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Nonlinear Differential Equations
and Applications NoDEA

Gradient bounds for a widely degenerate
orthotropic parabolic equation

To Cesca, nothing else to say. She knows.

Pasquale Ambrosio

Abstract. In this paper, we consider the following nonlinear parabolic
equation

∂tu =
n∑

i=1

∂xi

[
(|uxi | − δi)

p−1
+

uxi

|uxi |
]

in Ω × I,

where Ω is a bounded open subset of Rn for n ≥ 2, I ⊂ R is a bounded
open interval, p ≥ 2, δ1, . . . , δn are non-negative numbers and ( · )+
denotes the positive part. We prove that the local weak solutions are
locally Lipschitz continuous in the spatial variable. The main novelty
here is that the above equation combines an orthotropic structure with
a strongly degenerate behavior. We emphasize that our result can be
considered, on the one hand, as the parabolic counterpart of the elliptic
result established in [12], and on the other hand as an extension to a
significantly more degenerate framework of the findings contained in [13].

Mathematics Subject Classification. 35B45, 35B65, 35K10, 35K65, 35K92.
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chitz continuity, Moser iteration.

1. Introduction

Let Ω ⊂ R
n be a bounded open set and I ⊂ R a bounded open interval. We are

interested in the gradient regularity of the local weak solutions to the following
parabolic equation

∂tu =
n∑

i=1

∂xi

[
(|uxi

| − δi)
p−1
+

uxi

|uxi
|
]

in Ω × I, (1.1)
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where p ≥ 2, δ1, . . . , δn are non-negative numbers and ( · )+ stands for the
positive part. Throughout the paper, we denote by T0 < T1 the endpoints of
the time interval I.

Evolutionary equations of the above form have been studied since the
1960s, notably by the Soviet school; see, for instance, the work [33] by Vishik.
Equation (1.1) with all δi set to zero is also explicitly presented in the mono-
graphs [28], [30, Example 4.A, Chapter III] and [35, Example 30.8], among
others.

At first glance, (1.1) looks quite similar to the parabolic p-Laplace equa-
tion

∂tu =
n∑

i=1

(|Du|p−2 uxi
)xi

in Ω × I . (1.2)

However, the main novelty of Eq. (1.1) lies in the combination of two features,
namely an orthotropic structure and a strongly degenerate behavior. Indeed,
unlike the parabolic p-Laplace equation, for which the loss of ellipticity of the
operator div(|Du|p−2Du) is restricted to a single point, Eq. (1.1) becomes
degenerate on the larger set

n⋃

i=1

{|uxi
| ≤ δi} .

A more recent work in which Eq. (1.1) appears with all δi equal to zero is
[13]. There, the authors derive local L∞ bounds for the spatial gradient Du
of local weak solutions to (1.1), but confining their analysis to the case p ≥ 2
and max {δi} = 0. In this special case, as already observed in [13], the basic
regularity theory equally applies to both (1.1) and (1.2). A classical reference in
the field is DiBenedetto’s monograph [21], which provides boundedness results
for the solution u (see [21, Chapter V]), Hölder continuity estimates for u (see
[21, Chapter III]), as well as Harnack inequalities for non-negative solutions
(see [21, Chapter VI]). From a technical point of view, there is no distinction
to be made between (1.2) and (1.1) with all δi set to zero. Consequently, the
results in [13] and [21, Chapter V] imply that, for p ≥ 2 and max {δi} = 0,
the local weak solutions of (1.1) are locally Lipschitz continuous in the spatial
variable.

Concerning the gradient regularity of weak solutions to Eq. (1.2), we
refer again to DiBenedetto’s book for a comprehensive account of results on
the subject, specifically to [21, Chapter VIII]. Since then, the literature on the
regularity for nonlinear, possibly degenerate or singular, parabolic equations
(or systems) has been steadily expanding, with the evolutionary p-Laplace Eq.
(1.2) serving as a prototypical model. Without any claim of exhaustiveness, we
can mention a few classical references [17,18,20,22,23,34], up to more recent
contributions on the subject, such as [8,26,27], among others.

However, none of these results apply to Eq. (1.1), as they all rely on the
fact that the loss of ellipticity of the operator in divergence form is restricted
to a single point, as in the model case (1.2). As previously noted, such a
property dramatically fails for our Eq. (1.1). Therefore, the aforementioned
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references do not provide any regularity results for the spatial gradient Du of
its solutions.

In [4], we have recently proved that local weak solutions of (1.1) are locally
bounded also in the case p ≥ 2 and max {δi} > 0, thus extending DiBenedetto’s
result [21, Chapter V, Theorem 4.1] to our anisotropic and more degenerate
setting.

The primary goal of this paper is to establish a local L∞ bound on Du
for our Eq. (1.1), in order to extend the result of [13] to the markedly more
degenerate case max {δi} > 0. To this end, we will need to adapt the techniques
developed in [9–14,16] for degenerate equations with orthotropic structure (see
also [29], which deals with the higher differentiability of minimizers for non-
autonomous orthotropic functionals). Indeed, the main result of this work is
the following theorem, which can be considered as the parabolic counterpart
of the elliptic result [12, Theorem 1.1]. For notation and definitions we refer
to Sect. 2.

Theorem 1.1. Let n ≥ 2 and p ≥ 2. Moreover, assume that u ∈ Lp
loc(I;W 1,p

loc (Ω))
is a local weak solution of Eq. (1.1). Then

Du ∈ L∞
loc(Ω × I,Rn) .

More precisely, there exists a constant C > 1, depending only on n, p
and max {δ1, . . . , δn}, such that for every parabolic cylinder Qr(x0, t0) ⊂
QR(x0, t0) � Ω × I with R ∈ (0, 1], we have

‖Du‖L∞(Qr(x0,t0)) ≤ C

(R − r)ϑp

⎡

⎣1 +

(¨
QR(x0,t0)

|Du|p dx dt

) 1
2
⎤

⎦ , (1.3)

where

ϑ =

⎧
⎨

⎩

n + 2
2

if n ≥ 3,

any number > 2 if n = 2.

Remark 1.2. We explicitly note that for p ≥ 2, the local weak solutions of
(1.1) are locally Lipschitz continuous in the spatial variable. Indeed, Theo-
rem 1.1 provides a local L∞ estimate for the spatial gradient Du. In order to
interpret this estimate as a genuine Lipschitz continuity property for u, one
also needs the local boundedness of the solution itself. This is ensured by [4,
Theorem 1.1], which holds under the same assumptions on p and δ1, . . . , δn con-
sidered here. We also observe that, as recalled in (2.4), any local weak solution
u ∈ Lp

loc(I;W 1,p
loc (Ω)) of (1.1) belongs to C0(J ;L2(Ω′)) for every subinterval

J � I and every open set Ω′ � Ω, so that the result of [4] is applicable in
our framework. Combining these facts, we obtain the claimed local Lipschitz
continuity with respect to the spatial variable.
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Remark 1.3. (Comparison with other results) More generally, one may con-
sider the following evolutionary PDE

∂tu =
n∑

i=1

∂xi

[
(|uxi

| − δi)
pi−1
+

uxi

|uxi
|
]

in Ω × I, (1.4)

which still exhibits an orthotropic structure. Now we have a full range of
exponents 1 < p1 ≤ p2 ≤ · · · ≤ pn, one for each spatial direction. We refer
to [32], where some global Lipschitz regularity results are established for solu-
tions to the Cauchy-Dirichlet problem associated with (1.4), but only in the
case max {δi} = 0 and under suitable regularity assumptions on the data. We
emphasize that, due to their global character, for p1 = · · · = pn = p ≥ 2, such
results are not comparable with the one proved here. We also mention [19]
for a refined Harnack inequality for non-negative local weak solutions, as well
as for additional references on the problem. Furthermore, in [24] the authors
provide an extensive analysis of the Cauchy problem in the case max {pi} < 2
and max {δi} = 0, along with related regularity results.

However, as for the analog of our Theorem 1.1 for local solutions of Eq.
(1.4), this is still an open problem, as far as we know.

It is worth noting that Theorem 1.1 can also be viewed as an extension
to the orthotropic framework of our previous result in [3], where we estab-
lished local L∞ bounds for the spatial gradient of weak solutions to strongly
degenerate parabolic systems, whose model case is given by the equation

∂tu − div
(

(|Du| − λ)p−1
+

Du

|Du|
)

= f , with λ > 0 . (1.5)

The main feature of this PDE is that the diffusion part is uniformly elliptic
only outside a ball with radius λ, while it behaves asymptotically, that is, for
large values of |Du|, like the parabolic p-Laplace operator. Therefore, equa-
tions or systems of the form (1.5) fall into the class of asymptotically regular
parabolic problems (for a comprehensive overview of this topic, see [1,5,6] and
the references therein). As already pointed out in [2,6], no more than Lipschitz
regularity can be expected for solutions of equations or systems as in (1.5). In
fact, when f = 0, any time-independent λ-Lipschitz function solves (1.5), and
even more, it is a solution of the associated stationary equation or system.

Finally, we mention the very recent contribution [31], where the author
studies parabolic equations of the type

∂tu − div DξF(x, t,Du) = g in Ω × I,

with F : Ω × I × R
n → [0,∞) satisfying the following conditions:

(i) F is only elliptic for values of Du outside a bounded and convex set
E ⊂ R

n with the property that 0 ∈ Int E;
(ii) the partial map ξ 	→ F(x, t, ξ) is regular on R

n \E and vanishes whenever
ξ ∈ E.

Assuming that g ∈ Ln+2+σ(Ω × I) for some σ > 0, in [31] it is shown that
K(Du) ∈ C0(Ω × I) for any function K ∈ C0(Rn) that vanishes on E. This
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result extends the C1-regularity theorem proved in [6] for Eq. (1.5) in the case
f = 0, which fulfill (i) and (ii) with

F(x, t, ξ) =
1
p

(|ξ| − λ)p
+ and E = {ξ ∈ R

n : |ξ| < λ}.

1.1. Strategy of the proof

The key step in the proof of Theorem 1.1 is to derive an a priori Lipschitz
estimate for smooth solutions of the regularized parabolic equation

∂tuε = div [DξFε(Duε)] , (1.6)

where Fε is a smooth, uniformly convex approximation of the orthotropic
function defined in (2.2) below. Our goal is to establish a local Lipschitz
estimate for uε that is independent of the regularization parameter ε. Pass-
ing to the limit as ε → 0, we then show that the family {uε} converges to
the original solution u. This allows us to obtain the Lipschitz estimate for u
itself.

In what follows, we emphasize the main difficulties to get such a Lipschitz
estimate on uε. At first sight, the overall strategy may seem rather classical:
we rely on a Moser iterative scheme of reverse Hölder-type inequalities, arising
from the interplay between Caccioppoli estimates and Sobolev embeddings.
However, as precisely explained in [13, Sect. 1.3], this standard approach can-
not be applied directly, due to the severe degeneracy of the orthotropic equa-
tion under consideration. For this reason, we need to borrow the machinery
developed in the elliptic setting in [9] and [12], and later successfully exploited
in [13].

