient type, of the classical definition of a
tangent space given (among others) in [51, 1]. For further comments on the terminology as well as for
other notions of tangent spaces, see the appendix of [25] and the references therein.

It is not difficult to show that functions in 3$°, as introduced in Definition 2.6, are differentiable in P(T%).
Also, we can compute explicitly their gradients, see [26, Section 5.2, Lemma 5.8], [36, Definition 4.4] and
[28, Lemma 5.17] for a proof.

Lemma 2.8. Let i = F o f* € 33° with F € C°(R¥;R), k € N,. Then @ is differentiable at any
w € P(T?) and it holds

k
(2.11) (Vi)u(x) = Y (@O:F)E* W)V filpe ), (u,7) € P(T?) x T,

where Vfi denotes the gradient of fz w.r.t. to the x-variable. Moreover, for D ® voly ® U-a.e. (u,z,7),
the map z — G(u?) is differentiable in a neighbourhood of x and it holds

(2.12) Vili=a(z = @(p7) = 7(V) uz (2).
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Once we have a notion of gradient for a suitable class of functions, we can introduce the quadratic form
(€,38°) as
(2.13) e(a0)= [ o (T (0,0 AD(), 0 € 55

P(T
where D is the Dirichlet—Ferguson measure introduced in Definition 2.2. As is common, we will denote
&(a) = &, a).
One key question concerns the closability of (€,3°°), noticing that the form is here restricted to the
smaller set of cylinder functions 3°° C 3§°. In other words, the point is to see whether there exists a

closed form (&, D(€)) with 3°° < D(€) such that & restricted to 3°° coincides with &. Here, ‘closed’
means the following:

(2.14) (un)n C D(E), u € D(E), up — u in L2(P(T), D), &(uy,) — o} = u=0.

It is shown in [26, Theorem 5.11] that the form & admits a so called generator L. on the set 320: there
exists a linear operator L, : 35° — L2(P(T%), D) such that

(2.15) €(t1,0) = — (i1, Lod) p2(p(ayp)  for every @, € 32°.

Thanks to the Mecke’s identity in Theorem 2.5, the operator L. can be explicitly computed, see [26,
Formula (5.15)]. It is given, for every @ € 3%° and D-a.e. u € P(T%), by

(216)  Le(t), : = / A a=i(p + ;;méz — f1z0z) () = Y ALl + 1262 — 120)
e Ha zEsupp(u) Ha
This allows to show (see |26, Theorem 5.11]) that the form (&, 35°) admits a closed extension (&, D(€)),
which is also a Dirichlet form (in the sense of [46, Definition 4.5]) with associated generator L and domain
D(&) > D(L) D 32°, L being an extension of L.. We also know from [27, Theorem 3.15(i)| that L. is
essentially self adjoint in L2(P(T4), D), that is, it admits a unique self-adjoint extension, which is L,
which therefore necessarily coincides with its adjoint L%, see e.g. [52, Section VIII.2].

Finally, it is possible to show (see [26, Lemma 5.16]) that 3°° < D(&) (notice the absence of ‘hat’ in the
former) and that & coincides with & when restricted to 3°°. Since closability (of a form) is transmitted to
restrictions (of the domain), we get that

the quadratic form (&, 3°°) admits a closed extension (€o, D(€p)) with generator (Lo, D(Lg)).
Clearly (€9, D(&p)) is also a Dirichlet form. As it is obtained by restriction of the domain, it holds

3% c D(&) c D(&) and D(Ly) C D(&). Notice that, in principle, the construction of the Dirichlet
form by restriction of the domain does not allow to identity (&g, D(&0)) and (&, D(€)). However, in this
specific context, since we are also assuming that d > 2, the two forms coincide and so do their generators.
In particular, 32° C D(&p). We refer to [26, Corollary 5.19] and [28, Remark 5.21] for the main results on

these facts.

2.2.3. The metric approach. There is a completely different way to treat the differentiability of functions
defined on P(T?), usually referred to as the metric approach to Sobolev spaces [2, 14, 55|. We show in this
article that this approach is particularly interesting since it is well suited to the treatment of PDEs on the
space of probability measures, yielding the existence of a Hilbert space of (weakly) differentiable functions.
We introduce this approach here in the particular case of the metric-measure space (P(T9), W, D), where
Wy is the Wasserstein distance defined in (2.1) and D is the Dirichlet-Ferguson measure in Definition 2.2.
If u : P(T?) — R belongs to Lip,(P(T?), Ws), its asymptotic Lipschitz constant is defined as

: . lu(v) — u(o)] d
2.1 ] = 1 S i P(T?).
(2.17) ipu(p) u,alinf,ui W) o M € P(T%)

The so called pre-Cheeger energy of u € Lip,(P(T?), Ws) is defined as

(2.18) pCE(u) ;:/ (lipu)?dD, wu € Lip,(P(TY), Ws),
P(T4)
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and it is a surrogate of the integral norm of the gradient. The Cheeger energy of a function u € L2(P(T%), D)
is the L?-relaxation of pCE, i.e.

(2.19) CE(u) := inf {nm inf pCE(un) : () C Lipy (P(TY), Wa), un — u in L2(P(T), @)} .
n—oo
We can now provide the definition of a metric Sobolev space.

Definition 2.9. The metric Sobolev space H2(P(T?), W, D) is the vector space of functions u €
L2(P(T%), D) with finite Cheeger energy, endowed with the norm

(2.20) ul22.2 ::/ luf2 dD + CE(u),
P(T)

which makes it a Banach space (cf. [38, Theorem 2.1.17]).

Despite the implicit nature of H'2(P(T%), W, D), in the next subsection we will present more explicit
characterizations of the space and its functions, obtained by comparison with the geometric approach
discussed in Subsection 2.2.2.

For ease of notation, in the rest of the article we use
(2.21) H := L*(P(T%),D), HY“?:= H“?(P(T?), W, D),
and we denote by (,-)g and | - |z the scalar product and the norm in H, respectively.

2.2.4. Comparison of geometric and metric approaches. We aim at comparing the objects
(0, D(&)) and (CE,H"?),

whose definitions can be found at the very end of Subsection 2.2.2 and in Subsection 2.2.3, respectively. In
this regard, the following two results are taken from the literature. The first one establishes a connection
between the restriction of the pre-Cheeger energy (2.18) to cylinder functions and the form (&, 3°°) defined
in (2.13), see [36, Proposition 4.9], [28, Proposition 4.8|.

Proposition 2.10. For every u € 3°°, it holds
(2.22) (ipu()? = [ (TP dn, e d(T)

where Vu is as in (2.11). In particular, pCE and & coincide on 3°°, which implies that (pCE, 3°°) is a
quadratic form.

The following statement gives the density property of cylinder functions, see [36, Theorem 4.10]. This
allows us to identify the domain of the form &y with the metric Sobolev space H2.

Theorem 2.11. The algebra of smooth cylinder functions 3% is dense in HY2. In particular, H'?
is a Hilbert space (i.e. CE is a quadratic form in H) and, for every u € HY2, there ewists a sequence
(Un)n C 3°° such that

(2.23) up, > uwin H and pCE(u,) — CE(u) asn — oo.

Moreover
(80, D(go)) = (CE7 H1’2).

Because of the above identification between the Dirichlet form and the Cheeger energy, we will refer to the
generator Ly of &y with the symbol A which in part of the literature denotes the so called metric-measure
Laplacian of a metric-measure space (in this case (P(T%), Wy, D)), see [38, Definition 5.2.1]. In the
sequel we will also make direct use of some properties of A coming from the metric theory, such as its
identification with the unique element in the subdifferential of the Cheeger energy. We also have the
following integration by parts formula

(2.24) CE(u,v) = &p(u,v) = —/ uAvdD = —(u, Av)g, Yu,ve€ D(A)D 3%,
P(T4)

We conclude this section by introducing the notion of gradient for a function in H2, following [36,
Theorem 5.1 and Section 5.1] (although the proof therein is carried out for R?, it does not rely on the
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linear structure of R? and ~can be extended to T%). In order to do so, it is useful to ‘extend’ the measure
D on P(T?) to a measure D on P(T?) x T in the following way:

(2.25) D - /?(w)(a" ) dD(1).

Therefore, the integral of a Borel semi-bounded function u : P(T?%) x T¢ — R w.r.t. D is given by

[ wan= [ [ ) dute)ani)
P(Td) x T4 P(Td) JTd

Remark 2.12. From the notational point of view we use (-, -) and [| - || for the scalar product and the norm
in L2(P(T9) x T¢, D; RY), respectively.

Proposition 2.13. For every u € HY2, there erists a unique vector field Du € L?(P(T9) x T4, D; R?)
such that, for any sequence (uy), C 3°° converging to u in the same sense as (2.23), it holds

(2.26) Vu, = Du in L*(P(T?) x T¢, D;R?).
In particular, for any u,v € H*?, we have
CE(u,v) = (Du, Dv).

Moreover, for every u € 3°° there exists a sequence (i) C 320 such that u,, — u in H and Vu,, - Vu
in L2(P(T?) x T4, D;R?) as n — oo. Finally, Dii = Vi, for every 4 € 3° and every @ € 3%°.

Proof. The only results not proved in the aforementioned references are: (i) the approximation of u € 3*°
by elements of 35° in the sense described in the last part of the statement, and (ii) the identity Di = V4
for every 4 € 3°° The first follows exactly as in the proof of |28, Lemma 5.19]. For the second, we argue
as follows. By the closability of (&, 3‘”) and the equality &g = & (see the notation and discussion in
Subsection 2.2.2), we have

IDal|* = &o(a, ) = E(a, @) = | Vall>.
Therefore, in order to prove that Du = Va, it is enough to show that

(D1, Vi) > [Di]| V.

By definition of Da, there exists a sequence (uy), C 3°° such that w, — @ in H and Vu, — D4 in
L2(P(T4) x T, D; Rd) By the approximation result in item (i) above, we can replace the sequence (uy,)n
by a sequence (U, ), C BC , and preserve the convergence of the functions and their gradients. We get

(D4, Vi) = lim (Viy,, Vi) = hm CE(i, Gy,

n—00
. C NN P
= nh—{gc (QCE(u + Gp) — §CE(U) - 2CE(un)>

v

1 . 1 . 1 .
iCE(Zu) — §CE(u) - §CE(u)
CE(a) = [IDaf|[val,

where we have used the fact that CE is a quadratic form to get the second line, together with the fact that
it is lower semicontinuous w.r.t. the convergence in H to get the third line. (]

2.3. Free particle system

The aim of this section is to present the relation between the objects introduced in the previous subsections
and a system of free (i.e., undrifted and thus uncontrolled) particles. Although most of the material
presented in this section relies on the results from [26, 27], we reformulate parts of it to align with the
objectives of the upcoming sections. As a result, the exposition is largely original. In addition, we
introduce several technical tools—such as an Ité formula—that will be used in the following sections.

We recall that D is the Dirichlet-Ferguson measure as in Definition 2.2 and D is the measure as in (2.25).
Given the same time horizon T € (0, 00) as in the first paragraph of Section 2, an initial time ¢, € [0, T),
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a filtered probability space (Q2,F,P, {JF:}¢cjo,77), and a sequence (B%); of independent d-dimensional
{F:}+epo,7)-Brownian motions, let (X*); be the family of processes defined by

i [2 5 i ~
(2.27) dX; = ;idBt’ Xi =a(x;), telto,T], €Ny,

where (s = (8;)i,x = (7;);) € T x (T4 is regarded as an initial datum (thus, the initial condition
involves not only the starting points of the processes (X?);, but also the associated weights, or inverse
intensities, (s;);), and 2 denotes the canonical embedding from T¢ into R?, obtained by associating to
an element of T¢ its unique representative in [0,1)¢. Note that, using this definition, we will consider
below stochastic initial conditions. Namely, in (2.27), (s,x) will be sometimes regarded as an F,-
measurable 7>° x (T%)%-valued random variable distributed according to some m € P(T° x (T4)).
In this case, we write (s,x) ~p m (i.e. (s,x);P = m). We also notice that (s,x) is then independent of
0({(3; - Bgo)vi € N-Ht € [thT]})'

With the particle system (2.27), we can associate the P(T?)-valued stochastic process (uf® :=
2?21 $i0 X,%)te[tO,T}a where §,, for x € R? is regarded as a probability measure on T%, defined by

0(A) = Z 1a(z+k) for every Borel subset A C T¢.
kezd
We can also write

(2.28) pe = Z Siéw(xg‘y
i=1

where w : R? — T? is the canonical projection. It is worth noting that writing (s,x) ~p m is equivalent
to stating that pg? is distributed according to m := emy(m), which we write p;, ~p m.

An important example is m = IT; ® volg® (see Definition 2.2), i.e., (s,x) ~p II; ® volg®, in which case pg®
is distributed according to D. The following result, stated in the paragraph above [27, Theorem 1.5],
contains the invariance property of D for the process p>.

Proposition 2.14. The Dirichlet-Ferguson measure D is invariant for the P(T%)-valued process p>.
More precisely, if pgs ~p D, then ug® ~p D for any t € [ty, T).

2.3.1. A canonical space for the particle system. The construction of the free particle system (2.27) is
carried out in a ‘strong’ sense, meaning that it can be achieved on any arbitrarily given probabilistic
setting. However, for the purposes of Section 4, in which we study a particle system that can only be
solved in a weak sense, it is necessary to specify the canonical set-up associated with (2.27). Therefore,
we set

20 = T2° x (TH x C([0, T]; RY)>,
which is the canonical space carrying the initial condition and the family of Brownian motions driving the
free particle system, and then

== 2 x C([0, T}; R,

which is the canonical space carrying, in addition to the initial condition and the Brownian motions, the
trajectories of the free particle system. We equip the two spaces with their Borel o-fields, denoted by G°
and § respectively, and with their canonical filtrations, denoted by {S¢};c(0,7) and{S:}rejo,) respectively.
The canonical process on = is denoted by

(2255 € (Do) ) -

More precisely, for Y € Z° and j € N, ¢7(x?) (resp. £%7(x), resp. B7(x")) is the j-th coordinate of the
component of x° lying in 72° (resp. in (T9)%°, resp. in C([0,T]; R?)>). The canonical process on Z is
defined analogously and is denoted by

()5 (€%9)5, (BDectorrn)sn (EDretorr)s) -

Remark 2.15. Note that f{ takes values in R? for every ¢ € [0,7] and every j € N, . However, we will
often consider it as implicitly composed with the projection map w as in (2.28) as, for example, in (2.30)
(when defining a probability measure on P(T%)) or in (2.37) (when evaluating Du,.).
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At this stage, we notice that, on the smaller space Z°, the free particle system (2.27) can be easily
constructed by means of the map ¢ : (0,1) x T? x C([0,T]; R?) — C([0,T]; R?) that sends an element

(s, 2, (wt)tefo,r)) onto
(z(x) + \/f%:)

Then, the free particle system can be regarded, on Z°, as the mapping ® : Z° — C([0, T]; R%)> defined by

o <(5j>j’ ()5, <(w5)t6[07TJ>j) = <‘p <5j’x?’ (wg)te[o,T}>)j'

Note that both ¢ and ® are Borel measurable. The next step in equipping = with a convenient probabilistic
structure is to endow Z° with a suitable probability measure and then transfer it to = via ®. The definition
of a probability measure on Z° proceeds via the following standard ‘concatenation’ mapping: for a given
initial time to € [0,7T), we let

t€[0,T]

conc’ : C([0, T];R?) x C([0, T]; RY) — C([0,T];RY)
(w)iepy, (0 )etor) — <t . {wé if t € [0, ] ) |

wi —wi, +wi, if t € [to, T
On C([0,T]; RY) we consider the measure
Wy, = concﬁ“ (0o @ W),

being W the Wiener measure on [0,7] and 4y is regarded as the Dirac mass at the constant curve equal to
0 on [0,7]. In other words, W, is the probability measure on C([0, T]; R?) obtained by concatenating the
law of the path identical to zero on [0, to] with the (shifted) Wiener law W on [to, T]. Finally for an initial
measure m on T5° x (T9)5°, we endow E° with the measure m @ Wg°, where W° := ;| W,,, and then
= with the measure

(2.29) PO™ = (id, @)y (m ® WiT) |

where id is here regarded as the identity mapping on =°. When dealing with a deterministic initial

condition (s,x) € T>° x (T%)%°, we use the lighter notation

Plo:(s:x) . Pptodisx)

With the notation introduced here, we can regard u> as a Borel map from = to C([0, T]; P(T?)), defined
by

(2.30) 1> (x) = (ﬂtoo(X))te[o,T] = Zgj(X)agtf(X) ; XEE.
J=1 +€[0,T)

2.3.2. A chain rule. We now prove an It6 type formula for the process p> (defined in (2.30) right above).
This result will play a key role in the next sections. We start with a technical result stating that any finite
sequence (s1,...,sx) of points in [0,1]" can be completed to a sequence in [0,1]°° (resp. that a finite
sequence (1, ...,zy) of points in (T9)" can be completed to a sequence in (T¢)>°) in a suitable way. We
stress that we are going to use only the result about points in (T¢)", but we added the one about points
in [0,1]V for completeness. For every N € N, we denote with the same notation my the projection
from [0,1]> and (T¢)> on their first N components i.e. the map that sends a sequence s = (s;); (resp.
x = (z;);) onto the vector (s;)N; (resp (z;)¥;).

Lemma 2.16. For every N € N there exist measurable maps My : [0,1]N — [0,1]> and Py : (TH)N —
(T4)>° such that:

1) (My o )(T®) C T and my o My is the identity in [0, 1]V ;

2) (Py on)((TH) C (T4 and mx o Py is the identity in (T4)V.
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Proof. We start with the construction of My; if (sy,...,sy5) € (0,1)Y and R:= 1 — Zjvzl s; > 0, then

we set
_— {é if sy > R,
1— 3% if sy < R.
In this case, we define
Mn (81, SNk i= {Sk flsk<N,
T R(1 — r)rk=N-1 if k> N.

In the other case, we set
M ey =
N8ty s8N {o it k> N.

To construct Py, we proceed as follows: let us denote

—{xh.. (Td) 1_1'2:"':.’EN},
and note in particular that D! = T¢. Define also the function ¢V : (T%)" — (0,00) by
RO if (z1,...,2n5) € DV,
T %min{|az17:ri|:2§i§N,xi7éx1} if (x1,...,2n) ¢ DN
Given (z1,...,xn), we define Py (z1,...,2n) componentwise by specifying each component z; for j € Ny:
we set z; =x; ifi € {1,--- ,N} and
zj =1 + 2_jelsN(x1,...,xN), j >N,

where e; is the first vector of the standard Euclidean basis in RV. It is easy to check that My and Py
satisfy the requirements. Il

Using the map Py defined in the previous Lemma 2.16, we next define a s-parametrized version of the
function em (see (2.4)) that only depends on the N first atoms and weights, letting

em™ (s, (z1,...,2N)) —em(s Py(z1,...,2N))

_Zs bz, + Z $j02,, (8, (21,...,2N)) € Tg® x (THN

j=N+1

(2.31)

where (z;); in the right-hand side are implicitly understood as (z;); = Py (z1,...,2n). We point out that
for any (s, (2;,)N,) € T x wx((T9)2°), the measure em™ (s, (x1,...,2x)) lies in P,(T9). In parallel, we
also introduce a truncation level that only retains, in a sequence s € T O‘X’, the weights higher than a given
threshold e € (0, 1], letting

(2.32) N(e,s) :=min{j e Ny :s5; <e} -1€{0,...,[1/e]}
with the inclusion on the right-hand side following from the fact that 1 = Ejoil 55 > Z;.V:(?S) s; > N(e,s)e.

The following lemma clarifies the connection between the differential operators D and A, acting on
functions defined on P(T?), and the standard differential operators defined in the Euclidean setting.

Lemma 2.17. Let ¢ € (0,1], (s,x) € T x (T, & € 32°, and set p := em(s,x). Then for every
N > N(e,s) we have

(2.33) Da(p, z;) = évi(ﬂoemN)(s, (x1,...,2N)), for everyi=1,..., N,
(2.34) Da(p, z;) = O,l for every i > N(e,s),
(2.35) Nf)lAl toem™)(s, (z1,...,zN)),

i S
(2.36) Ai(toem™)(s, (z1,...,2x5)) =0, for every N(g,s) <i < N,

where V; and A; denote the respective gradient and Laplace operator w.r.t. the i-th toroidal variable (it
being understood that the derivatives that appear above exist in a classical sense).
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To clarify further the scope of the result, it should be stressed that, when N = N(e,s), then
em™ (s, (z1,--- ,xx)) is a probability measure whose atoms of mass less than ¢ depend on (z1,--- ,zy)
(and may vary with it). However, these atoms count for nothing when em” is composed with 1, because
the latter only depends on the atoms of mass greater than e.

Proof. Following the definition of 3 , we call F and f two functions such that @ = F o f*, where
F € C®(R*R) and f = (fi,..., fx), for some k € N, and some fi,...,fr € C=([0,1] x T¢) with
supp(f) C [e,1] x T. By construction, @ o em™ (s, -) is well defined on (T%)N and for every (yi,...,yn) €
(T4)Y we have

N
(ﬁ' © emN)(57 (yla v 7yN)) =F (Z slfl Sz,yi . Zslfk Sis Yi >
i=1
so that we see that it is also smooth there. Then, we have, for any ¢ € {1,--- , N},

Vit oem™)(s, (1,...,2n)) = Valoca, [F(E (1 — 8:02, + 5:0.))]