In particular, we make use of standard and nonstandard (so-called
“weird”) Caccioppoli inequalities, both introduced in [13] to deal with the
solutions of the regularized Eq. (1.6) (see Lemmas 3.3 and 3.4 below). Here,
the term weird refers to a family of parabolic Caccioppoli-type estimates where
two different components of the spatial gradient Duε are coupled. More pre-
cisely, such estimates involve mixed terms depending simultaneously on ∂xj

uε

and ∂xk
uε, rather than a single spatial derivative. This feature is crucial in the

orthotropic setting, where the degeneracy of the operator precludes the direct
use of standard elliptic estimates. By coupling different spatial directions, the
aforementioned “weird” Caccioppoli inequalities allow one to compensate for
the strong degeneracy of the orthotropic operator and recover enough coerciv-
ity to carry out a Moser iterative scheme. Thanks to these inequalities, we can
proceed up to a certain point as in the proof of [13, Proposition 4.1], where the
parameters δi are all equal to 0. In that setting, the combination of standard
and nonstandard Caccioppoli inequalities is sufficient to implement the itera-
tion scheme. A substantial difference arises in the present framework, where
max {δi} > 0. In this case, the degeneracy region of the orthotropic operator
on the right-hand side of (1.1) is no longer of measure zero, and this prevents a
direct application of the argument used in [13]. To overcome this difficulty and
handle the more degenerate situation where max {δi} > 0, we have to resort to
an idea exploited in [12, Sect. 5.2], in the elliptic setting. More specifically, we
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need to perform the Moser iteration using a new measure dμ, which is abso-
lutely continuous with respect to the (n + 1)-dimensional Lebesgue measure
and is supported on the set whose complement coincides with the region1

{
max

1 ≤ i ≤ n

∣∣∣∣
∂uε

∂xi

∣∣∣∣ ≤ δ

}
, where δ = 1 + max {δ1, . . . , δn} .

From the L∞ bound for Duε obtained via the Moser scheme with respect to
the measure dμ, we can easily deduce the desired local L∞ estimate for Duε

in terms of the usual Lebesgue measure, by exploiting the support properties
of dμ.

From a technical viewpoint, the introduction of the measure dμ allows the
Moser iteration to be localized away from the degeneracy set of the orthotropic
operator. This modification of the underlying measure in the iteration scheme
makes the Moser iterative procedure fully compatible with the orthotropic
structure of the equation and with the presence of multiple degeneracy thresh-
olds δi ≥ 0. This idea represents the main new ingredient in our approach
compared to [13] and allows us to achieve the proof of Theorem 1.1.

1.2. Plan of the paper

The paper is organized as follows. Section 2 collects the preliminary material,
including classical notations, basic properties of local weak solutions to (1.1)
and a few auxiliary lemmas. In Sect. 3, we define the exact structure of the
regularized Eq. (1.6), whose local weak solution uε satisfies the Caccioppoli-
type inequalities established in [13] and recalled in Subsect. 3.1. Section 4
is devoted to the Moser iterative scheme, which yields a uniform L∞ bound
for Duε through the uniform energy estimates derived in Sect. 5. Finally, in
Sect. 6 we complete the proof of Theorem 1.1, by transferring the a priori
estimates obtained for the approximating solutions uε to the original solution
u. In treating the limiting case p = 2, we also rely on a lemma proved in the
Appendix.

2. Notation and preliminaries

In this paper we shall denote by C or c a general positive constant that may
vary on different occasions, even within the same line of estimates. Relevant
dependencies on parameters and special constants will be suitably emphasized
using parentheses or subscripts. The norm we use on R

k, k ∈ N, will be the
standard Euclidean one and it will be denoted by | · |. In particular, for the
vectors ξ, η ∈ R

k, we write 〈ξ, η〉 for the usual inner product and |ξ| := 〈ξ, ξ〉 1
2

for the corresponding Euclidean norm.
In what follows, we use the notation

QR(x0) := x0 + (−R,R)n, x0 ∈ R
n, R > 0,

1More precisely, in the limiting case p = 2, the parameter δ is replaced by δ + 1.
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for the n-dimensional open cube centered at x0 with side length 2R. In the
paper we will also work with anisotropic parabolic cylinders of the type

QR(x0, t0) := QR(x0) × (t0 − Rp, t0), t0 ∈ R. (2.1)

If E ⊆ R
k is a Lebesgue-measurable set, then we will denote by |E| its k-

dimensional Lebesgue measure.
In the sequel, we will also adopt the following notation for convenience:

given v ∈ L1(Ω × I),ˆ
Ω×{τ}

v dx :=
ˆ

Ω

v(x, τ) dx for a.e. τ ∈ I.

In this work, we define a local weak solution to (1.1) as follows.

Definition 2.1. Let F0 : Rn → R be the function defined by

F0(ξ) :=
n∑

i=1

1
p

(|ξi| − δi)
p
+ . (2.2)

We say that u ∈ Lp
loc(I;W 1,p

loc (Ω)) is a local weak solution of Eq. (1.1) if and
only if, for any test function ϕ ∈ C∞

0 (Ω × I), we have¨
Ω×I

(u ∂tϕ − 〈DξF0(Du),Dϕ〉) dx dt = 0 . (2.3)

Let u ∈ Lp
loc(I;W 1,p

loc (Ω)) be a local weak solution of (1.1). We now recall some
additional properties of u: for every subinterval J � I and every open set
Ω′ � Ω, we have

∂tu ∈ Lp′
(J ;W−1,p′

(Ω′)) and u ∈ C0(J ;L2(Ω′)) . (2.4)

Here, p′ := p/(p − 1) is the conjugate exponent of p and W−1,p′
(Ω′) is the

topological dual space of W 1,p
0 (Ω′), which in turn is the completion of C∞

0 (Ω′)
with respect to the Lp norm of the gradient.

In what follows, we briefly recall the argument used to obtain (2.4). Fix
J and Ω′ as above. By using Eq. (2.3) and the fact that DξF0(Du) ∈ Lp′

loc(Ω×
I,Rn), one easily gets
∣∣∣∣
¨

Ω′×J

u ∂tψ dx dt

∣∣∣∣ =
∣∣∣∣
¨

Ω′×J

〈DξF0(Du), Dψ〉 dx dt

∣∣∣∣

≤ n ‖Du‖p−1
Lp(Ω′×J) ‖Dψ‖Lp(Ω′×J)

≤ n ‖Du‖p−1
Lp(Ω′×J) ‖ψ‖

Lp(J;W
1,p
0 (Ω′)), for every ψ ∈ C∞

0 (Ω′ × J) .

By density, we can extend the linear functional

Λ : ψ 	→
¨

Ω′×J

u ∂tψ dx dt

to the whole space Lp(J ;W 1,p
0 (Ω′)). This implies that (see, for example, [30,

Theorem 1.5, Chapter III])

Λ ∈
(
Lp(J ;W 1,p

0 (Ω′))
)∗

= Lp′
(J ;W−1,p′

(Ω′)) .
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From the definition of Λ and of weak derivative, we obtain the first property
in (2.4).

The second property in (2.4) follows by recalling that for every open set
O ⊂ R

n, we have (see [30, Proposition 1.2, Chapter III])

Wp(O × J) :=
{

v ∈ Lp(J ; W 1,p
0 (O)) : ∂tv ∈ Lp′

(J ; W −1,p′
(O))

}
⊂ C0(J ; L2(O)).

Indeed, it is sufficient to take Ω′ � Ω′′ � Ω and use the previous inclusion for
the function ηu, where η ∈ C∞

0 (Ω′′) is such that η ≡ 1 on Ω′. By the first
property in (2.4) (used with Ω′′ in place of Ω′) and the properties of η, we
have that

ηu ∈ Wp(Ω′′ × J) ⊂ C0(J ;L2(Ω′′)) .

Since η ≡ 1 on Ω′, the above fact implies that u ∈ C0(J ;L2(Ω′)), as claimed.

We now gather some lemmas that will be useful to prove our results. Let
Jλ : R → R and Hλ : R → R be the auxiliary functions defined respectively by

Jλ(s) :=

⎧
⎨

⎩
(|s| − λ)p−1

+

s

|s| if s �= 0,

0 if s = 0,
(2.5)

and

Hλ(s) :=

⎧
⎨

⎩
(|s| − λ)

p
2
+

s

|s| if s �= 0,

0 if s = 0,
(2.6)

where λ ≥ 0 is a parameter. We record the following estimate, which can be
obtained by suitably modifying the proof of [15, Lemma 4.1] in the case N = 1.

Lemma 2.2. Let p ≥ 2 and λ ≥ 0. Then, for every s, t ∈ R we get

(Jλ(s) − Jλ(t)) (s − t) ≥ 4
p2

|Hλ(s) − Hλ(t)|2 .

The next result follows from an elementary computation (see, e.g., [16, Lemma
A.1]).

Lemma 2.3. Let v : R → [0,∞) be a C1,1 convex function. Let us set

G(s) =
ˆ s

0

√
v′′(τ) dτ . (2.7)

Then, for every a, b ∈ R we have

(v′(a) − v′(b)) (a − b) ≥ |G(a) − G(b)|2 .

Remark 2.4. Since the function v in Lemma 2.3 belongs to C1,1(R), its deriv-
ative v′ is Lipschitz continuous. Hence, v′′ exists almost everywhere in R (by
Rademacher’s theorem) and belongs to L∞(R). In particular, the integral in
(2.7) is well defined as a Lebesgue integral.

We conclude this section with the following classical result; see [25, Lemma
6.1] for a proof.
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Lemma 2.5. Let 0 ≤ ρ0 < ρ1 < ∞ and assume that Z : [ρ0, ρ1] → [0,∞) is a
bounded function satisfying

Z(ρ) ≤ θ Z(r) +
A

(r − ρ)α
+

B

(r − ρ)β
+ C

for all ρ0 ≤ ρ < r ≤ ρ1, for some θ ∈ (0, 1) and fixed non-negative constants
A, B, C, α > β > 0. Then, there exists a constant κ = κ(α, θ) > 0 such that

Z(ρ0) ≤ κ

(
A

(ρ1 − ρ0)α
+

B

(ρ1 − ρ0)β
+ C

)
.

3. Estimates for a regularized equation

We define
G(ξ) :=

1
p

(1 + |ξ|2) p
2 , ξ ∈ R

n, (3.1)

and, for i ∈ {1, . . . , n}, we set

gi(s) :=
1
p

(|s| − δi)
p
+ , s ∈ R .

For p > 2 and for every ε ∈ (0, 1), we consider the convex function

Fε(ξ) :=
n∑

i=1

gi(ξi) + εG(ξ) , ξ ∈ R
n. (3.2)

Remark 3.1. For p = 2 and δi > 0, we have gi ∈ C1(R)∩C∞(R \ {−δi, δi}), but
gi is not in C2(R). In this case, one would need to replace gi by a regularized
version gi,ε, in particular for the derivation of the ellipticity bounds in Lemma
3.2 below. For 0 < ε < min {1, δi}, a regularized version of gi is given by

gi,ε(s) :=

⎧
⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎩

0 if |s| ≤ δi − ε ,

1
12 ε

(|s| − δi + ε)3 if δi − ε ≤ |s| ≤ δi + ε ,

ε2

6
+

1
2

(|s| − δi)2 if |s| ≥ δi + ε ,

(3.3)

which converges in C1 to (|s| − δi)2+/2 as ε goes to 0 (see Lemma A.1 in the
Appendix and [14, Sect. 2]). Therefore, for p = 2, to ensure that Fε ∈ C2(Rn),
we need to define it as follows:

• first, we denote Δ+ := {δi : i ∈ {1, . . . , n}, δi > 0};
• then, for ε ∈ (0,min {1, inf Δ+}), we define

Fε(ξ) =
n∑

i=1

g̃i,ε(ξi) +
ε

2
(1 + |ξ|2) , (3.4)

with the convention that inf Δ+ = +∞ if Δ+ = ∅ and

g̃i,ε :=

{
gi if δi = 0,

gi,ε if δi > 0,
∀ i ∈ {1, . . . , n} . (3.5)



  105 Page 10 of 38 P. Ambrosio NoDEA

Lemma 3.2. Let p ≥ 2, ε ∈ (0,min {1, inf Δ+}) and ξ ∈ R
n. Then, for every

ζ ∈ R
n we have

ε (1 + |ξ|2) p−2
2 |ζ|2 ≤ 〈D2Fε(ξ) ζ, ζ〉 ≤ (1 + ε) (p − 1) (1 + |ξ|2) p−2

2 |ζ|2. (3.6)

Proof. For p > 2, a straightforward computation reveals that

D2Fε(ξ) = diag (g′′
1 (ξ1), . . . , g′′

n(ξn)) + εD2G(ξ) ,

where, for every i ∈ {1, . . . , n},

g′′
i (s) = (p − 1) (|s| − δi)

p−2
+ , s ∈ R ,

and
D2G(ξ) = (1 + |ξ|2) p−4

2 [(1 + |ξ|2) I + (p − 2) ξ ⊗ ξ] .

Thus, for every ζ ∈ R
n we get

〈D2Fε(ξ) ζ, ζ〉 =
n∑

i=1

g′′
i (ξi) ζ2

i

+ ε (1 + |ξ|2) p−2
2 |ζ|2 + ε (p − 2) (1 + |ξ|2) p−4

2

n∑

i,j=1

ξi ξj ζi ζj

= (p − 1)
n∑

i=1

(|ξi| − δi)
p−2
+ ζ2

i

+ ε (1 + |ξ|2) p−2
2 |ζ|2 + ε (p − 2) (1 + |ξ|2) p−4

2 〈ξ, ζ〉2. (3.7)

Using the Cauchy-Schwarz inequality, from (3.7) we obtain

〈D2Fε(ξ) ζ, ζ〉 ≤ (p − 1) (1 + |ξ|2) p−2
2 |ζ|2 + ε (1 + |ξ|2) p−2

2 |ζ|2

+ ε (p − 2) (1 + |ξ|2) p−4
2 |ξ|2|ζ|2

≤ (1 + ε) (p − 1) (1 + |ξ|2) p−2
2 |ζ|2. (3.8)

For the derivation of the lower bound, it is sufficient to observe that the first
and third terms in the right-hand side of (3.7) are non-negative.

In the case p = 2, we replace each gi with the function g̃i,ε ∈ C2(R)
defined by (3.3) and (3.5). Noting that 0 ≤ g̃′′

i,ε ≤ 1 for any i ∈ {1, . . . , n},
when p = 2 we immediately have

ε |ζ|2 ≤ 〈D2Fε(ξ) ζ, ζ〉 =
n∑

i=1

g̃′′
i,ε(ξi) ζ2

i + ε |ζ|2 ≤ (1 + ε) |ζ|2. (3.9)

This completes the proof. �

Now, for every ε ∈ (0,min {1, inf Δ+}), we consider a local weak solution
uε ∈ Lp

loc(I;W 1,p
loc (Ω)) of the equation

∂tv = div [DξFε(Dv)] in Ω × I.
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This means that uε verifies¨
Ω×I

(uε ∂tϕ − 〈DξFε(Duε),Dϕ〉) dx dt = 0 , for every ϕ ∈ C∞
0 (Ω × I) .

(3.10)
Since Fε belongs to C2(Rn) and satisfies (3.6), we can rely on the classical
regularity theory for quasilinear parabolic equations, see e.g. [21, Theorem
5.1, Chapter VIII] and [7, Lemma 3.1], to get:

Duε ∈ L∞
loc(Ω × I,Rn) and uε ∈ L2

loc(I;W 2,2
loc (Ω)) .

For convenience of notation, from now on we drop the index ε ∈ (0,
min {1, inf Δ+}) and simply write u and F in place of uε and Fε, unless oth-
erwise specified.

3.1. Caccioppoli-type inequalities

The first technical tools in the proof of Theorem 1.1 are the following standard
and nonstandard Caccioppoli inequalities, established in [13, Lemmas 3.1 and
3.2].

Lemma 3.3. (Standard Caccioppoli inequality) Let η ∈ C∞
0 (Ω) and χ ∈

C∞
0 ((T0, T1]) be two non-negative functions, with χ non-decreasing. Let h :

R → R be a C1 convex non-negative function. Then, for almost every τ ∈ I
and every j ∈ {1, . . . , n}, we have

χ(τ)
ˆ

Ω×{τ}
h2(uxj

) η2 dx +
¨

Ω×(T0,τ)

〈D2F (Du)Dh(uxj
),Dh(uxj

)〉χ η2 dx dt

≤
¨

Ω×(T0,τ)

(∂tχ) η2 h2(uxj
) dx dt

+ 4
¨

Ω×(T0,τ)

〈D2F (Du)Dη,Dη〉h2(uxj
)χdx dt .

While the standard Caccioppoli inequality in Lemma 3.3 provides an estimate
for suitable convex functions of a single spatial derivative uxj

, it is not sufficient
in the orthotropic setting due to the strong degeneracy of the operator. To
overcome this issue, we need a more refined, nonstandard estimate involving
two different components of Du. This estimate is the content of the next
lemma, which is referred to as a weird Caccioppoli inequality in [13]. The key
idea is to mix together the components of the spatial gradient Du with respect
to two orthogonal directions, in such a way as to compensate for the severe
degeneracy of the orthotropic operator, as already explained in Subsect. 1.1
and in [13, Sect. 1.3].

Lemma 3.4. (Weird Caccioppoli inequality) Let η ∈ C∞
0 (Ω) and χ ∈

C∞
0 ((T0, T1]) be two non-negative functions, with χ non-decreasing. Let Φ :

[0,∞) → R and Ψ : [0,∞) → R be two C1 non-decreasing and non-negative
convex functions. Then, for almost every τ ∈ I, every j, k ∈ {1, . . . , n} and
every α ∈ [0, 1], we have

χ(τ)

ˆ
Ω×{τ}

Φ(u2
xj

)Ψ(u2
xk

) η2 dx
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+

¨
Ω×(T0,τ)

〈D2F (Du) Duxj , Duxj 〉 Φ′(u2
xj

) Ψ(u2
xk

) χ η2 dx dt

≤
¨

Ω×(T0,τ)
Φ(u2

xj
) Ψ(u2

xk
) (∂tχ) η2 dx dt

+ 4

¨
Ω×(T0,τ)

〈D2F (Du) Dη, Dη〉[u2
xj

Φ′(u2
xj

)Ψ(u2
xk

) + u2
xk

Φ(u2
xj

) Ψ′(u2
xk

)
]
χ dx dt

+ 8

(¨
Ω×(T0,τ)

〈D2F (Du) Duxj , Duxj 〉 u2
xj

[Φ′(u2
xj

)]2 [Ψ′(u2
xk

)]α χ η2 dx dt

) 1
2

×
(¨

Ω×(T0,τ)

[
1

4
(∂tχ) η2 + 〈D2F (Du) Dη, Dη〉 χ

]
|uxk |2α [Ψ(u2

xk
)]2−α dx dt

) 1
2

.

4. A quantitative L∞ bound for Duε

In this section, we establish a uniform L∞ estimate for Duε, working with the
anisotropic parabolic cylinders defined in (2.1). As in the previous section, we
will drop the index ε ∈ (0,min {1, inf Δ+}) and simply write u and F in place
of uε and Fε, respectively. Moreover, we set

δ := 1 + max {δi : i = 1, . . . , n} . (4.1)

Proposition 4.1. Let n ≥ 2 and p ≥ 2. Moreover, let δ be defined according to
(4.1). Then, there exist constants ϑ = ϑ(n) > 2 and C = C(n, p, δ) > 1 such
that, for every ε ∈ (0,min {1, inf Δ+}) and for every Qr(x0, t0) ⊂ QR(x0, t0) �
Ω × I with R ≤ 1, we have

‖Duε‖L∞(Qr(x0,t0)) ≤ C

(R − r)ϑp

⎡

⎣1 +

(¨
QR(x0,t0)

|Duε|p dx dt

) 1
2
⎤

⎦ . (4.2)

Proof. For simplicity, we limit ourselves to the case n ≥ 3. This allows us to
apply the Sobolev inequality valid for every v ∈ W 1,2

0 (Ω)

‖v‖L2∗ (Ω) ≤ Cn ‖Dv‖L2(Ω) with 2∗ =
2n

n − 2
.

Here Cn denotes a constant depending only on n. The case n = 2 requires only
minor modifications, whose details are left to the reader.
As the proof is rather intricate, we divide it into several steps for clarity. The
first two steps follow the proof of the analogous Proposition 4.1 in [13], where,
however, δi = 0 for every i ∈ {1, . . . , n}. For the sake of completeness, we
include them here as well.

Step 1: the choices of Φ and Ψ. We apply Lemma 3.4 with the following choices:

Φ(t) = ts and Ψ(t) = tm, for t ≥ 0 ,

with 1 ≤ s ≤ m. We also take

α =

⎧
⎨

⎩

m − s

m − 1
∈ [0, 1] if m > 1,

1 if m = 1.
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This yields

χ(τ)

ˆ
Ω×{τ}

|uxj
|2s |uxk

|2m η2 dx

+ s

¨
Ω×(T0,τ)

〈D2F (Du) Duxj
, Duxj

〉 |uxj
|2s−2 |uxk

|2m χ η2 dx dt

≤
¨

Ω×(T0,τ)
|uxj

|2s |uxk
|2m (∂tχ) η2 dx dt

+ 4

¨
Ω×(T0,τ)

〈D2F (Du) Dη, Dη〉[s |uxj
|2s |uxk

|2m + m |uxk
|2m |uxj

|2s
]
χ dx dt

+ 8 s m
α

2

(¨
Ω×(T0,τ)

〈D2F (Du) Duxj
, Duxj

〉 |uxj
|4s−2 |uxk

|2m−2s χ η2 dx dt

) 1
2

×
(¨

Ω×(T0,τ)

[
1

4
(∂tχ) η2 + 〈D2F (Du) Dη, Dη〉 χ

]
|uxk

|2(s+m) dx dt

) 1
2

.

On the product of the last two integrals, we apply Young’s inequality in the
form

ab ≤ a2 +
b2

4
.

Thus we obtain

χ(τ)

ˆ
Ω×{τ}

|uxj
|2s |uxk

|2m η2 dx

+

¨
Ω×(T0,τ)

〈D2F (Du) Duxj
, Duxj

〉 |uxj
|2s−2 |uxk

|2m χ η2 dx dt

≤
¨

Ω×(T0,τ)
|uxj

|2s |uxk
|2m (∂tχ) η2 dx dt

+ 4 (s + m)

¨
Ω×(T0,τ)

〈D2F (Du) Dη, Dη〉 |uxj
|2s |uxk

|2m χ dx dt

+ 16 s2 m

¨
Ω×(T0,τ)

[
1

4
(∂tχ) η2 + 〈D2F (Du) Dη, Dη〉 χ

]
|uxk

|2(s+m) dx dt

+

¨
Ω×(T0,τ)

〈D2F (Du) Duxj
, Duxj

〉 |uxj
|4s−2 |uxk

|2m−2s χ η2 dx dt ,

where we have also used that s ≥ 1 in the left-hand side and mα ≤ m in the
right-hand side. By Young’s inequality again, we can estimate

|uxj
|2s |uxk

|2m ≤ |uxj
|2(s+m) + |uxk

|2(s+m) .