= Z@F f* V |z & [fg< - Siaxi + sléz)]

Mw

v |z T; [f@(sw )]Sz

=1
= SZZ@F (F* ()Y folss, )
= siDu(u, Zi),

where the last equality comes from Lemma 2.8. This proves (2.33). Using again Lemma 2.8, and
observing that Vf,(sj,z;) = 0 for j > N(e,s) (since s; < ¢), we establish (2.34) by repeating the
computation in the last two lines. To prove (2.36) we observe that, since 4(yu — s;jdx; + s;0.) =
(o em™) (s, (z1,...,2j—1,2,Tjt1,...,oN)) for every j = 1,..., N and z € T%, and for j > N(e,s) the
first function is constant in z, we have

Ai(aoem™)(s, (21,...,2x)) =0 for every N(e,s) <i < N.

To prove (2.35) we use the same equality and (2.16) to get

~ _ Az|z:ma(ﬂ + Mwéz - Mw(sx) x
Au(p) = /Td ()’ dp(z)

= Z A |z =x; ’ll( sjéwj +sj62)]

N(ES)
= Z A .= % (G o em )((51,...,51\;),(331,...,xj_l,z,xj+1,...,a:N))]

N(E,s) 1
= Z ;Ai(ﬂoemN)((sla"'sz)a(xla"'axN))'
j=1 "7

O

The next result relies on the definition of T3(I) given at the very end of Subsection 2.2.1, where
I C Ris an interval, € € [0,1) and 3 is any of the classes 3°°, 32°, 32°. We also recall that the tuple

()5, (€%9)1, ((B])eefo,m1)s+ (6] )eeto,r1);) demotes the canonical process on =.
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Proposition 2.18. Let tg € [0,T) be an initial time and (s,x) € T x (T4)° be an initial datum. Then,
for e € (0,1] and u € T3 ([to, T]), the process (u(1g°))ecjo,r) can be expanded as

U (5°) = gy (43°) + / (Bt (1) + Aty (4°)) dr

to

(2.37) o
+Z/ V26 Du, (u°,€8) - dBE,  t € [tg, T], PoEX g5
i=17to

where, for any p € P(T?), the function r € [to,T] v Opu,(u) is regarded as (a representative of) the
Sobolev derivative of the function r € [to, T] — u(1). (We explain in the proof how the representative,
which is uniquely defined up to a null Borel subset, can be canonically chosen.)

Note that in the above display we are using the convention explained in Remark 2.15 to evaluate Du,. (12°, -)
at &L.

Proof. For simplicity we assume that ¢y is equal to 0. Moreover, for the first part of the proof, we also
suppose that u does not depend on time (i.e. u € 32°). We set N := [1/e], (&N = (¢},... Y ))ieo,m)-
Recall also the notation w: RY — T as in (2.28) for the (smooth) canonical projection from R?
to RY/Z4 = T and let wx: (RN — (T9)N be the (smooth) canonical projection from (RN to
(RY/ZHN = (THN (i.e. w applied applied componentwise). Note that, for v € C*((T4)"), one has
Vi(vow) = (V;v) o @, where on the left-hand side the gradient is understood as an operator on R¢, while
on the right-hand side it is understood as an operator on T?. An analogous relation holds for A;.

By applying classical It&’s formula to u o em® (s, -) o wy, which belongs to C*°((R?)"), and by using the
same notation V; and A; as in Lemma 2.17, we get

u(p®) = (woem™ (s, ) o wn) (&)

N t
=<uoemN<s,->owN><séV>+;/o o Tineenis, ) emmiet) 4.

+ Z o Si ’LLOemN(s’ ) OwN)(Sy{V) dr
= (woem™)(wn (&) —1—2/ \/7 (woem™)(wy(€N)) - dp?
—|—Z 5 Ai(uoem™)(wy(€N))dr

t
=u(pd) + Z/o V28 Du, (u°, €L) - dpt +/() Au(pX)dr, te[0,T], P*&¥)_as.
i=1

where to obtain the last line we used Lemma 2.17.

Extending the proof to the case when u also depends on time requires some care, because elements of
T3§°)[t0, T]) are just assumed to be Lipschitz in time, uniformly in the measure argument. Generally
speaking, the point is to replace the standard version of Itd’s formula by the Itd6-Krylov one (see, e.g.,
[43, Theorem 1, p. 122]). Here, this is possible because the process (ﬁiv)te[o,T] is non-degenerate. In
brief, Sobolev differentiability in time is then enough to get the above expansion. We thus regard
7+ Op[u, o em™(s,-) o wy](x1, - ,zn) as a version of the Sobolev derivative (in r) of the function
7+ [ur oem®™(s,-) o wy]|(z1, -+ ,xn). This derivative is uniquely defined up to a null Borel subset of
[0,T] x (RN which is enough for our purpose because (£ )telo,7] does not see null Borel subsets of
(RN, Thanks to the identity u,(u) = (u, cem™ (s,-) o wn)(z1,-..,ZN), We can use this version when
writing O, u, (). O

3. THE BACKWARD KOLMOGOROV EQUATION

In this section we discuss existence, uniqueness and stability for a family of PDEs set on the space of
probability measures. In Section 4 we will relate the solution to such PDEs to an interacting particle



18 FRANCOIS DELARUE, MATTIA MARTINI, AND GIACOMO ENRICO SODINI

system. In the whole section we let T be the same finite time horizon as at the beginning of Section
2. Recall that D denotes the Dirichlet-Ferguson measure (see Definition 2.2), D the measure in (2.25),
and H and H'? the spaces introduced in (2.21). Moreover, D is defined in Proposition 2.13, while A
is introduced below Theorem 2.11. Given two functions by, by € L%(P(T¢) x T¢, D;R?), we denote by
[b1,b2] € L2(P(T?), D) the function

(3.1) [b1,ba],, == /?(Td) bi(p, ) - ba(p, ) dp(z), D-ae. p e P(TY).

We report here a useful result coming from [6, Theorems 3.4, 3.6].

Theorem 3.1. Let H be a separable Hilbert space, ¢ : H — [0, 00] be a lower semicontinuous and convex
functional, zo € D(y), and f € L*([0,T);H). Then, there exists a unique x € C([0,T]; H)NAC,.((0,T); H)
such that x; € D(0y), for a.e. t € (0,T), and

Orxy + 0p(xe) 2 ft for a.e. t € (0,T), xt}t:o = 2.
For such an x, it also holds that t — @(x;) belongs to L*([0,T]).

Note that the inclusion in the above statement is necessary since, in general, the subdifferential of ¢ at x,
denoted by dp(x;) C H, is a set rather than a point. Therefore, we require that the element f; — dyxy € H
belongs to this set.

We use the result above (which statement is very general) to establish the first contributions of the paper.
The next one guarantees the solvability of the heat equation associated with A, even when the source
term and boundary condition are only in H, see notation (2.21).

Proposition 3.2. Let f € L?([0,T); H) and g € H. Then, there exists a unique u € C([0,T]; H) N
AC,c((0,T); H) N L2([0,T); HY?) such that u, € D(A) for a.e. t € (0,T) and
(3.2) Opur + Auy = fy for ace. t € (0,7), Ut|t:T =g.
Proof. First, let us observe that solving (3.2) is equivalent to solving the forward equation
Oy — Aty = —fr_y forae te(0,T), dl,_,=g

Indeed, to pass from the forward formulation to the backward one, it suffices to set u; := @7_;. Then,
it is enough to apply Theorem 3.1 with H := H, ¢ := CE (so that 0p = {—A} as stated in [38,
Proposition 5.2.4]), zo := g € D(p) = H (see [38, Proposition 5.2.6]). This proves the existence of a
solution @ € C([0,T); H) N ACy:((0,T); H) to the forward equation. To conclude, it remains to show that
@€ L2([0,T]; HY?). Since t + ¢(u;) = CE(@;) belongs to L([0,T]), we already know that

/CE )dt = /||Dut||dt<oo

Therefore, we are just left to show the strong measurability of ¢ — Dy, cf. [33, Appendix E.5|. Since
H'? is separable, by Pettis’ theorem (see e.g. [33, Theorem 7, p. 733], this is equivalent to proving weak
measurability. Using the strong measurability of ¢ — wu; and the integration by parts formula in (2.24), we
deduce that

t +— (Diiy, V) = —(iy, AD) is measurable, for every & € 3.

Let us denote by T the subspace
T := L2(P(T%) x T¢, D; RY) - closure of {Vﬁ he 330} .

It follows that
t — (Dug, &)  is measurable, for every € € T.
By Proposition 2.13, we have that Dii; € T for every ¢ € [0,7], so that, denoting by Pr : L2(P(T9) x
T4, D; RY) — T the orthogonal projection on T, we get
t— (Dity, &) = (Dity, Pré)  is measurable, for every & € L?(P(T?) x T4, D;RY).

This shows that t — Du; is weakly measurable and concludes the proof. (I
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Remark 3.3 (On the choice of a representative of Du). In the setting of Proposition 3.2, the map ¢ — Duy
is strongly measurable from [0, 7] to L?(P(T%) x T¢, D;R?). Tt is natural to ask whether there exists a
Borel function (t, i1, ) + &(t, p, z) such that (the L2(P(T?) x T, D;R¢)-equivalence class represented
by) &(t, ) coincides with Duy for a.e. t € [0,T]. By [38, Propositions 1.3.19, 1.3.20, 1.3.21], the answer is
positive. Therefore, in the sequel, for a function v € L2([0, T]; H%?), the notation Du will refer to one
such Borel representative.

Our first main result establishes a form of regularization under the action of the operator A. The
transport-diffusion equation on P(T?), driven by A and perturbed by a bounded, merely measurable
velocity field, admits a unique solution in the sense defined below.

Theorem 3.4. Let b: [0,T] x P(T?) x T¢ — R? be a bounded and measurable function, f € L*([0,T]; H),
and g € H. Then, there exists a unique u € C([0,T]; H) N ACy,.((0,T); H) N L%([0,T]; HY2) such that
up € D(A) for a.e. t € (0,T) and

(33) 8tut + [bt, Dut] + Auy = ft fO’f’ a.e. te (O,T), ut’t:T =4d.
Proof. For simplicity of exposition, we focus on the forward equation
(3.4) Opuy — [by, Duy) — Auy = fy for ae. t € (0,7T), ut|t:0 =g,

which can be shown to be equivalent to (3.3) by the same simple time reversal as in the proof of
Proposition 3.2. The analysis of (3.4) relies on a classical fixed point argument, applied iteratively
on successive short time intervals. To formulate this, we set, for any T > 0, X7 := L2([0,T]; H"?),
with the corresponding Hilbertian norm being denoted by || - ||x.. Let us also recall that, throughout,
(-,-)m and | - | stand respectively for the scalar product and the norm in H, and that | - || denotes the
norm on the space L?(P(T%) x T¢, D; RY), as defined in Remark 2.12. We divide the proof into several steps.
Claim 1: For any T € (0,T), wo € H and v € X, there exists a unique u” € X solving

(3.5) Ol — Aul = P for ae. t € (0,T), uf‘tzo = wy,

where f{ := [bs, Dvg] + fy, for t € [0,T]. This defines a map 7, : X7 — X7 associating to every v € X
the function u" as above.

Proof of claim 1: This follows directly from Proposition 3.2, with f := f* therein, noting that f” belongs
to L2([0,T); H) because b is bounded and u € L?([0,T]; H*?).

Claim 2: Let T := (4v/2||b]|oc) 2 A T/2. Then, for every wy € H, the map ®7 o, as in claim 1 is a
contraction on X.

Proof of claim 2: For wy € H, and v,0 € X, set u := ®p ,, (v), @ 1= Pp,, (9), h := [b,Dv] + f, and
h = [b,Do] + f. Considering (3.5) for both v and @ and subtracting the resulting equations, we get

(9t(ut — ’L~Lt) — A(Ut — ’l]t) =h; — ilt for a.e. t € (O,T), (Ut — ’ljtt)|t:0 =0.
We integrate the equation against v — @ on [0,¢] x P(T%), for t € [0,7T]. By (2.24) we get
¢ ¢
(3.6) lus — |3 + 2/ |Du, — Da,||> dr = 2/ (hy — by, up — @ip) g dr.
0 0

Then, by Young’s inequality, it holds

t
s —at|§{+/ IDuy — Dy ||? dr
0
Lot ot
< — [ |up —t.|5dr+2T [ |hy — b7 dr

1 t B t

g—f/ [up — tip| % dr + 27 ||b]|? / |Dv, — Do, ||* dr
2T Jo > Jo
1 T

2T Jo

IA

Jur = |3 dr + 2T ||b]1%, [0 = 3l ,
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where we have used the definitions of h and h together with the fact that b is bounded. In particular,
neglecting the second term on the left-hand side and integrating over the interval [0, 7], we obtain

T
~ = 2 ~112
(3.8) / g — @l dt < 472 ]2, o — 31l -

Returning to (3.7), inserting (3.8), neglecting now the first term on the left-hand side, and evaluating the
second term on the left-hand side at time ¢t = T, we obtain

T T
~ 2 1 - — 2 ~12 2 12
9 [ 10w Dul? dr< o [ =l -+ 2T IO o — o1, < 4T bl o o1,

Finally, putting together (3.8) and (3.9), we get

T
(12 ~ ~ 12
||(I)T,wo(v) - (I)T,wo (,U)HXT = /0 (|ut - utﬁ{ + ||Dut - Dut” ) dt
2 = = ~112
S4Bl (T +T2) v =0l
1 12
< gl =al%, .

Conclusion: Claim 2 and Banach fixed point theorem yield the existence and uniqueness (as stated in the
present theorem) of a solution on every interval of the form [tg,to + T] C [0,T]. Therefore the desired
unique solution wu is obtained by successively patching together the solutions on these intervals, noting
also that T only depends on ||b|| and 7. O

As a particular case, we can solve (3.3) when the source term is equal to 0. Since we will often refer to
this in what follows, we state it as a corollary.

Corollary 3.5. Let b : [0,T] x P(T¢) x T¢ — R? be a bounded and measurable function and g € H.
Then, there exists a unique u € C([0,T]; H) N ACio((0,T); H) N L*([0, T]; H?) such that u, € D(A) for
a.e. t € (0,T) and

(3.10) Oyur + [b,Duy) + Auy =0 for a.e. t € (0,T), w|,_, =g

We conclude this section with a general stability result for the transport-diffusion equation (3.3) under
perturbations of the drift b, the source term f, and the initial datum g.

Proposition 3.6. Let b,b" : [0, T] x P(T4) x T — RY, n € N, be bounded and measurable functions such
that b — b in L*([0,T] x P(T%) x T, L107 @ D;R?) and M := sup,,c, |D"[c < co. Let g,g" € H,
f,fm e L?([0,T); H), n € Ny, be such that g" — g in H and f* — f in L*([0,T); H) as n — co. If u
and u™, n € Ny, are the unique solutions to (3.3) with drifts b and b", source term f and f™, and final
datum g and g™, respectively, then

T
sup |ul — w3 —|—/ [Dul* — Duy||® dt
t€[0,T)] 0

(3.11)

T
<C(M,T) <|g—9"%+/ | fi —f?%;dt+9%(b7b”,Du,T>> — 0 as n — oo,
0

where
T
Ro.6" D)= [ [ b)) PIDus ) ) AD ()
o Jp(re) JTd
and C(M,T) := 1+ eTCTM*) 4 (2 4 M2\TeTC+M*) | Iy particular, the left-hand side of (3.11) tends to 0
as n tends to oo.

Proof. By subtracting the equations solved on P(T¢) x (0,7) by u and u" respectively, we obtain that,
for a fixed n € N4, u — u” satisfies

Op(ur—up )+ A(ur—uy) = —([by, Dug] =[], Dup )+ (fi— fi*) for a.e. t € (0,7T), (ut—u?)’t:T =g—g".
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Then, by integrating the equation against u —u™ on [t, T] x P(T4), for a given ¢ € [0, T], and by integrating
by parts the term driven by A using (2.24), we get

1 T 2
gl =iy + [ IDu, ~ Dl ar
t
1 T T
= §|g7gn|§{+/ (f;L 7f7“au7’ 7”?)Hdr+/ ([bT’vDUT] - [b:’laDu?]vuT’ 7“:})Hdr
t t
1 n|2 1 ’ n|2 1 r n|2
(3.12) <slg—9"u+ 3 |fr = frlzrdr+ 5 [wy — uy |3y dr
2 2 Jo 2/,

T
(3.13) + /t ([br - by, Du,| + [b7, Duy — Duy'], up — u:})H dr,

where we also used Young’s inequality. Let us focus on (3.13). Regarding the second summand, we have,
by Young’s inequality,

T 1 [T 5 M2 T
(3.14) / ([by, Duy — D], up — ), dr < 5 / |IDu, — Duy||” dr + 7/ lu, — |3 dr.
t t t

To estimate the first summand in (3.13), we proceed as follows: by Young’s and Jensen inequalities,
T
/ ( [b, — 0, Du,] ,u, — uf)H dr
t

1 [T )
< 5/ / by (11, ) — b7 (11, ) | Dy (2, ) |2 dpa(z) AD (1) dre
¢ Joe Jre

(3.15)
1 T n|2
+ = |y — wr |7 dr
2/,
1 n 1 T n|2
< ifR(b,b ,Du,T)—|—§ |ty — |7 dr.
t

Combining (3.12), (3.13), (3.14), and (3.15), we get
T

T T
w =+ [ IDu—DulPdr < @400 [ - Brdr+lg— g+ [ Uy - £ dr
t t 0
+ R(b,b", Du, T).

The inequality in the statement follows then by the above inequality and a standard application of
Gronwall’s lemma. To conclude the proof, we are left to show that

(3.16) R(b, 0", Du, T) =0 asn — oo.
Since b™ — b in L*([0,T] x P(T?) x T4, Z1%T] @ D; R?), we have

T
Lo ] ete) = b u o) dute)adyar -0 asn o
0o Jp(Td) JTd
which implies that, as n — oo,
(0 p.2) = o () = B2 2)]) = 0,

in 2071 @ D-measure over [0, T] x P(T%) x T¢. Since b and (b"),, are uniformly bounded by the constant
M, and the function

(r, ) = [Duy (2, 7)
is integrable on [0, 7] x P(T¢) x T¢ under Z1%7! ® D, we deduce that the collection

(1) = [bi (a,) = b 1, 2] D (1 2)])

is uniformly integrable under Z%7! @ D. As it converges to 0 in & [0.T] @ D-measure, this proves that it
also converges in L'-norm under .Z[%7! @ D-measure, which completes the proof. U
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4. THE (MASSIVE) INTERACTING PARTICLE SYSTEM

The purpose of this section is to provide a probabilistic interpretation of the solution to the transport-
diffusion equation (3.10) using a particle system built from the free particle system presented in Subsection
2.3. More generally, the entire section is based on the material introduced earlier, and in particular on the
notation defined in Section 2. In the whole section we let T' be the same finite time horizon as at the
beginning of Section 2.

Given a collection of uniformly bounded and measurable drifts (b°: [0, 7] x P(T?) x T¢ — R?); (corre-
sponding, at least when all the b%’s are the same, to the velocity field in the PDE (3.10)), an initial time
to € [0,T), and an initial distribution m € P(T° x (T?)2°), we aim at solving (in a suitable weak sense to
be precised later) the following system

' XZO :Z(xi)a i€N+,

with (W;); being a family of independent d-dimensional {J};c,,r)-Brownian motions, the initial datum
(s = (si)i»x = (2;);) has distribution m, and where ug® := 3772 $j0xj, t € [to, T] is the P(T?)-valued
process defined as in (2.28). The necessity of allowing b to depend on i will become apparent in Section 5.
We emphasize that, by uniform bounded collection, we mean that sup;cy, [|b]loc < 400. Note also that
we are using the convention in Remark 2.15 to evaluate b} (u°, ) at X7.

4.1. Weak existence and uniqueness in law

4.1.1. Notion of weak solution and related statements. Here we address the well-posedness of equation (4.1).
Given the low regularity of the drift, it is natural to look for weak solutions. In particular, for a collection of
uniformly bounded and measurable drifts (b': [0, 7] x P(T%) x T¢ — R%);, an initial time to € [0,7T), and an
initial distribution m € P(T5° x (T%)3°), we say that the tuple (Q,F, Q, {Fs}iepo,17, ((s,%), (X)i, (WH);))
is a weak solution of the equation (4.1) driven by the data (b%);, to, m if:
i. (W?); is a family of independent d-dimensional {Ft}tejto, r-Brownian motions on the filtered probability
space (Q’ F,Q, {g:t}te[to,T]);
ii. The initial datum (s, x) is a 7°° x (T%¢)%°-valued F,-measurable random variable distributed according
to m under Q;
iii. It holds:

X! =a(z") + /b’(ur, dr—}—,/ Wg, te[ty,T], €Ny, Q-as.
0

t
where pg° =372 $j0xj, T € [to, T is the P ']Td) valued process defined as in (2.28).

Note that the solution depends on to, m, and (b%);. For the moment, we suppress this dependence to keep
the notation lighter, but we will make it explicit whenever necessary.

As in the finite-dimensional setting, weak existence and uniqueness in law follow from a standard application
of Girsanov theorem. Weak existence is ensured by the following statement.