This finally gives

χ(τ)
ˆ

Ω×{τ}
|uxj

|2s |uxk
|2m η2 dx

+
¨

Ω×(T0,τ)

〈D2F (Du)Duxj
,Duxj

〉 |uxj
|2s−2 |uxk

|2m χ η2 dx dt

≤ 16 (s + m + s2 m)
¨

Ω×(T0,τ)

[
(∂tχ) η2 + 〈D2F (Du)Dη,Dη〉χ

]

×
[
|uxj

|2(s+m) + |uxk
|2(s+m)

]
dx dt
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+
¨

Ω×(T0,τ)

〈D2F (Du)Duxj
,Duxj

〉 |uxj
|4s−2 |uxk

|2m−2s χ η2 dx dt . (4.3)

Step 2: the staircase. Let �0 ∈ N \ {0} and set M = 2
0 − 1. We define the two
families of indices

s
 = 2
 and m
 = M + 1 − 2
, for � ∈ {0, . . . , �0} .

By construction, for every � ∈ {0, . . . , �0 − 1} we have

s
 + m
 = M + 1, 2s
 − 1 = s
+1 − 1 and m
 − s
 = m
+1 .

We also use that s
 + m
 + s2

 m
 ≤ 2(M + 1)3. Then, inequality (4.3) written

for s = s
 and m = m
, with 0 ≤ � ≤ �0 − 1, gives

χ(τ)
ˆ

Ω×{τ}
|uxj

|2s� |uxk
|2m� η2 dx

+
¨

Ω×(T0,τ)

〈D2F (Du)Duxj
,Duxj

〉 |uxj
|2s�−2 |uxk

|2m� χ η2 dx dt

≤ 32 (M + 1)3
¨

Ω×(T0,τ)

[
(∂tχ) η2 + 〈D2F (Du)Dη,Dη〉χ

]

×
[
|uxj

|2(M+1) + |uxk
|2(M+1)

]
dx dt

+
¨

Ω×(T0,τ)

〈D2F (Du)Duxj
,Duxj

〉 |uxj
|2s�+1− 2 |uxk

|2m�+1 χ η2 dx dt .

By summing with respect to � from 0 to �0 −1, and erasing the common terms
on both sides, we get

χ(τ)

0−1∑


=0

ˆ
Ω×{τ}

|uxj
|2s� |uxk

|2m� η2 dx

+
¨

Ω×(T0,τ)

〈D2F (Du)Duxj
,Duxj

〉 |uxk
|2M χ η2 dx dt

≤ 260M3 �0

¨
Ω×(T0,τ)

[
(∂tχ) η2 + 〈D2F (Du)Dη,Dη〉χ

]

×
[
|uxj

|2(M+1) + |uxk
|2(M+1)

]
dx dt

+
¨

Ω×(T0,τ)

〈D2F (Du)Duxj
,Duxj

〉 |uxj
|2M χ η2 dx dt .

Now, in order to estimate the last term on the right-hand side of the previous
inequality, we use Lemma 3.3 with the choice

h(y) =
|y|M+1

M + 1
, y ∈ R .

We thus obtain¨
Ω×(T0,τ)

〈D2F (Du)Duxj
,Duxj

〉 |uxj
|2M χ η2 dx dt



NoDEA Gradient bounds for a widely degenerate orthotropic. . . Page 15 of 38   105 

=
¨

Ω×(T0,τ)

〈D2F (Du)Dh(uxj
),Dh(uxj

)〉χ η2 dx dt

≤ 4
(M + 1)2

¨
Ω×(T0,τ)

[(∂tχ) η2 + 〈D2F (Du)Dη,Dη〉χ] |uxj
|2(M+1) dx dt .

Combining the two previous estimates and using the fact that

M = 2
0 − 1 ≥ �0 ≥ 1 for every �0 ∈ N \ {0},

we find

χ(τ)

0−1∑


=0

ˆ
Ω×{τ}

|uxj
|2s� |uxk

|2m� η2 dx

+
¨

Ω×(T0,τ)

〈D2F (Du)Duxj
,Duxj

〉 |uxk
|2M χ η2 dx dt

≤ 261M4

¨
Ω×(T0,τ)

[
(∂tχ) η2 + 〈D2F (Du)Dη,Dη〉χ

]

×
[
|uxj

|2(M+1) + |uxk
|2(M+1)

]
dx dt . (4.4)

Step 3: weak ellipticity and boundedness of D2F for p > 2. From now on, we
shall assume that p > 2, unless otherwise specified.

From (3.7) and (3.8), it follows that

(p − 1)
n∑

i=1

(|ξi| − δi)
p−2
+ ζ2

i ≤ 〈D2F (ξ) ζ, ζ〉 ≤ c(p) (1 + |ξ|p−2) |ζ|2 for every ξ, ζ ∈ R
n.

Inserting these estimates into (4.4), one gets

χ(τ)

0−1∑


=0

ˆ
Ω×{τ}

|uxj
|2s� |uxk

|2m� η2 dx

+ (p − 1)
n∑

i=1

¨
Ω×(T0,τ)

(|uxi
| − δi)

p−2
+ u2

xixj
|uxk

|2M χ η2 dx dt

≤ c(p)M4

¨
Ω×(T0,τ)

[(∂tχ) η2 + χ (1 + |Du|p−2) |Dη|2]

× [|uxj
|2(M+1) + |uxk

|2(M+1)] dx dt .

We now consider the second term on the left-hand side. By keeping in the sum
only the term with i = k and dropping the others, we obtain
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n∑

i=1

¨
Ω×(T0,τ)

(|uxi
| − δi)

p−2
+ u2

xixj
|uxk

|2M χ η2 dx dt

≥
¨

Ω×(T0,τ)

(|uxk
| − δk)p−2

+ u2
xkxj

|uxk
|2M χ η2 dx dt .

Note that, by Young’s inequality, one has¨
Ω×(T0,τ)

∣∣∣[(|uxk
| − δk)

p
2
+ |uxk

|M ]xj

∣∣∣
2

χ η2 dx dt

≤ 2
¨

Ω×(T0,τ)

∣∣∣[(|uxk
| − δk)

p
2
+]xj

∣∣∣
2

|uxk
|2M χ η2 dx dt

+ 2
¨

Ω×(T0,τ)

(|uxk
| − δk)p

+

∣∣[|uxk
|M ]xj

∣∣2 χ η2 dx dt

≤
(

p2

2
+ 2M2

)¨
Ω×(T0,τ)

(|uxk
| − δk)p−2

+ u2
xkxj

|uxk
|2M χ η2 dx dt

≤ p2M2

¨
Ω×(T0,τ)

(|uxk
| − δk)p−2

+ u2
xkxj

|uxk
|2M χ η2 dx dt ,

where, in the last line, we have used that M ≥ 1 and p2

2 > 2. Then, combining
the three previous estimates and summing over j ∈ {1, . . . , n} the resulting
inequality, we get

χ(τ)

0−1∑


=0

ˆ
Ω×{τ}

n∑

j=1

|uxj
|2s� |uxk

|2m� η2 dx

+
p − 1
p2M2

¨
Ω×(T0,τ)

∣∣∣D[(|uxk
| − δk)

p
2
+ |uxk

|M ]
∣∣∣
2

χ η2 dx dt

≤ c(p)M4

¨
Ω×(T0,τ)

[(∂tχ) η2 + χ (1 + |Du|p−2) |Dη|2]

×
⎡

⎣
n∑

j=1

|uxj
|2M+2 + n |uxk

|2M+2

⎤

⎦ dx dt .

We now use that p − 1 < p2M2 and add the term¨
Ω×(T0,τ)

(|uxk
| − δk)p

+ |uxk
|2M χ |Dη|2 dx dt

to both sides of the preceding inequality. With some algebraic manipulations,
this gives

χ(τ)

0−1∑


=0

ˆ
Ω×{τ}

n∑

j=1

|uxj
|2s� |uxk

|2m� η2 dx

+
¨

Ω×(T0,τ)

∣∣∣D[(|uxk
| − δk)

p
2
+ |uxk

|M η]
∣∣∣
2

χ dx dt
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≤ c(p)M6

¨
Ω×(T0,τ)

[(∂tχ) η2 + χ (1 + |Du|p−2) |Dη|2]

×
⎡

⎣
n∑

j=1

|uxj
|2M+2 + n |uxk

|2M+2

⎤

⎦ dx dt

+ 2
¨

Ω×(T0,τ)

(|uxk
| − δk)p

+ |uxk
|2M χ |Dη|2 dx dt

≤ c(p)M6

¨
Ω×(T0,τ)

[(∂tχ) η2 + χ (1 + |Du|p−2) |Dη|2]

×
⎡

⎣
n∑

j=1

|uxj
|2M+2 + n |uxk

|2M+2

⎤

⎦ dx dt

+ c(p)M6

¨
Ω×(T0,τ)

|uxk
|p+2M χ |Dη|2 dx dt .

By using the Sobolev inequality in the spatial variable for the second term on
the left-hand side, we obtain

χ(τ)

0−1∑


=0

ˆ
Ω×{τ}

n∑

j=1

|uxj
|2s� |uxk

|2m� η2 dx

+
ˆ τ

T0

χ

(ˆ
Ω

(|uxk
| − δk)p 2∗

2
+ |uxk

|2∗M η2∗
dx

) 2
2∗

dt

≤ cM6

¨
Ω×(T0,τ)

[(∂tχ) η2 + χ (1 + |Du|p−2) |Dη|2]

×
⎡

⎣
n∑

j=1

|uxj
|2M+2 + n |uxk

|2M+2

⎤

⎦ dx dt

+ cM6

¨
Ω×(T0,τ)

|uxk
|p+2M χ |Dη|2 dx dt ,

where c is now a positive constant depending only on n and p. Finally, we sum
over k ∈ {1, . . . , n} and apply Minkowski’s inequality to the second term on
the left-hand side. This yields

χ(τ)

0−1∑


=0

ˆ
Ω×{τ}

n∑

j=1

|uxj
|2s�

n∑

k=1

|uxk
|2m� η2 dx

+
ˆ τ

T0

χ

⎛

⎝
ˆ

Ω

∣∣∣∣∣

n∑

k=1

(|uxk
| − δk)p

+ |uxk
|2M

∣∣∣∣∣

2∗
2

η2∗
dx

⎞

⎠

2
2∗

dt

≤ cM6

¨
Ω×(T0,τ)

[(∂tχ) η2 + χ (1 + |Du|p−2) |Dη|2]
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×
⎡

⎣
n∑

j=1

|uxj
|2M+2 +

n∑

k=1

|uxk
|2M+2

⎤

⎦ dx dt

+ cM6

¨
Ω×(T0,τ)

n∑

k=1

|uxk
|p+2M χ |Dη|2 dx dt . (4.5)

We now introduce the auxiliary function

U(x, t) :=
1
2δ

max
1 ≤ i ≤ n

|uxi
(x, t)| ,

where the parameter δ is defined in (4.1). A few elementary calculations show
that

n∑

k=1

(|uxk
| − δk)p

+ |uxk
|2M ≥ (2δ)p+2M

(
U − 1

2

)p

+

U2M

and

(2δU)q ≤
n∑

k=1

|uxk
|q ≤ n (2δU)q for every q ≥ 0 .

In particular, for q = 2 we obtain

2δU ≤ |Du| ≤ √
n 2δU . (4.6)

Inserting these estimates into (4.5) yields

χ(τ) �0 (2δ)2M+2

ˆ
Ω×{τ}

U2M+2 η2 dx

+ (2δ)p+2M

ˆ τ

T0

χ

(ˆ
Ω

(
U − 1

2

)p 2∗
2

+

U2∗M η2∗
dx

) 2
2∗

dt

≤ cM6 (2δ)p+2M

¨
Ω×(T0,τ)

[(∂tχ) η2 + χ (1 + Up−2) |Dη|2]U2M+2 dx dt

+ cM6 (2δ)p+2M

¨
Ω×(T0,τ)

Up+2M χ |Dη|2 dx dt

≤ cM6 (2δ)p+2M

¨
Ω×(T0,τ)

[(∂tχ) η2 + χ |Dη|2] (1 + Up+2M ) dx dt , (4.7)

where, in the first line, we have also used that s
 + m
 = M + 1 for every
� ∈ {0, . . . , �0 − 1}. Dividing both sides of (4.7) by (2δ)2M+2 and using that
�0 ≥ 1 together with (2δ)p−2 ≥ 2p−2 > 1, we get

χ(τ)
ˆ

Ω×{τ}
U2M+2 η2 dx +

ˆ τ

T0

χ

(ˆ
Ω

(
U − 1

2

)p 2∗
2

+

U2∗M η2∗
dx

) 2
2∗

dt

≤ CM6

¨
Ω×(T0,τ)

[(∂tχ) η2 + χ |Dη|2] (1 + Up+2M ) dx dt , (4.8)

where C is a positive constant depending only on n, p and δ.
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Step 4: choice of the cut-off functions. Let (x0, t0) ∈ Ω × I and 0 < r < R ≤ 1
be such that the cube QR(x0) := x0 + (−R,R)n is compactly contained in Ω.
In addition, we require that

(t0 − Rp, t0) � I,

so that we must have T0 < t0 < T1 and Rp < t0 − T0. Let χ : [T0, T1] → R be
a non-decreasing Lipschitz continuous function such that

χ ≡ 0 on [T0, t0−Rp], χ ≡ 1 on [t0−rp, t0] and ∂tχ ≤ c̃

(R − r)p
.

Let η ∈ C∞
0 (QR(x0)) be such that

0 ≤ η ≤ 1, η ≡ 1 on Qr(x0) and |Dη| ≤ c̃

R − r
.

We recall the notation for the anisotropic parabolic cylinder

Qρ(x0, t0) := Qρ(x0) × (t0 − ρp, t0), ρ > 0.

With this choice of χ and η, we apply estimate (4.8) twice: firstly, by discarding
the second term on the left-hand side and taking the supremum over τ in the
interval (t0 − rp, t0); secondly, by dropping the first term on the left-hand side
and taking τ = t0. Summing the two resulting inequalities yields

sup
τ ∈ (t0 − rp, t0)

ˆ
Qr(x0)×{τ}

U2M+2 dx

+
ˆ t0

t0 − rp

(ˆ
Qr(x0)

(
U − 1

2

)p 2∗
2

+

U2∗M dx

) 2
2∗

dt

≤ C
M6

(R − r)p

¨
QR(x0,t0)

(1 + Up+2M ) dx dt , (4.9)

where we have also used that (R − r)p ≤ (R − r)2, since R ≤ 1 and p > 2. By
Hölder’s inequality, we have¨

Qr(x0,t0)

(
U − 1

2

)p

+

U2M + 4(M+1)
n dx dt

≤
ˆ t0

t0 − rp

(ˆ
Qr(x0)

(
U − 1

2

)p 2∗
2

+

U2∗M dx

) 2
2∗ (ˆ

Qr(x0)

U2M+2 dx

) 2
n

dt

≤
(

sup
τ ∈ (t0 − rp, t0)

ˆ
Qr(x0)×{τ}

U2M+2 dx

) 2
n

×
ˆ t0

t0 − rp

(ˆ
Qr(x0)

(
U − 1

2

)p 2∗
2

+

U2∗M dx

) 2
2∗

dt .

Combining the previous estimate with (4.9), we obtain¨
Qr(x0,t0)

(
U − 1

2

)p

+

U2M + 4(M+1)
n dx dt
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≤
[
C

M6

(R − r)p

¨
QR(x0,t0)

(1 + Up+2M ) dx dt

] 2
n +1

. (4.10)

We now estimate¨
QR(x0,t0)

(1 + Up+2M ) dx dt ≤ 2 |QR(x0, t0)| +

¨
QR(x0,t0)∩{U ≥ 1}

Up+2M dx dt

≤ 2n+1 +

¨
QR(x0,t0)∩{U ≥ 1}

Up+2M dx dt ,

where, in the last line, we have used that R ≤ 1. Observe that on the set
{U ≥ 1}, we have U ≤ 2

(
U − 1

2

)
+

. Hence,
¨

QR(x0,t0)
(1 + Up+2M ) dx dt ≤ 2n+1 + 2p

¨
QR(x0,t0)∩{U ≥ 1}

(
U − 1

2

)p

+
U2M dx dt

≤ 2n+1 + 2p

¨
QR(x0,t0)

(
U − 1

2

)p

+
U2M dx dt .

(4.11)

Joining (4.10) and (4.11), we then find
¨

Qr(x0,t0)

U2M + 4(M+1)
n

(
U − 1

2

)p

+

dx dt

≤
[
C

M6

(R − r)p

(
1 +

¨
QR(x0,t0)

U2M

(
U − 1

2

)p

+

dx dt

)] 2
n +1

. (4.12)

Step 5: the local L∞ estimate on Du in the case p > 2. We now take M =
Mj = 2j+1 − 1 with j ∈ N. Then, we set

γj := 2 Mj = 2j+2 − 2, γ̂j := 2 Mj +
4(Mj + 1)

n
= 2j+2 − 2 +

4

n
2j+1, for j ∈ N,

and

τj :=
γ̂j − γj

γ̂j − γj−1

γj−1

γj
, for j ∈ N \ {0}.

We note that γj−1 < γj < γ̂j and τj ∈ (0, 1) is defined in such a way that

1
γj

=
τj

γj−1
+

1 − τj

γ̂j
.

In order to simplify our notation, we also introduce the absolutely continuous
measure

dμ :=
(
U − 1

2

)p

+

dLn+1 , (4.13)

where Ln+1 denotes the (n+1)-dimensional Lebesgue measure. Thus, estimate
(4.12) can be rewritten as follows:

ˆ
Qr(x0,t0)

Uγ̂j dμ ≤
[
C

M6
j

(R − r)p

(
1 +

ˆ
QR(x0,t0)

Uγj dμ

)] 2
n +1

.
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By interpolation in Lebesgue spaces, we obtain

ˆ
Qr(x0,t0)

Uγj dμ ≤
(ˆ

Qr(x0,t0)

Uγj−1 dμ

)τj
γj

γj−1
(ˆ

Qr(x0,t0)

Uγ̂j dμ

)(1−τj)
γj
γ̂j

.

Now, a few elementary computations reveal that

τj
γj

γj−1
=

4
n + 4

and (1 − τj)
γj

γ̂j
=

n

n + 4
.

Thus, the combination of the two previous inequalities leads toˆ
Qr(x0,t0)

Uγj dμ

≤
(ˆ

QR(x0,t0)

Uγj−1 dμ

) 4
n+4
[
C

M6
j

(R − r)p

(
1 +

ˆ
QR(x0,t0)

Uγj dμ

)]n+2
n+4

.

By Young’s inequality, we getˆ
Qr(x0,t0)

Uγj dμ ≤ n + 2

n + 4

ˆ
QR(x0,t0)

Uγj dμ

+
2

n + 4

(
CM6

j

(R − r)p

)n+2
2
(ˆ

QR(x0,t0)

Uγj−1 dμ

)2

+
n + 2

n + 4
.

(4.14)

We can now invoke Lemma 2.5 to absorb the term on the right-hand side of
(4.14) involving Uγj , in a standard way. By using the definition of Mj and the
fact that R ≤ 1, we get

ˆ
Qr(x0,t0)

Uγj dμ ≤ C
23(n+2)j

(R − r)p n+2
2

(ˆ
QR(x0,t0)

Uγj−1 dμ

)2

+ C

≤ C
23(n+2)j

(R − r)p n+2
2

⎡

⎣1 +

(ˆ
QR(x0,t0)

Uγj−1 dμ

)2
⎤

⎦

≤ C
23(n+2)j

(R − r)p n+2
2

(
1 +

ˆ
QR(x0,t0)

Uγj−1 dμ

)2

,

for some constant C = C(n, p, δ) > 1. By summing 1 on both sides of the
previous estimate, and exploiting that

C
23(n+2)j

(R − r)p n+2
2

> 1 for every j ∈ N \ {0},

we obtain

1 +
ˆ

Qr(x0,t0)

Uγj dμ ≤ C
23(n+2)j

(R − r)p n+2
2

⎡

⎣1 +

(
1 +

ˆ
QR(x0,t0)

Uγj−1 dμ

)2
⎤

⎦ .

(4.15)
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Now we want to iterate the above estimate on a sequence of shrinking parabolic
cylinders. To this end, we consider the decreasing sequence

Rj := r +
R − r

2j−1
, j ∈ N \ {0},

and apply (4.15) with Rj+1 < Rj in place of r < R. To simplify our notation,
we define

Yj := 1 +
ˆ

QRj
(x0,t0)

Uγj−1 dμ , j ∈ N \ {0}, (4.16)

and

ϑ :=
n + 2

2
. (4.17)

Using the fact that Yj ≥ 1 for every j ∈ N \ {0}, and up to redefining the
constant C > 1, from (4.15) we get

Yj+1 ≤ C 23 p (n+2)j (R − r)− ϑp Y 2
j ,

for any j ∈ N \ {0}. By iterating the previous inequality starting from j = 1,
we obtain for every k ∈ N \ {0}

Yk+1 ≤ Y 2k

1

k∏

j=1

[
C 8p (n+2)j (R − r)− ϑp

]2k − j

= Y 2k

1

[
C (R − r)− ϑp

]∑k
j=1 2k − j

8p (n+2)
∑k

j=1 j 2k − j

.

Now we observe that
k∑

j=1

2k−j = 2k
k∑

j=1

(
1
2

)j

< 2k

and
k∑

j=1

j 2k−j = 2k
k∑

j=1

j

(
1
2

)j

≤ 2k

(
1
2

)
(
1 − 1

2

)2 = 2k+1.

Therefore, for every k ∈ N \ {0}, we have

Yk+1 ≤
[
C 64p (n+2) (R − r)− ϑp Y1

]2k

.