Proposition 4.1. Let (b : [0, T] x P(T?) x T? — R%); be a collection of uniformly bounded and measurable
functions, to € [0,T) be an initial time, and m € P(T° x (T4)°) be an initial distribution. Then, there
exists a weak solution to the infinite system (4.1) driven by the data (b%);, to, m

Proof. Without loss of generality, let us take ¢y = 0. As in Subsection 2.3, let us then consider a filtered
probability space (2, F, P, {F¢ }+cj0,77), an Fo-measurable initial condition (s,x) ~p m and a sequence of
independent d-dimensional {F;}4c[o,71-Brownian motions (B*);. We recall that the corresponding free
particle system (X?); is given by

, ) 4 ,
(4.2) dX; = /= dBi, te[0,T], Xi=u(z;), i€N,.
s

We introduce the local martingale

(4.3) Zt.exp{Z/\/sT (e, X7) deffZ/ Z21bi( °°,X;‘)|2dr}, te0,7],
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where pg° 1= 3777 5j0xj, 1 € (0,77 is as in (2.28). Since Y777 s; = 1 and sup;ey, Hb’” < 00, the sum
of the stochastic 1ntegrals inside the bracket forms a martingale whose quadratic variation is bounded by a
deterministic constant. Therefore, Z is a true martingale with Zy = 1. Thus, by the infinite dimensional
version of Girsanov theorem (see e.g. [45, Proposition 1.0.6]), the measure Q := ZrP is a probability
measure, under which the processes

(4.4) Wi = Bi — /,/8” (1, Xi)dr, te[0,T], €N,

are independent {J};c[o,r-Brownian motions. Then, the result is a consequence of the following two
observations. First, notice that the law of (s, x) remains unchanged under the new probability Q. Second,
by plugging (4.4) into (4.2), we obtain, for any ¢ € N,

- . 3 _
AX} = B Xy dt + | 2w, te .7
which means that (Q, 5, Q, {F;}iecjo, 1), ((s,%), (X%, (W1);)) is a weak solution to (4.1). O

We now address uniqueness (in law).

Proposition 4.2. Let (b : [0,T] x P(T?) x T¢ — R9); be a collection of uniformly bounded and measurable
functions, to € [0,T) be an initial time, and m € P(T° x (T4)°) be an initial distribution. If

(Q(k)v g:(k)’ Q(k)v {grrgk)}te[toxT]’ ((S(k)a X(k))a (Xi7(k))i7 (Wl’(k))l))’ k= 1’ 25

are two weak solutions to (4.1), both driven by the data (bi)z,to,m then ((sM,xM), (X1 ) (W) ) )
and ((s@,x@) (X+@)), (WH®),) have the same law on = under the probability measures Q ) and Q®
respectively.

Proof. Following the proof of Proposition 4.1, we assume tg = 0 for simplicity. Moreover, from the two
s —

'Lll

). expd — /\/7;, oo, (k) X)L g (k) _ Z/
= 1

with ;° oo,(k) Z(;o 1 § 6Xj,(k)7 t €[0,7) as in (2.28), is a Q¥)-martingale starting from C(gk) = 1. Then,

by the same 1nﬁn1te dimensional version of Girsanov theorem as in the proof of Proposition 4.1, the
processes (B»*));  defined for k = 1,2 by

, , bk ,
(4.5) Be® = ) / %bi(ui"’(’“),X}"(k))dr, tel0,T], ieN,
0

are, for each k € {1, 2}, independent d-dimensional {J; };<[o,7)- Brownian motions under the new probability
measure P(*) = C(Tk)(@(k) (ie., dP®) /dQW) = (Tk)). By plugging (4.5) into (4.1), we obtain

properties sup;cy, 6|0 < 00 and Y oe = 1, we notice that, for k = 1,2, the process defined by

,ur Xl )|2d7" , telo,T],

ax;® = (k) dBr® - xiW =™, teo, 1], ieNy,

1,

which proves (by returning back to (4.5)) that the tuples
((S(l)a X(l))7 (Xi’(l))ia (BZ,(l))t) and ((S(2)7 X(2))a (XL(Q))“ (BZ)(2))1)

have the same law (on the space Z) under the probability measures P() and P(?) respectively. Moreover,
we can rewrite the inverse of Ct(k) in the form of an exponential martingale under P*) | namely

1 =t
et > [
Ct(k) i=170

k) [eS) t (k)
Si 4i, 00 i i 1 5y i (0o i
b (a0, X3 ) dBT’(k)_EZ/O B (™, X Par e (0,7,
=1
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Thanks to [58, Lemmata 4.3.2 & 4.3.3], this shows that I/C(TU and 1/(512) can be expressed as a common
measurable function of ((s®), x(*)), (X)), (B»(*),). Now, for each i € N, we introduce the map (with
the superscript b in 1; below being a shorthand notation for b = (b%);)

P T x ([0, T]); RY)™ x C([0, T); RY) — C([0, T]; RY)

t oo
j Si i i
((Sj)ja((ﬂfi)te[om)j,(wt)te[mT])'—> wt—\/é/o b D 850,20 | dr ;
i=1

t€[0,T]

(4.6)

which is clearly progressively-measurable. Again, we have used the convention that :z:{ is implicitly
composed with the projection map as explained in Remark 2.15. Then, we can let

TP T2 x (T4 x C([0, T;RY)> x C([0, T]; RY) — T2° x (T4 x C([0, T];RY) x C([0, T]; RY)

(4.7) . . .
((s5)5: (@D, @7)5,w) = ((55)5, (@), 2", 02 ((55)5, (a7),w)) .
Writing

(s, x(®)| xis(0) ppis)y — gb (S(m,x(k), (X5 Bi,ac)) ’

we deduce that for any integer n > 1, and any Borel subsets I'1,- -+ , T, of T x (T4 x C([0,T]; R?) x
C([0,T; RY),

QW ({(Su)’X(l)’Xl,(l)’ WhWy ey, ..., D, x®, xm0 w0 e pn})

— QW ({(S(n,X(l),le,Bm)) e UTHTY),..., (W, xM, xm1) prn) ¢ \I;;l(l"n)})
= il 4 . AP
o Cq(}) {(s,(l)’x(l),_)(l,(l)’131,(1))@1;1 (T1)yeeey(sM x (1) X (D) Br.(D) e W, H(T,)}

1
_ 2
- /Q L (6 (@) X1 1) (D) (s x(®) X, B @) ewi (1)) AP
T

where, to pass from the third to the fourth line, we used the fact that the integrands on both lines could be
written as the images, by a common measurable mapping, of (s(V), x() (X1 LMY (x™0) pm1)y)
and (s®,x® (X2 BL) . (x™?2) B™(2)) respectively. This completes the proof. O

4.1.2. Transfer onto the canonical space. For later use, it is important to transfer weak solutions onto
the canonical space = = T>° x (T x C([0, T]; R)>® x C([0, T]; R%)> (see Subsection 2.3.1). Given a
(unique in law) weak solution (Q,F, Q, {F; }reqt,17- ((8,%), (X%);, (W);)), we can indeed denote the law
of the tuple ((s,x), (X%);, (W?);) on = by Q'™ where we highlight the dependence on the initial time
and distribution. Then, it is easy to check that (2,5, {G: }repo, 77, Q™ (((¢7);, (€%9);), (67);,(&7);)) is
another weak solution to (4.1), where we used the notation introduced in Subsection 2.3.1 for the canonical
process. Since the probability measure Q"™ fully characterizes this solution, in what follows we simply
refer to the weak solution on the canonical space through its law Q™. As made clear in the following
statement, we can express Q'™ in terms of the law on the canonical space Z of the free particle system
(2.27), denoted by Ptom™.

Proposition 4.3. Let (b : [0,T] x P(T%) x T¢ — R%); be a collection of uniformly bounded and measurable
functions, ty € [0,T) an initial time, and m € P(TL x (T4)°) an initial distribution. Denote by Qo™
the law on Z of a weak solution to (4.1), and by P™ the law on = of the free particle system (2.27),
respectively. Then

" a -t L)
Zr

where the mapping @b: = — = is defined by

(4.9) @ (53)5+ @) ()5 (@) = (1) @)y (W (5, (@i w)) (@), )
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VP is given by (4.6) for any i € Ny, and

K2

(4.10) e = ex i T\/ibi(wéi)'dﬂifli Tii|bi(°°€i)|2d7’
. z;?’mi P : \ 27"”’7’77” r 2 ¢ ] 2 r My S )
i=1v" =1 v %0
with p> =377, §“b¢i (see (2.30)).

Note that in (4.10) (and in the rest of this section) we are using the same convention explained in Remark
2.15 to evaluate b%(u2°, ) at &

Proof. For n € N, and two families I'4,--- ,TZ and T'¥,--- ,T¥ of Borel subsets of C([0,T];RY), let us
consider the two cylinders T x --- x I'Z x C([0, T]; R) {1 and T¥ x - .. x T¥ x C([0, T]; RE){nt1-3,
Following the proof of Proposition 4.2, we know that for an initial distribution m on T° x (T%)® and for
a Borel subset T'g of T>° x (T9)°, the law of the weak solution to (4.1), with m as initial condition, is
given by

Q™ (g X Tf x -+ x T x C([0, THRA ) X T oo x T x C([0, TR 1)

(4.11) 1 ) o o .
- /’ W H l(q/?)*l(Fofofo)((gj)j’ (£77);,€", B") dP*™,
=T =1
where Z,O#m is the martingale given by (4.10) and W? is defined by (4.7). Then (4.8) follows. O

T

Of course, it must be stressed that the random variable z;“ ™ is here regarded as a measurable function
on =. At this stage, the measurable function representing z?’m depends on m, and one of the purposes of
the forthcoming statements is to provide a version that is independent of m.

Remark 4.4 (Dependence of Q'™ and 2,2"™ on (b%);). The map 2™ : = — R and the probability Qo™
depend also on the collection of drifts (b%);, but we do not stress this dependence in the notation, unless it
is needed.

Similarly to what we did for P*"™, we adopt a lighter notation when dealing with a deterministic initial
condition (s,x) € T2 x (T9)%°, setting

(4.12) Qlo(5%) .= Qlode

4.1.3. A disintegration formula. This paragraph is devoted to establishing a disintegration formula for
Qto™, closely resembling a weak Markov property. Our proof relies on the representation formula (4.8).
While the result could alternatively be derived by adapting the notion of martingale problem to the
present framework, it is more convenient here to exploit the explicit expression of the solutions. Let us
start with the analogous result for Pto™,

Lemma 4.5. Let to € [0,T); then the map mm € P(T®° x (T?)®) s Plo™ is measurable, i.e., for any
Borel subset E C =, the map m € P(T®° x (T4)) s P™(E) is Borel measurable. Moreover, for any
m € P(T® x (T4)%°) and any Borel subset E C =

(4.13) Pl () = / P03 () dun (s, x).
Tgox(T)se

Observe that, T2° x (T4)%° being a Polish space, the notion of measurability that is used in the statement
is consistent with the one described in Subsection 2.0.2.

Proof. We first notice that the mapping m — m @ Wg® is continuous, where Wi has been defined in
Subsection 2.3.1. We deduce that, for any Borel subset £ C =, the mapping

m = PO™E) = (m e W) ((id, @)~ (E))

is measurable, where we recall (2.29) for the definition of (id, ). This proves the first claim in the
statement.
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As for (4.13), we notice that, for any Borel subset E C =,

P™(E) = / 1g o (id, @) (s,x7 (wl)z) d (m@ Wto(f) (s,x, (wl)z)

- /fomrd)zo

= / P &X) (E) dm(s, x),
T2° x (T4)

/ 1g o (id, @) (s, x, (wz)l) AW ((wl)z) dm (s, x)
C([0,T];R)

which completes the proof. O

Before establishing an analogous disintegration formula for Q™ it is necessary to analyze the measura-
bility of the map m — Q?o"™, which i 1n turn requlres several technical preliminaries. The first step is to
consider the measurability of m — zT , where zT ™ is defined in Proposition 4.3. Observe that zto o
depends on the collection of drifts (b%);, although we suppress this dependence in the notation for the
time being.

Lemma 4.6. Let (b°: [0,T] x P(T?) x T¢ — R4); be a collection of uniformly bounded and measurable
functions and to € [0,T) be an initial time. There exists a measurable mapping Cf,? : Z — R such that, for

D-a.e. m € P(T4), Plosem™ ' (m)({¢lo = ploem™ (myy g

The main difficulty in the above statement lies in constructing a mapping C%J that is independent of m, at
least when m ranges over a D-full subset of P(T¢). The existence of such a C%’, however, follows directly
from the next lemma. For clarity, recall that = is equipped with its Borel o-field § and the canonical
filtration {St}te[o,ﬂ .

Lemma 4.7. Let (b° : [0,T] x P(T¢) x T¢ — Rd) be a_collection of measurable functions that are all
dominated in norm by some b € L2([0,T)], L?(P(T?) x T4, D;R?)), and to € [0,T] be an initial time. There
exists a progressively-measurable mapping J®° : Z — C([O T];R?) such that for D-a.e. m € P(T?),

ptoem™(m) <{Vte [0,7], 3¢ = Z/\/> (157, dﬂi}>:

The fact that Lemma 4.7 implies Lemma 4.6 is quite obvious. It suffices to let

We thus concentrate on the proof of the first lemma.

Proof of Lemma 4.7. By the domination condition, we first observe that

Eloem; [Z/ GIIb (u°, D)2 dr | < Efoems (D) V (/ [or (152, )] dpa® (a )) 1
-/ : [ / y ([ ety ama) ) @)

where we used Proposition 2.14 to get the second line. This implies that the stochastic integrals appearing
in the statement are well-defined and form a continuous martingale. Following [58, Lemmata 4.3.2 &
4.3.3|, we can construct a progressively-measurable mapping J% : = — C([0, T]; R?) such that

po-emy L(D) ({Vt€ [0 T jiﬂ :Z/ \/> ,Ufr 75 dﬁi}) =

Note that Ji° = 0 for every t € [0, o], since, by the definition of P (D) (see (2.29)), the processes
(8%); coincide with the path identical to zero on [0,]. In fact, the same results say that there exists a

dr < oo,
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sequence (Jt0(")  of stochastic Riemann sums such that
Ye >0, lim Ploems () sup |3§0’(") —Jo|>es | =0.
n—0oo te[0,7T)

By stochastic Riemann sums, we mean that each J%-(") : = — C([0, T]; R?%) can be written in the form
N(n)

to,(n n),t i !
(4.14) th( = §1 . ng o (ﬂ;c”)m _Bz;i")mt> , te[0,T],
= =1

for N(n) € Ny (typically, N(n) tends to oo as n tends to oo), for 0 = tg") < tﬁ") <<t y=Ta

N(n
partition of [0, 7T (typically, its step-size tends 0 as n tends to c0), and for ((H ,in)z)l),iv:(?) a collection of

N (n) Re-valued bounded random variables such that H,E")’i is G, () -measurable for each k € {1,---, N(n)}
k—1

and each i € N;. Using the disintegration formula (4.13) for Pt‘)’em;lw), we can rewrite this as

Ve >0, lim ploem™(m) [ 0 gup |7l _gto| > 2 4 ) dD(m) = 0.
n=00 Jp(Td) te[0,7)
Up to a subsequence k +— ny, we easily deduce that, for D-a.e. m,
Ve € (0,00)NQ, lim ploem™' (m) sup |3§°’(n"') —Jo|>e5 | =0.
k—o0 te[0,T)

(Obviously, the same result holds true when ¢ is taken in the entire (0, 00)) Since J%(") is a stochastic
Riemann sum, we deduce that, for (em~1);D-a.e. (s,x), J% provides a version of the stochastic integral

(250, Ji /G20 (22, €2) - dBL)scio.m- 0

As a result of the disintegration Lemma 4.5, we notice that, for any ¢y € [0,7) and for any bounded D-
density p (that is, p : P(T¢) — [0, 00) is a measurable function, with the property that f?(qrd) p(m)dD(m) =
1), it holds

for every Borel subset E C Z, Pto’cmgl(pD)(E) - / p(m)PtO’emil(m)(E) dD(m)
(415) < ||p||oo / Pto,em_l(M)(E) dD(m)
P(T)

= [lpllo P P (E).
From (4.15) and Proposition 2.14 we also immediately infer that
(4.16) (12°) ;P D) < |pll D for every t € [to, T].
And, then repeating the proof of Lemmata 4.6 and 4.7, we obtain the following result.

Corollary 4.8. In the same framework as Lemma 4.6, if p is a bounded D-density, then

Pt07em;1(pD) <{C§9 — Z;),elllul(p'D)}> — 1.

We now state the main disintegration formula.

Proposition 4.9. Let (b : [0,T] x P(T?) x T¢ — R%); be a collection of uniformly bounded and measurable
functions, and tg € [0,T) be an initial time. Then, for every Borel subset E C =, the mapping

(4.17) m € P(T) — Qloem ' (M) (R)

is measurable for the completion of the Borel o-field on P(T?) under D. Moreover, if p is a bounded
D-density, then for every Borel subset E C =

(418) Qe 02 (g) = [ pm)Quen ) (E) dD(m).
P(Td)



28 FRANCOIS DELARUE, MATTIA MARTINI, AND GIACOMO ENRICO SODINI

Proof. By combining (4.8) (but omitting, for simplicity, the superscript b in the notation @b) with Lemma
4.6, we deduce that there exists a Borel subset O of P(T?) such that D(O) = 1 and, for any m € O and
any Borel subset F C =,

to,em ! (m) — 1 to,em ™ (m) — / i B to,em ! (m)

Q (E) =), (Z;?’eml(m)P > (E) L@ 1@ oy dP :

We observe from Lemma 4.5 that the right-hand side is measurable w.r.t. m (using in addition the fact
that any positive measurable function can be approximated, pointwise, by non-decreasing limits of simple
functions). This proves the measurability of the mapping (4.17).

As in the proof of the disintegration formula, we can restart from the last display, but under the measure
em, L(pD) (which is possible thanks to Corollary 4.8). And then, using also (4.13), we get

1
to,emy " (pD) ( pry — 1
Q E= L wte

1 -1
= —1 1 dPto,Cm (m)) dD
/fmrd) (/: @ ) p(m)dD(m)

- / p(m)QUem (™ (E)dD(m),
P(T4)

dPt() ,em;l (pD)
E)

which proves (4.18), and then completes the proof. O

4.1.4. On the choice of a version for b. In this paragraph, we restrict ourselves to the case when all the
entries of the collection (b?); are the same, i.e., there exists b such that b* = b for each i € N. In this
framework, it is important (especially for the applications in Section 5) to see what our construction
becomes when only a version of b is given. Assume indeed that b is another measurable version of b, that
is, for 21971 @ D almost every (t, ) € [0,T] x P(T%) (so that p is purely atomic), and for any 2 € T¢
such that p, >0

be(p, ) = bi(p, ),

or, equivalently, for 27! @ D-almost every (¢, u), b(t, 1, -) and l~7(t, i, -) coincide under p. Given these
two measurable versions, we can consider the two associated systems of weak solutions (on the canonical
space) to (4.1) (with velocity fields that are independent of i), namely

(Qto,(s,x)) and (Qto,(s,x))
s,X

where to € [0,T) and (s,x) varies in T2>° x (T¢)°. The goal of this subsection is to prove the following
consistency result.

s,x

Proposition 4.10. Let ty € [0,T), b: [0,T] x P(T?) x T¢ — R? be bounded and measurable, and
b: [0,T] x P(T4) x T — R? be a measurable version of b in the sense described above. Then, for D-a.e. m,

Qto em ™! (m) _ Qto em ™! (m)

)

where Qto*cmfl(m) and Qtﬂ’cmil(m) denote the laws of the weak solutions to (4.1) with i-independent drifts
b and b, respectively.

The proof of Proposition 4.10 relies on the following lemma, proved later in this subsection.
Lemma 4.11. Let tg € [0,T), p be a bounded D-density, and denote by
them;l(prD) and them;l(p’D)

the laws of the two weak solutions of (4.1), both initialized from the measure emﬁ_l(pD) (equivalently, pugs

is sampled from pD ), and driven by the velocity fields b and b respectively. Then,

th semy” L(pD) — Qto 7em;1 (pD) )

Assuming the above lemma, we now turn to the proof of Proposition 4.10.
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Proof of Proposition 4.10. Let p be a fixed bounded D-density. By the disintegration formula (4.18), it
holds

Qom0 = [ Qe a(m).
P(Td)

Analogously, we can write the same formula for the weak solution associated to the version b of the drift.
Then, by Lemma 4.11, we can equate the two formulas and obtain

[ Qe angm) = [ pm)Qeen ) anim),
P(T4)

P(T)
which completes the proof of Proposition 4.10. (|
The next step is to prove Lemma 4.11, and to do so, we need to introduce another lemma.

Lemma 4.12. With the same notation as in the statement of Lemma 4.11, one has, for any t € [to,T),
(u7)p Qe 7)) <,

i.e., the (time) marginal laws of u> (see (2.30)) under Qto’emgl(pm are absolutely continuous with respect
to D.

Proof. For any Borel subset E of P(T?) satisfying D(E) = 0, we aim to prove that, for a fixed t € [to, T],

(4.19) QU W) ({2 € BY}) = 0.

To simplify the exposition, let us denote em,” L(pD) by m. We recall from (4.8) that Q'™ is given by

Qto, — @ﬁ < to,mPtm > ,
Zr

b . . .- . .. .. . b
where @) is as in Proposition 4.3 with b i-independent. Then, we observe that ;™ is invariant by @),
. b
that is > o @) = u>. As a result, we have

Qtom\ ({'utoo € E}) = <Zt01,mPtO’m> ({Htoo c E}) '

T

In particular, to prove (4.19), it suffices to prove that the right-hand side on the above display is equal to
0. But, then, it is enough to show that

PIO™ (i € BY) = 0

which follows from (4.16). O
Now, we can finally prove Lemma 4.11.

Proof of Lemma 4.11. By uniqueness in law, it is sufficient to prove that, with probability 1 under Qo™
with m := emﬁ*l(pD), for any ¢ € N and ¢ € [to, T,

[otcrar= [ ea

to to

Obviously, it suffices to check that

(4.20) /t T /:

bi(i®, &) — bi(u®, )| dQP™dt =0 for all i € Ny
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Since by Lemma 4.12 we have that (1§°);Q'™ < D, the LT @ D-a.e. equality between b and b gives

that
T
0=, L)
to JP(Td) J1a
T
I L
T oo
- [ [>s
to JE =1

‘bt(ﬂfofi) — b (| =0 LT @ Qlomae.
This gives (4.20) and concludes the proof. -

bl @) = b )| dpa() d [(5)5Q"™] (u)

b, @) = b, @)| dp(2) QU™ dt

be(15°, &) — be(pg®, &)| Qo™ dt.