Thus, by redefining the constant C > 1 again and recalling the definition of
Yj in (4.16), we obtain

ˆ
QRk+1 (x0,t0)

Uγk dμ < Yk+1 ≤
[

C

(R − r)ϑp

(
1 +

ˆ
QR(x0,t0)

U2 dμ

)]2k

,

for any k ∈ N \ {0}. Taking both sides of the previous inequality to the power
γ−1

k and then letting k → ∞, we find

‖U‖L∞(Qr(x0,t0), dμ) ≤ C

(R − r)p n+2
8

(
1 +

ˆ
QR(x0,t0)

U2 dμ

) 1
4

.
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Here, we have also used the definition of ϑ in (4.17) and the fact that γk ∼ 2k+2

as k tends to ∞. Exploiting once again the condition R ≤ 1 and recalling the
definition of dμ in (4.13), we deduce from the previous estimate that

‖U‖L∞(Qr(x0,t0), dμ) ≤ C

(R − r)p n+2
4

(
1 +

¨
QR(x0,t0)

U2

(
U − 1

2

)p

+

dx dt

) 1
4

≤ C

(R − r)p n+2
4

(
1 +

¨
QR(x0,t0)

Up+2 dx dt

) 1
4

≤ C

(R − r)p n+2
4

(
1 +

¨
QR(x0,t0)

|Du|p+2 dx dt

) 1
4

,

where, in the last line, we have applied the inequalities U ≤ 1
2δ |Du| ≤ |Du|.

Recalling the definition of dμ again, using the above estimate and taking into
account that R ≤ 1 < C, we also get

‖U‖L∞(Qr(x0,t0)) ≤ max

⎧
⎨

⎩‖U‖L∞(Qr(x0,t0), dμ) , sup
Qr(x0,t0)∩{U≤ 1

2}
U

⎫
⎬

⎭

≤ max
{

‖U‖L∞(Qr(x0,t0), dμ) ,
1
2

}

≤ 1
2

+ ‖U‖L∞(Qr(x0,t0), dμ)

≤ C

(R − r)p n+2
4

(
1 +

¨
QR(x0,t0)

|Du|p+2 dx dt

) 1
4

.

We now apply the second inequality in (4.6) together with the previous esti-
mate. This yields

‖Du‖L∞(Qr(x0,t0)) ≤ √
n 2δ ‖U‖L∞(Qr(x0,t0))

≤ C

(R − r)p n+2
4

⎡

⎣1 +

(¨
QR(x0,t0)

|Du|p+2 dx dt

) 1
4
⎤

⎦ .

(4.18)

Finally, in order to remove the dependence on the Lp+2 norm of the gradient,
we use a standard interpolation argument. We write

(¨
QR(x0,t0)

|Du|p+2 dx dt

) 1
4

≤ ‖Du‖
1
2
L∞(QR(x0,t0))

(¨
QR(x0,t0)

|Du|p dx dt

) 1
4

.

Inserting this estimate into (4.18) and applying Young’s inequality, we obtain
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‖Du‖L∞(Qr(x0,t0)) ≤ C

(R − r)p n+2
4

+
C

(R − r)p n+2
4

‖Du‖ 1
2
L∞(QR(x0,t0))

(¨
QR(x0,t0)

|Du|p dx dt

) 1
4

≤ 1
2

‖Du‖L∞(QR(x0,t0)) +
C

(R − r)p n+2
2

⎡

⎣1 +

(¨
QR(x0,t0)

|Du|p dx dt

) 1
2
⎤

⎦ ,

where, in the last line, we have also used that R ≤ 1. By Lemma 2.5 again, we
get

‖Du‖L∞(Qr(x0,t0)) ≤ C

(R − r)p n+2
2

⎡

⎣1 +

(¨
QR(x0,t0)

|Du|p dx dt

) 1
2
⎤

⎦ .

This concludes the proof for the case p > 2.
Step 6: the local L∞ estimate on Du in the case p = 2. We now detail the
modifications of the above proof to obtain the local estimate (4.2) in the case
p = 2.
Using the definition of F in (3.4), the fact that g̃′′

i,ε ≥ 1{|τ | ≥ δi + ε} and (3.9),
we obtain that
∑

i ∈ E+

1{|τ | ≥ δi + ε}(ξi) ζ2
i +

∑

i ∈ E−
ζ2

i ≤ 〈D2F (ξ) ζ, ζ〉 ≤ 2 |ζ|2 for every ξ, ζ ∈ R
n,

where

E+ := {i ∈ {1, . . . , n} : δi > 0} and E− := {i ∈ {1, . . . , n} : δi = 0} .
(4.19)

Inserting the previous estimates into (4.4), one gets

χ(τ)

�0−1∑

�=0

ˆ
Ω×{τ}

|uxj |2s� |uxk |2m� η2 dx

+
∑

i ∈ E+

¨
Ω×(T0,τ)

1{|uxi
| ≥ δi + ε} u2

xixj
|uxk |2M χ η2 dx dt

+
∑

i ∈ E−

¨
Ω×(T0,τ)

u2
xixj

|uxk |2M χ η2 dx dt

≤ 522 M4

¨
Ω×(T0,τ)

[(∂tχ) η2 + χ |Dη|2] [|uxj |2(M+1) + |uxk |2(M+1)] dx dt .

Now we consider the last two terms on the left-hand side. By keeping in the
sums only the term with i = k and dropping the others, we obtain

χ(τ)

0−1∑


=0

ˆ
Ω×{τ}

|uxj
|2s� |uxk

|2m� η2 dx

+
¨

Ω×(T0,τ)

1{|uxk
| ≥ δk + ε} u2

xkxj
|uxk

|2M χ η2 dx dt
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≤ 522M4

¨
Ω×(T0,τ)

[(∂tχ) η2 + χ |Dη|2] [|uxj
|2(M+1) + |uxk

|2(M+1)] dx dt .

Note that, by Young’s inequality, one has¨
Ω×(T0,τ)

∣∣[(|uxk
| − δk − ε)+ |uxk

|M ]xj

∣∣2 χ η2 dx dt

≤ 2
¨

Ω×(T0,τ)

∣∣[(|uxk
| − δk − ε)+]xj

∣∣2 |uxk
|2M χ η2 dx dt

+ 2
¨

Ω×(T0,τ)

(|uxk
| − δk − ε)2+

∣∣[|uxk
|M ]xj

∣∣2 χ η2 dx dt

≤ 4M2

¨
Ω×(T0,τ)

1{|uxk
| ≥ δk + ε} u2

xkxj
|uxk

|2M χ η2 dx dt ,

where, in the last line, we have used that M ≥ 1. Then, combining the two
previous estimates and summing over j ∈ {1, . . . , n} the resulting inequality,
we get

χ(τ)

�0−1∑

�=0

ˆ
Ω×{τ}

n∑

j=1

|uxj
|2s� |uxk

|2m� η2 dx

+
1

4M2

¨
Ω×(T0,τ)

∣∣D[(|uxk
| − δk − ε)+ |uxk

|M ]
∣∣2 χ η2 dx dt

≤ 522 M4
¨

Ω×(T0,τ)
[(∂tχ) η2 + χ |Dη|2]

⎡

⎣
n∑

j=1

|uxj
|2M+2 + n |uxk

|2M+2

⎤

⎦ dx dt .

We now use that 4M2 ≥ 4 and add the term¨
Ω×(T0,τ)

(|uxk
| − δk − ε)2+ |uxk

|2M χ |Dη|2 dx dt

to both sides of the preceding inequality. With some algebraic manipulations,
this gives

χ(τ)

0−1∑


=0

ˆ
Ω×{τ}

n∑

j=1

|uxj
|2s� |uxk

|2m� η2 dx

+
¨

Ω×(T0,τ)

∣∣D[(|uxk
| − δk − ε)+ |uxk

|M η]
∣∣2 χ dx dt

≤ c0 M6

¨
Ω×(T0,τ)

[(∂tχ) η2 + χ |Dη|2]
⎡

⎣
n∑

j=1

|uxj
|2M+2 + |uxk

|2M+2

⎤

⎦ dx dt

+ 2
¨

Ω×(T0,τ)

(|uxk
| − δk − ε)2+ |uxk

|2M χ |Dη|2 dx dt

≤ cM6

¨
Ω×(T0,τ)

[(∂tχ) η2 + χ |Dη|2]
⎡

⎣
n∑

j=1

|uxj
|2M+2 + |uxk

|2M+2

⎤

⎦ dx dt ,

where c0 and c are positive constants depending only on n. By using the
Sobolev inequality in the spatial variable for the second term on the left-hand



  105 Page 26 of 38 P. Ambrosio NoDEA

side, we obtain

χ(τ)

0−1∑


=0

ˆ
Ω×{τ}

n∑

j=1

|uxj
|2s� |uxk

|2m� η2 dx

+
ˆ τ

T0

χ

(ˆ
Ω

(|uxk
| − δk − ε)2

∗
+ |uxk

|2∗M η2∗
dx

) 2
2∗

dt

≤ cM6

¨
Ω×(T0,τ)

[(∂tχ) η2 + χ |Dη|2]
⎡

⎣
n∑

j=1

|uxj
|2M+2 + |uxk

|2M+2

⎤

⎦ dx dt .

At this stage, we sum over k ∈ {1, . . . , n} and apply Minkowski’s inequality to
the second term on the left-hand side. This yields

χ(τ)

0−1∑


=0

ˆ
Ω×{τ}

n∑

j=1

|uxj
|2s�

n∑

k=1

|uxk
|2m� η2 dx

+
ˆ τ

T0

χ

⎛

⎝
ˆ

Ω

∣∣∣∣∣

n∑

k=1

(|uxk
| − δk − ε)2+ |uxk

|2M

∣∣∣∣∣

2∗
2

η2∗
dx

⎞

⎠

2
2∗

dt

≤ cM6

¨
Ω×(T0,τ)

[(∂tχ) η2 + χ |Dη|2]

×
⎡

⎣
n∑

j=1

|uxj
|2M+2 +

n∑

k=1

|uxk
|2M+2

⎤

⎦ dx dt. (4.20)

Similarly to what has been done in steps 3 and 5, we now introduce the aux-
iliary function

V(x, t) :=
1

2(δ + 1)
max

1 ≤ i ≤ n
|uxi

(x, t)|

and the absolutely continuous measure

dσ :=
(
V − 1

2

)2

+

dLn+1 .

A few elementary computations reveal that
n∑

k=1

(|uxk
| − δk − ε)2+ |uxk

|2M ≥ (2δ + 2)2M+2

(
V − 1

2

)2

+

V2M

and

[2(δ + 1)V]q ≤
n∑

k=1

|uxk
|q ≤ n [2(δ + 1)V]q for every q ≥ 0 .

In particular, for q = 2 we obtain

2(δ + 1)V ≤ |Du| ≤ √
n 2(δ + 1)V .
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Inserting these estimates into (4.20), using that �0 ≥ 1 and recalling that
s
 + m
 = M + 1 for every � ∈ {0, . . . , �0 − 1}, we get

χ(τ)
ˆ

Ω×{τ}
V2M+2 η2 dx +

ˆ τ

T0

χ

(ˆ
Ω

(
V − 1

2

)2∗

+

V2∗M η2∗
dx

) 2
2∗

dt

≤ cM6

¨
Ω×(T0,τ)

[(∂tχ) η2 + χ |Dη|2]V2M+2 dx dt .