In particular,

4.2. Chain rule and relation with the backward Kolmogorov equation

The main purpose of this subsection is to identify the generator of the solution to the particle system
(4.1) (when driven by a drift b that is independent of 4) with the operator governing the PDE (3.10).
Throughout, we make a repeated use of the spaces H and H? introduced in (2.21). For convenience, we
recall their definitions below:

H := L*(P(T%),D), H"“?:= H“*(P(T?%), W, D).

The connection between the particle system (4.1) and the PDE (3.10) is established through an appropriate
Kolmogorov formula, stated in Theorem 4.19 below. This representation is obtained by expanding the
solution to (3.10) along the particle system (4.1) via a suitable chain rule. The proof of this expansion
relies on Proposition 2.18 and first requires approximating the solution to the PDE (3.2), when driven by
arbitrary boundary and source terms, by solutions to the same PDE but with cylindrical coefficients. As
clarified in Proposition 4.15, a key step is to show that, for cylindrical coefficients, the solution to (3.2)
itself inherits a form of cylindrical structure which we make precise below.

Definition 4.13. We say that a function u : P,(T¢) — R is fiber-wise cylinder if there exists (u®)ser> C
330 such that:

1) u(p) = us® (u) for every pu € P,(T?), where s(y) is as in (2.5);
2) setting

(Vu)u = (VUS(M)>W (Lcu)u = (Lcus(ﬂ))w IS TO(Td),
we have that Vu € L2(P(T9) x T4, D;RY) and u, L.u € H.
We denote the space of fiber-wise cylinder function with 33’%
Note that the definition of Vu and L.u are well posed since, for a every s € T5°, u® belongs to 330 which

is included in the domain of both the operators V and L., see (2.16) and Lemma 2.8. Also, clearly,
32 C 3%, and the definitions of V and L. are consistent.

Proposition 4.14. We have that 3;‘; C D(A) and
(4.21) Du=Vu, Au=L.u foreveryuec 3?‘1’”

We stress that the statement above means that, for every u € f’)]"c"w, the L2(P(T%), D)-equivalence class
represented by the D-a.e. defined function u belongs to the domain of the operator A (and thus, in
particular, also to the domain of D) and the L2(P(T?) x T4, D; R?%) function Du can be represented by
the D-a.e. defined function Vu (respectively, the L2(P(T%), D) function Awu can be represented by the
D-a.e. defined function L.u) as in Definition 4.13.

Proof. We claim that the statement follows if we show that

(4.22) (Lew, w)g = —(Vu, Vw)  for every u,w € 3%
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Assume indeed that (4.22) holds true. Then, if u € 3?‘1’” is fixed, (4.22) gives, by symmetry

(Low,w)g = (u, Lew)y ~ for every w € 3%°,

which shows that v € D(L}) and L u = L.u; since, as discussed at the end of Subsection 2.2.2, A = L%,
this gives that u € D(A) and Au = L.u. By the integration by parts formula in (2.24), we deduce from
(4.22) again (still assuming that it holds true) that

(4.23) (Du, Dw) = (Vu, Vw)  for every w € s?w

Taking w = u, we see that ||Du|| = || Vul|; taking w = w;, for a sequence (wy,), C 3% such that Vw,, — Du
in L2(P(T9) x T4, D;R?) as n — oo (see Proposition 2.13 and its proof) and passing to the limit as
n — 0o, we obtain

(Vu,Du) = (Du,Du) = |[Dul|* = ||Vul[|Duf,
which gives Vu = Du, and completes the proof (provided (4.22) holds true).

Therefore, we are only left to show (4.22); let u,w € 3;‘7’1} and let, for every s € T2°, u’, w® € 3?0 be the

functions as in Definition 4.13, for u and w respectively. We show that (4.22) holds true by following [26,
Theorem 5.11]. We have

(Lowwln = [ (Lewyw(n) dD()
P(Td)
= [ (), ) 4D
P(T4)
/ / A ‘z xus “)(M"'/Jas(sz Uw(sw) du( ) S(IL)( )d'D(M)
ey Jra (1202

A 2=z U° (1) +T6 77"5 s .
//Td)/]rd | (2 ) wt) () dvoly(a) dD(p) dr

T
_ (p,) _
:// / Al =pud (u;—i-réz T‘SI)U;S(“’T)(N::’)dvold(:r)dD(u)dr
o Jo(rd) J1d r
1 S (e _ S (e _
_/ / Vel iy 70 = 102) | Valemg@ iy 4702 = 100) 401 4D
P(Td) JTd r "

1
- / / (Vas050) e () - (Va0 e () dvolg(z) AD (1) dr
o Jo(re) Je

1
[T ) (V) (0) dvola) 4D () dr
o Jora) J1d

=— / (Vu), () - (V) () du(e) AD ()
/ (V) (o) - (V) () dpa(w) D10
Td Td
—(Vu, Vuw),

where we have used, in order, the definition of L.u (on the second line), the definition of L.u® (on the
third line), the Mecke identity (2.7) (to pass from the third to the fourth line), the fact that the set
{(z,p) : py > 0} is volg @ D-negligible (see [26, Proposition 4.9(iii)] so that s(u]) does not depend on
x € T? and therefore we can denote it by s(u, ) (to get the fifth line), integration by parts on T¢ (on the
sixth line), the relation (2.12) (on the seventh line), again that s(u*) = s(u,r) (on the eight line), one
more time the Mecke identity (2.7) (to obtain the ninth line), and, finally, the definition of Vu and Vw
(to get the tenth line). This shows (4.22) and concludes the proof. O

Proposition 4.15. For a given e € (0,1), let f € 320 and g € 3;0 Then, if u is the unique solution of
Opus + Auy = f for a.e. t € (0,7), ut‘t:T =g,
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there exist Borel representatives of u, Du, and Au satisfying the following properties: for every s € T5°,
there exists v* € T327,((0,T]) such that

(4.24) ue(p) = v (1), for all p € em(s, (TH) and t € [0,T),
(4.25) Duy(p, ) = Dof(p, ), for all p € em(s, (TH) and t € [0,T),
(4.26) Aug(p) = Avi(p), for all p € em(s, (T) and t € [0,T).

In particular u; € 3?‘1’0 for every t € [0,T).

Proof. Recall that the map em as in (2.4) is injective on 72° x (T%)°* and we write its Borel measurable

inverse em ™1 : P,(T9) — T° x (T4)° in the form

() x()) = em ™ (), 1 € Py(T4).

For every s € T>°, we set n(s) := N (e, s), the latter being defined in (2.32); intuitively, n(s) is the largest
index below which masses contained in the sequence s are greater than or equal to . Note that s — n(s)
is a Borel map.

Construction of v°: let (s;); =s € T° be fixed. When n(s) = 0, we set v§ := 0, for all ¢ € [0,7]. When
n(s) > 0, the construction of v® is more delicate and proceeds in several steps. We first set

sep(s) := % (min{|s; — s;] : 4,7 <n(s), i #j} Amin{s; —e/2:j <n(s)}),

which is related both to the minimal distance between the masses greater than or equal to €, and to
the minimal distance from these masses to /2. Given i € {1,...,dn(s)}, we call (k,j) the unique pair
of integers k € {0,...,n(s) — 1} and j € {1,...,d} such that i = kd + j, and then, we find a function
ps € C*(]0,1] x T?) with supp(p) C [¢/2,1] x T? satisfying, for any (r,z) € [¢/2,1] x T¢,

ﬁ?(r,xl,...,xd) = {

al fr (r,

i [st1 — 56p(S)/2, (sk1 + sep(s)/2) A 1] x T?,
0 if (r,

x) €
z) € ([0, 5141 — sep(s)] U [(sp1 +sep(s)) A1,1]) x T,

where 27 denotes the j-th coordinate of x € T¢. We set p* = (55,... ,ﬁzn(s)). It is clear from this
definition, and with the notation (2.8), that,
(P%)" (1) = (w1,...,2n(s)) € (Td)"(s) for every u =-em(s,x), (s,x)€T5° % (’]I‘d)go.

We define two smooth functions f%, g% : (T4)"®) — R by letting

(4.27) 15 = (foem"®)(s,"), ¢°:=(goem™®)(s,-),
where em” is as in (2.31). We then consider, on [0,T] x (T%)™®), the PDE
(4.28) Othy + A%hy = f% forae. t € (0,7), ht‘t:T =¢°,

where AS® is the operator given by

n(s)
Ahi=)" i(Aih), h e C2((T4)™e),

j=1"

with A; being the Laplacian operator on T¢, acting on the i-th (d-dimensional) component of (T¢)"(),
The existence of a smooth solution A3 : [0, T] x (T%)™) — R to (4.28) follows from the fact that it can be
expressed as

he(x) := kS _,(A7Y2%x),  for every (t,z) € [0,T] x (T4)™®),

where As is the diagonal matrix of size n(s) x n(s) with (Ag);; = s;* for j € {kd +1,...,(k + 1)d},
ke{0,...,n(s) =1}, and k% : [0,T] x (R9)™®) — R is the smooth solution of the heat equation

(4.29) Opke — Aky = —f5(AY2()))  forae. t€(0,T), ki|,_, =3 (AY?()),

with fs and §° being the periodic extensions of the smooth functions f* and ¢° to (Rd)"(s); see e.g. [42,
Exercise 9.1.3] for an existence result to the PDE. Classical estimates on the solution to the heat equation
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(4.29) (see e.g. [42, Exercise 9.1.4]) and the fact that s; > € for every i € {1,...,n(s)} with n(s) <71,
give the existence of a constant C, depending on ¢, f, and g but not on s, such that

n(s)

(4.30) sup | D —[Vihflloo + 1A% [loo + [1B5lloo | < C.
te[o, 1] \ ;=1 Si

When n(s) > 0, we set v§ := h$ o (p®)*, ¢t € [0,T)]. It is clear from the construction that v® € 53272([0, T)),
in fact for every u € P,(T%) the function ¢ + v§(1) belongs to C*°(]0,T]), being h® smooth.

Construction of w, its derivatives, and their measurability: following item (1) in Definition 4.13,
we define the function u : [0, T] x P,(T?) — R as

(4.31) wn(pr) = 07 (1), (t,11) € [0,7] x Po(T).
Let us also set
(4.32) (V) o= (Vo) (Lowg), i= (Lof™),,  for every (t, 1) € [0,T] x Po(T4).
We now show simpler representations of the above operators: for every ¢ € [0, T] we have
(4.33)

(Vug)u(z;) = S%Vihi(ml, e T(s)) for every p = em(s,x), (s,x) € T5° X (Td)go, i=1,...,n(s),
(4.34)

(Leug)y = ARG (21, .+, Tn(s)) for every p = em(s, x), (s,x) € T x (T4,

where, in both formulas, we mean that, if n(s) = 0, then both right-hand sides are equal to the constant
function 0. The proof of the above formulas relies on the following two arguments: if n(s) = 0, then
v® = 0 and the formulas follow; if n(s) > 0, (4.33) is a simple consequence of the definition of v® and
Lemma 2.8, while (4.34) can be obtained by simply computing

s Az|z=xvf (ﬂ + pig0, — H:c(sx) = 1 s >
(Lev}), = /Td dp(z) = ; LAl ; $k0a + 5,02 — 5700,

(h)?
n(s) 1
= Z gA]hf(l’l, ey Zn(s)) = Ashi(l‘l, e axn(s))a
j=1

where we have also used that s = s(u) = s(u+ pzd, — pz9:). To show that v, Vu and L.u are measurable
functions, we consider, for every k € N, the set

Tf’e =7 ({s €T5° :n(s) =k}),

where ), is the projection from T°° to [0,1]* defined by 7 (s) = (s1, ..., sx) and, for every (ry,...,71) €
Tk, hriTk is the smooth solution (see the discussion above for existence and uniqueness of it) of the
PDE, on [0, T] x (T%)*,

k
1
(4.35) Orhy + Z ;Ajht = froo" forae. t € (0,T), hilter =g™ """,

j=1"7
where frieTk groesTk o (T4)R 5 R are defined as

f”‘lf“w"‘k = fS, g'flww,rk — gS

for any s € 7r,;1(r1, ...,Tk), observing that f* and f5 are equal for any two s,s’ € TS° such that
n(s) = n(s’) = k and 7 (s) = mx(s’). In particular, the PDE (4.35) can be regarded as a parametrized
parabolic PDE whose coefficients depend in a continuous way on the parameter (ry,--- ,73) € T5¢, with
the latter space being (obviously) equipped with the induced topology. By standard Schauder theory,
solutions to the PDE, regarded as real-valued functions defined on [0, 7] x (T%)*, are once differentiable
in time and twice in space. Together with their derivatives (of order one in time and of order two in
space), they are jointly Holder continuous, uniformly in (rq,--- ,7%). As a result, the mapping that sends
(r1,...,7) onto (A" "k (R TR )q | ak, (afjh“"““)i,jzl,,,,dk) is continuous, when all the functions
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on the right-hand side are regarded as elements of C([0, 7], (T¢)*) equipped with the L>-norm. Therefore,
the map Fj, : T5¢ — C([0,T] x (T4)F) x C([0,T] x (T4)*) x C([0,T] x (T4)*; R?)*, defined by

Fi(ri,...,rp) == | A" T’“Z — AR ( Vheer )
T j=1,...k

=T

is continuous when the arrival space is equipped with the uniform convergence topology. Denoting the
components of Fy, by F}, i = 1,2,3, and using (4.33) and (4.34) together with the identity h® = h7E(S)
when n(s) = k, it is not difficult to check that v, Vu, and L. can be expressed in the following way:

[1/e]
Z Loy (n(s () ) [Fg (51(), - - s ()]t 21 (), -, 2 (p),
(1/51

(Leus) = Y Ly (n(s())FR (s1(w)s -, si())] (8, 21 (), -, 2 (),
k=1
[1/¢] k

(Vu)u(@) = Y Lo (n(s(w)) D_{IEL(s1(w), - su(i))] (6 ea () 2r(0) i gy oy (@),

k=1 Jj=1

for every (t,u,x) € [0,T] x P,(T%) x T, where we have denoted with a subscript j the components of
F, ,f’ The above expressions, the aforementioned continuity properties of Fj, and the measurability of
em™!, give the joint measurability of v, Vu and L.u with respect to their respective entries, i.e., ¢, 1 and
possibly x. Finally, the definition of u and the measurability properties just established, together with the
bounds in (4.30), give that, for every t € [0,T7], us € 3?‘1’” Hence, by Proposition 4.14, we get (4.25) and
(4.26).

The equation solved by u: we show that u solves

(4.36) Oy (1) + (Lewr) = f(n),  wr(p) =g(u)  for every (t,1) € (0,T) x Po(T).

Let (t,u) € (0,T) x Po(T?) with y = em(s,x) for some (s,x) € T x (T4)°. If n(s) = 0, then
Opui(p) = 0pv®* (1) = (Leug)y = (Levi)y = 0,

where we used the definition of u and (4.34) together with the fact that, in this case, v = 0; since, in this
case, we also have f(u) = g(u) =0 (as f and g belong to 32°), we deduce that (4.36) is satisfied at (¢, u).
If n(s) > 0, we have

atut(ﬂ) = 815”?(,“/) = aths(xlu e 7xn(s)) = _Ashs(xh ceey mn(s)) + fs(xla ce 7xn(s)) = _(Lcut)# + f(/lf>7

where we have used the definition of u, (4.34), the PDE (4.28), the definition of f® in (4.27), and again
the fact that f € 32°. Using the same properties and the definition of ¢® (also in (4.27)), it is easy to see
that ur(u) = g(p). This shows that (4.36) is satisfied at (¢, p) also in this case. Finally, (4.36), (4.32),
and (4.26) show that u solves the PDE in the statement thus concluding the proof. (]

Remark 4.16. Tt follows immediately from the proof, that, for a given fixed p € P(T?), the functions
t — v3(u) belong to C*([0, T]) and not only to Lip, ([0, T, dewer) because of the smoothness of the mapping
t > hS(21,. .., 2ns)) for a fixed value of s € T5°.

Corollary 4.17. Let f € L*([0,T]; H), g € H, and u be the unique solution of
Oy + Auy = f, for a.e. t € (0,T), ut‘t:T =g.

Then, there exist sequences (€,)n C (0,1), (¢™)n C 32° and (f), C L*([0,T); H), satisfying the following
two properties:
i. for any n € Ny, given the unique solution u™ to

n

Owuy + Auy' = fi* for a.e. t € (0,T), u?|t:T =9
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there exist Borel representatives of u™, Du™, and Au™ and, for any s € TS5°, there exists also a
function v>™ € T3 ([0, T)) such that, at any pair (t,p) € [0,T] x em(s, (T4)S°), it holds

(4.37) ug () = 07" (1), Dug(p,-) = D™ (p, ), Auy(p) = Avy™ (p);
ii. g — g in H, f* — f in L*([0,T); H), and

T
sup \u?—utﬁ{—l—/ [Duf — Dug||® dt — 0
t€[0,T] 0

as n — 0.

Proof. By density of 3%° in L2(P(R%), D) (see (2.9)) we can find sequences (g"), C 3%° and (f"), C
8(0,T;3%°) such that ¢" — g in H and f* — f in L2([0,T); H) as n — oo, where we have denoted
by 8(0,T; 3?") the vector space of simple (in time) functions taking values in 320 In words, the two
inclusions (§"), C 3%° and (f), C 8(0,7T;35°) mean that for every n € N, there exist values &/, € (0,1)
and K, € Ny, a partition 0 =t{ <t <--- <% | <tk =T, and functions (fME ¢ Bg;j, such that
g" e 3?? and

! K,—1

) = Z Xz, er, () fi" for every t € [0,T).
=0

For a given h € 3%°, ¢ € (0,1), let us denote by Sk the unique solution of
Opvy + Avy = I for ae. t € (0,T), Ut‘t:T = h.

We deduce from Proposition 4.15 that there exist Borel representatives of Sf’"h7 its gradient, and its
Laplacian, and, for every s € T5°, there exists also v>™" € T35° ([0, T]), with &, := (e, A€)/2, such that

SE™h(p) = oF P (), for all yu € em(s, (T%)S°) and ¢ € [0, 77,
DSI™A) (1) = D) (11, ), for all 4 € em(s, (T)°) and € [0,7),
A(SIR) (1) = A0S (1), for all u € em(s, (T%)°) and ¢ € [0, T7.

Now define
Kp—1
U?ll—v = gn, u? = Z S;lit?+1+tu%1+1x[t?’t;q-l](t) te [O,T]
i=0

Combining the above construction with Proposition 3.6, we easily deduce that the sequence (u™),, satisfies
i and ii. (]

Our goal is to relate (3.10) to the system of interacting particles (4.1) (when driven by a drift b that is
independent of 7) with the language of the canonical process as in Subsection 2.3.1, see also Subsection
4.1.2.

Proposition 4.18. Let b: [0,T] x P(T?) x T¢ — R? be a bounded and measurable function, ty € [0,T)
be an initial time, p be a bounded D-density, f € L*([0,T]; H), and g € H be a final datum. If u is the
unique solution to (3.3), then the process (us(ug®))ie(ty, ) can be expanded in the following two equivalent
ways:

T T
o) = wi) + [ 5y ar = [ [ Dueew) b o) @ an

o0 T
+ / V2GDu (4,6 - dBL, t € [to, T], PO 0P ge,
i=171t

T o0 T
9(uF) = ue(pg) +/ fr(ui")dr+2/ V2GDu (42,6 - dBL, tE [to, T], QU PP e,
t =t

where Qto’cmgl(pg) is defined as in Proposition 4.3 (it being understood that all the b'’s in (4.1) are equal
tob).
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Note that in the above display we are using the convention explained in Remark 2.15 to evaluate Du,.(12°, -)
at &.

Proof. Recalling the notation (3.1), let us set t € [0,T] — k¢ := f; — [b,Dus] € H. Since b is bounded
and u € L?([0,T); H*?), k belongs to L?([0,T]; H), which makes it possible to apply Corollary 4.17.
We then introduce (¢,), C (0,1), ("), C 32°, (k), c L*([0,T); H), (u™), < L2([0,T]; H"?) and
(), € 1o, ‘5322 ([0,77), the sequences provided by Corollary 4.17 (note f; there is k; here). Thanks
to the latter, there exist Borel representatives of u™, Du", and Au™ such that, for every s € T:5°,

(4.38) up (p) = v (w), for all u € em(s, (T%)S°) and ¢ € [0, T7,
(4.39) Duj (p, ) = Dvg" (p, -, for all u € em(s, (T%)%°) and ¢ € [0, 7],
(4.40) Aup(p) = AvP"™ (), for all u € em(s, (T%)S°) and ¢ € [0, 7).
Note that (4.38) also gives that

(4.41) ol (p) = O™ (p)  for all u € em(s, (T?)°) and a.e. t € [0, 7],

where both functions are regarded as representatives of Sobolev derivatives, see also the proof of Proposition
2.18. For fixed n € Ny and (s,x) € T°° x (T%)2°, since v5" € T32°([0,T7), we can apply Proposition 2.18
and obtain that

t
OB (5R) = o () + / (05 (1) + AvS™ () dr
to

(4.42) o
+ Z/ V26 DoS ™ (u €LY - dBE,  te [ty T], PE¥.as,
i=1"to

where we recall Remark 2.15 for the meaning of the evaluation of Dv$™(u2°,-) at £.. Using the above
relations (4.38), (4.39), (4.40), and (4.41), we can write

t
WP () = (1) + / (O (5°) + Aul (i) dr
to

(4.43) o
D / V2D (g, &) - dBy,  t € [to, T], PXas.
i=1"to

Observe that, in the above formula, the process defined by the stochastic integral depends in principle
on n and (s,x). However, by Lemma 4.7 and Corollary 4.8 applied to b = 2Du"™, we can assume that it
only depends on n, provided that (s,x) = em™!(m) for m varying in a full D-measure subset of P(T%). In
other words, for every n € N, there exists a progressively-measurable mapping J?" : = — C([0, T]; R%)
such that for D-a.e. m € P(T?) and for every bounded D-density ¢ it holds

oo t
Pto,emfl(m) ({Vt c [tO; T], jiov” — Z/ RV 2§1DU:}(M$‘O,€i)}>
i=17to

_ P OO t .
— ploem; (4D) ({Vt € [to, T), 5" = Z/ x/TciDu?(ui",é‘i)}) =1
i=1"to

Therefore, we can assume that for D-a.e. m € P(T9), the equality in (4.43) is a Ploem ™ (m)_g o equality

between Borel functions in = which only depends on n. By the disintegration formula (4.15) for plo-em; ' (#D)
and (4.43), we get that for every n € Ny it holds

t
uy (7)) = ugy () = /t (Oruy (17°) + Aw(p°)) dr

(4.44) o
. . —1
+Z/ V2 Dul (uSe,€0) - dBE,  t € [to, T), Pl PP gy,
i=1 7 to

Using the additive structure of the right-hand side, we can easily write a similar formula but for the
increment ¢" (1) —us (1g°) (in place of us(pug®) —us, (7). And then, using the fact that 0,uy + Ay = k!
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(see Corollary 4.17) together with the fact that (ug’o)ﬁPto’emfl("D) < D for every t € [to, T] by (4.16), we
obtain for every n € N4

T o0 T
(4.45) g"(u7) = U?(M?H/ kf(ui")dHZ/ V2D (2, €1)-dBE, € [to, T], PO (PP) a5,
t i1 Ut

Now we show that every term in the above equality converges as n — oo to the corresponding term

without the apex n. Using that (uf®)yP" ™ D) < IPllecD (again, coming from (4.16)), we get
-1 —1/ 7
L7 F) g P apte s 0 < [ g ) — gl ) )

< |Iplloclg™ — g|?q — 0, asn— oo,

the convergence of the last term to 0 following from the properties stated in Corollary 4.17. Similarly,
using again the conclusion of Corollary 4.17, one can show that

/J“?(M?O) — up(u52) P AP #P) 50, as n— oo,

[

2

T
) ~ k) ar| apoens o)
t

T —
< T/O /_Ikl’(ui") — k()P AP PP dr 0, as - oo,

Finally, let us focus on the stochastic integral. By Itd isometry and thanks, once again, to (4.16), it holds
2

00 T
/ VG (Dup (52, &) = Duy (132, €1)) - dBjdr| dPfoems )

// Z%\Du (122, €8) — Duy (1S, €1) 2 dr dPPoe™s (#P)
- 2/ / ‘DU [T ) DUr(M?,CE)Pdufo(x) dPtoycmgl(P‘D) dr
Td
< 2||pHoo/ / / ‘Du:}(‘u7x) _Dur(,u,$)‘2 dp(x) dD() dr
o Joray Jr

T
= 2||‘P|\oo/ |[Du” — Du,||?dr — 0, asn — oo,
0

where the last line follows from Corollary 4.17. Thus, we can let n tend to co in (4.45). In the limit, we
obtain the same formula, but without the apex n, as we announced earlier. Recalling that ky = f; — [b, Duy],
we obtain

9(ug) = ue(pg”) / Sr(p® d?"—/ /Td Duy (p7%, @) - b(p= @) dp () dr
+Z / VEGDu, (i, € - dBL,  t € [ty T], P 7P s,
i=171t

By Girsanov theorem, the sum of the last two terms on the right-hand 81de can be written as a stochastic
to,emy (PD)) 1Pto’em’;1(pD), see (410)

Using the transformation @ , see (4.8) (with the bold superscript b being replaced by b since the b?’s are
all equal to b), the resulting expansion can be transferred onto the canonical space. We obtain

integral, driven by a new Brownian motion under the probability (z .

9(17) = ue(pg) / Fr(u dr+2/ VDU, (i, €1) - dBL,  t € [ty T], Q™ PP as

which completes the proof. U
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The following result, which constitutes the main finding of this section, provides a Kolmogorov-type
representation formula for the solution of the transport-diffusion equation (3.10) in terms of the drifted
particle system (4.1).

Theorem 4.19. Let b: [0,7] x P(T?) x T? — R be a bounded and measurable function, and g € H be a
final datum. If u is the unique solution to (3.10), then, for every ty € [0,T), there exists a Borel subset O
of P(T%), with D(O) = 1, such that

em~1(m
(4.46) Uty (m) = EQ )[g(,u%")], for every m € O,

—1m)

where EQ" is the expectation under Qto-em™ (m)

Remark 4.20. The set O appearing in the statement of Theorem 4.19 depends on the choice of ty € [0,T).
This dependence will also occur in several statements throughout the remainder of the paper. Rather
than making it explicit each time, as in Theorem 4.19, we shall simply write that the equality holds “for
every to € [0,T) and D-a.e. m € P(T4)".

Proof. The proof is divided into two steps: the first establishes a weaker version of a (4.46), which is then
combined with (4.18) in the second step to obtain the desired representation formula.
First step: The objective of this step is to prove that

to,em;l(’D)

o\ _ mQ oo oo to,em; * (D)
gy (pgy) = E lg(p7)ugy],  for every to € [0,T) and Q™™ 17/ -a.e.

Let us denote m := em;l(D); by Proposition 4.18 with f =0, p=1, and t = g

0o T
G(u5) = ey (1) + 3 / VEGDu, (=, €1) - A, Q™ae
i=1"to

If we assume that the stochastic integral is a Q'*™-martingale, then (4.46) follows by taking the conditional
expectation with respect to ugy.

To prove the martingale property of the stochastic integral, we argue as follows. Since the stochastic
integral is already known to be a local martingale under Q%™ it suffices to show that

| <o

In order to prove (4.47), let us recall the following two estimates. First, by Proposition 2.14 and Theorem
3.4, we have

(4.48)  EP*T lZ/ GilDuy (17, €7) |2d7’] / / IDuy(p, z)|* dD(p, ) dr < oc.
P(Te)xTd

to

0t
> [ vEDu (g - 45

i=1"10

(4.47) EQ™ | sup
te(to,T)

Second, recalling the definition of 22™ in (4.10), we have
(4.49) EP [(20™)72] < 2exp{T ||b]%.}-

And then, by the definition of Q®™ in (4.8), we have

EQ*" [ sup / V26 Duy (g2, €L) - B ]
te to, _
(4.50) = ]EPtOM [ to,m / 26 Duy (7 agz) dﬂz ]
Zr tE[to,T] i=1
wom |1 =/t , ,
(151) FEP s |57 [ aDu (i, €0) b € ||
27 tefto,T) | ;=1 Jto
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By combining Cauchy-Schwarz inequality with Doob’s inequality and the two bounds (4.48) and (4.49),

we obtain
- 07 1/2
(4.50) < EP" [(z™) 2P EROT | sup (30 / V2D (3%, 1) - B}
te(to,T) i=1Yto
< T 3
< 4er IS EP” [Z / <i|Du7-<u$°,ff.>|2dr] < .
i=1vto
Similarly,
1
21| 2

(4.51) <EP*™ [(zfp‘“m)_Q]l/z EF" | sup
t€fto,T)

o) t ] )
> [ D €) bl € ar

to

i=1

1

e} T 2
< V2 ISV o] EP” [Z / ciDu,-wm;)?dr] 3
i=1"to

Gathering the last three displays, we get (4.47), which concludes the proof of the first step.
Second step: From the first step, it follows that for any bounded and measurable p: P(T¢) — R

to,em; L (D) to,em; L (D)
EQT T [p(udyusy (ue)] =B

Then, by (4.18), we can rewrite the latter as

[p(1e)g(1F)] -

tg,em 1 (m) I I tg,em~1(m) o I
(4.52) / EQ (15 Vs (15°)] dD(im) = / EQ 02529 (5)] dD(m).
P(Td) P(T4)

On the one hand, the left-hand side of (4.52) is equal to

to,em_l(nl) 0o 0o
/ EQ (2 Yy (5°)] AD(m) = / p(m)us, (m) dD(m),
P(T) P(T4)

since f15° = m holds Qtoem'(m)_a .. On the other hand, the right-hand side of (4.52) is equal to

tg,em ™1 (m) o o tg,em 1 (m) o
[ B fpu)gui)] a0 = [ pmEY T o)) dD(m).
P(T<) P(T4)
Then, by combining the last two displays, we deduce that
tg,em ™1 (m) .
/ p(m)EX” l9(u7)] dD(m) = / p(m)ug, (m)dD(m),
P(T4) P(T4)

and, finally, we deduce that, for D-a.e. m,

to ,em71 (m) 0o
ugy (m) = E9 l9(n7)] -

O

We conclude this section with a different version of Proposition 4.18 which will be needed when addressing
the control problem in Section 5. The main difference concerns the fact that the subset of m € P(T?) of
full D-measure at which the Ité expansion holds true, is independent of the drift. In the statement below,
the latter is denoted by a = (a'); and is thus allowed to depend on 4, as originally considered in the

beginning of this section. Accordingly, we denote by Qto’emfl(m)’o‘ the probability measure introduced in

Proposition 4.3, when (b%); is given by (a');.

Proposition 4.21. Let ty € [0,T) be a initial time, f € L*([0,T); H) and g € H. If u is the unique
solution of (3.3) with b= 0, then there exists a Borel subset O of P(T%), with D(O) = 1, such that, for any
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m € O and any collection of uniformly bounded and measurable functions (a* : [0, T] x P(T?) x T¢ — R9);,
it holds

9(ug’) = ue(pg°) / Sr(p?) dT+Z/ GDu, (170, €7) - (e, &) dr

+ Z / V26 Du (€1 - dBE, tE [to, T], QP Mg
i=1v1t
Note that in the above display we are using the convention explained in Remark 2.15 to evaluate Du,.(u2°, )
and ol (u,-) at £.

Proof. The proof is divided into two steps.
First step: Handling the case o = 0, for all i € N, and defining the set O.

By Proposition 4.18 with b = 0 and p = 1, we know that, with probability 1 under Pto’emgl(D), for all
te [t07 T}v

9(ug’) = ue (1) / fr(p27) dr+Z/ V26 Du (1%, €1) - dB;.

Note that, the result above holds for one arbitrary version of Du. Then, by the second display in the

proof of Lemma 4.7, with b = 2Du (at least, for one version of the latter), we deduce that there exists

a progressively measurable mapping J% : Z — C([0, T]; R%) such that J5 — J° coincides P+ {(D)_y

with the stochastic integral appearing in the expansion right above. The statement of Lemma 4.7 says
that 339 — Jio also coincides with the same stochastic integral, but Pto*GHFI(m)—a.s.7 for m belonging to a
Borel subset O; of P(T¢) such that D(O;) = 1. We thus rewrite the above identity in the form

T
proemi(D) ({Vte 0,7],  g(u5) :ut(ugow/ Fr(ps®) dr + T2 —Jio}> — 1.
t

Using the disintegration formula (4.13), we can write this as

/ PtO,emfl(m) ({Vt € [O,T], g(,uT ) = Ut ,U/t / f'r Mrr dT +jt0 - J }> dD(m) =1,
P(Te)

which implies that there exists a Borel subset Oy of P(T?) such that D(O3) = 1 and, for any m € Os,

T
plosem™(m) ({W e0,7], g(u) :ut(ugo)+/ Fo(p?) dr + 972 —Jio}> =1.
t

On O; N Oy (which has again measure equal to 1 under D), the following two expansions hold true
Ptoem™ ' (m)_a 5 for any ¢ € [to, TY,

(4.53) 9 () = e () / Fo (i) dr 4 9% — 9o

— (1) + / e+ Y / VB Dy (5, €1 - B,
t i=1

Finally, we recall that, by Proposition 2.14,

torem () [ & T ) T
P [Z / <Z|Dur(u§’-°7£3)|2d7"]= L] (L puten auw) angsdr < .
= Jo o Jerd) \Jrd

which implies, again thanks to (4.13), that there exists a Borel subset O3 of P(T%), with D(O3) = 1, such
that, for any m € Os,

_ e T
(4.54) EP [Z /O §* [Dup (a2, €[ dr
=1

For the remaining part of the proof, we set O := O; N O3 N O3, and we note that D(O) = 1.

< 00.
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Second step: Handling the general case.

The purpose of this step is to transfer (4.53) from the canonical space equipped with Ptoem™'(m) ¢4 the
canonical space equipped with Qt“emfl(m)"", for a given collection of uniformly bounded and measurable
functions a = (o’ : [0,T] x P(T?) x T? — R%);, and for any m € O. This step is divided in several
sub-steps.

Sub-step 2.a: Revisiting some definitions and results from Subsection 4.1.

We first recall formula (4.8) (with b therein being now understood as «), which holds true for any initial

measure m on T° x (T4)%° and in particular under dem—1(m), for m € O:

-1 (o1 1 -1
(4.55) Qloem ™ mhe — @) (mm—l(m)aPmem (m)>'

T

Note that we emphasized the dependence of 2z on both the initial measure em~!(m) and the collection of

velocity fields «, as well as the dependence of @a on a. We also recall (as a consequence of Girsanov
theorem) that

tg,em~1(m 1
(4.56) EP [wm] —1.

to,em—
AT

The second point we wish to emphasize is that, from the proof of Lemma 4.7, we can construct a sequence
of Riemann sums (J%-(™),, such that, for any m € O,

Ve >0, lim Ploem "(m) [ gup |9l — gl > 24 ) =0
n—0o0 te[0,T]
By combining the last two displays, we deduce that, for the same fixed collection « as before,
1 - n
(4.57) Ve >0, lim tflPto’em H(m) sup |J%° — Ji""( )| >ep | =0.
n—00 ng,cm (m),a te[0,T)
For the purpose of the proof, we introduce, for each i € N,

02 . T2 x C([0, T]; R%)> x C([0, T]; R%) — C([0, T); RY)

t oo
. S . )
((85)j, (@), w) = wt+\/§l/ al [ Y si6,,al | dr :
0 .
=t t€[0,7)

where we are using the convention as in Remark 2.15 to evaluate o at z’, see also (2.28) for the meaning
of Z;’;l 550,5. We define the mapping ©": 2 > = as
© : ((s9) @y, (@), (@);) 1= () (@), (67 ()i, ()i w?)) (), ).
Recalling the definition of & given in (4.6), we observe that
07 ()5, (@), ((53);: (@7)5,w) ) = (wi)eefo,r)

for every i € Ny and every ((s;);, (29);, (w?);, (27);) € T5° x C([0, T];R*)> x C([0,T]; R%), from which

we deduce that ©” o @ is the identity on Z. This makes it possible to rewrite (4.57) in the form

1 - =% =% n a a
oo |t o] ({ ap 0@ 0@ - o070 @'] 24| ) <o

t€[0,T]

which, by (4.55), reads as

(4.58) Ve > 0, lim Qto,emfl(m),a sup
e t€[0,T]

Jho 0©®” — Jio’(n) oa‘ > 5}) =0.

Sub-step 2.b: addressing the limit of the sequence (Jt”’(") ) a)n21 under Qto’emfl(’”)’a.
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We first provide an explicit expression of J%0:(™ o @, for a given fixed n € N;. Recalling (4.14) in the
proof of Lemma 4.7, we observe that each J%-(™) can be written in the form

°c®* ZZ( (n)i )‘<5Z<kn>moa <">M .) t € 10,77,

i=1 k=1
with 0 = tén) < ti”) tg\r;() y = T being a subdivision of [0, T] of step-size
(n) _ 4(n) ‘ -3
4.59 t, —1 <
(459 e T0) L I

(the rationale for this choice, which implies in particular that N(n) grows at least like n3 with n, will
become clear later in the proof), and H,gn)’z being as in [58, Lemma 4.3.2], i.e.,

T
(460)  HT=nEy with A= /20 / o (n(s = 1)) mn (Duy (43, €1)) dr, s € (0,71,
0

where g is a a smooth density on R supported on the interval [0, 1] and, for any n > 1, n,, is a bounded
function, equal to the identity on the hypercube [—n,n]? and satisfying the growth property |n,(z)| < |z|
for any = € R?. By using the definition of ©, we obtain

oo N(n) t(n)/\t
to,(n n),t i i 7
1096 =323 (1400 ([~ +5 [ w0 E) ). celom
i=1 k=1 Nt
Moreover, using the fact that pu> o a =p>® and &' o a = ¢, we also notice that
HO o @F = B
for any k € {1,--- ,N(n)} and ¢ € Ny. Then,

y G M At .
H <|:Bz<n>M IB(n) /\J \/ /(n) . /LT ,El) ) , telo,T].
A

In order to complete this sub-step, we must derive further estimates on the rate of convergence of the
time-discrete approximation considered above. We compute

(4.61) glo-(m i

i=1 k=1

2
7 |N(n)

oo ) _
8 vt
i=170

N (n)
oo N(n) 4l

) 2
h(n)vl _ hgn) K

=>_.> / o [T ds
i=1 i=1 Y1 k
N(n) t(ﬂ 2

(4.62) B 2%%2 Z /

: w12 [T NG
<Xt e 47 <[ [ o i e ar

/ n(t = 1)) = oln(s = )| i (Du, (157, €)) dr| ds

1?2 S / ¢ [Duy (2, €1) | dr,
=1

where we used the choice of the step size in (4.59). As a consequence of (4.54), (4.62) and standard
approximation techniques in L2, we conclude that, for m € O, we have, Ptosem™ " (m) a.s.,

N(n) 2

(4.63) lim Z/ V 26" Du, (112 ,5’ Z 1t(") t<")) H(”)’i dr = 0.

n— oo
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Using (4.63), once again that 4@ = >, 1@ = ¢, H,gn)’ioa = H,gn)’i, forany k € {1,--- ,N(n)}
and 7 € N, and (4.55), we notice that, for any m € O, Qtosem H(m)a_g o

2

0 T N(n)
(4.64) nlirr;oZ/(J V 26" Du, (112, &;) kz_l 1[ti"n_)17t;n>)(r)Hk dr = 0.

i=1

The objective, in the rest of this sub-step, is to prove that the above convergence also holds in L' under
1
Qto-em™ (M) Using the contraction property of the convolution in L?-norm, it is standard to check that

e T 00 T
Z/o \hgn)>i|2ds§22gi/0 IDuy (u, €] dr.
=1 =1

From this and (4.62), we deduce that

2

465 % / > Ly oo, (MH <40+ T%) D0 / [Du, (13°,€1) [ dr.
i=1 k=1 i=1

We further notice that, since the collection (at); is uniformly bounded, we have an improved version of
the estimate (4.49). Precisely, for any m € O, (4.56) can be strengthened into

p
to,em™ 1 (m) 1
]EP o s — < oo,
Zé&hem (m),a

for every p > 1. Recalling (4.54) and (4.55), and using the Cauchy—Schwarz inequality, together with the
facts that > o a = pu™ and ¢ o a = ¢, we then deduce that, for every q € (1,2),

Qtoem™ (), = [T 12 o2
B > |6 un. ) ar
i=1 70
fIEQf'oﬁm*l(M),a (Oo /T i
— Z c
i=170
_ /2
to,em—1(m) 1 > T i N !
:EPO 4t0,em_1(m)7a <Z/ S |DU7‘ (/’Lr 7£r)| d?’)
s i=170

r pql/p
-1
Pto,em (m) 1
< - @
<E to,em—1(m),a
L \?T

where p = 2/(2 — ¢) is the conjugate exponent of 2/q. Thanks to (4.66) and (4.64), we deduce from a
uniform integrability argument that for any m € O,

) a/2
Du, (u?" 0c@% & o O‘) ‘ dv’)
(4.66)

to,em_l(m) e T - - 2 q/2
EP 3 / ¢ [Du (12, &) dr| < o0,
i=170

1/2
N(n) 2

th em_l(m)a > T N . ( ) .
(4.67)  lim E Z; /O V26 Du, (10, €1) — 1; Lo oo (N dr =0.
1= =

n—oo

Using the expression in (4.61), Burkholder-Davis-Gundy inequality, and (4.67), we obtain for any m € O

]o.

jio ,(n) o a

. to,erx171(7n.),a
lim EQ sup
n— oo te [O,T]

o t o0 t
-3 / VoD (u2,€1) - i - 3¢ / Dy (22, €8) - 0 (3%, ) dr
i=1 70 i=1 0
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Returning to (4.58), this gives, for any m € O, Qtoem (Ml s for all t € [0, 7],
oot o0 t
t @ i 00 ¢ 7 7 0O ¢ i(,,00 ¢i
J}0 o = Z/ V26! Duy (10, &) - dBy + Zq / Duy (30, €r) - an(p, &) dr.
=170 i=1 70

Sub-step 2.c: conclusion.
It remains to come back to (4.53), which we write, under Ptoem™ (M) fo1 € O, for any t € [to, T,

g (17 0@ 0 @) = (15 0@ @")
—|—/tTfT(,u7°_°oao@a) dr + 92 0@ o @™ —~ 70 0 @ 0o @,
This gives, for any m € O, under Qto°*m (M for any t € [to, T,
g (M%Ooa) = (ut‘x’ oa) +/for(u§?° 0c@) dr + 72 0@ - 7lv 0 @

Using the fact that u* o a = p®° and then inserting the expression of Uﬁo ) a, we complete the
proof. O

4.3. Finite-dimensional approximation

Let b : [0, T]x P(T4) x T? — R? be a bounded and measurable function and g € H (to ease the presentation,
the source term f is assumed be null in this subsection, but the results stated below could be adapted,
without any difficulty, to the case when f is non-zero). The main result of this section is to provide a
suitable finite-dimensional reduction of the PDE (3.10) and the related particle system (4.1). Unlike what
is typically done in the classical mean-field literature, here, it is not possible to directly substitute the
(uniform) empirical measure of a finite particle system for the measure ;. What we do instead is to
intervene at the level of the coefficients, introducing approximations of the velocity field b and of the
terminal condition g that depend on a probability measure only through a finite number of (sufficiently
massive) atoms. The goal of this section is to show how this approximation propagates at both the PDE
and particle levels, and, in particular, how it allows us to reduce (3.10) to a PDE set in finite dimension,
and (4.1) to a system with finitely many particles.