Starting from this estimate and proceeding exactly as in steps 4 and 5, but
using V, δ+1 and dσ in place of U, δ and dμ, respectively, we reach the desired
conclusion for p = 2. �

Remark 4.2. A careful inspection of the previous proof reveals that the expo-
nent ϑ in (4.2) can be taken to be

ϑ =

⎧
⎨

⎩

n + 2
2

if n ≥ 3,

any number > 2 if n = 2.
(4.21)

In the case n = 2, the constant C in (4.2) blows up as ϑ → 2.

5. Uniform energy estimates for a regularized problem

Let us fix an open set Ω′ � Ω and a subinterval J := (τ0, τ1) � I. Assume that
u ∈ Lp

loc(I;W 1,p
loc (Ω)) is a local weak solution of Eq. (1.1). In light of (2.4), we

have
∂tu ∈ Lp′

(J ;W−1,p′
(Ω′)) and u ∈ C0(J ;L2(Ω′)) .

Now, for any fixed ε ∈ (0,min {1, inf Δ+}), we consider the approximating
Cauchy-Dirichlet problem parametrized by ε

⎧
⎪⎨

⎪⎩

∂tv = div [DξFε(Dv)] in Ω′ × J,

v = u on ∂Ω′ × J,

v(·, τ0) = u(·, τ0) in Ω′ .
(5.1)

By [30, Proposition 4.1, Chapter III], this problem admits a unique weak
solution uε ∈ Lp(J ;W 1,p(Ω′)) such that

∂tuε ∈ Lp′
(J ;W−1,p′

(Ω′)) , and thus uε ∈ C0(J ;L2(Ω′)) .

The condition uε = u on the lateral boundary ∂Ω′ × J is understood in the
sense that

uε − u ∈ Lp(J ;W 1,p
0 (Ω′)) ,

while the initial condition uε(·, τ0) = u(·, τ0) in Ω′ is taken in the usual L2-
sense, which is feasible due to the continuity properties of both uε and u.

The penultimate step in the proof of Theorem 1.1 consists in establishing
the uniform energy estimates, as well as the strong convergence results, stated
in Propositions 5.1 and 5.2 below. The need to distinguish the cases p > 2
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and p = 2 arises from the fact that, for p = 2, the regularizing function Fε is
defined by (3.4) rather than (3.2).

Proposition 5.1. (Uniform energy estimate for p > 2) Let n ≥ 2, p > 2 and
ε ∈ (0,min {1, inf Δ+}). Moreover, let u ∈ Lp

loc(I;W 1,p
loc (Ω)) be a local weak

solution of (1.1) and assume that uε ∈ Lp(J ;W 1,p(Ω′)) is the unique weak
solution of problem (5.1). Then, the estimateˆ

Ω′×{τ1}
|uε − u|2 dx +

n∑

i=1

¨
Ω′×J

|Hδi
(∂xi

uε) − Hδi
(∂xi

u)|2 dx dt

+ ε

¨
Ω′×J

|Duε|p dx dt

≤ c ε

(
|Ω′ × J | +

¨
Ω′×J

|Du|p dx dt

)
(5.2)

holds for some positive constant c depending only on p. In particular, this
estimate implies that¨

Ω′×J

|Duε|p dx dt ≤ c

(
|Ω′ × J | +

¨
Ω′×J

|Du|p dx dt

)
(5.3)

and

Hδj
(∂xj

uε) → Hδj
(∂xj

u) strongly in L2(Ω′ × J) as ε → 0 , (5.4)

for each j ∈ {1, . . . , n}.

Proof. The function uε verifies¨
Ω′×J

uε ∂tϕdx dt −
¨

Ω′×J

〈DξFε(Duε),Dϕ〉 dx dt = 0 , (5.5)

for every ϕ ∈ C∞
0 (Ω′ × J). Integrating by parts in (5.5) yieldsˆ

J

(∂tuε, ϕ)(W −1,p′ ,W 1,p
0 ) dt +

¨
Ω′×J

〈DξFε(Duε),Dϕ〉 dx dt = 0 .

By density, the above identity also holds for every ϕ ∈ Lp(J ;W 1,p
0 (Ω′)). We

then choose ϕ = uε − u, which givesˆ
J

(∂tuε, uε − u)(W −1,p′ ,W 1,p
0 ) dt +

¨
Ω′×J

〈DξFε(Duε),Duε − Du〉 dx dt = 0 .

By recalling the definition of Fε in (3.2), the previous integral identity can be
rewritten as follows:ˆ

J

(∂tuε, uε − u)(W −1,p′ ,W 1,p
0 ) dt +

¨
Ω′×J

〈DξF0(Duε),Duε − Du〉 dx dt

+ ε

¨
Ω′×J

〈DξG(Duε),Duε − Du〉 dx dt = 0 .

Starting from (2.3), we similarly haveˆ
J

(∂tu, uε − u)(W −1,p′ ,W 1,p
0 ) dt +

¨
Ω′×J

〈DξF0(Du),Duε − Du〉 dx dt = 0 .
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By subtracting the two identities above, we getˆ
J

(∂tuε − ∂tu, uε − u)(W −1,p′ ,W 1,p
0 ) dt

+
¨

Ω′×J

〈DξF0(Duε) − DξF0(Du),Duε − Du〉 dx dt

+ ε

¨
Ω′×J

〈DξG(Duε),Duε − Du〉 dx dt = 0 . (5.6)

The term involving the time derivatives can be rewritten asˆ
J

(∂tuε − ∂tu, uε − u)(W −1,p′ ,W 1,p
0 ) dt =

1
2

ˆ
Ω′×{τ1}

|uε − u|2 dx .

This follows from the fact that the map

t 	→ 1
2

ˆ
Ω′

|uε(x, t) − u(x, t)|2 dx

is absolutely continuous on J , with derivative given exactly by

(∂tuε − ∂tu, uε − u)(W −1,p′ ,W 1,p
0 ) for a.e. t ∈ J,

see [30, Proposition 1.2, Chapter III].
For the second term in (5.6), we apply Lemma 2.2, which, for every

w, z ∈ R
n, yields

〈DξF0(w) − DξF0(z), w − z〉 =
n∑

i=1

(Jδi
(wi) − Jδi

(zi)) (wi − zi)

≥ 4
p2

n∑

i=1

|Hδi
(wi) − Hδi

(zi)|2 ,

where the functions Jδi
and Hδi

are defined respectively by (2.5) and (2.6)
with λ = δi. Using this pointwise estimate in (5.6) and recalling the definition
of G in (3.1), we then get

1
2

ˆ
Ω′×{τ1}

|uε − u|2 dx +
4
p2

n∑

i=1

¨
Ω′×J

|Hδi
(∂xi

uε) − Hδi
(∂xi

u)|2 dx dt

+ ε

¨
Ω′×J

〈(1 + |Duε|2)
p−2
2 Duε,Duε − Du〉 dx dt ≤ 0 . (5.7)

By the Cauchy-Schwarz inequality and Young’s inequality with β > 0, from
(5.7) we inferˆ

Ω′×{τ1}
|uε − u|2 dx +

8

p2

n∑

i=1

¨
Ω′×J

|Hδi(∂xiuε) − Hδi(∂xiu)|2 dx dt

+ 2ε

¨
Ω′×J

|Duε|p dx dt

≤ 2ε

¨
Ω′×J

(1 + |Duε|2)
p−1
2 |Du| dx dt

≤ 2 εβp′

p′

¨
Ω′×J

(1 + |Duε|2)
p
2 dx dt +

2 ε

pβp

¨
Ω′×J

|Du|p dx dt
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≤ 2
p
2 εβp′

p′

¨
Ω′×J

|Duε|p dx dt +
2

p
2 εβp′

p′ |Ω′ × J | +
2 ε

pβp

¨
Ω′×J

|Du|p dx dt .

(5.8)

Upon choosing β =
(

p′

2p/2

) 1
p′

and absorbing the first integral on the right-hand
side of (5.8) into the left-hand side, we arrive at estimate (5.2).

The uniform energy estimate (5.3) follows by discarding the first two
terms on the left-hand side of (5.2) and then dividing by ε. Similarly, by
dropping the first and third terms on the left-hand side of (5.2) and letting
ε → 0, we obtain the conclusion (5.4). �

In the case p = 2, to obtain a result analogous to Proposition 5.1, we need to
introduce, for each i ∈ {1, . . . , n}, the auxiliary function

Ki,ε(s) :=
ˆ s

0

√
g̃′′

i,ε(τ) dτ , s ∈ R , (5.9)

where g̃i,ε denotes the convex C2 map defined in (3.3) and (3.5). More precisely,
we have the following

Proposition 5.2. (Uniform energy estimate for p = 2) Let n ≥ 2, p = 2 and
ε ∈ (0,min {1, inf Δ+}). Moreover, let u ∈ L2

loc(I;W 1,2
loc (Ω)) be a local weak

solution of (1.1) and assume that uε ∈ L2(J ;W 1,2(Ω′)) is the unique weak
solution of problem (5.1), where Fε is defined by (3.4). Then, the estimate

ˆ
Ω′×{τ1}

|uε − u|2 dx +
n∑

i=1

¨
Ω′×J

|Ki,ε(∂xi
uε) − Ki,ε(∂xi

u)|2 dx dt

+ ε

¨
Ω′×J

|Duε − Du|2 dx dt

≤ c ε

(
|Ω′ × J | +

¨
Ω′×J

|Du|2 dx dt

)
(5.10)

holds for some positive constant c depending only on n. In particular, this
estimate implies that¨

Ω′×J

|Duε|2 dx dt ≤ 2(c + 1)
(

|Ω′ × J | +
¨

Ω′×J

|Du|2 dx dt

)
. (5.11)

Furthermore, we have

Kj,ε(∂xj
uε) → Hδj

(∂xj
u) strongly in L2(Ω′ × J) as ε → 0 , (5.12)

for each j ∈ {1, . . . , n}.

Proof. Arguing exactly as in the first part of the preceding proof, we find that
1
2

ˆ
Ω′×{τ1}

|uε − u|2 dx +
¨

Ω′×J

〈DξFε(Duε) − DξFε(Du),Duε − Du〉 dx dt

=
¨

Ω′×J

〈DξF0(Du) − DξFε(Du),Duε − Du〉 dx dt .



NoDEA Gradient bounds for a widely degenerate orthotropic. . . Page 31 of 38   105 

Recalling the definitions of Fε, g̃i,ε and E+ in (3.4), (3.5) and (4.19), respec-
tively, the above identity can be rewritten as follows:

1
2

ˆ
Ω′×{τ1}

|uε − u|2 dx +
n∑

i=1

¨
Ω′×J

[
g̃′

i,ε(∂xi
uε) − g̃′

i,ε(∂xi
u)
]
[∂xi

uε − ∂xi
u] dx dt

+ ε

¨
Ω′×J

|Duε − Du|2 dx dt

=
∑

i ∈ E+

¨
Ω′×J

[
g′

i(∂xi
u) − g′

i,ε(∂xi
u)
]
[∂xi

uε − ∂xi
u] dx dt

− ε

¨
Ω′×J

〈Du,Duε − Du〉 dx dt .

We can estimate the second term on the left-hand side by applying Lemma
2.3 with v = g̃i,ε and recalling (5.9). Thus, we obtain

n∑

i=1

¨
Ω′×J

[
g̃′

i,ε(∂xi
uε) − g̃′

i,ε(∂xi
u)
]
[∂xi

uε − ∂xi
u] dx dt

≥
n∑

i=1

¨
Ω′×J

|Ki,ε(∂xi
uε) − Ki,ε(∂xi

u)|2 dx dt .