To make it precise, the approximations that are used next rely on the following notion of compatibility
between two probability measures.

Definition 4.22. For a given ¢ € (0, 1], two measures y,v € P(T?) are said to be e-compatible if they
have the same atoms of mass greater than or equal to € and assign the same mass to these atoms, i.e.,

o = vy for every z € {x € T : i, > e} = {x € T?: v, > ¢},
This induces an equivalence relation between elements of P(T%) which we denote by y ~. v. The R™-
valued, m € N, functions defined on the quotient space (and also depending on time and space) can be
identified with functions belonging to the set
oM = {u: [0,T] x P(T?) x T4 = R™ : wy(u, z) = w (v, )

g

for every u,v € P(T?) s.t. p~. v
and for every (t,z) € [0,7] x T [~
which is an algebra. Elements of &7/" depend on the measure argument only through atoms of mass

greater than or equal to €. Note that if € < ¢ then @™ C &7". More generally, we say that a function
v: P(T?) — R™ belongs to /™ if its trivial extension to [0,7] x P(T¢) x T¢ lies in /™.

We then consider three sequences (e,,)n, (¢")n and (b™),, such that:
i. the sequence (e,,), takes values in (0,1), is decreasing and tends to 0 as n — oo;
ii. for each n € Ny, b" € &<, sup,en, |[0"|cc < 00, and b" — b in the space L2([0,T] x P(T?) x
T, 21071 @ D;RY) as n — oo;
iii. for each n € Ni, ¢" € &} and [g"||oc < 00; and, g" — g in the space H as n — oc.
Existence of the three sequences (¢, )n, (¢")n and (b"), is guaranteed by Proposition 2.7 and property
(2.9). However, other constructions are conceivable; we come back to this point next.
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For each n € N, we denote by Q'-(3%):0" the solution to the particle system (4.1) (with i-independent
drift) with data b,y and (s,x) € Tg° x (T%)2°. Since b" € &, we can consider the following finite-
dimensional sub-system of (4.1), which is given in closed form by

(468) dXj = bp(emNEn) (s, (X)), X dt + /2 AW}, te (to,T),i=1,...,N(en,s),
' XtiO =u(z;), i=1,...,N(en,s),

where N(e,,s) is as in (2.32). Since the drift b o em™(=.79)(5:) is bounded, the system (4.68) has a unique
strong solution, see [61]. Of course, this solution is also unique in law. In this context, the purpose of the
next statement is to clarify how the finite-dimensional structure of the particle system (4.68) is reflected
in the PDE (3.10) (with " being substituted for b). Notice indeed that the latter is still posed in infinite
dimension despite the seemingly simpler form of b™.

In order to provide a finite-dimensional version of (3.10), we first introduce the following functional spaces.
For any N € N, we denote by C%1:¥ the space of continuous real-valued functions on [0, 7] x (T¢)" that are
differentiable in space and whose space derivative is jointly continuous in time and space on [0, T) x (T4,
and for any real p > 1, we denote by WT}’Q’N the space of functions & : [0, 7] x (T4)"¥ — R that belong to
L2([0,T] x (THYN, 21071 @ voli) and possess generalized Sobolev derivatives d;k, (0,ik)i=1,. Niyj=1,-.d
and (0%, k)ii=1, Nijjr=1, ¢ in LP((0,T] x (THN, 2107 @ volY'), with the convention that an element

of (T%)N is represented in the form (27)i=1... N.j=1.... a-

Theorem 4.23. Let n € Ny, b and g™ be as above, and u™ be the solution of (3.10) with drift b and
final datum g"™. Then, for every ty € [0,T) and D-a.e. m € P(T?),

ull (m) = K™ (@1 (m), .., 2o, a(m) (M),

where, fors € T2, h® is the unique solution, in the space COLN(Ens) N (ﬂp>1Wpl’2’N(5"’S)); of the PDE,
set on [0,T] x (TH)NEns);

N(ep,s) N(ep,s)
(4.69) Othy + ; S—Z_A,-ht—l— ; b (em™NEnS) (s, ), ) - Vihy =0 for a.e. t € (0,T)

with final condition
N(an,s)(s )

n
hilt=r = g" 0 em ,

Proof. From Theorem 4.19, we know that, for every ¢y € [0,7) and D-a.e. m € P(T9), ul (m) =

tg,em™1(m),b™ .
EQ (- [¢"(132)]. For the rest of the proof, we fix m such that the last equality holds true, and
for this m, we set (s,x) := (s(m),x(m)) and, then, N := N(g,,s). Since g" € /', we have that
g"(m) = g" ocem™ (s, (x;),). Moreover, the mapping

W1, -syn) € (THY = g™ oem™ (s, (1) 1L,)
belongs to C((T¢)N). Therefore, we have

i (m) = BV (g7 0 em™)(s, (€h, ..., &¥))] .

It is plain to see that, under the probability measure Q'-(5%):*" the process (69N} is a solution to the
particle system (4.68) (with 8',---, 3" as driving Brownian motions).

Consider now the PDE (4.69). Existence and uniqueness of a solution (within the class specified in the
statement of Theorem 4.23) are standard in the literature (viewing the equation as a PDE posed on
[0,T] x (RN, with periodic coefficients); for convenience, we refer to [22, Theorem 2.1], as the result
therein fits exactly our needs. Since the operator driving the PDE (4.69) is the generator of (4.68), we
deduce from Krylov’s version of It6’s formula, see [43, Theorem 2.10.1], that the right-hand side in the
above display is also equal to

EQtoﬁ(S»x):”" [(gn ° eIIlN)(Sa (é’%,’ A ,quy))] = h?o (Il, ce ,J}N),

which completes the proof. U
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Remark 4.24. It must be stressed that the finite-dimensional approximation constructed above satisfies
the assumption of Proposition 3.6. In particular, with the same notation as in the statement of Theorem
4.23, Proposition 3.6 guarantees that

ni

sup |uy —ug =0  asn — oo.
te[0,T]

Of course, the rate of convergence depends on the rates at which (b"),,>1 and (¢™),>1 converge to b and g
respectively. When (b™),,>1 and (g") are obtained by applying Proposition 2.7 and property (2.9), the rate
is not explicit (as the approximation is constructed by means of a Stone-Weierstrass argument). Still, we
can wonder whether it is possible to obtain more explicit rates when b and g are continuous. We explain
in Appendix B that, when b and g are indeed continuous (the space P(T¢) being equipped with the weak
topology), there exists (at least, in reasonable situations) a function ¥ : Ry — R4, with lim, o d(r) =0,
such that

lg" = glH < V(en),
/OT /W) [/T b+ (11, @) = b7 (1, 2)|* du(x)} dD(p) dr < d(ep),

with the behaviour of the function ¥ being dictated by the shape of a certain modulus of continuity
of b and g. Inserting these two bounds in (3.11), we see that the term R(b,0",Du,T) therein remains
non-explicit: this is due to the presence, inside the integral, of |Du,(u,z)|?, which is just known to be
integrable. Without stronger integrability properties, the best bound we can obtain is:

T
R(b, 5", Du, T) < inf a20(5n)+4||b||go/ / / 110, ey Dt (1 ) 2 dpa() dD(pe) |
a>0 o Jo(rd) JTd

The above inequality is not completely explicit; this explains why we refrain from providing more details
on the construction of the function . Actually, the fact that we cannot get a better bound should
not come as a surprise: since we are working with low regularity properties on the coefficients b and g,
the resulting rate of convergence remains rather poor and depends on the regularity of v through the
integrability properties of the gradient. Obviously, if Du were bounded, the rate would be directly given
by J(en), but, without any stronger regularization property of the semi-group of the Dirichlet-Ferguson
diffusion, we cannot expect this bound to hold, except if we assume b and g to be regular in a sufficiently
strong sense. Obviously, the latter assumption would not fit the framework of this article.

That said, the rate becomes explicit when b = 0 and ¢ is continuous. It is given by ¥(e,,) for the same
function 9 as in the last paragraph. As we explain in Appendix B, the rate of growth of the function ¥ is
algebraic if the modulus of continuity of g (in total variation distance) is also algebraic. In this case, the
rate of convergence can be bounded by Cef, for a certain constant C' > 0 and a certain o > 0. Observing
that N(e,,s) is always less than [1/e, ], this says that the rate of convergence decays, in this situation,
algebraically fast with the number of particles that are used in the approximation. This observation is
consistent with the rates that can be obtained by using the semi-group (or master equation) approach in
standard mean field systems; see, for example, [8, 9].

5. THE SEMILINEAR CASE

The aim of this section is to apply the tools developed earlier in a nonlinear framework inspired by
mean-field control theory. In Subsection 5.1, we establish a general existence and uniqueness result for
a class of semilinear PDEs driven by the operator A. When the nonlinear term can be interpreted as
a Hamiltonian, i.e., as the Legendre transform of a Lagrangian, we provide an interpretation of the
solution to the nonlinear PDE as the value function of a control problem posed on a particle system
of the form (4.1). The main result in this regard is Theorem 5.7. In Subsection 5.3 we introduce an
approximation of the infinite-dimensional control problem in the same spirit of Subsection 4.3.

In the whole section we let T' be the same finite time horizon as at the beginning of Section 2. As in
Section 4, we make repeated use of the material introduced in Section 2 and of the results established
thus far.
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5.1. Well-posedness of a semilinear PDE

Given a measurable function J¢: T¢ x RY — R, we define a new function 3 : P(T%) x L2(P(T?) x
T4, D;RY) — R by letting

(5.1) Hlp, ) = /Td H (2,7 (p, ) du(z),

whenever the integral makes sense. For coefficients .% : [0, 7] x P(T?) — R and ¢ : P(T?) — R, we then
aim at solving the following semilinear PDE:

(5.2) Opuy + Auy — H(-,Duy) + % =0 for ae. t € (0,7), ut|t:T =9,
We work under the following assumption.

Assumption 5.1. The function #: T¢ x R? — R is jointly measurable and satisfies the following two
properties:

a) it holds
/ (2, 0) 2 dpu(x) dD(p1) < oo.
P(Td) JTd

b) The mapping p € R? +— J#(x,p) is Lipschitz continuous, uniformly with respect to z € T¢, i.e., there
exists a constant L > 0, such that, for any z € T¢ and any p, ¢ € R?,

| (,p) — A (x,q)| < LIp —ql.

Remark 5.2. We notice from Assumption 5.1a) that, for D-a.e. u € P(T?),
(5.3) | (,0)|* du(z) < oo.
Td

And then, Assumption 5.1b) gives, for any p in the Borel subset of P(T%) on which the above inequality
holds true, and any v € L?(P(T%) x T4, D; R?),

([ wamerrae) < ([ 1reoram) ([ o)

so that the left-hand side is automatically finite if, in addition to (5.3), it holds [, |v(u, z)|* du(z) < co.
Obviously, the latter is true for D-a.e. u € P(T?). We deduce that H(u,v) is well defined for D-
a.e. u € P(T?) and induces a mapping H(-,v) : p — H(u,) that can be regarded as an element of
H. Moreover, for any v',~v% € L?(P(T%) x T¢, D; R%), for any p € P(T?) such that (5.3) holds true and
Jra (7 (s )2 + |72 (2, @) [*) dpu() s finite (and thus for D-a.e ), we get, from Assumption 5.1b),

19(7Y) — 91 7)] < / 1A () — A ) d)

(5.4)

< / (1 ) — 72 (1, 2) | dpa(a).
Td

Proposition 5.3. Let Assumption 5.1 be in force, & € L*([0,T); H), and 4 € H. Then there exists a
unique u € C([0,T); H) N ACc((0,T); H) N L2([0,T); HY2?) such that uy € D(A) for a.e. t € (0,T) and

Oug + Auy — H(-,Duy) + % =0 for a.e. t € (0,7T), ut|t:T:§4.

Proof. Thanks to the Lipschitz regularity of J#, the proof proceeds along the same lines as in Theorem 3.4,
which notation we adopt here. We briefly outline the reasoning, emphasizing the key differences. As
a preliminary remark, note that for v € X5, the function ¢t — H(-, Dv;) belongs to X;. Indeed, by
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Assumption 5.1,

T T
| st epangac= [ [
0 Jp(Td) 0 JP(Td)
T
<212 [ [ [ iDuilpn) P dte) aD(e)
o Jore) Jra

T
+2/ / | (,0) | dp(x) dD(p) dt < oo.
o Jo(rd) JTd

- H(x, Dvy(p, ) dp(x) | dD(p) di

The core of the argument is to show that, for a suitably small T > 0, for every wo € H, the operator
@7 o0 X7 — X7 that maps every v € X7 to the unique solution of

(5.5) oy — Auf = —H(-,Dvy) + F#; for ae. t € (0,7), uf|t=0 =wy € H,

is a contraction. As in the proof of Theorem 3.4, we can focus on the forward-in-time equation and then
recover the result for the backward-in-time version via a simple time-reversal argument.

Claim 1: For any T € (0,T), wo € H and v € X there exists a unique u® € X solving (5.5). This
defines a map @5, : X7 — X associating to every v € X the function u” as above.
Proof of claim 1: This follows directly from Proposition 3.2, with f given by ¢t — f; := —H(-,Dv;) + F,

noting that the latter belongs to to L2([0,T]; H)

Claim 2: There exists T € (0,7, only depending on the Lipschitz constant L of %, such that, for any
wo € H, the map @7, defined in claim 1 is a contraction on Xg.

Proof of claim 2: For wy € H and v,9 € X, set u := &7, (v), U := 7, (0). The argument used in
the proof of Theorem 3.4 can be repeated directly. The only new point concerns the treatment of the
difference between the two terms driven by H. Here, we handle the difference by means of (5.4):

t
/ / 19 (1, Do) — (1, D[ dD (1) dr
o Jp(Ta)

t
) 2
< Lz/o /fP(?l‘d) /1rd|Dvr(M,$) — Do, (p, ) |* dpa() dD(p) dr < L2 [lo — 0. -

Conclusion: The end of the proof is similar to that of Theorem 3.4. The main point is to note that T
depends only on the Lipschitz constant L of H and, in particular, is independent of the initial condition
wo € H in (5.5). The argument of Claim 2 can then be iterated over successive subintervals of [0, 7] of
length smaller than 7', as in the proof of Theorem 3.4. (I

Remark 5.4. The form of H imposed by relation (5.1), with J# satisfying Assumption 5.1, is motivated by
the application to optimal control given below. Nevertheless, the result of Proposition 5.3 still holds when H
is a more general measurable function from P,(T¢) x L2(P(T9) x T¢, D; RY) into R (recall that P,(T4) x T¢
has full measure under D; therefore, restricting the first factor in the space P(T%) x L2(P(T?) x T4, D; R9)
to P,(T?) is consistent with our choice of equipping P(T?) x T¢ with the measure D) satisfying the
following two conditions:

a*) it holds
/ 196 (1, 0) 2 dD (1) < o0
P(T4)

b*) there exists a constant L > 0 such that for any pu € P,(T9), 41,72 € L2(P(T9) x T4, D; R),

|H (") — H(p, 7| < L/lel(u, x) = ¥ (p, x)| dp(x).
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5.2. Infinite-dimensional control problem

We now use the results of the previous subsection in order to characterize the value function of a stochastic
control problem set over a controlled version of the massive particle system.

For a compact and convex subset A C R? such that 0 € A, we define the space of admissible controls (in
Markov feedback form), denoted by A, as the space of sequences a = (a');, where each o’ : [0, 7] x P(T%) x
T¢ — A C R? is a measurable function. Throughout, we work within the framework of Subsection 4.1.2.
Given an initial time ¢y € [0,7) and an initial distribution m € P(T>° x (T%)3°), we denote by Q™ the
law of ((s,x), (X%);, (W%);) on the canonical space Z, where (Q, F, Q, {Ft}rept,, 1), ((8,%), (X9)i, (W) is
a (unique in law) weak solution (according to the definition given in Subsection 4.1) to the system

(5:6) {dXé = aj(ue, Xp)dt+ \JZAW], tety,T), ieN,,
tho :L(‘rt)

Since the controls e = (a?); are assumed to be uniformly bounded (as the set A itself is bounded), the
system (5.6) can be regarded as a system of the same type as (4.1), and the approach developed in
Subsection 4.1 applies. In particular, Propositions 4.1 and 4.2 guarantee existence and uniqueness in law of
weak solutions. In this approach, the index i should be viewed as the label of a rational agent; accordingly,
the massive particle system becomes, in this subsection, a countable system of agents (or players). The
control (or feedback function) played by the agent i is allowed to depend on ¢, on the collective state of the
system (here encoded through £°°), and on the private state of the agent (encoded through X;). Whilst
this form looks rather restrictive, it covers in fact a wide class of feedback functions. Indeed, in contrast
with standard mean-field models, which are symmetric, the current model is not symmetric: for instance,
the first player is, by construction, the most massive one (i.e., s; is greater than all the other masses
(si)i>2); more generally, the measure p$° provides a complete description of the masses and the atom
locations of the agents, in the sense that the mass and location of the agent number ¢ can be deduced from
the observation of pg°. This follows from the fact that the masses are ordered and (almost-surely) pairwise
distinct and the locations are also (almost-surely) pairwise distinct. Mathematically, we can retrieve the
masses via the map s and the atom locations via the map x as in (2.5): observing p°, we can observe
both s(p$°) and x(u$°). As such, any (measurable) function of the masses and the atom locations can
be rewritten as a (measurable) function of pg°. In particular, with the given form of feedback functions,
we allow each agent to play a control depending on the state of the whole system. By the way, notice
that, in the notation ai(u$°, X}), the variable X} is somewhat redundant: as we just explained, X} can
be observed from the observation of u°. That said, we feel more consistent with the usual mean-field
control theory to stick to the notation o (u$®, X7).

We associate a cost with Q'™ ®: to do so, we consider measurable coefficients .Z: T¢ x A — R,
Z :[0,T] x P(T?) — R, and 4: P(T?) — R, with £ being understood as the Lagrangian of the control
problem, and .% and ¥ as (respectively) running and terminal interaction potentials. For an initial
time ¢, € [0,7), an initial distribution m € P(T° x (T%)%°), and an admissible control a € A, the cost
associated to (fg, m, a) is defined as

T oo
J(t()»m?a) = EQtO’me [/t (ﬁr(/lq?o) + Zgl"%( ;,ai(u?,fﬁ))) dr _~_g(u%o)‘| .
0 =1

Here we are using the same convention as in Remark 2.15 to evaluate £ and of at . Conditions are
given below under which the right-hand side is well-defined for any o € A. Of course, the purpose is to
minimize J(tg, m, &) with respect to a € A. The corresponding value function is defined as

(57) V(to,’TTL) = cirelffl J(t()vma a)7 (to,’TTL) € [07T) X :P(T(?O X (Td)zo)

In analogy with the shorthand notation Q! (5*) introduced in (4.12) as a substitute for the notation
Qfo%e, we write V(to, (s,x)) in place of V (g, d(s x)) when the particle system is initialized with the
deterministic initial condition (s,x).

We study the control problem under the following assumption.

Assumption 5.5. The functions .Z: T% x A = R, .Z : [0,T] x P(T?) — R, and 4 : P(T¢) — R satisfy:

a) for every x € T?, the function A 3 a +— Z(z,a) is strictly convex and lower semicontinuous;
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b) there exists C' > 0 such that, for every z € T4, |inf, Z(z,a)| < C;
c) F € L*[0,T);H) and 4 € H.

In the following, we often assume that Assumption 5.5 is in force.
In order to connect the control problem introduced above with Subsection 5.1, we associate to the
Lagrangian .¢ the Hamiltonian

(5.8) H(x,p) = sgg{—ﬁ(x, a)—p-a}, (z,p) € T¢ x RY,

which will play, in what follows, the same role as J# in Subsection 5.1.

By construction, % is convex [54, Theorem 12.2] and Lipschitz in p uniformly with respect to x.
Moreover, | (z,0)| = |infaea Z(7,a)| < C, for any x € T?. In particular, /# satisfies Assumption
5.1 with a Lipschitz constant L depending only on A. Moreover, since £ is strictly convex, then
R? > p — (z,p) is everywhere differentiable for any 2 € T¢ [54, Theorem 26.3], with derivative bounded
again by a constant depending solely on A. By convexity and lower semicontinuity in a of £, it holds
Z(x,a) = suppega{—(x,p) — a-p} for any (z,a) € T? x A [54, Corollary 12.2.1].

Proposition 5.6. Let Assumption 5.5 be in force and ty € [0,T) be an initial time. If u is the unique
solution of (5.2), then there exists a Borel subset O of P(T?), with D(O) = 1, such that, for any m € O
and any o« € A

T T
) = w) = [ FE) s [ A @D ) i @) ar

t

oo T
3 / 6Dy (4%, €1) - (4, €1) dr
=1

o0 T
> / V2eDu, (22, €0 - dBE,  te [ty, T], Qoo (mhe g g
i=17t

Note that in the above display we are using the convention explained in Remark 2.15 to evaluate Du,.(u2°, )
and af (4, ) at L.

Proof. The proof is a consequence of Proposition 4.21, replacing ¢ € [0,7] — f; by ¢t € [0,T] —
H(-,Duy) — Fy, which is indeed in L%([0,T]; H) (see the proof of Proposition 5.3). O

We now have all the ingredients to state and prove a verification theorem for our mean-field control
problem.

Theorem 5.7. Let Assumption 5.5 be in force and u be the unique solution of (5.2); then for every
to € [0,T) there exists a Borel subset Oy, of P(T), with D(Oy,) = 1, such that

(5.9) ug, (m) = V(tg,em™1(m))  for every m € O,.

Moreover, if ty € [0,T) and m € O~t0, then the control & = (&');, with the &'’s being all equal to the
same mapping & : [0,T] x P(T4) x T¢ > (¢, p,x) v &u(p, ) := —Vp (2, Du(p, ), is optimal for
V(to,em=1(m)) and it is unique in the following sense: if & € A is also optimal for V (to,em~1(m)), then,
for any i € Ny, for a.e. r € (to,T),

Qoo & (&l (e, &) = an(p®, 6)}) = 1.
Remark 5.8. The following remarks are in order, regarding the shape of the optimal feedback function.

i) It is worth mentioning that the definition of the function & depends in fact on the choice of a version of
the mapping (¢, u1, ) — Duy (i, ), which is viewed as an element of L?([0, T] x P(T¢) x T4, Z1%TI @ D).
Proposition 4.10 says that the law of the particle system would remain the same (at least for D-almost
every initial condition m € P(T%)) if we used another version of this mapping.

ii) We also notice that the resulting form of the optimal feedback function & is independent of the label
of the player: at the optimum, all the agents play the same feedback function (but implemented at a
different location, as it depends on the own state of the agent). This observation is consistent with
the theory of mean-field control.
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Consequently, the control problem (5.7) can be equivalently formulated by considering controls
that are identical across particles. Therefore, for any ¢y € [0, 7], and for D-a.e. m € P(T?),

V(tg,em *(m)) = 01‘I€1£l J(tg,em™1(m), ) = aien/fLu J(tg,em™1(m), c),

where A, denotes the set of controls a = (a*); with the o being all equal to a single measurable
function a: [0,7] x P(T?) x T? — A. Notice that, for such an a € A,, the cost functional can be
written as

J(to,m, a) =B l/tOT <c9‘7~(u?°) +/Td f(ﬂ%%(ﬂ?@))@?(ﬂﬂ)) d?’“ﬂﬂ%’?)] :

iii) We strongly believe that the proof of Theorem 5.7 that is achieved below could be adapted, at least
up to some extent, to accommodate open-loop controls. The result would be as follows. For an initial
time ¢y € [0,7), a filtered probability space (2, F,P,{F¢}ej0,17), equipped with a collection (B*); of
independent d-dimensional {F; }1¢ (s, r)-Brownian motions, for any collection (a'); = ()¢t 17)s
of A-valued {F}},e[s,,1)-Progressively measurable processes, for any Fy -measurable random initial
distributions (s,x) with values in T2° x (T%)2° such that

o

(oo}

pee = iy, ~ D,

i=1

the conditional cost

(5.10) E®

/t ( (1) +Z<Z '>dr+g(,uT)|9’to

would be higher than wuy,(ugy) with probability 1 under P, where

286X7 t07T]7

¢
. , 2 . ,
X7 = u(zy) +/ a,. dr + \/:(BZ —B), telt,T]
to i

with + : T¢ — RY the canonical projection and we are using the same convention as in (2.28).
Equivalently, our guess is that

/ (/T e +Z<1 i>dr+g(“T)|?to
to

Conditioning on Jy, is here a way to fix the initial value ug?. As pge is assumed to follow the
distribution D, this is consistent with the fact that the result of Theorem 5.7 is stated for m in a
D-full subset of P(T9). That said, Theorem 5.7 is stronger. In comparison, it can be summarized in
the following way: for D-a.e. m € P(T?),

and

(5.11) essinf EF

(a?);

> Uty (Mto)'

inf J(tg, m, &) > ug, (M),

with equality when o = (&);; implicitly, the D-full subset of P(T¢) on which the inequality is true is
independent of «, which explains why the essential infimum can be replaced by an infimum.

The proof of (5.11) would rely on the same principle as the first step in the proof of Theorem 5.7
below, this step itself being a consequence of the version of It6’s formula stated in Proposition 5.6. In
fact, one of the difficulties in the proof of Itd’s formula is to establish that the subset O (on which
the expansion holds true) is independent of «, but in order to derive (5.11), a simpler version would
be in fact enough: it would suffice to get the It6 expansion under P, for a fixed e (recalling that
Uy ~P D), and then to take conditional expectation given F;,. For this reason, the proof would be
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easier. To get the expansion for a fixed «, one could come back to the proof of Proposition 4.18 and
then expand (uf (15°))¢eft,,r) under the tilted probability measure Q, given by

d%—exp( Z/ \/> de—fZ/ %o )

Details are left to the reader.
We come back to the notion of open-loop controls in the framework of the finite-dimensional
approximation addressed in Subsection 5.3.2.

iv) The case where the feedback functions are just required to depend on ¢ and pg® is also very interesting
from a practical viewpoint. This corresponds to the framework used in the mean-field approach of
residual networks with a continuum of layers, see for instance [31]. While entering the details of this
model would be out of the scope of this article, it is worth mentioning that the related HJB equation
has the form

Opug () + sup {/A [/}Rd b(z,a) - Dug(p, z,y) du(m,y)} dv(a) + f(l/)] =0, te(0,7),
ut|,_p (1) = 9 (1),

for (t,p) € [0,T] x P(R?), where b is a generic activation function taking as inputs the current state
x of an n-dimensional feature and the current state a of a neuron (in a set A), # is a possible
penalization function, and ¢ is a loss function, measuring the distance between the outputs of the
network and the labels. The variable p stands for the (initial) joint distribution of the features
(represented by the variable ) and the labels (represented by the variable y), so that the dimension
d is greater than n; the variable v represents an instantaneous distribution of the neurons and is thus
viewed as an element of P(A). We refer to [18] for a complete description of this model.

When the state space is the torus and a Laplacian is added, this equation is covered by Remark 5.4
(provided that the coefficients satisfy mild conditions). The fact that our results are stated without
any convexity assumption is especially adapted to this situation.

Proof of Theorem 5.7. The proof is divided into two steps: the first establishes the upper bound in (5.9),
and the second establishes the lower bound.
First step: proving the upper bound wuy,(m) < V (tg,em=1(m)).

Back to the main expansion in the statement of Proposition 5.6, we first establish that the local martingale
therein is in fact a true martingale (up to a possibly new choice of the set O = Oy, in the statement). To
do so, we come back to the proof of Theorem 4.19, and especially to (4.47). We note that the bound (4.49)
is, in the present context, independent of av = (a?); since each o is required to take values in the bounded
set A. Moreover, the same bound holds not only when m = emﬁ_l(ﬂ) but also when m = em~!(m),
for any m € P,(T%). Then, we can repeat the computations carried out in the first step of the proof
of Theorem 4.19, especially those achieved to handle (4.50) and (4.51), and deduce that there exists a
constant C such that, for any a € A and any m € P,(T9),

< CRProeT [z / calDu, (3%, €6) 2 dr

oo

Z/ \/TCZDUT(/’[/T ?gl) dﬂz

—1
tg,em (m),o
EQ l sup
i=1

tefto,T)

We already know from (4.48) that the right-hand side above is finite when we substitute em~!(m) for
emy 1(D). In particular, we can find a subset Oj_, of full measure under D, such that, for any o € A and
any m € O', the left-hand side is finite. This shows in particular that, for any a € A and any m € Oy,
the process

ot
(Z/ V26 Duy (192, €L - dﬁf«)
i=1"to

is Qto’e"rl(m)’a—martingale. This says that, for any o € A and any m € Oto := Oy, N O, the stochastic
integral in the statement of Proposition 5.6 has zero expectation. We obtain, for any a € A and any

te[to,T]
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m e Otov

t(],em_l(nL),oa
EQ

i)+ [

to

( (u® +Z<z Lal mé“))) T}

= uyy (m) + EQ Z/ G [(€8, Dup(u, €1))

+2(&, ap(17°,6)) + Dup(p®, &) - ap (12, 6)] dr

(5.12)

And then, recalling (5.8), we deduce that J(to,m,) > wug(m). Since a is arbitrary, this implies
V(to, em~1(m)) > s, (m).

We now study the case when J(to,m, ) > uy,(m) is in fact an equality, i.e., J(tg,m, ) = uyg, (Mm).
Recalling that em~!(m) belongs to T>° x (T4)%° (since m € P,(T?)), we observe that all the weights (s;);
are (strictly) positive. Back to (5.12), this implies that, for any i € N, for a.e. r € [to,T],

Qto om ™ (m) ({jf graDuT(:u‘r 751)) ( 71"70471"(/17?075:“)) +Du?”(:u‘7?07£1i“) . a:“(.uvczovgz") = 0}) =1

Since, for any = € T?¢, #(x,") is strictly convex in a € A, this implies, for any i € N, for a.e. r € [to, T],

Qe M ({ad (4, €1) = d, (u°,€1)}) = 1.

This proves that there is at most one control whose cost is equal to ug,(m).

Second step: proving the lower bound ug,(m) <V (tg,em~!(m)).

In order to complete the proof, it suffices to show that the control & := (&); (all the entries are the
same), which obviously belongs to A, satisfies us, (m) = J(to, m, &), for m in a full subset of D. This is a
consequence of (5.12), noticing that the right-hand side therein then reduces to wu;, (m). O

5.3. Finite-dimensional approximation

5.3.1. The approximate PDE. In this subsection we construct a finite dimensional approximation of the
PDE (5 2). By the density in (2 9) we can find sequences (€y,)n, (F™)n, (¥™), such that €, € (0,1),
F e 3°° for every ¢t € [0,T], ¢4 3°° for every n € Ny, and " — % in L?([0,T);H), 9" — ¢
in H, and en 4+ 0 as n — oo. Startlng from S as in (5.8), for every n € N, we define a function
f}C”.iP (T?) x R? — R as

N(ep,s)
FH"™(p, p) := Z s;(x5,p), p=em(s,x) € Py(T), p e R,

j=1

where N(e,,s) is as in (2.32). With a small abuse of notation, we still denote by H" the map over
Po(T?) x L2(P(T?) x T4, D; R?) defined by

(5.13)  H"(u,7) Z ;. (x5, 7(p, 7)), 1= em(s,x) € Po(T?), v € L*(P(T?) x T, D;RY).

A first object we are interested in is the Hamilton-Jacobi equation associated with H"™, #™ and 4.

Proposition 5.9. Let Assumption 5.5 be in force; for a given n € Ny, let H™, F™, and 4™ be as above.
Then H™ satisfies the conditions a*) and b*) in Remark 5.4 with the same Lipschitz constant L as the
one of H in Assumption 5.1. In particular, there exists a unique u™ € C([0,T); H) N ACy,.((0,T); H) N
L2([0,T); HY?) such that u} € D(A) for a.e. t € (0,T) and

(5.14) Opuy + Auy — H" (-, Duy) + F' =0 for a.e. t € (0,T), =9,

n
Ut ’t:T
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Proof. As far as a*) is concerned, it follows from the following straightforward inequalities

5 N(en,s(n)) 2
/?(Td)bf (1,0)| dD(u)S/T(Td)< > sj(u)|%(xj(u),o)|> dD (1)

Jj=1

< / ( I%(%O)du(m)> dD(p) < oo,
P(T4) Td

where we have denoted by (s(u),x(u)) the inverse of em applied to p, see (2.5), and used that J# satisfies
Assumption 5.1 a).

We now check b*). For any y = em(s,x) € P,(T?), 41,42 € L2(P(T?) x T¢,D; RY), we have, from the
Lipschitz property of # in Assumption 5.1 b),

N(en,s)
(5.15) ™ (1, ") = H™ (1, 77)] < Z 55 (25,9 (1, 5)) — A (5,72 (1, 75))|
(5.16) < L/Tdhl(u,x) —7*(n,2)| du(2),

and so b*) holds. Since #™ € L%([0,7]; H) and 9™ € H, the existence of a solution to (5.14) (as claimed
in the statement) follows directly from Proposition 5.3 and Remark 5.4. 0

The following stability result shows that the solutions to the PDE (5.14) converge to the one of the PDE
(5.2).

Proposition 5.10. Let Assumption 5.5 be in force, (H"™)pn, (F™)n, (9™)n be as above, and u™ be the
solution of (5.14) for each n € Ni. Then, for u the solution of (5.2), it holds

(5.17)

T
sup |uf — utﬁi—i—/ |[Dul — Duy||* dt
t€[0,T) 0

T
< C(L,T) <|§4" -9 —|—/ | T — Fl3 At + R, Du,T)) — 0 as n — oo,
0
where

T 00 ,
w D)= [ ST sl et Dua ), ) aD )

i>N(en,s(p))+1

and C(L,T) := (14 L™2)(1 4 eTO+2L) 4 (14 212)TeT(+2L")) I particular, the left-hand side of (5.17)
tends to 0 as n tends to co.

Proof. We use the same stability arguments as in the proof of Proposition 3.6. Writing the equation
solved by u — u™, testing it against u — u™, integrating with respect to time on the interval [¢, T for any
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ot
ut

€ [0,T], and integrating by parts the term driven by A using (2.24), we get

1 T
(.18)  luf —wly+ [ [Du? - Du |2 dr
t

1 T T
= §|€f”—§4|§{—|—/ (5—((~,Dur)—H"(~,Duf),uf—ur)Hdr—|—/ (F— Fpryuy —up) g dr
t

t

1 1 /7T T
§§|€§”—g|?q+§/ |uf—ur|§{dr+L2/ |ur ur\Hdr—l— /\yn ﬁrﬁqdr
t t
1 T

TN

1 T 1 [T
(5.19) g§|g”—s4|i,+(1/2+L2)/ \u:—ur|§1dr+§/ |\ F7 — Flfy dr
t 0

|H(-, Du,) — H(-, Dul) |3, dr

1 T
(5.20) + m ‘9{('7Du7") - Q‘Cn('a Dur)ﬁ{ dr

1 T 2
(5.21) toe | |H" (-, Duy) = H" (-, Duy!) [y dr,

where we have used Young’s inequality and we recall that L is the Lipschitz constant (depending solely on
the set A) appearing in Assumption 5.1 b) for J# as well as in condition b*) in Remark 5.4 for H", see
the statement of Proposition 5.9.

Next, we explain how to handle the last two terms (5.20) and (5.21). For (5.21), we get, using once again
b*) in Remark 5.4 for H",

1 [T 9 1 (T 9
— | %, Duy) — H (- Du) 3 dr = —— H" (1, Duy) — H™ (1, Du™)|? dD(p) d
sz [, 906 Dw) =90 D dr= g [ 5 D) =50 n D) 4D de

2

1 T
sz | [ |2 [ Dt - et lautn)| - avgoar
2L t T(Td) Td

1 T
f/ |Du,. — Du||? dr.
¢

(5.22) 5

IA

For (5.20), we observe that we can write

37 [ 1900 D) =90 e Du ) iy dr
2
=75 si(1) A (xi(1), Duy (25 (p), p)| dD(p) dr
(523) 2L / /?(Td) i= N(s71 s(p))+1
<o [ U1 (), D ) ) 4D )

i= N(En s(u))+1

< n
< 2L2:R (A, Du,T).

We write R (7, Du,T') in the form

T
(00 T) = [ ) ann ar
0 Jp(Td)

with 7, (r,p) = Z si ()| A (wi(p), Dup (z4(p), )]

i=N(en,s(pn))+1
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Next, we prove by means of the dominated convergence theorem that R" (., Du,T) — 0 as n — oo.
Domination follows from the bound

[rn (r, )| < Z5i(/‘)|<%0(zi(l‘)vDUT(IZ‘(H)’I‘))F = / |7 (2, Duy (w, p))|* dp(z),

P(T4)

the right-hand side, seen as a function of (r, 1), belonging, as a consequence of Remark 5.2 and the fact
that 7 satisfies Assumption 5.1, to the space L'([0,T] x P(T%), Z1%T] @ D). The above bound proves
that the sequence (|r,(r, it)|), is dominated by a common function in L'([0,T] x P(T?), 2107 @ D). At
the same time, it shows that 7, (r, u) — 0 pointwise as n — oo, since it is bounded by the remainder of a
convergent series. Therefore,

(5.24) lim R (5, Du,T) = 0.

n—oo

Combining (5.19), (5.20), (5.21), (5.22), and (5.23), we deduce that, for every t € [0, T],

1 n 2 1 T n 2
Sl = wff+ 5 [ D — D, 2 ar
t

1 r e 1
<Gl -9+ )2+ L2)/ |up — |3 dr + 5/ | F7 = Tl dr + R (A, Du, T),
t 0
The inequality in the statement follows then by the above inequality and a standard application of
Gronwall’s lemma. The convergence in the statement follows from (5.24). O

Remark 5.11. Questions related to the rate of convergence can be approached as in the linear case, see
Remark 4.24. Since the integrand in the definition of R™ (in the statement of Proposition 5.10) grows like
|Du,.|?, the difficulties are the same, especially those stemming from the poor integrability properties of
the gradient of u.

It is not difficult to see that an appropriate version of Proposition 5.6 also holds in the framework of this
subsection. We state the result in the following proposition, omitting the proof since it can be obtained
by repeating exactly the argument used for proving Proposition 5.6.

Proposition 5.12. Let Assumption 5.5 be in force. For n € Ny, let H™, F™, 4™ be as above, and u"
be the (corresponding) unique solution of (5.14). Let tg € [0,T) be an initial time. There exists a Borel
subset O of P(T?), with D(O) = 1, such that, for any m € O and any o € A

7 N(en,s(m

T (m))
G () = (i) — / TP () dr + / S (€, Dul (i, ) dr
t t i=1

o0 T
Y / DUl (47, €1) - ok (3°, €1) dr
=1""

00 T
+ / V2GDu (e, €Y - AL, tefto, T], QUoem (e g
i=171

5.3.2. The approximate control problem. Here we discuss, similarly to Subsection 4.3, a finite-dimensional
approximation of the mean-field control problem introduced in Subsection 5.2. The purpose of this
approximation is twofold: (i) on the one hand, it aims to provide, within the context of this paper, a
counterpart to previously established results on the approximation of a mean-field control problem by a
finite-dimensional (in that case, exchangeable) control problem; (ii) on the other hand, it also aims to give
an interpretation of the partial differential equation (5.14) and to explain how the solution to the latter
can be viewed as the value function of an auxiliary control problem.

Our first step is thus to introduce a suitable class of controls to connect the approximate PDE (5.14) to
the system of particles (5.6) (taking advantage of the fact that the feedback functions o/ may differ from
one index i to another). For every n € N, we define

An ={(a"); € At al(p,x) =0 for every (t,p,2) € [0,T] x P(T?) x T? and i € Ny s.t. N(en,s(u)) <i}.
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For an initial time t, € [0,7), an initial distribution m € P(T>° x (T4)°), and an admissible control
a € A, the n-cost associated to (g, m, ) is defined as

T N(en,(si)i)
(5.25)  J"(to,m, a) = B0 / FruE) + Y (€0l (&) | dr+ 9 (i)

to i=1
The corresponding value function is defined as

(526) Vn(t07m) = 1€n£ Jn(t(),maa)a (to,’TTL) € [OvT) X :P(Tooo X (Td)go)

The following result is the analogue of Theorem 5.7 for the approximate PDE (5.14).

Theorem 5.13. Let Assumption 5.5 be z'njorce, n € Ny, and u” be the solution of (5.14). Then for
every to € [0,T) there exists a Borel subset Oy, of P(T?), with D(Oy,) = 1, such that

(5.27) up (m) = V"(tg,em ' (m))  for allm € Oy,
Moreover, if to € [0,T) and m € Oy,, then the control &" = (&*™);, with the &"™’s being given by

Yy (Ma Jf) = _vp%(vau?(uvx))liSN(aﬂ,s(u))v (t,,u,a:) € [O7T] X CP(Td) X Tdv

is optimal for V™ (tg,em™1(m)) and it is unique in the following sense: if & € A, is also optimal for
V™ (tg,em~t(m)), then, for any i € Ny, for a.e. v € (to,T),

QUoem S ({G1 (e, €)= G (u, ) }) = 1.

Proof. The proof follows the same argument as the one of Theorem 5.7, using Proposition 5.12 instead of
Proposition 5.6, also noting that

o T 4 4 , N(en,s(m)) .1 4 , , .

S [ apu ) g)dr = Y [ aDu(eR ) i g)dr Qe e,
i=1"to i=1 to
for every a € A, to € [0,T), and m € Oy,. O

Remark 5.14. The following observations are in order:

1) Above, the threshold N(e,,s) is defined as a function of s, see (2.32). Recalling that N(e,s) < [1/¢],
we could also use [1/e] as a universal cap for the index ¢. The statement of Theorem 5.13 would
remain unchanged.

2) Although the feedback functions (a?); in A, are identically zero for i > N(e,,s(u)), the corresponding
particle system (5.6) remains infinite-dimensional, and each o is still defined on an infinite-dimensional
space. This leads us to consider, in the statement below, a truly finite-dimensional version of the
control problem.

In the statement below, we use the same finite-dimensional functional spaces as in the statement of
Theorem 4.23.