Combining the two previous estimates and using the Cauchy-Schwarz and
Young’s inequalities, we get

1
2

ˆ
Ω′×{τ1}

|uε − u|2 dx +
n∑

i=1

¨
Ω′×J

|Ki,ε(∂xi
uε) − Ki,ε(∂xi

u)|2 dx dt

+ ε

¨
Ω′×J

|Duε − Du|2 dx dt

≤
∑

i ∈ E+

¨
Ω′×J

∣∣g′
i(∂xi

u) − g′
i,ε(∂xi

u)
∣∣ |∂xi

uε − ∂xi
u| dx dt

+
ε

2

¨
Ω′×J

|Duε − Du|2 dx dt +
ε

2

¨
Ω′×J

|Du|2 dx dt . (5.13)

To estimate the first term on the right-hand side, we apply the second inequal-
ity of Lemma A.1 from the Appendix, together with Young’s inequality in the
form

ab ≤ a2

ε
+

ε b2

4
.

Consequently, we obtain
∑

i ∈ E+

¨
Ω′×J

∣∣g′
i(∂xi

u) − g′
i,ε(∂xi

u)
∣∣ |∂xi

uε − ∂xi
u| dx dt

≤
∑

i ∈ E+

[
ε

16
|Ω′ × J | +

ε

4

¨
Ω′×J

|∂xi
uε − ∂xi

u|2 dx dt

]

≤ n ε

16
|Ω′ × J | +

ε

4

¨
Ω′×J

|Duε − Du|2 dx dt . (5.14)
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Joining (5.13) and (5.14), we deduce the estimate (5.10). As immediate con-
sequences of (5.10), we get¨

Ω′×J

|Duε|2 dx dt ≤ 2
¨

Ω′×J

|Duε − Du|2 dx dt + 2
¨

Ω′×J

|Du|2 dx dt

≤ 2(c + 1)
(

|Ω′ × J | +
¨

Ω′×J

|Du|2 dx dt

)
,

and moreover
∥∥Kj,ε(∂xj

uε) − Kj,ε(∂xj
u)
∥∥

L2(Ω′×J)
−→ 0 as ε → 0 , for each j ∈ {1, . . . , n}.

(5.15)
We now proceed to prove (5.12). First observe that, for all j ∈ {1, . . . , n}, we
have

Hδj
(s) =

ˆ s

0

1{|w| > δj}(τ) dτ for every s ∈ R ,

√
g̃′′

j,ε(τ) → 1{|w| > δj}(τ) as ε → 0 for a.e. τ ∈ R ,
√

g̃′′
j,ε(τ) ≤ 1 for every τ ∈ R . (5.16)

Hence, by the Dominated Convergence Theorem, we conclude that, for all
j ∈ {1, . . . , n},

lim
ε→0

Kj,ε(s) = Hδj
(s) for every s ∈ R .

Furthermore, using (2.6), (5.9) and (5.16), we have, for all j ∈ {1, . . . , n},
∣∣Kj,ε(uxj

) − Hδj
(uxj

)
∣∣2 ≤ 2

∣∣Kj,ε(uxj
)
∣∣2 + 2

∣∣Hδj
(uxj

)
∣∣2

≤ 4 |uxj
|2 almost everywhere in Ω′ × J .

Since |Du| ∈ L2(Ω′ × J), we may apply the Dominated Convergence Theorem
again, thus obtaining
∥∥Kj,ε(uxj

) − Hδj
(uxj

)
∥∥

L2(Ω′×J)
−→ 0 as ε → 0 , for each j ∈ {1, . . . , n}.

(5.17)
Finally, using Minkowski’s inequality together with (5.15) and (5.17), we reach
the conclusion (5.12). This completes the proof. �

6. Proof of Theorem 1.1

We are now in a position to prove Theorem 1.1. Indeed, using the results from
Propositions 5.1 and 5.2, we will now show that estimate (4.2) also holds for
any local weak solution u of (1.1), in place of uε. Therefore, in the next proof
we will adopt the same assumptions and notations as in Propositions 5.1 and
5.2.

Proof of Theorem 1.1. Let (x0, t0) ∈ Ω × I and 0 < r < R ≤ 1 be such that
the cube QR(x0) is compactly contained in Ω. In addition, we require that
(t0 − Rp, t0) � I. Now set

ρ =
R + r

2
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and let uε ∈ Lp(J ;W 1,p(Ω′)) be the unique weak solution to problem (5.1)
with Ω′ = QR(x0) and J = (t0 − Rp, t0).

Let us first assume that p > 2. Then, by Proposition 5.1, we have that

Hδj
(∂xj

uε) → Hδj
(∂xj

u) strongly in L2(QR(x0, t0)) as ε → 0,

for each j ∈ {1, . . . , n}. Thus, for each fixed j ∈ {1, . . . , n}, there exists a
sequence {εk}k∈N such that:

• 0 < εk < min {1, inf Δ+} for every k ∈ N and εk ↘ 0 as k → +∞ ;
• |Hδj

(∂xj
uεk

)| → |Hδj
(∂xj

u)| almost everywhere in QR(x0, t0) as k →
+∞.
Therefore, using the definition of Hδj

, Proposition 4.1, the fact that ρ < R ≤ 1,
and (5.3) with Ω′ × J = QR(x0, t0), we have for almost every z ∈ Qr(x0, t0)
that

|uxj
(z)| ≤ |Hδj

(uxj
(z))| 2

p + δj = lim
k→∞

|Hδj
(∂xj

uεk
(z))| 2

p + δj

= lim
k→∞

max
{
δj , |∂xj

uεk
(z)|}

≤ lim sup
k→∞

ess sup
Qr(x0,t0)

(
max

{
δj , |∂xj

uεk
|})

≤ lim sup
k→∞

max
{
δj , ‖Duεk

‖L∞(Qr(x0,t0))

}

≤ lim sup
k→∞

{
δ + ‖Duεk

‖L∞(Qr(x0,t0))

}

≤ lim sup
k→∞

⎧
⎨

⎩δ +
C

(ρ − r)ϑp

⎡

⎣1 +

(¨
Qρ(x0,t0)

|Duεk
|p dx dt

) 1
2
⎤

⎦

⎫
⎬

⎭

≤ lim sup
k→∞

C1

(ρ − r)ϑp

⎡

⎣1 +

(¨
QR(x0,t0)

|Duεk
|p dx dt

) 1
2
⎤

⎦

≤ C2

(R − r)ϑp

⎡

⎣1 +

(¨
QR(x0,t0)

|Du|p dx dt

) 1
2
⎤

⎦ ,

where ϑ is defined by (4.21), while the constants C, C1 and C2 depend only on
n, p and δ. Since the above inequality holds for almost every z ∈ Qr(x0, t0),
we immediately get

‖uxj
‖L∞(Qr(x0,t0)) ≤ C2

(R − r)ϑp

⎡

⎣1 +

(¨
QR(x0,t0)

|Du|p dx dt

) 1
2
⎤

⎦ < +∞ .

This bound holds uniformly for all j ∈ {1, . . . , n}. Thus, taking the maximum
over j, we obtain estimate (1.3), which proves that Du ∈ L∞

loc(Ω × I,Rn).
We now consider the case p = 2. By (5.12), we conclude that, for each

fixed j ∈ {1, . . . , n}, there exists a sequence {ε̃k}k∈N such that:
• 0 < ε̃k < min {1, inf Δ+} for every k ∈ N and ε̃k ↘ 0 as k → +∞ ;
• |Kj,ε̃k

(∂xj
uε̃k

)| → |Hδj
(∂xj

u)| almost everywhere in QR(x0, t0) as k →
+∞.
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Then, arguing as above, but this time also using the definition of Kj,ε̃k
and the

fact that
√

g̃′′
j,ε̃k

≤ 1, as well as (5.11) in place of (5.3), we obtain for almost

every z ∈ Qr(x0, t0) that

|uxj
(z)| ≤ |Hδj

(uxj
(z))| + δj = lim

k→∞
|Kj,ε̃k

(∂xj
uε̃k

(z))| + δj

≤ lim sup
k→∞

|∂xj
uε̃k

(z)| + δ

≤ lim sup
k→∞

C

(ρ − r)2ϑ

⎡

⎣1 +

(¨
Qρ(x0,t0)

|Duε̃k
|2 dx dt

) 1
2
⎤

⎦+ δ

≤ lim sup
k→∞

C1

(R − r)2ϑ

⎡

⎣1 +

(¨
QR(x0,t0)

|Duε̃k
|2 dx dt

) 1
2
⎤

⎦

≤ C2

(R − r)2ϑ

⎡

⎣1 +

(¨
QR(x0,t0)

|Du|2 dx dt

) 1
2
⎤

⎦ .

This yields the same conclusion as before and thus completes the proof. �

Remark 6.1. A careful inspection of the proofs of Proposition 4.1 and Theorem
1.1 reveals that the constant C in (1.3) depends polynomially on

δ = 1 + max {δi : i = 1, . . . , n} .

In particular, this constant converges to a finite quantity depending only on
n and p as max {δi} → 0. This is in agreement with the fact that, in [13], the
constant in the corresponding local L∞ estimate for Du depends only on n
and p.
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A. Appendix

Let us fix i ∈ {1, . . . , n} and let 0 < ε < δi . We recall the C2 function
gi,ε : R → [0,∞) defined in (3.3). In this appendix, we show that gi,ε converges
in C1(R) to

gi(s) :=
1
2

(|s| − δi)2+ (A.1)

as ε → 0. More precisely, we establish the following result.

Lemma A.1. Let 0 < ε < δi . Then, for every s ∈ R we have

|gi,ε(s) − gi(s)| ≤ ε2

6
and |g′

i,ε(s) − g′
i(s)| ≤ ε

4
. (A.2)

Proof. Since gi,ε and gi are even functions, it suffices to prove the claim for
every s ≥ 0. For convenience of notation, we set

r = s − δi .

Recalling the definitions in (3.3) and (A.1), we immediately have:

http://creativecommons.org/licenses/by/4.0/
http://creativecommons.org/licenses/by/4.0/
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• gi,ε(r) = gi(r) = 0 if r ∈ [−δi,−ε];

• |gi,ε(r) − gi(r)| =
1

12 ε
(r + ε)3 ≤ ε2

12
if r ∈ [−ε, 0);

• |gi,ε(r) − gi(r)| =
ε2

6
if r ∈ [ε,∞).

Furthermore, for every r ∈ [0, ε] one has

|gi,ε(r) − gi(r)| =
∣∣∣∣

1
12 ε

(r + ε)3 − 1
2

r2

∣∣∣∣ ≤
ε2

6
,

since the function

φ(τ) :=
1

12 ε
(τ + ε)3 − 1

2
τ2

is increasing and, moreover, φ(0) =
ε2

12
and φ(ε) =

ε2

6
. We have thus obtained

the first inequality in (A.2) for every s ≥ 0.
The second inequality in (A.2) follows by a similar argument. We leave

the details to the reader. �
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[6] Bögelein, V., Duzaar, F., Giova, R., Passarelli di Napoli, A.: Gradient regularity
for a class of widely degenerate parabolic systems. SIAM J. Math. Anal. 56(4),
5017–5078 (2024)
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