Theorem 5.15. Let Assumption 5.5 be in force, n € Ny, and u™ be the solution of (5.14). Then for
every to € [0,T) and D-a.e. m € P(T?)

u?o (m) = kts(fm) (xl(m)7 e ,xN(sms(m))(m)),

where, fors € T, k% is the unique solution, in the space CO1N(Ens) 0 (mp>1WZ}72,N(6n,s))’ of the PDE,
set on [0,T] x (’]I‘d)N(sn,s),

N(en,s) N(en,s)
1
(5.28) Okt + E S—Aikt + E 8; (-, 87 "Viky) + Fo emNEnS) (s ) =0 for a.e. t € (0,T)
i=1 i=1

with final condition
ktlier =9" 0 em?V(en:9) (s,°).
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Before presenting the proof of Theorem 5.15, we explain its meaning from the perspective of stochastic
control. For a fixed s € TS°, equation (5.28) is indeed a finite-dimensional Hamilton-Jacobi-Bellman

o

equation. It is associated with a stochastic control problem in finite dimension, which can be described
as follows. With the shorthand notation N := N (5n, s), and for an arbitrary filtered probability space
(Q,9,P,{F; }1ep0,7]) endowed with a collection { B}, of independent d-dimensional {F¢ };e4, 7)-Brownian
motions, we consider the collection of AN-valued {.’ﬂ}te [0,7]-Progressively-measurable open-loop controls

N.= {5N = (64, ..., 6N) 167 [0,T] x Q — A is progressively measurable Vi € {1,... 7N}} .

For the same collection of weights s € 7°°, and with an initial condition (¢o, x" = (2;)X,) € [0, T) x (T4)¥,
and a control 8" € 'YV, we associate the cost

T N
(5.29) JNS(tg,xN, V) = EC l/ (9,7 oem® (s, X2 + Z sif(Xf;,éf;))> dr +9™ o em™ (s, Xg)] ,
to i=1

where XV = {(Xti)te[to,T]}ilil is the stochastic process on (€2, F, P, {F;},ep0,17) defined by

dX} =didt dBi, te[ty, T i 1,...,N
(530) { +\/7 e 0 ]7 7/6{ 3 ) }7

X, =), ie{l,...,N}.
As a corollary of the proof of Theorem 5.15, we will identify the value function with the solution of (5.28).

Corollary 5.16. Within the framework of Theorem 5.15, the value function of the control problem
(5.29)—(5.30) is the function k3, i.e.,

(5.31) kfo(xN):(s]%nf IN3(t,xN 8N), to€[0,T), xN € (THN
ery

Consistently with the control problem formulated in (5.25), we also introduce a version of (5.29)—(5.30)
set over (Marokvian) closed-loop controls. Here, the set of closed-loop controls is given by

Y .= {7 Ao AN) A [0, T) x (TN — A is measurable Vi € {1,...,N}}7

and, for given to € [0,7) and xV € (T4)Y, the cost function is

INS(to, xN, 4N) .= R

T N
/ (%’LoemN(&Xf)+28if(XMi(Xiv))> ar+ 9" oem¥ (s, XY
to

i=1

where, on the space (Q,F, P, {Fi}reo.1), {(Bi)iejto, 1) 1), X is the solution to

{dX;‘ =y(XN)dt+ /2 dBj, telt,T], i€{l,...,N},

(5.32) A
X Wzi), i€{l,...,N}.

Note that, in the above equations, we are using the same convention as in Remark 2.15 to evaluate ¢ at
XN ¢ (T?)N. Note also that, even though the functions 7!, --- 4" are just assumed to be measurable
(and bounded since they are valued in A), the system (5.32) is uniquely solvable in the strong sense, see
[61]. As such, it is also uniquely solvable in the weak sense, but there is no need here to deal with weak
solutions; this makes a difference with the infinite dimensional setting introduced in Subsection 5.2.

It is a standard result in the theory of stochastic control that the control problems defined respectively over
open and closed controls share the same value function. We reestablish this fact below as a consequence of
the verification argument used in the proof of Theorem 5.15. In particular, we have the following analogue
of Corollary 5.16.

Corollary 5.17. Within the framework of Theorem 5.15, the value function of the control problem
(5.29)—(5.30) is the function k®, i.e.,

(533) kfo (XN) = ’ylrgll_‘N J (thXNa’YN)a o € [OvT)7 XN € (Td)N
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We stress once again that the dimension N in (5.33) depends on s. That said, as mentioned in the first
item of Remark 5.14, one could define another truncation in (5.25), with IV therein being equal to [1/e,].
With this definition, all the PDEs (5.28) (that still depend on s) would be set over the same space.

We now turn to the proof of the last three statements.

Proofs of Theorem 5.15 and Corollaries 5.16 and 5.17. Existence and uniqueness of a solution to the
PDE (5.28) (within the class specified in the statement of Theorem 5.15) follow from [22, Theorem 2.1].
By the Krylov version of 1td’s formula, see [43, Theorem 2.10.1], one can expand, for a collection of
weights s € T2°, an initial condition (to,xV) (with N := N(e,,s)) and an open-loop control " (in T'Y),
the process

to i=1

t N
(kf(giH / (ffﬁoemN(s,X§)+Zsi$(X;‘,5i)) dr) .
t€(to, T

Reproducing the computations carried out in the proofs of Theorems 5.7 and 5.13 (the setting is even
simpler here since the underlying space is of finite dimension), we can prove that

(5.34) TN (to, xN, 6%) > k5 (xN),
with equality if and only if, almost everywhere under Z[to7! @ P,

01 = =Vt (Xi,s7 ' Vika(XT))
i.e. X¥ is driven by the closed-loop control vV € I'Y given by

(%) = =V (wi,57 Vike(x)) |

which proves, as a by-product, the two Corollaries 5.16 and 5.17.
Therefore, by Theorem 5.13, the conclusion of Theorem 5.15 follows if we show that, for every (s, x) €
T x (T4)%° and every to € [0,T), setting N := N(e,,s) and xV := 7y (x), (recalling (5.26) for the
definition of V"):

(i) the infimum in (5.33) is larger than V" (o, (s,x));

(ii) the infimum in (5.31) is smaller than V" (¢, (s, x)).

To prove (i), we proceed as follows: let v € 'Y be given and let us define
O‘i(/‘ax) = 72 (WN(an,S(u))(X(N))) liSN(EmS(M)) (tnu'vx) € [OvT] X ?O(Td) X Td? (RS {17 sy N}’

and of = 0if i > N. We also set ai(u,z) = 0 if p € P(T¢) \ P,(T?). Notice that o' is Borel
measurable, since P,(T¢) is a Borel subset of P(T?), see the discussion below (2.4). For this a, we
easily check that the N first coordinates of the (weak) solution to (5.6) (constructed on some set-up
(Q,F,Q,{TFt }eefto, 1) ((s,%), (W?);))) coincides with the solution to (5.32), when constructed on the same
set-up (and when the initial conditions are the same). Since the law of the solution to (5.32) is independent
of the probabilistic set-up, we deduce that

J(fv’s(to,xN,’)/N) = J"(to, (s,%x), ) > V"(tg, (s,x)).

Taking the infimum over vV € TV in the above inequality, we conclude the proof of (i).

To prove (ii), we proceed in the opposite way: let a € A, be given and, on the filtered probability
space (2,5, Q&)@ (G}, 7]) endowed with the collection (7)Y, of independent d-dimensional
{St}te[toyT]—Brownian motions, let us define the progressively measurable functions

§ii=al(p, &) te[0,T],ic{l,...,N}.

Then 6% := (61,...,6") € TN and the process XV := (¢!, ..., &N) satisfy (5.30) (on the canonical set-up).
Reproducing the proof of (5.34), we deduce that

ktso (XN) S Jév’s(tmev(sN) = Jn(tﬂv (s,x),a).

Taking the infimum over a € A,, in the above inequality, we conclude the proof of (ii). U
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APPENDIX A. L-DERIVATIVE AND ITS RELATION WITH THE VECTOR-VALUED GRADIENT D

We compare the notion of derivative discussed in Subsection 2.2 with another popular definition, which is
particularly relevant in the context of mean-field games and mean-field control.

Definition A.1. We say that a continuous function u : P(T¢) — R is linearly differentiable at p € P(T4)
if the limit

(1= )t 18,) — u(y)
D =1
pu(p, z) = lim ;
exists and it is finite for every x € T¢. The real number above is called flat or linear functional derivative
of u at (u,x). The space of continuous functions which are everywhere linearly differentiable and whose
flat derivative is everywhere continuous in P(T%) x T? is denoted by CL(P(T?)).

The flat derivative of u € CL(P(T¢)) can be also characterized as the unique continuous function
G : P(T?) x T? — R satisfying

1
A )= [ [ Gl 0o dp =@ at [ G dute) =0

for every p,v € P(T?) (see [8, Chapter 2.2]).

Definition A.2. We say that u : P(T%) — R is L-differentiable at p € P(T?) if u is linearly differentiable
at p and the gradient

DLU(.u“a ‘T) = VDF(M) :L')
exists for every 2 € T¢, where V denotes the gradient with respect to the a-variable. The vector above is

called L-derivative of u at (u, ). The space of continuous functions which are everywhere L-differentiable
and whose L-derivative is everywhere continuous (and so bounded) is denoted by C!(P(T%)).

Remark A.3. The L-derivative introduced here is strongly related, at least in some cases, to the one
introduced by P.-L. Lions in [44] (see also [9, Chapter 5.2]) through the so-called lifting approach. For our
purposes, it is enough to note that if a function u belongs to C'(P(T%)), then it is differentiable in the
sense of Lions, and the two derivatives coincide (see [9, Proposition 5.84]). The converse may also be true
under further assumptions on the Fréchet derivative of the lifting of u (see [9, Proposition 5.51]).

Remark A.4. Tt is easy to see that if u € CY(P(T?)), then it is Wa-Lipschitz with Lipschitz constant
|Drull,,. Indeed, since Dyu is bounded, we have that for any u € P(T%) the map = — Dpu(u,z) is
Lipschitz with Lipschitz constant bounded by ||[Dzul| . Then, by (A.1) and the dual representation of
the 1-Wasserstein distance W1, see e.g. [62, Theorem 1.14], and the inequality W7 < W, it holds

u(p) = u@)| < |[Drull,,  sup ¢d(p —v) = [Drull o Wi(p,v) < |[Drull o Wa(p,v),
¢: Lip ¢<1.JTd

where we have denoted by Lip ¢ the global Lipschitz constant of ¢.
It is clear that if u € 3°° then u € C}(P(T¢)) and Vu = Du.

Proposition A.5. Let u € C1(P(T?)). Then for every Borel probability measure m on P(T?) there evists
a sequence of cylinder functions (un)n C 3°° such that

(A.2) Uy — u in L2(P(TY),m), Vu, — Dpu in L*(P(T9) x T¢,m; R?),
where M is the measure over P(T?) x T defined by (2.25) with m in place of D.

Proof. We divide the proof into three claims.
Claim 1. We define, for every n € N, , the functions h,, : (T4)" — R and v, : P(T¢) — R as

1 n
ho(21, .. &) == u (n 25901) , (T1,...,2n) € (Td)”,

Un () : / hy, dp®", p € P(TY),
(Td)n
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where 1®™ denotes the measure on (T¢)" obtained as the product of n copies of . Then (v,,), C C'(P(T)),
(hn)n C CH(TH™), [vnlloo < ltllsos IDLvn]loo < [[Drufls and the following formulas hold

1 1 &
Vjhn (@1, 2n) = —Dru <n Zam,xj> , (z1,...,2n) € (TH",
=1

n—1
1 1
Dpv,(u,x) = / Dru ( E Oz, + 5z,x> dp® Yz, x, ), (1, ) € P(T?) x T4,
Td(n—1) n P n

where V; denotes the gradient w.r.t. the j-th variable. Moreover,

(A.3) lim v, (1) = u(p), lim Dyv,(u,2) = Dpu(p,z)  for every (u,x) € P(T?) x T4
n—o0 n—o0

Proof of claim 1. The fact that (hy,), C C'((T%)") and the formula for V;h,, can be found for instance in
[9, Proposition 5.35]. Then, it is not difficult to check (see, e.g., [17, proof of Theorem 4.4]) that v, is
L-differentiable and that

Dron(p,x) = n/ Vohn (-, ) dp®m=1)
Rd(n—1)

n—1

1 1
- Diul =56, + =602 | du® VD (ay,.. . 20 -
/Rd(nil) Lu(nz ./1,+n.,,:17> 1 (1, s Tn_1),  (uy2) (T4) x

i=1
This, together with the definition of v,,, gives the desired bounds and the fact that (v,,), C C*(P(T)).

The convergence in (A.3) follows by the law of large numbers and the continuity of v and Dyu. This
concludes the proof of the first claim.

Claim 2. Let n € N, be fixed and let v,, be as in claim 1. Then, there exists a sequence of polynomials
(pP) in (T4)™ satisfying
(A.4) Pr(To(1)s - To(m)) = Pa(T1,...,2,) for every (z1,...,2,) € (TH"

and for every permutation o of {1,...,n}, such that, setting
wp) = [ ppduen, e p(TY)
k) - . ppdp——, K )
R n
we have that wy is L-differentiable at every p € P(T?), there exists a constant C' = C(||u]|oo, [|[Dru//oo) > 0
such that ||w}|le < C, [|[Drw}|lec < C for every k € N, and

(A.5) klingo wi (1) = v (w), kl;rgo Drw(p, z) = Dpv,(u,z)  for every (u,x) € P(T?) x T

Proof of claim 2. We take any sequence of polynomials (p?')x in (T%)" satisfying (A.4) such that
(A6) ||hn prHCl((Td)n) —0 as k — oo.

Up to a unrelabeled subsequence, we can assume that [|[pf|lc1(rayn) < 2||hnlle for every k € Ny. We

have (again by e.g., [17, proof of Theorem 4.4]) that w¥ is L-differentiable at every u € P(T%) and, since
py satisfies (A.4), it also holds

Dpwf (i x) = n / Vopp (o) du®0 D, (u2) € P(TY) x T,
Td(n—1)

where V,, denotes the gradient w.r.t. the n-th variable. We clearly have ||w}!|loc < 2|Ju/|s and
IDrwi (s 2)| < nl|Vapkllown) < 20 Valnlloo < 2[Dronflee < 2[Drullo,

thanks to the estimates obtained in claim 1. This proves the bounds. Using the dominated convergence
theorem and (A.6) we deduce both the convergences. This concludes the proof of the second claim.
Claim 3. Conclusion.

Proof of claim 3. Let m be any Borel probability measure on P(T¢). By claim 1, we can find a sequence
(Vn)n C CHP(R?)) of the form

o) = [ hadi, e (),
(Td)n
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for functions h,, € C1((T9)") satisfying (A.4), such that
vp — uin L2(P(T?),m), Drv, — Dpu in L?(P(T?) x T¢,m) as n — oc.

By claim 2, we can find a sequence of polynomials (p, x)x in (T¢)" such that, defining
Un k(1) = / P dp®™, e P(TY),
(Td)n

then u,, € 3, it is L-differentiable at every u € P(T?), ||t klloo < 2||t]lcos [IDLUn koo < 2||Druls and
’U,mk(,u) — /Un(/’b)a DLUmk(va) - DLvn(/J'ax) for every (/-1/737) € :P(Td) X Td

as k — oo. Moreover, by dominated convergence, u,  — v, in L?*(P(T%),m) and Dyu, r — Dy, in
L2(P(T4) x T¢,m) as k — co. Then, a diagonal argument in L%(P(T9), m) x L2(P(T?) x R% m) concludes
the proof of the third claim. O

Proposition A.6. Let D be the Dirichlet-Ferguson measure on P(T?). Then
CHP(TY)) ¢ HY2(P(T?), W2, D)
and,
Dyu=Du  for every u € C1(P(T?)),

where D is as in Proposition 2.13.

Proof. Since, by Remark A.4, we have that C1(P(T?)) C Lip, (P(T?), W) and, by definition, Lip, (P(T4), Ws) C
HY2(P(T4), Wy, D), we get the first inclusion in the statement. Let u € C'(P(T9)) and recall that
closability holds (see Subsection 2.2.2); by Proposition A.5, we can find a sequence of cylinder functions
(un)n C 3% satisfying (A.2) for u. Let also (u},),, C 3° be as in (2.23) and let us define z, := u, — u};
we have that z, — 0 in L2(P(T%), D) and Vz, = Vu, — Vu,, = Dru — Dpu in L2(P(T?) x T4, D; R?).
By definition of closability (cf. (2.14) and [36, Definition 5.6]), we deduce that it must be Dpu = Du. O

Remark A.7. Tt is easy to see that the inclusion in Proposition A.6 holds not only for D, but for every
Borel probability measure m on P(T?). In particular C*(P(T9)) ¢ HY2(P(T9), W2, m), where a precise
definition of H2(P(T?), W2, m) can be found in [36]. On the other hand, the equivalence between Dz u
and Du is strongly related to the choice of D and the closability of the quadratic form associated.

APPENDIX B. EXPLICIT APPROXIMATION OF CONTINUOUS FUNCTIONS ON P(T9)

The purpose of this section is to provide a quantitative and explicit method for approximating continuous
functions on P(T?) (or more generally, functions on [0, 7] x P(T9) x T?), in contrast with Proposition 2.7
which relies on a non-explicit approach.

Throughout, we make use of the equivalence relation introduced, for a given ¢ € (0, 1], in Definition
4.22, and of the related class @' of functions defined on the subsequent quotient space. The same
discussion and the same results can be also done when & is replaced by @™ for any m € N, but,
for the sake of simplicity, we work here with the simpler choice m = 1. For a continuous function
u: [0,7] x P(T?) x T? — R, we look for a family (u%).¢(o,1) that converges to u in a suitable sense as & | 0.
For a given € € (0, 1], we define the mapping 7. : P(T¢) — PP2(T9), recalling that the latter is the subset
of P(T?) of purely atomic measures, by

T (‘u) — m#l{zeﬂ‘d: Ha>eE}s if /J({iL' € T<: Mo > 5}) >0,
T 60, if u({z € T?: p, >e}) =0.

In words, T.(u) is the conditional probability of p given the subset of its atoms with mass greater than e.

Notice in particular that, if p = Z;’;l 5j0q,, with (z;); C T4 and 0 < sj41 < s; for every j € N, then
N#HE

Zj:l 550z,

To(p) = s
) 25\21 Sj



HJB EQUATIONS IN WASSERSTEIN-SOBOLEV SPACES 63

under the additional notation N*° := max{j € Ny :s; > e}. Also, it is easy to see that if y is purely
atomic, then T. () — p weakly as € | 0. The rate of convergence can be computed explicitly, using the
total variation distance, here denoted by drv:

dyy (Te(p),p) =2 sup |[Te(w)](B) — u(B)|

BeB(T4)
(B.1) nee s
2Y|y-mpi+2 ¥ u<a ¥
j=1 dim1 Si G>Nme41 j>Nmet+1

Thus, given u: [0, 7] x P(T¢) x T? — R, we can define its approximation u®: [0, 7] x P(T9) x T¢ — R as
u () i= w (To(p), ),  (t, ) € [0,T] x P(T?) x T<.

Notice that, if ¢ and v are e-compatible as in in Definition 4.22 for a given € € (0, 1], then by definition
of T, it holds uf (11, x) = uf (v, x) for any (¢,z) € [0,7] x T¢. This implies that u* € &/!. Moreover, by
construction, we also have [[u®[| < |lu/|, for any € € (0,1]. The convergence of u° to u is immediate since
u is continuous, and, by dominated convergence, the convergence also holds in L2([0, 7] x P(T%) x T, Q),
for any Borel probability measure Q on [0, 7] x P(T¢) x T whose marginal on P(T¢) is concentrated on
Pra(T?). The rate of convergence can be computed under 271 @ D, using the modulus of continuity (in
the p-variable) of u:

w():=  sup sup u(t 1) — u(tv)], 5 e [0,2).
t€[0,T],2€T? p,ve€PPe(T4):dry (pu,v)<s

Since [0, T] x P(T%) x T? is compact and u is continuous (on the product space, equipped with the product
topology) and because the square of the W5 distance (that metricizes the weak topology on P(T?)) is
dominated by the total variation distance, it holds that

glg(l)w(é) =0.

And then,

I [ (1) — s (1, ) du<x>] APt <T [ W (AT, ) D).
o Jop(rd) LJTe P(T)

Consider now any concave function ¥ : [0,2] — R that dominates Tw? (e.g., if w is linear, then ¥ is also
linear; if w is 1/2-Holder, then ¢ becomes linear). Deduce that

®2) [ ' / y [ )~ ) )| apyae <0 ( / AT dD(u)) .

The remaining question is thus to estimate fT(W) dry (T (p), ) dD(u). To do so, consider a Poisson—

Dirichlet distributed sequence (S;)i>1, constructed on some probability space (2, F,P). Back to (B.1),
the right-hand side therein can be rewritten (up to a factor 4) as

E Z Silis,>e)

i>1

We use notion of biased-pick sampling, see for instance [34, Subsection 2.4]. We call I an N -valued random
variable such that P({I =i}|(S;);) = S;, for all i € N;. The above expectation can be reformulated as

E ZSi]-{Si<E} =E [1{51<8}] ’

i>1

By [34, Theorem 2.7], we know that the law of Sy is exactly the law of Y7 in Remark 2.4. Therefore,

E Y Silis,cep| =E[L{s,<] =P({Y1 <¢}) ==.

i>1
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Back to (B.2), we obtain

T

(B.3) I/ [ [ ) = s ) )| D) e < 0(4e),
o Jore) L/1e

where ¥ is extended to the interval (2, 00) by letting w(r) = w(2) for r > 2.
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